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Abstract. We define a compositionaloutput-based interpretation of theλ-calculus
with explicit substitution into a variant of theπ-calculus with pairing, and show
that this interpretation preservesfull single-stepβ-reduction (i.e. not just open
applicative bisimilarity) with respect to contextual equivalence. For this interpre-
tation, we show the customary operational soundness forβ-reduction, adequacy,
and operational completeness; using a notion of implicative type-context assign-
ment for theπ-calculus, we also show that assignable Curry types are preserved
by the interpretation. We finish by showing that terminationis preserved for spine
reduction with respect to lazy reduction for theπ-calculus.

Introduction

The π-calculus and its dialects have proven to give an interesting model of compu-
tation. Encoding of variants of pure [19, 24, 23, 5] and typed[17] λ-calculus [9, 7] and
object oriented calculi [15, 24] have been shown. Also, various encodings of calculi that
represent classical logic have been recently proposed [17,4, 10]. In this paper we inves-
tigate the expressive power of the asynchronousπ-calculus [19] extended with pairing
by showing a new compositional semantic interpretation ofλx, the explicit substitution
λ-calculus [1, 8] that fully respectsfull single-step reduction; through this result we will
show that our interpretation gives a semanticsfor theλ-calculus.

The advantage of considering the explicit substitutionλ-calculus rather than the
standard implicit substitution of theλ-calculus as considered in [24] was already argued
in [5]. In that work we showed that communication in theπ-calculus has a fine semantic
level of granularity that ‘faithfully mimics’ explicit substitution, rather than implicit
substitution; we stress this point again with the results presented in this paper. Our
interpretation encodes not justlazy reduction [3], but also underλ-abstraction, inside
the right-hand side of an application and inside the substitution, thereby generalising
previous results [19, 24, 23, 5].

As is usual with semantic interpretations, we test the correctness of our interpreta-
tion by focussing on the two main criteria:

Preservation of observations:If M terminates, then every computation of[[M ]] (a
process) signals “completion” to other processes in some manner.

Preservation of divergence:If M does not terminate, then no computation of[[M ]]
signals completion.



These two criteria are arguably the main properties that have to be shown for an
interpretation, but there are many more that one could demand to hold, like preservation
of compositions, of reduction steps, of termination, of simulations, of equivalences, etc.
But, since the notions of reduction vary greatly between various calculi, it comes as no
surprise that normally not all these properties are provable for any given interpretation.
For example, the preservation of termination “if M terminates, then so does[[M ]]” is
not automatically preserved.

Note that preservation of termination is not an issue when defining a semantics. For
example, when representing the computable functions into the λ-calculus: to encode
recursive functions a fixed-point constructor is used likeλ f .(λx. f (xx))(λx. f (xx)),
which already on its own does not terminate, leaving interpreted functions with non-
terminating parts1. This could be solved by enforcing a reduction strategy on the target
language, typically via lazy reduction, but at the price that, for example, Church numer-
als no longer are a good interpretation for numbers. It should be clear that this does not
imply that theλ-calculus is not a proper model of computation, so termination is not a
decisive criterion on the suitability of an interpretation.

And in fact, as also stated by Clinger [11]:

“ the formal semantics of a (. . . ) programming language may itself be interpreted
to provide an (inefficient) implementation of the language.A formal semantics
need not always provide such an implementation, though, andto believe that
semantics must provide an implementation leads to confusion ”

Remark that completion does not equate to termination; completion gets signalled
via an observable action, likeoutput, after which computation can continue, whereas
termination implies that computation will eventually halt.

Milner checks precisely the two criteria above for his interpretation of the lazyλ-
calculus [19] (where reductions are not allowed to take place under theλ-abstraction,
nor in the right-hand side of application); Milner also considers an interpretation that
respects call-by-value reduction. Sangiorgi and Walker [24] extended Milner’s results
also by showing that alsotermination is preserved; this is achieved mainly because
each reduction step taken to reach the lazy normal form corresponds to a finite number
of communication steps in theπ-calculus, and in the created process

(νx([[λy.R]]M u | [[x := N ]]M ) = (νx(u(y).u(v).[[R]]M v | !x(w).[[N ]]M w)

no communication is possible inside[[R]]M v or [[N ]]M w, since these are placed under
input; this result comes, therefore, at the price of restricting the interpreted reduction
on λ-terms to the large-step reduction to normal form of thelazyλ-calculus.

Milner’s encoding does not respectstep-by-steplazy β-reduction (see also [5]), but
rather large-step reduction, that reduces to lazy normal form directly2; therefore, not all
individual reduction steps are modelled. The focus of Milner and later results has been
the correspondence/relation betweenobservable behaviourin the lazyλ-calculus and

1 For example, since the factorial functionfac is defined recursively, theλ-term that represents
fac 3 has an infinite reduction path (inside the fixed-point constructor) that does not emit any
result, as well as the normal form6.

2 This seems to be an accepted, common fact: also Sangiorgi [23] limits reduction to lazy large-
step reduction.



theπ-calculus. In this setting, the problem offull abstractionis formulated towards an
equivalence onλ-terms that is notβ-equivalence, but throughapplicative bisimilarity:
this has the advantage that all unsolvable terms are equated. The main result is stated
asM ≈λ

c N ⇐⇒ [[M ]] ≈π
c [[N ]], which formulates that if twoλ-terms have the same

observable behaviour, then so do their interpretations inπ, and vice-versa.
Also the interpretations we defined in the past [4, 5] do not model full reduction;

this is directly caused by the fact that those interpretations place terms underinput
(the operand in an application, to be precise); the nature ofthe reduction relation on
theπ-calculus does not permit reduction under aninput. Moreover,β-reduction is not
modelled in full in [5]; rather, we showed to faithfully representexplicit spine reduction
(as defined in that paper) that allows reduction under abstraction as well, and which nor-
mal forms correspond (i.e. with perhaps some substitutions pending) toβ-reduction’s
normal forms of head reduction.

In contrast, in this paper we show that wecan faithfully modelλx’s explicit reduc-
tion in full3 and step-by-step, into theπ-calculus. Since reduction inλx implementsβ-
reduction, it follows that we can modelβ-reduction as well; the result is stated through a
symmetric relation on processes, so we can modelβ-equality as well, which then gives
that our interpretation gives, in fact, a semantics. We achieve this by generalising the
logical interpretation we presented in [5].

To be precise, we define an interpretation ofλ-terms · F·, for which we will show4:

Operational Soundness:M →x N ⇒ M Fa →∗
π∼C N Fa;

Adequacy:M =β N ⇒ M Fa ∼C N Fa;

Operational Completeness:M Fa →π P ⇒ ∃N [ P →∗
π∼C N Fa & M →∗

x N];

Type preservation:Γ ⊢λ M : A ⇒ M Fa : Γ ⊢π a:A.

1 The asynchronousπ-calculus with pairing

The notion of asynchronousπ-calculus that we consider in this paper is the one we
also used in [4, 5], and different from other systems studiedin the literature [15]. To
successfully preserve assignable types, inspired by [2] wealso introduce a structure
over names, such that not only names but also pairs of names can be sent (but not a pair
of pairs). We also introduce thelet-construct to deal with inputs of pairs of names that
get distributed over the continuation, and take the view that processes communicate by
sending data over channels, so not just names, but also pairsof names.

We first define the notion ofπ-calculus we consider here.

Definition 1. – Channel namesanddataare defined by:

a, b, c, d names p ::= a | a, b data

3 Since we represent fullλx-reduction, we model in particular the rewrite ruleM → N ⇒
L〈x := M〉 → L〈x := N〉, where reduction inside the substitution is explicitly allowed.

4 We use→+ and→∗ for the transitive, resp. reflexive and transitive closures; we use↓ for
convergence, and↑ for divergence;∼C represents contextual equivalence.



– Processesare defined by the grammar (wherex, y, z arevariables):

P, Q ::= 0 | P |Q | !P | (νa)P | a(x).P | a〈p〉 | let x, y = p in P

– A (process) context is simply a term with a hole[·].

– We considern bound in(νn)P, x bound ina(x).P, andx andy to be bound in
the let-construct. We calln free in P if it occurs in P and is not bound; we call a
processclosedif it has no free output name.

We abbreviatea(x).let y, z = x in P by a(y, z).P, and(νm)(νn)P by (νmn)P, and
write a〈c, d〉 for a〈 c, d 〉. Notice that all channels are monadic.

Definition 2 (Congruence). The structural congruence relation ‘≡’ is the smallest
equivalence relation closed under contexts defined by the following rules:

(νn)0 ≡ 0 P |0 ≡ P P |Q ≡ Q |P !P ≡ P | !P !P ≡ !P | !P

(P |Q) |R ≡ P | (Q |R) (νm)(νn)P ≡ (νn)(νm)P

(νn) (P|Q) ≡ P |(νn)Q, if n 6∈ fn(P) let y, z = 〈a, b〉 in R ≡ R[a/z, b/z]

We will consider processes modulo congruence: this impliesthat we will not deal ex-
plicitly with the processlet x, y = a, b in P, but rather withP[a/x, b/y].

Because of rule(P |Q) |R ≡ P | (Q |R), we will normally not write brackets in a
parallel composition of more than two processes. We explicitly convert ‘an output sent
on a is to be received as input onb’ via ‘ a(w).b〈w〉’, which is abbreviated intoa b.

Definition 3 (Reduction). 1. Thereduction relationof theπ-calculus is defined by:

a〈p〉 |a(x).Q →π Q[p/x]
P →π P′ ⇒ (νn)P →π (νn)P′

P →π P′ ⇒ P |Q →π P′ |Q
P ≡ Q & Q →π Q′ & Q′ ≡ P′ ⇒ P →π P′

2. We define→Lπ (lazy reduction) as→π , but do not allow reduction inside closed
processes5.

Notice that a〈b, c〉 | a(x, y).Q →π Q[b/x, c/y].
The following notions are standard, and of use:

Definition 4. 1. We writeP ↓ n (P outputs onn) if P ≡ (νb1 . . . bm) (n〈p〉 |Q) for
someQ, wheren 6= b1 . . . bm.

2. We writeP ⇓ n (P will output onn) if there existsQ such thatP →∗
π Q andQ ↓ n.

3. We writeP ⊑c Q (and call⊑c the contextual ordering) if, for all contextsC[·],
and for alln, if C[P] ↓ n thenC[Q] ⇓ n.

4. We writeP ∼C Q (and callP andQ contextually equivalent) if and only if P ⊑c Q
andQ ⊑c P.

5 Lazy reduction can be seen as similar to garbage collection,since it ignores processes that are
silent,i.e.produce no visible output.



Theπ-calculus is equipped with a rich type theory [24]: from the basic type system
for counting the arity of channels [22] to sophisticated linear types in [17], which studies
a relation between Call-by-Valueλµ [21] and a linearπ-calculus. The notion of type
assignment we use here (first defined in [4]) differs from systems presented in the past
in that types contain no channel information, and in that it expressesimplication, i.e.has
functional types and describes the ‘input-output interface’ of a process.

Definition 5 (Types and Contexts). 1. Types are defined by:A, B ::= ϕ | A→B
whereϕ is a basic type of which there are infinitely many.

2. A context of inputsΓ is a mapping from names to types, denoted as a finite set of
statementsn:A, such that thesubjectof the statements (n) are distinct. We write
Γ1, Γ2 for the compatibleunion of Γ1 and Γ2 (if n:A1 ∈ Γ1 and n:A2 ∈ Γ2, then
A1 = A2) , and writeΓ, n:A for Γ, {n:A}.

3. Contexts ofoutputs∆, and the notions∆1, ∆2 andn:A, ∆ are defined similarly.

So, for the contextΓ, n:A, we haven:A ∈ Γ, or Γ is not defined onn.

Definition 6 (Context assignment forπ [4]). Type assignment forπ-calculus is de-
fined by the sequent system6:

(0) :
0 : Γ ⊢ ∆

(!) :
P : Γ ⊢ ∆

! P : Γ ⊢ ∆

(ν) :)
P : Γ, a:A ⊢ a:A, ∆

(νa)P : Γ ⊢ ∆

( | ) :
P1 : Γ ⊢ ∆ · · · Pn : Γ ⊢ ∆

P1 | · · · |Pn : Γ ⊢ ∆

(W) :
P : Γ ⊢ ∆

(Γ′ ⊇ Γ, ∆
′ ⊇ ∆)

P : Γ
′ ⊢ ∆

′

(out) : (a 6= b)
a〈b〉 : Γ, b:A ⊢ a:A, b:A, ∆

(pair-out) : ( b 6∈ ∆;
a, c 6∈ Γ

)
a〈b, c〉 : Γ, b:A ⊢ a:A→B, c:B, ∆

(let) :
P : Γ, y:B ⊢ x:A, ∆

(
y, z 6∈ ∆;

x 6∈ Γ
)

let x, y = z in P : Γ, z:A→B ⊢ ∆

(in) :
P : Γ, x:A ⊢ x:A, ∆

a(x).P : Γ, a:A ⊢ ∆

As usual, we writeP : Γ ⊢π ∆ if there exists a derivation using these rules that has this
expression in the conclusion.

Notice that the ‘input-output interface of aπ-process’ property is nicely preserved
by all the rules; it also explains how rules show that the handling of arrow types is
restricted by the type system to the rules(let) and(pair-out).

The above system is not trivial, since the process

(νcb) (x(w).c〈w〉 | c(v, d).( !b v |d a) | ! x Fb)

(the interpretation of theλ-term xx as defined below) is not typeable: the left-handx
would need the typeA→B, and the right-handx the typeA; x can only haveonetype,
andA→B andA cannot be unified.

Example 7.The following rule is derivable:

(pair-in) :
P : Γ, y:B ⊢π x:A, ∆

(y, a 6∈ ∆, x 6∈ Γ)
a(x, y).P : Γ, a:A→B ⊢π ∆

6 Notice that type assignment is classical in nature (i.e. not intuitionistic), since we can have
more than one conclusion.



We leave the exploration of the logical contents of this system for future work.
The main soundness result for our notion of type assignment for π is stated as:

Theorem 8 (Witness reduction [4]). If P : Γ ⊢π ∆ andP →π Q, thenQ : Γ ⊢π ∆.

2 The λ-calculus andλx

We assume the reader to be familiar with theλ-calculus and just repeat the definition
of the relevant notions. We will look in particular at Bloo and Rose’s calculusλx [8], a
version of theλ-calculus withexplicit substitution, and show our results forλx; since
λx implementsβ-reduction, this implies that we also show our results for normal β-
reduction (with implicit substitution).

Definition 9 (Lambda terms and β-reduction [7]).

1. The setΛ of λ-termsis defined by the grammar:M, N ::= x | λx.M | MN.

2. The reduction relation→β is defined by:

(β) : (λx.M)N → M[N/x] M → N ⇒







ML → NL
LM → LN
λx.M → λx.N

whereM[N/x] is the (implicit) substitution ofN for x in M, which takes place
immediately and silently.

3. Lazyreduction→L for theλ-calculus [3] is defined by limiting→β to:

(λx.M)N → M[N/x] M → N ⇒ ML → NL

4. Spinereduction→S for theλ-calculus is defined by limiting→β to:

(λx.M)N → M[N/x] M → N ⇒

{

ML → NL
λx.M → λx.N

We now presentλx, a version of theλ-calculus withexplicit substitution. Explicit
substitutionλ-calclulus treats substitution as a first-class operator, and describes all the
necessary steps to effectuate a substitution. It introduces the concept of substitution
within the syntax, making itexplicit, by addingM〈x := N〉:

Definition 10 (c.f. [8]). The syntax of theexplicit lambda calculusλx is defined by:

M, N ::= x | λx.M | MN | M〈x := N〉

The notion of type assignment onλx is a natural extension of Curry’s system for
theλ-calculus by adding rule(cut).

Definition 11. Using the notion of types in Def. 5, type assignment forλx is defined by:

(Ax) :
Γ, x:A ⊢λ x : A (cut) :

Γ, x:A ⊢λ M : B Γ ⊢λ N : A

Γ ⊢λ M〈x := N〉 : B

(→I) :
Γ, x:A ⊢λ M : B

Γ ⊢λ λx.M : A→B
(→E) :

Γ ⊢λ M : A→B Γ ⊢λ N : A

Γ ⊢λ MN : B



Explicit substitution describes explicitly the process ofexecuting aβ-reduction,
where the implicit substitution of theβ-reduction step is split up into reduction steps.

Definition 12. The reduction relation→x on terms inλx is defined by the following
rules:

(λx.M)P → M〈x := P〉
(MN)〈x := P〉 → M〈x := P〉N〈x := P〉

(λy.M)〈x := P〉 → λy.(M〈x := P〉)
x〈x := P〉 → P
y〈x := P〉 → y, y 6= x

M → N ⇒























ML → NL
LM → LN
λx.M → λx.N
M〈x := L〉 → N〈x := L〉
L〈x := M〉 → L〈x := N〉

Since the main rules have no critical pair, reduction is confluent.
Notice that these rules allow reduction to take place also inside the substitution term,

as expressed by the last rule.
The following is straightforward:

Proposition 13 (λx implementsβ-reduction). – M →β N ⇒ M →∗
x N.

– If M is a pureλ-term andM →x N, then there existsL such thatN →∗
x L and

M →∗
β L.

We will show our main results forλx; sinceλx implementsβ-reduction, we also
show our results for normalβ-reduction (with implicit substitution).

3 Context and background of this paper

When interpreting theλ-calculus into theπ-calculus, we are faced with the need to
introduce replication, and thereby possible non-termination: to encode theβ-reduction
rule (λx.M)N →β M[N/x] in the π-calculus, implicit substitution has to be mod-
elled, for which replication has to be used. Remark that communication in theπ-
calculus takes place one-at-the-time, so we are forced to specify how to deal with the
distributive character of implicit substitution by splitting it up into single steps, much
in the spirit of explicit substitution.

Sincea priori the required number of copies needed ofN is unknown, the sub-
stitution of N for x in M has to be modelled using replication. The interpretation
of M[N/x] itself is the result of running the interpretation of(λx.M)N; since no
step in π introduces replication, also in the latter the interpretation of N must ap-
pear replicated. If we naively define (as Milner, interpreting under input)[[MN ]]a =
(νc) ([[M ]]c |(νz) (c〈z〉. c〈a〉. ![[N ]]z)), the interpretation of a redex(λx.M)N runs to
(νx) ([[M ]]a | ![[N ]]x) (which can be seen to representM〈x := N〉). This now creates a
termination problem.[[N ]]x can run in infinitely many copies, each possibly exposing
observable behaviour, which introduces a form of non-termination and no longer sim-
ulates the interpreted term, and since theπ-calculus has no notion oferasure, this will
always leave a non-terminating part. Moreover,[[N ]]x is free to start running,i.e. runs
during the substitution, before communication overx realises that substitution.

Milner’s encoding blocks the running of![[N ]]x by placing a guard, making the
synchronisation overx the deblocking action, resulting in his encoding of theλ-calculus
into the (synchronous, monadic)π-calculus as defined by:



Definition 14 (Milner’s encoding [19]). The input-based encodingof λ-terms into
thesynchronousπ-calculus is defined by:

[[x ]]M a =∆ x〈a〉 x 6= a
[[λx.M ]]M a =∆ a(x).a(b).[[M ]]M b b fresh
[[MN ]]M a =∆ (νc) ([[M ]]M c | (νz) (c〈z〉. c〈a〉. [[x := M ]]M)) c, z fresh

[[x := M ]]M =∆ !x(w).[[M ]]M w w fresh

But blocking the encoding of operandN in an applicationMN from running comes
at a heavy price: nowβ-reductions that occur in the operand can no longer be mimicked.
Combined with using input to model abstraction, this makes that a redex can only be
contracted if it occurs on the outside of a term (is thetopredex): the modelled reduction
is lazy. The main correctness result Milner shows is:

Theorem 15 ([19]). For closedM, eitherM ↑ and[[M ]]M u ↑, or M →L λy.R[N/x],
and [[M ]]M u →∗

π (νx) ([[λy.R]]M u | [[x := N ]]M ) .

A substantial body of research on the relationship betweenλ-calculus andπ-calculus
followed from Milner’s seminal paper.Input-based interpretations of theλ-calculus
have become thede factostandard, and have also been studied by Sangiorgi [23, 24],
but in the context of the higher-orderπ-calculus, by Hondaet al. [17] with a rich type
theory, and by Thielecke [25] in the context of continuationpassing style languages.

For many years it seemed that only lazy reduction could be represented. However, in
[5] we presented alogical, output-basedinterpretation · S · that respectsexplicit spine
reduction→xS; it also shows thatexplicit lazy reduction→xL is modelled by Milner’s
encoding (see [5] for details).

Theorem 16 ([5]). If M →xL N, then[[M ]]M a →∗
π [[N ]]M a.

which gets shown for any two terms in the relation→xL , not just for closed terms. But,
in fact, for closed terms it shows the stronger result:

Corollary 17 ([5]). If M is a closedλ-term such thatM →xL (λy.R)〈x := N〉, then

[[M ]]M a →∗
π [[λy.R]]M a | [[y := N ]]M

which is exactly Milner’s result, but stated usingexplicit substitution, thereby avoiding
the problem of how to read (the highly ambiguous)λy.R[N/x].

Deviating from Milner’sinput based-encoding [19] where the abstractionλx.M is
interpreted via an input channelx that guards the encoding ofM, in [5] we introduced
an interpretation that completely reverses this view: the abstractionλx.M gets inter-
preted via an asynchronousoutputwhich will leave the interpretation of the bodyM
free to reduce, if possible.

The interpretation defined in [5] is:

Definition 18 (Spine interpretation [5]).

x S a =∆ x(w).a〈w〉
λx.M

S
a =∆ (νxb) ( M

S
b | a〈x, b〉)

MN
S

a =∆ (νc) ( M
S

c | c(b, d).( ! N
S
b |d a))

M 〈x := N〉 S a =∆ (νx) ( M S a | ! N S x)



This interpretation is based on the relation between Natural Deduction (Intuitionis-
tic Logic here) into the Sequent Calculus (LK ) as defined by Gentzen [13], interpreting
terms underoutput rather than underinput, and using theπ-calculus with pairing.

In order to make sure that the interpretation is well behaved, we make specific use
of a b [24]7, which is a process that forwards a message from channela to b.

Although the main objective for this interpretation was to show the preservation of
type assignment, we also could show that it preserves not just lazy reduction, but also
the larger notion of spine reduction.

Theorem 19 ([5]). 1. If M ↑ then M S a ↑, and if M →xS N, then M S a →∗
π∼C

N S a.

2. If Γ ⊢λ M : A, then M
S

a : Γ ⊢π a:A.

Building on this interpretation, the interpretation· F· we present below will im-
prove on this result, in that we encode not only explicit spine reduction, but full explicit
reduction, and thereby also fullβ-reduction.

4 A semantic interpretation of λ-terms for →x and →β

We will now define our full interpretation· F· of theλ-calculus (with explicit substitu-
tion) into theπ-calculus.

Our interpretation, where we name the output of terms, is defined by:

Definition 20 (Full logical interpretation).

x Fa =∆ x(w).a〈w〉
λx.M Fa =∆ (νxb) ( M Fb | a〈x, b〉)

MN
F
a =∆ (νcb) ( M

F
c | c(v, d).( !b v |d a) | ! N

F
b)

M 〈x := N〉 F
a =∆ (νx) ( M

F
a | ! N

F
x)

Notice that the main difference with respect to· S · is the synchronisation in the in-
terpretation of the application; whereMN Fa containsc(v, d).( !b v |d a) | ! N Fb,

MN
S

a hasc(v, d).( ! N
F
v |d a), where the received input name is used directly for

the interpretation ofN, which gets placed underinput.
The replicated term in the interpretation of the substitution is intentionally not

guarded, so can run on its own; this in contrast to the case forMilner’s encoding, where
it is guarded viainput; this is intentional: we aim to interpretλx, where substitution is
explicit, and reductions are allowed to take place insideN in M〈x := N〉.

In particular: – we see a variablex as aninput channel, and we need to retransmit its
input to the output channela that we interpret it under;

– for an abstractionλx.M, we give the nameb to the output ofM; that M has input
x and outputb gets sent out overa – the name ofλx.M – so that a process that wants
to call on this functionality, knows which channel to send the input to, and on which
channel to pick up the result;

7 We usea b for auxiliary forwarders generated by the interpretation,andx(w).a〈w〉 for the
interpretation ofx under the channel namea.



– for an applicationMN, the output ofM, transmitted overc, is received as a pair
v, d of input-output names in thesynchronisation cellc(v, d).( !b v |d a); the re-
ceived inputv name is used to redirect the output forN arriving overb (since N

F
b

gets replicated, so doesb v), enabling the simulation of substitution, and the received
output named gets redirected to the output of the applicationa.

– substitution is implemented via two parallel processes, which will communicate if
necessary, effectuating the substitution.

– all interpretations of terms have only one free output name.

– since we aim to representall reductions taking place inside an applicationMN, we
need to expressMN

F
a in terms of M

F
b and N

F
c, where neither can appear under

an input, since that would imply that reduction would be blocked, as is the case for the
traditional approaches.

– Our interpretation generates a highly parallel implementation of λ-terms, with no
nesting at all; the processes we generate are, essentially,a flat parallel composition of
components like

x(w).a〈w〉 b(v, d).( !a v |d c) a〈y, b〉

using replication where needed. Moreover, we model explicit substitution via the com-
munication of two processes, so can faithfully take into account all steps of reduction
in the explicitλ-calculus (λx [8]) as well.

To underline the significance of our results, notice that theinterpretation is not triv-
ial, sinceλyz.y andλx.x are interpreted by(νybzb1) (y(w).b1〈w〉 |b〈z, b1〉 | a〈y, b〉)

and(νxb) (x(w).b〈w〉 | a〈x, b〉), respectively, processes that differ under∼C.
Even though our interpretation· F· is fundamentally different form the one we

presented in [5], we can still show that typeability is preserved8:

Theorem 21 ( · F· preserves Curry types). If Γ ⊢λ M : A, then M Fa : Γ ⊢π a:A.

Example 22.The interpretation of a redex reduces as:

(λx.P)Q
F
a =∆

(νcb) ((νxb1) ( P Fb1 | c〈x, b1〉) | c(v, d).( !b v |d a) | ! Q Fb) →π (c)
(νbxb1) ( P Fb1 | !b x |b1 a | ! Q Fb)

Since reduction inλx implementsβ-reduction by at least performing this step, this
implies that we model eachβ-reduction step by at least oneπ-reduction.

We will now show that our interpretation fully respects the explicit reduction→x,
modulo contextual equivalence, using renaming of output. Renaming is defined and
justified via the following lemma, which states that we can safely rename the output of
an interpretedλ-term.

Lemma 23 (Renaming lemma). (νa) (a e | M Fa) ∼C M Fe .

8 Although we are interpreting an intuitionistic system, theproof of this result strongly depends
on the multi-conclusion character of⊢π.



Using this lemma, we can show that:

(νbxb1) ( M Fb1 | !b x |b1 a | ! N Fb) ∼C (νx) ( M Fa | ! N Fx)

which justifies the last case of Def. 20.
Since M 〈x := N〉 Fa places M Fa and N Fx in parallel, we can even show that

theλx-variant of the Substitution Lemma is preserved:

Lemma 24. P〈y :=Q〉 〈x := R〉 Fa ≡ P 〈x := R〉 〈y :=Q 〈x := R〉〉 Fa .

As in [19, 24], we can now show a reduction preservation result for full explicit
reduction forλx, by showing that · F· preserves→x up to∼C. As for Thm. 16, we do
not require the terms to be closed:

Theorem 25. M →x N ⇒ M Fa ∼C N Fa.

Sinceλx implementsβ-reduction, faithful to the principle we introduced, we can
show the two criteria as mentioned in the introduction:

Theorem 26 (Operational Soundness for→β). 1. M →∗
β N ⇒ M Fa ∼C N Fa.

2. M ↑ ⇒ M
F
a ↑.

The first is shown by induction using Thm. 25; the second follows from Ex. 22.
The next example illustrates that we can now model more than lazy reduction.

Example 27. (λx.(λz.(λy.M)x))N
F
a =∆ ,≡

(νcb) ((νxb1) ( λz.(λy.M)x
F
b1 | c〈x, b1〉) | c(v, d).( !b v | d a) | ! N

F
b) →π (c)

(νb) ((νxb1) ((νzb2) ((νc1b3) ((νyb4) ( M
F
b4 | c1〈y, b4〉) |

c1(v, d).( !b3 v | d b2) | ! x
F
b3) | b1〈z, b2〉) | !b x | b1 a) | ! N

F
b) →π (c1)

(νb) ((νxb1) ((νzb2) ((νb3) ((νyb4) ( M
F
b4 | !b3 y | b4 b2) | ! x

F
b3) |

b1〈z, b2〉) | !b x | b1 a) | ! N
F
b) →π (b1)

(νzb2) ((νyb4) ( M
F
b4 | b4 b2 |

(νbxb3) ( !b3 y | ! x
F
b3 | !b x | ! N

F
b)) | a〈z, b2〉) ∼C (b, x, b3)

(νzb2) ((νyb4) ( M
F
b4 | b4 b2 | ! N

F
y) | a〈z, b2〉) ∼C (b4)

(νzb2) ((νy) ( M
F
b2 | ! N

F
y) | a〈z, b2〉) =∆ λz.(M 〈y := N〉)

F
a

Since∼C is symmetric, Thm. 26 immediately gives that· F· preserves=β up to
∼C, which states that our interpretation gives, in fact, a semantics for theλ-calculus:

Corollary 28 (Adequacy).If M =β N, then M Fa ∼C N Fa.

This property gives a proof for operational completeness for λx:

Theorem 29 (Operational Completeness for→β and →x). 1. Let M be a closed
term in λx. If M Fa →π P then there existsN ∈ λx such thatP ∼C N Fa, and
M →∗

x N.

2. Let M be a closed pureλ-term. If M
F
a →π P then there existsN ∈ λ such that

P ∼C N Fa, andM →∗
x N.



Since renamings can be executed for abstractions, we can even generalise this result
for lazy reduction→L [3] and explicit lazy reduction→xL [5] on closedλ-terms:

Theorem 30. Let M be closed. Then

1. M →xL λy.M′ 〈x := N〉, then M
F
a →∗

π (νx) ( λy.M′ F
a | ! N

F
x).

2. M →L λy.M′ [N/x], then M Fa →∗
π (νx) ( λy.M′ Fa | N Fx).

Notice that we hereby generalise Milner’s result [19, 24].
As for full abstraction, we would need to showM ≈λ

c N ⇐⇒ M Fa ∼C N Fa,
for some equivalence relation≈λ

c on λ-terms. We have seen that=β is not the correct
candidate for this relation, but it seems that=BT (which equates terms that have the
same Böhm tree) is suitable; we will investigate this in future work.

We cannot show “if M
F
a ∼C N

F
a, thenM =β N” ( i.e. completeness), since

different unsolvable terms like(λx.xx)(λx.xx) and (λy.yyy)(λy.yyy) are notβ-
equivalent, but are contextually equivalent; their interpretations under · F· also never
exhibit an output (see the third example in Ex. 34).

To illustrate the expressiveness of our interpretation, wenow give some examples:

Example 31.First, we can run in the right-hand side of an application:

I(I I)
F
a =∆ (νcb) ( I

F
c | c(v, d).( !b v |d a) | ! I I

F
b) ≡,=∆

(νcb) ( I
F
c | c(v, d).( !b v | d a) |(νc1b1) ((νzb2) ( z

F
b2 | c1〈z, b2〉) |

c1(v, d).( !b1 v | d b) | ! I
F
b1) | ! (λz.z)I

F
b) →π (c1)

(νcb) ( I
F
c | c(v, d).( !b v | d a) |(νb1) ((νzb2) (z(w).b2〈w〉 | !b1 z |b2 b) |

(νyb4) ( y
F
b4 | b1〈y, b4〉) | ! I

F
b1) | ! I I

F
b) →π (b1, z, b2)

(νcb) ((νxb5) ( x
F
b5 | c〈x, b5〉) | c(v, d).( !b v | d a) | (νyb4) ( y

F
b4 | b〈y, b4〉) |

(νb1z) ( !b1 z | ! I
F
b1) | ! I I

F
b) →π (c)

(νb) ((νxb5) (x(w).b5〈w〉 | !b x | b5 a) | (νyb4) ( y
F
b4 | b〈y, b4〉) |

(νb1z) ( !b1 z | ! I
F
b1) | ! I I

F
b) →π (b, x, b5)

(νyb4) ( y
F
b4 | a〈y, b4〉) |(νb1z) ( !b1 z | ! I

F
b1) |(νbx) ( !b x | ! I I

F
b) ∼C I

F
a

Notice that we had to spawn a copy of the replicated right-hand side first. So we
indeed model more than just lazy or spine reduction.

The interpretation of an unsolvable term has no observable output:

∆∆
F
a =∆ (νcb) ((νxb1) ( xx

F
b1 | c〈x, b1〉) | c(v, d).( !b v | d a) | ! ∆

F
b) →π (c)

(νb) ((νxb1) ( xx
F
b1 | !b x | b1 a) | ! ∆

F
b) ≡,=∆

(νb) ((νxb1) ((νc1b2) (x(w).c1〈w〉 | c1(v, d).( !b2 v |d b1) | ! x
F
b2) |

!b x | b1 a) | (νyb3) ( yy
F
b3 |b〈y, b3〉) | ! ∆

F
b) →π (b, x)

(νb) ((νxb1) ((νc1b2) ((νyb3) ( yy
F
b3 | c1〈y, b3〉) |

c1(v, d).( !b2 v |d b1) | ! x
F
b2) | !b x | b1 a) | ! ∆

F
b) =∆

(νb) ((νxb1) ((νc1b2) ( ∆
F
c1 |

c1(v, d).( !b2 v |d b1) | !x(w).b2〈w〉) | !b x |b1 a) | ! ∆
F
b) ∼C (b, x)

(νb1) ((νc1b2) ( ∆
F
c1 | c1(v, d).( !b2 v |d b1) | b1 a | ! ∆

F
b2) ∼C (b1)

(νc1b2) ( ∆
F
c1 | c1(v, d).( !b2 v |d a) | ! ∆

F
b2) =∆ ∆∆

F
a

This example shows that the interpretation of∆∆ reduces in more than one step to
an equivalent process, without exhibiting an output overa.



5 Termination for spine reduction

Since through · F· we interpret fullλx-reduction, we explicitly want the interpreta-
tion of N to be runnable in the interpretation ofMN, as well as in the interpretation
of the substitution termM〈x := N〉, so we are forced to introduce potential infinite
computations, whereas the correspondingλ-term might be terminating.

For the spine interpretation, this is relatively easy to fix by placing a guard on the
replicated term, similar to what is done in Milner’s encoding; see [6] for details. We
cannot use that approach here, since it would invalidate ourmain representation result.
We can, however, show termination for spine reduction for the λ-calculus, whilst limit-
ing reduction for theπ-calculus to lazy reduction as well,i.e.by limiting π’s notion of
reduction by not allowing reduction to take place in a term that has no visible output.
This corresponds to the solution for termination of the representation of computable
functions in theλ-calculus, as mentioned above.

To illustrate this, consider the interpretation of the termM〈x := N〉 (i.e. the process
(νx) ( M

S
a | ! N

S
x)), and notice that! N

S
x ≡ N

S
x | · · · | N

S
x | ! N

S
x. Now

in casex appears inM, only finitely many of the N S x will eventually communicate
with the x(w).b〈w〉 that appear in the interpretation ofM. Once these communications
take place, the receivingxs will have disappeared, and we obtain a process of the shape
P |(νx) (! N S x); since each interpretedλ-term hasat most onevisible output (the
name it is interpreted under), in this casex, which is restricted, the replicated term
becomes unobservable,i.e.equivalent to0.

Example 32.We can safely remove infinite computations that no longer contribute to
the output:

(λx.I)(∆∆)
F
a =∆

(νcb) ((νxb1) ( I
F
b1 | c〈x, b1〉) | c(v, d).( !b v | d a) | ! ∆∆

F
b) →π (c)

(νbxb1) ( I
F
b1 | !b x |b1 a | ! ∆∆

F
b) ≡

(νb1) ( I
F
b1 | b1 a) |(νbx) ( !b x | ! ∆∆

F
b) ∼C

(νx) ( I
F
a | ! ∆∆

F
x) ≡

I
F
a |(νx) ( ! ∆∆

F
x) ∼C I

F
a

So when running the interpretation of a terminatingλ-term, this results in a process
where the only possible reductions take place asτ-actions, inside terms with restricted
outputs, that are contextual equivalent to the process in which these parts are removed.

And in fact, we can show:

Theorem 33. 1. If M →∗
S N, then M Fa ∼C N Fa.

2. M ↓S, then M
F
a ↓Lπ.

3. M ↑S, then M Fa ↑Lπ.

As a counter example for full reduction, consider the following reduction:



Example 34. λx.x(I I)
F
a =∆

(νxb) ((νcb1) ( x
F
c | c(v, d).( !b1 v |d b) | ! I I

F
b1) | a〈x, b〉) ≡,=∆

(νxb) ((νcb1) ( x
F
c | c(v, d).( !b1 v |d b) |(νc1b2) ((νzb3) ( z

F
b3 | c1〈z, b3〉) |

c1(v, d).( !b2 v | d b1) | ! I
F
b2) | ! (λz.z)I

F
b1) | a〈x, b〉) →π (c1)

(νxb) ((νcb1) ( x
F
c | c(v, d).( !b1 v |d b) |(νb2) ((νzb3) (z(w).b3〈w〉 | !b2 z | b3 b1) |

!(νyb5) ( y
F
b5 | b2〈y, b5〉)) | ! I I

F
b1) | a〈x, b〉) →π (b2, z, b3)

(νxb) ((νcb1) ( x
F
c | c(v, d).( !b1 v |d a) | I

F
b1 |

(νb2z) ( !b2 z | ! I
F
b2) | ! I I

F
b1) | a〈x, b〉) ∼C

(νxb) ((νcb1) ( x
F
c | c(v, d).( !b1 v |d a) | I

F
b1 | ! I I

F
b1) | a〈x, b〉) ∼C (· · ·)

(νxb) ((νcb1) ( x
F
c | c(v, d).( !b1 v |d a) | ! I

F
b1) | a〈x, b〉) =∆ λx.xI

F
a

Notice that we have reduced here under a bound nameb1, so the reduction inπ is not
lazy, and the reductionλx.x(I I) → λx.xI is not a spine reduction.

Moreover, the notion of type assignment we defined above catches this: sinceN
F
x

has at most only one visible output (which isx), the process(νx) ( ! N Fx) hasnovisi-
ble output, and can therefore be typed by(νx) ( ! N

F
x) : Γ ⊢π , i.e.with an empty right-

hand context; this means that the type system is capable of indicating those processes
that can be ignored and stopped from running, which could be used for a type-based
reduction. We leave this for future research.

Conclusions and Future Work

Our research focusses on the expressive power of theπ-calculus, which has proven to
provide a conceptual abstraction to understand passing private information and mod-
elling mobile systems. Moreover, it has been shown that in principle (limited) func-
tional and objective programming languages could be developed [24]. With the body
of our work, we have also shown that theπ-calculus can give computational content to
the implicative fragment of the Intuitionistic Logic through its related calculus, where
cut-elimination corresponds to a computational step, without restrictions.

We have found a new, simple and intuitive interpretation ofλ-terms inπ that re-
spects explicit reduction, and encompasses Milner’s lazy reduction on closed terms. We
have shown that, for our context assignment system that usesthe type constructor→ for
π and is based on classical logic, typeableλ-terms are interpreted by our interpretation
as typeableπ-processes, preserving the types.

By the nature of our interpretation, where allλ-terms are interpreted as a flat parallel
composition ofx(w).a〈w〉, b(v, d).( !a v |d c), anda〈y, b〉, it is clear that the inter-
pretations of a variablex in a termM occur in parallel asx(w).a1〈w〉 | · · · |x(w).an〈w〉
inside M Fa; it seems plausible to usebroadcast communication[14] – this would also
solve the problem of termination. We will investigate this in future work.

We will also look on how to extend our results to a full equivalence relation on the
λ-calculus that interpretsλ-terms by their Böhm tree; we expect to be able to show a
full abstraction result with respect to this relation.

The next naturally arising issue is to understand what the interpretations we pre-
sented here tell us about either the interpreted calculi, ortheπ-calculus itself. For one,
we need to focus on the notion of type assignment we have used here, and study it in its
own right, especially its relation with logic.
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A Proof of the main results

Theorem 21 If Γ ⊢λ M : A, then M
F
a : Γ ⊢π a:A.

PROOF. By induction on the structure of derivations in⊢λ; notice that we use im-
plicit weakening.

(Ax) : ThenM = x, andΓ = Γ
′, x:A. Notice that x

F
a = x(w).a〈w〉, and that

(out)
a〈w〉 : Γ

′, w:A ⊢π a:A, w:A
(in)

x(w).a〈w〉 : Γ
′, x:A ⊢π a:A

(→I) : ThenM = λx.N, A = C→D, andΓ, x:C ⊢λ N : D; by definition, λx.N Fa =
(νxb) ( N

F
b | a〈x, b〉). Then, by induction,D :: N

F
b : Γ, x:C ⊢π b:D exists, and

we can construct:

D

N
F
b : Γ, x:C ⊢π b:D

(pair-out)
a〈x, b〉 : x:C ⊢π a:C→D, b:D

(|)
N

F
b | a〈x, b〉 : x:C ⊢π a:C→D, b:D

(ν)
(νb) ( N

F
b | a〈x, b〉) : Γ, x:C ⊢π a:C→D

(ν)
(νxb) ( N

F
b | a〈x, b〉) : Γ ⊢π a:C→D

(→E) : ThenM = PQ, and there existsB such thatΓ ⊢λ P : B→A andΓ ⊢λ Q : B,
and PQ

F
a = (νcb) ( P

F
c | c(v, d).( !b v |d a) | ! Q

F
b). By induction, there

existD1 :: P Fc : Γ ⊢π c:B→A andD2 :: Q Fb : Γ ⊢π b:B, and we can construct:

D1

P
F
c : Γ ⊢π c:B→A

(!)
! P Fc : Γ ⊢π c:B→A ..

..

(out)
v〈w〉 : Γ, w:B ⊢π v:B, w:B, ∆

(in)
b v : b:B ⊢π v:B

(!)
!b v : b:B ⊢π v:B

(out)
a〈w〉 : Γ, w:A ⊢π a:A, w:A, ∆

(in)
d a : d:A ⊢π a:A

(|)
!b v |d a : Γ, b:B, d:A ⊢π v:B, a:A

c(v, d).( !b v |d a) : Γ, b:B, c:B→A ⊢π a:A
D2

Q Fb : Γ ⊢π b:B
(!)

! Q Fb : Γ ⊢π b:B
(|)

! P
F
c | c(v, d).( !b v |d a) | ! Q

F
b : Γ, b:B, c:B→A ⊢π c:B→A, a:A

(ν)
(νb) ( ! P

F
c | c(v, d).( !b v |d a) | ! Q

F
b) : Γ, c:B→A ⊢π c:B→A, a:A

(ν)
(νcb) ( P

F
c | c(v, d).( !b v |d a) | ! Q

F
b) : Γ ⊢π a:A

(cut) : Then M = P〈x := Q〉, andΓ, x:B ⊢λ P : A andΓ ⊢λ Q : B for someB, and,
by definition, P 〈x := Q〉 Fa = (νx) ( P Fa | ! Q Fx). By induction, there exist



D1 :: P Fc : Γ, x:B ⊢π a:A andD2 :: Q Fx : Γ ⊢π x:B, and we can construct:

D1

P
F
a : Γ, x:B ⊢π a:A

D2

Q
F
x : Γ ⊢π x:B

(!)
! Q

F
x : Γ ⊢π x:B

(|)
P

F
a | ! Q

F
x : Γ, x:B ⊢π x:B, a:A

(ν)
(νx) ( P

F
a | ! Q

F
x) : Γ ⊢π a:A

The following lemmas state some basic properties on processes that are relevant to
our results.

Lemma 35. The following are admissible.

1. !P ≡ !P | !P.

2. (νa) ((νb) (Q |R) | !P) ≡ (νb) ((νa) (Q | !P) |(νa) (R | !P)) provideda is the name
of the only (private) channel that is used betweenQ and P, and betweenR andP
(in one direction only).

3. (νx) ( ! N
F
b | ! P

F
x) ∼C !((νx) N

F
b | ! P

F
x).

PROOF. Easy.

Lemma 24 P 〈y :=Q〉 〈x := R〉 F
a ≡ P 〈x := R〉 〈y :=Q 〈x := R〉〉 F

a .

PROOF. P 〈y :=Q〉 〈x := R〉 F
a =∆

(νx) ((νy) ( P
F
a | ! Q

F
y) | ! R

F
x) ≡

(νxy) ( P Fa | ! Q Fy | ! R Fx) ≡ (35(1))
(νxy) ( P Fa | ! R Fx | ! Q Fy | ! R Fx) ≡
(νy) ((νx) ( P Fa | ! R Fx) |(νx) ( ! Q Fy | ! R Fx)) ≡ (35(3))
(νy) ((νx) ( P

F
a | ! R

F
x) | !(νx) ( Q

F
y | ! R

F
x)) ≡

(νy) ((νx) ( P
F
a | ! R

F
x) | ! Q 〈x := R〉 F

y) =∆

(νy) ( P〈x := R〉 Fa | ! (Q〈x := R〉) Fy) =∆

P〈x := R〉 〈y :=Q 〈x := R〉〉 F
a

Theorem 25 M →x N ⇒ M
F
a ∼C N

F
a.

PROOF. By induction on explicit reduction.

(λx.M)P → M〈x := P〉 : (λx.M)P Fa =∆

(νcb) ((νxb1) ( M Fb1 | c〈x, b1〉) | c(v, d).( !b v |d a) | ! P Fb) ∼C (c)
(νcb) ( M

F
b1 | !b x |b1 a | ! P

F
b) ∼C (νx) ( M

F
a | ! P

F
x)



(MN)〈x := P〉 → M〈x := P〉N〈x := P〉 : MN 〈x := P〉 Fa =∆

(νx) ( MN Fa | ! P Fx) =∆

(νx) ((νcb) ( M
F
c | c(v, d).( !b v |d a) | ! N

F
b) | ! P

F
x) ≡ (35(2))

(νcb) ((νx) ( M
F
c | ! P

F
x) | c(v, d).( !b v |d a) |(νx) ( ! N

F
b | ! P

F
x))

≡ (35(3))
(νcb) ((νx) ( M Fc | ! P Fx) | c(v, d).( !b v |d a) | ! N 〈x := P〉 Fb) =∆

(νcb) ( M〈x := P〉 F
c | c(v, d).( !b v |d a) | ! N〈x := P〉 F

b) =∆

M 〈x := P〉N 〈x := P〉 Fa

(λ〈y.M)x := P〉 → λy.(M〈x := P〉) : (λy.M) 〈x := P〉 F
a =∆

(νx) ((νyb) ( M
F
b | a〈y, b〉) | ! P

F
x) ≡

(νyb) ((νx) ( M
F
b | ! P

F
x) | a〈y, b〉) =∆ λy.M 〈x := P〉 F

a

x〈x := P〉 → P : x 〈x := P〉 F
a =∆ (νx) ( x

F
a | ! P

F
x) ≡

(νx) (x(w).a〈w〉 | P
F
x | ! P

F
x) ∼C (23) (νx) ( P

F
a | ! P

F
x) ≡

P Fa |(νx) ( ! P Fx) ∼C P Fa

y〈x := P〉 → y, y 6= x : y 〈x := P〉 F
a =∆ (νx) ( y

F
a | ! P

F
x) ≡

y Fa |(νx) ( ! P Fx) ∼C y Fa

M → N ⇒ ML → NL : ML
F
a =∆

(νcb) ( M
F
c | c(v, d).( !b v |d a) | ! L

F
b) ∼C (IH)

(νcb) ( N
F
c | c(v, d).( !b v |d a) | ! L

F
b) =∆ NL

F
a

M → N ⇒ LM → LN : LM Fa =∆

(νcb) ( L
F
c | c(v, d).( !b v |d a) | ! M

F
b) ∼C (IH)

(νcb) ( L
F
c | c(v, d).( !b v |d a) | ! N

F
b) =∆ LN

F
a

M → N ⇒ λx.M → λx.N : λx.M
F
a =∆ (νxb) ( M

F
b | a〈x, b〉) ∼C (IH)

(νxb) ( N
F
b | a〈x, b〉) =∆ λx.N

F
a

M → N ⇒ M〈x := L〉 → N〈x := L〉 : M 〈x := L〉 Fa =∆

(νx) ( M Fa | ! L Fx) ∼C (IH) (νx) ( N Fa | ! L Fx) =∆ N 〈x := L〉 Fa

M → N ⇒ L〈x := M〉 → L〈x := N〉 : L〈x := M〉 F
a =∆

(νx) ( L Fa | ! M Fx) ∼C (IH) (νx) ( L Fa | ! N Fx) =∆ L〈x := N〉 Fa


