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Abstract

We present A", an extension of the A-calculus with named exception handling, via try, throw
and catch, and present a basic notion of type assignment expressing recoverable exception
handling and show that it is sound. We define an interpretation for A"™ to Parigot’s Ap-
calculus, and show that reduction (both call-by-name and call-by-value) is preserved by the
interpretation. We will show that also types assignable in the basic system are preserved by
the interpretation.

We will add a notion of total failure through halt that escapes applicative contexts without
being caught by a handler, and show that we can interpret this in A when adding tp as
destination. We will argue that introducing handlers for halt will break the relation with Apu.
We will show that it is possible to add handlers for program failure by introducing panic and
dedicated handlers to A"™. We will need to extend the language with a conditional construct
that is typed in a non-traditional way, that cannot be expressed in Ay or logic. This will
allow both recoverable exceptions and total failure, dealt with by handlers; we will show a
non-standard soundness result for this system. We conclude the paper by showing that the
system enjoys the principal typing property.

Introduction

For a long time it has been thought that only Intuitionistic Logic [9} [10, 11] had any com-
putational meaning, given its strong relation with types in functional programming and the
A-calculus [13,5] through the Curry-Howard isomorphism [21]]. However, since it is not possi-
ble to comfortably express notions like control or context manipulation in the pure A-calculus,
it is clear that that by itself, although Turing complete, it is perhaps not expressive enough.
Most of the control features, such as direct returns, coroutines, or exception handling, usu-
ally exhibit a form of non-local exit, which, albeit specifiable (and therefore realisable) in the
pure calculus, are not easily represented, and certainly not using meaningful types. As such,
these additions require different formalisms for behaviour specification - e.g. translation to
continuation-passing style (CPS) or abstract machines.

That situation changed when Griffin [18] observed that the C-operator of Felleisen’s AC-
calculus [15] can be typed with =——A — A (or better, ((A— L) — L)— A), thus highlighting
the first link between Classical Logic [16] 34] and sequential control in computer science. This
led to work by Parigot, who introduced a candidate for describing delimited continuations in
the form of the Apu-calculus [28] 29], a calculus that represents minimal classical logic [1].

In this paper we will investigate the relation between exception handling and Classical
Logic, but will tread a path different to that usually taken over the last 20 years or so. Where
the normal approach is to start from Classical Logic and to seek computational content in
proofs, here we will do the reverse: we will define a A-calculus enriched with named (recov-
erable) exception handling, and investigate if its natural notions of type assignment can be
represented in Classical Logic through mapping those to Ap.



We will also add non-recoverable exceptions (through halt and panic); then the correspond-
ing calculus is Ap-tp [1], but only if we do not ‘catch’ these exceptions. When trying to add
handlers for failing exceptions, the correspondence with Ay or Au-tp breaks down, highlight-
ing that type theories based on classical logic do not fully cover exception handling. To stress
that point even further, we will enrich A"™ with a non-conventionally typed conditional struc-
ture, and the type constant fail that is reserved for failing computations; for this system, we
will show that computations either run preserving the type, or fail (run to a term that has
type fail), as can be expected from the character of failing exceptions. This thereby constitutes
a language for which the standard subject-reduction result does not hold, and which therefore
cannot be represented in calculi based on classical logic

The study of the relation between exception handling and classical logic goes back a few
decades. Fundamental work has been done by Nakano [25, 26], followed by Crolard [12], in
building intuitive systems for analysing throw/catch structures in a functional context. Cro-
lard’s intuition with respect to the representation of throw and catch as terms in Ay is an essen-
tial development, and is also used in Bierman’s [7] interpretation into Ay of de Groote’s [20]
calculus A, which has an exception handling mechanism 4 la ML [24], and in a certain sense
also by [27], albeit for call-by-value (cBv) languages. However, in both approaches the ar-
gument of the throw-term is the actual exception handler, rather than information that gets
passed to the handler, as is usual.

Here we will present the AW-calculus, a A-calculus extended with a try/throw/catch syntax
which is more similar to the constructions found in common programming languages. In our
view, shared by many in the literature, exceptions should exclusively only be thrown when
reached during the execution of a program; we therefore accept the (almost) generic approach
(an exception is that of [25]) and define reduction strategies that do not permit reduction inside
an abstraction; unlike in other papers, we will we consider both call-by-name (cBN) and cBv.

Rather than selecting the exception handler through a type constructor or through a type, as is
the common practice in languages like java [17], in A" the handlers are called by name, giving
exception handling a more functional ‘feel’. This calculus can be implemented in Ay in that
we will present an interpretation that preserves both ¢BN and cBv reduction in AY: as was
the case in previous work [27, [12} 18], the ‘context erasing” capability of p-reduction is used to
model the functionality of throw.

To investigate if all natural notions of type assignment for this calculus can correspond to
the one for Ay, we will present three variants of A", with different notions of type assign-
ment. The first comprises a ‘basic’ theory, based on the approach of recoverable exceptions
currently used [14] for example in java and ML; it assumes that all exception handlers return
the same type as that of the main term in a try-construct, effectively hiding the occurrence
of the exception on the (abstract interpretation) level of types, and allowing for execution to
continue normally even after an exception has been thrown: those exceptions are recoverable.
We will show that assignable types are preserved under csN and cBv-reduction and under the
interpretation into Ap.

The second notion of type assignment we will represent ‘failure’; we add the construct halt,
which corresponds to an exception that cannot be caught so has no possibility of recovery. This
induces a non-standard notion of type assignment, where failure is propagated ‘outwards’,
for which we will show soundness for both ceN and cBv. We will modify the interpretation
into on mapping onto Au-tp, a variant of Ay that represents full classical logic, and show that
assignable types are preserved.

Since both these notions are presented for a small extension of the A-calculus, the notions

L All such calculi are designed to satisfy preservation of provable statements under the operation of cut-
elimination, which translates to the property of subject reduction on the level of the calculi.



are sound but not really expressive: for example, both throw and halt can have all types.
Although the type L is used when mapping the calculus into Au-tp, it is not used for the
calculus itself, so we cannot tell by the assignable types if a program will fail, an arguably
desirable property.

It is fair to state that type assignment for exception handling that marks failing computa-
tions is only really relevant in the presence of the conditional construct, where, depending
on the evaluation of the boolean expression, the program continues normally or raises an ex-
ception. We will therefore extend A"™ further, add a conditional construct together with term
constants and their types, and add a handling mechanism to deal with occurrences of halt,
but now equipped with parameter passing and called panic, so achieve a notion of both recov-
erable and fatal exceptions. Also for this extension we will show a soundness result, which
states that a computation either runs preserving the type, or fails. The key difference for this
system is that we have to allow for the conditional construct to be typed in a non-conventional
way. A direct consequence of this choice is that no longer can we preserve assignable types
under the interpretation into Ay or Ap-tp.

These results put into evidence that exception handling can be either recoverable or fail-
ing, characterised through assignable types, and that named exception handling is perfectly
feasible in the context of functional programming. Moreover, type assignment systems for
exception handling need not all be based on classical logic.

Contents of this paper

We start the paper by giving an overview of past related research and results in Sect.1; in
particular we will look at cBN and cBv-reduction in Parigot’s Ay and give formal proofs for
subject reduction results for both those notions. In Sect.2 we will look at systems dealing with
exception handing, like ML, Nakano’s system and Crolard’s interpretation thereof in to Apu.
We will also discuss de Groote’s calculus A}, and Bierman'’s interpretation into cBv Ap.

In Sect.3 we will present AW our A-calculus extended with recoverable exception handling
through try-catch and throw, for which we will define cBN and cBv reduction strategies. We
will present an interpretation [[-||** from A" into Ay, and show that it preserves both cBN and
cBv-reductions. In Sect.4 we will define a basic notion of type assignment for A", for which
we show subject reduction and preservation of types with respect to [[-||**.

This is followed by Sect.5, where we start our investigation into adding handling of unre-
coverable exceptions to A"™. We start by defining A}, adding the constant halt that basically
escapes all contexts, and extend type assignment by treating halt like throw and show that to
be sound for both cBN and cBv reduction. We will extend our interpretation to one mapping
onto Ap-tp, and show that both cBN and ¢Bv reductions are preserved. However, we will argue
in Sect. 5.2 that it is not possible to add handlers for halt whilst retaining those properties.

Then in Sect.6 we extend A" to AY by adding catchable, but unrecoverable exceptions
(panic). To make this relevant, we also add a conditional construct that we type in a non-
conventional manner. We add the type constant fail to the type language, and define a cBN
and cBv notion of type assignment for which we show soundness. We conclude in Sect.7,
where we show the practicality of AP by extending the notion of principal typings from the
A-calculus to )Ltﬁy, and show soundness and completeness results for that.

*: Note. An extended abstract of this paper appeared as [3]]; in particular, this paper adds a
discussion on past papers on its topic, gives detailed proofs, gives a more refined presentation
of the system with failure, addresses a problem with call-by-value reduction on that system,
and shows the principal typing property for it. A version of this paper with all proofs given
in full can be found at|www.doc.ic.ac.uk/~svb/Researchl
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1 Context and Background

In this section we will revise some formal languages and their type assignment systems that
are of interest to this paper. We revisit Curry’s A-calculus [13} 5], and Parigot’s Ay [28]].

1.1 The A-calculus
We quickly revise some basic notions for the A-calculus, to better set the context of this paper.

Definition1.1 (LAMBDA TERMS, 3, CBN, AND CBV REDUCTION [5]]) i) A-terms are defined by the
grammar:

M,N == V|MN
V u= x| Ax.M (values)
Seeing A as a binder, the notion of free and bound variables is defined as usual, and we
accept Barendregt’s convention to keep free and bound variables distinct, using (silent)
a-conversion whenever necessary. A variable or name is free in M if it occurs in M and

is not bound; we write fo(M) for the set of free variables in M, x € M if x occurs in M,
either free of bound, and call a term closed if it has no free variables.

ii) Contexts are defined as terms with a single hole [] by:
C == []|CM|MC]|Ax.C

We write C[M] for the term obtained from the context C by replacing its hole [] with
M, allowing variables to be captured. One-step B reduction is defined as the compatible
closure of the B-rule through:

C[(Ax.M)N] — C[M{N/x}]
for any context. We write —>2§ for the reflexive, transitive closure of —.
iit) The Call-by-name evaluation contexts are defined through:
CN = [] ’ CNM
The Call-by-name (cBN) reduction strategy —>Ig is defined through:

Cx[(AxM)N] — Cx[M{N/x}]
iv) The.Call-by-value evaluation contexts are defined through:
CV = [] | CvM | VCV
The Call-by-value (cBv) reduction strategy — is defined through:

Cyl(Ax.M)V] — Cy[M{V/x}]

Remark that cBN-evaluation contexts do not allow the left-hand side to be an abstraction (as
is allowed in normal evaluation contexts), so do not allow the contraction of redexes inside
an abstraction; neither is it allowed to reduce inside the right-hand side, so certainly it is not
allowed to reduce inside a redex. For cBv-evaluation contexts, we are allowed to reduce inside
the right-hand side, but only if that is not an abstraction (nor a variable), so the application is
not a cBv-redex. Thereby —>’E and —>E are called strategies since in both there can only ever be
one redex to contract; this is not the case for —.

The notions and notations of this definition are also used for the other calculi defined in
this paper.
Curry (or simple) type assignment for the A-calculus is defined as follows:

Definition 1.2 (CURRY TYPE ASSIGNMENT FOR THE A-CALCULUS) i) Let ¢ range over a count-
able (infinite) set of type-variables. The set of Curry types is defined by the grammar:

4



AB = ¢|A—B
it) A context (of term variables) I is a partial mapping from term variables to types, denoted
as a finite set of statements x: A, such that the subjects of the statements (x) are distinct. We
write I, I for the compatible union of I1 and I, (if x: A1 € I7 and x: A, € I, then Ay = A)),
and write I, x:A for I,{x: A}, x € I' if there exists no A such that x:A €T, and I'\ x for
r'\{x:A}.

iit) Curry type assignment is defined by the following inference system:

(Ax):

Ix:AFx:A
I'x:A-M:B I'+tM:A—-B TFN:A
(=I): (x¢r) (—E):
I'HFAx.M:A—B I'HMN:B

We write I' =c M : A for judgements derivable using these rules.

The main properties for I are that type assignment is decidable, and every typeable term
is strongly normalisable.

Decidability of type assignment is established through the definition of an algorithm that
defines the principal typing for each term, using Robinson’s unification algorithm [32].

Definition 1.3 (SUBSTITUTION AND UNIFICATION) i)a) The substitution (¢ — C), where ¢ is a
type variable and C a Curry type, is inductively defined] by:

(p—=C) ¢ =C
(p—=Clo¢" =9
(p—=C)A=B = ((¢—=C) A) = ((¢—=C) B)

b) If S1, S are substitutions, then so is S10S5;, where S105, A = 51(5; A).

c) ST ={x:SB|x:BeT}.

d) S(T; A) = (ST; S A).

e) If there exists a substitution S such that SA = B, then B is a (substitution) instance of A.

f) Ids is the identity substitution that replaces all type variables by themselves.

/

i) (ROBINSON’S UNIFICATION ALGORITHM) Unification of Curry types is defined by:

unify ¢ ¢ = (p—9)
unify ¢ B = (@ +— B) (¢ does not occur in B)
unify A ) = unify ¢ A

unify (A—B) (C—D) = 5305
where S = unify AC
Sy = unify (51B) (51 D)

iit) The operation unifyC generalises unify to contexts:

unifyC (I,x:A) (I,x:B) = S$;08;,
where S; = unify AB
52 = I/lTll.fyC (Sll"l) (S]Fz)
unifyC (Fl,x:A) Fp_ = unifyCFl Fz (xgl"z)
I/lTll.fyC @ Fz = Ids

This definition specifies unify as a partial function; if the side condition ‘¢ does not occur in B’
fails, no result is returned. So, for example, unify ¢ ¢ — ¢ does not return a substitution.
If successful, unification returns the most general unifier:

2 All algorithmic definitions in this paper are presented in ‘functional style’, where calls are matched against
the alternatives ‘top-down’, the first match is taken, and the result is undefined in case there is no match.



Lemma1.4 ([32]) Forall A, B: if Sy is a substitution such that Sy A = S1 B (so then Sy is a unifier of
A and B), then there exist substitutions S and Sz such that S, = unify AB and S; = $3085,.

Unification is associative and commutative: we can show that, for all types A, B, and C

unify ((unify A B) A) C = unify ((unify AC) A) B
= unify ((unify BC) B) A
= unify A ((unify B C) B) efc.

which justifies a ‘higher-order notation’; we will write unify A B C ... for the unification of
any number of types and will use the same higher-order notation for unifyC.

In the literature, Milner’s algorithm W [23] is the usual point of reference for the principal
typing property; however, mainly since designed to deal with the polymorphic let ConstructE
there contexts are supposed to have types for all term variables which might get updated by
the running of V. In a system without let, we can use the more intuitive ‘divide and conquer’
approach; we type subterms in an application separately, and freshly construct the contexts
needed; we then need to unify those, making sure they map each term variable to at most one

type.

Definition 1.5 (pf., PRINCIPAL TYPING ALGORITHM FOR ) The principal typing algorithm for
Curry’s system is given by:
ptex = (x99

where ¢ is fresh
pto(Ax.M) = (T;C)

where (I'';B) = pt.M

re - {F’\x, A—B (x:AeT’)
’ I ¢9—B (xgTI")
@ is fresh

ptC<MN) = 55057 <F1UF2,'([)>
where (I;A) = pt.M
(In;B) = pt.N
S1 = unify AB—=¢
52 = I/lTll.fyC (511"1) (S]Fz)
@ is fresh

The algorithm as presented here is not purely functional. The 0-ary function fresh is supposed
to return a new, unused type variable. It is obvious that such a function is not referential
transparent, but for the sake of readability, we prefer not to be explicit on the handling of type
variables.

The following property can be shown to hold.

Theorem 1.6 (PrINCIPAL TYPING PROPERTY) If I'=c M : A, then there are context I'', type B and
a substitution S such that: pt_ M = (I'"; B), and both ST’ C T and SB = A.

Proof : By induction on the structure of terms, much like that of Thm.7.4. (|

1.2 The Ap-calculus

Parigot’s Ap-calculus is a proof-term syntax for classical logic, expressed in Natural Deduc-
tion, defined as an extension of the Curry type assignment system for the A-calculus. We
present the variant of Ay we consider in this paper, as defined by Parigot in [29]].

Definition 1.7 (Syntax of Ap) The Au-terms we consider are defined by the grammar:

3 When typing ML’s letx := E{inEy, ‘divide and conquer’ would not work: in order to type E,, we need to have
access to the (polymorphic) type for x, and cannot construct it as done in Def. 1.5. In order to correctly instantiate
the polymorphic type found for E; when typing Ep, W first types E;, quantifies the type found as much as possible
and assigns that type to x when typing E. This implies that, when encountering a term variable, JV uses its type
from the context rather than creating it fresh. Unification is not defined on quantified types.



M,N == V|MN | ua.[g]|M
V u= x| Ax.M (values)

Recognising both A and p as binders, the notion of free and bound names and variables is
defined as usual. As in Haskell [22], we will use ‘_’ as a special name: when we write y_.[a| M,
the name ‘_’ cannot occur (free) in [a]M. We will call the pseudo-terms of the shape [a]M
commands, written C, and treat them as terms for reasons of brevity, whenever convenient.

In Ay, reduction of terms is expressed via implicit substitution, and as usual, M{N/x}
stands for the (instantaneous) substitution of all occurrences of x in M by N. Two kinds of
structural substitution are defined: the first is the standard one, where M{N-vy/a} stands for
the term obtained from M in which every command of the form [«]P is replaced by [y]|PN (y
is a fresh name). The second will be of use for cBv reduction; here {N-y/a} M stands for the
term obtained from M in which every [«|P is replaced by [y]NP.

They are formally defined by:

Definition 1.8 (STRUCTURAL SUBSTITUTION) Right-structural substitution, M{N-y/a}, and left-
structural substitution, {N-y/a} M, are defined inductively over pseudo terms by:

x{N-y/a} A x {N-y/a}x 4 x
(Ax.M){N-y/a} & Ax.(M{N-vy/a}) {N-v/a} (Ax.M) & Ax.({N-y/a} M)
(PQ){N-y/a} £ P{N-y/a} Q{N-7/a} {N-v/a}(PQ) 2 {N-v/a}P {N-7/a}Q
A]M{N-7/a} & [y](M{N-7/a}N) [N-y/a} M 2 [AIN({N-y/a} M)
[BIMAN-y/a} £ [BJ(M{N-v/a}) (B#a) {N-y/a}[B]M 2 [B{N-7/a} M (B #«)
(48.C){N-y/a} £ pd.(C{N-7/a}) {N-v/ajps.C £ ps{N-y/a}C

[28] only defines the first variant of these notions of structural substitutions (so does not use
the prefix ‘right’); the two notions are defined together, but rather informally, using a notion
of contexts in [27].

We have the following notions of reduction on Ayu. For the third, call by value, different
variants exists in the literature; we adopt the one from [27].

Definition 1.9 (Ax REDUCTION) i) The reduction rules of Ay are:

logical (B) : (Ax.M\)N — M{N/x}
structural (p) : (ya.C)N — uy.C{N-y/a} (7y fresh)*
erasing (E) : pa.ja]lM — M (& M)
renaming (R) = pa.[Blpy.[6]M = pa.([OJM){B/7}

Contexts are defined by:
C == []|CM|MC|Ax.C|ua.[B]C

(Free, unconstrained) reduction —4, on Ap-terms is defined through C[M] —, C[N] if
M — N using either the B, u, E, or R-reductions rule.

ii) CBN evaluation contexts are defined as:
CN = [] ’ CNM ‘ }UX[ﬁ] CN

and each Cy is redex-free. cBN reduction —py 18 defined through: Cyx[M] —B Cx[N] if
M — N using either the B, y, E, or R-reduction rule.

iit) cBV evaluation contexts are defined through:

4 In the literature, it is common to write (ua.C)N — pua.C{N/a} for the structural rule. This notation not
only violates the spirit of Barendregt’s convention, it also hides the fact that the bound « on the left and right are
different: when dealing with typeable terms, their types differ (respectively A— B and B).



Cy == []|CyM|VCy | pua.[f]Cy

and each Cy is redex-free. cBv reduction —, Is defined through: Cy[M] —By Cv[N] if
M — N using either rule y, E, R, or one of the rules:

(Bv): (Ax.M)V — M{V/x}
(mv): V(pa.C) — uyAV-y/a}C (v fresh)
iv) CBN applicative contexts are defined as:
Cn == []| CaM
whereas cBv applicative contexts are defined as:
Cy == []|cyM]|VcCy

Notice that we now need to demand that a ¢BN or cBv evaluation context is redex-free; other-
wise, (pa.[B](Ax.M)N)P is ambiguous. This is not needed for CBN or cBv applicative contexts,
as argued above in Def. 1.1.

Remark that, for rule (py), pa.[B]N is not a value. Also, unlike for the A-calculus, cBv
reduction is not a sub-reduction system of —g,: the rule (yv) (and left-structural substitution)
are not part of —4,. Both cBN and cBv constitute reduction strategies in that they pick exactly
one free fu-redex to contract; notice that a term might be in either cBN or cBv-normal form
(i.e. reduction has stopped), but not need be that for —g,,.

It is possible to add the cBv-rules to Ay, and define

(ne): (na.C)N —py py.C{N-y/a} (7 fresh)
(r) : M(pa.C) —py py{M-y/a}C (7 fresh)

but then reduction would no longer be confluent: it would then contain the critical pair
(na.C) (uB.C"), which can be contracted in two ways, with perhaps different outcomes.

As shown in [33], it is possible to define a domain theoretic model of Ay, based on the
solution of the domain equations D = C—R and C = D x C, where R is an arbitrary domain
of ‘results’. The domain C is set of what are called ‘continuations’ in [33], which are infinite
tuples of elements in D, where D is the domain of continuous functions from C to R and is
the set of ‘denotations’ of terms. Using the strong relation between intersection type theories
and domain constructions, based on those results, [4] defined an intersection type assignment
system for Ap that induces a filter model [6] for Ay where continuations are typed with
sequence of term types. This approach was then used in [2], but limiting the set of results R
to just a singleton set, thus effectively obtaining ‘negated intersection types’. For that system,
strong normalisation of cut elimination is shown, from which a number of other normalisation
and characterisation results follow.

1.3 Type assignment for Ay and soundness

With Ap Parigot created a multi-conclusion typing system which corresponds to implicative
classical logic with focus; there derivable statements have the ‘sequent’ shape ' M: A | A,
where A is the main conclusion of the statement, expressed as the active conclusion, I" is the
set of assumptions and A is the set of alternative conclusions, or have the shape I' - A is there
is no formula under focus. The formulas and inference rules for this system are:

AB = ¢|A—B

and a context I' is a set of formulas[d where I A = I' U {A} and

5 Treating a contexts as a list would require additional inference rules for context manipulation.



(Ar): T (Act) T |AA (Pass) THA|AA
X): cr): ———— ass) . ————
TLAFA|A TFAlA TH|AA
ILAFB|A T'FA-B|A THA|A
(=D): 22 (SE):
T'FA—B|A T'FB|A

Since formulas in A can be seen as negated, the rule (Act) represents double negation elimi-
nation.

Au gives a Curry-Howard interpretation to the above inference rules, as will be clear from
the definition of type assignment for Ay as below; there is a main, or active, conclusion, labelled
by a term, and the alternative conclusions are labelled by names «, B, etc.

Judgements in Ay are of the shape I' -y, M: A | A, where A consists of pairs of Greek
characters (the names) and types; the left-hand context I', as for the A-calculus, contains pairs
of Roman characters and types, and represents the types of the free term variables of M.

Definition1.10 (TYPING RULES FOR Ap) i) Types and variable contexts I" are those of Def. 1.2.

i) A context of names A is a partial mapping from names to types, denoted as a finite set of
statements a:A, such that the subjects of the statements («) are distinct. Notions A1,A», as
well as A,a: A and « ¢ A are defined as for I'.

iit) The type assignment rules for Ay, adapted to our notation, are:

(A)' - ( ) I'FM:B|ua:A,B:B,A ¢4 TEM:Ala:AA A
YirxArxAla W M A | BB, (e ) FFpux.[a]M:A|A(IX¢ )
Ix:AFM:B|A I'M:A—>B|A THN:A|A
(—=I): (xgr)  (=E):

THAx.M:A—B|A T'-MN:B|A

We will write I" -y, M : A | A for statements derivable in this system.

iv) We extend Barendregt’s convention on free and bound variables and names to judge-
ments (for all the notions of type assignment we define here), soin I', x: A, M: B |a:C, A,
both x and a cannot appear bound in M.

We can think of [¢|M as storing the type of M amongst the alternative conclusions by giving
it the name «.

As with Implicative Intuitionistic Logic and the Lambda Calculus, the reduction rules for
the terms that represent the proofs correspond to proof contractions; the difference is that the
reduction rules for the A-calculus are the logical reductions, i.e. deal with the elimination of a
type construct that has been introduced directly above. In addition to these, Parigot expresses
also the structural rules that change the focus of a proof, where elimination takes place for
a type constructor that appears in one of the alternative conclusions (the Greek variable is
the name given to a subterm): he therefore needs to express that the focus of the derivation
(proof) changes (see the rules in Def. 1.10), and this is achieved by extending the syntax with
two new constructs [¢|M and pa.M that act as witness to deactivation and activation, which
together move the focus of the derivation, and together are called a context switch.

The intuition behind the structural rule is given by de Groote [19]: “in a Au-term pa.M
of type A— B, only the subterms named by « are really of type A— B (...); hence, when such a
p-abstraction is applied to an argqument, this arqument must be passed over to the sub-terms named
by a.” This can be illustrated by the derivations for the reduction (pu«.[B]C[u~y.[a] M])N —g,
16.[B]Clpy.[6] MN] in Fig.1 (where B:C € A).

We have the following standard result.

Lemma1.11 (WEAKENING AND THINNING FOR y,) The following rules are admissible for t-),,:
T-M:A|A

Wk): ———— (Ircr'aca Th) :
< ) I’/FM:A\A/( o ) ( )

I'EM:A|A ("= {x:BeT |xcfo(M)},
I'eM:A|A A={nBeA|nem(M)})



\ ] L ]

I ] TFN:A[A

I'tM:A—B|a:A—B,y:D,A (Wk)
" [FM:A>B|6:B,y:D,A T'FN:A|6:B,y:D,A
I'py.[a]M:D|a:A—B,A (—E)
\ / I'FMN:B|é:B,y:D,A
[rolurMI:CluA=BA ] I'Fpy.[JMN:D|4:B,A
T pa[fICly [ M]: A>B A | TFN:A|A \ |

(=E)  T'FC[uy.[{)MN]:C|é:B,A
I'tué.[B]Cluy.[0]MN]:B|A

T+ (ue.[BC[py. [ ] M])N : B A ()

Figure 1. An illustration of structural reduction in Ap.

Proof : Standard. (|

Notice that, by our extension of Barendregt’s convention in Def. 1.10, I"" and A’ cannot contain
statements for the bound names and variables in M.

Example 1.12 Take the term pa.[a|puB.[y]M, such that M does not contain « or B, and a #
7. Then by renaming, pa.[a]pup.[y]M —p, pa.[y]|M{a/B} = pa.[y]|M but also, by erasure,

pe[a]pB.[y]M =gy up.[v] M. Notice that pa.[y]M =4 p—.[y]M =4 pp.[7y] M.

We will now show that type assignment is closed under reduction for both cBN and cBv re-
duction. This result might itself be as expected, and is presented here mostly for completeness.
First we show results for the three notions of term substitution.

Lemma1.13 (SUBSTITUTION LEMMA) ) If I,x:BFy, M: A|A and I\, L:B|A, then T F,
M{L/x}: A|A.
i) If Ty, M:A|a:B—C,Aand I' =y, L: B| A, then T =y, M{L-y/a}: A|~:C,A.
iii) If ', L:B—C|Aand Iy, M: A|«:B,A, then T’ by, {L-y/a} M: A|v:C,A.
Proof : 1) By induction on the definition of term substitution.

(x{L/x} =L): If I,x:BFy, x: A[A, then B=A,so 'y, L: A|A,soalso I' -y, x[L/x]: A|A.

(y{L/x} =y (y #x)): Theny:A €T and by rule (Ax) we have I' -y, y: A | A,

(Ay.(N{L/x}) = (Ay.N){L/x}): Then A=C— D. If I,x:Bty, Ay.N:C— D | A, then by rule
(—I), Ix:B,y:Cl), N: D | A. Then by induction, I',y:Ct), N{L/x}:D| A, so by (—1I),
I Fay Ay.(N{L/x}): C—D | A.

((PQ){L/x} = P{L/x}Q{L/x}): If I, x:B Fy, PQ: A| A, then, by rule (—E) there exist C
such that both I,x:BFy, P:C—A|A and I,x:B" I, Q:C|A. Then, by induction,
I'ky P{L/x}:C—A|Aand I b, Q{L/x} : C|A; the result follows by rule (—E).

((pa.[BIN){L/x} = pa.[B]N{L/x}): If I, x:B ), pa. [B]N : A | A, then, by rule (u) there exist
C such that I, x:BFy, N:C|a:A,B:C,A" with A= B:C,A’. Then, by induction, I' k-,
N{L/x}:C|wa:A,B:C,A", and by rule (u) we have I -y, N{L/x}:C|a:A,B:C,A".

if) By induction on the definition of right-structural substitution.

(x{L-y/a} & x): Then x:A €I, and by rule (Ax) we have I' by, x: A | y:C,A.

((Ax.N){L-y/a} & Ax.(N{L-y/a})): Then A=D—E and, bu rule (—I), I,x:D bk, N: E |
a:B— C,A. Then by induction we have I, x:D ), N{L-y/a}: E | 7:C,A, so by rule (—I)
also I' =y, Ax.N{L-y/a} : D—E | v:C,A.

(PQ){L-y/a} & P{L-y/a}Q{L-y/a}): Then by rule (—E) there exists D such that I I,
P:D—A|a:B—C,Aand I' Fy, Q: D |a:B— C,A. Then by induction we can assume
both I't, P{L-y/a}:D— A|v:C,Aand I -y, Q{L-y/a} : D | v:C,A; the result follows
by rule (—E).
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(u6.[a] N{L-y/a} & pé.[y](N{L-y/a}L)): Thenby rule (4) I'), N:B—C|5:A,0:B—C,A,
and by induction I' -y, N{L-y/a}:B— C|d:A,:C,A. Since &, 6 and v all do not occur
(free) in N, we can construct

I ] THL:B|A
(Wk)
T'tN{Ly/a}:B—C|5:A,~:C,A THL:B|§:A,7:C,A (LE)
—

I'(N{L-y/a})L:C|6:A,v:C,A
TF po. [y (N{Ly/a ) L: A 7:CoA

((u6.[BIN){L-v/a} & us.[B](N{L-v/a}) (B # «)): Thenby rule (i) there exists D such that
A=B:D,A,and I -y, N:D |6:A,B:D,a:B— C,A’, and by induction I' -y, N{L-y/a} :
D|s:A,B:D,y:C,A". But then, by rule (u), also ud.[B]N{L-y/a} : A:T k, B:D,:C,A.

iii) By induction on the definition of left-structural substitution.

({L-y/a}x £ x): Then x:A €T, and by rule (Ax) we have I' -y, x: A | y:C,A.

({L-y/a} (Ax.N) & Ax.({L-y/a}N)): Then A= D—E and, bu rule (—I), I,x:D ), N: E |
®:B,A. Then by induction we have I',x:D -y, {L-y/a} N:E|v:C,A, so by rule (—I) also
I'Fy AxAL-y/a}N:D—E|:C,A.

({L-y/a}(PQ) & {L-y/a} P{L-y/a}Q): Then by rule (—E) there exists D such that I' -y,
P:D—A|wa:B,Aand I' by, Q: D |a:B,A. Then by induction both I' -y, {L-y/a}P:
D—A|v:C,Aand I by, {L-y/a}Q: D |~:C,A; the result follows by rule (—E).

({L-y/a}ué.[a]N & ub.[y]L({L-y/a}N)): Then by rule (u) I' -y, N:B|6:A,a:B,A, and by
induction I' -y, {L-y/a}N:B|é:A,7:C,A. Since § and  do not occur (free) in L, we
can construct

L ]

[FL:B—C|A I ]

(WE)

[+L:B—C|d6:A:CA I'F{Ly/a}N:B|d:A,7:C,A
[+ L{L/a}N:C|5:A,~:C,A
I'twud.[y]L{L-y/a} N: A|v:C,A :

({L-y/a} (u6.[B]N) A us.[B]({L-y/a}N) (B #a)): Then by rule (i) there exists D such
that B:D,A" = A, and I' =3, N: D | 6:A,«:B,B:D,A’. Then by induction we have I Iy,
{L-y/a}N:D|[6:A,7:C,B:D,A". But then, by rule (u), also I' -y, ud.[B]{L-y/a} N : A |
v:C,B:D,A. O

(=E)

We will now show that type assignment respects cBN and cBv reduction:

Theorem 1.14 i) If '), M: A| A, and M —>EH N, then I't=5, N: A|A.
ii) IFM —%, N, and T by M: A | A, then T b, N: A| A.
Proof : 1) By induction on the definition of By
((Ax.M)N =5, M{N/x}): The derivation for I -y, (Ax.M)N: A [ A is shaped like

(N
Lx:BFM:A|A - T ]

T'FAx.M:B—A|A IT'EN:B|A
I'-(Ax.M)N:A|A
Then, by Lem. 1.13, we have I' -y, M{N/x}: A | A.
((pa.[a] M)N —B uy.[y]M{N-y/a}N): The derivation for (ua.[a] M)N is shaped like

(=E)

11



\ /
I'EM:B—A|a:B—AA | ]

e oA P FENBA

' (pa.a] M)N: A | A
Then by Lem.1.13, we have I' ky, M{N-y/a}:B— A |v:A,A. Since v is fresh, by
weakening also I' -y, N: B |v:A,A, and we can construct

| ] |

[-M{N-/a} :B=A|y:AA  TFN:B|1AA
I'tM{N-y/a}N:A|v:AA
T M NN ALa
((ne.[S)M)N =5, py.[6] M{N-7y/a}, with a« # 5): The derivation for (pa.[5]M)N is shaped
like

(=E)

(=E)

\ |
[EMiClwBoASCH ]

['Fpa[s)M:B—A|6:C,A Mo N B 15:C, A
[+ (ue. o] M)N : A | 6:C, A (=E)
with A= §:C,A’. Then by Lem. 1.13, we have I' -, M{N-y/a}:C|7:A,5:C,A’, and we
can construct

| |

't M{N-y/a}:C|7:A,35:C,A
TF py PIM{N~ja}: Al5:CA
(no.[a] M —Bu M): The derivation for pa.[a] M is shaped like
TEM:Ala:AA
I'paja]M:A|A

(1)

Since « does not occur in M, we can thin a: A, A and obtain I' ), M: A | A
(ne[Blpy.[0)M B pe.([6]M){B/7}): The derivation for (pa.[6]M)N is shaped like

| |

I'tM:D|a:A,B:B,y:B,5:D,A
T'+uy.[0]M:B|a:A,B:B,6:D,A
TF e |Blpr 0| M: A | B:B,5:D, 8

(1)

So in particular, replacing all occurrences of 7 by B, we obtain a derivation for I Iy,
M{B/v}:D|a:A,B:B,5:D,A’. Now either:
(6 # 7v): Then we can construct:
| |
I'+-M{B/v}:D|a:A,B:B,6:D,AN
T e 0)M B/ Al pBoDa ™

(6 =7): Then D = B as well, and we can construct:
\ |
I't-M{B/v}:B|a:A,B:B,A
T [BIM{B/r}: Al BB
(M —p, N = MP —5 NP, ya.[fJM —5, pa.[B]N): By induction. O
if) By induction on the definition of g
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(Ax.M)V —5, M{V/x}): The derivation for I by, (Ax.M)V : A | A is shaped like

| /

[x:Bly M:A|A
(—=I)
FF/\]u/\x.MZB—)A‘A FF/\VVZB|A
[hy (Ax.M)V:A|A
Then, by Lem. 1.13, we have I' -y, M{V/x}: A | A.
((pa.[a] M)N —5 uy.[yY]M{N-y/a}N): The derivation for (ua.[a] M)N is shaped like

\ /
[y M:B—A|a:B—AA ]

I'by pafa]M:B—A[A 2 'y N:B[A
By (pa ] M)N:A|A
Then by Lem. 1.13, we have I' -y, M{N-y/a}: B— A|y:A,A. Since by weakening also
'y N:B|7:A,A, we can construct

(=E)

(=E)

] |

I'by M{N-y/a}:B—=A|7:A,A I'by N:B|71:AA
Iy M{N-y/a}N: A[7:A,A
T By py [YIM{N-7y/a}N: A|A
(e [S]M)N =, py.[6] M{N-7y/a}, with a« # 6): The derivation for (pa.[6]M)N is shaped
like

(=E)

(1)

| |

I M:Cla:B—A,6:CA \ /
Ty pe[6]M:B— A |6:C,A 2 I'by N:B|o:CA
Iy (na [S)M)N: A | 6:C,A'
with A= §:A,A’. Then by Lem.1.13, we have I' -y, M{N-y/a} :C|v:A,5:C,A’, and by
rule (u) we get Iy, py.[0)M{N-y/a}N: A|5:C,A.
(V(pa.[a] M) —5u uy [y]V{V-y/a} M): The derivation for V (ua.[a]| M) is shaped like

| / I'-M:B|a:B,A

I'rV:B—A|A TFpafa]M:B|A
I'EV(pa.a]M):A|A
Then by Lem. 1.13, we have I' Fy, {V-y/a} M : B |v:A,A, and we can construct

L ]

[FV:B—A|A I ]
Wk)
[FV:B—A|7:AA I'F{V-y/a}M:B|y:A,A
THV{Vy/a}M:A|7:AA
Frp I VIVa/aM:Als
(V(pa.[0]M) —Bu uy [0]{V-y/a} M, with « # 6): The derivation for V (ua.[6]M) is shaped
like

(=E)

(1)
(—E)

(=E)

| |

\ / I'tM:C|a:B,s:C,A
T'~V:B—A|§C,A  Thrua[s]|M:B|s:CA ! E
T V(o] M): A [5:C, =
with A= 4:C,A". Then by Lem. 1.13, we have I' -y, {V-y/a} M:C|v:A,6:C,A’, and by
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(Ax)

y(C—1L)—»1lkFy:(C—>1)—L1]

(Ax)
x:Chx:Cl|é:L,a:C,y: L
. RPN (Ax)
x.CI—yé.[oc]x.LM.C,'y.J_ (4)1) Z:C—)L"ZZC—)L|
FAx.ud.|alx:C— L|a:C,y: L .
e P v
y:(C—L)—=LFy(Ax.ud.fa]x): L]a:C,y:L ) : I'EM:C|A (SE)
_>
yi(C— L= L F pa[y]y(Ax.pd.a]x) : C | 1L ”( y _LEColramMilia
— —
FAy.pa[yly(Ax.pud.[a]x): (C—L)—L)—=Cly:L I'tAzzM:(C—»1)—L1]|A (SE)
—

't (Ay.payly(Ax.pé.a]x)) (Az.zM) : C|y:L,A

Figure 2. Modeling double negation elimination in Ay

rule (y) we have py.[0]{V-y/a}M: A:T ), 6:C,A". O
a.la|M =Y M): The derivation for uw«.|a|M is shaped like
M Bu H p
TEM:Ala:AA
I'paja]M:A|A

(1)

since « does not occur in M, we can thin a: A, A and obtain I' k), M: A | A.
(ne.[Blpy.[0)M B pe.([6]M){B/7}): The derivation for (pa.[6] M)N is shaped like

| |

I'tM:D|a:A,B:B,y:B,5:D,A
T'+uy.[0)M:B|a:A,B:B,6:D,A #)
TF e |Blpr 0| M: A | B:B,3:D, 8
So in particular, replacing all occurrences of v by B, we obtain a derivation for I -y,
M{B/v}:D|wa:A,B:B,5:D,A.
Now either:

(6 # 7): Then we can construct
\ |
I'-M{B/v}:D|a:A,B:B,6:D,AN
I'+ua.[5)M{B/v}:A|B:B,5:D,A

(1)

(6 =7): Then D = B as well, and we obtain
| |
I'tM{B/v}:B|a:A,B:B,A
12 nu
I e BIM{B/7} - A | p:B,2
N = MP —5, NP, pa.[f]M —5, pa.[f]N): By induction. O

(M —%ﬂ

Example 1.15 In [28], Parigot represents ‘double negation elimination” in Ay through the term
Ay.pe.[y]y(Ax.pd.[a]x); notice that this term is not closed as it has a free name . To type
it, rather than adding negation, L is added as a pseudo-type to express negation as well as
contradiction. Assuming z & M, we can construct the derivation in Fig. 2 (using multiplicative
style); notice that v is of type L. Since ¢ ¢ [a]M and a ¢ M by Barendregt’s convention, we
have:

(Ay.pa.[y]ly(Ax.puéd.[a]x)) (Az.zM) —Bu pa.[y](Az.zM) (Ax.ud.[a]x) — B

po.[y](Ax.puéd.[a]x) M =gy Ho[y]pd.[a]M —Bu

po.[a] M —p, M

which illustrates Thm. 1.14.
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The following lemma is needed below when encoding throwing exceptions.

Lemma 1.16 i) The reduction rule Cx[p—.[]|N]— p—.[B]N is admissible in —Bu
ii) The reduction rule Cy[u—.[B]N] — p—.[B]N is admissible in —y .

Proof : i) By induction on the structure of contexts:
(Cx=1[]): Immediate.
(Cx = Cx'M): Notice that _ # B and that there is no sub-term called _ in N; then

CY[H_[BINIM — (IH) (u_[FIN)M =¥, . [BIN{M-7/)

= ur[BIN =« p—[BIN
Notice that v is fresh; since there is no sub-term called _ in N, the structural substitu-
tion {M-/_} has no effect, so, in particular, v does not appear in [B]N.

if) By induction on the structure of contexts. The first two cases are similar to above; the
third one is:

(G = VGy): VCH[u_[BIM] — (H) V(u_[B]M) =}, nr.B1{V-7/-}M

1.4 The Ap-tp-calculus
Following [33], [1] also presents a variant of Ay, called Au-tp, where tp is a name that cannot
occur bound and denotes the top-level. It does that by adding tp as a name-constant, and the
type assignment rule:
TFM:1|A
(o) :
THp|M:L|A

Notice that, implicitly, the assumption is that tp has type L, but that this connection is not
registered in the co-context.

Their motivation for this extension is: “On the programming calculi side, the presence of the
continuation tp makes it possible to distinguish between aborting a computation and throwing to a
continuation (as aborting corresponds to throwing to the special top-level continuation). This distinc-
tion can be used to develop more refined programming calculi for languages with control operators.”
AHS’07. We will follow this suggestion below, when we look to model aborting computations
in A" in Sect. 5.

Definition1.17 (Au-tp [1]) i) Terms of the Au-tp-calculus are defined as in Def. 1.7, extended
with the case pa.[tp] M, where tp is a name that cannot occur bound.

ii) The notion of type assignment for Au-tp, fp, is defined using the types defined by the
grammar
AB = ¢|L|A—B
and the type assignment rules of Def. 1.10, extended with the inference rule
T'EM:1|a:AA
(tp) :

I'pa.jtplM: A A
Notice that now L is a type. The appropriate variants of Lem. 1.13 and Thm.1.14 can much
in the same way be shown to hold for . Notice that Lem.1.16 also holds for g = tp.

Example 1.18 In Au-tp, ‘"double negation elimination” can be expressed using the closed term
Ay.peftp] (yAx.pd.[a]x); the structure of the derivation is exactly the same as that in Ex. 1.15,
but for the fact that -y has been replaced by tp, and y: L has been removed from the co-context.

15



2 Calculi with exception handling and Ay

In this section we will look at the intricacies of adding exceptions to a A-calculus, and how
exceptions are dealt with in ML. We then look at Nakano’s calculus A¥ [25] that tries to do
that, and Crolard’s interpretation of AN into Ay [12], and de Groote’s calculus A}, [20] and
Bierman'’s interpretation of A, in cBv-Au [8].

Exception handling is a common feature of quite a few programming languages. Exceptions
are raised when a program reaches an undesirable state, and basically involves abandoning a
computation, aborting the current context, and passing control to a dedicated handler, that is
written to deal with the anomaly.

The kind of contexts that can be aborted differ from paper to paper. The most common
approach, as used in [15, 8] and here, is to allow aborting applicative contexts only. For exam-
ple, Nakano’94b allows aborting executions inside abstractions as well; allowing this kind of
computational exit comes with obstacles, in that type assignment and in particular soundness
(preservation of assignable types under reduction) becomes more difficult to achieve, since
in general we cannot preserve types when aborting from an abstraction (see Ex.4.5 and 6.6).
This leaves that (in the context of the A-calculus with types) we can only safely abort from
applicative contexts.

21 On adding exception handling to the A-calculus

The main topic of this paper is to define an extension of the A-calculus with exception han-
dling, modelled through try, catch and throw, and investigate notions of type assignment for it
and their relation to classical logic. Before coming to that, perhaps we should point out some
of the inevitable limitations of equipping the A-calculus with exception handling.

e From the point of view of programming, throwing of exceptions from inside an abstrac-
tion, as modelled by the reduction rule

Ax.throw a N — throw a N

should not be allowed[d One reason is that subject reduction will then fail (the variable x
might appear in N; see Ex.4.5), but, perhaps more importantly, it would correspond to letting
a program raise an exception just because it occurs in a function definition, regardless of
whether or not evaluation of the program has led to the exception.

e In cBvV or cBN functional programming languages, reductions never take place under-
neath an abstraction, so exceptions defined inside a function are only ever thrown when the
function has been called (a redex involving the abstraction has been contracted). This restric-
tion seems to have been applied to almost all proposals for A-calculi with control in the past
(an exception is [25]).

e A common approach to typeing the throw action is to base its rule on the rule for |-
elimination from Classical Logic [16],

-1
(EFQ): T4
(ex falso quodlibet sequitur) which allows any type to be assigned to the expression, as through
the rule
TFM:A|A

throw) :
( ) I'kthrow a M:B|a:A,A

(See Def. 2.1). This, however, is only ever useful in languages that have a conditional construct,
when one of the two alternatives throws a recoverable exception whereas the other executes

6 This rule is implied in systems where throw is allowed to escape from any context, as in [25].
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normally (see also Sect.6). We do not know, a priori, if a boolean will evaluate to true or false,
so if the exception handler is only thrown in the else-part, the type assignment system should
be able to express both that the computation will continue normally (in case the boolean
evaluates to true), or fails (in case the boolean evaluates to false).

In order to successfully type this with the normal type assignment rule for the conditional

T'-M:bool|A THP:B|A THQ:B|A

(cond) :
I'tif Mthen Pelse Q:B|A

we need to be able to ‘warp’ the type of the throw to B, for any B. Type assignment thereby
then ‘hides’ the fact that an exception was thrown. This last point will be relevant in Sect. 6
where we present a notion of type assignment that allows for failing exceptions, for which
this hiding feature is no longer present, and the type assignment can (in certain cases) predict
failure of a program, in the sense that when the type fail has been inferred, it is certain that
the program will fail. When adding the conditional construct and allowing a more liberal way
of typing it, as we will do in the final part of the paper, and allowing for both recoverable
and failing exceptions, this apparent shortcoming disappears, and part of a program can fail
without that affecting the type for the whole.

e Normal programming hygiene would demand that exceptions can only be thrown to-
wards an existing and corresponding catch (in our case, the one with the right name). Our
approach here, where we use a try-construct

try M; catch ny(x) = Ny; ...; catch n,(x) = N,

that contains a number of cafch expressions that deal with the exceptions that might be
thrown inside M, demands that the result of a normal execution, which would exit from
the try-construct, cannot contain a throw towards one of the exception handlers inside the try-
construct, but can only refer to exception handlers that are defined outside the try-construct.
In fact, the names for the exception handlers are bound in the construct, and we do not want
reduction ‘to free’ bound names (or variables).

If this seems restrictive, dropping this restriction for names is easily dealt with using dy-
namic scopingE] and involves checking if a handler for that name is also defined ‘one level
up’, or assuming that all locally defined exception handlers are otherwise redefined on the
outermost level where they generate an undefined message, with reduction rules like

(try V; catch nj(x) = M;)P —
try V P; catch m(x) = Error("Message not understood") (7; = fn(V))

etc. Because dynamic scoping cannot be directly represented in Ay, we choose here to syn-
tactically restrict the terms; this leads to more elegant and tractable solutions to the various
theoretical results we achieve, where we can focus on the essential properties without overly
complicating the system.

2.2 Exceptions in ML

Exceptions were introduced for ML in [24], and the approach taken there forms the basis for
that used in Haskell and OCaml [31], to name but two more recently developed functional
programming languages. Exception handling for ML is defined in a rather ad-hoc way, since
not really representable in a functional, A-calculus way. This is caused by the very nature of
exceptions that, when raised, propagate “outwards and upwards”. In a formal calculus, this
requires a reduction rule that is capable of eradicating contexts, like for example C[.A(M)] —

7 In dynamic scoping, the compiler maintains a mapping from identifiers to values for each ‘environment’.
Then referencing an identifier produces what is associated to it in the most recent environment; the compiler first
searches the current environment and then successively the surrounding ones, in order.
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M as used in AC [15] (using the abort constructor A), or similarly as in [25, [18]. Normally,
contexts that are discarded are applicative, as in (A(M))N;---N, — M, and the applicative
context has to be assumed to be maximal.

Then using raise as a keyword that models an exception occurring, we can say that we
need a reduction rule of the shape ‘raise M — raise’ (discarding the context ‘one term at the
time”), which cannot be expressed in a pure functional language, not even using a fixed-point
construction. Rather, exception handling in ML is dealt with as an implementation issue outside
of the normal reduction strategy, by placing markers with the handlers, and unwinding the
stack until the correct handler for the exception is reached.

Focussing for the moment on ML, exceptions have to be declared in ML through a statement
of the form:

exception exceptionName of argumentsType

(of argumentsType is optional) where exceptionName is the declared identifier, a type
constructor, and the added argument sType is the type of the arguments that can be passed.
Raising has the syntax

raise expression

where expressionis (some program term that evaluates to) the exception to be raised.
Handling an exception is dealt with through handle expressions, that have the form

expression handle matches

where mat ches is one or more pattern rules of the shape “name => body” that match against
declared exception names and executes body when successful, and expression is some
program term that might raise an exception. This matching feature highlights that exception
names are treated as constructors, that create objects of ML’s built-in extensible data type exn[d

Raising an exception name involves an interruption of normal execution, and a jump out
of the current context, unfolding the stack until a handler for name has been reached, or
the outermost level is reached after which the run-time system deals with the event through
printing an error message or the program terminates. This reduction behaviour is left rather
unspecified in ML, but can be defined formally as done by de Groote (see Sect. 2.5) and as we
will do in Definition 3.2 for our calculus A"™; as mentioned above, it is not expressible in a
pure A-calculus.

The return type of an exception is always exn, and when the exceptionName is declared
with argument sType, then the type of exceptionNameis argumentsType — exn. There-
fore the argument passed to raise has type exn; the term raise expression given above has
any type, since a raise expression should be useable in any context. Also, to guarantee subject
reduction, the bodies of the handlers should all have the same type as the main expression.

A declaration like

exception exceptionName of argumentsType

is dealt with in a different way than a normal function declaration (which gets modelled
through a let-construct) because exceptionNameis not an identifier, but a type constructor.
Informally, the declaration adds the statement

exceptionName: argumentsType — exn

to an exceptions environment (called E here), mapping type constructors to types, which gets
built up before typing the main term in the program.
This suggests inference rules like:

8 Haskell has no extensible data type; rather user-defined exceptions are instances of the Exception type class.
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I'; EF params;: argType; I'’EF expr:exn

I'; Et namej(params;) : exn I'’EF raise expr: A

I'DEFexpr: A T,x:argType;; EFbody;: A (Vi€n)

I' EF expr handle name; (x) => body;: A

where E = name:argType) —exn,..., name,:argType, — exn, and of course the parameters
need not be present. Notice that, in the second rule, raise expr can have any type, and that
in the last rule, the statements for the name; in E link the type for the x in I',x:argType;; E I-
body;: A to name;.

We will see in Sect.4 that this interpretation of the way exceptions are treated in ML is
similar to the basic type assignment system for A", where we would write I' - expr: A | E
in closer correspondence to type judgements in Au. There throwing an exception has any
type as well. The type exn is not used there; since in A"™ handler names are not first-class
citizens, so cannot be used outside of throwing or catching, there is no need for a separate
type assignment rule for them.

Formal systems dealing with exception analyses for ML are described in the literature; a
good summary of various systems is presented in Section 6 of [30]. Since the purpose of those
systems does not correspond to ours, and neither of those approaches is related to classical
logic, so not really related to our results, we will not present those here. In Sect. 2.5 we discuss
de Groote’s calculus A7, [20] that has features inspired by ML’s exception handling, and how
Bierman [8] has successfully linked A/, to cBv-Apu.

exn

2.3 On modelling the catch/throw mechanism in Ay

In terms of provable properties it is preferable to model eradication of applicative contexts
‘one syntactic construction at the time’, rather than use the AC-approach, which aborts entire
contexts via C[.A(M)] — M, where the context is implicitly assumed to be as large as pos-
sible. This is exactly what can be modelled in Ay (using the result of Lem.1.16), where the
functionality of throwing an exception M to name n can be represented by u_.[n] M (where
n does not occur in M), i.e. a context switch that can be used to erase (only) an applicative
context.

This gives that we can now implement the functionality of ‘escaping from the context” via
the mechanism of consuming it via the reduction steps:

(4[] M)PQR = (u_.[n]M)QR — (s_.[n]M)R — pu_.[n]M

Notice that this will always leave the prefix y_.[n], which therefore has to be removed through
the encoding of the catch functionality. We can achieve this using Ay’s renaming and erasing
reduction steps: we model catching on name n through pn.[a] M, essentially allowing for:

un.[a](p—.[n] M)PQR —>EV (1.16) un.[a]p_.[n]M —p, (R) pn.[n]M —, (E) M

However, this is not enough; we also want the catch-mechanism to disappear when com-
putation terminates normally, as in try V;catch nj(x) = M; — V. This asks for a last step
un.[a]V — V but this is in Ay only possible when & = n and « does not appear in V.

In conclusion, throwing to the name n has to be modelled through pi_.[n], whereas catching
on the name n has to be modelled through un.[n|. This is the approach of all interpretations
into Ay we discuss here, even the historic ones, as, for example, the one presented in [27].

2.4 Nakano’s system and Crolard’s interpretation

In [25], Nakano presented an unnamed programming language with catch and throw, together
with a notion of type assignment. It is presented as extension of a A-calculus with pairing
and disjunctive choice, and by adding tag variables that are used to mark destinations for the
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throw instructions. Crolard [12] later established a relation between Nakano’s calculus and
Parigot’s Ay (see below).

We briefly summarise Nakano’s system as appeared in [25]; to facilitate the comparison
with A", we will not consider pairing, disjoint union, nor constants, and use Crolard’s syntax;
we will call it AN here.

Definition 2.1 (NAkANO’s AY) i) The terms of AN are defined through the grammar:
M,N == x|Ax.M| MN | catch « M | throw « M

ii) Reduction on terms in AN is defined through the rules:

M {throw a N/x} — throwa N (x € M, M # x, M # C[catch a C'[x]])?

catch « M - M (v & M)
catch a (throw a M) — M (o & M)
(Ax.M)N — M{N/x}

iif) The notion of types and context of variables I is the same as that of Def. 1.10; as usual, we
use Dom (I') A {x|3JA (x:A €T)}. The notion of name context maps names to pairs of
types and sets of term variables, a: (A, S). The definition of compatible union of contexts
of names A1, A, then requires the type for a name to be the same in both A; and A, and
takes the union of the associated sets.

iv) Type assignment for AN is defined through the following inference rules (modified here
to our syntax and limitations of the language).

<A) ( I) ILx:AFM:B|A ) ( ) FM:A—B|A1 DLEN:A|A;
x): . . —I): *) (—E):
Lx:Akx:A[A I'Ax.M:A—B|A I, MN:B[Ay,4,

[FM:Ala:(A,S),A [-M:A|A

(throw) :
I'kcatcha M:A|A I'tthrow &« M:B|a:(A, Dom(I)),A
(x): x¢Sforall a:(A,S) € A.

(catch) :

With the extra feature (A, Dom (I')) the system registers in rule (throw) which are the term
variables in the context of inputs used to type the term to be thrown. Then in rule (—I), to
avoid binding of a free variable that occurs in a term that gets thrown, abstraction is only
typed if the variable to be bound does not appear in any such term. Notice that rule (throw)
adds a:(A,S) to the context of names; it is not clear if Nakano intends this to be a true
addition, i.e. if & is supposed to not already occur in 4; since the third reduction rule demands
that the name towards which the expression M is thrown does not appear in M, this seems to
be the case.

Nakano proves that the system satisfies subject reduction; it avoids the problem highlighted
in Ex. 4.5 through not allowing abstraction over variables that occur in thrown terms. However,
this restriction is quite strong. For example, the term

Ax.(Aab.b)(throw a x) x
would be considered untypeable in Nakano’s system, since we have the AN-reduction
Ax.(Aab.b) (throw a x)x — throw a x

even though its type would be A — A, and it also safely runs to Ax.x under head-reduction,
so reduction is not confluent. In our approach (as detailed below), we will type the term, but
will not allow an exception to be thrown from inside an abstraction. Moreover, the system in

9 The third restriction is missing in [25], but this seems to be in error.
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(Ax)
x:A,b:B,a:Aba:Ala:A

(—I) (Ax)
x:Ab:BFAda:A—A|a:A x:Abx:A|_:B,a:A )
—
x:AbAbaa:B—A—A|a:A p—_.a]x:B:x:AFa:A .
(E) ————— (Ax)
x:AF (Aba.a) (p—.[a]x): A= Ala:A xAFx:A|la:A

x:AF (Aba.a) (p—.a]x)x: Ala:A
FAx.(Aba.a) (p—.a]x)x: A= Ala:A

(=1)

Figure 3. A derivation for -y, Ax.(Aba.a) (u—.[a]x)x: A= A|a:A.

not ‘multiplicative’, so contexts might be substantially larger than needed to type the term, so
Dom (I') might be unnecessarily large.

Notice that the first reduction rule states that any context can be eradicated by a throw that
occurs inside it; thereby, this yields a highly non-confluent calculus; this was already observed
by Nakano, who gives the following example@: take

M = catch o ((Axy.I) (throw a K) (throw a Z))

(where I = Ax.x, K = Aab.a, and Z = Aab.b), then we have the following three reduction
results:

M — catcha ((Ay.I) (throw & Z)) — catcha I — I

M — catch a (throw a K) — K

M — catch a (throw a Z) — Z

So reduction is manifestly non-confluent.
In part to address this, Crolard [12] defines an interpretation of terms in AN into Au. Observe
that, since reduction in Ay is confluent, this interpretation cannot preserve (all) A¥-reductions.

Definition 2.2 Crolard’s interpretation - ﬂc is (adapted to our notation) defined by:
Tx, = x
C C
TAx.Nj = Ax.TN;
TMN] = TMj TNy

featch a« My = pa.[a]TMy
Mthrow & Nj = pu_.[a]TNj

Notice that this interpretation follows the observations made in Sect.2.3. Then, for example,
we get:

Teatch a (throw & M) A pe[a] (p_.[0]TM]) — pa.[a]TM§ — TMy
The last step is only possible if « does not occur in TMJ, so respects the restriction imposed

by the AN-reduction rule.
Nakano’s example term translates as:

Featch a ((Axy.I) (throw a K) (throw & Z))y 2 pa[a] (Axy.D) (u—.[a]K) (u_.[a] Z))
which in Ay only reduces as follows:
pafa]((AxyI) (p—[a]K) (p—.[a]Z)) —py pafa]((Ay.T) (p—[a]Z)) —py pafa]l —p, 1
Moreover,
TAx.(Aab.b) (throw a x)x; 2 Ax.(Aab.b) (u_.[a]x)x —g AX.X

and we can show -, Ax.(Aba.a) (p_.[a]x)x: A—A|a:A, as in Fig.3, so non-typeability in
Nakano’s system is not preserved under Crolard’s interpretation.

10 Nlakano uses numbers rather than I, K, and Z to get a typeable term.
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2.5 De Groote and Bierman'’s approach

In [8], Bierman studies the interpretation of de Groote’s simply-typed calculus A}, as pre-
sented in [20] into an abstract machine that evaluates Ap-terms using a cBv strategy; De
Groote’s calculus is based on ML’s [24] handling of exceptions. We will follow Bierman’s
notation here, updated to ours.

Definition 2.3 A/ -terms are defined through the grammar

exn

M,N == V|MN |raise (n,M) |letnin M handle n x = N end
V o= c|lx|Ax.M
It uses the set of types defined as A,B::=c| L | A— B (where ¢ ranges over a set of ground
types and L is a distinguished ground type) and the type assignment rules:
[Lx:AFM:B|A I'tEM:B|A
Lx:Abx:A[A T'FAx.M:A—B|A I+ raise (n,M): A|n:=B,A

[FM:A—B|A TFN:A|A  T'FM:B|ni-AA  LxAFN:B|A
I'MN:B|A I'letnin M handle n x = Nend:B|A

I'kc:oc|A

Here ~A = A — exn, with exn ML’s type of exceptions as discussed above, represented as L ;
o assigns the appropriate ground type to each constant.

This system is, like Nakano’s, developed out of classical logic, and de Groote argues that it
is complete, i.e. fully represents classical proofs

Definition 2.4 The (call by value) reduction relation on A.}, is defined through the rules:
(Ax.M)V — M{V/x}
V'(raise (n,V)) — raise (n,V)
(raise (n,V))M — raise (n,V)
raise (m,raise (n,V)) — raise (n, V)
let nin V handle n x = N end -V (ngfm(V))

let nin raise (n,V) handlenx = Nend — N{V/x} (nZm(V,N))
let nin raise (m, V) handle n x = N end — raise (m,V) (m#n,n¢fn(V))

De Groote makes no attempt to link this reduction relation to how exceptions are dealt with
in ML.

Notice that there are no rules permitting raising an exception from within an abstraction,
thereby avoiding the subject reduction problem mentioned in Ex. 4.5. However, de Groote does
not put the side-condition on the last three rules, opening the system to another kind of subject
reduction problem; Bierman adds the restrictions in his presentation. Operationally, the A.7,-
term ‘let n in M handle n x = N end’ corresponds to the A™-term ‘try M; catch n(x) = N’ (see

Def. 3.1).

—
exn

— _
exn

Definition 2.5 (INTERPRETATION OF A,
terms into Au-terms as follows:

INTO Ap) Bierman defines the interpretation of A

! Tn [20] de Groote represents the syntax of A, differently and thereby also the inference rules, by allowing

for n to be a separate term, rather than only in the appropriate context, like raise (n M), as we do here in A™.
Moreover, de Groote uses x for term variables, and y for names, which he calls ‘exception variables’, and keeps
their types in the left-hand context; de Groote also adds n and n V to values, but these are not proper terms in
Bierman’s approach; they are in ML.

12 Apart from the fact that we do not aim for completeness in this sense for A", it seems also likely that, with
the restrictions present in Def. 3.1 (iii), this would not be possible to show for any of the notions of type assignment
we define here for A™.
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B
T X
MAx.M] A Ax.TMJ
TMN] 4 TMJTN}

Traise (n, M)/
flet nin M handle n x = N end;

(Ax.puf.[n]x) TM] 3
#Bn-[Ba] (Ax.TNY) (un.[Bn] ™M)
and states “It is quite easy to verify that this translation preserves the expected operational behaviour.”,

intended through his interpretation into the abstract machine which essentially runs cBv re-
duction, but is not shown. We illustrate Bierman’s claim.

> e s e e

Example 2.6 Take ‘let nin raise n V handle n z = N end’. Then we have:

Mlet nin raise (n V) handle n z = N end; 4
HBn-[Bn] (Az.TNT) (un.[Bn] Traise (n, V)) 2
wsn [Ba) (AN (pen. [ n]mx bl V]) o
Bn-[Bn] (Az.INT) (un.[Bn] (1—[n] TV ])) /5;4
V,Bn [Bn] (Az.INY) (pn. [n]”V ) ﬁy
(AzIND) (. ] V]) =4
(AzINJ)IV] =y IN{V/x}|
Also, for “let nin V handle n z = N end’ with n & fn(V') we get:

Mletnin V handle nz = N end; 4

}”ﬁn [Bn] (Az.TNT) (un.[Ba] V) By
Bn-[Bn] (ny-{(Az.N)-y/n}[B ]HVF) = (n# Bn, fresh)
Bo-[Bn] (- [Bal{(Az.N)-/n} V) = (ngfu(V))
BB (4. BTV ) =3

}”ﬁn [ﬁn]nvﬂ {Bn/7} =

1Bn.[Bn]TV ] By vy

both as intended.

3 The calculus A"

The calculus A"™ we will present in this section will use the C++/ java-like syntax of try, throw,
and catch, but will discern the exception handlers by name rather than by type. We will see
the term “catch n(x) = M’ as an exception handler named n that can receive a parameter on x after
which it runs M with the parameter taking the position of x in M, and ‘throw n(N)” a call to the
exception handler with name n, passing it the argument N. By the very nature of exception
handling, this implies that then N itself is a term that does not call on n (so exception handling
is non-recursive), but can call on other exception handlers, defined outside the scope of the
present try-term.
Terms of A" are defined as follows:

Definition 3.1 (SyNTAX OF A"™) i) The set of pre-terms of A"™ is defined by the grammar:

Catch_Block ::= € | Catch_Block catch n(x) = N; 4
M,N == V| MN |try M; Catch_Block | throw n(M)
V = x|Ax.M (Values)

13 [7] essentially uses (Ax.up.[a]x) HMF, but the use of a rather than n seems to be in error; also, we assume f

to be fresh, so can be replaced by ‘_’
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ii) We will call n in ‘catch n(x) = N’ a declared name and will write catch n;(x) = N; for the
catch-block

catch ni(x) = Ny; ...; catch n, (x) = N;

Since exceptions are called using their name, the order in which they appear in the catch-
block is not important.

iit) The set of terms are pre-terms that satisfy the following restrictions:

a) In a try-term, the catch-block is never empty (€), and in the catch-block catch n;(x) = M;
the names n; do not occur in the exception handlers M]-, for any i,j € ﬂ and all
declared names ny, - - -, n,, are distinct;

b) For each throw n;(N) that occurs inside M in the term try M; m, none of
the names n; occur in N.

iv) We define the notion of bound variables and of bound names of M (respectively bv (M) and
bn (M)) as usual:

bo (x) @ n(x) =0
bv()\x M) = bov(M)U{x} n(Ax.M) = bn(M)
buv (MN) = bv(M)Ubv(N) bn (MN) bn (M) Ubn(N)
bo (try M; m) :bv(M)U n (try M; catch nj(x) = N;) = {ny,...,n, } U

bo(Ny)U---Ubv(N,)U{x} bn(M)Ubn (Ny)U---Ubn (Ny)
bo (throw n(M)) = bv (M) bn (throw n(M)) = bn (M)

where the occurrences of x in the terms N; are bound by catfch in the try-construct, and,
by Barendregt’s convention, x does not occur free in M. We write fo(M) for the set of
free variables in M, and fn(M) for its free names.

Remark that the conditions of part (iii) serve to maintain a naming ‘hygiene’, in that we
do not want terms that contain occurrences of bound names to reduce to terms where those
names are free when throwing an exception.

To control the throwing of exceptions, we define a notion of cBN and cBv reduction; these
define an evaluation strategy, where only ever one sub-expression can execute and an excep-
tion is only ever thrown when needed to continue reduction.

Definition 3.2 (A"™-REDUCTION) i) The notion of cBN reduction —}, on A" is defined as an
extension of that reduction on A-terms. The main reduction rules are:

(B): (Ax.M)N — M{N/x}
(throw) :  (thrown(N))M — throw n(N)
(try-throw) : try throw n;(N); Catch_Block; catch nj(x) = M; — M;{N/x}
try-normal) :  try N; catch n;(x) = M; — N (n;¢N
I h

CBN applicative evaluation contexts are defined as:
Cn == []| CyM | try Cy; Catch_Block

ii) The notion of cBv reduction —y, on A" is defined as an extension of cBv reduction on
A-terms using the main reduction rules from cBN, with the exception of (B) which gets
replaced by:

(By): (Ax.M)V — M{V/x}

14 Notice that each Catch_Block does finish with ‘;, but that this semicolon is included in the block;
for readability, we will add the semicolon below, so write try M; Catch_Block; catch n(x) = N rather than
try M; Catch_Block catch n(x) = N

5Weuseicnforic{l,...,n}.
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It adds the rule:
(throwy) : V(thrown(N)) — thrown(N)

cBV applicative evaluation contexts are defined as:
Cv = []|CyM |V Cy|try Cy; Catch_Block

Notice that, as in all (cBN, or cBv) functional languages, reduction does not allow for the
evaluation of the body of an abstraction; this implies that throws inside the body are not
‘triggered” until at least the surrounding abstraction has disappeared as the result of the
contraction of a redex. If execution inside a try-block leads to a term N that does not contain
throws to the declared names, then the result of the try-block is just that N; it is not necessarily
the case that reduction of N has terminated, but it is natural to change the rule so that this
would be required.

Moreover, a term like

try Ax.throw n(x); catch n(y) = N

is stuck; computation has finished on the main term, which is a value, but is not allowed to
emerge from the block because it would free the name n.

We will now define an interpretation of A'™-terms into Ay, using the approach we discussed
above. Notice that, by the very nature of Ay, when encoding throw using a context switch, the
body of the throw is not the information that something has gone wrong that gets passed to
the exception handler, but in fact the entire exception handler. This implies that, when dealing
with the term ‘try M; catch n;(x) = N;’, we need to bring the (interpretation of the) exception
handlers catch n(x) = N inside the interpretation of M; this is done using substitution@ intro-
ducing variables cy,, that are placed in front of the argument that is passed to the exception
handler in throw n;(M). As an illustration, we aim to interpret

try C[throw n(N)]; catch n(x) = P;
by
pn.[n] Clp—.[n] (Ax.[TPJ*) TN]*]

Definition 3.3 (INTERPRETATION OF A" INTO Ap) We extend the set of names in Ay with n, m,
..., and define the interpretation of terms in A" into Au-terms as follows:

Tx||* A «x
TAx.M|*™ A Ax. M|
TMN|* & TM]MTN]AM
Tthrow n(M) [|[** A u_.[n]cy [M M
Ttry M; e A MM
A

Ttry M; Catch_Block; catch n(x) = N|J*# (un.[n]Ttry M; Catch_Block |**) {Ax.N ™ /cn}

Remark 3.4 Although many names can be used in a A"™-term, when interpreting into Ay all
collapse onto the outermost one. To illustrate this, take the term

try M (throw m(N)) (throw n(L)); catch n(x) = P; catch mx) = Q;

The interpretation of this term is (where we drop the superscript on [[-[|**).

16 A perhaps more elegant approach is to encode a try-block using a redex, rather than term substitution, but
that implies that we can no longer model cBN (cBv) reduction in A"™ by cBN (cBv) reduction in Ay, in particular
when modelling the step M —+ N = try M; Catch_Block — try N; Catch_Block.
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(. [m] ((pn.[n][[M]] (g —.[m] em[[N])

(u—.[n]enl)) {Ax.P] /en})) {Ax. Q) /em} =
pm.[m] pn.[n] TM]|(p—.[m] (Ax.[QI)N) (- [n] (Ax.[PI)TLY) —pyu (R)
pm.[m] M| (p—.[m] (Ax.[QI)TN) (pr—.[m] (Ax.[P)TL)

Once the named exception handlers have been translated to anonymous abstractions and
inserted inside the term, the names no longer play a role, and the prefix ym.[m]| just serves as
a delimiter for the two throws.

We will show that both reduction and assignable types (under the basic system, see Sect. 4)
are preserved under this interpretation. First we show that term-substitution is preserved.

Lemma3.5 ([[-|| PRESERVES TERM SUBSTITUTION) [[M||*{[[N||**/x} = [M{N/x}|*".

Proof : By induction on the definition of term substitution.

(x): [xM*{INJ¥/x} = x{INJM/x} = [NJ™ = [x{N/x} ]

(y#x): Tyl (AN} = y{IN|M/x} = y = [y{N/x} ]

(Ax.M): [Ay.MJM{IN]M/x} = (Ay.M){IN]/x} = Ay.M{[N|*/x} = (IH)
Ay TMAN/x} | = [Ay.M{N/x} | = [(Ay.M){N/x} |/

(PQ): TPQIM{TN|/x} TPIMTQIM (TN M /x}
TP TN /oy TQUM (TN /x} = (IH) TP{N/x}[IM TQ{N/x}|* =
TP{N/x} Q{N/x} | T(PQ){N/x} ||

(try M; m; catch mx)=1L;):

Ttry M;m catch m(x) = L; | {[N||**/x} =

(. [m] Ty M; carch myc = N %) (e TL M) TN/} -
(pm.[m] [try M; catch nix) = N {[N | /x}) (Ax [[LIM# TN /x}) = (IH)
(um.[m][Ttry M{N/x}; catch n;(x) = Ni{N/x} | ") (Ax.[L{N/x} M) =

Ttry M{N/x};catch n;(x) = N;{N/x}; catch m(x) = L{N/x} ||}

T(try M; catch ni(x) = N; catch m(x) = L; ) {[N|J*#/x} | M

(thrown(M)): Tthrown(M)J¥{(TNJM/x} = (el el M) {(TNI /) =
p—[n]en TM]M TN/ x} = (IH) p—[n]en [M{N/x} |
Tthrow n(M{N/x}) | O

We can now show that cBN-reduction on A"Y-terms is preserved as well under the interpre-
tation:

Theorem 3.6 (SOUNDNESs OF [[-|** wiTH RESPECT TO —¥,) If P =Y, Q, then [P —p TQ .

Proof : By induction on the definition of —{ . We show the non-trivial cases (and drop the
superscript on [[-||**).

(B): Then P = (Ax.M)N — M {N/x} = Q, and
TAxMN| & (Ax.[M)NY =5, [M]{N]/x} =(35) [M{N/x}|
(throw): Then P = (throw n(N)) M — throw n(N) = Q, and
T(throw n(N))M|| 2 (u_.[n]eal[N])[TM]] —py, (1.16) p—.[n]en[[N]] A [throw n(N) ||

(try-throw): Then P = try throw n;(N); catch n;(x) = M; — M;{N/x} = Q, with I € {1,...,n},
and
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[try throw n; (N); catch n;(x) = M; ||
(uny.[ng] Ttry throw n; (N); catch n;x) = M; | ) {Ax.[[My]l /cn, }
(-] -+ (o [ ] Tthrow ny (N) || ) {Ax. TMa[J fen }--+) {Ax.TMu ]l fen, }

(> 1>

(cn, & (unu[ng] -« (una.[ma] throw ny (N) [|) {Ax.[Ma ]| /en }--+) {Ax[My—1] /Cnn )

(. [n] -+ (una.[na] [Tthrow ny (N) || ) {Ax.[[M1] /en, } - +) 5y (E)

(nn & (unu—1.[ny—1] - -~ (una.[m] Tthrow n; (N) || ) {Ax.[[M; | /Cnl} )

(#nn—1.[np-1]- - (un1.[ng] [Tthrow ny (N) || ) {Ax.[[M1 ]| /en, } -+ ) {Ax.[My—1]l /en,, } _>N* (E)
(uny.[ny] - ( ny.[ny] [Tthrow ny (N) ) {Ax.[[M1 ]| /en }- ) {Ax.[Mi ]| /en,} =
(unp[ng) - (uny. ] ] e, TN]) {Ax.[TMa]) fen <) {Ax.TMi | fen, } =

png-[ng] - (iml [m] =[] (Ax. TM )TN ) {Ax. TMa ] fen }---) =5 (R)

png ][] (A M) TND) - =5, (R) - peng[ng] (Ax.TM [ TN —3y (E)

AxIMIDIND =%, TMI{IN]/x} = (35) [M{N/x}]

(try-normal): Then P = try N; catch n;(x) = M; — N = Q, with n; € N for all i € n. Notice that,
since n; ¢ N for all i € n, also n; and ¢y, do not occur in [N||. Then:

Ttry N;catch n;(x) = M;|] 2 (un,.[na]try N;catch nyx) = M;|)) {Ax.[M,. || Jen,} 2
(- [nu] - (una. [m] N ) {Ax. Ml fen, } - -) {Ax. M| Jn, } =
(cny & (unn-[r] -+ (1. [m] IN]) {Ax.[TMa ]| fen,} -+ ) {Ax.TMy—1]) /en, 1 })
(-] -+ (una. [m] TN]) {Ax.[Ma ]| Jen, } ) —py (E)
(M & (pnn-1.[nu-a] -~ (unr[m] IN]) {Ax.TMa | fen, } )
(unu—1.[np—a] - (uo [ [IN]) {Ax[TMa ] Jen, 3+ ) {Ax. M1 ]l fen,  } —>E,j TN

(M—N = ML—NL): [ML| £ [M|[L] -3 (IH) [N|J[L] £ [NL]

(M — N = try M;catch n;(x) = L; — try N; catch n;(x) = L;): [[try M; catch n;(x) = L;|| 2
(] - e [ ] TMU) {Ax TLal) fen} - = (TH)
(unp.[nu] - -unt.m] TN]) {Ax.Li] Jen,} 2 [try N; catch nyx) = L] O
So it seems that our way of interpreting into Ay is the natural thing to do.
Similarly, we can verify that the interpretation respects cBv reduction —>t‘;y.
Theorem 3.7 (SOUNDNESS OF [[-|** WITH RESPECT TO —Y,) If P =Y, Q, then [P —g TQ .

Proof : By induction on the definition of —y,. Most cases correspond to those of the previous
proof, except for:

(throwy): TV (thrown(N) % & VM (u_lnlenTNJ™) =5, ()
uyATVIMy/([nl.eaINJM) = p.[n].ea[N]M =a
pi_.[n]cn [N M A [throw n(N) |**

Notice that the only non-p-reduction steps for the Ap-calculus used in these two encoding
results are renaming, erasing, and u (or uy) towards _, i.e. a non-occurring name.

4 Basic type assignment

In this section we will define a notion of basic type assignment for terms in A" in the tra-
ditional way; in particular, in rule (try), we will demand that the type of the main term is
exactly that returned by all exception handlers; this is, in principle, also the approach chosen
for java [14], and all the notions of type assignment presented above in Sect. 2.

Definition4.1 (BAsIC TYPE ASSIGNMENT FOR A"™) i) Types and contexts of variables I and of
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names A are those of Def. 1.10, but using n, m rather than Greek characters.
if) Basic type assignment for terms in A"™ is defined through the following inference system:
TFM:A—B|A THN:A|A

Ax): . . —E):

(AX): T rArx:AlA (—E) [FMN:B|A
ILx:AFEM:B|A T'EN:A|A

(—=I): (x¢T) (throw) :
T'FAx.M:A—B|A I'tthrown(N):C|n:A—B,A
FI—M:B|ni:Ai—>B,A T,XZAI‘}_NI‘IB|A(V1.€E>

(try) : —_—— (ni €4)

I'ktry M; catch nj(x) =N;:B| A

We write I' ks M : A | A for statements derivable using these rules.

Notice that our (throw) rule is almost identical to Nakano’s in that it allows to derive any type
for the term throw n(N), but provided there is an exception handler with name n capable of
accepting arguments of the type of N, as represented by the context of names.

Comparing this notion to how ML types exceptions, we can see that in rule (throw) we do
not implicitly type n with A—exn. Instead, the return type of names needs to be that of the
main term in the try-block.

Explaining rule (try), notice that, if we have derivations for

| J

I'+M:C|nj:A;—B;,A and I,x:A;FN;:B;|A (Vi€ n)

then we cannot predict, a priori, if running M to normal form M’ will throw an exception or
not. If it does not, then running the term try M; catch n;(x) = N; will result in M’ (assuming M’
is free of throws) and in order to achieve subject reduction, M’ should be of type C. If it does,
running M will produce throw n(L) and (assuming n = n; € 1;), try M; catch n;(x) = N; will run
to N;{L/x}, which has type B;. So in order to achieve a subject reduction result also for this
case, there is no choice but to demand that C=B; = --- = B,,.

Lemma 4.2 (WEAKENING AND THINNING FOR Fg) The following rules are admissible for t:
TFM:A|A

(Wk) : m (FCriACA)
(Th) : frM:Al4 (I'={x:BeT|xcfo(M)}, N ={n:BEA|ncfn(M)})
I'-M:AlAN
Proof : Standard. (]

We can show:

Lemma 4.3 (SUBSTITUTION LEMMA FOR t) If I,x:Ctg M: A|Aand 'ty N:C | A, then T g
M{N/x}: A|A.
Proof : By induction on the definition of term substitution.

(M=x): Thenx:A€T,x:C,s0 A=C. Also, x{N/x} =N, so I' s x{N/x}: A| A.

(M=y#x): Theny:Ael,sol'tgy:A|A, and y{N/x} =y.

(M=Ay.M'): Then A= A'"—B" and I,x:C,y:A' s M': B | A. By induction, I,y:A' K
M'{N/x}:B"| A. But then I' s Ay.M'{N/x}: A| A by (—I); notice that Ay.M'{N/x} =
(Ay.M"){N/x}.

(M =PQ): Then there exists B such that I,x:Cts P:B—A|A and I,x:Cts Q: B|A. By
induction both P{N/x} :B— A:I'ts Aand Q{N/x}:B: I g 4; then, by (—E), we have
P{N/x} Q{N/x}: A:T ks A. Notice that P{N/x} Q{N/x} = (PQ){N/x}.

(M = try P;caich n;(y) = Q;): Then there exists B; (i € n) such that I, x:C ks P: A |n;:B;— C,A
and I, x:C,y:B; 5 Q;: A | A, for all i € n. By induction, P{N/x} : A: I ks n;:B;—C,A and
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Qi{N/x}:A:T,y:B;ts A, foralli€n.
Then we get I' b try P{N/x}; catch n;(y) = Q;{N/x} : A| A by rule (iry). Notice that

try P{N/x}; catch n;(y) = Q;{N/x} = (try P; catch n;(y) = Q;) {N/x}
(M = throw n(P)): Then there exists B,C such that I,x:C g P: B| A. By induction we have

I'kg P{N/x}:B|A. By rule (throw) we get I I thrown(P{N/x}): A |n:B— C,A; notice
that throw n(P{N/x}) = (throw n(P)){N/x}. O

It is now relatively straightforward to show that this notion of type assignment is closed
under cBN and cBv-reduction:

Theorem 4.4 (SUBJECT REDUCTION FOR tg) i) If T Fg P: A[Aand P —y, Q, then 't Q: A [ A.
i) If Tt P:B|Aand P—y, Q, then T'Fg Q: B | A.

Proof : i) By induction on the definition of —,.
(B): Standard, using Lem. 4.3.

(throw): Then A=n:A—C,A’, P = (throw n(N))M — thrown(N) = Q; the derivation for P
is constructed as:

L > ]

TEN:A|A (hrow) I ]

I'+thrown(N):D—B|n:A—C,A T'M:D|n:A—C,A
I't= (thrown(N))M:B|n:A—C,A’
We can construct the derivation for Q
[FN:A|A
I'+thrown(N):B|n:A—C,A
(try-throw): Then P = try throw n;(M); catch n;(x) = N; — N;{M/x} = Q; the derivation for
P is constructed as follows:
I'M:A;|n;:A;—B,A :
(throw)

't thrown;(M):B|n;:A;—B,A ° Ix:AjFN;:B|A (Vien)
I'ttry throw n;(M); catch n;(x) = N;: B| A
In particular, we have derivations for both I' s M : A; | n;:A;— B,A and I, x:A; ks N
B|A. By the definition of A"™-terms, we know that n; & fu(M), for all i € n, so by
thinning (Lem. 4.2) we can remove n;:A; — B from the co-context for the first to obtain
I'g M: A;| A. Then, by Lem. 4.3, we obtain I ks Nj{M/x}: B | A.
(try-normal): Then P = try Q; catch n;(x) = N; — Q, and n; ¢ Q; the derivation for P is con-
structed as follows:
\ . /
['+Q:B|niA;—>B,A  Lx:AFNi:B|A (Vien)
I'kiry Q;catch nj(x) =N;:B| A

(=E)

(throw)

(try)

(try)

In particular, we have a derivation for I' s Q : B | n;:A; — B, A; as above we can remove
ni:A; — B from the co-context to obtain I' s Q : B | A.

(M — N = ML — NL): Then the derivation for P is constructed as follows:

17 Notice that throw n (N) changes type; this corresponds to a feature of reduction in Ay, where in some presen-
tations the structural rule is written as (using the notation of Definition1.9) (ua.[f]|M)N — pa.([B|M{N-a/a});
before the reduction, « has type A — B, say, and after it has type B.
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| ] L |

TkM:A—B|A  ThL:A[A
Tt ML:B|A

(=E)

By induction, I' s N: A— B | A, and we can construct a derivation for Q:
| ] L.~ |
T N:A—>B|A  ThL:AlA
T NL:B|A

(=E)

(M — N = try M; catch n;(x) = L; — try N; catch n;(x) = L;): Then the derivation for P is con-
structed as follows:
| [ D /
Ity M:B|nj:A;—C,A Ix:AilsLi:C|A (Vien)
I'kitry M;W:B|A

(try)

By induction, I' s N : B | A, and we can construct a derivation for Q:
\ | D /
FFBNiB|n,'ZA,'*>C,A F,XZA,'FBL,'ZC‘A (Vi€ﬂ> (1 )

p—— r
I'kstry N;catch nj(x) =L;: B| A J

i) The proof is much like that for the previous part, but with the addition of:
(throwy): Then A=n:A—C,4’, P =V (thrown(N)) — throw n(N) = Q; the derivation for P

is constructed as follows:

I ] [FN:A|A
[FV:ESF|mA>GCA  TFihown(N):E|mA—CA
'V (thrown(N)):F|n:A—C,A

(throw)
—E)

We can construct the derivation for Q:
TEN:A|A
(throw)
I'tthrown(N):F|n:A—C,A O
(M— N = VM — VN): By induction. O

Although restricting throwing an exception to applicative contexts might seem too limiting,
it is in fact not possible to extend it to full reduction whilst preserving soundness, as we will
argue now.

Example 4.5 Assume we would have tried to model throwing exceptions from inside an ab-
straction as well, by adding the rule:

(throw-abstr) :  Ax.throw n(N) — thrown(N)

Apart from the fact that this is undesirable within programming languages (it would corre-
spond to throwing an exception simply because it occurs in a function definition), or the fact
that we cannot model this reduction in pure Ay, also subject reduction would fail instantly.
Suppose we can derive

L ]

[Lx:AFN:D|A
ILx:AF thrown(N):B|n:D—C,A
I'Ax.thrown(N):A—B|n:D—C,A

(throw)
(=)

We can construct
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L ]

ILx:AEN:D|A
Ix:AFthrown(N): A—B|n:D—C,A

(throw)

but cannot, in general, derive I' 5 throw n(N) : A— B | n:D — C, A: notice that x might be free
in N, so then would need a type in any derivation for N. This problem was observed by
Nakano [25, 26], who solved it by not allowing an abstraction to be typeable if the bound
variable occurs in a thrown term, and avoided by many others by not allowing the throwing
of an exception from within an abstraction, as we do here.

We will now show that our encoding into Ay preserves types assignable in the basic system:

Theorem 4.6 (PRESERVATION OF ASSIGNABLE TYPES UNDER [[-[|#) IfI's M:B|nj:A;— C;, then
F,CniIAZ'—)CZ' l_/\]l ”MJJAH :B ’ n;:C;.
Proof : By induction on the definition of .

(Ax): Then the derivation consists of:

— (Ax)
F,X:B"X:B | ni:Ai—>Ci

It is clear that we can also derive

S— — (Ax)
T,CniZAi—>Ci,XIB Fx:B ‘ ni:Ci

(—I): Then B= D —E and the derivation is shaped like
F,X:D FM:E ‘ niIAi—>C1'
['FAx.M:D—E|n:A;—C;

(=1)
By induction, we have I',c,,:A; — C;,x:D ]TMH/\” : E | n;:C; and we can construct
T,cn:A;—Ci,x:DF[[M|M: E|n;:C;
Tcn:A;—CiF Ax.[M|™:D—E|n;:C;
and Ax.[M|M = [[Ax. M|M.
(—E): Then the derivation looks like
F"MZD—)B‘I’][ZA[—)C,‘ I’}—N:D‘ni:Ai%C,‘
I'FMN:B ‘ ni:A;—C;
By induction, I',c,,:A; —C; - TM|™:D—B|n;:C; and Ien:Ai—Ci TN|* :D|n;:C;,
and we can construct

| ] |

Len A= CiE[MIM:D—=B|n:C  LeniAi—CHN|M™:D|n:C
TM|M N :B:T,cn,:A; —C; - ni:C;
and [M|*[N || = [MN|**.
(throw): Then the derivation looks like
\“— M: A W_>Cz/
'+ throw n; (M) : B| ni:A; — C;

(=1)

(—E)

(=E)

(throw)

By induction we have I',cn,:A; = C; - TM|*™ : A;| n;:C;, A, and we can construct:
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— —— (Ax \ —_— _!
Ien:Ai—Citon : Aj—Cr | ni:C (4x) Ien A —Cit= MM : Ay | ni:C;
I’,CniiAi—)C,‘ FCnI H—Mﬂ)\y ZCl ‘ n;:C; (Wk)
F,CniiAi—)C,'FCnlﬂ—Mﬂ/\yicl|_2B,ni2Ci ( )
H

T,en:A;— Ci - p—.[ny]en, TMIM 2 B| ni:C;

(=E)

and [[throw n;(M) |} = u_.[n/]cn, TM||*. Notice that the weakening step is correct, in
that the names n and _ do not occur (free) in [M|**, so (perhaps using thinning) can be
assumed to not occur in the right-hand context.

(try): Then the derivation ends like (assuming there are m exception handlers defined):
I'HM:B ‘ mj:D]»—>B,n,-:A,-—>Ci T,XD] F N] :B ‘ ni:A;—C; (VJ Gm)
I'+try M; catch mj(x) = N;: B[ nj:A; = C;

(try)

We can now construct derivations for the two alternatives of the interpretation of a try-
expression; for clarity, we only present the second, the first is almost trivial. . First:

| |

I'F[try M; catch n;(x) = N; || : C; | ny:Cj,m;:B \ /
I'E ung.[ng]Ttry M; catch n;(x) = N; M G |m;:B K Tx: Ay F Ny M G| m;:B

—— —— (=) g —— (=)
I'Fpng.[ng] Ttry M; catch n;(x) = Ni |**: (A — C;) = C; [ mj:B I'EAx [Ny ||*": Ay —C;i|m;:B (SE)

T+ (ung.[na] Ttry M; catch n;(x) = N; [|M) (Ax. [N M) - G | m;:B

and second:
[[try M; Catch_Block; catch m(x) = Nﬂ”’ 4
(um.[m][Ttry M; Catch_Block||**) {Ax.[N||** /em}
Let M’ = try M; Catch_Block; then I',cn,:A; — Cj,cm:D—B = TM'||* : B | m:B,n;:C; and
Ien:Ai—Ci,x:D TN|J* : B | n;:C; follow by induction. We can construct:
L _
Ien:A;—Ci,x:DF[N|M:B|n;:C;
T,en:A;—CiFAx.N|™:D—B|n;:C;
Ten:A;—C; - Ax.[N|*:D— B|m:B,n;:C;
Then I,cn:A;— Ci = MM {Ax.[[N|*/cm} : B| m:B,n;:C; follows by Lem. 1.13, and we
can construct:

(=1)
(Wk)

| |

Ien A —Ci - MM {Ax.[N|*/cm} : B| m:B,n;:C; )
T,en,:A;— Ci = pm.[m] M/ M {Ax.[[N|* /cm} : B | n;:C; . M

So A" with basic type assignment is fully representable in Ap.

5 Adding halt to A"

We will now define /\tLV, a variant of A", and a notion of type assignment that extends the
system we defined above, by allowing for both recoverable and unrecoverable failure; to dis-
tinguish raising the latter kind of exception from the former, throw, we considered above, we
use the keyword halt. The idea is that halt gets propagated through the system and becomes
the end result. Therefore, we need to add reduction rules that consume applicative contexts,
as for throw, and make sure to not ‘catch’ the halt, as that would localise the event and limit
its range (see also Sect.5.2).
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Not catching halt is done also for technical reasons. We will argue below that raising a halt
is different from throw: when aiming for a representation in Ay, we cannot use handlers and
parameter passing for halt. In Sect.5.2 we will discuss an alternative approach, and indicate
why that does not satisfy the purpose.

As mentioned above, following the suggestion of [1], we will aim to map A}Y onto Au-tp,
where tp is a special name that cannot occur bound and denotes the top-level. We would
therefore want to define a notion of type assignment that, for example, deals with halt by
assigning it the type L, but that would not be possible, as argued in Rem.5.7.

We extend the calculus A"™ from Def. 3.1, by extending the set of pre-terms through adding
the construct halt; the notion of reduction is defined as in Def.3.2, by adding the rule that
expresses that also halt consumes an applicative context.

Definition 5.1 (Syntax of A}Y) i) The set of pre-terms of A}} is defined by the grammar:

Catch_Block ::= € | Catch_Block catch n(x) = M;
M,N := V| MN |try M; Catch_Block | throw n(M) | halt

V o= x| Ax.M
ii) The cBN-reduction system for AY is like that for A" from Def. 3.2, defined by the rules:
(B): (Ax.M)N — M{N/x}
(throw) :  (throw n(N))M — throw n(N)
(halt) :  haltM — halt
(try-throw) : try throw n;(N); catch n;(x) = M; — M;{N/x} (nj€R;)
(try-normal) :  try N; catch n;(x) = M; — N (n; €N)

CBN applicative evaluation contexts are defined as in Def. 3.2.

iif) The cBv-reduction system for A}/ is that of cBN, replacing rule (B) by the first reduction
rule below, and adding the second and third:

(Bv): (Ax.M)V — M{V/x}
(throwy) :  V(thrown(N)) — thrown(N)
(halty) :  V halt — halt

cBv applicative evaluation contexts are defined as in Def. 3.2.

Notice that the system only handles throws; halt is just propagated through the reduction
system until it is the remaining term, as in

try halt; catch n;(x) = M; — halt

through reduction rule try-normal. So when a halt occurs, no parameter passing takes place,
and the event is not handled.

We define type assignment for terms in A}} as follows.

Definition 5.2 (TYPE AsSIGNMENT FOR A\}) Type assignment for terms in AY}, H, is defined
through the inference system:

L 'EM:A|A
(A%): T Arx.A|a (throw) : |
I'kthrown(M):C|n:A—B,A

( I) I[Lx:AFM:B|A hal
—l): alt) :

I'-Ax.M:A—B|A (halt) I't-halt: A[A

TFM:A—B|A THN:A|A CTFM:C|nA;5CA TLx:Ai-N:C|A (Vien)
(—E): (try) : — o

IT'FMN:B|A I'ttry M; catchn;(x) =N;:C| A

We write I' by M : A | A if this judgement is derivable using these rules.

Notice that we use the same set of types as before, so are not using the type constant _L that
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is used in Ap-tp. Also, the way halt is treated in the type assignment system is the same as
throw, in that it allows halt to have any type at all, essentially following the logic rule (EFQ).
Here we do not inhabit this rule with a term construct, as is done for example, in Ay [19] and
[1]. Rather, we limit its use to just (halt). So although aborting a computation is successfully
modelled in the calculus itself, there is no representation of that in the type system.

We can now show the following soundness result for cBN reduction.

Theorem 5.3 (SUBJECT REDUCTION FOR t) i) If 'y P:C|Aand P —y Q then 't Q:C | A
i) If Ty P:C|Aand P —y, Q, then T'H Q:C|A.
Proof : i) By induction on the definition —,. The proof is very similar to that of Thm.4.4; we
only show here the added case.
(B): Then P = (Ax.M)N — M{N/x} = Q, and the derivation for P is constructed as follows:

L ]
I,x:BFM:C|A (oD ]

IT'FAx.M:B—C|A IT'EN:B|A
' (Ax.M)N:C|A
In particular, we have I, x:BhHy M:C|Aand 'y N: B | A, and the result follows from

Lem.??2.
(throw): Then A=n:A—C,A’, P = (thrown(N))M — thrown(N) = Q, and the derivation
for P is constructed as:

Lo ]

THEN:A|A I ]

throw
I'+thrown(N):D—B|n:A—C,A ( ) I'tM:D|n:A=C,A (

I'+ (thrown(N))M:B|n:A—C,A

—E)

—E)

We can construct the derivation for Q:
TFN:A|A
I'tthrown(N):B|n:A—C,A
(try-throw): Then P = try throw n;(M); catch n;(x) = N; — N;{M/x} = Q and the derivation
for P is constructed as follows:
Hnidio (throw)

I'tthrown;(M):B|n;:A;—B,A Ix:A;FN;:B|A (Vi€n)

I'ttry throw n;(M); catch n;(x) = N;: B| A
In particular, we have derivations for both 'y M : A; | n;j:A;—C,Aand I, x: A; by N : B|
A. Since by the definition of A"™-terms we know that n; & fu(M), for all i € n, by Lem. 2?

we can remove n;: A; — B from the co-context for the first to obtain I' H, M : A; | A. Then,
by Lem. 4.3, we obtain N;{M/x} : B: Ik A.

(halt): Then P = halt M — halt = Q, and the derivation for P is shaped like:

(haty ]

halt
I'thalt:A—=C|A F'FM:AA
I'+haltM:C| 4
We have I H halt: C | A by rule (halt).

(try-normal): Then P = try Q; catch n;(x) = M; — Q with n; ¢ Q. Then the derivation for P
is constructed as follows:

(throw)

(try)

(=E)
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\ |\ |

I'Q:C|ni:A;—C,A Ix:AjEN;:ClA (Vien)
T'kiry Q;catchn;(x) =N;:C| A

In particular, we have 'y Q: C | n;j:A; — C, A; since n; € Q, by Lem. ?? we can remove
ni:A;— C from the co-context to obtain ', Q: C | A.

(M — N = ML — NL): Then the derivation looks like the one on the left, so we have
I'fyM:B—C|A. By induction, I' by N: B—C | A, and we can construct the derivation
on the right.

L | L | \ ] L ]
TFM:B—C|A TFL:B|A TFN:B—C|A TFL:B|A

(—E) (—E)
I'+ML:C|A T'-NL:C|A

(M — N = try M; Catch_Block — try N; Catch_Block): Then the derivation for P is constructed

as the derivation on the left. By induction, I' Hy N: C | A, and we can construct the
derivation on the right:

| | 2] \ [ 2]

'yM:ClA handler; (Vi€ n) 'y N:ClA handler; (Vi€ n)
t t

r
I'kytry M; Handlers: C | A I'kytry N; Handlers: C | A (iry) O

i) Similar to that of the previous case and Thm. 4.4, but with the added case:
(throwy): Then A=n:A—C,A’, P = V(thrown(N)) — throw n(N) = Q, and the derivation

for P is constructed as:

I ] TFN:A|A
I'V:E=F|nA—C,A  TFthrown(N):E|n:A—C,A
'tV (thrown(N)):F|n:A—C,A

(throw)
—E)

We can construct the derivation for Q:

L > ]

TFN:A|A
I'thrown(N):F|n:A—C,A
(halty): Then P = V halt — halt = Q, and the derivation for P is constructed as:

i ‘ (halt)

(throw)

T'VIA-C|A Thyhalt: A A
—E)
['Fy Vhali:C|A
Notice that we have I' k halt: C | A by rule (halt). O

So, in terms of type assignment for a A-calculus with exceptions, the I system satisfies the
basic requirement with respect to cBN and cBv reduction.
We can interpret A}} in Au-tp as follows:

Definition 5.4 (INTERPRETATION OF A}} INTO Ap-tp) i) We add the term constant half to Api-tp
that can only be assigned L by adding the inference rule:

(halt) : T halt: 1 | A

ii) The interpretation of A}} in Au-tp is defined as follows:

18 We use halt just as a place holder, it is not active in the reduction relation; in fact, any Au-tp-term of type |
will do here.
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”xﬂtp 4 x
”/\X.Mﬂtp 4 /\X.”Mﬂtp
MNP A MmPIN P
Tthrow n(M)F 2 u_.[n]ca"MP
Ttry M;Gﬂtp A HMﬂtp
Ttry M; Catch_Block; catch n(x) = Lﬂtp A (un.[n]Mtry M; CGfCh_B|OCkﬂtp) {Ax.”Lﬂtp/cn}
Thalt;F 4 p—.[tp] halt

Notice that, in order to achieve that Thalt’ consumes applicative contexts, we are forced to

use the prefix ‘u_’, as we have done also for throw n(M) ﬂtp.

We can now show:

Theorem 5.5 (SOUNDNESS OF THE INTERPRETATION FOR A'Y)
. t t
i) If P =X Q, then TP,* i rQ,”.

ii) If P —Y Q, then TPP 5 TQ he
Proof: i) As in the proof of Thm. 3.6 (we drop the superscript on - JP):
(B): Then P = (Ax.M)N —} M{N/x} = Q, and
TAx.M)NSE 2 AxTMPYINE Sy IMPINP /2] = (35) TM{N/x} P
(throw): Then P = (throw n(N)) M —} throw n(N) = Q, and
T(throw n(N))MﬂtlD A (u_.[n]cn HNﬂtp)HMﬂtp —py (1.16) p_.[n]cn IN/P A Tthrow n(N)ﬂtlD

(try-throw): Then P = try throw n;(N); catch n;(x) = M; =} M;{N/x} = Q, with n; € i;, and

Ttry throw n; (N); catch n;(x) = M,-ﬂtp 4

(pny.[ng] - - png.[n] Mthrow nl(N)ﬂtp) {Ax.”Miﬂtp/cni} 4

(g ] -+ peng[ma] iy e, N {ARTM P fon ) A (cn €N)
o [m] g o] e ] (A2 TV )N —+ (E)

g ][] o] (A2 M) INGE =5 (R)

o[ [ng] (Az.TM P )TN —5, (R)

o] (Az.TM P )INGP —5, (E)
AzIMP)INGE =5, (B) T™MP{INP/z) =(35) "™ {N/z}"

(try-normal): Then P = try N; handle; n;(x) = M; = N = Q, with n; € N for all i € n. Notice
that, since n; € N for all i € n, also n; and ¢, do not occur in 'N Jtp. Then:

Mtry N; handle; n;(x) = Miﬂtp 4

(o[- ] INGP) QA M P fen} = (e, 2TNGF)
t t

pnn[m] - png. na] INGP —B (E) (ni ¢TNJ)

NP

(halt): Then P = halt M —} halt = Q, and
thalt MyP A (u_[tp] halt) M P =¥, (1.16) p_.[tp]halt A Thalt,?
(M=YN = P=ML-YNL=Q): TML;? 4 rmPrpP —* (IH) NI A NLP

(M =} N = try M; catch n;(x) = L; =Y try N; catch n;(x) = L;):
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Ftry M; catch ni(x) = L;;* A (pnp.[np]---png.[n] ﬂMf) {Ax.[[L:||* /cn,}
—pn (IH) (pnv.[n] - ] INGT) {Ae TLo M fen }
A4 Ttry N; catch n;(x) = Liﬂtp

i) As the proof for the previous case, except for the rules:
(By): As in case (B) in the previous part.
(halty): Then P =V halt — halt = Q.

'V halt? 4 ﬂVﬂtp("l/l_.[tp]hﬂlt) —8y

We can also show that assignable types are preserved.

(1.16) u_.[tp|halt A Thalt,? O

Theorem 5.6 (PRESERVATION OF ASSIGNABLE TYPES) If 'y M : B | n;j:A;— C;, then we also have
F,Cni:Al'—>Cl' l_tp UMH :B ‘ n;:C;.
Proof : By induction on the definition of H, similar to that of Thm. 4.6, but with an added case.

(Ax): Then M = x and the derivation consists of:

—— (Ax)
Ix:BF-x:B | ni:A;—C;

It is clear that we can also derive

—— —= (Ax)
F,CnitAi—)Ci,XZB Fx:B ‘ ni:Ci

(—I): Then M = Ax.N, B= D —E and the derivation is shaped like
| |
I'x:DFN:E ‘ ni:A; —C;

I'FAx.N:D—E | ni:A;—C;

(=1)

By induction, we have I',c,:A;— C;,x:D F TNy : E | n;:C; and we can construct
F,Cn,.ZA,'*)Ci,MD F ”Nﬂ :E | n;:C;
I’,CniiA,‘*)Ci F )\x.ﬂNﬂ :D—E | n;:C;
and Ax.TN; =TAx.Nj.
(—E): Then M = PQ, the derivation looks like
I’FPZD—)B“U:AI'—)CI‘ FFQZD‘niiAi—)Ci
F"PQ B ‘ ni:Ai—>Ci
By induction, I',c.:A;—C; TPy : D— B |n;:C; and I,cn,:A;— Ci = TQy : D | n;:Cj, and we

can construct

| ] |

[en Ai—CitPj:D—>B|n:C;  Ton:A—CiHIQu:D|ni:C
[TPJJ [TQJJ :B:T,cn;:Ai—CiFn;:C

—I)

(=E)

(=E)

and TP;TQ; =TPQ;.
(throw): Then M = throw n;(M) and the derivation looks like
| |
Ik NZAL‘ | ni:Ai—>C,-
I'kthrown;(N):B|n;:A;—C;

(throw)

By induction we have I',cn,:A; — C; TN} : A; | n;:C;, A, and we can construct:
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(Ax) \ /

T,CniZAi—>Ci I_Cnl ZA—)CI‘ ‘ ni:Ci F,CniZAi—>C,' F WNJ ZAL‘ ‘ ni:Ci
Ien:A;—Citen TNy :Ci|n;:C;
n; i 1 n; 1 1| 1 i (Wk)
I’,Cn,.ZA,'*)Ci F CnIﬂNﬂ ZC,‘ | _:B,ni:C,-
T,cn,:A;—Ci - p_.[nf]en, /Ny : B | ni:C; F
and Tthrow n;(N)y = p—_.[n;]cn, "N}
(try): Then M = try N; catch m;(x) = L; and the derivation ends like

I'HN:B ‘ m]-:D]-%B,ni:Ai%C,- F,x:D]- F L]' :B | ni:A; —C; (V]Gm)

I'kiry N;catch m;(x)=L;:B|n;:A; —C;

(=E)

(try)

We can now construct derivations for the two alternatives of the interpretation of a try-
expression; for clarity, we only present the second, the first is trivial. So the case we deal
with here is:

Mry M; Catch_Block; catch mx) =Ly 2 (um.[m]Mtry M; Catch_Block;) {Ax.[[L|**/cm}

Let M" = try M; Catch_Block; then both I',c,,:A; — Cj,cm:D— B+ TM'j : B| m:B,n;:C; and
Ien:Aj— Ci,x:D = TLy : B | n;:C; follow by induction. We can construct:
I’,CniZAi%Ci,XZD [ HLH :B | nz-:Cl-
— —— (—=I)
Ien:A;—CikAx.TLy : D—B|n;:C; o)
Ien:A;—CiAx."TLj : D—B|m:B,n;:C;

Then by Lem. 1.13, we have I',cn;:A;—Ci ="'y {Ax.TLj/cm} : B| m:B,n;:C;, and we can
construct:

| /

Ien:Ai—=CiE™™M' ) {Ax.TLy/em} : B|m:B,n;:C;

Ten:Ai—Ci - um.[m] ™y {Ax.TNyj/cm}: B|ni:C; )
and um.[m|TM'y {Ax.TLy/cm} = (pm.[m] TM'y) {Ax.TLy/cm}.
(halt): Then M = halt. We can construct
(halt)
I'bhalt: 1| _:C,A
(tp)
I'tp_.ftplhalt:C| A
for any pair of contexts, and "halty = u_.|tp] halt. O

5.1 When typing halt with L

In this paper we are mainly looking at the relation between notions of exception handling and
classical logic; in that setting, it would be reasonable to add the type constant L to the type
language, and use it to type halt, as also suggested in the proof of the previous theorem.

This is, on its own, perfectly feasible, and works well on the level of A" itself, but we would
not be able to establish a relation with Ay or Au-tp.

Remark 5.7 We can add the rules
TFM:L|A THN:A|A
TFMN:L1|A

(holt): Tharija  (2Ew):

for a notion of type assignment geared towards cBN, and add the rule
TFM:A|A THN:L1|A

—Ev):
(=Ev) F'-MN:L|A
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for CBV

The problem appears in the proof of Thm. 5.6, where we would have the case
(—Ex): Then M = PQ, the derivation looks like

| | |

I’FHPZL‘I’){:A{—)C,‘ I’FHQZD‘ni:Ai—)Ci
T"H PQJ_ ‘ ni:Ai—>Ci
and by induction we have I,cy,:A;—C; b TPy 2 L [ ni:C; and T,cn:A;— Ci b 1Qy : D |
n;:C;. In order to be able to combine these two derivations in I, we need to create the
arrow type D — | from L. The only way to do that, in f,, is to apply rule (tp):

| |

T,CniIAi—>C1' l_/\V UPJ :J_|ni:Ci (Wk)
Ten:Ai—Citpy TPy L[ _:D— 1,n;:C | |
————— —= (Ip ——= —
Ten;:Ai—Cibpy p—[tp] TPy : D— L | n;: T,en;:Ai—Citp 1Qy : D | ninG

Ci
Tcn: A= Cibay (p—[to] PPy TQy = L[ ni:C

(=E)

(=E)

but (p—_.[tp]TPy)"Qy # TPQy. In fact, these terms are computationally incompatible.

So we cannot give the type L the role it should have, which seems to contradict the motivation
of [1].

In the next section, we will introduce a notion of type assignment that uses the type constant
fail (which could be seen as L) for calls to panic, which are essentially catchable halts; as
suggested here, we will not be able to establish a relation with Ay or Au-tp for that notion.

5.2 On catching halt

It might seem natural to define a failing computation through halt in much the same way as
throw (and that is basically what is suggested in [1]). We will argue here that this cannot be
expressed in Au-tp.

Attempting this would lead to, contrary to what we have done above, adding panicn(N) as
a construct, together with dedicated exception handlers abort n(x) = L, so using, for example,
the grammar:

Catch_Block ::
Abort_Block ::

M,N ::

€ | Catch_Block catch n(x) = M;

€ | Abort_Block abort n(x) = M;

V | MN | try M; Catch_Block | throw n(N)
try M; Abort_Block | panicn(N)

x| Ax.M

and the (additional) reduction rules
(panic) : (panicn(N))M — panicn(N)

(try-panic) : try panicn;(N); abort n;(x) = M; — M;{N/x} (nj€R;)
(try-normal) : try N; abort n;(x) = M; — N (n; €N)

vV o

for cBN, and the inference rules

19 Notice that these two variants of (—E) would need to be added to achieve subject reduction.

39



THM:A|A

(panic) : :
I'kpanicn(M): L|ntA— 1,A
TFM:1|A THN:A|A
(—>Ep)2
I'FMN:L|A
F}_MZJ_|niIAi—>J_,A T,XZAI‘}_NI‘ZJ_‘A(VZ'GQ>
(tryp) :

I'ktry M; abort nj(x) =N;: L |A

As before, for reasons of subject reduction, we have to demand that the return type of the
handlers is equal to that of the main term, which means that we cannot return L for a failing
program without having to demand that all handlers return L, as we do in rule (iry,); this is
why the control blocks are either a Catch_Block or an Abort_Block.

We extend the interpretation - Jtp with the cases:
. t t
Tpanic n(M)ﬂtp Ay [tplea™™M;T t t
Ttry M; Abort_Block; abort n(x) = Li¥ 4 (un.[n]Ttry M; Abort_Block;®) {Ax.TL;P /e, }

This would behave well on the level of A" (see also the next section), but not when we aim
to show that

if P4 Q, then TP{¥ —3 1Q,",

for either cBN or cBv-reduction. Although that property follows straightforwardly from the
proof of Thm.3.6, and for the additional case panic, the reduction rule try-panic throws a
spanner in the works. Then the interpretation of the term

try panicn(N); abort n(x) = M
does not reduce to that of M{N/x}:

Ttry panicn(N); abort n(x) = Mﬂtp 4

(n.[n] Tpanic n(N) ) {Ax.TM P jen} A

(un[n] (p—-[t] e ™NGP)) A2 TMPJen} =

pn.[n] e fto] (Ax.TMT)INGP —5, (E)

p—ftp] (Ax.TMF)IN P =5,

j_.[to] M F {TNP /x} = (3.5) p—.[to] "M{N/x};"

t t t t .
So here we have TP;* —>ng‘ u_.[tp]TQ 5, not PP —>ng‘ 1Q,¥ as we desired. Moreover, the terms

u_.[tp]TQ ﬂtp and 'Q ﬂtp are also computationally incompatible
In a certain sense, the encoding expects [M{N/x}||** to be ‘thrown again’, which suggests
the reduction rule

(try-panic) :  try panicn;(N); abort nj(x) = M; — panicn;(M;{N/x}) (nj€n;)

where handlers for panics should be redefined consistently, violating Barendregt’s convention.
Alternatively, we could invoke a handler for all aborts, as in

(try-panic) :  try panicn;(N); abort nj(x) = M; — panic-top(M;{N/x}) (n;€n;)

which gets dealt with at the ‘outermost level’. In fact, the interaction between the prefixes
un.[m] as discussed in Sect.2.3 gets disturbed; when mapping to Au-tp we would need the
prefix utp.[tp] at the ‘outside’, but are not allowed to bind tp.

Otherwise, we can assume that there is no handler named n;, and that the panic escapes
the try-block without being processed. But that would constitute the solution we presented
above, by just using the keyword halt.

20 Notice the similarity with the problem spotted in Rem.5.7.
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So, in order to define a notion of aborting exceptions for our language A" that is strongly
related to classical logic (i.e. mappable into Ay or variants thereof), we cannot opt to ‘handle’
these events, nor explicitly use the type _L to type them, but are forced to add simply a constant
halt that can be assigned all types to the language that consumes all applicative contexts.

6 Handling failing computations

In this section, we will generalise the approach of the previous section, and add the con-
struct panic that is dealt with by handlers. As explained in Rem.5.7 and Sect. 5.2, this is not
straightforward, and we will have to forgo on establishing a direct relation with Ay or Ap-tp.

Our approach will be to construct a system that adds a type constant fail to the type lan-
guage, and is set up in such a way that, essentially, only calls to panic can be typed with fail.
Our aim is to define a calculus that is close to ‘normal” programming practice: programs can
raise exceptions and panic from within the same try-statement. As we argued above, to satisty
subject reduction, we have to demand that the return type of the handlers is equal to that of
the main term, which would mean that we cannot return fail for a failing program without
having to demand that all handlers return fail. That clearly goes against intuition, since 1) we
cannot expect the type checker to decide if a program will fail; 2) failure can depend on input, which
need not be part of the code; 3) the programmer should have the liberty to cater for the event of a
successful computation and a total failure in a different way. We therefore introduce a new feature:
handlers for throws, called catch, all return the type of the main term, whereas handlers for
panic calls, called abort, all return fail. It would, in principle, be possible to generalise this to
more ‘failure’ types, but at the moment one will do.

The system we will present is thereby unconventional in that the standard subject reduction
result does not hold as such. Our aim is to show that, as usual, types are preserved under
normal reduction (is sound), but that the type fail is only used when a panic is raised; as a
result of this duplicity we will not be able to show the normal subject reduction result; we
therefore lose the connection with logic for this system, since proof contraction (the equivalent
of subject reduction in logic) does not change the proven formula. Since in standard notions
of type assignment for the A-calculi this property holds, for both the reduction strategies cBN
and cBv we need to explicitly insert the duplicity of keeping the type under reduction or
running to a term with type fail. Note that whether reduction returns a term of type fail will
not be decidable, since modelling the concept that predicts how a program will run, i.e. if a
panic will be triggered, through assignable types, is impossible. On the other hand, the type
system can predict if a panic is guaranteed to happen.

To introduce the duplicity, we enrich the language with a conditional construct; then de-
pending on the result of running the boolean expression, either the then or else part will be
deployed. Assuming the boolean expression tests if the execution is running normally (like a
test for division by zero), we can call panic in one part, and continue normal execution in the
other. Our aim is that in the first case a term is returned of type fail, whereas the second one
will return a normal type, int in our case. We will type the whole term then with int, which
then is the type for the result produced by normal reduction.

Remark 6.1 Since the conditional is encodable in the pure A-calculus through Abtf.btf, with
the boolean constant true through Aab.a, and false through Aab.b, there is no need to add the
conditional construct explicitly for reasons of expressivity. The type bool then necessarily is
a type suitable for both Aab.a and Aab.b, so has to correspond to A— A — A, for any A (or
V¢ .9— ¢— ). This is found also in the standard way of typeing the conditional construct,
which demands that the then and else part have the same type as the expression itself, as in
the present setting expressed through the rule:
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(B): (Ax.M)N — M{N/x}
(throw) : (throw n(N))M — throw n(N)
(try-throw) : try throw n;(N); Handlers; catch nj(x) = M; — M;{N/x}
(panic) : (panicn(N))M — panicn(N)
(try-panic) : try panic n;(N); Handlers; abort n;(x) = M; — M;{N/x}
(try-normal) : try N; handle; n;(x) = M; — N (n;€N)
(cond-true) : if true then P else Q — P
(cond-false) : if false then P else Q - Q
(cond-throw) : if throw n(N) then P else Q — throw n(N)
(cond-panic) : if panicn(N) then P else Q — panicn(N)

Figure 4. Basic reduction rules for —.

F'FM:bool|[A THFP:A|A THQ:A|A
I'-if Mthen Pelse Q: A|A

(cond) :

But this standard approach would not allow us the characterisation of failing computations
through assignable types we aim for. So, rather, we deviate from that standard approach and,
essentially, let bool correspond to

A—-A—-AVA—fil—= AVil— A— A.

If we would allow that to be a type for both Aab.a and Aab.b, we would be forced to set A = fail
and we would be forced to allow for fail to be treated as any type, rather than just the type for
panic, which would diminish expressivity of the system.

So to be able to express the characteristic we aim for, we are forced to add the conditional
construct explicitly, which allows us to use non-standard type assignment rule(s) for the condi-
tional that allow the two branches to have different types, provided that one of them is typed
with fail. This is achieved by adding the rules

TFM:fail|[A THP:A|A THQ:B|A
I'Eif M then P else Q: fail | A

(if running the boolean expression fails, the whole computation will fail)
I'+M:bool|A T'FP:A|A T+Q:fail|A
I'if Mthen Pelse Q: A|A

(if M runs to false, the computation will fail, otherwise it runs to a term of type A)
F'FM:bool|A TFP:fail|A T'-Q:A|A
IT'kif Mthen Pelse Q:A|A

(if M runs to true, the computation will fail, otherwise it runs to a term of type A).

We define A7 by extending the calculus A" from Def.3.1, by adding panic and abort, a
conditional construct and term constants to the set of pre-terms.

Definition 6.2 (A}) i) The set of pre-terms of AY is defined through the grammar:

Handlers ::= € | Handlers; catch m(x) = M | Handlers; abort n(x) = N
M,N := V| MN |iry M;Handlers | throw n(M) | panic n(M)
| if M then P else Q
V o= x|c|Ax.M
c == err|true|false |[O]T]...|+ | x|A|V]...

The order in which the handlers are listed is not important; we will reorganise them
whenever convenient, and will use handle for either catch or abort.

i) cBN reduction —} is defined as in Def.3.2 by the rules in Fig.4, and cBN applicative
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ILx:AEM:B|A

Ax) : . . C): . —I):
[FM:A—B|A THN:A|A I'-M:fal|A THN:A|A
(—E): (—Ef): .
['FMN:B|A I+ MN :fail | A
IFM:AlA _ IFM:A|A
(throw) : (ngA) (panic) : (ngA)
I'tthrown(M):C|n:A—B,A I't panicn(M) :fail | n: A — fail, A

FFMZC‘I‘\:AL‘—)B,',A I’,XZA,'FNL‘ZBHA(VZ'EE)

(try) : — (Vien(B;=CV B;=fail) )

I'Ftry M; handle; nj(x) =N;:C| A

FFMZfCIiHni:A,'*)Bi,A I’,XZAI‘FN[:BL“A(VZ'EE)

(tryg) : — (Vien (B;=CV B;=fail) )
I'k try M; handle; n;(x) = N; : fail | A

IT'EM:bool|A THP:A|A ]"FQ:B\A(A:B:C\/(A:C/\B:fqil)\/
I'-if Mthen Pelse Q:C|A (A=falAB=C))

['-M:fail|A THP:A|A THQ:B|A

I'tif M then P else Q:fail | A

(cond) :

(condg) :
Figure 5. The system .

evaluation contexts are defined as:
Cn == []| CxM | try Cy;Handlers | if Cy then P else Q

The operators +, X, ... are all pre-fix.

We will now define a notion of type assignment that characterises unrecoverable failure. The
idea is that the exception handlers that deal with panic return terms that are typed fail and
have to return a panic call, so panic gets propagated through the system and fail becomes
the type of the whole program!2] In order to deal with this properly, we need to extend our
notion of type assignment.

Definition 6.3 (TYPE ASSIGNMENT WITH throw AND panic) 7) We extend the set of types by
adding (normal) ground types, ranged over by c:
¢ == bool |int]...
AB = ¢|c|A—B.
and assume the function ¢ which assigns the appropriate ground type to each constant.
We also add the constant fail, but do not consider that a type as normal, since we do

not want to let fail occur as a subtype; we will only allow the notation A — fail as types
for abort routines.

ii) CBN type assignment (with failure) ¢ for terms in A is defined through the inference
system in Fig.5.

Note that we no longer require that the handlers return the same type as the main term in a
try-expression, but allow them to either return that type, or fail; moreover, each panicn(M) is
typed with fail (so fails), and the rule (—Eg) propagates the ‘type’ fail in applicative contexts.
Also, an abstraction can never fail; the only rule that is allowed for abstractions is (—1I), so
the type for an abstraction is of the shape A — B, and A # fail # B.

Remark 6.4 Although the derivation rule (—Eg) is clearly inspired by fail < A — fail, for all A,
or more generally by the logic rule (EFQ), we explicitly do not inhabit this rule with a term

2l We could even add the term halt with type L for this purpose, similar to the previous section, but refrain
from doing so since we cannot assign any other type to a term that has type fail.
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Let A=m:B—fail,n:C— A,A.

(Ax)
T x:fail,y: Al x:fail | A
Ly a (|

I x:fail F Ay.x: A—fail | A I'tN:C|A )
1) panic) ]

anic
I'k Axy.x :fail = A—fail | A I'k panicm(N) :fail | A . T'HL:B|A
%
I'k (Axy.x) (panicm(N)) : A—fail | A I'kthrown(L): A|A
I' (Axy.x) (panic m(N)) (throw n(L)) : fail | A

(throw)

(=E)

Figure 6. A possible derivation for (Axy.x) (panicm(N)) (throw n(L))

construct, as is implicitly done for the systems above in rules (throw) and (halt). Rather, we
limit its use to just (—Eg). Our treatment thereby better corresponds to the characteristic of
aborting computations. If we would allow, as above, the rule

TFM:A|A
I'k panicn(M):C|n:A—B,A

(panic) :

then it would be possible to assign an abortive computation any type, rather than just the
one indicating that computation has failed, and we would no longer be able to distinguish
between exceptions and panic through assignable types.

Example 6.5 We have (essentially) restricted the use of fail to panic only. For example, the term
try (Axy.x) (panicm(N)) (throw n(L)); catch n(x) = P; abort m(x) = Q
is not typeable, since it would demand that the type for Axy.x contains fail. It would be
typeable if we relax this restriction, and allow fail as a normal type. Take the sub-term
M = (Axy.x) (panicm(N)) (thrown(L))

which will panic. We can allow the throw and panic to return different types inside M, as in
Fig.6. When we place this term inside the context of dealing with the catch on n and abort on
m, the special character of the rule (iry) in k= becomes evident; it allows the return type of
exception handlers to differ from the type of the main term in case the latter is fail.

I'kM:fail | A I[Lx:CFP:A|A I[Lx:CHQ:fail|A
'k try M; catch n(x) = P; abort m(x) = Q : fail | A

(trye)

But relaxing the restriction would take away the characteristic that the type fail indicates a
failing execution, since we would have to allow x:fail - x : fail. We therefore opt to have
fewer typeable terms, thereby also enforcing a perhaps better programming style, in that the
conditional structure cannot be simulated.

Using the conditional structure, the similar term

try if true then panicm(N) else throw n(L); catch n(x) = P; abort m(x) = Q

is typeable under the restriction, as shown in Fig.7.

Notice that, in particular, the type assignment system forces the type of the body of an abort
to have type fail as well, so running the body of each abort has to result in a panic as well.

Example 6.6 Remark that, for reasons discussed above, we explicitly do not consider rules like
Ix:AF M:fail | A I[Lx:AF M:fail | A I'EM:fail | A
'+ Ax.M:fail | A T'FAx.M:A—fail | A T'FM:B|A

Moreover, assume we would add the first of the above rules and assume we can derive:
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Let A= m:C—fail,n:B—A,A.

L ]
T'EN:C|A
2 (ponic) ]

FFPGnICm(N)fGIHA FFLB|A/
———(true) - (throw)
'k true:bool | A : I'kthrown(L):A|A \ / \ /
(cond)
I' = if true then panicm(N) else thrown(L): A | A Ix:BEP:A|A  Tx:CkQ:fail | A

tr
I' - try if true then panic m(N) else throw n(L); catch n(x) = P; abort m(x) = Q: A | A’ (iry)

Figure 7. A derivation for try if true then panic m(N) else throw n(L); catch n(x) = P; abort m(x) = Q

Ix:AFM:fail| A
x oA gy ]

I'kAx.M:fail | A I'EN:B|A
I+ (Ax.M)N :fail | A

(—Er)

Remark that now we cannot apply Lem. 6.8 to conclude I' = M{N/x} : fail | 4, since we cannot
be sure that A = B; therefore we would not be able to show soundness.

We can show that weakening and thinning are both admissible.

Lemma 6.7 The following rules are admissible in F:

T'FM:A|A
(Wk): ——— (I'CIACA)
I'-M:A|A
(Th) : [TM:4)4 I'={x:Ber M)}, A ={n:BeA M
'F’FM:A|A’( ={x:Bel|xcfo(M)}, A'={n:BeA[nefn(M)})
Proof : Standard. (]

We can also show that type assignment is closed under term substitution.

Lemma 6.8 (SUBSTITUTION LEMMA FOR ) If I,x:CHr M : A|A and T HE N:C | A, then T ¢
M{N/x}: A|A.
Proof : By induction on the structure of terms.
(M=c): Then A=cc;thenalso ' Ffc:oc|A, and c{N/x} =c.
(M=x): fIL,Lx:CH x:A|Aand I' = N:C| A, then by rule (Ax), x:A e I,x:C,so A=C.
Also, x{N/x} =N, so I' Hf x{N/x}: A | A.
M=y#x): UTLx:CHy:A|A theny:AeTl,soalsol'Fy:A|A and y{N/x} =y.
(M=Ay.M'): Then A=A"—B and I, x:C,y: A’ M’ : B'| A. By induction, we have I',y: A’ ¢
M'{N/x}:B'|A. Butthen ' F Ay.M'{N/x}: A|Aby (—=I),so I Ff Ay.(M'{N/x}): A|A.
Notice that Ay.(M'{N/x}) = (Ay.M'){N/x}.
(M=PQ): Then I, x:CH M: A | A is typed using either:
(—E): Then there exists B such that I,x:CH P:B—A| A and [,x:CH Q:B|A. By in-
duction both I' Hf P{N/x} :B— A | A and I' Hf Q{N/x} : B| 4; then, by (—E), we have
[ P{N/x} Q{N/x}: A|A.
(—Eg): Then A = fail and there exists B such that I,x:C F¢ P:fail |A and I, x:CH Q: B | A.
By induction both I' Hf P{N/x} : fail | A and I' Ff Q{N/x} : B| A; then, by (fail), we have
I'Hf P{N/x} Q{N/x} :fail | A.
Notice that P{N/x} Q{N/x} = PQ{N/x}.
(M =if Pthen Q else R): Then I,x:C F if P then Q else R: A | A is typed using either:
(cond): Ix:CHt P:bool |A, Ix:CH Q: A|A, and Ix:CH R: A| A, and by induction
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I'Hf P{N/x} :bool | A, T Hf Q{N/x}:A|A, and I Hf R{N/x}: A| A. Then also I' ¢
if P{N/x} then Q{N/x} else R{N/x}: A| A by rule (cond).

(condg): A =fail, I,x:CH P:fail | A, I,x:CH Q:B| A, and Ix:CH R: D | A, and by in-
duction I' Hf P{N/x} :fail | A, T H Q{N/x}: B| A, and I' Ff R{N/x} : D | A. Then also
I'HFif P{N/x} then Q{N/x} else R{N/x} :fail | A by rule (cond).

Notice that if P{N/x} then Q{N/x} else R{N/x} = (if P then Q else R){N/x}.

(M = try P; catch n;(y) = Q;): Then there exists A;, B; such that I, x:CH P: A| A and
I,x:C,y:A; Ff Q;: Bi | A, for all i € n. By induction, I' Hf P{N/x}: A| A and I,y:A; ¢
Qi{N/x}:B;| A, (Vien). We getI b try P{N/x};catch n;(y) = Q;{N/x}: A|A by rule
(try), and try P{N/x}; catch n;(y) = Q;{N/x} = (try P; catch n;(y) = Q;) {N/x}.

(M = throw n(P)): Then A # fail, and there exists B, D such that n:B— D € A, and I, x:C ¢
P:B|A. By induction I Hf P{N/x} : B| A. Since n:B— D € A, by rule (throw) we get
I' H¥ throw n(P{N/x}) : A| A. Notice that throw n(P{N/x}) = (throw n(P)){N/x}.

(M = panicn(P)): Then A = fail and there exists B such that n:B—fail € A, and I,x:C F¢
P:B|A. By induction I' Hf P{N/x} : B| A. We get I' I panicn(P{N/x}) : fail | A by rule
(panic), since n:B — fail € A. Notice that panicn(P{N/x}) = (panicn(P)){N/x}. O

The main result we show for this system is the following soundness result. It states that
running a program will either run normally, preserving the assigned type, or will run to a
term that has type fail, so throws a panic.

Theorem 6.9 (SOUNDNESS FOR H; WITH RESPECT TO —F) If ' Hf P: C| A and P —F* Q, then ei-
ther TH Q:C| A, or T H Q:fail | A.

Proof : The result follows by induction on the definition —F*; we focus on the single step

reduction, and only show the interesting cases
(B): Then P= (Ax.M)N — M{N/x} = Q, and the derivation for P is constructed as follows:

L ]
ILx:BFM:C|A (oD T ]

THFAx.M:B—C|A THFN:B|A
' (Ax.M)N:C|A

(=E)

(notice that it is impossible for (—Er) to be applied last for (Ax.M)N as fail cannot be
a type for Ax.M). In particular, then I,x:BH M:C| A and I' = N : B | A, and the result
follows from Lem. 6.8.

(throw): Then P = (throw n(N)) M — throw n(N) = Q, and the return type for the exception
handler n is not fail: then the derivation for P looks like:

L 2 ]

TEN:A|A I ]

(throw)
I'tthrown(N):D—C|n:A—B,A FFM:D\n:AHB,A(
—

(thrown(N))M:C: T Fn:A—B,A

We can construct the derivation for Q:
TFN:A|A
I'kthrown(N):C|n:A—B,A

(throw)

(panic): Then P = (panicn(N)) M — panicn(N) = Q, and the return type for the exception
handler n is fail; then the derivation for P looks like:
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L 2 ]

I'EN:A|A
| (panic) \ /

I'F panicn(N) : fail | n: A — fail, A I'EM:B|n:A—fail,A
(panicn(N))M :fail : T'F n: A — fail, A

(—E¢)

Notice that we have a sub-derivation for I' H panicn(N) : fail | n: A — fail, A.

(try-throw): Then P = try throw n;(M); catch n;(x) = N; — N;{M/x} = Q and the derivation
for P is shaped as follows:

T"M:Al|ni1Ai—>Bi,A ~ '
(throw)

I'tthrown;(M):C|n;:A;— B;, A Ix:A;FN;:B;|A (lenVien)
I'ttry throw n;(M); catch n;(x) = N;: C | A

(try)

where C # fail, and B; = C or B; = fail, for each i. In particular, we have both I' ¢
M: A;|n;:A;—B;,A and T,x:AJFE N;: C| A, so B; = C. By Lem.6.7, weOcan remove
n;:A; — B; from the co-context for the first to obtain I' H¥ M : A;| A. Then, by Lem. 6.8, we
obtain I' Hf N;{M/x} : C | A.

(try-panic): Then P = try panicn;(M); abort nj(x) = N; = N;{M/x} = Q and the derivation
for P is shaped as follows:

FFM:A”FI{:AI'—)BI‘,A . ~ '
(panic)

— a
'+ panicn; (M) :fail | n;:A; — B;, A Ix:A;F N;:B;|A (lenVien)
I'F try panic nj(M); abort n;(x) = N; : fail | A

(trye)

so B; = fail. In particular, we have derivations for both I' -f M : A; | n;:A;— B;,A and
Ix:A;H N :fail | A By Lem. 6.7, we can remove n;: A; — B; from the co-context for the
first to obtain I' Hf M : A; | A. Then, by Lem. 6.8, we obtain I" Ft N; {M/x} : fail | A.
(try-normal): Then P = try Q; handle; n;(x) = M; — Q with n; € Q. Then the derivation for P
is constructed as follows:
\ [ |
FFQZC‘F],‘ZA,‘*)BI‘,A F,XZAI‘FNI'ZBHA(VI.GE)
I'ttry Q; handle; n;(x) = N;:C| A

(try)

In particular, we have I' ¢ Q: C | nj:A;— B;, A; since n; € Q, by Lem. 6.7 we can remove
n;:A; — B; from the co-context to obtain I' Hf Q: C | A.

(cond-true): Then P = if true then M else N — M = Q. Since true can only be assigned bool,
the derivation is constructed as follows:

I ] |
I'Ftrue:bool | A ) I'Q:A|A T'EN:B|A
I'tif true then Q else N:C | A

cond)

and either:
((A=B=C)V (A=CAB=fail)): Then, in particular, I' - Q: C | A.
(A =fail A B=C): Then, in particular, I' - Q : fail | A.
(cond-false): Then P = if false then M else N — N = Q. Similar to the previous case.

(cond-throw): Then A =n:E—F,A’, P = if thrown(R) then M else N — throw n(R) = Q, and
the derivation for P is constructed as:

22 Remark that we cannot apply (—1I) to the latter result.
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L » ]

FFR:E|A [ ] 1 ]

throw
FFthrown(R):bool|n:E%F,A’( ) I'M:B|A THEN:C|A

'k if thrown(R) then M else N: D | A

(cond)

for certain B, C, and D. Then we can construct the derivation:
I'+thrown(R): D |n:E—F,A
(cond-panic): Then P = if panicn(R) then M else N — panicn(R) = Q, and the derivation for
P is constructed as:

I't panicn(R) : fail | A IT'FM:B|A T'EN:ClA
I'tif panic n(R) then M else N : fail | A

(throw)

(condg)

for certain B and C. Notice that we have a sub-derivation for I" ¢ panicn(R) : fail | A. I
(M — N = ML — NL): Then the derivation for P is constructed as either:
| ] L2 | | ] L |
[FM:A—B|A  THL:A[A o or TEM:falla  THL:A[4
I'FML:B|A ~E) I+ ML fail | A

By induction, either I" HEN:A—B|Aor I'f N:fail| A, and we can construct a derivation

for Q:

\ ] L2~ | \ | L2 |
T N:A—B|A THIL:A|A or T'HN:fail|A THL:A|A
— (—E) ~ - (—EF)
THINL:B|A I'HENL:fail | A

(M — N = try M;Handlers — try N; Handlers): Then the derivation for P is constructed as
follows:

| RN

I'EM:C|A Handlers
try M;Handlers: C:T'H A

try)

By induction, ' Ff N: C | A or I F¢ N :fail | A, and we can construct a derivation for Q:

(U e N | | L2 ]
T'EN:ClA Handlers I'EN:fail | A Handlers

fr fr
try N;Handlers: C: T A (iry) try N; Handlers: fail : T A (iryg)

(M — N = if M then T else E — if N then T else E): Then the derivation for P is constructed
as:

[N e W e W

T'FM:bool|[A  T'FT:A|A  TFE:B|A

(cond)
I'tif Mthen Telse E:C|A
or
I'+~M:fal|A THT:A|A  THE:B|A
(condy)

I'if M then T else E :fail | A

for certain A, B, and C. By induction, we have either I' F¥ N : bool | A or I H¢ N : fail | A,
so either by rule (cond) we have I' Fr if N then T else E: C| A or by rule (cond;), we get
I' b if N then T else E : fail | A. O
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6.1 On cBv-reduction for A'Y

As above, we can define a notion of cBv-reduction for A‘;V, through:

Definition 6.10 cBv reduction —¢ is defined as in Def. 6.2 by also changing/adding the rule
(By): (Ax.M)V — M{V/x}
(panicy) : V(panicn(N)) — panicn(N)
cBv applicative contexts are defined as:

Cy == []| CyM | VCy |try Cy;Handlers | if Cy then P else Q

If we now look at type assignment, a particular feature pops up, in that we need to add an
extra type assignment rule (as we did for cBv-Ap).

Definition 6.11 The cBv notion I is for A defined using the rules of Def. 6.3, extended with
the rule
I'M:A|A  T'+N:fail|A

—Ey):
(=Ev) ['+MN:fail | A

This was not necessary for s nor Hy, since there the use of either throw of halt is hidden; since
our intention is that the use of panic is not, as in Rem. 5.7 we have to add this type assignment
rule. Notice that we need to formulate rule (—Ey) using M rather than a value, since we can
have:

(Ax.x) (Ax.x)(panicn(N)) —¢ (Ax.x)(panicn(N)) —¢ panicn(N)
This gives a well-behaved system, in the sense that it is straightforward to show soundness.

Lemma 6.12 (SUBSTITUTION LEMMA FOR ) If [,Lx:CH M:A|Aand T HL N:C| A, then I'
M{N/x}:A|A.
Proof : By induction on the structure of terms. The proof is much the same as for Thm. 6.8,
except for one case:
(M=PQ): Then Ix:CH M: A| A is typed using either (—E), (—E¢), or (—Ey), so we
have the same cases as before, extended by:
(—Ey): Then A =fail,and I, x:CH P: B| A for some B, and I, x:C I Q: fail | A. By induction
both I' Hf P{N/x} : B| A and I Hf Q{N/x} : fail | A; then, by (—Ey), we have I F¢
P{N/x} Q{N/x} :fail | A. O

We can now show:

Theorem 6.13 (SOUNDNESS FOR Y WITH RESPECT TO —Y) If T P:C | A and P —¥* Q, then
either T Y Q:C | A, or T H Q:fail | A.
Proof : The proof is much like that for Thm. 6.9, with the addition of:

(throwy): Then A=n:A—C,4A’, P = V(thrown(N)) — thrown(N) = Q, and the derivation

for P is constructed as:

I ] TRN:AA
I'kV:E=F|nA=CA It thrown(N) :E|n:A—C,A
It V(thrown(N)):F|n:A—C,A

(throw)
(=E)

We can construct the derivation for Q:
ThN:AN
It thrown(N):F|n:A—C,A

(throw)
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(panicy): Then P =V (panicn(N)) — panicn(N) = Q, and the derivation for P is constructed
like:

| ] |

T'FV:AlA I'F panicn(N) : fail | A

—Ey)
I'EV(panicn(N)):fail | A
We have I' H panicn(N) : fail | A in a sub-derivation.
(M— N = VM — VN): By induction. O

However, we lose the property of the predictive character of the type fail. For example, we
can have a derivation like (where x:B—A,y:B € I)

(Ax) (Ax)
[Fx:B—A|A I'+y:B|A T ]
(—E)

I'txy:AlA 'k panicn(N) : fail | A

'k xy(panicn(N)) :fail | A

(—Ev)

but this term is in cBv-normal form, so will never reduce to panicn(N) as suggested by the
type fail. Notice that it is not typeable in .

Moreover, it is not clear how to define a notion of principal typeing for this system, as we
do in the next section for F, because using the standard approach, through unification, we
would reject to type xy(panicn(N)).

7 Principal typing for

In this section, we will show that we can extend the notion of principal typing from Sect. 1.1
in a natural way to Hr. We will define the algorithm pt_ that calculates the principal typing
for each term typeable in I; as for pf_ from Def. 1.5, it is defined using a notion of unification
and substitution of type variables by types.

We first extend the notions of substitution and unification to our notion of types:

Definition 7.1 i) The substitution (¢ — C), where ¢ is a type variable and C a type (not equal
to fail), is inductively defined over the structure of types as in Def. 1.3 by adding:

(p—=C)c = c
if) Unification on A"™-types with fail is defined as as in Def. 1.3, by adding:
unify ¢ ¢ = Idg

As above, this definition implies that all non-specified cases, like unify int bool, or unify ¢ fail,
do not return a substitution.

Lemma7.2 (SOUNDNESS OF SUBSTITUTION) If ' M : A | A, then ST Hf M : SA | SA.

Proof : By straightforward induction on the structure of derivations. (]
We now define a notion of principal typing for terms of AP

Definition 7.3 The principal typing algorithm for I is given by:
pt.c = (D;0c;Q)

plex = (x:9;9;0)
where ¢ is fresh

pte(Ax.M) = (I;C;A)

50



where (I'; P;A) = pt.M @
r.c — F:\x;A—>P (x:Ae/F’)
I';o—P (xgTI")
¢ is fresh
PtFMN = 53052051 <F1 U Fz; qD,'Al UA2>
where (I; P;; A1) = pte M
<F2,'P2;A2> = ptFN
S, — unify Py P,— ¢ (P # fail)
(¢ + fail) Py (P = fail)
Sz = unifyC (51 Fl) (Sl Fz)
53 = unifyC (SzOS1A1) (SzoslAz)
¢ is fresh
pte (try M;e) = pt. M
pt (try M;Handlers; catch n(x) = N) = S305,05; (It UT»; A; A1\nUAy)
where (I'; Py; A1) = ptg(try M; Handlers)

(I}; Py; Ay) = ptN (P, # fail)
[:C — L\x;D—P, (x:D€Ty)
C S Ugsn  (#IY
Sl _ unify P1 Pz (Pl 7é foil)
Ids (Pl = foil)

52 = unifyC (51 F1) <S1 Fz)
S = unifyC (5,081 A1) (52081 (n:C,A2)) #  (n¢ A,)
@ is fresh
pte (try M;Handlers; abort n(x) = N) = 5,051 (I1 UI»; P; A1 \nUAy)
where (I7;P;A1) = pt.(try M;Handlers)
(I;fail; Ay) = pt. N @
0:C — {Fé\x,-Dgfoil (x:D € I7)
I;; p—fail (x¢1;)
S] = I/lTll.fyC Fl Fz
Sz = um’fyC <S1A1) (Sl<n:C,A2)) (n €A2)
@ is fresh
pte (thrown(N)) = (I'; ¢;n:P—¢',A)
where (I'; P;A) = pt.N
@, ¢ are fresh

pte (panicn(N)) = (T fail;n:P — fail, A)
where (I';P;A) = pt.N

pte (if Q then R else S) = $405305,081 (IT UL, UT3; ;A1 UA U A3)
where (I7; P;; A1) = pt.Q
<F2,' Pz;A2> = ptFR
<F3,'P3;A3> = PtFS

S — {uniﬁ/Pl bool (P # fail)

(¢ > fail) (P; = fail)

((unify (S1P2) (S1P5))o (¢ S1P)
(Pz 75 fCIil 75 P3)
S, = (qD — 51 Pz) (Pz 75 fail = P3) (Pl 7& f(]il)
(QD — 59 P3) (Pz = fail 7& Pg)
(¢ — fail) (P, = fail = P3)
[ Ids (P; = fail)

53 = unifyC (52051 F1) (52051 Fz) (52051 F3)
S4 = unifyC (53052051 Al) (53052051 Az) (53052051 Ag)
¢ is fresh
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Notes:
i) If P = fail, then the algorithm returns no result.

if) Officially, (¢ — fail) is not a substitution; but since ¢ occurs only as the placeholder for
the return type, we can safely abuse our notation here.

iii) We do not have to consider n € A or not separately; this call to unifyC will create the
correct type for n.

iv) If pt. N does not produce fail, the algorithm fails.
We can show that the algorithm creates valid judgements:

Lemma7.4 (SOUNDNESS OF pt.) If pt. M = (I'; P;A), then T Hf M : P | A.
Proof: By induction on the structure of terms, using Lem. 7.2.
(M =x): Then pt_x = (x:¢; ¢; D). Notice that we have

—— (Ax
xiphkx:g| (4x)

(M =c): Then pt.c = (D;0c; D). Notice that we have

Fc:oc]| (©
(M= Ax.N): Let pt. N = (I'; B; A), with B # fail; then either:

(x € T'): Then there exists A such that I' = I'Jx:A, and pt_ (Ax.N) = (I’; A—B; A). By in-
duction I x:AH N : P | A. We can construct:

L ]

[x:AFN:P|A
['FAx.N:A—P|A
(x ¢ I'): Take ¢ fresh; let pt. (Ax.N) = (I'; 9—P; A), then by induction I' H N: P | A. We

can construct:

IFN:P|A
——— (Wk)
LFx:pF-N:P|A
(—=1)
IF'FAx.N:p—P|A
(M =QR): Letpt, QR=5305,051 (It UT»; A; A1 UA;), where pt. Q = (I; P;; A1) and pt, R =
(Iy; Py; Ay), and ¢ fresh. Then either:
(P #fail): Let A = ¢is fresh
51 = Mi’l@ﬁ/ P, (Pz—)g[))
52 = I/lTll.fyC (S]Fl) (511"2)
Sy = unifyC (52051 A1) (52051 As)
By induction we have both It Ff Q: Py | A1 and Io Hf R: P> | Ap; by Lem. 7.2, also (where
S’ =8305,08)

(=1)

SMHQ:SP|SA; and ST HR:S'P|S A,
and §'P; = S (P,—¢) = S' P,—S' ¢. By Lem. 6.7 we also have
S’Fl,S’Fz |—I|\:IQIS,P1’S,A1,S/A2 and S’Fl,S’Fp_ H\:TRIS,Pz’S,A],S/Az

(note that, if x:A € I7 and x € I, then x is not bound or free in R, so can be safely
added; if x:A; € I} and x:Aj; € I3, then S’ A; = S’ Ay, so we can safely add x:A3) so
also

S,(Fl Urz) H\:TQislpl | S,(Al UAz) and S/(Fl UF;_) H\:IRIS/Pz ’ S,(Al UAz).
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To these we can apply rule (—E) and obtain:

| ] /

S/(Fl UF2>FQ:S/P2—>S/(P‘S/(A1UA2> S/(FlUfz)FR25/P2|SI(A1UA2)
S'(LUD)FQR:S ¢S (A UA)
(Py =fail): Let ¢ is fresh

A = fall
Sy = unifyCI7 I
53 = unifyC (SzA]) (SzAz)

By induction we have both I1 Ff Q :fail | A1 and I Hf R: P> | Az; by Lem. 7.2, also (where

S’ =8308,)

(=E)

ST Q:fail|S'A1 and S'IhHR:S' Py |S' A,
By Lem. 6.7 we also have
S'1,S L Q:fail |S'A1,S' Ay and S'I,S'ThHER:S'Py| S A1,S Ay,
so also
S (MUL)FQ:fail|S'(A1UA;) and S (ITUILL)FER:S' Py| S (A1UAy).

To these we can apply rule (—E¢) and obtain:

| |\ /

S/(FlUfz) FQZfCIiHS/(Al UAz) S/(Fl Ufz) FR:ZZS/PQ ‘ S/(Al UAz)
Sl(Fl UFz) FQRZfCIiHSI(Al UAz)

(try M; handle; n;(x) = N;;; catch n(x) = N): We have:
pte (fry M; handle; nj(x) = Nj;; catch m@y) = L) = S308,08; (I1 U; A;A1\mU Az)
where (I; A; A1) = pt. (try M; handle; n;(x) = N;)
(I3;B;42) = ptL

(—Er)

0:C = FZ:;D%B (x:DE/Fz’)
I,x:9;p—B (x¢1I;)
g, — unify B A (A # fail)
! Ids (A = fail)

Sz = um’fyC (Sl Fl) (51 Fz)
53 = unifyC (SzoslAl) (52051 (m:C,Az)) (m gAz)
@ is fresh
By induction, we have both I} ¢ try M; handle; nj(x) = N;: A|Aj and I3, x:DFE L: B | A;.
From the first we have, by rule (iry), I1 Hf M : A | n:C;— B;, A1 and I, x:C; FY N : B; | A4
where B; = AV B; = fail, for all i€ n. Let S = 5305,05; as in the previous case we
have S(IUL) HF M:SA|S(n:C;— B;, A1 U Ay), S(I,x:C;UTL) FEN;: B | S(A1U Ay),
and S(ITUT»,y:D)FE L:SB | S(A1UA;), where D can be ¢.
Then we can construct (where I' = S(I'1 UT3), and A= S(A1 U A)):

[FM:SA|m:SC,A I,x:SC;F N;:SB;|A TI,y:SDFL:SB|A (Vien)
I'" try M; handle; n;(x) = Nj; catch m(y) = L:SA | A
(try M; handle; n;(x) = N;;; abort n(x) = N): We have :
pte (fry M; handle; nj(x) = Nj;; abort n(x) = N) = S305,081 (I71 UTI»; A; A1 \nUAs)

(try)
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where (I; A; A1) = pt. (try M; handle; nj(x) = Nj;)
(I3;B;82) = pteN
nC — {FZ:;D.—?B (x:DE/FZ’)
I, x:¢;9—B (x 1)
S1 = unify B fail
52 = unifyC (51 Fl) (51 Fz)
53 = unifyC (SzoslAl) (52051 (n:C,Az)) (n gAz)
¢ is fresh
By induction, we have both I} ¢ try M; handle; nj(x) = N;: A | A1 and I, x:D ¢ L : fail |
A,; notice that we can assume that B = fail, since these should be unifiable. From the
first we have, by rule (iry), I F¥ M: A | n:C;— B;, A1 and I, x:C; F¥ N; : B; | Ay where B; =
AV B; =fail, for all i € n. Let S = S305,053; as in the previous case we have S(I1 UT3) H
M:A ’ S(m,A1 UAz), S(F1,X:Cl' U Fz) Hr N;: B; ‘ S(A1 UAz), and S(F1 ) Fz,y:D) Hr
L:fail | S(A1 UA;,), where D can be ¢.

Then we can construct (where I' = S(I1 UT3), and A= S(A1 U A)):
| |\ |\ |
I'FM:SA|m:SC,A I,x:SC;+N;:SB;|A TI,y:SDF L:fail|A (Vi€n)

I'" try M; handle; n;(x) = Nj; catch m(y) = L:SA | A
(throw n(M)): We have pt. (thrown(M)) = (I;¢;n:A—¢',A) with (I'; A;A) = pt. M and
@, ¢ are fresh; notice that by assumption n does not occur in M. By induction, we have
I'HE M: A|A, and we can construct:

THFM:A|A
I'tthrown(M):¢|n:A—¢',A
(panicn(M)): We have pt. (panicn(M)) = (I;fail;n:A—fail, A) with (I'; A; A) = pt. M; no-
tice that by assumption n does not occur in M. By induction, we have I" HEM:A|A, and

we can construct:

F-M:A|A
I'F panic n(M) : fail | n: A —fail, A
(if M then P else Q): Let pt: M = (I3;P1; A1) ; we have two cases:
(A1 # fail): We have:
pt. (if M then P else Q) = 5405305,051 (It UT> U I3; ¢; A1 U Ay U A3z)
where (I3; Ay; Ay) = pt. P
(I3; As3;43) = ptQ
and S; = unify A; bool
Mi’lif:l/ (Sl Az) <S1 A3)

(try)

(throw)

(panic)

o(@— 5142) (Az # fail # As)

Sy = (QD — 59 Az) (Az 7é fail = A3)
(¢ 5143) (Az = fail # As)

(¢ — fail) (Ap = fail = A3)

Sy = unifyC (S308111) (S2081I3) (Sp081 T3)

54 = unifyC (53052051A1) <S3052051 Az) (53052051 A3)

@ is fresh
By induction we have I Ff M : Ay | Ay, [ Hf P: Ay | Ay, and T3 H Q: Az | Az. Take
S = 54053050851, then by Lem.7.2, also ST} Hf M :SA; | Ay, I HF P:SAy| Ay, and
I3 H Q:SAj3| As. Since SA; = bool, and SA; = S A3, or (A = fail vV Az = fail), we can
derive the desired result by rule (cond).
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(A1 = fail): We have pt, (if M then P else Q) = S4083 (I U I, U I3;fail; A7 UA, U A3)
where (I3; Ay; Ay) = pt. P
(I3, A3;43) = pt.Q
53 = um’fyC F1 Fz F3
54 = unifyC (S3A1) (S3A2) (S3A3)
¢ is fresh
By induction we have I1 H M :fail | A1, I FE P: Ay | Ay, and T3 Hf Q: Az | As. Take S =
S408S3, then by Lem. 7.2, also STt Hf M :fail | A, [ FE P:SA | Ap, and I3 H Q:S A3 | As.
We can derive the desired result by rule (condg). O

We will now show the main result for pt., which states that it calculates the most general
typeing with respect to type substitution for all terms typeable in H.

Theorem 7.5 (COMPLETENESS OF SUBSTITUTION.) If I' ¢ M : A | A, then there are contexts I'" and
A', type P and a substitution S such that: pt. M = (I'"; P; A'), and ST C T, SA' C A, and SP = A.
subst complete By induction on the structure of terms in A.

(M =x): Then, by rule (Ax), x:A €T, and pt,x = ({x:¢}; ;D). Take S = (¢ — A).

(M =c): Then, by rule (c), A= cc, and pt.c = (©; 0c; D). Take S = Ids.

(M = Ax.N): Then, by rule (—I), there are C,D such that A=C— D, and I, x:CH N:D | A.
Then, by induction, there are I'’,A”,P" and S’ such that pt. N = (I'"; P’; A”), and S’ C
I'x:C,S'"A” C A, SP' = D. Then either:

(x €fo(N)): Then x:A’ € I', and pt. (Ax.N) = (I'""\x; A’—=P’; A). Since S'T" C I,x:C,
in particular S A’ =C, S'(I'"\x) C T, and S'(A’=P') =C—D. Take I' =T"\x,
A=A P=A—=P,and S=65".

(x €fo(N)): Then pt. (Ax.N) = (I'”; p—P’; A), x does not occur in I'’, and ¢ does not
occur in (I'; P'; A). Since S'T" C I',x:C, in particular S'T” C I'. Take S = S'o(¢
C), then, since ¢ does not occur in I'”, also ST C I'. Notice that S(¢—P’) =C— D;
take ' =T",A =A",and P = ¢p—P'.

(M =QR): Then, by rule (—E), there exists a B such that ' - Q: B—A|A and ' Ff R:
B| A. By induction, there are Sq1,S,, (I7; Pi; A') = pt. Q and (I; P»; A),) = pt. R (no type
variables shared) such that $1I] C I, $1A] C A, SoI, C T, S, A CA, $1 P = B—A and
S2 P, = B. Notice that S1,S> do not interfere. Let ¢ be a fresh type variable.

Now either:
<P1 # f0i|): Let Su = unify Py (P2—><p)
Sr = unifyC (S,I7) (Su.I3)
Sa = unifyC (SroS, A'}) (SroS, A%)
pte.QR = Sp0SroS, (I UIL; ¢; A} U AY)

We need to argue that pt. QR is successful: since this can only fail on unification
(of Py and P>,— ¢, or in the unification of the contexts), we need to argue that these
are successful. Take S3 = S0510(¢ +— A), then

S3P; = B—A, and
S3<P2—>g0) = B—A.

so P; and P,— ¢ have a common instance B—A, and by Lem. 1.4, S, exists.
Notice that we have

S3I7 C I, and S3A} C A, and
SsI} C T S3A, C A

since I and I, share no type-variables. Since I is a context, each term variable has
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only one type, and therefore S; is a unifier for I and I (and similar for A), so we
know that an S4 exists which extends the substitution that unifies the contexts, even
after being changed with S,, so such that

S4(SuI]) € I, and S4(SroS,4A}) C A, and
Ss(SuIl) C T. S4(SroS,A,) C A.
So S4 also unifies S, I and S, I}, and SroS, A} and SroS, A}, so by Lem. 1.4 there
exists a substitution S5 such that S4 = S505,051r085,,. Take S = Ss.
(P =fail): Let Sr = unifyC I I,
SA = um’fyC <S[‘A/1) (S]“Alz)
pt.QR = SpoSr (I U Iy; fail; A U AL)
Take S3 = S;0S510(¢ +— A), then
S3I7 C I, and S3A} C A, and
SsI} C T S3A, C A
As above an S4 exists such that
S4I7 € I, and S4(SrA) C A, and
ST} C T. Ss(Sra,) C A

Again by Lem. 1.4 there exists a substitution S5 such that Sy = S50S,0Sr. Take S = Ss.

(M = try L; handle; n;(x) = Nj;; catch n,+1(x) = Njy11): By rule (iry) there exist A;, B; (i € n+1),
such that THY L: A |n;:A;— Bj,nyi1:Aps1— Buy1,A and T, x: A; F¥ Nj : B; | A where handle;
is either catch and B; = A, or abort and B; = fail for every i € nn, and B, 1 = A.
Let M’ = try L; handle; n;(x) = N; and notice that I' Hf M": A | n,11: A1 — Bpi1,A
holds as well. Then by induction there exist S1, S, (I7; P1; A}) = pt. M and (I;; P»; A)) =
pt- Ny11 (no type variables shared and P, # fail) such that

ST C T ST} C LxiAye
Sq All C np+1 IAn+1 — Byy1,4 and Sy Alz C A
5P = A SHP = Bn—l—l

Take It = I}, and A, = A’,. Now either x:D € I; and we take C =D — P, and I, =
I\x:D,orx ¢ I} and C = ¢ — P,, I, = I;, with ¢ fresh. Likewise, either n,1:E € A’ and
we take A; = A \n or n,1 € A and E = ¢’ with ¢’ fresh, A; = A}. Take S, = unify E C,
and S3 = 55057105, then we have S317 CI',S3A1 CA,S3P; =A,S31>, CI',and S3A, C A.

Since S3 unifies all these, the unifications called when calculating

pt (try M;Handlers; catch n(x) = N) = S’ (I1 UTy; P;; A1 U Ay)

are successful, and using Lem. 1.4 S3 can now be decomposed into SoS'.

(M = try L; handle; n;(x) = N;;; abort n,41(x) = Ny41): By rule (iry) there exist A;, B; (i € n+1),
such that THYL: A |n;:A;— Bj,nyi1:Aps1— Buy1,A and T, x: A; F¥ N : B; | A where handle;
is either catch and B; = A, or abort and B; = fail for every i € n, and B, 11 = fail.

Let M’ =try L; handle; n;(x) = N; and notice that we have ' HFf M': A |n,11: A1 — fail, A
as well. Then by induction there exist S1, Sy, (I]; Pi; A}) = pt. M’ and (Iy; fail; A%) =
pt- N, 41 (no type variables shared) such that

S$iI7 €T /

- :
S147 C npy1:Ayg —fail, A and 5222/ c er Ant1
51 = A 28, =

Take It = I, and A, = A,. Now either x:D € I, and we take C = D — fail, and
I =Iy\x:D, or x ¢ I; and C = ¢ — fail, I = I}, with ¢ fresh. Likewise, either n,,;1:E € A}
and we take A; = A’ \nor n,1 € A and E = ¢’ with ¢’ fresh, I = I). Take S, = unify E C,
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and S3 = 5,085,051, then we have S3I1 CI',S53A1 CA,S3Pp=A,531, CI',and S3A, C A.
As above, unification of the contexts is successful, and Sz can now be decomposed into a
unifying substitution, and the substitution we are looking for.

(M = throw n(N)): By rule (throw) there exist C,D such thatn:C—DeAand THEN:C|A\n.
By induction there exists S', (I'';P;A") = pt_N, such that S'T' C T, S'A’ C A\n, and
S'P = C. Notice that pt_(thrown(N)) = (I'; g;n:P— ¢/, A), where ¢, ¢’ fresh; define S =
(p— A)o(¢'+— D)oS', then ST CT,S(n:P—¢',A') C A, and S¢ = A.

(M = panicn(N)): By rule (panic), A = fail and there exists C such that n:C — fail € A and
I'Hf N:C|A\n. By induction there exists §', (I'”; P; A') = pt. N, such that S'I" C I, S’ A’ C
A\n,and S' P = C. Notice that pt, (throw n(N)) = (I'; fail; n: P — fail, A); define S = S/, then
SI"CT,and S(n:P—fail, A") C A.

(M =if Q then R else S): We distinguish the cases:

(cond): Then there are B,C such that I' H Q:bool |A, THFR:B|A, and TH S:C | A,
and A=B=C, or A= B and C = fail, or A = C and B = fail. By induction there are
51,52,53 and <F1,P1, >—pt Q, <F2,P2,A2> —pt R and <F3,P3,A3> —pt S such

that:
SiI7 € T SoIp €T S3I3 € T
5141 € A S2A;, C A S3A3 € A
51P1 = bool SzPZ = B S3P3 = C

Now take ¢ fresh, and
S4 = unify Py bool

(unify (S1Py) (Sa4P3))o(g — SsPy) (Py # fail # P3)
S5 _ ((p>—>S4P2) (Pz;léfoﬂ— 3)

(¢ +— Sy P5) (P> = fail # Ps)

(¢ — fail) (P, = fail = P3)
S[‘ = um’fyC <S5OS4F1) (S5OS4F2) (S5OS4F3)

SA = um’fyC (SFOS5OS4A1) (SFOS5OS4A2) (SFOS5OS4A3)

As above, since Sy, S, and S3 create common instances, the unifications in Sy, Ss,Sr,
and S, are successful, and

te (if Qthen Relse S) = 54057085084 (I1 UT> U I3; ¢; A1 U Ay U A3)

is well defined, and by Lem. 1.4 there exists S such that S305,051 = S05,05r055085,.
(condg): Similar to the previous case, where now A = fail = P;. (I

This last result shows the practicality of our notion of type assignment.

Conclusion

We have defined A", a natural extension to the A-calculus by adding exception handling,
and shown that it can be embedded into Ay, preserving both cen and cBv reduction. The
normal notion of type assignment for A", here called the basic system, is also preserved by
our mapping onto Au. Type assignment is not preserved, however, for the notion of type
assignment that captures total program failure using exception handling.

We also have presented a notion of handling of exception and panic calls, together with a
natural notion of type assignment, that cannot be represented in Ay or Au-tp. We thus have
shown that, although a strong link between typeable exception handling and double negation
elimination is evident, exception handling itself is a feature that is not naturally a part of
calculi based on classical logic, since it is possible to define notions of type assignment that
are natural for A"™, but are not founded on classical logic.

By letting go of the link between programming and logic, we have shown that it is possible
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to define distinct handling of exception and panic calls for formal calculi in a computationally
meaningful way. This was emphasised by showing that our system has the principal typeing
property, a prerequisite for its use in programming.
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