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Abstract. We define a compositionautputbased interpretation of thecalculus
with explicit substitution into a variant of the-calculus with pairing, and show
that this interpretation preservésll single-steps-reduction {.e. not just open
applicative bisimilarity) with respect to contextual ecalence. For this interpre-
tation, we show the customary operational soundnesg-feduction, adequacy,
and operational completeness; using a notion of impliediipe-context assign-
ment for therr-calculus, we also show that assignable Curry types arempes
by the interpretation. We finish by showing that terminai®preserved for spine
reduction with respect to lazy reduction for thecalculus.

Introduction

The rr-calculus and its dialects have proven to give an intergstiodel of compu-
tation. Encoding of variants of pure [19, 24, 23, 5] and tyfied A-calculus [9, 7] and
object oriented calculi [15, 24] have been shown. Also,oisiencodings of calculi that
represent classical logic have been recently proposed[10]. In this paper we inves-
tigate the expressive power of the asynchronowslculus [19] extended with pairing
by showing a new compositional semantic interpretatiohgfthe explicit substitution
A-calculus [1, 8] that fully respecftsll single-step reductiarthrough this result we will
show that our interpretation gives a semanticsforttmalculus.

The advantage of considering the explicit substitutienalculus rather than the
standard implicit substitution of the-calculus as considered in [24] was already argued
in [5]. In that work we showed that communication in thecalculus has a fine semantic
level of granularity that ‘faithfully mimics’ explicit sudtitution, rather than implicit
substitution; we stress this point again with the resultssented in this paper. Our
interpretation encodes not jusizy reduction [3], but also undet-abstraction, inside
the right-hand side of an application and inside the sulitit, thereby generalising
previous results [19, 24, 23, 5].

As is usual with semantic interpretations, we test the otmess of our interpreta-
tion by focussing on the two main criteria:

Preservation of observationdf M terminates, then every computation [o¥1] (a
process) signals “completion” to other processes in somera

Preservation of divergencdf M does not terminate, then no computation] 8f |
signals completion.



These two criteria are arguably the main properties tha¢ hawe shown for an
interpretation, but there are many more that one could ddrwaimold, like preservation
of compositionsof reduction stepsof termination of simulations of equivalencesetc.
But, since the notions of reduction vary greatly betweeiousrcalculi, it comes as no
surprise that normally not all these properties are prevédylany given interpretation.
For example, the preservation of terminatioh M terminates, then so dodaV(]” is
not automatically preserved.

Note that preservation of termination is not an issue whéinidg a semantics. For
example, when representing the computable functions hrgatltcalculus: to encode
recursive functions a fixed-point constructor is used ike(Ax.f(xx))(Ax.f(xx)),
which already on its own does not terminate, leaving in&gat functions with non-
terminating parts This could be solved by enforcing a reduction strategy ertanget
language, typically via lazy reduction, but at the pricd tfar example, Church numer-
als no longer are a good interpretation for numbers. It gshbalclear that this does not
imply that theA-calculus is not a proper model of computation, so termameits not a
decisive criterion on the suitability of an interpretation

And in fact, as also stated by Clinger [11]:

“ the formal semantics of a (. . .) programming language ma&yfitse interpreted
to provide an (inefficient) implementation of the languagéormal semantics
need not always provide such an implementation, thoughtamelieve that
semantics must provide an implementation leads to conftisio

Remark that completion does not equate to termination; ¢etiop gets signalled
via an observable action, likeutput after which computation can continue, whereas
termination implies that computation will eventually halt

Milner checks precisely the two criteria above for his iptetation of the lazy\-
calculus [19] (where reductions are not allowed to takeelader thel-abstraction,
nor in the right-hand side of application); Milner also cioiess an interpretation that
respects call-by-value reduction. Sangiorgi and Walkd} gxtended Milner’s results
also by showing that alsterminationis preserved; this is achieved mainly because
each reduction step taken to reach the lazy normal form sporels to a finite number
of communication steps in the-calculus, and in the created process

(vR([Ay.R]"u| [x = NI") = (72(u(y).u()-[R]" 0| x(w). [N]"©)
no communication is possible insid®]" v or [ N]" w, since these are placed under
input, this result comes, therefore, at the price of restrictimg interpreted reduction
on A-terms to the large-step reduction to normal form ofldmy A-calculus.

Milner’s encoding does not respestep-by-stefazy S-reduction (see also [5]), but
rather large-step reduction, that reduces to lazy normad tirectly?; therefore, not all
individual reduction steps are modelled. The focus of Milaed later results has been
the correspondence/relation betwedrservable behavioun the lazyA-calculus and

1 For example, since the factorial functitex is defined recursively, thé-term that represents
fac 3 has an infinite reduction path (inside the fixed-point carettr) that does not emit any
result, as well as the normal forén

2 This seems to be an accepted, common fact: also Sangioidirf#& reduction to lazy large-
step reduction.



the rt-calculus. In this setting, the problemfoll abstractionis formulated towards an
equivalence od-terms that is nop-equivalence, but througdpplicative bisimilarity
this has the advantage that all unsolvable terms are equEtednain result is stated
asM ~} N <= [M] ~ZF [N], which formulates that if twd\-terms have the same
observable behaviour, then so do their interpretations iand vice-versa.

Also the interpretations we defined in the past [4, 5] do notehdull reduction;
this is directly caused by the fact that those interpretatiplace terms undenput
(the operand in an application, to be precise); the natutbefeduction relation on
the r-calculus does not permit reduction underigput Moreover,5-reduction is not
modelled in full in [5]; rather, we showed to faithfully regsenexplicit spine reduction
(as defined in that paper) that allows reduction under attstraas well, and which nor-
mal forms correspond.é. with perhaps some substitutions pendingptoeduction’s
normal forms of head reduction.

In contrast, in this paper we show that senfaithfully modelAx’s explicit reduc-
tion in full® and step-by-step, into the-calculus. Since reduction ix implementss-
reduction, it follows that we can modgireduction as well; the result is stated through a
symmetric relation on processes, so we can mgesjuality as well, which then gives
that our interpretation gives, in fact, a semantics. Weeehthis by generalising the
logical interpretation we presented in [5].

To be precise, we define an interpretationetermsr- -, for which we will shové:

Operational SoundnessM —, N = TMfa —F~c TNfa;

Adequacy:M =g N = TMfa ~c TNfa;

Operational CompletenestMja —, P = 3N [P —%~c IN fa & M —} NJ;
Type preservationT -y M: A = TMfa:T b5 a:A.

1 The asynchronousr-calculus with pairing

The notion of asynchronous-calculus that we consider in this paper is the one we
also used in [4, 5], and different from other systems studtieithe literature [15]. To
successfully preserve assignable types, inspired by [2hlse introduce a structure
over names, such that not only names but also pairs of namdxecgent (but not a pair
of pairs). We also introduce thet-construct to deal with inputs of pairs of names that
get distributed over the continuation, and take the view phacesses communicate by
sending data over channels, so not just names, but alsogiaiasnes.

We first define the notion of-calculus we consider here.

Definition 1. — Channel nameanddataare defined by:
a,b,c,d names p == a|(a,b) data

3 Since we represent fullx-reduction, we model in particular the rewrite rilé — N =
L{x:= M) — L{x:= N), where reduction inside the substitution is explicitlyoaled.

4 \We use—T and —* for the transitive, resp. reflexive and transitive closumes use J for
convergence, and for divergencerc represents contextual equivalence.



— Processesre defined by the grammar (whergy, z arevariables:
P,Q == O|P|Q|!P|(va)P |a(x).P|a(p) | let{x,y)=pinP
— A (process) context is simply a term with a hgle
— We considem bound in(vn) P, x bound ina(x).P, andx andy to be bound in

the let-construct. We call free in P if it occurs in P and is not bound; we call a
proces<glosedif it has no free output name.

We abbreviater(x).let(y,z) = x in P by a(y, z).P, and(vm) (vn) P by (vmn) P, and
write @(c, d) for a{(c, d)). Notice that all channels are monadic.

Definition 2 (Congruence). The structural congruence relatios" is the smallest
equivalence relation closed under contexts defined by thenimg rules:

(vwjo=0 Plo=P P|Q=Q|P 'P=P|'P IP=!P|!P
(P|Q)|R=P|(Q|R) (vm) (vn) P = (vn) (vm) P
(vn) (P|Q) = P|(vn)Q, if n ¢ in(P) let(y,z)= (a,b) inR = R[a/z,b/z]

We will consider processes modulo congruence: this impliaswe will not deal ex-
plicitly with the processet(x, y) = (a, b) in P, but rather withP[a/x, b/ y].

Because of ruléP |Q) |R = P|(Q|R), we will normally not write brackets in a
parallel composition of more than two processes. We exlgliconvert ‘an output sent
ona is to be received as input divia ‘ a(w).b(w)’, which is abbreviated inta-b.

Definition 3 (Reduction). 1. Thereduction relationof the rr-calculus is defined by:
a(p)|a(x).Q == Qlp/x]
P—, P = (vn)P —y (vn)P’
P—;P = P|Q—:P|Q
P=Q&Q =, Q &Q =P = P—,P
2. We define— » (lazyreduction) as—, but do not allow reduction inside closed
process

Notice thata(b,c) |a(x,y).Q —x Q[b/x,c/y].
The following notions are standard, and of use:

Definition 4. 1. We writeP | n (P outputs om) if P = (vby ...by) (71(p) | Q) for
someQ, wheren # by ... by,.
2. We writeP |} n (P will output onn) if there existsQ such that” —3 Q andQ | n.

3. We writeP C. Q (and callC. the contextual orderinyif, for all contextsC|-],
and for alln, if C[P] | n thenC[Q] |} n.

4. We writeP ~¢ Q (and callP andQ contextually equivaleptf and only if P C; Q
andQ C. P.

5 Lazy reduction can be seen as similar to garbage collectinoe it ignores processes that are
silent,i.e. produce no visible output.



Thert-calculus is equipped with a rich type theory [24]: from tleesic type system
for counting the arity of channels [22] to sophisticate@éntypes in [17], which studies
a relation between Call-by-Valueu [21] and a lineart-calculus. The notion of type
assignment we use here (first defined in [4]) differs fromesyst presented in the past
in that types contain no channel information, and in thatfiressegmplication, i.e.has
functional types and describes thepgut-output interfaceof a process.

Definition 5 (Types and Contexts). 1. Typesare definedbyA,B ::= ¢ | A—B
whereg is a basic type of which there are infinitely many.

2. A context of inputg’ is a mapping from names to types, denoted as a finite set of
statementsi: A, such that thesubjectof the statementsi are distinct. We write
I;, T, for the compatibleunion of I; and I (if n:A; € Iy andn:A, € I, then
Ay = Ap), and writel', n:A for T, {n:A}.

3. Contexts obutputsA, and the notioné, A, andn: A, A are defined similarly.
So, for the context, n: A, we haven:A € T, orT is not defined om.

Definition 6 (Context assignment forrt [4]). Type assignment forr-calculus is de-
fined by the sequent systém

©:grra O % (0ud: 2y TobAr ad A 7Y

v):) Im (pair-oud = 7, 3T b:A+ a:A—B,c:B, A (fﬁf?)
P:T,y:BFx:A,A .

(’) : & 1qp}1_|,A, . |pn . :T_Ar -2 (lef) : let(x,y) = z’i]:P : F]fz:;l—>B FA (y,ngrA,)

P:T'FA
As usual, we writeP : T' I A if there exists a derivation using these rules that has this
expression in the conclusion.

Notice that theinput-output interface of ar-processproperty is nicely preserved
by all the rules; it also explains how rules show that the liagdf arrow types is
restricted by the type system to the ru(ést) and(pair-oud.

The above system is not trivial, since the process

(veb) (x(w).c(w) |c(v,d).(1b-v|d=a)| ! Tx[b)

(the interpretation of thd-term xx as defined below) is not typeable: the left-hand
would need the typ&l — B, and the right-hand the typeA; x can only havenetype,
andA— B and A cannot be unified.

Example 7.The following rule is derivable:

P:T,y:B g x:A A

enver
(pairn) b Taasp i a o EA T ET)

6 Notice that type assignment is classical in nature. ot intuitionistic), since we can have
more than one conclusion.



We leave the exploration of the logical contents of thisesystor future work.
The main soundness result for our notion of type assignnoent fs stated as:

Theorem 8 (Witness reduction [4]). If P: T 5 AandP —, Q,thenQ : T 5 A.

2 The A-calculus andAx

We assume the reader to be familiar with thealculus and just repeat the definition
of the relevant notions. We will look in particular at BloodaRose’s calculudx [8], a
version of theA-calculus withexplicit substitutionand show our results forx; since
Ax implementsB-reduction, this implies that we also show our results fommal 3-
reduction (with implicit substitution).

Definition 9 (Lambda terms and B-reduction [7]).
1. The setA of A-termsis defined by the grammaiM, N ::= x | Ax.M | MN.
2. The reduction relation> s is defined by: ML — NL

(B): (Ax.M)N — M][N/x] M—-N={LM — LN
Ax.M — Ax.N

where M[N /x| is the (implicit) substitution ofN for x in M, which takes place
immediately and silently.

3. Lazyreduction— for the A-calculus [3] is defined by limiting- to:

(Ax.M)N — M][N/x] M—- N = ML — NL
4. Spinereduction—s for the A-calculus is defined by limiting- g to:
ML — NL
(Ax.M)N — M][N/x] M—N = {Ax.M e AxN

We now presendx, a version of thel-calculus withexplicit substitutionExplicit
substitutionA-calclulus treats substitution as a first-class operatmt describes all the
necessary steps to effectuate a substitution. It intragltioe concept of substitution
within the syntax, making iexplicit, by addingM (x := N):

Definition 10 (c.f. [8]). The syntax of thexplicit lambda calculugx is defined by:
M,N == x| Ax.M | MN | M{(x:=N)

The notion of type assignment oix is a natural extension of Curry’s system for
the A-calculus by adding rulécut).

Definition 11. Using the notion of types in Def. 5, type assignmenti¥wis defined by:

IxxAFyM:B TH,N:A
'y M{(x:=N):B
IxxAFy, M:B 'y M:A—B THF,N:A

(—=E)

'y Ax.M: A—B ' ', MN:B

(AX): T A, x: A (cut)

(—=1):




Explicit substitution describes explicitly the processexkcuting as-reduction,
where the implicit substitution of thé-reduction step is split up into reduction steps.

Definition 12. The reduction relation»y on terms inAx is defined by the following
rules:

(Ax.M)P — M(x:=P) ML ~ NL
(MN)(x:=P) — M(x:=P)N(x:=P) LM LN
(AyM){(x:=P) — Ay.(M(x:=P)) 1 N —~ M v Ax.N

x(x:=P) — P M{x:=L) — N{x:=L)

ylx:=P) =y, y#x L{x:=M) — L{x:=N)

Since the main rules have no critical pair, reduction is aanrft.

Notice that these rules allow reduction to take place alsiol@the substitution term,
as expressed by the last rule.

The following is straightforward:

Proposition 13 {x implementsg-reduction). — M —g N = M —¢ N.
— If M is a pureA-term andM —« N, then there existé such thatN —* L and
M —>E L.
We will show our main results foix; sinceAx implementsB-reduction, we also
show our results for normg-reduction (with implicit substitution).

3 Context and background of this paper

When interpreting thel-calculus into therr-calculus, we are faced with the need to
introduce replication, and thereby possible non-ternmato encode thg-reduction
rule (Ax.M)N —g M[N/x] in the r-calculus, implicit substitution has to be mod-
elled, for which replication has to be used. Remark that camioation in ther-
calculus takes place one-at-the-time, so we are forcedaafgphow to deal with the
distributive character of implicit substitution by split it up into single steps, much
in the spirit of explicit substitution.

Sincea priori the required number of copies neededNfis unknown, the sub-
stitution of N for x in M has to be modelled using replication. The interpretation
of M[N/x] itself is the result of running the interpretation pfx.M)N; since no
step inst introduces replication, also in the latter the interpietaiof N must ap-
pear replicated. If we naively define (as Milner, interprgtunder input] MNJa =
(ve) ([M]c|(vz) (¢(z).c(a). [ N]z)), the interpretation of a redeidx.M)N runs to
(vx) ([M]a]| {[N]x) (which can be seen to represévitx := N)). This now creates a
termination problem[ N]x can run in infinitely many copies, each possibly exposing
observable behaviour, which introduces a form of non-teatidon and no longer sim-
ulates the interpreted term, and since thealculus has no notion @frasure this will
always leave a non-terminating part. Moreo\lg¥] x is free to start running,e. runs
during the substitution, before communication owearealises that substitution.

Milner's encoding blocks the running dff N]x by placing a guard, making the
synchronisation over the deblocking action, resulting in his encoding of thealculus
into the (synchronous, monadig}calculus as defined by:



Definition 14 (Milner’s encoding [19]). The inputbased encodin@f A-terms into
thesynchronoust-calculus is defined by:

[x]"a & x(a) x#a
[Ax.M]Ma & a(x).a(b).[M]"b b fresh
[MNMa & (ve) ([M]"c|(vz2) (e(z).E(a). [x := M]")) c,z fresh
[x =M™ & Ix(w).[M]Mw w fresh

But blocking the encoding of operaidin an applicatiomIN from running comes
at a heavy price: no#-reductions that occur in the operand can no longer be migdick
Combined with using input to model abstraction, this makes & redex can only be
contracted if it occurs on the outside of a term (istibyeredex): the modelled reduction
is lazy. The main correctness result Milner shows is:

Theorem 15 ([19]). For closedM, eitherM T and[M["u T, or M — Ay.R[N/x],
and [M[Mu —% (7%) ([Ay.R]"u|[x:= N]") .

A substantial body of research on the relationship betweealculus andt-calculus
followed from Milner's seminal papetdnput-based interpretations of the-calculus
have become thde factostandard, and have also been studied by Sangiorgi [23, 24],
but in the context of the higher-ordearcalculus, by Hondat al.[17] with a rich type
theory, and by Thielecke [25] in the context of continuaji@ssing style languages.

For many years it seemed that only lazy reduction could beesgmted. However, in
[5] we presented #gical, output-basednterpretation”- i - that respectsxplicit spine
reduction—s; it also shows thagxplicit lazy reduction—, is modelled by Milner’s
encoding (see [5] for details).

Theorem 16 ([5]). If M —, N, then[M]"a —} [N]"a.

which gets shown for any two terms in the relatiex,, not just for closed terms. But,
in fact, for closed terms it shows the stronger result:

Corollary 17 ([5]). If M is a closed\-term such thaM —y_ (Ay.R)(x:= N), then
[M]"a —% [Ay.R]"a|[y:=N]"

which is exactly Milner’s result, but stated usiagplicit substitution, thereby avoiding
the problem of how to read (the highly ambiguong)R[N / x].

Deviating from Milner’sinput based-encoding [19] where the abstractionM is
interpreted via an input channelthat guards the encoding &, in [5] we introduced
an interpretation that completely reverses this view: th&tractionAx.M gets inter-
preted via an asynchronoositputwhich will leave the interpretation of the bodyl
free to reduce, if possible.

The interpretation defined in [5] is:
Definition 18 (Spine interpretation [5]).

Txfa & x(w).a{w)
TAx.Mfa 2 (vxb) (TMFb|a(x, b))
TMNFa 2 (ve)(TMFc|c(b,d).(\TNFb|d=a))
A

TM{(x:=N)fa £ (vx)(TMFa|!IN}x)



This interpretation is based on the relation between NaReduction (Intuitionis-
tic Logic here) into the Sequent Calculus( as defined by Gentzen [13], interpreting
terms undeputputrather than undeinput and using ther-calculus with pairing.

In order to make sure that the interpretation is well behawedmake specific use
of a~b [24]7, which is a process that forwards a message from chartoei.

Although the main objective for this interpretation was how the preservation of
type assignment, we also could show that it preserves nolgjess reduction, but also
the larger notion of spine reduction.

Theorem 19 ([5]). 1. If M T thenTMFaT, and if M —xs N, thenTMFfa —F~c
TNFa.
2. If Ty M: A, thenTMFa: T b a:A.
Building on this interpretation, the interpretatidn; - we present below will im-

prove on this result, in that we encode not only explicit sgieduction, but full explicit
reduction, and thereby also fytreduction.

4 A semantic interpretation of A-terms for —, and —g

We will now define our full interpretatiof: | - of the A-calculus (with explicit substitu-
tion) into therr-calculus.
Our interpretation, where we name the output of terms, imddfby:

Definition 20 (Full logical interpretation).

Txja 2 x(w).a(w)
TAx.Mfa 2 (vxb)(TM{b|a(x,b))
TMNfa 2 (vecb) (TMic|c(v,d).('b»v|d~a) | ! TNb)
TM(x:=N)fa £ (vx)(TMfa|!TNfx)

Notice that the main difference with respectftq - is the synchronisation in the in-
terpretation of the application; whef@/INa containsc(v,d).(!b+v|d-a)| TN{b,
TMN{a hasc(v,d).(!TNfv|d~a), where the received input name is used directly for
the interpretation oN, which gets placed undémput

The replicated term in the interpretation of the substitutis intentionally not
guarded, so can run on its own; this in contrast to the cagdifoer’'s encoding, where
it is guarded vidnput, this is intentional: we aim to interpréix, where substitution is
explicit, and reductions are allowed to take place ingithie M(x := N).

In particular: — we see a variable as aninput channel, and we need to retransmit its
input to the output channelthat we interpret it under;

— for an abstractiolx.M, we give the namé to the output ofM; that M has input
x and output gets sent out over — the name oflx. M — so that a process that wants
to call on this functionality, knows which channel to send thput to, and on which
channel to pick up the result;

7 We usea~b for auxiliary forwarders generated by the interpretatiand x (w).a(w) for the
interpretation ofc under the channel nanae



— for an applicationM N, the output ofM, transmitted ovec, is received as a pair
(v,d) of input-output names in theynchronisation celt(v, d).(!b-v|d-a); the re-
ceived inputv name is used to redirect the output f§rarriving overb (since N b
gets replicated, so doés v), enabling the simulation of substitution, and the reagive
output namel gets redirected to the output of the application

— substitution is implemented via two parallel processesciivill communicate if
necessary, effectuating the substitution.

— all interpretations of terms have only one free output name.

— since we aim to represeall reductions taking place inside an applicatidiN, we
need to expresBM N a in terms of TM b and TN f ¢, where neither can appear under
aninput since that would imply that reduction would be blocked,sathé case for the
traditional approaches.

— Our interpretation generates a highly parallel implemigonieof A-terms, with no
nesting at all; the processes we generate are, esserdiély,parallel composition of
components like

x(w).a(w) b(v,d).(la~v|d=c) a(y,b)
using replication where needed. Moreover, we model exidistitution via the com-

munication of two processes, so can faithfully take intooaiedt all steps of reduction
in the explicitA-calculus Qx [8]) as well.

To underline the significance of our results, notice thainkerpretation is not triv-
ial, sinceAyz.y and Ax.x are interpreted byvybzb,) (y(w).by (w) | b(z, b1) | a(y, b))
and(vxb) (x(w).b(w) | a{x, b)), respectively, processes that differ undey.

Even though our interpretatioh- |- is fundamentally different form the one we
presented in [5], we can still show that typeability is presef:

Theorem 21 (- - preserves Curry types). If T -y M: A, thenTMfa:T b a:A.

Example 22.The interpretation of a redex reduces as:
M(Ax.P)Qia A
(veb) ((vaby) (TPLby |€(x, b)) | c(o,d).(1b-v|d~a) | 'TQFb) —7 (c)
(vbxby) (TP{by | 1b-x | by~a| ! TQLD)
Since reduction irkx implements3-reduction by at least performing this step, this
implies that we model eagbrreduction step by at least omereduction.

We will now show that our interpretation fully respects thglécit reduction—y,
modulo contextual equivalence, using renaming of outpendrning is defined and
justified via the following lemma, which states that we cafelyarename the output of
an interpreted.-term.

Lemma 23 (Renaming lemma). (va) (a-e|TMfa) ~c TMfe.

8 Although we are interpreting an intuitionistic system, fineof of this result strongly depends
on the multi-conclusion character 6f.



Using this lemma, we can show that:
(vbxby) (TM{by | 1b=x|by-a| ! TNfb) ~c (vx)(TMfa|!TN{x)

which justifies the last case of Def. 20.
SinceTM (x:= N)fa placesTMfa and TN fx in parallel, we can even show that
the Ax-variant of the Substitution Lemma is preserved:

Lemma24. TP{y:=Q)(x:=R)fa = MP(x:=R){y:=Q(x:=R))fa.

As in [19, 24], we can now show a reduction preservation tdsulfull explicit
reduction forAx, by showing thaf'- |- preserves—, up to~c. As for Thm. 16, we do
not require the terms to be closed:

Theorem 25. M — N = TMja ~c TNfa.

SinceAx implementsB-reduction, faithful to the principle we introduced, we can
show the two criteria as mentioned in the introduction:

Theorem 26 (Operational Soundness for4). 1. M —>;§ N = Mfa ~¢ TNfa.
2. Mt = TMfat.

The first is shown by induction using Thm. 25; the second fedlérom Ex. 22.
The next example illustrates that we can now model more gmanreduction.

Example 270 (Ax.(Az.(Ay.M)x))Nfa A=
(veb) ((vaby) (TAz.(Ay.M)x[ by | 2(x, b1>)| c(v,d).(\b»v|d=a)| ITNEb) == (c)
(vb) (vxby) ((vzby) (verbs) ((vyba) (TMEby | e1(y, ba)) |

(

€1(0,d). (10320 | d+ba) | Txibs) [ Br(z,ba)) | 10+x[by-+a)| {INED) =5 (1)
(vb) (vxby) ((vzby) (vbs) (vybs) (TMiby | 13>y | bs=b2) | 1Txybs) |

by (z,b)) | 'b»x|b1»a)| ITNfD) s (by)
(vzba) (vybs) (TM by | bs~bs |

(vbxbs) (1b3>y | 1T fbs | 1b-x| 1TNSD)) | (2, b2)) ~c (b,x,b3)
(vzbo) (vybs) (TMby | by+by | {TNTy) |a(z, b)) ~c (bs)
(vzby) ((vy) (TM by | 'TNTy) |a(z, b)) L MTAz(M(y:=N))fa

Since~c is symmetric, Thm. 26 immediately gives tht; - preserves=g up to
~¢, Which states that our interpretation gives, in fact, a sgiosfor theA-calculus:

Corollary 28 (Adequacy).If M =g N, thenTMfa ~c TNfa.
This property gives a proof for operational completeness fo

Theorem 29 (Operational Completeness for+g and —). 1. Let M be a closed
term inAx. If TMfa —, P then there exist® € Ax such that”? ~c TN{a, and
M —¥ N.
2. Let M be a closed pura-term. If TMfa —, P then there exist& € A such that
P ~c INfa, andM —; N.



Since renamings can be executed for abstractions, we cargewneralise this result
for lazy reduction—, [3] and explicit lazy reduction-y,_ [5] on closedA-terms:

Theorem 30. Let M be closed. Then
1. M =y Ay.M' (x:=N), thenTMfa —* (vx) (TAy.M'fa| TNfx).
2. M —, Ay.M'[N/x], thenTMfa —% (vx) (TAy.M'fa| TNfx).

Notice that we hereby generalise Milner’s result [19, 24].

As for full abstraction, we would need to shawW ~} N <= Mfa ~¢ Nfa,
for some equivalence relatioa) on A-terms. We have seen that is not the correct
candidate for this relation, but it seems thagt (which equates terms that have the
same Bohm tree) is suitable; we will investigate this irufetwork.

We cannot showif TMfa ~c TNfa, thenM =g N” (i.e. completeness), since
different unsolvable terms likéAx.xx)(Ax.xx) and (Ay.yyy)(Ay.yyy) are notpB-
equivalent, but are contextually equivalent; their intetations undef- |- also never
exhibit an output (see the third example in Ex. 34).

To illustrate the expressiveness of our interpretationnos give some examples:

Example 31.First, we can run in the right-hand side of an application:

M(nfa 2 (veb) (Tifc|c(v,d).(b~v|d=a) | TTI{b) =4
(veb) (TIfc|c(o, d).(1b+v|d=+a) | (veiby) ((vzby) (Tzfby | €1z, b2)) |
c1(v,d).(1by»0|d=b)| 1 T1fby) | 1 T(Az.2)Ifb) — (c1)
(veb) (T1fc| c(o,d).(1b~v|da) | (vby) (vzby) (2(w) By (w) | th1+2 | byb) |
(vybs) (Tyibs | b1y, ba)) | 1T150y) | 0TI )  —a bz b)
(veb) ((vxbs) (Txfbs |e(x, bs)) | (v, d). (1b+0 | d=a) | (vybs) (Tyfbs | By, bs)) |
(vb12) (1by >z | tTIby) | 1 TIID) s (c)
(vb) (vxbs) (x(w).bs(w) | 1b-x | bs~a) | (vybs) (TySbs| By, bs)) |
(vby2) (1by >z | ! TIby) | 1 TIISD) —sx (b, x,bs)

(vybs) (Tyfby |@(y, by)) | (vbr2) (1by+z | 1TIEby) | (vbx) (1b=x | 1TIIb)  ~c TIfa

Notice that we had to spawn a copy of the replicated righglrsde first. So we
indeed model more than just lazy or spine reduction.
The interpretation of an unsolvable term has no observalifeut:

TAAfa 2 (veb) ((vxby) (Txxfby |T(x,b1)) | c(v,d). (10> | d=a) | \TASD) =7 (c)

(vb) ((vxby) (Txx by | tbx|by=a) | tTALD) =24
(vh) ((vxby) (verb) (x(w) 1 (w) |1 (0,d). (1br+0 | d+by) | Tx[by) |

b-+x | by-+a) | (vybs) (Tyyibs | By, bs)) | 1TALD) — (b,%)
(v0) ((vxbr) (verba) (vybs) (Tyy s [ er (v, bs)) |

c1(0,d).(1by+0|d=by) | 1Tx[by) | tbx|by>a) | 1TASD) A
(vb) ((vaby) ((verby) (TAF e | B

c1(0,d).(1by+0 |d=by) | 1x(w).by(w)) | 1b>x | by=a) | 1TASD) ~c (b,x)
(by) ((verby) (TAf ey | e1 (o, d).(1ba»v|d=by) | by+a| 1TALb) ~c (by)
(verby) (TAfer | ¢y (o, d).(1by>0 | d=a) | 1TAf ) L TAAfa

This example shows that the interpretatiom\df reduces in more than one step to
an equivalent process, without exhibiting an output aver



5 Termination for spine reduction

Since through’ - |- we interpret fullAx-reduction, we explicitly want the interpreta-
tion of N to be runnable in the interpretation M N, as well as in the interpretation
of the substitution termM (x := N), so we are forced to introduce potential infinite
computations, whereas the correspondingrm might be terminating.

For the spine interpretation, this is relatively easy to fixgtacing a guard on the
replicated term, similar to what is done in Milner's encaglisee [6] for details. We
cannot use that approach here, since it would invalidaterain representation result.
We can, however, show termination for spine reduction ferititalculus, whilst limit-
ing reduction for thet-calculus to lazy reduction as welle. by limiting 7z’s notion of
reduction by not allowing reduction to take place in a terat thas no visible output.
This corresponds to the solution for termination of the espntation of computable
functions in theA-calculus, as mentioned above.

To illustrate this, consider the interpretation of the tévixix := N) (i.e.the process
(vx) (TMFa | !TN{x)), and notice that INfx = TNFx|---|INFx|! TNFx. Now
in casex appears inV1, only finitely many of thel N § x will eventually communicate
with the x (w).b(w) that appear in the interpretation d. Once these communications
take place, the receivings will have disappeared, and we obtain a process of the shape
P|(vx) (! TNTx); since each interpretet-term hasat most onevisible output (the
name it is interpreted under), in this casewhich is restricted, the replicated term
becomes unobservables. equivalent tcD.

Example 32.We can safely remove infinite computations that no longetrdmrte to
the output:

[l>

T(Ax.I)(AA)fa

(veb) ((vxby) (TIby [E(x, b)) | c(v, d).(1b>0v | d=a) | ITAASD) —x (c)
(vbxby) (T1fby | 1b+x|by~a | I TAAFD) =

(

vby) (T15by | by+a) | (vbx) (1bx| tTAALD) ~c
(vx) (TIfa| 1TAASx) =
T1fa|(vx) (1 TAASx) ~c Tifa

So when running the interpretation of a terminatingerm, this results in a process
where the only possible reductions take place-a&tions, inside terms with restricted
outputs, that are contextual equivalent to the process inohwthese parts are removed.

And in fact, we can show:

Theorem 33. 1. If M —} N, thenTMfa ~¢ TNfa.
2. Mls, thenTMfadir.
3. MTs, thenlMfaTur.

As a counter example for full reduction, consider the follogwreduction:



Example 34. TAx.x(II)fa 4
(vxb) ((vchy) (Wxﬂc| c(v,d). 'b14>v|d4> ’ '”Hﬂbl)’ a(x,b)) =4
(vxb) ((veby) (Txjc| c(o, d) .(!b1»v|d» | (verby) ((vzbs) (Tzfbs | T1(z, b3)) |

(

&1 (v, ><'bz»v|d»bl>| T1§b,) | !ﬂ(Az.z>mFb1>|a<x,b>> —n (c1)
(vxb)((vcbl)(”xﬂc’ (0, d).(1by 0| d=b) | (vba) ((vzb3) (z(w).b3 (w) | 1by>2 | b3~by) |

H(vybs) (Tyibs | Ba(y, bs))) | L TTIEDy) |@(x, b)) —n (b2, bs)
(vxb) ((veby) (Txfc | (v, d).(1b1~v | d=a) | TIfb; |

(vbyz) ( 'b2»z|'”1ﬂb2 ]vmﬂbl)] a(x, b)) ~c
(vxb) ((veby) (Txjc| (o, d).(1by»v | d=a) | TLfby | (TILSby) |@(x,0) ~c (-
(vxb) ((veby) (Txfc| (o, d).(1by~v | d=a) | 1TIfby) [a(x, b)) A MAxxIfa

Notice that we have reduced here under a bound rigneo the reduction inr is not
lazy, and the reductiofx.x (1) — Ax.xI is not a spine reduction.

Moreover, the notion of type assignment we defined abovéeatihis: sincd N fx
has at most only one visible output (whichdy the procesévx) (!TNfx) hasno visi-
ble output, and can therefore be typedby) (!TNjx) : T I ,i.e.with an empty right-
hand context; this means that the type system is capabla@iziitng those processes
that can be ignored and stopped from running, which coulddes dor a type-based
reduction. We leave this for future research.

Conclusions and Future Work

Our research focusses on the expressive power ofrtbalculus, which has proven to
provide a conceptual abstraction to understand passingtprinformation and mod-
elling mobile systems. Moreover, it has been shown that incjgle (limited) func-
tional and objective programming languages could be deeeld24]. With the body
of our work, we have also shown that thecalculus can give computational content to
the implicative fragment of the Intuitionistic Logic thrgh its related calculus, where
cut-elimination corresponds to a computational step, auithestrictions.

We have found a new, simple and intuitive interpretatiorhg@&rms inst that re-
spects explicit reduction, and encompasses Milner’s ladyction on closed terms. We
have shown that, for our context assignment system thathiségpe constructor for
7t and is based on classical logic, typeableerms are interpreted by our interpretation
as typeabler-processes, preserving the types.

By the nature of our interpretation, where &lterms are interpreted as a flat parallel
composition ofx(w).a(w), b(v,d).(la»v|d-c), anda(y, b), it is clear that the inter-
pretations of a variablein a termM occur in parallel as (w). a7 (w) | - - - | x (w) &, (w)
inside "M a; it seems plausible to usggoadcast communicatidi4] — this would also
solve the problem of termination. We will investigate thmduture work.

We will also look on how to extend our results to a full equérate relation on the
A-calculus that interprets-terms by their Bohm tree; we expect to be able to show a
full abstraction result with respect to this relation.

The next naturally arising issue is to understand what tterpnetations we pre-
sented here tell us about either the interpreted calcutherc-calculus itself. For one,
we need to focus on the notion of type assignment we have @&seddnd study it in its
own right, especially its relation with logic.
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A Proof of the main results

Theorem 21 If T ), M: A, thenfMfa: T b5 a:A.

PrROOFE By induction on the structure of derivationstin; notice that we use im-
plicit weakening.

(Ax) : ThenM = x, andl’ = I/, x:A. Notice that"xja = x(w).a(w), and that

N T - (ou)
aw) : T, w:A b a:A, w:A

- (in)
x(w).a(w) : T, x:A b a:A

(—1): ThenM = Ax.N, A = C—D, andl, x:C I, N : D; by definition,fAx.Nja =
(vxb) (TN{b|a(x,b)). Then, by inductionD :: INJb : T, x:C 5 b:D exists, and
we can construct:

D
\”NﬂFb ‘T, x:Chy b;D/ a(x,b) : x:C b a:C—D, b:D
INfb|a(x, b) : x:C b a:C—D, b:D
(vb) (TNIb|a(x, b)) : T, x:C b a:C—D
(vxb) (TNJb |a(x, b)) : T b a:C—D

(pair-out)
()

(v

v

(—E): ThenM = PQ, and there exist8 such thaf -, P: B—A andT' +, Q:B,
and TPQfa = (vcb) (TPic|c(v,d).(1b+v|d~a)|!TQIb). By induction, there
existD; :: TPfc: T b c:B—A andD, :: TQ[b : T k5 b:B, and we can construct:

- (out)
o(w) : T, w:B b5 v:B,w:B, A
(in) = (ouf)
b+v: b:B b v:B ' a(w) :T,w:A b a:A,w:A N
(1 in
'b+v : b:B b5 v:B ) d-a:d:Ab a:A (in)

1b-v | d»a:T,b:B,d:A &5 v:B,a:A (0
R

IPic T e cBoA c|(v,d).(!bﬂ>v|d»a) : lj,b:B,c:B—>A B a:A rQib T by biB |
ITPfc:Th c:B—A : IMQfb:ThH b:B
tTPfc|c(v,d).(1b+v|d=a)| {TQIb : T,b:B,c:B—A b c:B— A, a:A w

(b) ({TPic|c(v,d).(1b>v|d=a) | ! TQfD) : T,c:B—A b c:B—A,a:A

(veb) (”Pfc|c(v,d).(!b»v|d»u) ’ (TQIb) : T a:A

(v)

v

(cut) : ThenM = P(x:=Q), andI,x:B+F, P: A andTI -, Q: B for someB, and,
by definition, TP (x:=Q)fa = (vx)(TPfa|!TQfx). By induction, there exist



Dy ::TPfc:T,x:B b a:AandD, :: TQfx : T b x:B, and we can construct:

\ Dy / TQfx:T bk x:B '
TPfa:T,x:Bha:A !TQIx:Th x:B
TPfa|!TQfx:T,x:B tx x:B,a:A (0
(vx)(”PJFa| (MQfx): T h a:A @) 0

The following lemmas state some basic properties on presdhsat are relevant to
our results.

Lemma 35. The following are admissible.
1. [P =!P|!P.
2. (va) ((vb) (Q|R)|'P) = (vb)((va)(Q|!P)|(va)(R|!P)) provideds isthe name

of the only (private) channel that is used betwé&gand P, and betweerR and P
(in one direction only).

3. (vx) (ITNfb | 1TPfx) ~c !((vx) INSb| ITPfx).
PROOF. Easy. ]

Lemma24 P(y:=Q)(x:=R)fa = P(x:=R)(y:=Q(x:=R))fa.

PROOF  [P(y:=Q)(x:=R)ja A
(vx) ((vy) (TPfa| 'TQfy) | TR x) =
(vxy) (TPfa | !1TQfy | ITRx) = (35(1))
(vxy) (TPfa | 'TREx| (TQfy | TR x) =
(vy) ((vx) (TPfa | 'TRx) | (vx) ('TQIy| !TRfx)) = (35(3))
(vy) ((vx) (TPa| 'TR{x) | !(vx) (TQfy | !TRfx)) =
(vy) ((vx) (TPfa| TREx) | 1TQ (x:=R)[y) A
(vy) (TP{x:= R)fa’ 'M(Q{x:=R))iy) A
TP (x:=R) (y:= Q(x:= R)){a 0

Theorem 25 M —y N = TMfa ~¢ TN {a.

PROOF By induction on explicit reduction.

(Ax.M)P — M(x:=P) : [(Ax.M)Pfa A
(veb) ((vaby) (TMiby |€(x, b1)) | c(v,d).(1b=v|d=a) | {TPfb) ~c (c)
(veb) (TM[by | tb+x |by»a | {TPfb) ~c (vx)(TMfa|!TPfx)



x
vx) (TMNfa| {TPfx)

(
(vx) ((veb) (TMic|c(v,d).(

!b»?} | d»a) | 'HNH

:=P) = M(x:=P)N(x:=P) : [MN (x:=

P)fa

| WPHX)
TN

(veb) ((vx) (TMfc | !TPfx) | c(v,d).(1b+v|d~a) |( x) (!

—~
<
a
1y
~—~
—~
<
=
o —
=
.o =l
=<
En
o
=
~
b
\_/
/\
=
Q..

: =P)fa
(vx) (x(w).a(w) |WPﬂx| M
TPia|(vx) (!TPfx)

)|aly, b)

Pix) ~c (23) (vx)
TPf
(

~c

).(1b>v|d-a)| TN (x
'b»v’d»a | 1IN (x:= )

— Ay.(M(x:=P)) : [(Ay.M) (x:=
bIE(y, b)) | (MTPfx)
bl

(
(

U‘
~—

P)fa

=1 e

‘éﬂ
= 1l

/\ﬁ/\
w g

w

~
Il
m

)

N~—

My.M(x:=

A (vx) (Txfa| !TPfx)
TPfa| {TPfx)

y(x:=P) »y,y#x: [y(x:=P)fa & (vx)(Tyfa|!TP{x) =

Tyfa|(x) (1TPfx) ~c

M — N = ML — NL: TMLf
(veb) (TMic|c(v,d).(1b+v |d=a)| ! TLIb)

[Tyﬂ':

1a A

(veb) (TNfe|c(v,d).(1b»v|d=a)| ! TLIb)

A
M—> N=LM— LN:TLMfa A

(veb) (TLfc| c(v,d).(1b~v

(veb) (TLic|c(v,d).(1b+v
M — N = Ax.M — Ax.N :

(vab) (TNfb|a(x, b)) &

M — N= M(x:=L) - N(x:=L):
(vx) (TMfa| !TLfx) ~c (IH)

M — N=L{x:=M) = L(x:=N):

(vx) (TLfa| {TMfx)

|d~a) | TM{D)
|d-a)| ITNfb) 2

TAx.Mfa £ (vxb)(TM{b|a(x,b))

TAx.Nfa

M (x:=L)ia

(vx) (TNfa| !TL{x)
ML{x:=M)Ja

~c (IH) (vx)(TLfa[!TNfx)

> Do A

W N
\-/\_/
Nt

~—
~—

P)ia

~c (lH)



