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Abstract

Subtyping in first order object calculi is studied with respt the logical semantics obtained by
identifying terms that satisfy the same set of predicatefmanalised through an assignment system.
It is shown that equality in the full first ordercalculus is modelled by this notion, which in turn is
included in a Morris-style contextual equivalence.

Introduction

Subtyping is a prominent feature of the type-theoretic fation of object oriented programming lan-
guages. The basic idea is expressed by subsumption: arg/gfieode of typeA can masquerade as
code of typeB wheneverA is a subtype oB, written A <: B.

In typed calculi, equations can be expressed between tdrthe esame type; since terms may have
several types because of subsumption, it is commonly @astlithat ifa = b : A (2 andb are equal at
type A) andA <: B thena = b : B (but not vice-versa): call thisquational subsumptiorin the realm
of object calculi, object types are essentialiterfaces and subtypingnterface restriction Therefore
subsumption is justified by the intuition that any object ethis able to react to messages mentioned in
A a fortiori will answer correctly to messages in the smaller interfaepsesented by its supertypes.
Similarly, equational subsumption is understood on thaugdoof context separabilityz andb are
contextually equivalent at typd if both are typeable byl and no context with a hole of typé can
separate them. This provides an interpretation of subgypih<: B should hold if any pair of terms
contextually equivalent at typ& cannot be separated &t

This is semantically understood in two ways, according ®dRisting literature: either by means
of coercions, or by inclusion of partial equivalence relas (see [20] Ch. 10 for a gentle introduction
to these approaches, where coercions are called “conueligztions”, and PER semantics “subset
interpretation of types”).

According to coercion semantics introduced in [12], thatieh A <: B is witnessed by the existence
of a definable function froml to B, coercing values of one type into the other. Given that, éaxch and
its type is translated into a term typeable in a system witsabtyping at all. Since such a translation
depends on the typing derivation of the original term, a cehee theorem is needed to prove that
different typing derivations yield equivalent translaiso Object and recursive types are not the concern
of [12]; unfortunately when dealing with such form of polymhbic types the coercion approach has
some serious disadvantages. Indeed there is no clearrgiiipn for object-types coercions: these
cannot be reduced to function and (recursive) record tyfpesyhich coercion semantics can be easily
defined, because of the self-reference which is an ességdialre of objects. Furthermore it is a term-
model semantics, where term complexity grows because ofrdmslation step. Last but not least,
coercion semantics does not reflect the actual implementgtiactice of object-oriented languages,
where subtyping is just type casting which does not affexiothject code.

PER semantics interprets types as binary relations oveuetsgie of untyped realisers, and terms as
(equivalence classes of) realisers. In [13] subtyping w#erpreted as relation inclusion for the first
time. To interpret object and recursive types, however, regwds to ensure the existence of certain
fixed points of type functors, which is a quite difficult tasls, the relevant functors are not necessarily



continuous, not even monotonic. The problem has been aaefitdy means of metrics and Banach
fixed-point theorem (see [15, 6, 3, 14]), and by restrictinghte category of complete uniform PERs
over a realizability structure which is an inverse limit.98d on these, in [1] Ch. 14 a CUPER semantics
of theg-calculus is proposed, and the soundness of the whole systetied in the book is established.
Unfortunately the adopted solution for modelling objeqtdy as (continuous) unions of fixed points of
type functors is not very natural and quite complex in natblence the remark that “there are obvious
difficulties to extract from the (PER) models and justify atfirny programming logic” of [6] appliea
fortiori to the case of object-calculi, where the call for such a ligjmompelling.

We propose a third approach which, in our view, can lead tonplsir logical framework for reason-
ing about object oriented programs. It is based on the idelgjical semantics and domain logic [4].
In the latter perspective, the meaning of a term is deterthimyethe set of the predicates it satisfies, so
that two terms are equivalent if they are interpreted by #messet. To account for equivalence “at”
a certain typeA we relativize this form of absolute indiscernibility to seif predicates indexed over
types, calling thentanguages Hencez andb are logically equivalent at typa if they satisfy the same
set of predicates from the languadg associated tol.

We treat three kinds of entities, namely terms, types andigaites, and define a formal system to
derive judgements of the shapeA:c. The system is built in such a way that, if we forget about any
one of these three kinds of entities, what remains is stileammgful assignment system. Indeed, if we
forget about predicates we obtain the first order objectubadccalledFOb; ., in [1], but for a minor
difference (we do not uskeld, unfold operators in the term syntax, and consider as isomorphtball
unfoldings of a recursive type).

If instead we erase all types, we get a sort of “intersectyge’t assignment system for the untyped
¢-calculus (essentially that one used in [16] to charaadhe convergence of untypeeterms). The
predicates system has features different from the typesysbbjects are treated as records, deducing
a predicatg/(:0—¢) about a single method labelled Bythat can be put in conjunction with any other
similar predicate, possibly with a different premise of #reow. This works because the meaning of
a:(C:0—¢) is not that the self variable has typerather it claims that is a precondition of the method
£, which yields a value./ satisfying the post-conditiog if o holds fora. Therefore to conclude that
a.l:¢ one needs to show that bath(/:c—¢) anda:c for someo.

Semantically speaking, this is Kamin's self-applicatiaterpretation of objects, accounting for the
interpretation of self reference in case of method call @nthethod overriding. Eventually, this pro-
duces the effect that converging terms are characterisgatdulicates, whereas types that ensure, for
example, error freeness (no “message not understood” earooccur with typed terms at run time),
cannot discriminate diverging terms. We claim that the ltegusystem is a kind of extended Curry-
style assignment system, determining a model forctvalculus, which is an extension of the filter
model for the pure Lambda Calculus of [11]. This depends erfdbt that a notion of implication is
defined over predicates which is written< 7. This way we build a logic whose filters of formulae
provide a denotation to terms, coinciding with the sets efrthbroperties as expressed by the logical
formulae (see [4], where this is framed as a form of Stoneiyuadtween categories of semi-lattices
and of Scott domains).

The third possibility is to forget about terms; then we iptet the judgementi:c as: “the predicate
o makes sense of terms of typ€, namelyo € L 4 for closedA. This logic of types, again inspired to
domain logic, is our tool to treat object and recursive tygese formal system formalises the concept
that both object and recursive types are some kind of fixedt pahich is constructed starting with the
trivial predicatew, and iterating the proper rules determined by the struaititgpe expressions. We
observe that this definition of the languages of object aodreéve types is inductive, and that it makes
sense without any consideration about the invariance obkiject types nor (and more importantly)
about the variance of the occurrencesiiof the type variableX within the recursive typg X. A.

The importance of the interplay between these assignmsigrag (actually integrated in a unique
system) emerges when treating program equivalence. Thensyiaduces an equivalence relation



a ~ b: A, which, when restricted to closed terms and types, expesise sets of predicates of type
A that can be assigned #oand tob coincide. Observing that the derivability @fA:o always implies
thato € L4, this formalises the above idea of relativizing logical seics to types.

To verify that this is a sound theory of the first order objeatulus, we prove thatz a < b: A
(the equational theory dfOb; .,) implies thata ~ b : A, which in turn implies that ~9 b, namely
thata andb cannot be separated by any contextA - C[-] : K of any ground typeK. This Morris-
style contextual equivalence is called thiwservational equivalenda [18] and is a maximal consistent
theory of the first order object calculus.

To establish the latter results we have to relate our thebpredicates assignment to terms and
types to the theory of subtyping. First we establish that i&: B thenL4 O Lg: hence the logical
theory associated td is finer than the theory aB, so that any pair of terms which are indiscernible
according toA, are such in the coarser theoryB®but not vice-versa. This is indeed our interpretation
of subtyping and equational subsumption.

To prove the inclusion of the logical equivalence in the owstonal equivalence we use a realiz-
ability interpretation of predicates instead of types. sTisi not surprising since the key property of
convergence is not captured by the type system, but onlydptbdicate system, as remarked above.
We think that the logical equivalence is the theory of a madéhe typed calculus, which can be con-
structed as a filter model. We do not enter into the detailliefdonstruction in the present paper, and
shortly comment on it in Section

Overview of contents

The paper is organised as follows: in Sectlbwe introduce our variant of theOb; ., system. We
define predicates, their logic and assignment to types itide2. The assignment system, which
essentially puts together the typing system with the logaredicates is defined and studied in Section
3. Basic soundness results of the assignment system witleaietip the operational semantics are
established via subject reduction and (typed) subjectrestpa in Sectiort. In Section5 we recall the
equational theory ofOb; ., from [1]; we then formally define the logical equivalence ahdw that
the former is included in the latter. Finally, in Secti6pwe define the observational semantics after
[18] and prove the inclusion of the logical semantics in ite @entually discuss the results presented
in the paper, and relate our work to the literature on theemilin Sectiorv.

1 The first order object calculus

We consider a first order object calculus which is a varianthef calculus calledOb; ., in [1].
The difference between that version and the one we treatifi¢gnat we consider recursive types and
their unfoldings as equivalent with respect to subtypingng&quently, we do not have any syntax to
distinguish among the folded and unfolded version of theestrmfold( A, a) andunfold(a), which
will be written simplya. Indeed semantically they are all equivalent expressiofs]j wherefold and
unfold do not affect the computational behaviour of terms and age jusst to ensure the existence of a
minimal type of any given term: a useful property for typeamstruction algorithms which is not the
present concern, however.

For the sake of readability the calculus is introduced in steps: we first define pre-types, pre-
termsa and pre-environmentE by means of grammars. These are not necessarily well-fotyped,
terms and environments, as the latter notions are definetkviation systems. We will in fact present
a number of type assignment systems that are interdepeeaembther, whose statements (judgements
and sequents) have the intended meaning:



Eko E is a well formed environment (an environment for short)
EH A A is a type within the environmeiit
ER A<:B Ais asubtype oB within the environmenk;
Etpa:A aisaterm of typeA in the environmenE;

Definition 1.1 (PRe-TYPES, PRE-TERMS, PRE-ENVIRONMENTS) Let K be a countable set of type con-
stants ranged over bk, and X a denumerable set of type variables ranged oveXbylLet L =
{¢; | i € IN} be a denumerable set of labels; fet countable set of term constants ranged over by
and) a denumerable set of term variables ranged over.byhe syntax ofre-types, pre-termand
pre-environmentss defined by the following grammar:

Pre-Types: A,B == X |K|Top | [¢;:B; (D] | A=B|uX.A
Pre-Terms:  a,b == x|c|Axta|a(d) | [l = ¢(x)b; (€ D] | a.l | a.l & g(x*)b
Pre-Contexts: E := @ |E,X|E,X<:A|E,x:A

wherel ranges over finite subsets Ibf, and/;, ¢ € L.
The notion of free and bound occurrences of variables, dsasealubstitution, are defined as usual.

Definition 1.2 (FREE AND BOUND, SuBsTITUTION) We say thatX is freein A if it does not occur
within the scope ofuX; it is boundotherwise. Similarly,x is freein a if it does not occur within
the scope of soméx” nor of someg(x#); it is boundotherwise. We ust/( A) andfv(a) to denote the
sets of free variables occurring #h anda respectivelybv(A) andbv(a) denote the sets of the bound
variables.

By A{X < B} anda{x < b} we denote theubstitutionof X andx by B andb in A anda respec-
tively, up to renaming of bound variables to avoid variabiéshes.

Syntactic equality, up to the renaming of bound variabkesleinoted by=.

Definition 1.3 (TERMINOLOGY)

i) An object pre-termhas the shap/; = ¢(x)b; (i€ D], namely a finite collection of methods
¢(x{)b; labelled by distinct;; the actual order of methods is immaterial, which justiftes set-
theoretic notatior{i € I);

i)In¢; = g(x{‘)bi, the variablexlA is the self variable, and; is the body of the method/;; if
x; ¢ fv(b;) then?; is more properly seen adield;

i ) a.£ denotes thénvocationof method/ of the objects, if a evaluates to an object having such a
method,;

iv) a.f < ¢(x?)b is theoverriding of method/ in the object to whicle evaluates, if any;

v) Functional abstraction and application are represergagsaal in typed\-calculi, viaAx“.a and

a(b).
Term-operational semantics does not depend on types, anukadefined directly over pre-terms.

Definition 1.4 (REDUCTION)
i) Evaluating contextare term expressions with a hdlé, and are generated by the grammar:

EL == _| E[1L | £ = g(xM)b | ELa).

We will write €|a] for filling the hole[] in £ with a.



ii) Theone-step reduction relatioan terms is the binary relation defined by the following rules

[4i = ¢(x] )'161]5 — bilxj b =y ')b'(i“)]}
[6: = ¢(x)b; (€ I)]f]fg( Mo — [l =c(x] )bl“\]f =c(x")b]
(AxA.a)(b) — a{be}
a—b = E&la] — &b

where in the first two ruleg € I is required.
iii ) The relation— is the reflexive and transitive closure ef— .

The reduction relation is essentially the same in [18]. Hriigally confluent. Even relaxing Def-
inition 1.4 and taking the closure of— under arbitrary contexts would not destroy confluence, as
can be shown e.g. by adapting the Martin-Lof technique foring the Church-Rosser theorem for
the A-calculus. As for typedi.-calculi with recursion (e.g. PCF), typed terms do not nsasly have a
normal form:Qp = [¢ = ¢(x?)x./].¢ is typeable byB if A is any object typé/:B, ...], and it is such
thatQB — Op.

In[1], Ch. 6 the operational semantics of the object calsudiefined by means of a big-step predicate
a ~ v, wherea is a closed term, andis avalue Values are defined as follows:

Definition 1.5 (VALUES) A valueis a closed pre-term belonging to the set defined by the gramma
va=c| Axtal [t = o(xf)bi<).

It is easy to see that~~ v if and only if s — v. The reduction relation is more general since it is
defined for any term (possibly with free variable occurrefcé is even true that normal forms are not
necessarily values, butdfis typeable (i.e. a term), having a normal fobpthenb is value, as follows
by Theoreml.17 below and the fact that closed normal forms which are noteghre not typeable.

We just stress that, consistent with the definition-ofn [1], in the clause:

[0 = g(x")b; TS D]l = g(xM)b — [6 = g(x{)bi € 1V, £ = g(x™)b]

arenaming of the self type of the bound variabfeinto x4 occurs. This is immaterial in the fragments
of the g-calculus without subtyping, but it is needed in the preseottype subsumption since if
A = [¢;:B;/€1], and A <: C, then we can give typ€ to any term of typeA and therefore update a
method in an object of typd with ¢(x©)b; but the result of (naively) performing the update savirg th
self typeC is no longer typeable, as tlselvesof the methods now have different types (see below rule
(Val Object) for object typing).

The simply typedA-calculus is a sub-calculus of the Object Calculus: sinesahly evaluation
contexts dealing with abstraction and application havestrapec|_](a), it is a lazy A-calculus, in
the sense of [5]. Also objects are “lazy”, in the sense thatibdies of the methods are not reducible
before selection.

We adopt the alternative notatian|} v for a ~~ v, as it is commonly used in the literature bf
calculus and related systems.

Definition 1.6 (ConvERGENCE Given any closed termwe say that iconvergego the valueo, writ-
tena | v, if 2 — v. Moreover we say that is convergent, writtem | , if there exists a value such
thata | v.

We will now repeat the construction of the definition of tysignment.

Definition 1.7 (TERMINOLOGY (CONTINUED)) i) A pre-type of the shap@;:B; (€ 1] will be used
for an object whose methodshavereturn typeB;;



Figure 1 Contexts and Types

(Env @) : (Type Const) :  (Env X) : (Type X) :
Eko Ero E,X,E'= o
Dk o Ty g (X gdomE)  ————
T ERK E,Xhko E,X,E" X
(Type Top) :  (Type Object) : (Type Arrow) : (Type Rec) :
Eko EkB; (Viel) EkA ERB E Xk A
E b+ Top Eb [¢:B; €] Eh A—B Eh uX.A

ii) A—B is the usuafunctionaltype anduX.A is arecursivetype;
ii ) Top is themaximaltype w.r.t. the subtyping relatios:.

The notions ofinference ruleand derivationare as usual. As in [1], we will use a short-hand for
rules, and write for example (whefe= {1,...,n})

E,xiAtbi:B; (Viel) . E,x;:Atsb1:By ... E x;:Alsb,:B,
- or -
Eto [6; =c(xMb; (€] A Eto [6; =c(xM)b; (€D]: A

Definition 1.8 (PRe-ENVIRONMENT) A pre-environmentk is defined via the grammar:
E:=Q|EX|EX<:A|E xA

whereX is a type variableA a pre-typex a term variable.
Thedomainof a pre-environmenk is the set of type and term variables occurring jrand is defined
by:
dom®@) = @,
domE, X) = dom(E, X <: A) = domE) U {X},
domE,x:A) = dom(E) U {x}.

Although pre-environments are formally sequences, byabt@igotation we shall treat them as sets
and writeX € E, X <: A€ E or x:A € E to mean thatX, X <: A andx:A occur as elements of the
sequence: respectively.

Definition 1.9 (JUDGEMENTS AND SEQUENT3 A type judgementas one of the forms, A, A <: B,
ora: A, whereA andB are pre-types andis a pre-term. Aype sequenhas the formE - ® where
E is a pre-environment an@ is a type judgement.

Definition 1.10 (THE TYyPED OBJECTCALCULUS) A sequentE - O is derivablein the calculus of ob-
jects if there exists a derivation whose inferences aramtgs of the rules in figurds 2 and3, such
thatE - © appears in the bottom line.

We say thatE is anenvironment A is atypein the environmenk anda aterm (of type A) in the
environmentE, if E = ¢, E < A andE H a: A are derivable respectively.

We will write D :: E - ® whenD is a derivation whose conclusion is the sequefrt @, and will
write E F © if there exists a derivatio® such thatD :: E - O, i.e. this sequent is derivable.

From now on, when dealing with environments, types and temeswill assume they are well
formed.



Figure 2 Subtyping

(Sub Refl) : (Sub Top) : (Sub Trans) :
Ek A Ek A EkRA<:B ERB<:C
EHRA< A EH A<:Top EHA<:C
(Sub X) : (Env X<:) : (Type X<:) :
E,X<:AE'ko ERA E,X<:AE'ko
- - (X ¢ dom(E)) -
E,X<:AE'RX<: A EX<:Ako E,X<:AE'"RX
(Sub Object) : (Sub Arrow) :
EkB; (Viel) g ERA'<:A ERB<:B
Eb [0:B; €1 < [0:B; €))7 — Ek A—B<: A'—B
(Sub Rec ) : (Sub Recy) :
Ek uX.A Ehk A{X—uX.A} Ek uX.A ER A{X—uX.A}
Eh uX.A<: A{X < uX.A} Eh A{X — uX.A} <: uX.A
(Sub Rec3) :

EuXA EuY.B EY,X<:YkA<:B
EuX.A<:uY.B

Remark 1.11 )i For reasons of simplicity we assume that term constants hlvays constant (and
ground) types. These types are just implicitly assumed veado not record them anywhere in
the syntax.

i) By comparing rules from figureband?2 it is clear thatE, X <: Top ¢ is derivable if and only if
E, X ks ¢ is derivable. Hence we will omit rul€Type Rec<:) of [1], since it can be replaced by
(Type Rec).

iii) Rules(Sub Recy) and(Sub Rec;) imply thatuX.A and A{X <« uX.A} are isomorphic, which,
as noted above, is a departure from systdm;..,. Consequently, there are fad(A,a) or
unfold(a) pre-terms, nor their corresponding typing rules. The oggirule (Sub Rec) is our
rule (Sub Recs). This implies the loss of thminimal type propertyit is not true that any well-
formed (and typed) term has a minimal type w.r&::. This is a problem when designing a
type inference algorithm; rather it is the choice of makihg syntax more akin to its intended
meaning in a foundational setting. Concerning our predieasignment system (see Secfpthe
choice has some minor consequences: if one does not adnhetvilad isomorphism of recursive
types, as we did in [10], then the only technical problem & thandfold(A, a) become distinct
entities of typesA{X «— uX.A} anduX.A respectively; to catch such a distinction in [10] we
introduced predicates of the shapr) such thatifc € £4(x « ux.4) thenu(c) € Lyx.a. The
relevant results in the paper still hold, with the necesséignges in the predicate interpretation
(see Definitior3.3).

The following lemmas state some basic properties of thesystVe writeE i A =: B to abbreviate
ER A<:BandE R B<: A.

Lemma 1.12
i) If Elx AandX ¢ dom(E) thenE i A =: uX.A;
i) if ER K<: AforgroundK, thenE i A =: K;



Figure 3 Typed terms

(Val Const) : (Env x) : (Val x) :

Eko ERA E,x:AE' ko
— T (for ¢ of typeK) - (x ¢ dom(E)) a !
El_oC:K E,X:A l_o<> EI,X:A,EN l_Ox;A
(Val Fun) : (Val Appl) : (Val Subsumption) :

E,x:Atga:B Etoa:A—B ERDb:A Etoa:A Ek A<:B

Eto Ax?a: A—B Etoa(b):B Etoa:B

In the subsequent rules, lét= [¢;:B; ' < 1]:

(Val Object) : (Val Select) : (Val Update) :
E,xiAtsbi:B; (Viel) Etsa: A e Etva:A E,x:Atob:B;
E I_o [él = g(xfl)bl (i€ I)] ‘A E I_o aéj : B] J E l_o (a€] = g(xA)b) tA

Gel)

i) if Et A <: B—C then there exisfA’, A” such thatE + A =: A’—~A"” andE  B<: A’ and
ER A"<: C;

iv) if E A <: [£;:B; (€ D] then there exists sonjeD I such thath A =: [¢;:B; U € )],

Proof: Immediate by inspection of rules. Observe thak ify A andX ¢ domE) thenX ¢ fv(A);
henceE t+ uX.A =: A by (Sub Recy), (Sub Recy), sinceA = A{X — uX.A} inthiscase. =

Lemma 1.13TYPE GENERATION LEMMA)
i) If ER AthenE 5 ¢

i) if E,X b B, thenX ¢ dom(E);

iii) if E X thenX € dom(E);

iv) if E = Athenf(A) C dom(E);

v) if E A <: Bthen bothE i A andE k B;
Vi)if E/, X <: A, E" ik o thenE' i A;

vii) if E b5 [¢;:B; '€ D] thenE |5 B; forall i € I;
viii) if E = A— B then bothE i A andE & B;

ix) if Et5 uX.AthenE, X = A;

X) if E b+ [¢;:B; /€ D] thenE I+ B;forall i € I.
Proof: Straightforward.

The following is easy to show:

Lemma 1.14TYPED TERMS GENERATION LEMMA)
i)if Etga: AthenE 5 A;
i) if Etya:Aandx € fv(a) thenx € dom(E);
i) If E 5 c:C andc is a constant of some ground tyRethenC = K;
iv) If E i x: C then there exists aA such thatx: A occurs inE andE = A <: C;

V) If E ks [6 = ¢(x)b; (€ D]: C, then there exist = [¢;:B; '€ D] such thatE I+ A <: C and,
forallie I, A= A;andE, x;:A ks b; : B;;



vi) If E ks a.l: Cthenthereexistsad = [...,¢:B,...]suchthatt = A,EH B<:CandE ky a: A;
vii) If E to (a.0 & ¢(xP)b) : C thenE = D <: C and there exists arl = ..., ¢:B, ...] such that
EA<:D,Etsa:AandE,x:D 5 b:B;
viii) If E ko Ax%.a: C, then there exist8 such thatE, x:A v a: B, andE = A—B <: C;
iX) If E ko a(b) : C, then there exisA, B such thatE v a: A—B,Et, b: AandE = B <: C.

Proof: By induction on the structure of derivations. |
The following property is standard, and allows to geneeatisrivable results.

Lemma 1.15WEAKENING)
i) if Elk AandX ¢ domE), thenE, X i+ A;ifalso E i CthenE, X <: Ck A;
i)if ElR A<:BandX ¢ domE) thenE, X i+ A <: B;
iii) if Elk A<:B,X ¢ domE) andE = CthenE, X <:Chk A<: B;
iv) if Efpa: A, E Bandx € domE), thenE, x:B tp a: A.

Proof: By induction on derivations. We just remark that, e.g. inecaf(i), if E i A thenE & ¢ by
Lemmal.13 so thatE, X I+ < becauseX ¢ dom(E) is the side condition of ruléEnv X). It follows
that the derivation of, X = A is essentially the same as the given derivatiork 6 A, but for the
sub-derivation of the sequettt, X 5 ¢. In case ofE, X <: C k= A we need the hypothesB I C
because of the premise of rulEnv X<:). Note thatX ¢ domE) andE = C imply X ¢ fv(C) by (iv)
of Lemmal.13

The proofs of the other items are similar. |

Lemma 1.1§SUBSTITUTION LEMMA FOR o) If E, x:A ko b: BandE b a: AthenE t, b{x < a}:B.

Proof: By induction on the structure of derivations using Lembib4 The proof is similar to that of
Lemma4.2 ]

Using Lemmal.16, we can prove the following theorem:

Theorem 1.17(SUBJECTREDUCTION FOR ko ) If Elya: Aanda — b, thenE , b: A.

Proof: By induction over the definition of— and using Lemma.14 the proof is similar to that of
Theoremd.3but simpler. |

Theoreml.17is the most relevant result about typedalculus in [1]. It implies that no “message
not understood” error can occur in the evaluation (formailthe reduction) of any well-typed term (a
term in our terminology). In fact, for such an error to ocauthie reduction of: it should be the case
thata —— b.0 ora — (b.f & ¢(x*)d), whereb is some object not including a method labelled by
¢. But since such &.¢ or b.¢ < ¢(x?)d has no type, because ©f), (vi) and (vii) of Lemmal.14
Theoreml.17 says that: has no type as well.

2 Typed Predicates and Languages

In this section we will introduce the syntax of the predisa@d an assignment system to syntactically
derive judgements associating predicates to types undexssumption of similar judgements about a
finite set of type variables.

Term properties are formalised by predicates, which in armclassified by types. Predicates are
transparently intersection types follacalculus with records, and come from [16]. The essentifal di
ference is that the set of predicates is stratified into lagga (see [17, 9]), in such a way that whenever



a predicate can be deduced for a (closed) teriih belongs to the languagé 4, associated with the
(closed) typeA.

Much in the style of [8], in this section we will present a mutiof strict intersection typescalled
strict predicateshere. Using these, we will define in the next section a notfgoredicate assignment
which will consists basically of associating a predicata tgped term.

Definition 2.1 (PrReDICATES) The setP of predicates ranged over by, 7, ... and its subsePs of
strict predicateganged over by, ¢, . . ., are defined through the grammar:

¢ u=rx|w|(c—¢)| (&)

o,Tu=¢|(0AT)
wherex ranges over a countable set of atoms, &rdL is any (method) label.

Sincea is commutative and associative w.r.t. the equivalenceduiced below in Definitior2.2,
we omit brackets and writd;.;0; for oy A ... Acy,. Also, rather thar(fy:p1)A - - - A(€y:¢p,) Where the
¢; are pair-wise distinct, we will writé¢;:¢; (€ D). By definition, any predicate € P is such that
o = ;e ¢i for some non empty finité and certainp; € Ps. We shall usep, ip possibly with apices
and indices for elements @&, while o, T € P O Ps (with similar decorations) may be strict or not.

Predicates are strict intersection types in the sense @][But for the fact that the type constant
w is no longer treated as the empty intersection, which allfmwsccurrences ofv at the right of
arrows. Also record predicatéé:¢) are added. With respect to ordinary intersection typeschvhave
been introduced by several authors in a series of papere (ge8] for references), the occurrence of
intersectionn is not allowed at the right of an arrow; this is a technicaliceand a departure from
[9], making the proof theory of the system more manageabiegst allows for a more syntax directed
treatment of the assignment system, without loss of exprigss

Atomic predicatesc are intended to describe elements of atomic types in the itloofianterpreta-
tion, but they can be used also to denote subsets of suchsv@uge the odd or even integers in the
interpretation ofint), allowing for a limited form of abstract interpretatior— ¢ is the property of
functions sending elements satisfyingnto elements satisfying. (¢:¢) is the property of records
having values that satisfy associated with the field Predicatesv andoAt mean truth’ and ‘con-
junction respectively. It should be noted that arbitrary conjuwetpredicates likdoc—¢)A(¢:p) are
allowed by the above definition, although never derived fortgpe nor for any term by the assignment
systems.

To build a logic of predicates we need a notion of implicatiamitten e < 7 (read as: ¢ implies
"), which is a reflexive and transitive relation on predicatas defined below. Also, as in [8], but
differently w.r.t. [7], we define< to becontra-variantin arrow types.

Definition 2.2 (PReDICATE PREORDER) The relation< over predicates is defined as the last pre-order
such that for any, T € P and¢, ¢ € Ps:

o <w;

i) (ocAT) is the meet ofr and;

i) (—w) < (w—w);

V) o> T,p <y = (0—¢) < (T-);

V)¢ <y = (L:¢) < (L:y), foranyl € L.
Finallyo = 1 <= 0 <1t <0, and we writer < Tif 0 < Tando # 7. A predicate idrivial if it is
equivalent tawv.

The relation< differs from that considered in [11], in that these—w = w, whereas here we
only allow w—w < w. This is natural in the present context of lazy evaluatiohekg an abstraction
should always have a conjunction of arrow predicates, hdifiegent fromw, even if it does not return
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a result. Since strict intersection types are essentiaffyasentatives of equivalence classes of type in
[11], in [8], w—w is not a type; any term typeable by that type in [11] is typeatsily byw in [8].

Lemma 2.3 Forany,t < P, and¢,y € Ps:
i) the connective\ is monotonic w.rt<;
ii) ois trivial if and only ifc = A;c; w for any (finite)I;
i) c—¢ < w—wand(l:¢) < (¢:w) foranyl € L;
iV) I> ],Vje ] (,b] < ¢] = <£l‘24)ii61> < <€]1./J]]€]>
Proof: To seg(i) let o < ¢’ andt < 7’; then by the definition of\ as the meet w.r.t< we have that
ont < o < o' andoat < T < 7/, which implies thatrat < o/ AT,

By inspection of the axioms of it is evident that ifw # ¢ € Ps then¢ # w; hence(ii) follows
by the fact thatr = A;c; ¢; for somegp; € Ps and that if eithew; # w fori = 1,2, thenoyroy # w
for anyo;.

The proof of(iii) is straightforward. Aboufiv) we note that/;:¢;/<") = Aic; (¢i:¢;), and that the
meet operation is monotonic w.r.t.< (part(i) of this Lemma). |

The first part of this lemma implies that to be a trivial predéis decidable. The subsequent part
says thatv—w and (/:w) are the largest non trivial predicates among arrow and depredicates
(with a certain label) respectively. The last part claims that, with respecktorecord predicates
mirror record subtyping in width and in depth.

Lemma2.4 i) lir < t—¢, then there ard ando;, y; for everyi € I, such thatr = A;c;(ci—1;)
and there existg C [ such that both’\jef 0 >T and /\je] P < ¢;
i) if ¢ < (¢;:9/<)) then there exist§ D ] and ¢; for everyi € I, such thatr = (/;:¢;*<) and
b; < Y; forall j e J;
iii) Forall o, 7,0 < Tifand only if there arev; (i € 1), 7; (j € ]) such thatr = Ajc10i, T = N\jej T,
and, for everyj € J, there is an € I such thair; < Tj.

Proof: By induction on the definition oK (2.2). Note that the statements would become false with
= in place of= since equatiorAw = ¢ trivially holds for anyo. |

Definition 2.5 (PREDICATES CONTEXTS)
i) Predicate pre-environmentze defined by the following grammar:
Au=Q|AX0o|AXo<:A

whereX is a type variabley is a predicate, and is a pre-type.
i) By A we denote the pre-environmehtobtained fromA by erasing all predicates:

@EQ,
A Xo = /A\,X,
AXo<:A=AX<:A.

Setdom(A) = dom(A).
iii ) A predicate environmeris a predicate pre-environment such thatA ¢ ¢ is derivable in the
system of Figurel, which we call thepredicates to types assignment system

iv) We extend the relatior< as defined on predicates to predicate environmentsAby: A’ if and
only if, for every X:o’ € A’ or X:0/ <: A € A there existsX:o € A or X:o <: A € A respec-
tively, such thatr < ¢’.

11



Figure 4 Predicates to Types Assignment System

(Env Q) : (Env X) : (Env X<:) :
B (X gdoma)) 2P (¢ dom(a),e < 1)
0 0 ,o<T
Dhero A, X0 bpr o AXo<:Abpro
(Type Const) :  (Type X) : (Type X<:) :
Abpro AN, X:o,A et o AN, Xo<: AN o
PT : - PT o S ('b) : - PT o S ('b)
At Kix AN, X0, A ber X:¢p N, Xio<: AN o1 X
(Type Arrow) : (Type Object), A = [¢;:B; (€ D] :
A l_PT A‘U’ A l_PT B¢ A l_PT AO’ A l_PT B]‘¢ ( e 1)
Aty A—=B:io—¢ Ay Ai{ljio—¢) /
(Type Rec) : (w) : (A) :
AbrpX. Al A Xolhr Ap Abro ARA Al Ay (Viel)
A l_PT HXA'¢ A I_PT A:w A l_pT A:/\iEI(Pi

Definition 2.6 (AsSIGNMENT OFPREDICATES TOTYPES. LANGUAGES) Let A be a predicate environ-
ment, A a type andr a predicate. We writé 1 A : ¢ if this statement can be derived using the rules
of Figure4.

Given a closed typel we define thdanguageof A astheseLy, = {c € P | @ bpr A:0}.

Notice that, in the definition of the system as in Figdrer, T € P while ¢ € Ps: otherwise one
could assign to types predicates which are n@Piat all. As stated in Definitior.1, the basic typ&K
in rule (Type Const) ranges over a countable g€tof type constants: the assignment of the atarts
their typeskK is assumed to be fixed by a signature we do not make explicit.

As itis apparent from Definitio.6, we are essentially interested in closed types and thejukges.
The reason why we introduce environmenti the system is for a proper handling of assumptions of
predicates assigned to type variables, which may occurcirsee types. This parallels the usage of
environment<E in the type system for .

The logical interpretation of types we are proposing is dkections of predicates, closed under
conjunction (by rule(A)) and logical implication (by the admissibility of rule<) in Lemma2.14):
that is types are seen as propositional theories.

Since predicates are properties of terms, which in turn alygymrphic-typed entities, the soundness
criterion we have in mind for the judgemertsc is that there exists some term of tydesatisfyingo:
this is what we mean by saying thamakes sense of entities of tyge We observe that this is the very
departure of the present work from the endogenous logic]ofwWhile there the logical interpretation
of polymorphism is not considered (but for the limited caesoursive types), so that the logical and
denotational interpretations of non isomorphic types atie-wise disjoint, the present construction
allows for proper inclusions and non-empty intersectiohlsiraguages.

Example 2.7Let A = [{p:Int, /1:Int], and suppose thad, E € L) are the predicates of being odd
and even integer respectively. Then we can detiveA : (¢y:w—0) as follows (while omitting some
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obvious inferences):

bor A:w :
il rInt: O (Type Object)
tor A: (y:w—0)

Once this is given we can derive more complex statements like

\ /N

\ For At (£p:w—0) Fo7 INt: O
l_PT A: <€0,(U—)E> l_p'r A: <€1<£0.(&)—)O>—)O>
For At (Co:w—E, ¢1:(£p:w—0)—0)

(Type Object)

(n)

where the derivation ofu1 A : (¢p:w—E) is similar to that of b1 A : (£y:cw—0).

The predicate({y:w—E, ¢1:({y:wv—0)—0) is satisfied by any object having at least methods la-
belled by¢, and/; (that we identify with the respective methods), whéfereturns an even number,
no matter which is the actual state of the objégtreturns and odd integer provided tifatdoes. This
makes sense, however, and so it is not contradictory, sihecedcond conjunct of the predicate is only
a conditional. Moreover, this is essential for handling mettoverriding: see Example4.

Concerning recursive types, consider the following deiave

[ N

B uX.X—X ) Xwht X:w Xwh X:w
o uX.X—X:w Xwhbt X—=X:w—w
oy uX.X—X:w—w

(Type Arrow)

(Type Rec)

From this it is then not difficult to see théiv—w)—(w—w) € L, x.x—x; but also the unbalanced
unfolds (on the predicate sidéy—w)—w andw— (w—w) are iNL,x xx, €.9.:

N/

\ X:w—w l_p'r<> X I_'I' X (w)
\ Xw—w b X:w—w Xw—whr X:w
(Type Arrow)
For X X—X: w—w Xw—w bpr X=X (w—w)—w
(Type Rec)

or uX.X—X: (w—w)—w

We can naturally link derivations iz to those ints via erasure of predicates.

Lemma 2.8ERASING) If A Fpr o, thenA F o. Similarly, if A ber A: o, thenA  A.

Proof: In both cases the proof is an easy induction on the structudervations. All cases are trivial,
except for when the derivation ends by rgle) or (Type Rec); then the result follows by inductiom.

Lemma 2.9 i) A, X:T ks B: o, thenX ¢ dom(A);
i) If Ay, A1 Fo1 B: o, such that no free type variable Bis declared inA, thenAg k1 B: 0,

Proof. Easy. |
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The next lemma states some standard propertiesof that follow immediately from the rules in
Figure4.

Lemma 2.1QTYPE PREDICATE GENERATIONLEMMA) LetD :: Ay A:o. If A = Top, theno = w;
otherwise, either = w, or:

(0 = Aic1¢i) : Then, for alli € I there existD; :: A bpr A : ¢;, sub-derivations oD;
(w#0€Ps): a)lf D:: Ak K:o,theno is atomic;
b)ifD: Ak X:othenX:t€ Aandt < 7;
c)ifD:AkrA:candX € fv(A) thenX:t € A, for somer;
d) if D :: A st A—B:0 then there exist, ¢ such thatr = t—¢ andD; :: Ay A: T and
D, :: A ts1 B: ¢, sub-derivations oD;
e)if D = Atpr[¢i:B; € D]:o then for somg € I, ¢ = ({;:T—1) and there exists both
D' i Aty [€:B; € D]:Tand D" i A tpr B, : 9, sub-derivations oD;
f)if D A by uX.A:o, thenthere existsandD’ :: A bpr uX. A:TandD” 1 A, X:T by A0,
sub-derivations oD.

Proof: By straightforward induction on the structure of derivago ]
By 2.100f the above Lemma it follows immediately that the rule:

(Type Rec’) :
A l_pT ]/IXA.U A, X.o l_PT AT
A uX. At

is admissible, where is not necessarily strict.
A useful corollary of the previous lemma is stated below:

Lemma2.11 D :: Abpr [(:B; (€ D]:0ando # w then for somg C I, 0 = Ajc; 05 and for
eachj there exists; such thaw; = (¢;:5,—y;, "€ )y and Dy, :: A ber [:B; (€ D] : 7, and D,
A ber Bj 1y, for all h € Hj; moreover, all these are sub-derivationsTof

Proof: Immediate by Lemm&.1Q |

The next lemma shows that, for object typésandC, if ¢ is a predicate that we can assignAo
which is a super-type df, then alsar can also be assigned €

Lemma2.12 Let = [¢;:B; (€ 1], C = [¢;:B; U< ))] for some] D I and suppos@ H C <: A,
Then, for any, if A k1 A:0,thenA 1 C: 0.

Proof: If o = w, the thesis is trivial by rulé¢w). Foro # w, we reason by induction over the structure
derivations. NowA  C <: A implies that bottC and A are well formed types unde.

By LemmaZ2.10(ii.e)we know thato is (equivalent to) an intersection of record types of thepsha
((;i:Tt—¢) for somei € I C ], and that both\ 1 A : T, for somet, andA ks B; : ¢ are derivable in
sub-derivations. Therefore, by induction, we know that.+ C: T. Reconstructing the derivation as
the one forA 1 A : 0, we obtainA k1 C: 0. [

Lemma 2.13 If botthg, A; Fer A: o andAg H+ A, thenAg et A : 0.

Proof: By induction on the structure of derivations. Since derivad in the Predicates to Types As-
signment System mirror derivations in the type and subtygtem of the object calculus in almost all
cases, we focus on those rules which are not just a decowtitve type formation rules.

(w) : Obvious, since we can uge h A as the premise of the same rule.
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(A) : By induction.

(Type Top) : Trivial, as the environmem does not play any role in this case.

(Type Object) : ThenA = [¢;:B; (€ 1)], ando = ((j:t—¢) for some j € I, and bottg, A Fer A: T
andAo, Ay ey Bj:¢p. By Lemmal.13(x) we haveA t B; for all i € I; by induction we have
alsoAg bpr A: T andAg Fer Bj: ¢, and we getg Fpr A: (¢j:T—¢) by rule (Type Object).

(Type Arrow) : ThenA = B—C, 0 = t—¢ and bothAy, A1 Fsr B: T andAg, A et C: ¢. By induc-
tion bothAg et B: T andAg ker C: ¢, henceAg pr B—C : T—¢ by rule (Type Arrow).

(Type Rec) : ThenA = uX.Band bothAg, Ay pr pX.B:TandA, X:t ber B:o. By inductionAg ter uX.B: T;
by Lemmal.13(ix) Ao = uX.B |mpI|esAo,X F B. Since no free type variable i is declared
in Ay, by Lemma2.9 we obtainAg, X:7 ks B: 0. Using the assumptiony 7 #X.B: T, we get
the desired\y 1 #X.B: o by admissibility of rule fype Rec’). ]

Lemma 2.14 The following rules are admissible:

(Relevance) : (Weak) :
AXTAN Ao AN o At Ao
X & 1tv(A ———— (X ¢ dom(A
AN Ao (X ¢ Tv(A)) A,X:TI—pTA:a( # dom(a))
(Cut) : (Cut<:) =
ANXohktB:T AtA:ic AhtA:0 AXo<:ChtB:T /A\I—TA<:C
At B{X—A}:T At B{X— A}:T

(<)
At Ao ANlpro
ANkt A:T

Proof: By easy induction on the structure of derivations. The pafaidmissibility of (Relevance)
and (Weak) parallels the arguments in Lemnials In the cases ofCut) and (Cut<:) we use
Lemma4.2 For rule(<), the proof is much as that for Lemn3al3 |

(c <1,A <A)

Lemma 2.15 For any pre-environmeff pre-typeu X.A, and predicater:

A l_PT ‘UX.A.U’<:> A l_pT A{XH ‘HX.A}:U.

Proof: (=) : for ¢ = w, the thesis is trivial; ifr is an intersection, the thesis follows by induction;
else, by Lemma&.10(ii.f), there existg such thatA I+ uX.A: T andA, X:t kst A: 0. The thesis
now follows from rule(Cut).

(<) : Let k be the number of free occurrencesfn A. If k = 0 then A{X — uX.A} = A and
A, X :w kpr Ao would follow by the hypothesis antMeak); since trivially A o+ uX.A : w, the
thesis follows by rulgType Rec’).

Suppose that > 0. For all1 < i < k there exists an environment and a predicate; such that
A; bt pX.A: 07, and these are sub-derivations of the given derivatioh bf A{X <« uX.A} : 0.
Sincefv(uX.A) = v(A) \ {X} = fv(A{X— uX.A}) we can freely assume tha, =

for all i. By replacing each of these derivations by the derivatiom,o‘x:/\;;laj F X:0;in
the given derivation we construct a derivation/ofX : /\;‘ 10 = A:o; on the other hand from

A; Fpr uX.A:o; for all i we have by rule(Al) a derivation ofA + uX.A: /\ _10;. Then we
conclude by rulg Type Rec’).
n

We will now show thaths1 is downwards closed fox:.
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Theorem 2.16 The following rule is admissible:

(:>):
AbrB:c AR A<:B
At Ao

Proof: If ¢ = w, then by Lemma..13(v) A l+ A <: B impliesA i A, andA by A: w is derivable

by rule (w). If o is an intersection, the result follows by induction. Othisey forc strict, we reason

by a principal induction on the derivation of+ A<:Banda secondary induction on the derivation

of Akt B:o.

(Sub Refl), (Sub Trans) : The first case is trivial and the second one follows by inductnd the
transitivity of <.

(Sub Top) : ThenB = Top ando = w by Lemma2.1Q As above, by Lemma.13(v) A+ A <: B
impliesZ A, SOA Fpr At w is derivable by rul€w).

(Sub X) : ThenA = X andA = A’, X <: B, A" for someA’, A", andA is a well-formed environment.
By Lemmal.13(vi)this impliesA’ i B. Therefore, by Lemma.13and the assumption, we have
A Fr B:o. Now, sincec < ¢, by rule (Env X<:), we haveA’, X:c <: B 5 ¢, and, by rule
(Type X<:), A, X:0 <: B bp1 X : 0, and the thesis follows by rul@veak).

(Sub Object) : This is an immediate consequence of Lerm2rE2

(Sub Arrow) : ThenA = A’—A”, B = B'—B" and bothA I+ B’ <: A’ andA = A” <: B”. Then
o = p—, Atpr B :p andA sy B” :9p. By inductionA b+ A” : ¢; on the other hand, since
Abpr A :w, sOA b A/— A" w—1. Sincew—1yp < p—1p, we getA kpr A'— A" 1o by rule
(<).

(Sub Recy ), (Sub Rec;) : These follow by Lemm&.14and2.15

(Sub Rec3) : ThenA = uX.A’, B = uY.B'. By Lemma2.10(ii.f), there exists”’ and sub-derivations
for A by pY.B : 0’ andA, Y:0' by B': 0. By secondary inductiom) 1 pX.A:¢’. SinceX ¢
dom(A) we haveA, Yo/, X:0/, X <: Y k5 o.
On the other hand, applying ru(@Vveak) to A, Y:0’/ b1 B': 0 givesA, Y:o/, X:0' b1y B’ : 0. But
we know tha’rZ, X,Y,X<: Yk A’ <: B'is the premise of the last inference in the derivation for
A A <: B, so by the principal induction\, Y:0", X:0" oy A’: 0. NowY & fv(A’) (otherwise,
sinceX # Y, Ye fv(uX.A") so that we need’ € domA) for deducingA k1 uX.A: 0’ by
Lemma2.10(ii.c), which is not the case), hence, by Lemta42.14 A, X:0' b+ A’ : 0. From
this andA et uX.A: ¢’ we concludeA b uX.A: 0. ]

Corollary 2.17 (LANGUAGES AND SUBTYPING) If I+ A <: B then bothA and B are closed types, and
L4 2 Lp. Inparticular if b uX.Athenlyx a = La(x ux.a}-

Proof: That A andB are closed is an immediate consequencéwfand(v) of Lemmal.13 hence
L4 and L are well defined. Then the first part of the thesis follows bediem2.16. This implies
the second part together with the fact thatuX.A =: A{X — uX.A}. u
3 The Assignment System
We now come to the definition giredicate assignmenivhere we associate predicates to typed terms.
Definition 3.1 (BASES AND TERM PRE-ENVIRONMENTS) 1) A basisI is defined inductively by:

I :==0|TI,xAc

wherex is a term variableA is a pre-type, and is a predicate. Thdomainof a basis is defined
by: domT, x:A:0) = {x} Udom(T), andl’, x:A:c =T, x:A.
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Figure 5 The Predicate Assignment System
LetA = [&'IBZ' (i€ I)]:

(Env®): (Envx): (Val x) :
Ao AtrB:oc ATho AT x:B:o, T 5 o
. Tk (x g doml)) o, =)
ND o AT, x:Bob o AT, x:B:o, I s x:B:
(<) R
AMThHaB:y ARB<:C AR:C:y
AT aC:y
(Val Fun) : (Val Appl) :
N T, x:Awctpa:B: ¢ AMThaA—B:o—¢ ANThRbA:0C
AT Axta:A—B:o—¢ AT ea(b):B:¢
(Val Object) : (w) :
AT, x:A:0 15 bj:Bj: AT, xiAb bi:B; (Vie I1\j) Gen ATho AThya:B
AT [ = g(xlA)bi (i€ U]:A: (ljo—¢) / AT aB:w
(Val Update, ) : (Val Select) :
AThaA:c NT,y:A:Tttp b:Bj: ¢ ) NT aA: <€j:a—><p> ANTHhaA:o
vl (c #w,je )
AT (aly & c(y?)b):A: ({iT—¢) AT tpaliBi:¢
(Val Update,) : (Al) :
ATk aA: (l:p) NT,y:AR b:B; AT aB:o; (Viel)

(j ke Lk#j)
ATk (ad; & g(yA)b):A: (C:¢p) ] J AT b a:B: \igpoi

i) We extend< to environments by:I' < I’ if and only if, for everyx:A:¢c’ € T’ there exists
x:A:0 € T such thar < ¢'.

iii ) A term pre-environmeris a pairA; " such thatA is a/pﬁz\dicaﬂa pre-environment afids a basis.
We also definelomA;T) = dom(A) Udom(T') andA;T = A, T (where the comma represents
the concatenation of the two sequences).

Definition 3.2 (AssIGNMENTSYSTEM) An assignment judgemei#ta triplea: A : o expressing the as-
signment of a predicate to the (pre) termu of (pre) typeA. An assignment sequehis the shape
A;T = a:A: 0 whereA; T is aterm pre-environment.

TheAssignment Systeto derive assignment sequents is defined in Figure

We say that a term pre-environmeftI is aterm environmentf A;T k¢ is derivable in the
assignment system.

The judgement: A:c tells at the same time thatis of type A, and that it satisfies the predicate
hence this implies thati:o (as this is withnessed ky), which is in fact ensured by the formal system.
Sincew is the trivial predicate, the judgementA:w is the same ag A, i.e.a has typeA. This is why
we use k in the definition of i . However, we could avoid this explicit composition of syste at
the price of doubling all rules relating predicates to temd &/pe structure, adding an instance of each
such rule with all trivial predicates at the right end of tlegjsents. E.g. in the case ©fal Appl) we
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would have:
(Val Appl w) :

AT HhaA—B:w AT HDbA:w
AT Ha(b):B:w

The actual formulation of rul¢w) avoids such verbose introductions of the trivial predicatepre-
serving its meaning of “being a typeable term”.

In the case of Val Object) and of the(Val Update; ), different formulations are reported in the In-
troduction, which are only apparently stronger of the cgpomding rules in Figuré: take all the
predicategp andy to bew in the discarded parts, just to ensure typeability.

The side conditionr # w of rule (Val Update;) is decidable byii) of Lemma2.3. It is immaterial
w.r.t. subject reduction and subject expansion Theoré@and4.6 respectively, in the next section.
Indeed, as far as we are concerned with these propertiee afydtem, it could be replaced by the
weaker

(Val Update) :
/ATI: tba: A NT,y:A:Tt s b:Bj: ¢ Gen
S
BT s (0 = o)A (rr—g)

This can be understood from the observation that the ruleesgps that the newly derived predicate
doesnotdepend on any predicate foat all; the only thing we need for subject reduction and expan
is thata is well-formed of typeA.

On the other hand it is essential for Theorérato hold, as well as for the subsequent results. These
say that any (closed) termsatisfies a non-trivial predicate if and only if it is conveng, namely re-
duces to a value. Now the predica§:t—¢) is non trivial, buta.¢; & ¢(y*)b converges only if:
does. Itis a remarkable fact that this is a combined effeth@type system and of the predicate sys-
tem: indeed fon./; < Q(yA)b to be convergent we also need thakduces to an object term, having
a label?;. The type system ensures thati€onverges, then this will be the case; the assumption that
a:A:o for ¢ # w implies thataz actually converges, evendfis discarded in the conclusion. This will
be formally proved in sectiof.

We are now in place to give a semantics to predicates. It staisiassigning to each predicata set
[¢] of closed terms of the appropriate (closed) types. It islisaalled arealizability interpretation,
in the sense that each term[jo] is a realiser ofr, namely an evidence that holds of something.
A proper reading of Theore.5is as a soundness theorem for the realizability interpostatT his
interpretation should be compared with the interpretatibimtersection types into saturated sets in
[29].

We writea” for a closed term of a closed typed, i.e. such tha® I, a: A (abbreviated by, a: A).
In the next definition, the set of labels &f is defined as:LabeA) = {¢; | i€ I} only for A =
[¢;:A; (€ D]; itis empty in all other cases. df* for some object typet, ¢; € Label A) anda |} [(; =
¢(x)b; 1€ D], thena.¢(c) abbreviates;{x; < c}, for anyc?.

Definition 3.3 (REALIZABILITY INTERPRETATION The realizability interpretationof the predicater
is a seff[o] of closed terms defined by induction over the structure ofiipeges as follows:
i) [w] = {a? | Ais aclosed typg;
i) o] = [e] N [l;
k] = {aX | k€ Lx & Fv[ hv:K:k & alv]};
o—¢] = {a""7 | 3x, b [a I (Axhb) & Ve € [o] [b{xc} e [¢] ]}
[

_[(6:w)] = {a? | £ € LabelA) & a |}
— [{t:o—y)] = {a? | £ € Labe(A) & a || & VA € [[o] [al(c) € [¢] ]};
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- [(&{9))] = @.
The clausd[(¢:(¢":y) )] = @ is consistent with the fact thdt:(¢':y)) cannot be assigned to any
(well typed) term.
Lemma 3.4 It # w (i.e. it is non trivial), then any € [o]] converges.

Proof: By induction on the definition ofc]]. [

Lemma 3.5 &4 ¢ o] then for anyb? if a — bor b — a thenb® € [[o]].

Proof: By induction on the length of the reduction sequence, of tviare only show the proof for the

relation — . This is proven by induction on the definition of reductiorddy cases owr, of which

we show one case:

(a = (AxCa’)a” ando = T—1p) : then(AxCa’)a" |} v for somev (an abstraction) with certain prop-
erties; but this is true if and only # = a’{x < 4"} | v, since the reduction is deterministic:
henceb € [t—¢] if and only ifa € [T—¢]. ]

Lemma 3.6 Itr < tthen[o] C [[7].

Proof: By easy induction on the definition of using Lemma2.4 E.g. suppos€/:c—¢) <
(¢:t—y) becauser < ¢ and¢ < . By Definition 3.3 for anya” € [(¢:0—¢)] we havea |
and/ € Label( A); suppose that? € [[t]: by inductionc” € [¢]), so that by hypothesis/(c) € [¢].
The thesis follows sincgp] C [] again by induction. [

We turn to the proof theoretic study of our systems, and féatauhe link between, and
and i and k , which is a conservativity result.

Lemma 3.7AsSIGNMENTERASING) If A;T lproandA; T ks a:A o, thenﬁ o andﬁ Foa:A.

Proof: By induction on the structure of derivations using Lem2x@ [ |
The following lemma linkst and Fer .

Lemma3.8 I\, T, x:A:0 b b:B: 7 then bothA k1 A:0 andA k1 B: T.

Proof: By straightforward induction on derivations. It is a conseace of the fact that the assignment
A Ao of a predicate to a type under the assumptions for each judgement: A : o occurring in
a derivation is checked by the appropriate rule. |

We will now show that also+ is downwards closed fot:.

Theorem 3.9 The following rule is admissible:

(:>):
AThaC:0c ATha:A A A<:C
NThwhaA:o
Proof: By induction on the structure of derivations i , using Theoren2.16 E.g. if the derivation
ends by rulgVal Fun):

AT, x:Cit' b b:D: P
AT AxC b:C'—D: 7' -

whereA i+ A <: C = C'—D. By Lemmal.12(iii), A = A’—A",E+ C' <: A'andE s A” <: D.
By induction A; T, x:C":7/ t5 b:A” : ¢ henceA;T AxC A A T'—1. Take anyo’ such that
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At A’ andT’ < ¢’ (which exists, and at worst is), then we get\; T ks AxC .b:A'— A" : 0/ — .
Sinced’ —¢ < v'—1, we conclude by <). [

Lemma 3.10 The following rule is admissible:

AT, AT, T haCio A AT AR A< A
) / (T, S T)
NT,x: AT, " paC:o
Proof: Easy induction on the structure of derivations. Informadigch time there is an instance of the
rule (Env x) with conclusionA; T, x:A:7,T" b x:A: T in the derivation forA; T, x:A:TL\F’ b a:C:o,
we replace it by an instance ¢k:) whose premises amy; T, x:A": 7/, T" kb x:A: 7/, AR A’ <: A
andA ky A: T/, where the conclusion i8; T, x: A: T/, T" s x: A : T. m

The essential properties of the predicate assignmentmsysia which the subsequent treatment
relies, are stated in next lemma.

Lemma 3.1 PREDICATE GENERATIONLEMMA) If D :: A;T H a:A: o, then either.c = w, or,

(0 = Aier¢i) = Then, for alll <i < nthere existD; :: A s a: A : ¢;, sub-derivations oD;

(c=¢pePs\{w}): a)if ATt c:A:¢thencis a constant of some ground tygewith A = K,
¢ =rxand@ ket K:x;

b) if A;T s x:A:¢ thenA by A: ¢ and there exists:C:o € I' such thatA = C<: A and
o< ¢;

c) if A;T ks[4 = ¢(x)b; (€ D]:A: ¢ then there exist = [¢;:B; (€ D] for certain B,
such thatA; = C for all i € I, and there existy C I such thatA = [¢;:B; U< ]];
moreoverg = ({:t—1) wherek € J, A;T, x:C:T b by:By 1 ¢, while for all i € I'\ {k},
A;F, xi:C l—o bl‘ : Bl‘;

d) if A;T b a.l:A: ¢ then there exist€ = [...,¢:B,...] such thatA - B <: A, and T such
thatA;T b a:C: (¢:t—¢) andA; Tk a:C: T

e) if A;T e (a.6j &< g(xC)b):A:o thenA;T I C<: A andC = [¢;:B; ('€ D] for certain B;,
with j € I and either:

* there aret, ¢, p # wsuchthaip = ((;:T—), \;T ks a:C:p, andA; T, x:C:T b b:B; : §;
or

« there existp andk # j such thatp = (£:9p), A;T b a:C: ¢, andA; T, x:C ko b: Bj;

f) if A;T b Ax?.a:C: ¢, then there exist® such thatA i+ A—B <: C, and¢ = T—, and
N T, x: At s a:B 1y

g) if A;T K a(b):C: ¢, then there existi, B such thatA = B <: C, and there ist such that
bothA; T a:A—B:t—¢ andA;T 5 b:A:T.

Proof: By induction on the structure of derivations. We observeithnall clauses we use= instead of
=: (among types) ang- (among predicates). This is possible since these are alestial statements
of derivability, and do not necessarily refer to sub-ddrores of the given one: hence we can choose
types and predicates of the right form as we need. In paati¢niclausev.c)we havep = ((x:T— 1)
instead ofp > (¢,:t—1y) as one might expect. This is a consequence of the fact thgudaes are
upward closed w.r.t< (by lemma2.14), and thatE i A <: A forany A, so that ifA;T s a:A: o and
o < tthenA;T ks a:A: 7 by (<:). Similar remarks apply to all other clauses.

[ ]

Remark 3.12The last lemma, together with Lemmasl4 and 2.10 forms the basic tool for recon-
structing types and predicates in terms of the structurédetubject, namely the term. In particular
Lemma2.10applies the same technique to the “subjettin the judgement : ¢.
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Their proofs are just backward readings of the derivatidées;tand as such are very simple inductions
over derivations which we omit.

All the implications in these lemmas are actually equiveéen indeed the opposite implications
follow by direct application of (possibly more than one)idation rules.

Although the relatior< is only used for variables, we can show the following lemma.

Lemma 3.13 The rule
(<)
ANThaA:c N;T'ko
N T'waA:T

(c <t,AN<AT <T)

is admissible.

Proof: (T € Ps) : By induction on the structure of the derivation #yT t a:A: 0.

(Val x) : Thena = x, o € Ps, and there exists such thal’ = I'1, x:A:p, T2, p < o andA;T by 0.
Sincel” < T, there existst:A:p’ € I such that’ < p. Notice that therp’ < 7, and by
Lemma2.14alsoA; T’ k1 ©. Then, by rule(Val x), A", T" ks x:A: 7.

(<:): ThenA;T tp a:B: o, A A\ B<: A, andA tpr A: o, for someB. We getA;T' ks a:B: 7] by
induction; sincer’ C A, by Weakenmgﬁ’ k B<: A;and by Lemm&.14A’ by A: T, Then,
by rule (<:) we getA’;T" b a:A: 7.

(Val Fun) : Theno = p—¢,a = AxA.a’, andA; T, x: A:p b a’:B : ¢ for someB. Sincer < T € Ps,
T = p'—¢' with o’ < p,¢ < ¢, so, by inductionA’;T', x:A:p’ b a’:B: ¢'. Then, by rule
(Val Fun), A;T" by AxA.a":A—B: o' —¢'.

(Val Appl) : Thena = ayay, and there existg such that\; T+ a1:A—B:p—o andA; T s ax:A: p.
Sincep—o < p—T, by induction,A’;T’ s a;:A—B:p—T andA’; T’ s a:A: p. Then, by
rule (Val Appl), alsoA’;T" b a(b):B: .

(Val Object), (Val Update; ) : As for rule (Val Fun).

(Val Select) : As for rule (Val Appl).

(Val Update,), (Al) : By induction, using(ii) ar and(m) of Lemma2.4respectively.

(w) : By assumptionA’; T’ o1 o; sinceA, T’ C A;T, by weakening alsa/; T’ to a: A. Then, by
rule (w), ;T b a:A: w.

(= /\jGIT]-) : Assume, without loss of generality, that= A,;c;0;; then, by(iii) of Lemmaz2.4, for
everyj € ] there is an € I such thatr; < 7; € Ps. The result follows by the first part of the
proof, and applying rulénl).

[ ]

4 Subject Reduction and Expansion

In this section we will show that predicate assignment anddfabove is not only preserved by reduc-
tion, but also by expansion, i.e. X;T I+ a:A: 0 and we can relate to 4’ via the reduction system,
then alsaA; T s a’: A 0.

The following lemma concerns properties of the Object dakwhose proofs are straightforward
inductions over derivations.

Lemma4.l i) LetTha:A:o,andl’ = {x:A:teT | x € fv(a)}, thenA; T b a:A o,
i) if A;THa:A:o,andx € fv(a), thenx € domT).

Proof. Easy. |
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In the remaining part of this section we show that predicategament is closed for reduction and
expansion. First we establish a substitution lemma.

Lemma 4.ASUBSTITUTION LEMMA FOR tp ) If AT, x:A:oc b b:B:TandA; T k a:A: o, then

AT b{x—a}:B:T.

Proof: By straightforward induction on the structure of derivagpof which we show only the inter-
esting cases; the others follow by easy induction.

(Val x) : Then either:

(b=1x):Theno < t. Sincex{x« a} = a, the result follows from the second assumption and
Lemma3.13

(b=y # x) : Sincey{x «—a} =y, andA;T, x:A:c b y:B: T, by Lemmad.1(i)we obtainA; Tt y:B: T.
(w) : ThenA;T, x:A by b: B. Since by Lemmad.16 A;T t, b{x < a} : B, we can apply ruléw) to
getA; T s b{x«a}:B:w.
(Al) : Thent = A;c;w, and, fori€ I, A;T, x:A:0 b b:B: ;. ThenA;T s b{x < a}:B: 17; follows
by induction, and, by ruléal), A;T b b{x <= a}:B: \;jc/Ti. [

We use this lemma to show the following result.

Theorem 4.3 (SUBJECTREDUCTIONFOR tp ) If A;T lpa:A:o, anda — a’, thenA;T ks a’:A: 0.

Proof: By induction on the length of the reduction sequence, of e only show the base case,
which is by definition on the reduction relatior— . First we deal withw # o € Ps.
((AxP.a)(b) — a{x < b}) : by Lemma3.11, there exist8, C, E, T such that botf i+ B <: A and
A = D—E <: C—B, and such that both\; I', x:D:7 b5 a:E : ¢, andA; T 5 b:C: T. Notice that
C<: D,soalsop; T ks b:D : T; the result then follows from Lemn¥a2 and rule(<:).
([t = g(x")b; V€ Dty — bi{x; = [l = g(x A')b' (i€ D1}) : as the previous part.
([t = ¢(x)bi < D1y = ¢(x )b — [ = ¢(x]")bi' < 1V, 4 = 6(x)b]) -
by Lemma3.11 je I, A+ C <: AandC = [Z :C; (€ I)] and either:

— there arer, i, p # wsuch thatr = (¢;:T—), and both (IW; T b [¢; = ¢(x)b; (€ D]:C:p,
and (2)A; T, x;:C:t 5 bj:Cj:p. Then from (1), by Lemmd.13 we have that there exist
E = [(;:E; € D] such thatp; T  E <: C, and, for alli € I, E = D; andA; T, x;:E b, b; : Ex.
Notice that, by Lemma.10 sinceE <: C we also have\; T, x;:E:7; bp bj:E; : ;. Then the
result follows by rulegVal Object)

AT, xjET e biEiip AT, x:EtobiE; (Vi€ I\))
AT b [l = ¢(x;7)bi €1V, 0 = ¢(xC)b:E: (LT —1)

Gel

and(<:), sinceE <: C <: A.

— 0 = ((;:), for somej € I, and we have both (13;T 5 [¢; = ¢(x}")b; (€ D]:C: 0, and (2)
AT, x:C Fo b: Cy for somej # k € I. From (1), by Lemma.11, there exisE = [(;:E; (€ D]
such thatA I'k E<:CandE = D; andA T, x;:E to b;: E; for all i € I\j, and there exists
T, such thagb; T—1, andA; T, xx:E:T b5 bi:E : . Also, from (2), we get by Lemm2.16
and(<:) thatA; T, x:E o b: E;.

Then the result follows by rule@/al Object)

AT, xET e beEgy AT xiElobi:Er (Vi€ I\k,j) AT, x:E ko b:E
ATk [l =c(x; Diypi € 1N A =g(x EYb):E (LT —1p)

(el
and(<:), sinceE <: C <: A.
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(a — b = E&[a] — £[b]) : By induction on the structure of evaluating contexts.
Foro = w, the result follows from Lemma&.7, Theorem1.17 and rule(w). Foro = A;¢;0i, the
result follows by the strict case, and rulel). [

Example 4.4To better appreciate the importance of this standard rastlite present setting, let us

look at the following example.
Suppose tha#l = [{p:Int, £1:Int] as in Example2.7, where the predicates ifi4 to be used below

have been derived. Moreover tet= [¢y = ¢(x?)1, 41 = ¢(x?)x.£p] (using a constarit of typeInt),
so that we havd, a: A is derivable in the Object Calculus. Then (ignoring the obsiparts):

\ / .

(
1A {(ly: (A (ly: x:A:({y: O) kpx:A:
\ / x:A:(lp:w—0) tp x:A: (lo:w—O) (ly:w—0) tp w (Val Select)
x:A:w bp 1:nt: O x:A:(ly:w—0) bp x.4y:Int: O
b a:A: ({p:w—0, £1:(€y:w—0)—0)

(Val Object, Al)

where/y is a field, /; is the methodyet ¢y, and we are assuming thate L is the predicate of
being an odd integer. Using rulégal Update, ), (Val Update, ) and(l) one can derive (the seemingly
incorrect):

\ /\ /

b a:A:{{y: (fp: :Aww b 2:Int: E
T4 A <€0 (U—>O,If1 <€0 (U—>O>—>O y w p n (VaI Updatel-,i _1, 2,/\|)
b (a.ly & ¢(y™)2):A: (bo:w—E, {1:({y:w—0)—0)

whereE € L is the predicate of being an even integer. This makes seog&\ver, since it simply
states that if the value &p is an odd integer, then the methbgdwill return an odd integer; it also states
that this is vacuously true of the actual objedty < ¢(y*)2, since it has an even integerfat As a
consequence of Theorem3we also know that this is harmless: inde@dly < ¢(y*)2).4; — 2
and we clearly assume thigt2:Int:0, so by contrapositioty (a.ly < ¢(y*)2).41:Int:0. As a matter

of fact, rule {al Select) is not applicable, sincg (a.fy & ¢(y*)2):A:(p:w—0).
On the other hand, the following odd-looking assignmenedggl as well:

\ /\JC:A:<€0:60—>E> ko x:A: <fo:w—>E>/ \gc:A:<£0:w—>E> FP x:A:w/(V‘?‘I Select)

x:A:w tp L:Int: O x:A:(bg:w—E) b (x.£p):Int: E
ato A:{ly:w—0,l1:({y:w—E)—E)

(Val Object, Al

In the last case, however, the apparently wrong predicatedeatace is of use to conclude as before:

| A

o a:A: ({y: O, 41:{{y: E)—E Aww b 2:Int: E
pa:d: (fo w_; iffow—B) ST (Val Update;, i = 1,2, Al)
(a.lyp & c(y?)2) ko A: (ly:w—E, l1:{ly:w—E)—E)

which is what we expected.

We now come to the proof that predicate assignment is clazesubject expansion as well. With
respect to the subject reduction property there is an asyrpnsence the expansion property does not
hold, in general, inky, . It might seem to be contradictory w.r.t. the conservatieitablished in Lemma
3.7, but it is not: remember that we assign predicates to typeibms, while the property which we
are going to establish concerns the predicates, and notghe.tTherefore, we do not just assume that
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a’ — a, rather also that both have the same tyhend show that for any predicatesuch that: A:o
can be derived in a suitable environment, al&al:c can be derived in the same environment. This
could be called &yped subject expansigroperty.

We need the following lemma.

Lem/@q4.5(EXPANS|ON LEMMA FOR tp ) Assume\; T + b{x«—a}:B:t,and bothA; T, x: A o b:B
andA;T k a: A for someA. Then there exist such thatA; T, x:A:c b b:B: tandA; T H a:A:o.

Proof: By induction on the structure of terms; we only show someresing cases. LeB =

[¢x:B; k€ D], and assumey # T € Ps.

(b= x) : Sincex{x < a} = a, we getA;T - a:B: 7. FromA; T, x:A by x: B, by Lemma3.11, we
getA <: B. Then, fromA;T by a: A and A <: B, by TheoremB.9, we getA; T F+ a:A: 7. Take
o = 1, then also by rulé<:), we haveA; T, x:A:T b x:B: T.

(b =y # x) : Sincey{x «<—a} =y,wegetA;T ks y:B:7,and, by Lemmd&d.1, A;T, x:A:w b y:B: T.
Notice that, from the fact thak; T o a: A, we get, by rulgw), A;T b a:A : w.

(b=cl=¢y“)d): If AT I—p (c.l &= g(y©)d){x — a}:B: T then, by the definition of substitution,
AT cf{x—a}l & g(y )d{x —a}:B:T. FromA;T, x:A ks c.l = ¢(y©)d: B, by Lemma
1.13we have botm F x:Alsc:B andA I'x:Atsd: D, for someD.
Also by Lemma3.11, A + C <: B andC = [¢;:C; (€ D] with j € I and either:

— 1 = (¢;:7' =), and we have\; T b c{x <= a}:C:p andA; T, x:C:p bp d{x <~ a}:D: ¢, for
somep, u, T’, . By induction,A; T, x:A:0q b c:C: v @andA; T +5 a:D : oy for someoy.

-1 = ({;:¢), and bothA; T Fp c{x = a}:C:T and A; T, x:C:pt bp d{x <~ a}:D: ¢ for some
¢, ¢. By induction, there exists, such that\; T, x:A:0 5 d:C:a andA;T' ks a:D : 0.

In either case, take = 04 A0, then, by either ruléVal Update, ) or (Val Update, ), by Lemmad.1
we getA; T, x:A:o b (c.l & ¢(y©)d):B: T and by rule(nl), A;T s a:A: o, and the result fol-
lows from rule(<:).
(b=c(d)): If ATt c{x«a}(d{x«a}):B:7, and, by LemmeB.11 there existso,C, A <: B
suchthaty; I tp c{x <+ a}:C—A:p—TandA; T b d{x < a}:C:0. Fromthe assumption; T, x:A t c(d) : B,
by Lemmal.13 AT, x:Atoc:C—A andA;T,x:A o d:C. Then, by induction, there exists
01,02 such thatA; I, x:A:oy s c:C—A:p—1 and A;T pa:Azoy, andA; T, x:A:on b d:C:p
andA;T ks a:A:0p. Then by Lemmad.1and rule(Val Appl) we getA; T, x: A:oqynon b c(d): AT
and by rule(Al), A;T b a:A: o A03.
u

Theorem 4.6 (SUBJECTEXPANSION FOR I ) If A;T kp a:A: T, anda’ is such thatA; T + a': A and
a — a,thenA; T a:A:T.

Proof: By induction on the length of the reduction sequence, of e only show the base case,
which is by definition on the reduction relatior— . Most cases depend straightforwardly on Lenthia
we show one case, that does not. First we deal wit;é T€ Ps.

() : [l = g(x/)bi C€ D]ty = 6(xE)bj — [ = g(x{)bi' € 1V, 45 = ¢(y©)D]. If
AT [l = g(xl)bi €1V, 4 = g(yO)b:A: T

then, by Lemma3.11, there existD = [¢;:D; '€ D] such thafA i+ D <: A, D = C, and for all
i€ l,B;=D. Thent = ({:.0—) forsomer, ¢,k € I,and, foralli € I\j, A, T, x;:D o b;: D;,
andA, T, y:D 5 b: D;. By Lemmal.13 the assumption

AT o [6=g(xP)b; (€ D)t = g(yP)b: A
givesD <: A, andA;T by [¢; = ¢(xP)b; (€ D]: D, and for alli € I, A;T, x;:D b b;: Dy, S0, in
partlcularA [,xi:D ko b: D;.
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If j = k andh # j, we can now construct:

AT, xp:D:w b by:Dy, - w A;T,x::D bo b; : D; (Vie I\ {h})

g Val Object
AT e (6= ()b TE DD (fpw—w) (vat Object

from which, using rulgVal Update ):

AT [l = ¢(xP)b; V€D (rw—w) AT, x;:D:T b bi:Dj: ¢

i Val Updat
T (= oGP0 TSI = cP oD ooy 0 PO

If instead;j # k, we use rulgVal Update,):
AT, x:Dio bp b:Dj - ¢ AT, xi:D o bi:D;  (Vie I\k)
AT [l = g(x?f)bi CEDD: (f:o—1p) N;T,y:D b b D;
AT b ([6 = g(xP))b; UE DNt = g(yP)b):D: (Lo —p)

(Val Update, )

and the result follows by applying rule<:).
Fort = w, the result follows from Lemma.7, Theoreml.17and rule(w). Fort = A;c;7 (n > 0),
the proof follows by easy induction. |

5 The Logical Equivalence

In [1] an equational theory of the object calculus is presénivhose first order sub-theory is generated
by the rules of Figuré (omitting the term folding-unfolding rules, which do not keasense for the
Object Calculus we consider here).

Definition 5.1 (THE EQUATIONAL THEORY OoFOBJECTS[1]) TheEquational Theory of Objects a the-
ory of equations of the shape— b : A, wherea andb are pre-terms and is a pre-type; these are
derived as the right-hand side of sequéhts a < b : A, whereE is a (pre)-environment of the Object
Calculus. The rules are given in Figusgplusa-congruence:

(Eqa):
Etoa:A a=,b
Ea—b: A

wherea =, b if and only if b is obtained fromz by renaming bound variables and avoiding capture of
any free variable im.

Proposition 5.2 fE~a < b: AthenbothE kya: A,E R b: AandE = A. HenceE is an environ-
ment,z andb are terms andA is a type under the assumptionsEn

Proof: By induction over derivations. In ruléEq Refl), which is the base case, the premise imme-
diately implies the thesis. Cases (@q Symm) and (Eq Trans) are immediate consequences of the
induction hypothesis.

By rule (Eq «), we can assume that bound variables do not appear in th@ementE, so that the
choice of their names is arbitrary and does not conflict withdhoice of free variable names.

In case ofEval rules use Theorerh.17.

(Eq Subsumption) and (Eq Top) follow by the induction hypothesis an@/al Subsumption). For
rule (Eq Sub Object) use Theoren2.16 and the compatibility oftx with respect tot, , stated in
Lemma3.7.

All the Cong rules follow by induction.

25



Figure 6 The Equational Theory of Objects

(Eq Refl) : (Eq Symm) : (Eq Trans) :
Etga: A Eka—b:A Eka—b:A Ekb—d:A
ENa—a:A ENbe—a:A Ea—d:A
(Eval Beta) : (Eval Select) :
Eto AxAb:A—B Elpa:A Etoa:A

Gel

Ek (Ax?b)(a) < b{x«—a}:B Ehal; < b{xj<a}:B;

(Eval Update) wherel NnJj= 0, A= [giZBi iGI], A = [&'IBZ' iGIU]], a= [fz = g(xlA/)bl- iel] :
Etga:A E,x:Ato b:B;

Ebhalj < ¢(x™b « [4 = ¢(xV)b, t; = ¢(xV)b; (VNN A Gen)
(Eq Subsumption) : (Eq Top) :
Ea—d:A ERA<:B Eka:A EkDb:B
Elka«—a :B Etsa« b:Top

(Eq Sub Object) whereI N ] = @, A = [¢;:B; '€1], A’ = [:B k<Y -
E,xi:Atg b;:B; (Vl S I) E,x]-:A’ Fo b] : B] (V] S ])
E by [6 = g(xf)b; ] o [6 = ¢(xf )b *<VT] - A

(Abs Cong) : (App Cong) :
E,x:Akb—1bV:B Eka—d:A—-B Ekbe—b:A
Ek Ax2b < Ax2b : A—B Erka(b) < ad'(V'):B
(Object Cong) A = [¢;:B; €] : (Sel Cong) A = [¢;:B;€1],ic I:
E,xiAk b < b :B; (Viel) Ea—d: A
Eb [6; = c(xM)b; 1] & [6; = ¢(x)b €] - A Elal; —a t;:B;

(Update Cong) A = [¢;:B; €!],j € I :
Eka—d:A ExAbkbeb B
Etali < g(x)b —a' ;= g(x?)b' : A

Eventually, ifE  a: A thenE | A by Lemmal.14(i); this in turn impliesE I ¢ by (i) of Lemma
1.13 [

Remark 5.3This notion of equality includes (typed) convertibilitys & clear from rulegEval Beta),
(Eq Select) and (Eq Update), but it does not coincide with it: in fack’ is a congruence whereas
* — "is not closed under arbitrary contexts; more importaritlis is a consequence of subtyping and
precisely of rule(Eq Sub Object) (see Examplé&.5).

The assignment system of DefinitiBt2 induces a logical notion of equivalence, according to which
a and b are equal atA if they can be assigned the same set of predicatesich thatA:c. More
precisely, and taking into account environments and theérsions into bases, we can formalise this
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idea as follows:

Definition 5.4 (LoGIcAL EQUIVALENCE) Let a be any pre-term; we definB(E,a, A) as the set of
predicates of typed that can be assigned tovhenE = a: A:

P(E,a,A) = {c | INT[AT=E & ATha:A:0]}.

We then say that the pre-term@&ndb arelogically equivalentat A and environmenk if they can be
assigned the same set of predicates of tfpmith respect tcE:

a~pb:A < P(Ea,A)=P(EDb A).

Example 5.5As in Example4.4, let A = [{:Int, ¢1:Int], anda = [ly = ¢(x§')1, 61 = g(x{)x.Lo).
Further consider:
b= [l = g(x{)1, & = g(x{)1].

In [1], Section 7.6.2 it is argued that they cannot be equated. Indeed, they are not logically
equivalent atA since, if we assume thatis the predicate expressing the property of “being the numbe
1", sol€ Lipt, andA; 5 L:nt: 1, thenA; b b:A: (f:w — 1) but A; 1 a:A:(4:w — 1). Indeed
(omitting again theA’s and all those parts of the derivation justifying the assignt of the predicate

to a type):
\ /

x1:A:w B 1int: 1
b DA (l:w—1)

Replacingb by a would not yield a valid derivation. The best we can do in theeoafa is instead:
x1:A:(lp:w—1) b x1: A (bp:w—1) x1:A:(lp:w—1) b x1: A w
x1:A:(lp:w—1) b xq.4p:Int: 1
b a:A: (01:(Ly:w—1)—1)

(Val Object)

(Val Select)

(Val Object)

To express this in natural language, what we have proveratstie value ob on calling method/;
is 1, and that this is a “field”, in that it does not depend on othemtgpofb; on the other hand, far
the value returned b§; depends on the actual valueff the predicate/;:(¢y:w—1)—1) expresses
this.
However, in [1] paragraph 8.4.2 it is observed that the étyuak a < b : [¢y:Int] is derivable since
both
= [l = ¢(x8)1] < a: [lo:Int] and k= [€y = ¢(x5)1] < b : [€o:Int]

can be obtained by ruléEq Sub Object); this clearly shows that’ is not convertibility, sincez, b
and[{y = ¢(x§)1] are distinct normal forms and the reduction is confluent.

In our setting, we can show that~ b : [{y:Int] as well, and this is the effect of restricting to the
language’ ,.|nt): in fact the only non-trivial predicates ifi, .|y that we can derive for eitheror b

are(¢p:w—1) (or greater than this with respect 40).
We relate here logical equivalence to the equational thebttye Object Calculus.
Lemma 5.6 Logic equivalence is a congruence; more precisely

a~ppd A& b~papb B = b{x—a} ~pp b {x—a}:B.
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Proof: This is just a rephrasing of the substitution property statd_emmad.2 |

We want to establish that equality in the Object Calculusliespogical equivalence, proving that
what we have seen in the Exam@é actually holds in general. Corolla®.17 is a first evidence of
the consistency of the predicate assignment system witlecéto the subtyping relation. It is however
not enough.

Lemma5.7 LeA = [(;:B; €], and A’ = [{:B, *¢!V/], whereI N ] = @. If
Et [6=g(x{)b; ') = [l = g(x )b *<T] - A
is the conclusion of rul¢Eq Sub Object) under the premises
E xiAtobi:B; (Viel) and E,xji:A'tob:Bj (Vje]),

then[¢; = g(x/)b; €] ~p [0 = g (x{ )b *<1V] : A.

Proof: Sincel C I U], by rule (Sub Object) we have thatt i+ A’<:A. Moreover ifi € I, and
At A ({i:T—1) then we claim that:

A, xi: AiT bp biBi i <= T;A, x;: A"t b biiB; 2 . (1)

Indeed the = implication an instance of Lemn#1Q To prove<= we note thai t (¢;:1—1y): A
implies A iy A: T by (ii.e) of LemmaZ2.1Q so that the hypothesiE, x;:A , b; : B; implies that the
assumptionx;: A":t can be weakened tg: A:7, and we gel’; A, x;: A:T b+ b;:B; : ¢ as desired.

Leta = [¢; = ¢(x/)b; 1) anda’ = [ = ¢(x{" )b *<'V]. Suppose that € P(E,a, A) and
assume without loss of generality that Ps \ {w} (otherwise either it isv, the trivial case, or it is a
conjunction of predicates i®s and we reason similarly for each conjunct): heoce (¢;:t—1) for
somei € I andt, ¢ such thatl’; A, x;: A:T b b;:B; : ¢, whereﬁ = E. By this and Lemm&.8 we
know thatA , A: (¢;:t—1), therefore by ) we havel'; A, x;: A":T 5 b;:B; : i, which easily implies
;A a:A:0,ie.c € P(E,d,A).

Vice-versa, letr € P(E,a’,A). FromT;At a’:A:c it follows that Ak, A: o that is, ifc =
(¢;:t—1) as before, we know thate I andA , A: 7. By (v.c)of Lemma3.11it must be the case
thatT’; A, x;:A":T b b;:B; : p, whence we gelf; A ks a: A : o by (1) and rule(Val Object).

[ ]

Theorem 5.8 If Eta < b: Athena ~g b: A.

Proof: The proof is by induction over the derivation Bf< a <~ b : A. In case the derivation ends by
any rule amondEval Beta), (Eval Select) and (Eval Update) the thesis follows by Theorengs3and
4.6. Those cases in which the derivation ends by rules thatledtahe congruence properties ©f,
namely (Abs Cong), (App Cong), (Object Cong), (Sel Cong) and (Update Cong), the result follows
from Lemma5.6. If the last rule is(Eq Top) then A = Top and we observe that, by Lemn2alQ
P(E,a, Top) andP(E, b, Top) contain exactly all predicates equivalentoso they coincide.

If the derivation ends by ruléEq Sub Object), the thesis follows by Lemm&.7. The case remains
in which the derivation ends by rul&q Subsumption):

Ea—b:A EKA<:B
Ea«<—b:B

Lett € P(E,a, B): thenA;T b a:B: T for someA; T such that\;T = E. Since the premAisE Fa—b:A
implies that bothE  a: A andE t, b: A are derivable an& i A <: B implies thatA i A <: B,
Lemma3.9applies, sothah; T + a: A : Tis derivable, sa € P(E,a, A). Also, by induction,P(E,a, A) =
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P(E,b, A), thatisA’;T" s b: A : Tis derivable for certai\’; T" such that\'; T" = E. ThenA;T" b b:B: T
follows by rule(<:), thatist € P(E, b, B) as desired.
n

Remark 5.9 The converse of Theoret8does not hold. To see a counter example consider:
d = [fo=c(xg)L, tr = ¢(x{)AyMy),
e = [bo=c(xf)1, 1 = c(xf) Ay (1.b = g(=*)y) o]

where A = [{y:Int, {1:Int—Int]. It is easy to see that botl, d: A and + e: A, but clearlyl/
d < e: A. Their behaviour is however the same: this is clear for thigl ffg; concerningé; we
observe that bothl./; ande./; are the identity oveint. Indeed the side-effect which occurs when
applyinge.f; to any integer cannot be observed, sincedbiéof e gets lost in the computation, being
the FOb; ;,-calculus functional.

We argue thatl ~ e : A (a detailed proof can be obtained by means of LerBrtid). In fact it is not
difficult to see thatP(®,d, A) C P(D,e, A). For the opposite inclusion, ifs e:A: (¢1:0—¢) then
it must be obtained by derivingy:A’:0 t Aylnt.(xl.ﬁo & ¢(z)y).Lo:Int—Int: ¢, for some subtype
A’ of A: sincec € L4 and I, e: A we can freely assume that’ is A, and that the last rule of this
derivation is(Val Object). From the fact thap € Lnt_ |t We also know that, if it is not trivial, then
it is an arrow, namelyp = t—x« for certaint, x € L. Going backward in the derivation we arrive
atxy:A:o, y:Int:T b (x1.00 & (z%)y).Lo:Int: x which is the conclusion ofVal Select). By this we
know that in the derivation we must have both

x1: A0, y:Int:T b x1.0) & g(zA)y:A: (Ly:0” —x) (2

and x1:A:0, y:Int:T ks x1.4 & ¢(z4)y:A: ¢’ for somec’. As a matter of fact we do not need the
information encoded by’, which can be simplyv, so that we are left to derive2) by means of
rule (Val Update;). This amounts to assume thatis non trivial (e.g. take(¢p:w)), and to show
x1: A0, yiInt:T, z: Atw b y:Int: k, for which T < « is necessary and sufficient. But this very last fact
also suffices to derive;:A:c, y:Int:T I /\ylnt.yzlnt—>lnt : T—x, from which it is immediate to obtain
e d:A: ((1:0—¢) by rule (Val Object) as desired.

We end this remark by observing that the logical complexftthe theory of logical equivalence is
I19, and we conjecture that it isldJ-complete one, as it is the case for the theories of filter risoafe
the untypedi-calculus from which it derives. If this is the case theresexno formal system extending
the theory of— such that it coincides with-.

6 Logical Equivalence and Observational Semantics

Observational semantics for the first order calculus has lbedined in [18] in Morris-style, called
there “contextual equivalence”. It consistsin$eparabilityby means of contexts of ground type. In
the same paper it has been shown that this coincides withi@nnof bisimulation which is stronger
than ‘—’. We will adopt a slightly more general definition here.

We claim that, when restricted to closed terms, logicalwajance is included in observational equiv-
alence. To this aim we will establish a computational adeguasult for the logical semantics with
respect to convergence, which states that any well-typsa ¢an be assigned a non-trivial predicate
if and only if it converges to a value. This is achieved by nseahthe realizability interpretation of
predicates given in DefinitioB.3, proving that the characterisation results of [16] are gmesd in the
typed context of the first order object calculus.

As also mentioned above, we will write A t, C[_]: B to express that the closed contéxt | is
typed with B, under the assumption that the “hafehas typeA; Cla] is the result of replacing* by a
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in C[_]. We writea? stays for a closed termof a closed typeA, i.e. such tha® I a: A (abbreviated
by K a: A).

Definition 6.1 (OBSERVATIONAL EQUIVALENCE) Two closed terma andb are calledobservationally
equivalent at typed, writtena ~9 b, if both a4 andb®, and

VC[.].-.:AFC[L]: K = (Cla]{v < C[b] | 0).
for any ground typ& and valuev of type K.

Remark 6.2
i) Typeable values can always be assigned non-trivial pagstc
i) Definition 6.1 differs from the definition of contextual equivalence in Jif8some respect. First,
we consider contexts of any ground type as an “experimengtemver, we do not consider re-
duction rules for constants as “if then else”; as a conserpi&e cannot discriminate between
different constants likerue andfalse It is for that reason that we use in the above definition and
in Theorem6.7 the predicata || v instead ofz || .

Leta{x; < b;};<x abbreviate the simultaneous substitutiorbpfor x; ina forall 1 < j < k, and
similarly A{X; < B,}i<y,, substituting eacl; for X; in Aforall1 <i <k.

Definition 6.3 (COMPATIBLE SUBSTITUTIONS) AssumeA; T t a:A: o, whereA = J4,..., ], and each
judgement]; either isX;:o; or X;:0; <: D;, andl' = x1:Cq:1y, . . ., X¢:C: . We say that the simultane-
ous substitutiong X; < B;};<, and {x; <~ b; } ;<x arecompatiblewith A; T if: A+ B; <: D (in case
Xi:o;<: Dj e A), and gy B;:o;foralll <i < h,and b]C]{Xl <« Bi}igh T forall1 < ] < k.

In the above definition, ifA;T t a:A: ¢ is derivable therfv(A) Ufv(a) € dom(A) U dom(T):
hence compatible substitutions are closingnd A if they replace all free variable occurrences by
closed types and terms. We will call such a substituti@oaingsubstitution.

Lemma 6.4 Assume that the closing substitutipXs« B;};<; and {x; <= b;};<; are compatible
with A; T, then:
if A;F I_p a:A:othen I_p a{xj A bj}]'gkiA{Xi A Bi}igh T

Proof: By Lemma2.14and Lemmat.2 |

Theorem 6.5(REALIZABILITY THEOREM) Let A;T ks a:A:o; assume that the closing substitutions
{Xi <= Bi}i<y and {x;j < b;} <, are compatible witm\; T If bjci € [7j] whenever;:C;:7; € T, then
El/A/ S [[0']], whered’ = a{x]- — b'}]‘<k, C{ = C{XZ <~ Bi}i<h andA’ = A{XZ A Bi}i<h-

Proof: We write a¢ for a{x; <= b;};<x and A’ = A® for A{X; < B;},<;,. The proof proceeds by
induction on the derivation foh; F ke a:A: 0. The casdVal x) is trivial; the cas€ <:) follows by the

induction hypothesis and Lemn3a6. For the remaining cases:
(Val Fun) : the last inference is an instance of the rule:

AT, x:Awctpa:B: ¢
AT /\xA.a:A—>B:(T—><p

(AxA.a)® is a value, hence it converges trivially. Singg® are compatible with; T, given any
b4 € o], the substitutions[x := b] (which is the same a8 but for its value onx which isb)
and® are compatible with\; T, x: A:o. Then, by inductiomd[x := b] € [[4)]] and we conclude
from ((Ax“.a)®9)b — ad[x := b], Lemma3.5and the arbitrary choice df" .
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(Val Appl) : the last inference is an instance of the rule:

AT aA—=B:o—¢ ANTHbA:0
AT ab:B:¢

By inductionad € [c—¢] so thatad || (Ax?.d) for some closed abstractiolx”.d; moreover
b9 € [[o] by induction, hencd[x := bd] € [¢], and we conclude by Lemn&5and

(ab)® = (ad)(b®) —— (Ax.d)(b®) — d[x := b0].
(Val Object) : the last inference is an instance of the rule:

AT, xji Ao b b]-:Bj:(p /ATI:, xl::A ko bi:B;i  (Vie I\ {j})
AT [6 = c(xM)b; TE DAL (Lo —¢)

Gel

Nowa = [¢; = ¢(x{)b; '€ D] is an object term, whose closure is a value: hente}. That
¢; € Label(A) is a side condition of the rule. For ay"’ € [[o] we have that[x; := d|, and©
are compatible wity; T', x;: A:o and

ad.0;(d) = b(0[x; == d]) € [¢;]

by induction.
(Val Select) : the last inference is an instance of the rule:

ANThaA:(lio—¢) ATHhaA:c
AT rpaliBi:¢

By inductiona® |} v, for some valuev, ¢; € Label A) andad.¢;(d) € [¢] for anyd”’ € [o];
sincea? € [[¢]| (by induction again) we have thatc [¢] by Lemma3.5so that:

and we conclude again by Lemr3&.
(Val Update, ) : the last inference has the shape:

ANThaA:t NT,y:Ach b:B]- P
AT (al; & c(y?)b):A: (Ljo—¢)

(¢; € LabellA), T # w)

By inductionad € [[7]; sincet # w this implies thazd |} and that/; € Label(A), therefore
(a.6; = g(y*)b)o | as well. Given any!?’ € [[c]], 9]y := d], © is compatible with; T, y: A:cr,
so that we conclude by induction

(a.0; = ¢(y™)b)8.4;(d) = b8[y := d] € [¢].
(Val Update,) : the last inference has the form:

AT e a:Ac <€]-:4>> /ATl:,y:A H b:B;
AT b (a.l; & g(y*)b):Ax (¢;:)

(i # )

By induction we know thatd € [(¢;:¢)], which implies thaud |}: hence(a.(; & ¢(y*)b)d |l.
It remains to show thata.(; < ¢(y)b)9 € [(¢;:¢)] according to the shapes ¢f The case in
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which ¢ = w is already proved by the fact thé&t.(; < ¢(y*)b)9 |}. The casep = ((:) is
impossible, sincga./; < c(y*)b)¢ is well typed because of the compatibility &f and no well-
typed term might be assigned a predicate of that shape. Weftwéth the casep = T—1: then,
sincei # j, we have thata.(; < ¢(y*)b)9.4;(d) = ad.¢;(d) is in [¢] whend” € [1] by the
inductive hypothesis. |

Corollary 6.6 (CHARACTERISATION OF CONVERGENCE Leta” be any closed term: them| if and
only if ¢ a:A: o for some non-triviab.

Proof: As noted in(i) of Remark6.2 typeable valuey can be assigned non-trivial predicates, so that
a || v implies that the same predicates can be derived fmcause of Theorem6; on the other hand

a straightforward induction on the structure cofshows that ife is non trivial, then anyi” € [o]]
converges: by this and Theore&rbwe conclude. |

Corollary 6.6 has important consequences. First it expresses the coopalaadequacy of the
logical equivalence, in the sense that no divergent termbeaaquated with a term converging to a
value. Combining this with the subject reduction and exjman¥heorems4.3 and 4.6, it says that
predicates actually foresee properties of values: sinedatter include function and objects, such
properties concern behaviour and not just aspects of ekanyevalues such as integers or Booleans.

But it is stronger than the above mentioned theorems, sicknew that logical equivalence is not
simply convertibility (not even the equational theory of)[1n fact Corollary6.6 entails the subsequent
Theorem6.7, which states the inclusion of the logical equivalence thiobservational equivalence,
and hence the consistency of the former, and of the whole lwigpredicates we are about.

Theorem 6.7 (LOGICAL EQUIVALENCE AND OBSERVATIONAL EQUIVALENCE) Suppose that for any value
v of ground typeK we have exactly a non-trivial predicaig € Lk, that these predicates are distinct
for different values and thats v:K : x, is assumed for each. Then for any” andb?,ifa ~b: A
thena ~9 b.

Proof: Let_ : A - C[.] : K be any context of ground typk such thatC[a| |} v for some value
v. By the hypothesis thaty v:K: k, and Theoren#.6, we havex, € P (@, Cla],K). On the other
handa ~ b : A implies C[a] ~ CJb] : K, since logical equivalence is a congruence by Lentta
and thereforer, € P(®,C[b],K), thatis bk C[b]:K : k,. By Corollary 6.6t follows thatC[b] } v’ for
somev’, whencets v':K : k, by Theoremd.3. From the hypothesis thét is a ground type and that,
is a characteristic predicate of we concludes’ = v. ]

By using bisimulation and its coincidence with observagiomquivalence, in [18] it is shown that,
takinga andb as in examplé.5, a :ﬁ Int] b. This is intuitively clear: the only way to separatérom
(1

b is to change the value @, since then the fact that/; depends on such a value whil¢; does not,
becomes apparent; but the overriding/gfs inhibited in contexts with the hole of tygé,:Int], where
ly is hidden.

It is not true, however, that ~ b : [(;:Int], because the predicatéi:w—1) is in Ly, |ny, it is
derivable forb even at typd¢;:Int] but cannot be derived farat any type.

Language inclusion alone is not sufficient to account fortygihg of object types, while it is for
record types (see [17]): this is the essential reason foptesence of rul¢Vval Select) in our system.
It is reasonable to think that the failure of equivalenckedi~ b : [¢;:Int] from Example5.5depends
on the fact that no rule accounts for the hiding effect of gpinig in the case of object types. One
possibility for coping with such a limitation is the follong rule:

IN] =0, A= [(:B,), ' = [1;:B, )]
AT aA: (0o DAt —p) AT aA: (o' Ak A (L1—p)
NTHhaA': (l:t—p)
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This rule formalises the idea that wheh<: A’ and A and A’ are object types, the methods of any
object of typeA not mentioned inA’ are hidden: therefore if satisfies the premise of any arrow
predicate concerning the hidden part, this will never cleaingcontexts of typed’, in such a way that
the latter premise can be discharged. Clearly, with referén Examplé.5, by this rule one can derive
o b: [f1:Int]: (¢1:ww—1), which makes: andb logically indiscernible at typé/s:Int].

We have not considered this rule in our assignment systewe\ar. The proof of the soundness of
such a rule requires a different definition of the realizgbihterpretation, and makes the proof theory
of the assignment system more involved. On the other harisl difficult to say to what extent we
obtain a stronger equivalence. Indeed we know in advandddbeal equivalence cannot coincide
with observational equivalence: the former is indeed tleeith of a filter model which is ., model;
we know from [5] that it is not fully abstract with respect teetlazyA-calculus, which is a sub-calculus
of the Object Calculus we consider. Were logical equivadesuad observational equivalence the same,
a full abstraction property would hold for the model.

7 Conclusions and Related Work

The system and results presented in this paper have beelogidehrough a series of papers, [16],
[17], [9], and [10], of which the present work is an extended eevised version.

To summarise our work, it can be seen as an intersection tygigranent system (see e.g. [10]
and the references there) to typed terms of the first ordexcologlculus from [1]. A similar idea
of assignment of logical formulas to terms of a simply typedalculus with recursive types is the
endogenous logic in [4], where languages are used to pravifieitary description of the domain
interpretation of types, and a denotation of terms, much lzagpens for filter models of the type free
A-calculus in [11]. With respect to these antecedents oummieal contribution consists both in the
consideration of object types and, more importantly, intteatment of subtyping, for which we build
on ideas presented in [17].

Our results substantiate the claim that logical semanlicwsifor a clean and elegant understanding
of subtyping, which is seen as a form of (reverse) inclusitlogical theories, indexed by types. This
seems remarkable in presence of arrow, object and recuysies, whose combination is notoriously
very difficult to model.

The resulting logical equivalence is consistent with thaience axiomatically defined in [1],
and operationally sound with respect to the Morris-stylmasatics studied in [18]. We remark that
logic adds to the abstraction represented by types, inttigable to capture computational properties
like convergence and context separability, which is notdfige for types. To show this, we resort to
the technical tool of realizability interpretation of preates, which comes from [16] and is a mild
extension of known techniques from tiecalculus. Its relation to types and subtyping, however, is
not completely understood and is clearly involved in thatireent of the rule suggested at the end of
Section6.

The present study rests on the assignment system and ifstipeooetical properties, without facing
the problem of models. In [17] a filter model construction iegosed in which types are interpreted
as the CUPERSs (studied in [6, 3, 14] and used in [1] Ch. 14)dadwby the indiscernibility relation
with respect to the predicates of a language. Terms arepmeted as filters of predicates, but their
meaning in a typeA is obtained by restricting td 4. Such a restriction, trivially idempotent, is also
continuous, which suggested the interpretation of theictish operation in terms of retractions over
a D, universal model in [9]. Unfortunately retractions do ndbwai for a sound treatment of subtyping
because of their covariant behaviour with respect to bdthaled right-hand sides of arrow types.
Although we think that a model is implicitly described by aystem, the analysis of its structure and
the comparison with existing denotational models of subtygleserve further investigation.

Our system provides a program logic for the first orderalculus, which is natural to compare
with similar proposals in the literature. In [2] a Hoarelstyogic for a first order object calculus
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with subtyping is presented. A close relationship existsvben their transition relations and our
predicates ¢;:0;—¢; (1€ D). In fact, even if transition relations are expressed via firder predicate
logic whereas our logic is propositional, they specify pnel @ost conditions of methods in terms of
properties of filed values before and after method invooatid/e can do the same, since fields are
simply methods that do not depend on self variables, so thatam encode their properties by means
of predicates of the shagé:.w—) (and conjunctions of them); we then put them as the prensises
above, and encode post conditions in fheWe stress however that our framework is more powerful,
because in [2] only field update is permitted, whereas olic lisgsound in the presence of the stronger
operation of method overriding.

The latter limitation is removed in [21], at the price of legimonotonicity of the transition relations.
To handle this difficulty, a notion of specificati@pe¢ A, E, T) is introduced as the unique fixed point
of the bi;functorch,gj induced by the field predicatd, the result predicateB and the transition
relationsT’; such a fixed point does not exist in general, and it can beedsinly under suitable con-
ditions (Existence Theorem). We first remark a tight sintyenetween the definition ®pec¢A, B, T)
and of [(¢:c—)] here, especially for the quantification in the clawge' € [o]. a.¢(c) € [y].
Then we observe that the realizability interpretation @dicates is inductive, so thér] always ex-
ists. Although we do not have a definite answer, it seems nadd® to think that our predicates are
particular cases of specifications, enjoying the good pt@se which would explain why we do not
need an existence theorem at all. The model of the logic gexpn [21] is for the untyped-calculus,
both functional and imperative, so that there is nothingetoark about subtyping semantics here.

A different approach to the relationship between progragicland subtyping is “behavioural sub-
typing” as exposed e.g. in [22]. It is based on the “subtympiirement” which says that ifi <: B
and¢(b) for all b:B then¢(a) for all a:A, where¢(x) is a certain predicate of. This recalls the
fact thatL, O Lz wheneverA <: B in our system. However, because of the universal quantifiers
in the subtyping requirement, the predicates of [22] arelyito be properties of types rather than of
programs, so that they are better seen as a reinforcemems abstractions expressed by types, rather
than as a description of behaviours. The latter is exactlgtwile gain in our system, as shown via the
Realizability Theoren®.5.
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