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Abstract. We definetwo type assignmensystemdor first-orderrewriting ex-

tendedwith application, A-abstractionand g-reduction(TRS+ 3). The types
usedin thesesystemsareacombinatiorof (w-free)intersectiorandpolymorphic
types.Thefirst systemis the generabne,for which we prove a subjectreduction
theoremandshav thatall typeabletermsarestronglynormalisableThe second
is a decidablesubsystenof thefirst, by restrictingtypesto Rank?2. For this sys-
temwe define usinganextendecdotionof unification,anotionof principaltype,

andshaw thattypeassignmenis decidable.

Intr oduction

The combinationof A-calculus(LC) andterm rewriting systemsTRS) hasattracted
attentionnot only from the areaof programminglanguagedesign,but also from the
rapidly evolving field of theorenmprovers.lt is well-known by now thattypedisciplines
provide anernvironmentin which rewrite rulesand s-reductioncanbe combinedwith-
outlossof their usefulpropertiesThis is supportedy a numberof resultsfor a broad
rangeof typesystemg11,12,20,7,8,5].

In this paperwe studythe combinationof LC and TRS as a basisfor the design
of aprogrammindanguageThetype systemsa la Curry, alsocalledtypeinferenceor
type assignmensystemgsare the mostinterestingonesfrom this point of view, since
they save the programmefrom specifyingatypefor eachvariable(notypeannotations
arerequired).Type assignmentlisciplineshave beenwidely studiedin the context of
theLC, andsomework hasalsobeendonefor TRS, morepreciselyfor CurryfiedTRS
(T@TRS)[6] which arefirst-orderTRSwith applicationthatcorrespondo the TRSthat
underliethe programmindanguageClean[26]. Theinteractiondbetween.C andTRS
in the context of type assignmentverefirst studiedin [5], where@TRS extendedwith
A-abstractiorand -reductionweredefined togethemwith anotionof intersectiortype
assignmentor boththe LC andthe TRSfragments.
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Otherimportantfeaturef atypesystenfor aprogrammindanguagerepolymor
phism thatis, the possibility of usingthe sameprogramwith agumentsof different
types,andthe existenceof principal types thatis, atypefrom which all theothertypes
of thetermcanbederived. Thetype systemof ML hasthethreepropertiesabove,i.e.,
it is a polymorphictype inferencesystemwith principal types but its polymorphism
is limited (someprogramsthat arise naturally cannotbe typed). SystemF [18] pro-
videsamuchmoregenerahotionof polymorphismput lacksprincipaltypes,andtype
inferenceis undecidablen general(althoughit is decidablefor somesubsystemsan
particularif we consideitypesof rank2 [21]). Intersectiortype systemg10] aresome-
wherein the middle with respectto polymorphism(they provide lesspolymorphism
thanSystemF but morethanML) andprincipaltypescanbe constructedor typeable
terms.But typeassignmenis againundecidablegecidabilityis recoseredif we restrict
oursehesto therank2 types[4].

In view of theabove results two questionsrisenaturally:

— Istherank2 combinationof SystemF andthe IntersectiorSystemalsodecidable?
— Doesit have principaltypesfor all typeableterms?

A systemfor the LC thatcombinesntersectiortypesand SystemF with principal
typeshasbeenstudiedin [19, 24]. In this papemwe extendthatsystemo a combination
of LC and@TRS.In otherwords,we extendthe type assignmensystemof [5] further,
adding'V’ asanextratype-constructofi.e. explicit polymorphism)Althoughextend-
ing the setof typesby adding'V’ doesnot extend the expressiity of the systemin
termsof typeableterms thesettypesof assignabléypesincreasesandtypescanbetter
expresghebehaiour of terms(seg[13]). Theresultingsystemhastheexpectedroper
ties: SubjectReductionand StrongNormalizationwhentherewrite rulesusea limited
form of recursion(inspiredby the GeneralSchemaof JouannaudndOkada[20]). The
proofof thelatterfollowsthemethodof Tait-Girardsreducibility candidatesextended
in orderto take the presencef (higherorder)algebraiaewriting into account.

We alsoanswetthefirst questionin theaffirmative. Therestrictionto typesof rank
2 of the combinedsystemof polymorphicand intersectiontypesis decidable.This
restrictedsystencanbeseerasacombinatiorof thesystemsonsideredh [4] and[21].
Thecombinationis twofold: notonly thetypesystem®f thosetwo papersarecombined
(resp.ntersectiorandpolymorphictypesof Rank?2), but alsotheir calculiarecombined
(resp.@TRS andLC). In our Rank?2 systemeachtypeableterm hasa principal type
suchthat every type derivablefor the term canbe seenasan instance(undersuitable
operationspf thetype.Thisis thecasealsoin theRank2 intersectiorsystenof [4], but
notin theRank2 polymorphicsystemof [21]. For thelatter, atypeinferencealgorithm
of thesamecomplity of thatof ML wasgivenin [22], wherethe problemsthatoccur
dueto thelack of principaltypesarediscussedn detail.

This paperis organisedasfollows: In Sectionl we define TRS with application,
A-abstractiorand-reduction(TRS+ 3), andin Section2 thetypeassignmensystem.
Section3 dealswith the strongnormalizationpropertyfor typeableterms.In Section4
we presentherestrictionof the generakype assignmensystenmto Rank?2.



1 Term Rewriting Systemswith g-reduction

We presenta combinationof LambdaCalculuswith AlgebraicRewriting, obtainedby
extendingfirst-orderTRSwith notionsof applicationandabstractionandg-reduction.
We canlook atsuchcalculialsoasextensionf the CurryfiedTermRewriting Systems
(CTRS)consideredn [6], by adding\-abstractioranda -reductionrule. We assume
thereadetto befamiliarwith LC [9] andreferto [23,14] for rewrite systems.

We considertermshbuilt from a set X’ of variables,a setF of function symbols,
application(Ap) and A-abstractionmoduloa-corversionasusual. A contetis aterm
with ahole,andit is denotedasusual,by C[ ]. A lambdatermis atermnotcontaining
functionsymbols.An algebraic termis atermcontainingneitherA nor Ap. The setof
freevariablesof atermt is definedasusual,anddenotedoy FV ().

To denotea term-substitutionye usecapitalcharacterdike ‘R’, insteadof Greek
characterdike ‘¢’, whichwill beusedto denotetypes.Sometimesve usethe notation
{z1 — t1,...,x, — t,}. We write R for theresultof applyingthe term-substitution
R to ¢t. Reductionsaredefinedthroughrewrite rulestogethemwith a s-reductionrule.

Definition 1 (Reduction).A rewrite rule is apair (I, r) of terms,written! — r. Three
conditionsareimposed? ¢ X', I isanalgebraiderm,andF'V (r) C FV (I). TheS-rule
is definedby: Ap (\x.t,u) —p ti¥7. A rewrite rule | — r determinesa setof
rewrite stepsC[[R] — C[R] for all term-substitution® andcontexts C[ ]. Likewise,
for ary t andu, C[ Ap (\z.t,u) ] —5 C[t1#*}]. Concatenatingewrite stepswe have
rewrite sequencesy — t; — ty — ---. If tg —» --- = t, (n > 0) we alsowrite
to —* t,, andty =T ¢, if t, —* t,, in onestepor more.

A TermRewriting Systenwith g-reductionrule (TRS+ 3) is definedby a setR of
rewrite rules.

Notethat,in contrastvith ©TRS,therewrite rulesconsideredh thispapemaycon-
tain A-abstractiongn theright-handsides We take theview thatin arewrite rule acer
tain symbolis defined:F" is a definedsymbo]if thereis arewrite rule F' (¢4, ... ,t,) —
r. Q) € Fis calledaconstructorf () is notadefinedsymbol.Noticethat Ap cannotbe
adefinedsymbolsinceit cannotappeatn theleft-handsideof arewrite rule.

A TRS+ § is stronglynormalizing,or terminating,if all the rewrite sequenceare
finite. It is confluentif for all ¢ suchthatt —* v andt —* v, thereexists s suchthat
u —* sandv —* s.

Example 2. Thefollowing is a setof rewrite rulesthat definesthe functionsappend
andmap on lists andestablisheshe associatiity of append. The function symbolsnil
andcons areconstructors.
append (nil, 1) — 1
append (cons (z,1),l") — cons (z,append (I,1"))
append (append (1,1"),1") — append (I, (append (I',1"))
map (f, nil) — nil
map (f, cons (y,1)) = cons (Ap (f,y), map (f,1))

Sincevariablesin TRS+ 5 canbe substitutedoy \-expressionsye obtainthe usual
functional programmingparadigm,extendedwith definitions of operatorsand data
structures.



2 A Polymorphic Intersection Systemfor TRS+ 3

We definea type assignmensystemfor TRS+ 3, thatcanbe seenasan extension(by
addingV) of theintersectiorsystempresentedn [5]. We usepolymorphicstrictinter-
sectiontypes,definedoverasetof type-\ariablesandsorts(type constants)TheV-free,
A-freefragmentof this systemcorrespond$o the systemstudiedin [6]. If sortsarenot
takeninto accounttheV-freeLC-fragmentof our type assignmensystemcorresponds
to thesystempresentedh [3], andtheintersection-freé C-fragmentto Systemf [18].
For LC, atype assignmensystemthat combinesntersectiortypeswith polymor
phic typeshasbeendefinedin [19] andits principal type propertyhasbeenstudied
in [24]. As far astypesareconcernedthe differencebetweerour systemandthe latter
is thatwe add constantypes,andusestrict intersectiortypes[3] (i.e. anintersection
type cannotbetheright-handside of anarrow type). The restrictionto strict intersec-
tion typessimplifiesthe typing proceduresnddoesnot affect the typing power of the
systembecauseary termtypeablein thefull intersectiortype disciplinecanbe given
astricttypeandvice-versaWe assuméhereaderto be familiar with intersectiortype
assignmensystemsandreferto [10, 1, 3] for moredetails.

2.1 Types

Definition 3 (Types).LetV = $u.A beasetof type-variableswhere® = {yo, 1, ...}
is the setof freevariables,and A = {ap,ay,...} the setof boundvariables.Let
S = {so, 51, . . .} beasetof sorts.7s, thesetof polymorphicstrict types and7, theset
of polymorphicstrict intersectiontypes aredefinedoy mutualinduction:
Teu=plals| (T T | Va.Tda/yg]
T == (TsN---N7Ts)

For variousreasongdefinitionof operationson types,definitionof unification),we
distinguishsyntacticallybetweerfreetype-variableqin ¢) andboundtype-variablegin
A). As usual' =’ associatet theright, and‘n’ bindsstrongerthan®—’, which binds
strongerthan'V’; so pnu—Ya.y—4§ standsfor ((pnu)— (Va.(y—4))). Also Va.o is
usedasabbreiationfor Vo, .Vas . . . Va,,.0, andwe assumehateachvariableis bound
at mostoncein a type (renamingif necessary)ln the meta-languageye denoteby
o[t /] (resp.o[r/a]) thesubstitutionof thetype-variabley (resp.a) by 7 in o.

FV(0), thesetof freevariablesof atypeo is definedasusual(notethatby construc-
tion, FV (o) C @). A typeis calledclosedif it containsno free variablesandground
if it containsnovariablesatall.

Definition 4 (Relations on types). On 7T, the pre-order(i.e. reflexive and transitve
relation)< is definedby:

Vn>1,V1<i<n[oinN---No, < oy o <17 = Ya.ola/y] < Va.r[a/y]
Va.o—71 < o—Ya.1, (a notin o) Va.o < o[r/d]
p<Lo&tT<pu=o0-7<pop o <Va.o,(aisfresh

Vn>1V1i<i<n[o <o = o <oinN--Noy,
Theequivalencerelation ~ isdefinedby: o ~ 7 <= o < 7 < 0. We work with
typesmodulo ~ .



To obtainanotionof typeassignmenthatis atrueextensionof Systent, theY type-
constructois allowedto occuron theright of anarrow, soatypelike c—Va.7 is well-
defined.Also notethatwe cannotquantify intersectiontypes,but we have equialent
typesof theform (Va.o1)N(Va.o2).

2.2 Typeassignment

Definition 5 (Statementand Basis).

1. A statemenis anexpressiorof theform¢:o, wheres € 7. Thetermt isthesubject
ando thepredicateof t:o.

2. A basisis a setof statementsvith only distinctvariablesassubjects.

3. For basesB,, ..., B, II{By, ..., B,} is the basisdefinedby: z:01n- - -No,, €
II{B,,...,B,}if andonlyif {z:04,...,z:0,,} isthe(non-empty)setof all state-
mentsaboutz thatoccurin B; U---U B,,.

4. We extend< and ~ tobasedy: B < B’ if andonly if for everyz:¢’ € B’ there
isanz:o € B suchthato < ¢/, andB ~ B’ if andonlyif B < B' < B.

We will oftenwrite B, x:0 for the basisII{B, {z:c}}, whenz doesnot occurin B,
andwrite B\z for the basisobtainedfrom B by removing the statementhathasz as
subject.

To assigrtypesto termswe aregoingto consideranervironmentandwewill define
type assignmenin sucha way that the typesusedfor eachoccurrenceof a function
symbolwill beconsistentvith thetypeprovidedfor it by the environment.

Definition 6 (Environment).An ervironments amapping€ : F — 7s.

As an abstractiorof a type derivation for a termt we will useatriple (B, 1, E)
where B is a basis,r a type, and E a setof types. Theserepresenthe typesin a
derivationthatareaffectedby the operationsve definebelow. In orderto obtainvalid
instance®f thetypesprovided by the environmentwe aregoingto useoperationson
types(thatextendto triples (B, 7, E)). In type systemdasecn arrow typeswith type-
variablesthe operationof substitutiongeneratesll the valid instance®f a giventype.
In a systemwith intersectiortypes,all the intersection®f thoseinstanceshouldalso
be consideredvalid instanceswhich meansthat substitutionaloneis not enoughto
generatall the instance®of a giventype. We will alsouseexpansionwhich replaces
(sub)typediy the intersectionof a numberof renameccopiesof thattype, andlifting,
which replaceshasisandtype by a smallerbasisanda largertype,in the senseof <
(see[2] for details). Theseoperationsare standardn type systemswith intersection
types,we will extendthemto take into accounthe presencef universalquantifiers.

Theoperatiorof lifting canbeusednotonly to eliminateintersectiongut alsoquan-
tifiers, sinceour < relationtakesinto accoununiversalquantifiers We will introducea
fourth operationcalledclosus, to dealwith theintroductionof universalquantifiers.

Definition 7. Thesubstitution(e — p) : 7 — T, wherey is atype-variablein ¢ and
p € Ts, appliedto o replacesll theoccurrencesf ¢ in o by p. Substitutionextendto
basesandtriplesin thenaturalway.



Theoperationof expansiondealswith thereplacemenof a subtypeof atypeby an
intersectiorof anumberof renamedopiesof thatsubtype An expansioris determined
by a pair (i, n) which indicatesthe subtypeto be expandedandthe numberof copies
thathaveto begeneratedWhenasubtypés expandecdew typevariablesaregenerated,
andothersubtypesnightbeaffected(e.g.the expansiornof r in o —7 mightaffectalso
o: intuitively, eachrenamedcopy of = will have anassociatedopy of ¢; see[28] for
adetailedexplanation) Groundtypesarenot affectedby expansionsinceall renamed
copiescoincide(andono ~ o). Beforeapplyingan operationof expansionwe need
thento computethe setof typesthatwill be affectedby it, which is donewith respect
to agiventriple (B, 7, E).

Two differentdefinitionsof expansiorappeain theliteraturefor LC, dependingpn
whetheroneusesa setof types(seee.g.[28]) or asetof typevariablegseee.g.[3]) to
characteris¢he setof typesaffectedby the expansion We will considerthe definition
givenby RonchidellaRoccaandVenneri[28] for full intersectiontypeswithout sorts
anduniversalquantifiersandadaptit to our system.The extensionto dealwith types
containingsortshasalreadybeendonein [15], herewe addquantifiers For an expan-
sion(u, n) andatriple (B, o, E), anassociatedet(, ((B, o, E)) of typesis computed,
andthetypesmodifiedby the expansionarethosethat‘end’ with atypein thisset.The
notionof last subtypesn a stricttype playsanimportantréle in this operation.

Definition 8. Thesetof last subtype®f atyper € T, denotedby last(7), is defined
by:

— Foratypevariabley, last(y) = {¢} — Forasorts, last(s) = {s}

— last(c—p) = {o—p} Ulast(p) — (Va.o) = {VYa.o} Ulast(o[pas/a])

Notethatfor typesof the form Va.o, o is not a well-formedsubtypeaccordingto
ourconvention(freevariablesmustbelongto ¢). For thisreasorwe considera mapping
A—® thatassociateto eacha adifferentfreshy,, € @, andrenamex in o, usingyp,, .
In this way we candefinesubtypef typesin 7, asusual.

Thedefinitionof expansionalreadynon-trivial in theintersectiorsystempecomes
quiteinvolvedin the presenc®f universalquantifiers We defineit in threesteps First
we computethe set £ of typesaffectedby the expansion.Thenwe seewhich arethe
variablesthatwill needto be renamedFinally, to apply an expansionto atype r, we
traverser top-davn searchingor maximal subtypesvhoselast subtypesarein £ or
have aninstancgobtainedoy replacingboundvariableshy types)in £. Thosesubtypes
of 7 will bereplaceddy intersection®f renamedopies.

Definition 9 (Expansionin 7). Letu beatypein 7,n > 2, B abasisg € 7 andE a
setof typesin 7 (weassuméhateachvariableis boundatmostoncein u, B, o, E). The
pair (1, n) determinegnexpansiorEx with respecto (B, o, E), definedasfollows.

1. Let£,((B, o, E)) bethesetof typesdefinedby:

(a) Any non-closedstrictsubtypeof pisin £,((B, o, E)).

(b) Let 7 be a non-closedstrict (sub)typeoccurringin (B, o, E). If 7' is a most
generalnstancgwith respecto the universalquantifiers)of + suchthat
last(7") N L, ((B, 0, E)) # 0,thent’ € L, ((B, 0, E)).

(c) Any non-closedbroperstrictsubtypeofr € £, ((B, o, E)) isin L,((B, o, E)).



2. LetV,((B,0,E)) = {¢1,...,m} bethesetof freetype variablesoccurringin
B, o, u, E thatappeaiin £,((B, o, E)), andlet S; (1 <i<n) bethesubstitution
thatreplacesvery p; by afreshvariable<p§, andeverya; andy,; by a; (actually
S; is notasubstitutionaccordingo our definition,it is justarenaming).

3. Forary 7 € T (without loss of generalitywe assumethat its boundvariables
are disjoint with thoseof u, B, 0,7, E), EX(7) is obtainedby traversingr top-
down andreplacing,in 7, a maximalnon-closedsubtypes suchthatthereexists
a mostgeneralinstance(w.r.t. the universalquantifiers)s’ of 5 with last(3’) N
L,((B,o,E)) # 0
(@) by S1(B) N ---NSu(B) if B =5,

(b) otherwiseby
() (Su(8)) N---N Su(8)) N VS (@EX(plej/al) @/ 7))
1<j<p
if 3 = va.p, B; (1 <j<p) areall themostgeneralnstancesf 3 satisfying
the condition,andz; arefreshconstantseplacingthe variablesinstantiatedn
theinstances; of 3.
Expansion®gxtendto triplesrepresentingype derivationsin the naturalway.

Someexplanationsarein order Theresultof anoperatiorof expansioris notunique
becausdt dependson the choiceof new variablesin part 2 of the definition; but it
is uniguemodulorenamingof variables(andthis is sufficient for our purpose)lt is
alwaysa typein 7: we never introducean intersectionat the right-handside of an
arrow type,andneverquantifyanintersectiortype(seepart3). A typemightbeaffected
by an expansionevenif its free variablesare disjoint with thoseof the subtypeto be
expandedThereasoris thatuniversallyquantifiedvariablesepresenaninfinite setof
terms(theirinstances)soif oneinstances affected thewholetypeis affectedIf weare
applyinganexpansioroperatiorto auniversallyquantifiedype,someinstancesnaybe
expandedif theirlastsubtypesrein thesetof computedypes)wherea®thersarenot
(if theirlastsubtypesrenotin thesetof computedypes).In this casetheexpansiorof
the universallyquantifiedtype will be theintersectiorof the expansionf eachclass
of instancesSincethereis only a finite setof computedtypes,the operationis well
defined.

Example 10. Let v be (p1—¢2)— (w3 —p1)—@3— 2, andEx be the expansionde-
terminedby (1, 2) with respecto (8, v, 0). ThenLy, ({7, 0)) = {e1,p3—p1, 03},
Vo, ((0,7)) = {1, 03}, and(to save spacewe write ? insteadof /)
Ex(7) = ((1ND)—=2)=((=1) N (G=1) = (GN3) =
Letnow v beVasVas.(1 —as)—(as—1) —as—aq, andEx bethesameexpansion.
Thent, ((0,7,0)) = {1, Vas.(1=1) = (as—=1) 2as—1, (121) 2 (as 1) as =1,
11 a5 —1sa3 }» aNd

Ex(7) = (Vaz.(t =)= (az—=h)—az—1) N (Vaz.(3—=2) = (az—=2)—az—3)N

(VaoVaiVas.(In?—az)—=((ad—=1) N (a2—2))—al Na2—az).



For typesin 7 without sortsandV, the operationof expansiondefinedby Ronchi
della Roccaand Venneri[28] givesthe sameresultsas ours, modulothe relation ~
definedfor full intersectiortypes(but therepresentatiesof equivalenceclasseshosen
in [28] arenotalwaystypesin 7).

The operationof lifting allows usto eliminateintersectionsand universalquanti-
fiers,usingthe < relation.

Definition 11. An operationof lifting is denotedby a pairL = ((By, 70), (B1, 1))
suchthatry < 7, andB; < By. L canbeappliedto atype,or abasis:

L(U):Tl, ifU:TO |_(B):B17 |fB:BO

L (o) =0, otherwise L (B)= B, otherwise
It is extendedo triplesin thatit doesnot affectthe addedoarameter

Theoperationof closureintroducegjuantifierstakinginto accounthe basiswhere
atypeis used.

Definition 12. A closukeisanoperatiorcharacteriselly threeparameter€l = (B, o, ).
It is definedby:

Cl(r) =, if r#0
Cl(o) = Va.ola/¢], if ¢ doesnotappeain B («a is afreshvariable)
Cl(o) = o, otherwise

Cl canalsobeappliedto abasisorto triplesrepresentingypederivations;on bases
it is just theidentity, aswell ason tripleswhenthe basisis differentfrom the basisof
theclosureCl.

The setCh of chainsis definedasthe smallestset containingexpansionssubsti-
tutions, liftings, andclosuresthatis closedundercomposition Chainsaredenotedas
[O1,...,04].

Notice that, althoughthe operationof substitutionseemsredundantjn that one
couldsimulatesubstitutiorvia closureandlifting, thisis only thecasdor typevariables
thatdo notoccurin thebasis

Definition 13 (Type AssignmentRules).

1. Typeassignmenbn terms(with respecto &) is definedby the following natural
deductionsystemin sequenform (whereall typesdisplayedarein 7, exceptfor

o1,...,0, inrule (F) ando in rule (—E)). Notethe useof a chainof operations
in rule (F).

: B < B¢t ... BFtget:

( TTEZ TSy T £E 0> 1)
Blg x:r B¢ t:o1nN--Noy,
Bbtetiio—»T Bletyo B,x:o ¢ tir

(—=E): (=) ——

Btg Ap(ty,te):T B bFe Mz .t:o—T

BbFetiior ... Blgetyo,
(F): (a)

BbFe F(ty,...,t):0



] Bltgto  BlFgtVao
() B ¢ tVa.o[a/ ] (®) (VE): B¢ t:o[r/a]

(@ : If F € F,andthereexistsachainChsuchthato; —- - -—o,,—0 = Ch(€ (F)).
(b) : If p doesnotoccur(free)in B.

2. We write B ¢ t:0, andsaythatt is typeable if andonly if this judgements
derivableusingtheaboverules.If E isthesetof typesassignedo functionsymbols
in sucha derivation,we represenit by (B, o, E).

Theuseof anenvironmentin rule (F) introducesa notionof polymorphisnfor our
functionsymbols,which is an extension(with intersectiortypesandgeneralquantifi-
cation)of the ML-style of polymorphismTheervironmentreturnsthe ‘principal type’
for a function symbol; this symbol canbe usedwith typesthat are ‘instances’of its
principaltype,obtainedoy applyingchainsof operations.

Notethatthe rule (<) is only definedfor variables,andwe have a (VE)-rule for
arbitrarytermsbut notan (NE)-rule. Indeed the (NE)-rule for arbitrarytermscanbe
derivedfrom this systemof rules.On the otherhand,the (VE)-rule cannotbe derived
if it is not presentn thesystem.Thisasymmetrycomesrom thefactthatourtypesare
strictwith respecto intersectionput notwith respecto V.

Type Assignmentfor Rewrite Rules To ensurethe subjectreductionproperty asin
[6], typeassignmenon rewrite ruleswill bedefinedusingthenotionof principalpair.

Definition 14. A pair (P, ) is calleda principal pair for ¢ with respecto &, if P k¢
t:m andfor every B, o suchthatB ¢ t:0 thereis achainCh suchthatCh({P, =, E')) =
(B,o,E").

Thetypeability of rulesensuresonsisteng with respecto theervironment.

Definition 15. 1. We saythat! — r € R with definedsymbol F' is typeablewith
respecto &, if thereare P, andw € 7 suchthat:
(a) (P, ) isaprincipalpairfor [ with respecto &, andP +¢ r:m.
(b) In P ¢ l:m and P k¢ r:w all occurrencesf F aretypedwith £ (F).

2. We saythata TRS+ 3 is typeablewith respecto &, if allr € Rare.

Notethatfor arule F'(¢,...,t,) — r to betypeable£(F) mustbe of the form
01— ...—o,—0o. Although £(F) cannothave an outermostuniversalquantifier its
free variablesplay the samerole as universally quantifiedvariables(sincethey can
be instantiatedoy substitutionoperations)In particular for the polymorphicidentity
functionI wewill use€(I) = ¢ — .

Reductiongpreseretypesin our system:To obtainthisresult,first we neecdto prove
thatthe operationgsubstitutionexpansion|ifting, andclosure)aresoundon typeable
terms.Usingthatresult,we canprove:

Theorem16 (SubjectReduction). If B k¢ t:0 andt — ¢/, thenB ¢ t':0.



3 Strong Normalisation

Typessene not only asspecificationandasaway to ensureghatprogramscannotgo
wrong’ during execution,but alsoto ensurethat computationgerminate.ln fact, this
is a well-known propertyof the intersectionsystemfor LC, andof SystemF, but the
situationis differentin TRS (arule ¢ — ¢ may be typeable althoughit is obviously
non-terminating)Inspired by the work of Jouannaudind Okada[20], who defined
a generalschemeof recursionthat ensuregerminationof higherorder rewrite rules
combinedwith LC, we definea generalschemdor TRS+ 3, suchthat typeability of
the rewrite rulesin the polymorphicintersectionsystemdefinedin this paperimplies
strongnormalizatiorof all typeableterms.

Definition 17 (General Schemeof Recursion).Let F,, = QU {F*,..., F"}, where
F', ..., F™ will bethe definedsymbols,and Q the setof constructorsWe will as-
sumethat F'!, ..., F'™ aredefinedincrementally(i.e. thereis no mutualrecursion) py
typeablerulesthatsatisfythegeneal scheme

F' (Clzl,7) —» C'[F* (C1[z], ), ..., F' (Cula], 7). 7],

whereZ, 7 are sequencesf variablessuchthatzCg; C[ 1, C[ ], Ci[ ], ..., Coul ]
are (sequencesf) contets with function symbolsin F;_;; andfor every 1 <j <m,
C[7] >mu C;[7], where< is the strict sub-termordering(i.e. > denotesstrict super
term) and‘mul denotesmulti-setextension.Moreover, if (P, ) is the principal pair
of F* (C[z],7), thetypesassociatedo the variablesy in P arethe typesof the corre-
spondingargumentsof F# in £(F?).

Thisgenerakchemas a generalizatiorof primitive recursionlt imposedwo main
restrictionson the definition of functions:the termsin the multi-setsC;[7] are sub-
termsof termsin C[7] (this is the ‘primiti ve recursve’ aspecif the scheme)andthe
variablesz mustalsoappearas argumentsin the left-handside of the rule. Both re-
strictionsareessentiato provethe StrongNormalizationTheorenbelow. Althoughthe
generabcheméhasaprimitiverecursve aspectit allowsthedefinitionof non-primitive
functionsthanksto the higherorderfeaturesavailablein TRS+ 3: for example,Ack-
ermannsfunctioncanberepresentedilso therewrite rulesof Combinatorylogic are
notrecursve,so,in particular satisfytheschemeandthereforehe systemshatsatisfy
theschemehave full computationapower.

Usingthe power of thegenerakchemait is possibleto prove the following

Theorem 18 (Strong Normalization). If therewrite rules satisfythe geneal schema,
anytypeableermis stronglynormalisable

Theproof,whichwe omit for lack of spacecanbecarriedonby usingTait-Girard’s
method[17] andthetechniqueglevisedin [20] in orderto copewith someof the diffi-
cultiesthatarisebecaus®f the presencef algebraiaewriting.

It is possibleto shaw thatif we assumehe rulesto satisfythe generalschemaa
typeableTRS+ 8 withoutcritical pairsin R is locally confluenton typeableterms(we
omit alsothis proof for lack of space)andhence by Newman's Lemma[25], we can
deduceconfluencdrom strongnormalizatiorandlocal confluence.



4 Restriction to Rank 2

In this section,we will presenta decidablerestrictionof the type system,basedon
typesof rank 2. Althoughtherank 2 intersectionsystemandthe rank 2 polymorphic
systemfor LC type exactly the samesetof terms[29], their combinationresultsin a
systemwith moreexpressie power: polymorphisncanbeexpressediirectly (usingthe
universalquantifier)and,moreover, every typeableermhasaprincipaltype,aswe will
shav belown. Thelatterpropertydoesnotholdin a systemwithoutintersection.

4.1 Rank 2 type assignment

Definition 19. We definepolymorphicintersectiontypesof Rank?2 in layers:7c are
Curry types,7¢ are quantifiedCurry types, 71, typesof rank 1, are intersectionsof
quantifiedCurry types,and7; aretypesof Rank2:

Tc:=¢|s](Tc = Tc) 7d == Te | (Va7 [/ ¢))

o= (TdN---NT7Y) T2 =T | (h— T2)

Below, wewill definea unificationprocedureghatwill recursvely gothroughtypes.
However, usingthe setsdefinedabove, not every subtypeof typein 7; is atypein that
sameset. For example,a— ¢ is notatypein ary of the setsdefinedabove; however,
Ya.a—p € T, andthereforet canbethat,whengoingthroughtypesin 7, recursvely,
a—p hasto be dealtwith. Sincethe distinctionbetweenfree andboundvariablesis
essentialwe introduce,for every set7; definedabove, alsothe set7; of types,that
containsalsofree occurrence®f as. We will not alwaysusethe’ when speakingof
thesesets however;it will beclearfrom thecontext which setis intended.

As for 7, we will considera relationon types,<,, thatis the restrictionto 75 of
therelation< definedin Def. 4. Noticethatpart'Va.oc—7 <, o—Va.7, if a doesnot
occurin ¢’ is omitted,sincec —Va.7 is notatypeof Rank2.

Thefirst threeoperationsisedfor the Rank?2 systemarestraightforvardvariantsof
operationglefinedfor thefull system.

Definition 20. 1. Substitution(y — p) : T2 — T2 is definedasfor thegenerabystem,
but with therestrictionthatp € 7c. We useldg for thesubstitutiorthatreplacesll
variablesby themseles,andwrite S for the setof all substitutions.

2. Lifting is definedasin Def. 11, but with therestrictionthat < is takento be <,.
3. Closueis definedasin Def. 12 as(B, o, ), with therestrictionthato € 77 .

The variantof expansionusedin the Rank2 systemis quite differentfrom that of
Def. 9. Thereasorfor this is thatexpansionhormally, increaseshe rank of atype,a
featurethatis of coursenotallowedwithin a systemthatlimits therankof types.Since
below expansioris only usedin very precisesituationgwithin the procedureinifyj (),
thesolutionis relatively easyin thecontet of rank2 types,expansioris only calledon
typesin 77, soit is definedto work well there by replacingall typesby anintersection;
in particular intersectiongrenot createdattheleft of anarrow.

Definition 21. Let B be a Rank2 basis,c € 7Y, andn > 1. Thetriple (n, B, o)
determinesin-fold expansiorwith respecto thepair (B, o), EX(, o) : T2 — T2, that



is constructedasfollows: Suppose/ = {1, ..., pn} is thesetof all (free)variables
occurringin (B, o). Choosem x n differentvariablesp?l, ... o7, ... 0L ... 0",
suchthateachap;'- (1<i<n,1<j<m)doesnotoccurin V. LetS; bethesubstitution
thatreplacesvery ¢; by <p; ThenEX(, B,») (7) =S (1) N---NS, (7).

Expansions extendedo basesandpairsin the straightforvardway.

As before,operationsill begroupedn chains.

Definition 22. Rank?2 type assignmenbn termsis definedby the following natural
deductiorsystem:

zo€B oc<oT Bl—gtlzal Bl—%tnzan

<): €T, € F): a
F =gy Celerel UF —pmpn T e @
BF2ti:o»1 BF2itso B,z:io 2t
(- ——5 £ (=) ——Et—

B F% Ap(t1,t2):m B F: Az.t:o—T1
BF2to BF2tioy ... BF2to,
(v1): £ b ) —— £ ()

B F2 tVa.o[a/y] B F2 t:oyn- - Ny,

(8): If F' € F, andthereexistsanexpansion-freehainof operation<h suchthat
01— --—op—0 = Ch(E (F)).

(b) : If ¢ doesnotoccurin B.

(©: If n>1,ando; € 77, for every1 <i<n.

Noticethat,sincequantificatioreliminationis implicit in rule (<), whenrestricting
the useof the quantifierto theleft of arrows only, thereis nolongerneedfor a general
(VE) rule; asrule (NE), its useis in a strict systemlimited to variables,andthereits
actionsarealreadyperformedby (<). In fact, this changds justified by the factthatit
is possibleto shav thatthe operationgsubstitution|ifting, closureandexpansion)re
soundwith respecto typing.

4.2 Unification of Rank 2 Types

In the context of types,unificationis a procedurenormally usedto find a common
instancefor demande@ndprovidedtypefor applicationsi.e: if ¢; hastypeo—r, and
t2 hastype p, thenunificationlooks for a commoninstanceof thetypesos andp such
that Ap (¢, =) canbetypedproperly The unificationalgorithmunify§ () presentedn

thenext definitiondealswith justthatproblem.Thismeanghatit is notafull unification
algorithmfor typesof Rank2, but only analgorithmthatfindsthe mostgeneralnifying

chainfor demande@dndprovidedtype.lt is definedasanaturalextensionof Robinsons
well-known unificationalgorithmunify () [27].

Definition 23. Unification of Curry types(extendedwith non-unifiablevariablesand
typeconstants)ynify : 7{ x 74 — S, is definedby:



unify (¢1,¢2) = (p1 p2) unify (cy, 1) =lds

unify (a1, a1) =ldg unify (o, ) = unify(p, o)

unify (¢, 7) = (p+— 1), if p doesnotoccurin 7 andr is notavariable

unify (c—7, p—p) = S$05;, whereS; = unify (o, p), andS; = unify (S (1), S1 (1))

(All non-specifiectaseslike unify (a;, as), with a; # ao, fail.)

Theunificationalgorithmunifyy () worksroughlyasfollows: supposeve aretrying
to find atypefor theterm Ap (¢4, ¢2), andwe know thatbotht¢; andt, arealreadytyped
by, respectiely, c—7 andp. Thusthedemandedype ¢ is in 71 andthe providedtype
p isin 7. Theunificationalgorithmlooksfor typesthatcanbe assignedo thetermst;
andt, suchthatthe applicationterm canbe typedproperly i.e. looksfor typesyu and
v suchthatu—v is aninstanceof o—7, andp is aninstanceof p. It triesto unify the
typeso andp, in trying to find asequencef operationshatdoestheright instantiation.
In orderto be consistentthe resultof the unificationof ¢ andp — a chainCh — should
alwaysbesuchthatCh(p) € 77. However, if p ¢ 77, thenin generalCh(p) ¢ 7.

To overcomethis difficulty, analgorithmto7 () will beinsertedhat,whenapplied
to thetype p, returnsa chainof operationghatremoves,if possiblejntersectionsn p.
This canbe understoody the obserationthat, for example,((c—0)—o—0)—0 is
a substitutioninstanceof ((p1—¢1)—p2) N (ps—ps—rps)— 5. Notethatif quanti-
fiersappeain p, theto7Y () procedurdails; soquantifiershatappeabeforeanarrav
cannotberemoved.

Thealgorithmunify () is calledwith thetypeso andy’, thelatterbeingp in which
theintersectionareremovedby to7¢ (). Sincenoneof thederivationrules,nor oneof
the operationsallows for the removal of a quantifierthatoccursinsidea type,if o =
Va.o', theunificationof o with p’ will notremovetheVa part.

It is possiblethato ¢ 7c, soit canbe that p mustbe expanded.Sincesuchan
operationaffectsalsothe basis the third agumentof unify () is abasis.

Definition 24. LetCh bethesetof all chainsto7d (): Tz — Ch is definedby:
to7d (o) = [Ids], if o €Tc
to7d ((o1n- - Noy)—u) =[Sy, ..., Sp—1] *Ch, otherwisewnhere,
foreveryl <i<n-1,S; = unify([S,,...,S;—1] (01),[Si,---,Si—1] (64+1)), and
Ch= tO7E:v ([St,-- -5 Sa-1] (1))
(Again, noticethatto7¢ (o) failsif o containsy.)

Definition 25. Let B bethesetof all basesandCh the setof all chains.unify\é : T X
Tc x B — Chis definedby:

unify ((Vag.o1) N ... N (Y&y,.04), 7, B) = [EX *Chy % - - - x Ch,,, where
EX=n(s,m, NN, = Ex(7), and,for every1 <i<mn,

S; = Unify([sl, - ,3_1] (U,‘),Ti) Cll = <S, (B), S; (O'i),()é_,'>, andCh,L' = [Sl,Ch]
Noticethatunify (), to7Z (), andunifyj () all returnlifting-free chains.

Theclosureoperationsn thedefinitionof unify () arecorrectbecausehevariables
a@; donotappeain B. Noticealsothatunifyj () only fails whenunify () fails, andthat



to7¢ () fails wheneitherunify() fails or whenthe argumentcontainsy, andthatthe
otheroperationsever fail. Becauseof this relationbetweerunify () andto7Y () on
oneside,andunify () ontheother theprocedureslefinedhereareterminatingandtype
assignmenin the systemdefinedin this sectionis decidable.

4.3 Principal pairs for terms

In this subsectiontheprincipalpair for aterm¢ with respecto £ —PP; (t) —is defined,
consistingof basisP andtyper. In Theorem27 it will be shavn that,for everyterm,
thisis indeedthe principalone.

Noticethat,in thedefinitionbelaw, if PP (t) = (P, w), thenw € 7. For example,
theprincipalpairfor theterm\z.x is (), p— ), so,in particularit is not (), Va.a—a).
Although one could amgue that the latter type is more ‘principal’ in the sensethat it
expresseshe genericcharactethe principaltypeis supposedo have, we have chosen
to usethe formerinstead.This is mainly for technicalreasonspecauseunificationis
usedin thedefinitionbelow, usingthe lattertype, we would oftenbe forcedto remove
the externalquantifiers Both typescanbe seenas‘principal’ though,sinceVa.a—«
canbeobtainedrom ¢—¢ by closure andy— from Va.a—« by lifting.

Definition 26. Lett beatermin T(% X). Usingunify} (), PPz (t) is definedby:

1. t =z.ThenPP: (z) = ({z:0}, ).

2. t=Az.t'. LetPPg (') = (P, 7), then:

(a) If z occursfreeint’, andz:o € P, thenPP:s (Az.t') = (P\z,o0—m).
(b) OtherwisePP: (Az.t") = (P, p—m) whereyp is afreshvariable.
3. t= Ap(t1,t2). LetPPs (t1) = (Py,m), PPs (t2) = (P, ms) (choosejf neces-
sary trivial variantssuchthatthesepairsaredisjoint),and S, = to7¢ (m2), then:
(@) If my € Tcthen:PP: (Ap (t1,t2)) = (P, m), whereP = (S, 51) (II{P1, P»}),
S1 = unify (71, S2 (m2) =), andr = (Ss, S1) (¢), andy is afreshvariable.

(b) If 7y = o—=7,witho € T1, 7 € T2, thenPP: (Ap (t1,t2)) = (P, ), where
P = <52) *Ch (H{Pl,P2}), Ch = Unifyg (0’7 So (7T2), So (P2)), andr =
(S2) *Ch(7).

4. t=F (t1,...,t,). Assumet (F) = v —- - -—y,—y, andlet, for every 1 <i <mn,
PP: (t;) = (P;, m;) (choosejf necessanytrivial variantssuchthatthe (P;, ;) are
disjointin pairs),then:

PP: (F (t1,...,ts)) = (P, 7),
whereP =[S,...,S,]*Chy *---xCh,, (II{P,...,P,})
S; = t07z:v (71'1)
Ch; = unify (Chy % - - - xCh;_1 (7}), Si (), Si (P2)),
7 =[S,...,S,]*Chy %---xCh, (v')

v —- =l —7" is afreshinstanceof 4, —- - - =y, —7.
Notethat,sinceunify () or unifyy () mayfail, noteverytermhasa principal pair.

Themainresultfor the Rank?2 systemis thefollowing:



Theorem 27 (Soundnessand Completenesf PPg).

— If PP: (t) = (P, ), thenP l—% tim.
— If B 2 t:o, thenthere are a basis P andtyper suc thatPP: (t) = (P, ), and

thereis a chainCh sudthatCh ((P,r)) = (B, o).
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