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Abstract

We define call-by-name and call-by-value reduction strategies for the calculi sAy (symmetric
An), X‘uﬁ, and Ajs (X with implicit substitution). We establish a strong relation between
these notions through defining a single interpretation from sAyu to Auji that respects normal
reduction, as well as the call-by-name and call-by-value strategies in sAuy within the their
counterpart in Auji. We also define a single mapping from Auji to Xjs, and show that this
also respects all three notions. We conclude with studying the natural encoding of A}s into
Apufi, and show that only full reduction is respected, but that reduction steps are needed to
model substitution, so the cBN and cBv strategies cannot be respected. This result underlines
that Xs and X‘u fi are similar, but different calculi.

keywords: classical logic, call by name, call by value, interpretations

Introduction

The A-calculus [11, 9] has long served as a foundation for functional programming languages
through its Call-by-Name (cBN) and Call-by-Value (cBv) subsystems. The former models a
‘lazy’ notion of reduction, in which computation of an argument is delayed until used within
a function; the latter employs ‘eager” evaluation, which always reduces an argument before
being given to a function. Although both are subsystems of the same calculus, their semantics
can vary greatly. For example, the Krivine machines (KAM) [21] for cBN need only have
operations for pushing and popping arguments from the stack, whereas a cev KAM also
requires a notion of stack-frames [24] in which the function is frozen onto the stack whilst its
argument is evaluated@ Such semantics give an operational meaning to functional languages,
and the differences in the semantics can explain the difference between the behaviour of said
languages.

(Classical) Logic and Computation: The A-calculus also serves as a proof-term syntax for
(an implicative fragment of) intuitionistic logic. This link between computation and logic is
known as the Curry-Howard correspondence, where a proof of a proposition A corresponds
to a program that will compute an answer of type A. This supports calling intuitionistic logic
‘constructive’, as a proof corresponds to a program that will compute an answer.

Classical logic is known to be non-constructive. It was thus thought that only intuitionis-
tic logic enjoyed a computational counterpart, but |Griffin [16] discovered an extension of the
Curry-Howard correspondence [20] by typing control operators, which allow for manipula-
tion of the current program continuation. In particular, they presented a typed A-calculus ex-
tended with Felleisen’s C-operator of [14], for which Griffin gave the type of double-negation

! This feature is also present in Aufi’s rule A; see Def. 2.2.



elimination, =—A — A (or better: ((A— L) — 1) — A). In this calculus, a continuation vari-
able k : = A represents a continuation expecting a term of type A. The logical correspondence
means a notion of ‘backtracking’ realises classical propositions such as double-negation elimi-
nation and Pierce’s law. Naturally, this led to the exploration of many ‘classical calculi’ — those
with control operators — of which we highlight a few.

One of the earliest was [Parigot’s [27] Ay, which extends the A-calculus with the p-operator
and a separate set of p-variables used to denote continuations. Ap allows for terms of the
form pa.[B] M, which represents a switch from the current context, which yu labels by «, to the
context 8. With this operator, Ay implements minimal classical logic [1] through the Curry-
Howard principle. A key difference compared with AC is that Ay has a separate domain
of variables for dealing with continuations, the p-variables, that are (implicitly) typed with
negated types, enabling it to express the ‘proof by contradiction” proof step. This allows
for Parigot’s alternate interpretation of continuation variables as representing the ‘alternative
conclusions’ of a sequent, rather than negated propositions.

A next significant step was the calculus Xyﬁ [18,112], a proof-term syntax for Gentzen’s [15]
sequent calculus Lk, which expanded on Ay’s alternative conclusions. (Curien and Herbelin
observed the term syntax needed to reflect the symmetry of the sequents — in particular the
ability to manipulate and combine assumptions. Continuations were thus made first-class as
an explicit part of the syntax, where (t|e) denotes the running of term f in the continuation
e. Where terms encode the proof tree of a formula on the right of a sequent, co-terms (or
continuations) encode that of a formula on the left (see Def. 2.3); computation in Aujfi then
induces a cut-elimination in the corresponding proof tree by letting the term on the left interact
with the continuation on the right. The link with cut-elimination also marks a step away from
confluence.

The type system of Auji is subtly different to Lk, due to the management of the focus of
a sequent, which states if it is concerned with a formula on the left or right of the sequent.
Indeed there a two versions of the axiom rule (for focusing on the left or right), and the typing
rules for y and ji only shift the focus of the sequent from a neutral position: logically they
perform a no-op. The shift in focus is necessary as the formula under focus is not explicitly
named (assigned to a variable) by the proof-term. It would seem a true proof-term syntax for
LK could be achieved by explicitly naming all formulae.

This led to the calculus X [7], which also came from the investigation of the computational
aspects of cut-elimination [31, 22]. Whereas terms in Auji represent the derivation of a par-
ticular formula, terms (or nets) in X represent the entire sequent, such that all formulae in
the sequent are named by free variables (or plugs and sockets); this means that no partic-
ular formula is given precedence. X turns out not to just be a strong representation of LK,
but is also provides a fine-grained view of computation, including the implementation of ex-
plicit substitutions. In fact, X represents Lk rather too strongly, in that it allows for arbitrary
cut-elimination, which is not strongly normalising, but of course restrictions can be made to
counteract this, such as cBN and cBv.

Sub-reduction versus strategies: Although each of A, Ay, Auji and X have notions of CBN
and cBv reduction, these can be expressed in different ways, making obtained results obscure.
One method is to specify what is considered to be a valid reducible expression (redex) for
A, respectively (Ax.M)N for cBN, and (Ax.M)V for cBv, where V is a value, i.e. either a
variable or an abstraction. cBN allows for the contraction of a redex irrespective of the shape
of the argument N, whereas cBv forces the evaluation of the argument (to a value) before
allowing the redex to contract. For the A-calculus, cBv effectively becomes a sub-reduction
system of cBN: all cBv redexes are CBN redexes, whereas the term (Ax.x) (yy) is a CBN redex,
but not one for cBv. Another method is to also specify uniquely which out of a possible



multitude of redexes can be contracted, by limiting the evaluation contexts; cBN and cBv are
then considered reduction strategies, deterministic sub-reduction systems.

For Parigot’s [27] Au-calculus, the situation is slightly different. Parigot’s original presenta-
tion of Ay was CBN, as is that of the A-calculus. Surprisingly, the cBv Ay, denoted Apv, requires
extending the reduction relation of Ay with an additional rule allowing for a u-abstraction to
pull in a term on the left of an application [26], combined with the usual restrictions of ar-
guments as values. Adding that rule to standard (cBN) Ax would break confluence (this was
already noted by Parigot [27]), a property that Ay is set up to satisfy. But this problem dis-
appears once the redexes are restricted to those with value for arguments, and the extra rule
can be added safely. So for Ay, cBv is not a sub-reduction system of cBN; in fact, they are
both sub-reduction systems for sAu, David and Nour’s symmetric Au [13], which is the non-
confluent system obtained from Ay by adding that extra rule. For these two notions it is also
possible to define cBN and CBv strategies, by limiting the evaluation contexts, and these have
been studied extensively.

For ICurien and Herbelin, [Herbelin’s [12, 18] X‘uﬂ—calculus, the situation is again different.
Reduction in Aujfi is not confluent; it has a critical pair in the term (ua.ci|fix.c;), that can
be contracted in both directions, to both ¢y {fix.co/a} and cx {pa.c;/x} (see Def. 2.2), with
possibly different results. Herbelin and Curien [12] define cBN reduction by not allowing
the first contraction, and cBv by not allowing the second; they do not consider strategies for
either. Herbelin and Curien show that their interpretation of Au into Auji (see Def. 5.3) respects
reduction in the cBN and cBv sub-systems, but does not show that for reduction strategies;
similar results are obtained in [29], but for an extended notion of Ayu.

A similar situation exists for X’ [5], a term calculus for the implicative fragment of Gentzen'’s
[15] sequent calculus Lk. This also has a critical pair in Px { XQ that in certain circumstances
(see Def. 3.3) can reduce to both P& /XQ and PaXXQ, terms that (can) run to different
results, and cBN and cBv reduction can be defined by blocking one or the other. [5] defines an
interpretation of Ay and Aujfi into X, and shows that reduction is respected; it deals with cBN
and cBv reduction only for the interpretations of the A-calculus and Ax into X.

Notions of cBN and cBv sub-reduction system for each of the calculi Ay, Aujfi, and X are
thus obtained as restrictions on their respective notions of reduction, that differ strongly in
origin and character, but are shown to correspond through various interpretations. This now
naturally leads to the following questions: what if reduction strategies are considered? what
then, if any, is the relation between these different notions? are these the same and correct
restrictions? More broadly, can one be sure that the notions of cBN and cBv strategies are
compatible between the calculi?

We will argue in Rem. 5.4 that it is not possible to show that Herbelin’s interpretations
respects the cBN and cBv reduction strategies of sAy; in Def. 5.5 we will give an interpretation
with which such results can be shown. In this paper, we mainly focus on cBN and cBv reduction
strategies, for all calculi we consider. Although these are defined in very different ways, we will
see that there exists a single, natural interpretation from sAyu to Auji that preserves both cBN
and cBv strategies. To achieve a similar result when comparing Auji and X, the situation is
slightly more complex. The reason for this is that X is a calculus defined without substitution;
reduction is defined by explicitly moving a term through the syntactic structure of another in
small steps, much like explicit substitution is defined for Bloo and Rose’s Ax [10]. Defining a
reduction strategy for a calculus with explicit substitutions is a different story altogether: for
the A-calculus, it would only propagate towards the head-variable, not the other variables, as
done, for example, in [6]. Is it therefore not straightforward to compare cBN and cBv strategies
for Xyﬁ and X’; to remedy this, here we will define &5, a version of X that uses (implicit)
substitution, for which we will follow Summers [30] and define cBN and cBv strategies, and



establish the relation between Auji and Xs.

Subsystems of Classical Calculi: Previous work has shown that each of the cBN and cBv
subsystems agree — that is, for example, there is a mapping of by-name Ay into by-name
Aufi, and Auv into by-value Auji [12] — but the mappings are per evaluation discipline, and thus
do not answer if the restrictions on reduction are analogous. For example, in Auv we have
x(ua.C) — uy.Clx-v/a]. However, the cBN translation of Curien and Herbelin [12], which
gives p7y.(x|pa.c-y), is not equal to the translation of uvy.Clx-y/a].

The question we address in this paper is: is there is a single mapping from sAy into X‘uﬁ,
and a single mapping from Auji into X, such that equality is preserved after restricting the
constituent systems through cBN and cBv reduction strategies. Concretely, if M and N are
a sAu-terms such that M — N, then we wish not just for [M] =; [N], but also if M —, N
then [M] =Y [N], and if M —y N then [M] =7 [N] (where the latter two equations mean the
two terms are equal through paths using only by-value and by-name reductions, respectively;
we will see that it is impossible to show these results with respect to reduction, but have to
consider equality).

This paper presents two such novel mappings, satisfying a subtly stronger property, that
a single reduction M — N in the source calculus induces at least one reduction in the target.
More specifically, for the Ay to Aujfi translation, there is a t such that [M] —7 t and [N] =t
and similarly for —¥ and —¥. The key in the mapping from Ay to Apji is that it allows for an
extra possible reduction which allows the head of an application to capture its context in cBv.

Overview: The first four sections introduce the three calculi of concern: sAu, Auji, and Xis.
The first mapping, [}, from sAu to Aujfi is given in Sect. 5. Sect. 7 defines the second mapping,
[-]*, from Auji into X. Both the mappings [-]* and [-]* respect equality, assignable types, and
call-by-name and call-by-value equality, and furthermore respect that a reduction in the source
calculus gives rise to at least one reduction in the target. In Sect. 8 we will study the natural
encoding of - JX of X’s terms into Auji. Optimising that encoding slightly by avoiding to create
too many cuts, we will show that [-]" is the right-inverse of |- f, but that |- f is only [-]"'s left-
inverse up to extensionality. We will show that |- JX respects reduction in X5 by equality in
Aufi: to simulate X’s substitution in Auji under the encoding, in the image rules (u) and (ji)
are needed, so this encoding cannot respect the two strategies.

1 The symmetric Ap-calculus

The variant of Ay considered in this paper extends that defined by Parigot in [27] by including
the ‘left-y” reduction rule (discussed at the end of Section 3.2 in [27]); this ends up incorporat-
ing the cBv-variant as defined by Ong and Stewart [26]. The resulting calculus corresponds
to David and Nour’s symmetric Ay (sAu) [13], and has a non-confluent reduction system, a
property shared by the two other calculi we wish to compare with.

An example of an approach for representing classical proofs, Parigot’s Au-calculus [27] is
a natural deduction system in which there is one main conclusion that is being manipulated
and possibly several alternative ones. It is a terms-as-proofs representation of a classical logic
with focus. The formulas for this system are:

AB = ¢|A—B
and a context I is a set of formulas, and the inference rules are defined through:

(43) ) [LAFB|A (oE) [FASB|A THA|A
x) : =) ———— —E):
LAFA[A [-A—-B|A I'+B|A
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The intention of this system is to express classical logic, and for this it encapsulates the
‘Proof by Contradiction” inference rule, (Pbc). The formulas in A are seen as negated, any
statement I' 5 A | A can be seen as I,—A K, A (where —A lists the negated versions of all
types in A). With that view, the rules (Act) and (Pass) corresponds to allowing the following
variants of rules (Pbc) and (—E)

— (Ax
LoARARL by roaar A roa-ara
I,-AF A

I,-A-AF L

(—E)

Definition1.1 (SynTax OoF sAu) The terms we consider for sAu are those of Ay [28], defined
by the grammar:

M,N == V| MN |ua.C (terms)
Vo= x| Ax.M (values)
C == [f|]M (named terms, commands)

Recognising both A and yu as binders, the notion of free and bound names and variables is
defined as usual, and we accept Barendregt’s convention to keep free and bound names and
variables distinct, using (silent) a-conversion whenever necessary.

We write x € M (« € M) if x («) occurs in M, either free of bound, and call a term closed if it
has no free names or variables. We will treat the pseudo-terms of the shape [¢|M as terms for
reasons of brevity, whenever convenient.

As with Implicative Intuitionistic Logic, the reduction rules for the terms that represent the
proofs correspond to proof contractions, but in . The reduction rules for the A-calculus are
the logical reductions, i.e. they deal with the removal of a introduction-elimination pair for a
type construct; in addition to these, Parigot expresses also the structural rules that change the
focus of a proof, where elimination essentially deals with negation and takes place for a type
constructor that appears in one of the alternative conclusions (the Greek variable is the name
given to a subterm). Parigot therefore needs to express that the focus of the derivation (proof)
changes (see the rules in Def. 1.5), and this is achieved by extending the syntax with two
new constructs [¢]M and pux.M@ that act as witness to passivation and activation of &, which
together move the focus of the derivation, and together are called a context switch.

In Ap, reduction of terms is expressed via implicit substitution, and as usual, M{N/x}
stands for the (instantaneous) substitution of all occurrences of x in M by N. Two kinds of
structural substitution are defined: the first is the standard one, defined by [Parigot [27], where
M{N-v/a} stands for the term obtained from M in which every command of the form [«]P
is replaced by [y]|PN (here 7 is a fresh name). The second originates from cBv reduction,
defined by Ong and Stewart [26], where {N-y/a} M stands for the term obtained from M in
which every [«]P is replaced by [y]NP.

They are formally defined by:

Definition 1.2 (STRUCTURAL SUBSTITUTION) Right-structural substitution, M{N-vy/a}, and left-
structural substitution, {N-v/a} M, are defined inductively over pseudo terms by:

2 Notice that these constructs are pseudo terms in that they always occur together in terms.



x{N-y/a} & x {N-y/a}x A x
(Ax.M){N-y/a} & Ax.(M{N-y/a}) {N-v/a}(Ax.M) % Ax.({N-y/a} M)

(PQ){N-y/a} & (P{N-y/a}) (Q{N-7/a})  {N-y/a}(PQ) £ ({N-7/a}P)({N-v/a}Q)

[W]M{N-y/a} £ [y](M{N-y/a})N {N-y/a}[@]M 2 [y]N ({N-y/a} M)

[BM{N-v/a} & [B](M{N-y/a}) (B#a) {N-y/a}[fIM 2 [B{N-y/a}M (B +#«a)
(#6.C){N-vy/a} 2 ué.(C{N-y/a}) {N-v/a}us.C 2 ué.{N-y/a}C

[27] only defines the first variant of these notions of structural substitutions (so does not use
the prefix ‘right’); the two notions are defined together, albeit rather informally, using a notion
of contexts in [26].

We have the following notions of reduction on sAyu. For the second and third, call by name
and value, different variants exists in the literature; we follow the definitions of [1].

Definition 1.3 (sAu REDUCTION) i) The reduction rules of sAy are:
logical (B): (Ax.M)N — M{N/x}
right-structural (pg): (pa.C)N — uy.C{N-y/a} (v fresh)
left-structural (py) : M (ua.C) — puy{M-y/a}C (7 fresh)
o [BlurC = C{p/7}
copafa)M — M (x & M)

i) We write =7, for the reflexive, transitive, and compatible closure of these steps.

renaming (o)
erasing (6)

Notice that for ur reduction, we have:

(pa.[BIM)N — 7. [B]M{N-y/a} (B#«) and
(pa[a] M)N — py.[v](M{N-y/a})N

and that for yp reduction, we have:

N (pa[]M) — py.[B{N-v/a}M (B #a) and
N (pa.[a] M) — py.[y]N ({N-y/a} M)

Observe that sAy has two critical pairs given by the terms

(pa.[B]M) (py-[0]N) and
(Ax.M) (pr-[9]N)
The first reduces to both po.[]M{pu7y.[6]N-c/a} and ut.[d]{pa.[p|M-T/7}N (where we as-
sume all names are distinct), not necessarily with the same result, and similarly for the second,
thus reduction in sAyu is not confluent.

Historically, removing the critical pairs has led to the definition of ¢BN and cBv sub-
reduction systems. For BN, the standard restriction is to simply remove the rule (), which
then yields Parigot’s original Ay calculus. For cBv, many different approaches exist: one is to
eliminate the critical pairs by limiting the applicability of rules (y1) and (B) through allowing
the contraction only in case the operand is a value V (i.e. a variable, or an abstraction):

(Ax.M)V — M{V/x}
V(ua.C) = pyA{V-y/a}C (7 fresh)
Notice that then the term (pa.[f]| M) (p.[6] N) can only be a (ur)-redex, and (Ax.M) (u7y.[0]N)
can only be a (yy)-redex. To make this work, it is crucial that a y-abstraction is not considered
a value, although one could argue that it can be seen as a meaningful term.
This suggests allowing the contraction of any redex only when the argument is a value and
changing rule (pg) as well:

(pa.C)V — puy.C{V-y/a} (7 fresh)



as for example done by [Rocheteau [29], but not every cBv reduction for Ay is defined this way.

Definition1.4 (CBN AND CBV REDUCTION STRATEGIES FOR SAJt)

i) The cBN evaluation strategy —3); is defined by removing rule (up), and limiting the con-
textual rules to:

PM — QM
po [P — pa.[B]Q

ii) The cBv evaluation strategy —737, is defined by restricting rules § and yy to:

(Bv): (Ax.M)V — M{V/x}
(o) V(paC) = py{V-7/a}C (7 fresh)
and limiting the contextual rules to:

P—>Q:>{

PM — QM
P—-Q = < VP — VQ

pe[BIP — pa[plQ

Notice that rule 4, is not a part of the CBN strategy.

Both —>§\1; and —>§\‘]’4 are reduction strategies in that they pick exactly one sAu-redex to contract;
notice that a term may be in either cBN or cBv-normal form (i.e. reduction has stopped), but
need not be in normal form for —>EM. From this point onwards, we will use cBN-reduction for
reduction using the cBN-reduction strategy, and likewise for cBv.

Observe that, other than in [8], we do consider the simplification rule 6; as argued in that
paper, there it cannot be represented semantically, but creates no problems here for our inter-
pretations.

Type assignment for sAu is defined below; since terms of sAy are the terms of Ay, type
assignment is defined in exactly the same way. Judgements are of the shape I',, M: A [ A,
where A consists of pairs of Greek characters (the names) and types; the left-hand context I,
as for the A-calculus, contains pairs of Roman characters and types, and represents the types
of the free term variables of M. There is a main, or active, conclusion, labelled by the term M,
and the alternative conclusions are labelled by names «, f, etc in the co-context.

Definition 1.5 (TypPING FOR Ay [28]) i) Let ¢ range over a countable (infinite) set of type-
variables. The set of types is defined by the grammar:
AB = ¢|A—B
i) A context (of term variables) I' is a partial mapping from term variables to types, denoted
as a finite set of statements x:A, such that the subjects of the statements (x) are distinct. We
write I, I, for the compatible union of I1 and I (if x: A1 € [T and x: A, € I, then A1 = A)),
and write I, x:A for I,{x:A}, x ¢ I if there exists no A such that x:A € I', and F\x for
r\{x:A}.

iii) A context of names A (or co-context) is a partial mapping from names to types, denoted as a
finite set of statements a: A, such that the subjects of the statements («) are distinct. Notions
Aq,A, as well as A,a:A and « € A are defined as for I'.

iv) A judgement is an expression of the shape I' , M: A | A; we extend the notion of free and
bound variables and names to judgements I" I, M : A | A and consider the term variables
appearing in I" and the names occurring in A as binding the free occurrences in M.

v) The type assignment rules for Ay are:
ILxxAFEM:B|A I'tM:A—B|A TEN:A|A
(A): Fxarx:aja (D [FAxM:A—B|A (5E): [FMN:B|A




\ ] L]

I ] TEN:A|A
I'+M:A—B|a:A—B,v:D,A (WK)
U I'-M:A—B|é§:B,v:D,A TEN:A|é:B,y:D,A
I'-uy[a]M:D|a:A—B,A (-E)
\ / I'-MN:B|é:B,v:D,A )
1
I'tuy.[6]MN:D|é:B,A
I'tCluy.[a]M]:C|a:A—B,A ’
ol \ ]
't pa.[B]Clpy.[a]M]: A»B| A I'EN:A|A
(=E)  TI'tCluy.[5]MN|:C|é:B,A
I't (ue.[B]Cluy.[a]M])N: B[ A ()
I'ué.[BIC[uy.[6)MN| :B| A
| / [FN:A—B|A I ]
I'tEM:A|aA,v:D,A (Wk)
(1) TFN:A—B|8:B,y:D,A ['~M:A|6:B,7:D,A
I'tpy[a]M:D|a:A,A (=E

I'tNM:B|é:B,y:D,A

\ / (1)
\ ] rrcluraM:ClamAA ) \F'_I/W'[(S]NM:D(S:B,A/

I'-N:A—=B|A It pupalBlCluy.[a]M]:A|A
[N (pa[pC[py-[a]M]): B[ A

(=E) I'cluy.[6]NM|:C|é:B,A
I'tué.[BlC[uy.[6)NM|:B|A

(1)

Figure 1: An illustration of structural reduction in Ap.

(1) I'M:B|wa:A,B:B,A T'EM:A|w:AA
T pa[fIM:A|B:B,A TFuala]M:A|A
We will write ', M : A | A for judgements derivable in this system.
We can think of [¢|M as storing the type of M amongst the alternative conclusions by giving
it the name «.

Notice that, if we erase all term information from the inference rules, we get the rules from
k., except for the variants of rule (y); these we can infer,

L] L

T'HB|A,BA THA|AA
——— (Pass) — (Pas
THL|ABA THL|AA
— " (Act) — " (Act)
THA|B,A THA|A

so they are derivable.
Fig.1 shows type assignments for the reduction steps

(nr): (po[B]Cluy.[a] M])N —5, pd.[B]Cluy.[5]) MN]
(ne) s N(pa[B]Cluy.[a]M]) —p, ud.[B]Cluy.[6]NM]
(where B:C € A and a does not occur in M).
The following result is standard and of use in the proofs below.

Lemma1.6 (WEAKENING AND THINNING FOR by,) The following rules for weakening and thin-
ning are admissible for b,:

I'EM:A|A I'FM:AJA (r'"={x:BeTl |xcfo(M)}

Wk): ———— (I'cr,aca Th): —— ’ /

(W) F’I—M:A\A/( craca)  (Th) I'FM:A|A A ={aBeAlacf(M)})
Proof : Standard. O

We will now show that type assignment is closed under reduction. This result might itself
be as expected, and is presented here mostly for completeness.



First we show results for the three notions of term substitution.

Lemma1.7 (SUBSTITUTION LEMMA) i) IfI,x:Bby, M:A|AandT &, L:B|A, then I by, M{L/x}:
A|A.
i) If Ty, M:A|aw:B—C,Aand I' by, L: B| A, then I 5y, M{L-y/a}: A|:C,A.
iii) If 'y L:B—=C|Aand T 'y, M: A |a:B,A, then T 5y, {L-y/a} M: A|y:C,A.
Proof : 1) By induction on the definition of term substitution.

i) By induction on the definition of right-structural substitution.
(u6.[a] N{L-y/a} & ud.[y](N{L-y/a}L)): Thenby rule () I by, N:B—C|5:A,a:B—C,A,
and by induction Ik, N{L-y/a} : B—C|4:A,¥:C,A. Since &, § and -y all do not occur

(free) in N, we can construct

I ] ['+~L:B|A
I'N{L-y/a}:B—C|8:A,7:C,A I'tL:B|&:A,v:C,A
I'E (N{L-y/a})L:C|8:A,v:C,A
I'tué.[y](N{L-y/a})L: A|y:C,A F
((u8.[BIN){L-y/a} 2 ud.[B](N{L-v/a}) (B # «)): Then by rule (i) there exists D such
that A=p:D,A',and 'y, N:D|:A,B:D,a:B— C,A’, and by induction I 5y, N{L-y/a} :
D|6:A,B:D,y:C,A’. But then, by rule (u), also ud.[B]N{L-y/a}: A:T b, B:D,v:C,A".
iif) By induction on the definition of left-structural substitution.
({L-y/a}pd.[a]N 2 ué.[y]L ({L-y/a}N)): Then by rule (i) I' by, N: B | 5:A,a:B,A, and by
induction I' Fy, {L-y/a} N : B |d:A,7:C,A. Since ¢ and 7 do not occur (free) in L, we
can construct

L]

[~L:B—C|A I ]
(WE)
I'tFL:B—C|68:A,v:CA I't{L-y/a}N:B|é:A,v:C,A
[FL{Ly/a}N:C|6:A,7:C A =
I'tpué.[y]L{L-y/a}N: A|7:C,A a

({L-y/a} (ué.[B]N) 2 ué.[B]({L-y/a}N) (B #a)): Then by rule (i) there exists D such
that B:D,A"= A, and I' 5, N: D | 5:A,a:B,B:D,A’. Then by induction we have I' Iy,
{L-y/a}N:D|6:A,v:C,B:D,A’. But then, by rule (y), also I' by, ud.[B]{L-y/a} N : A

v:C,B:D,A. ]

(WE)
(=E)

Theorem 1.8 (SOUNDNEsS) If 'y, M: A | A, and M —>§\Ilj N, then ', N: A |A.

Proof : By induction on the definition of —>f\z
(Ax.M)N = M{N/x}): The derivation for I' I, (Ax.M)N: A| A is shaped like

I'xBEM:A|A
4y

I'FAxM:B—A|A - I'EN:B|A
I (AxM)N:A|A
Then, by Lem. 1.7, we have I' i, M{N/x} : A | A.
((peac-[a] M)N =55 wy-[v] (M{N-7/a})N): The derivation for (pa.[a] M)N is shaped like

(=E)



| J
I'M:B—>A|w:B—A,A S ]

M Boas M rEN B
TF (paa] M)N: A| 4 (5E)
Then by Lem. 1.7, we have I' 5, M{N-y/a}:B— A|7:A,A. Since 1 is fresh, by weakening
alsoI'Fy, N:B | 7:A, A, and we can construct

| ] |

I'-M{N-~/a}:B—A|yAA TFN:B|v7:AA
't M{N-y/a}N:A|v:A,A
TF pr ] (M{N~/a})N: A|A "
((pa.[6] M)N = uy.[6] M{N-v/a}, with « # 6): The derivation for (ua.[6|M)N is shaped
like
\ |

I'tEM:C|la:B—A,8:C,A \ /

TFuap]M:B—A|0:CA " TEN:Blo:CA
T'F (4. S]M)N: A |6:C, A (>E)
with A= 4:C,A’. Then by Lem. 1.7, we have I' 5, M{N-vy/a}:C|v:A,d:C,A’, and we can
construct
\ |

I't M{N-y/a}:C|y:A,6:C,A )
't py [|M{N-y/a}: A|6:C,A F
(M (po.[a]N) —% wy.[y)M ({M-y/a} N)): The derivation for M (ua.[a]N) is shaped like

L ]

\ / I'tN:B|a:B,A
I'FM:B—A|A TFuala]N:B|A F
T'FM(uaa]N):A| A (5E)
Then by Lem. 1.7, we have I' 5, {M-y/a}N : B | :A,A, and we can construct

(=E)

[FM:BSA[A T ]
(Wk)
I'EM:B—A|yAA FI—{M-'y/zx}N:B\’y:A,A( )

I'EM({M-y/a}N): A|1:AA )
TF iy []M({M~/aiN) A4
(M (pa.[0]N) =% uy [0]{M-y/a} N, with « # 6): The derivation for M (ua.[6]N) is shaped
like
\ /

\ / I'tN:C|a:B,s:CA
IFM:B—A|6:CA TFpualoN:Blo:CA
M(ua0]N): A:T F6:C,A (E)
with A= 4:C,A’. Then by Lem. 1.7, we have I' y, {M-y/a}N:C|y:A,6:C,A’, and by rule
() we have I" by, uy.[0]{M-y/a} N : A|0:C,A.
(e [Blpy.[0] M =53 pa.([6]M) {B/7}): The derivation for (pa.[s]M)N is shaped like
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| |

I'tM:D|a:A,B:B,v:B,é:D,A
't uy.[6]M:B|a:A,B:B,5:D,A !
pa[Blyuy.[S]M: A: T+ B:B,6:D, A .
So in particular, replacing all occurrences of v by B, we obtain a derivation for I' F,
M{B/v}:D|a:A,B:B,6:D,A’. Now either:
(6 # v): Then we can construct:
}”l— M{B/v}:D| a:A,ﬁ:B,é:D,A{
T+ na|o|M{B/7}: A|p:B,oD, A
(6 =7): Then D = B as well, and we can construct:
1\"|— MA{B/v}:B]| oc:A,/S:B,A/’
I BM{p) A pB A ")
(na.[a] M — M, with a ¢ M): The derivation for pa.[a] M is shaped like

|

T'EM:A|x:AA

I'-paa]M:A|A #
Since a ¢ M, by thinning we get I' ), M: A | A.
The contextual rules follow by induction. 0

This result of course also holds for cBv and cBN-reduction as a simple corollary.

2 The calculus Auji

This section will give a short summary of Curien and Herbelin’s calculus Aujfi, as first pre-
sented in [12]. In its typed version, Auji is a proof-term syntax for a classical sequent calculus
that treats a logic with focus, and can be seen as an extension of Parigot’s Ay and a variant of
Gentzen’s LK, restricted to implication, by adding activation and deactivation rules.

THFA|A T|AFA c:I'FAA c:ILAFA
(cuty: LEATA T (ActR): S22 ey S22
TFA [FA|A [[AFA

LLAFB|A THA|A T|BFA

AXR): 7 Ao a1 4 (Axp): R): — :
(Axg) ILAFA|A (Axr) I'AFAA (=R) I'-A—B|A (=L) I'A—»BEFA

Asin Ay, for Auji there are two sets of variables: x,y,z, etc., label the types of the hypotheses
and «,f,7, etc., label the types of the conclusions. The syntax of Xyﬂ has three different
categories: commands, terms, and environments. Commands ¢ form the computational units
in Auji and are composed of a pair (t|e) of a term t and its environment e.

Reduction in Ayji is dual, in that both parameter call and environment call are represented:
parameter call through the environment fix.c that can pull the corresponding term in to the
places marked by x, and environment call through the term p«.c that places the corresponding
environment in the places marked by a.

Definition 2.1 (CommanDs, TErRMs, AND CONTExTs [12]) Let x,y,z,... range over an infinite,
countable set of term variables and «, 3,7, ... range over an infinite countable set of environment
variables (or names).

11



There are three categories of expressions in Aufi, defined by:

c == (tle) (commands)
b= x| Ax.t| upB.c (terms)
e == alte|fixc (environments)

Here A, u, and fi are binders, and the notion of free or bound term and environment variables
is defined as usual.

The environment ¢-e can be thought of as ¢[[ | ], and the environment 1-(---(t,-a)---) (we
can omit these brackets and write t;----t,-a) as a stack; pa.c is inherited from Ay, as is (f|a)
which corresponds to Au’s naming construct [¢]t, giving name « to the implicit output name
of t; the construct fix.c can be thought of as let x = [ ] in ¢, so is an environment that can pull
in a term.

Notice that each environment is a sequence of terms, ending either with a name or with an
environment of the shape jfix.c:

{tl RPN %
e =
t oo tpefix.c

Commands can be computed (thus eliminating the cut in the corresponding proof):

Definition 2.2 (RepucTIioN IN Auji [12,119]) Let c{e/B} stand for the implicit substitution of
the free occurrences of the environment variable 8 by the environment ¢, and c{t/x} for that
of x by the term ¢. The reduction rules are defined by:

logical rules extensional rules
(A): (Axtiftre) = (b2ffxltle))  (n): Aeup.(t|x-B) — t (x,p&fo(t))
(W)= (upcle) — cle/p} (1) - po(tla) — £ (a g fo(t))
(B):  (tlaxe) — c{t/x} VDK px.(xle) — e (xZfo(e))

contextual rules

(tle) = {¥']e) (tle) — (t]e") uB.c—up.c’
t—t = Ax.t— Ax.t e—eée = c—=c =
te—te fix.c — jix.c'

te—t'e
We use —5 for this notion of reduction and =5 for the induced equality.
We say that the reductions (up.cle) —x c{e/B} and (t|jix.c) —3 c{t/x} take place over B,
respectively x, and write ¢ —y (1) ¢’ when the reduction step takes place over n, mainly to
help the reader.

The rules (A), (i), and (ji) reduce commands to commands, rules () and (yu) reduce
a term to a term, and rule (7ji) reduces an environment to an environment. Apart from
Thm. 5.8, the extensional rules play no role in this paper. Not all commands can be reduced:
e.g. (x|a), (Ax.t|a) and (x|t-e) are irreducible; this is one of the differences between Lk and
Aufi. B

Although Auji has abstraction, it does not have application, as that corresponds to an elim-
ination rule, which are not part of Lk. In fact, abstraction’s counterpart is that of environment
construction t-e, where a term with a hole is built, offering the operand t and the continuation
e. The main operators are y and fi abstraction, which, in a sense correspond to (delayed)
substitution (parameter call) and to environment call.

Auji has both explicit and implicit variables: the implicit variables are for example in t-e,
where the hole - (which acts as input) does not have an identity, and in Ax.t where the envi-
ronment (output) is anonymous. We can make these variables explicit by naming, respectively,
fiy.(y|t-e) and pa.(Ax.t|a); when y («) is fresh, these terms are 7 redexes, but, in general, the

12



implicit variable can be made to correspond to one that already occurs.
Herbelin’s Xyﬂ—calculus expresses elegantly the duality of Lk’s left- and right introduction
in a very symmetric syntax. However, this duality notwithstanding, Auji does not fully repre-

/7 L]

I AFB,A R I'HAA I BFA
-~ (=
I'-A—B,A ILA—=BFA
I'HA

(I ]
ﬁ IBFA We) T'HAA (WE) E

; [ I'A-B,A T,A,BFA and I'+A,B,A I'AFB,A
(cut) (cut) D

'FAA ILAFA I'+B,A I'BFA
(cut) (cut)
A 'kA

The first result is represented in the normal reduction system of Aufi through rule (1), but
the second is not, whereas both are represented in &', by the two right-hand sides of rule
(exp-imp) (see Def. 3.3). This implies of course that there does not exist a full reduction-
preserving interpretation of X’ into Aufi. One solution would be to add the second alternative
to Auji as well, which would result in the reduction rule

(Ay.t|t'e) — {(”ﬁy.(t!e» CBV

sent LK. The Lk proof

—L

(cut)

reduces to both

(-t | fiy-(t[7)) le) (7 fresh)  cBN
Since 7 is fresh, we have

(- (¢ ay-(tlr)) ey —x(v) ('] py-(tle))
We will do that in Def. 8.5.
Adding this alternative would extend the expressivity of Auji, since now we would have
also the reduction:
(Ay.t[t"z.c) — (pr- (| ay-(t]r)) | Az.c)
= c{pr (] fiy-(t]7))/2}
As to the encoding of cBv-reduction, little is gained by adding this rule; the positioning of
sub-terms in (up.(t' | jiz.(t|B)) |e) and (t'|fiz.(t|e)) is very similar.
(Implicative) Typing for Aujfi is defined by:
Definition 2.3 (TyrING FOR Apuji [12]) Using the notion of types, and contexts of variables and
names of Definition 1.5, type assignment for Auji is defined via the rules:
F'bxt:AlA Tle:AbzA
(cut) :
(tle):TH; A

(AXR): TrAfzx:Ala  AM) Tl A wAA

Ix:AF;t:B|A T'Hit:A|A Tle:BF;A
(=R): (=L):
Ty Axt: A=B|A I'|te:A—BF; A
( c:I'HyaAA () c:[x:AFz A
‘u)'Fl—j\;ux.c:A|A K " Tfixc: AR A

Wewritec: 'y A, T'Fxt: A|A,and I |e: A3 A if there exists a derivation built using these
rules that has this judgement in the bottom line.
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We will now show soundness, i.e. that type assignment is respected by reduction; first we
show a substitution lemma.

Lemma 2.4 i) Ifc:T,x:Abxy A, and T b5 t: A A, then c{t/x} : T b5 A.
ii)Ifc:IT'Fx B:A, A, and T |e: A5 A, then c{e/B} : T 3 A.
Proof : Straightforward by induction. U

We can now show that assignable types are preserved under reduction.

Theorem 2.5 (SUBJECT REDUCTION) i) Ifc: '3 A, and ¢ —5 ¢/, then ¢’ : T 5 A.
i1) Ifl"l—xt:A|A,andt—>;t’,then1"l—;t’:A|A.
iii) IfT|e: Abx A, and e —x e/, then T |/ : A5 A.
Proof : Simultaneous by induction on the definition of —>;; we will only show the base cases.

((Ax.ty|ta-e) = (2| fix.(t1]e))): If (Ax.ty|ta-e) : I 3 A, then the derivation is shaped like on
the left; regrouping the sub-derivations, we can construct the one on the right.

L

\ e — \ | _rTebra
Ix:Abxt1:B|A  T'bxtr:A|A T'|e:BhzA ILx:Ab3t1:B|A Tx:Ale:BF3 A
I'FxAxt;:A—B|A I'|tye:A=-BFzA ﬁ (t]e): I,x: Az A
(Ax.ty|tre): THx A 'kt AlA I'|jx(t1le): Az A

(2| fix.(tr]e)) : T3 A
((up.cle) —c{e/B}): If (uB.cle) : I k5 A, then the derivation is shaped like

I
c:I'H5 B:AA | /

F"X‘Z/lﬁCA|A F‘e:AkxA
(uBcle) : Tz A
By Lemma 2.4 we get c{e/p} : I F5 A.
((t|fix.cy = c{t/x}): If (t|fix.c) : T F5 A, then the derivation is shaped like

I
| | c:ILx:Ab3 A

I'bxt:AlA  Tjxc:AzA
(t|fixc): TFx A
By Lemma 2.4 we get c{t/x} : ' -5 A.
(Ax.up.(t|x-B) —t, x,B&fo(t)): If T Fx Ax.uB.(t|x-B): A|A, then the derivation is shaped
like

\ / Ix:Abyx:A|B:B,A Ix:A|B:BtxB:B,A
Ix:Abxt:A—B|B:B,A Ix:A|x-p: A—-BF;B:B,A
(t|x-B): T, x:At5 B:B,A
Lx:AluB.(t|x-B):BFz A
I'bx Ax.up.(t|x-B): A—B| A
From I, x:At5t: A—B|B:B,A and x, & fo(t), by Thinning we get I' -3 t: A—B | A.
(pa.(tla) = t, a & fo(t)): I Iy pa.(t|a) : A| A, then the derivation is shaped like
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| /

I'bxt:AlawAA  Tla:Ab;aAA
(tla) : Ty a:A,A
I'bypa(tla):AlA
From I'F5t: A|a:A,A and a & fo(t), by Thinning we get I' 5 t: A | A.
(ix.(x|e) —e x&fo(e)): If I' 5 pa.(t|a): A| A, then the derivation is shaped like
LLx:Abzx:A|A 1\",x:Ae:AI—AA/
(x]e): ILx:Ab3z A
I'ljx.(x|e): Az A
From I,x:A|e: A3 A and x & fo(e), by Thinning we get I' |[e: A5 A. U

We can extend this last result also for the second alternative to rule (A), since we can derive:

Ix:AFxt:B|A TI,y:Ab5v:B|y:B,A

S ] (t|7):I,y:AbFx1:B,A

I'txt':AlA I'|py.(t|y): Atz v:B,A
(t'|fiy.(t|v)): I Fx1:B,A ]
I'Expy ]y (ty)) : Al A T'|e:Bl; A
(- y-(t[7)) e) : Tz A
Aufi has a critical pair in the command (pa.c1|fix.c2), which reduces to both c¢; {jix.co/a}

and ¢ {pa.c1/x}; since cut-elimination of the classical sequent calculus is not confluent, neither
is reduction in Apufi. For example, in Lk the proof (where (W) is the admissible weakening

rule)
'kA 'kA
FI—AA(W) FAI—A(W)
d d (cut)

Ir=A
reduces to both D; and D,, different proofs, albeit for the same sequence; likewise, in F; we
can derive (Where & does not appear in c1, and x does not appear in cy):

[ e N

c1:T'H A W o:I'HA
c1: 'y aAA o ILx:AFz A
I'bxpacy:AlA F I|jixc: Az A
(na.ci|fix.cy): T3 A

(W)
()
(cut)

and (pa.cq|fix.co) reduces to both ¢1 and ¢;: witnesses to the same sequent, but not necessarily
the same proof.

On the other hand, the term u<y.(Ax.t|pa.c-y) is not a Aufi critical pair, whereas its sAu-
counterpart (Ax.M) (pa.C) (see Sect. 5) is a sAy critical pair. We will come back to this at the
end of Sect. 5.

The Apji-calculus expresses the duality of Lx’s left and right introduction in a very sym-
metric syntax. But the duality goes beyond that: for instance, the symmetry of the reduction
rules displays syntactically the duality between the cBv and cBN evaluations (see also [33]).

In [12] the cBvV sub-reduction is not defined as a strategy but is obtained by forbidding a
fi-reduction when the command is also a p-redex, whereas the cBN sub-reduction forbids a
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p-reduction when the redex is also a fi-redex; there is no other restriction defined in [12, [19]
in terms of not permitting certain contextual rules in the definition of cBv and cBN. Since
we want cBN and cBv to be reduction strategies in the sense that each term has at most one
contractable cut, we will define those here.

Definition 2.6 (CBN AND CBV REDUCTION STRATEGIES FOR Aujfi) i) Values V are defined by
Vi=x|Ax.t, and stackdd S are defined by S:=a|tS.

ii) The cBN-reduction strategy —7 is defined by limiting rule (y) and restricting the contex-

tual rules:
(A) 2 (Ax.ty|ta-e) — (f2]fix.(t1]e))
() (upels) — c{s/B) =t = (tle) = (F]e)
(i) : (t|fix.c) — c{t/x} c—c = upc—upc
() pa(tja) =t (a&fo(t))
iii) The cBv-reduction strategy —Y is defined by limiting rule (f) and restricting the contex-
tual rules:

(A): (Ax.ty|tare) — (ta]fix.(t1]e))
(n) s (upcle) — c{e/B} t—t = (tle) = (f'|e)
(iy):  (V]jixc) — c{V/x} c—c = uPpc—upc
() s pa(tja) =t (agfo(t))

Both notions only reduce terms or commands, never environments.

Of course Thm. 2.5 holds for the cBN and cBv strategies as well.

3 The calculus X

In this section we will give the definition of the X'-calculus which has been proven to be a fine-
grained implementation model for various well-known calculi [7, 5], like the A-calculus, Ax,
Au, and Aujfi. The calculus X is inspired by the sequent calculus Lk, introduced by Gentzen
in [15]; the fragment of Lx we will consider has only implication, and no structural rules.

LK is a logical system in which the rules only introduce connectives (but on both sides of
a sequent), in contrast to natural deduction which uses introduction and elimination rules.
The only way to eliminate a connective is to eliminate the whole formula in which it appears,
via an application of the (cut)-rule. Gentzen’s calculus for classical logic LK allows sequents
of the form A,,...,A,+ By,...,B;;, where Aq,..., A, is to be understood as AjA...AA, and
By,...,By is to be understood as BV ...VB,,. Thus, Lk appears as a very symmetrical system.

The variant of the sequent calculus we consider offers an extremely natural presentation of
the classical propositional calculus with implication, and is a variant of system Lx. It has four
rules: axiom, right introduction of the arrow, left introduction and cut.

I'FAA TI,BEA I AFB,A T'EAA T,AFA

ax): =L): =R): ———  (cut):
@): Taraa (&) I[LA=BFA ( )FI—A:>B,A (cut) r-a

The elimination of rule (cut) plays a major role in 1K, since for proof theoreticians, cut-
free proofs enjoy nice properties. Proof reductions by cut-elimination have been proposed by
Gentzen; those reductions become the fundamental principle of computation in X"

X features two separate categories of ‘connectors’, plugs and sockets, that act as input and
output channels, respectively.

3 In [19], stacks are called linear evaluation contexts.
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Definition 3.1 (Syntax FOr X [5]) The terms (or nets) of the X'-calculus are defined by the
following syntax, where x,y range over the infinite set of term variables (also called sockets),
and «, B over the infinite set of context variables (also called plugs); the common name for both
is connector.

P,Q = (xa) | yPB-a | PBlXQ | PATXQ
capsule  export import cut
The syntax is extended with two flagged or active cuts:
P,Q == ...|Pa/xQ|PaxxQ
Terms constructed without these flagged cuts are called pure.

We borrow the terminology from Auji, and call P in P21t %Q or PB [y] ¥Q a term, and Q a
context.

The * symbolises that the connector underneath is bound in the adjacent term. The notion of
bound and free connector is defined as usual, and we will identify terms that only differ in
the names of bound connectors, as usual.

Definition 3.2 ([3]) The bound connectors in a term are defined through:

bs((x-a)) =0 bp({x-a)) =0
bs(xPx-B) = bs(P)U{x} bp(xPx-B) = bp(P)U{a}
bs(Paly] xQ) = bs(P)Ubs(Q)U{x}  bp(Pr[y]xQ) = bp(P)U{a} Ubp(Q)

bs(PRTFQ) = bs(P)Ubs(Q)U{x}  bp(PaTQ) = bp(P)U{a} Ubp(Q)
A connector occurring in P which is not bound is called free, and we write x € fs(P) and
a € fp(P). We will write x € fs(P,Q) for x € fs(P) A x € fs(Q), etc.

We adopt Barendregt’s convention in that free and bound connectors of terms will be different.

The calculus, defined by the reduction rules below, explains in detail how cuts are propa-
gated through terms to be eventually evaluated at the level of capsules, where renaming takes
place. Reduction is defined by specifying both the interaction between well-connected basic
syntactic structures, and how to deal with propagating active nodes to points in the term
where they can interact.

It is important to know when a connector is introduced, i.e. is connectable, i.e. is exposed
and unique; this will play a crucial role in the reduction rules.

Definition 3.3 (RebucTtioN oN X [5]) (Introduction):
(P introduces x): Either P = QP [x] 7R with x & fs(Q,R), or P = (x-a).
(P introduces a): Either P =¥Qp-a and a & fp(Q), or P = (x-a).
(Logical rules): Let « and x be introduced in, respectively, the left and right-hand side of the
main cuts below.

(cap): (ya)&iX(x-p) = (yB)

(exp): (FPP-a)&TX(x7) — YPB-y

(imp):  ({ya)afx(QP[x]ZR) — QPF[y]ZR
exp-imp) : )W TX(QY [x]Z Q,?T]?(PﬁjER)
(exp-imp) : (yPB-a)aTX(Q% [x]ZR) (Q717P) B12R

(Activation): We define two cut-activation rules.

(af): PatxQ — PayfxQ (P does not introduce o)
(\a): PRTxQ — PaXxQ (Q does not introduce x)

(Propagation rules): Left propagation rules:
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(df): (y-a)® )XP — (y-a)a{XP
(cap/) : {y-B)a/xP — (y-p) ~ (B # a)
(expout’):  (FQB-a)@/TP — (F(QRFTP)B-7) THEP, (v fresh)
(exp-inf): (YQP-v)&/XP — y(Qa/XP)p-y (v #a)
(imp/): (QB[z]FR)& /2P — (Q&/2P) B[] 7 (R&/%P)
(cut¥): (QBtyR)& /%P — (Q&FXP)BTy(Ra)XP)
Right propagation rules:
(\d): PaXx(x-B) — Pafx(xp)
(\eap) : PaXx(y-B) — (y-B) R (v # x)
(Xexp): PAXZ(JQP-1) — J(PRXTQ)B-y
(Nimp-out) : PAXX (QP [x] JR) — Patz ((PaXZQ)B[z] 7 (PAXXR)) (z fresh)
(Nimp-in) : PaXx (Q [ ]yR) — (P&\J?Q),/B\[z] (PRXXR) (z # x)
(Ncut) : P&’\x(Q,BTyR) — (P&\fQ)ET?(P&\fR)

(Reduction): We write —, for the compatible closure of the above logical, propagation and
activation rules, and use —; for the reflexive, transitive reduction relation generated by
.

The first three logical rules above specify a renaming procedure, whereas the fourth rule
specifies the basic computational step: it links the export of a function, available on the plug
«, to an adjacent import via the socket x. The effect of the reduction will be that the exported
function is placed in-between the two sub-terms of the import, acting as interface. Notice that
two cuts are created in the result, that can be grouped in two ways; these alternatives do
not necessarily share all normal forms (reduction is non-confluent, so normal forms are not
unique). And in fact, this rule presents a critical pair.

Notice that, by the activation rules, in case both a is not introduced in P and x is not
introduced in Q, activation can take place in both directions, so the cut P& T XQ forms another
critical pair, which is a second source of non-confluence. The activation rules define how to
reduce a cut when one of its sub-terms does not introduce a connector mentioned in the
cut. This will involve moving the cut inwards, towards a position where the connector is
introduced. In case both connectors are not introduced this search can start in either direction,
indicated by the tilting of the dagger, via the activation of the cut.

The (full) reduction relation —, is not confluent: assuming a does not occur in P and x does
not occur in Q, then P& 1 ¥Q reduces to both P and Q.

As observed in [5], although activated cuts cannot ‘cross’, it can be mimicked, which can
lead to non-termination for typeable nets.

Example 3.4 Assume x & fs(Q),B € fr(P), and P,Q both pure, then:

Pat% ((x:) p1ZQ) —(a) PRX% ((x-B) p12Q) — (Neut)
(PAXZ (x-p)) 12 (PRXTQ) —(\d), (Xge) (PRTX(x-))pTZQ —(a7)
(PR T (x-p)) p/ZQ —(cut/)  (PB/ZQ)afx((x-)p/2Q) —(df), (gc/)
Patx ((xp)p12Q)

[5] defines cBN and cBv sub-reduction systems by limiting the activation rules, favouring
one kind of activating whenever the above critical pair occurs.

Definition3.5 ([5]) e If a cut can be activated in two ways, cBN only allows to activate it via
(Xa); this is obtained by replacing rule (a/) by:

(a/y): Pat1xQ — PayfxQ (P does not introduce a and Q introduces x)
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e cBv can only activate such a cut via (a/). We can reformulate this as the reduction system
obtained by replacing rule (X\a) by:

(Nay): PatxQ — PaXxQ (P introduces a and Q does not introduce x)

It is possible to define reduction on terms in X without using activation, allowing cuts to
propagate over cuts at will; of course then it would be difficult to define cBN or cBv reduction
as we do here. Urban and Bierman introduced the activated cuts to obtain a more controlled
(limited) reduction, making a proof of strong normalisation for typeable terms possible [32].

We have the following results.

Lemma 3.6 (RENAMING AND GARBAGE COLLECTION [5]) The following rules are admissible:
i) PR /X (x-B) —+ P{B/a}, and PR T X (x-B) —+ P{B/a}.
i) (y-a) &X\XP —f P{y/x}, and (y-a) & T XP —; P{y/x}.
iii) (/gc): QR FXP =i Q, a & fn(Q).
iv) (Xge): PARXXQ =+ Q, x € fo(Q).
The propagation rules in fact correspond to explicit substitution, as is exemplified by the
fact that Ax, Bloo and Rose’s calculus of explicit substitution can easily be embedded in X'

Definition 3.7 ([10]) The syntax of Ax is an extension of that of the A-calculus:
M,N = x| Ax.M | MN | M{x:=N)

The reduction relation is defined as the compatible closure of the following rules:

(B) : (Ax.M)P — M(x:=P) (Var): x({x:=P) — P
(App): (MN)(x:=P) — M{x:=P)N{x:=P) (vaK): y{x:=P) — y
(Abs): (Ay.M)(x:=P) — Ay.(M(x:=P)) (gc): M{(x:=P) — M (x & fo(M))

The notion of reduction Ax is obtained by deleting rule (gc), and the notion of reduction Axy
is obtained by deleting rule (VarK). The rule (gc) is called ‘garbage collection’, as it removes
useless substitutions.

Definition 3.8 (INTERPRETATION OF A, Ax, AND Ay IN X [5]) [-]2 B the interpretation of A terms
into X, is defined as follows:

[x]y 2 (x-a)
[AxM]} £ Z[M]3B-« )
[MN]; £ [M]5 7% (IN]j B [x] 7 (y-a)

This can be extended to [-]}, that maps Ax-terms to X, by adding:
[M{x:=N)[y* & [N]§ pXZ[M]y

The interpretation of Au-term to X, [-]2#, is obtained by adding
[po.[VIM]z" 2 [M]7" 51 % (x-a)

to [13-

Notice that the case for application directly represents how the natural deduction rule
Modes Ponens (—E) gets represented in LK.

4 We should remark that the notation introduced here might be misleading. Indexing of terms, as in t; and f»,
is normally done to use the same identifier for two different items. This is not the case for [[x}]a/} and [[x]]é‘, which

yield (x-a) and (x-B). Perhaps a notation like [M]/(«) would have been better, since that correctly suggests that
is a parameter to the interpretation of M; unfortunately, this notation becomes rather unreadable, especially in the
proofs that follow.
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LJ
L THA o (4x)

I'+HA=1B I'HA,B I''B-B
[FA= BB rassrs P
I'HB
(cf [15]). [5] shows that the interpretations of Def. 3.8 respect reduction.

(cut)

Type assignment for & is defined as follows:

Definition 3.9 (TyriNG FOR X [7]) Using the notion of types, and contexts of variables and
names of Definition 1.5, type assignment for X" is defined through:

i) Type judgements are expressed via the ternary relation P - I' I A, where I’ is a context of
sockets and A is a context of plugs, and P is a term. We say that P is the witness of this
judgement.

it) Context assignment for X is defined by the following rules:

P. . I'Fa:AA Q.- Ix:AFA

cap) : . . . imp) :
(cap) < 1y-p) . Ty:AF pid, A (imp) PR[y|ZQ: [Ly:A—BF A
P:.-Ix:AFwa:B,A P. . TFawAA Q.- Ix:AFA
(exp) : —— (cut) : —
ZPR-B:- T+ P:A—B,A PatzQ:-T'FA
We write P - I' k5 A if there exists a derivation that has this judgement in the bottom

line.

Notice that I' and A carry the types of the free connectors in P, as unordered sets. There is
no notion of type for P itself, instead the derivable statement shows how P is connectable.
The soundness result of simple type assignment with respect to reduction is stated as usual:

Theorem 3.10 (WITNESS REDUCTION [5]) If P:- ' A, and P —, Q, then Q ;- I' i A.

4 X with implicit substitution

In [5] it is argued that X" is a calculus with explicit substitution, which makes it suitable to
encode calculi like the A-calculus, Ax, Ay and Auji, as shown in that paper; these results are
shown with respect to full reduction. Since in this paper we look to model similar results
for restrictions of those calculi to CBN or CBvV strategies, this explicit character of X poses a
problem.

When modelling Aufi’s reduction rule (1), a property like

[(#B-cle)]” =i lc{e/BH])

needs justification, for we would need to show that substitution is preserved under the trans-
lation function [-]*. Since substitution is not part of the definition of X, the only thing that
is possible to show, as is done in [5], is that the interpretation of the implicit substitution of
Xy ji gets executed through reduction in X', mainly through the propagation rules. This implies
that, in a proof for this result, to fully achieve [c{e/B}]", these steps need to be executed in
full, irrespective of the restriction in evaluation contexts that the cBN or cBv-reduction strategy
might impose, thus forcing us, in practice, to allow for reduction, at least of the propagation
rules, to take place everywhere.

To avoid this problem altogether, here we choose to work with X}, a variant of X defined
by Summers [30] that has a notion of implicit substitution. In [30], Summers defines X’ Tasa
variant or X (adding also negation), that replaces the propagation rules by a substitution-like
operation Pa +» x and & <« x(Q; the benefit of this change is that activated and unactivated cuts
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cannot interfere, and makes it more clear that the intention of reduction is that activated cuts
run to completion. We agree with Summers that separating the rules that express propagation
of activated cuts from the logical reduction rules gives a notion of reduction that is easier to
deal with; it should be noted, however, that treating activated cuts as implicit substitution,
rather than explicit substitution, as was the case in [5], restricts X’s notion of reduction and
possible reducts.

As we will see below, when defining cBN and cBv reduction strategies on X, it becomes
natural to separate the propagation steps from the logical steps. In particular, to show the
preservations results in Sect. 7 for our encoding of Aujfi into X', we need to be able to simulate
the implicit substitution of Auji; this is non-problematic for full reduction, as shown in [3],
but when modelling the cBN and cBv strategies, in the proofs of Lem. 7.3 and 7.4 we would
be forced to propagate the active cuts all through the terms, even where not permitted under
CBN or CBV strategies for X', so would not be able to show full simulation.

No longer considering active cuts as reducible terms, but rather expressing propagation of
active cuts through substitution, avoids that problem. We therefore change our definition to
that of &5, X with implicit substitutions; notice that part of the justification of this definition
lies in Lem. 3.6.

Definition4.1 (SUBSTITUTION ON A;) The terms of X5 are those of X:

P,Q = (xa) | PB-w | PBly]¥Q | PRTXQ
Right substitution on X is defined through:

(dr) : (y-a){a/xP} = P{J//x}

(go):  QaiEP) = i (o 2 fn(Q))
(exp-outy) :  (FQP-a){aiXP} = (A(Q{afx PHB-mYTxP (7 fresh)
(expring):  (FQB-V{af*P} = §7(QlaFzPYB -y (1#%)

(impy) : QB[ FR){w/5P) = (Q{a/TP)) Ble] 7 (R{a/2PY)
(cut): (QB1TR){a/2P} = (Q{w/%P}) B 17 (R{a/%P))
and left substitution on X;s through:
(di) = {PRXx}(x-B) = P{p/a}
(o) PRA}Q = Q i (x £fo0(Q))
(expe) : {PAAX}(FQP-7) = FUPRX}Q)B-r
(imp-outy) : {PRXx}(QP [x| FR) = PatZ(({PRAx}Q) B [z] ¥ ({PRAX}R)) =z fresh)
(imp-in,) - {PaXx}(QB 2] JR) = ({PAXx}Q) B[2] 7 ({P@x}R) (z # x)
(cut,) : {Paxx}@ﬁwm — ({P&RX¥}Q) BT 7 ({PRAX}R)

Notice that these now no longer are reduction rules, but define a notion of implicit substi-
tution that percolates through the terms; the only reduction rules now are the logical rules
(cap), (exp), (imp), and (cut) (as in Def 3.3), as well as the two rules that start the substitution.
However, rules (exp-outy) and (exp,) introduce new cuts.

Definition4.2 (RepucTioN ON &}s) The single step reduction steps for A} are defined through:

p):  OEtEEs o )
() : GPP-m)aTR(xy) - FPPoy
(imp):  (ya)aix(QP[x]ZR) — QPB[y]ZR
e pBmats(0n 2R s [QTTT(PBIER)
(exp-imp) = (yPP-a)ax(QY[x]ZR) — {(QvaP)ﬁT SR
(subg): PRtxQ — P{a/xQ} (P does not introduce «)
(suby): PatxQ — {PaXx}Q (Q does not introduce x)
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We write P —,,, Q if P reduces to Q using one of the above logical or substitution activation
rules, and use —; for the reflexive, transitive, compatible reduction relation generated by
e

Notice that, by these rules, in case both a is not introduced in P and x is not introduced in Q,
activation can take place in both directions, so then the cut Pa f ¥ Q again forms a critical pair.
As to the reduction in Exm. 3.4, this problem is now avoided:

PRt ((xp)p1ZQ) —(suby)  {PRAx}((xp) pTZQ) = (cutr)
({Paix}(x-p)) 12 ({PaNx}Q) —(dr,ge) P{B/a} pTZQ

We will now define the cBN and cBv reduction strategies for Xjs.

Definition4.3 (CALL By NAME REDUCTION STRATEGY FOR Xjs) For A}, the cBN-reduction strat-
egy —n. is defined by limiting — through:
* We replace rule (suby) with:
(sub): PatxQ —x P{afxQ}, (if P does not introduce a and Q introduces x).
* Asin [23], we only allow one variant of (exp-imp):
(FPP-a) &1 % (QF[x]ZR) =~ Q7 TF(PBTZR)
* The contextual rule for the cBN-evaluation strategy is defined through:

P—=Q = PR{XR—=" Qua{xR

Definition 4.4 (CaLL By VALUE REDUCTION STRATEGY FOR AXjs) The cBv-reduction strategy —'*
is defined by limiting — through:
* We replace rule (sub,) with:
(sub¥): PatxQ —v {PaXx}Q, (P introduces a and Q does not introduce x).

e As for cBN, we only allow the first variant of (exp-imp):
(yPp-a) @12 (QY[x]ZR) —v QT 17 (PPTZR)
¢ The contextual rule for the cBv-evaluation strategy is defined through:

P—Q = PatXR—/"QatxR

A1s

This way, we obtain two notions of reduction that are clearly confluent because of the
absence of critical pairs. Notice that the only difference between cBN and cBv reduction
lies in activation and that both strategies do not allow for reduction in contexts, nor inside
substitutions.

By the way reduction in X is defined, directly based on that of X, reduction in & imple-
ments that of &}, and the following result is straightforward.

Theorem 4.5 If P —,  Q, then P —; Q.

Since —; is more fine-grained, of course the converse does not hold.

We have the following results. These are already shown in [5], but for X; since here the
exact steps that are needed in the reduction must be known when modelling cBN or cBv, we
give the proofs in detail.

Lemma 4.6 i) P{afX (x-B)} = P{B/a}, and PRt X (x-B) —F P{B/a}.
ii) {(y-a)aX\x} P = P{y/x}, and (y-a) & t XP — P{y/x}.
iii) (gcr): Q{a7xP}=Q, a & m(Q).
iv) (gc): {PAXx}Q =Q, x € fo(Q).

Proof : By induction on the structure of nets.
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i) (P=(yw): (ya){aiZ(xp)} =(ds) (y-p) 2 (v >{/3/06}
(P={y), v #a): {yy{arZ(xp)} =(gex) (y7) 2 (y7){p/a}
(P=7Q7-a): (¥Q7-a){a/% (x-p)} = (exp-outz) §(Qfarx (x-p)})7-p = (ih)

yQ{p/a}7-B A (Q7-a){p/a}
(P=7Q7-6,0#a): (§QF-0){a/x(x-B)} = (exp-ing) ¥ (Q{a/X (x-B)})7-6 = (ih)
?Q{ﬁ/vc}'?(S 4 (7Q7-6){B/a}

(P=Q7[¥]ZR): (QF W] ZR{a7% (x-B)} = (impx) (Q{a/* (x-B)}) ¥ [y] Z (R{w/X (x-B)})
= (ih) Q{ﬁ/w}v[ |ZR{p/a} 2 (Q7 [y ZR) {p/a}
(P=Q712ZR): (Q¥TZR){a/x(x-p)} = (cute) (Q{a/x(x-p)}) 712 (R{a7% (x-B)})
= (ih) Q{p/a} ¥ TZR{p/a} 2 (Q7tzR){p/a}
For the second part, if « is introduced in P, the result follows by rules (cap) or (exp);
otherwise P& T X (x-B) —» (subg) P{a/x (x- [3)} and the result follows by the first part.

i) (P = (x-p)): {(y-a) &Xx}{x-p) =(do) (x-p) 2 (y [3>{y/x}
(P=(zp) z#x): {{y0)@xHzp) =(gcr) (zp) 2 () {y/x}
(

(P=2Q7-B): {(y-0)a\x}(zQ7-B) =(exp) Z({{y-) AXx}Q) 7B = (ih) ZQ{y/x}7-p
2 (ZQ7-p){y/x}
(P=Q7 [x]ZR): {{y-a) aXx}(Q7 [x] ZR) = (imp-out,)

{(y-a)2\x}Q) 7 [y] 2 ({(y-a) *Xx}R)
Q{y/x} v [y] ZR{y/x} (Q7 [x] ZR) {y/x}
(P=Q7[0]ZR v # x): {(y-a)@\x}(Q7 [0] ZR) = (imp-in,)
{(y-a) 2\x}Q) 7 [v] Z ({(y-a) *Xx}R) = (ih)
Q{y/x} 710 2R {y/x} 3 (QF [0] 2R) {y/x}
(P=Q7TZR): {{(ya) @ \x}(Q¥T2R) = (cutr) ({(y-a)aXx}Q) ¥ 1z ({{y-a) *\x}R)
= (ih) Q{y/x} 7 TZR{y/x} 2 (Q71ZR) {y/x}
For the second part, if x is introduced in P, the result follows by rules (cap) or (imp);
otherwise (y-a) @ T XP — {(y-a) ®Xx} P, and the result follows by the first part.

i) (Q=(y-7), v #a): (y-y){afTP} =(gcx) (y-7)
(Q=9yR7:5,0 #a): (JRY-6){a/XP} =(exp-iny) § (R{a/XP})7 6 =(ih) FRY -0
(Q=R7[y]2S): (RY[y]25){a/xP} = (impx) (R{a/ZP}) 7 [y]Z (S{a/XP}) =(ih)

Q7 [y]ZR
(P=R7512S): (R T2R){a/TP} =(cuty) (R{a/TP}) 712 (S{a/TP}) =(ih) RFTZS

i) (P=(z:B), z# x): {PAAx}(z-B) =(gcr) (z:B)

(P=ZR7-p): {Pa\x}(ZRY-B) =(exp.) Z({PRXx}R)Y-B =(ih) ZRY-B
(P=Q7[v]ZR, v # x): {P&Xx}(Q7 [v]ZR) = (imp-in.) ({PAXx}Q) 7 [v]Z

(i)

> 11

N)

({PaXx}R)
= (ih) Q7 [v] ZR
(P=Q¥TZR): {PRXx}(Q7 t2ZR) = (cut,) {PaXx}Q) 7 1z ({PaXx}R) = (ih)
Q7 t2ZR O

Notice that substitution activation plays no role in this proof.

Type assignment for &5 is defined as for &, and the following soundness result of type
assignment with respect to —,,, reduction is stated as usual and is easy to show.

Theorem 4.7 (WITNESS REDUCTION FOR —,. ) If P - ' A, and P —,, Q, then Q :- I' I A.
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Proof: By Thm. 3.10 and 4.5. [

5 Embedding the sAp-calculus in to Ayuji

Essentially following [12], an interpretation [-] of sAu into Aujfi can be defined as follows:

[x] & «x
[Ax.M] 2 Ax.[M]
[MN] £ pa([M]|[N]-«)
[uB.[vIM] £ up.([M]|7)

Using this interpretation, and the observation that

[POR] £ pa([PQ]I[R]-a) = pea.(up.([PIIIQ]B)[R]-«) —5 pa([P]I[QI-[R]-e)

we can point out the fundamental difference between y-reduction in Ay and Apuji.

Remark 5.1 In Ay, as discussed above, the intention of y-reduction is to redirect an applicative
context, but it has to do that ‘one term at the time’.

(ua-[t]x (no.[a] M))PQR =y, (py-[t]x (no.[y]MP))QR —,
(ué.[t]x (o [S]MPQ))R =y
up-[t]x (no-[FIMPQR)
and therefore has to be recursive in nature. This is not the case for Auji, where we have the
reduction

[(pax.[7]x (no[#] M) PQR] 2

uB- (- (ué- (e (po- (x| po-([M]|a)-p) [ T) [ [P1-6) [ [Qi-v) | [Ry-B) —

up-(ua(pp- (x| po-([M] |a)-p) [T) [ [Py [Qi-[Ri-B) —
up-(up- x| po (M| [P-[QJ-[Ry-B)-p) IT) 2

where the whole environment [P-[Q}-[R}-B gets pulled in in one step (notice that the first

sequence of steps does not deal with the ua-redex contraction, but just prepares the environ-

ment, contracting the y-redexes that are generated by the interpretation). We can also reduce
the term as follows:

[(pa[t]x (uo.[a] M)) PQR] 4

uB.(py. (pé. (pa. (up. (x| po . ([M] |a)-p) | T) [ [P}-6) | [QJ-7) | [R}-B) —7(a)
uB.(py-(uo.(uo. (x| po . (IMI|[P}-6)-p) | T) [ TQ-7) | [R}-B) —7(0)
uB-(uy-(up- (x| o (IM] | [P}-[Q1-7)-0) | T) | [Ri-B) =Y (7)

up-(po- (x| po- (IM] | [P-[QI-[Ri-B)-p) | T)
which “pulls in one term at the time’, but does not do that using « but rather the p-redexes
generated by the interpretation for applications. In fact, in a way the p-abstractions added by
the interpretation implement the repetitive character of Ay’s y-reduction; for each surrounding
application, a p-abstraction is inserted, that will be used to execute one of the recursive steps.

Example 5.2 1t is worthwhile to remark that reduction in the image of [-], even when restricted
to the A-calculus, is not confluent. In fact, we have both:
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[(Az.22) (pp)] (A)

[(Azzz) (pp)] w ([ppl| fiz-{ (z2)" |))

W ([Az.zz] [ [pp]-a)

> 4

n _ w([ppl | fiz-(uy.-(zlz-y) |a)) =N (f1)
[[pp(ﬂlp)tz|<ﬂ(ppi] yi>> o W wy-lpplllpplv) ey =5 ()
v (1) a([ppl|Ipp]-a) 4

TSRS NS

a(uB.(plp-B)|lppla) =3 (1)
a(p|p-lpp]-a)
a(p|p-uB.(plpp)a)

This holds for all the interpretations from sAy to Apt fi we discuss in this paper. Notice that the
right reduction is in cBN. The left is cBv; it can be extended with

po(p|p-fiz(py-(z|z-y) |0)) —5(n) palplp-fiz.(z|z-a))

but here reduction takes place in the environment.

a(p|p-fiz.((zz)" |a))
plp-fiz-(py-(z|z-7) [a))

[

& (Az
.
(Hﬁ {plp-B) | fiz((z2)"[a))
. (
. (

/\/\/\/\/\/\

Curien and Herbelin [12] define two separate encodings, one, -", to model cBN and another,
Y, to model cBvV:

Definition 5.3 ([12]) The interpretations -* and -" of Ay into Auji are defined by:
X A x XA x
(Ax.M)” & Ax.M? (Ax.M)" 2 Ax.M"
(MN)? 2 ua. (N jix.(M®|x-a)) (MN)" 2 pa.(M"|N"-«)
(nBC)* = upC’ (npC)" = ppC”
([a]M)" £ (M]a) ([a]M)" 2 (M"|a)

Note that these also deal with Ay, where naming and u-binding are separate.
Observe that -" is the interpretation [-] we mentioned above, and that these interpretations
only differ in the case for application; remark that we have:

pa.(ty | fix.(ta]x-a)) =7 (x) pa(t2]t-a)

and in effect, Herbelin only considers -° in [12].

Now the problem signalled above disappears, since we have (assuming that M” —I* N”):

(VM)? 2 pa (M| fix(V°|x-a)) =¥ pa (N|jix.(V|xa)) & (VN)°

so we can simulate the evaluation of the argument of a redex without allowing reduction in
the environment.

[12] in fact only deals with (B) and (pr)-reduction, and defines cBv reduction by limiting
the operands in those rules to values. It states some preservation results, but gives very few
details.

We wanted to investigate if there could be an interpretation that respects both ceN and cBv
strategies for sAu as well. We first make the following observations:

Remark 5.4 e The interpretation -" creates problems when interpreting the cBv (i1 )-reduction

N (uB.[B]M) —p, wr.[v]N ({N-v/B} M)
We would like to show that
(N (up[g|M))" A
pa (N" [up.(M"[B) o) 13 (?) pa (N"[({[N-7]/B}tM)" - )
Y () py-(pa(N" [ ({N-/ByM)" - &) | )
2 (pr.[7vIN({N-v/p}M))"

(as will be explained below, the interpretation respects reduction through equality; not
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through reduction), but cannot: the term pa.(N" | up.(M"|B) - «) is not a (p)-redex (over
B). In Sect. 6 we will discuss adding this kind of term to the redexes of Apji.

As already observed above, -" also does not deal well with the contextual reduction rules
for cBv. For the rule M —>§ N=VM —>§ V N we have:

(VM)" & pa(V*|M"a) [Y(?) pa(V"|N"a) & (VN)"
which asks for reduction in the environment.
That -? deals correctly with (py) is illustrated by:

(N (ug.[eIM))" 2
pe (up. (M| B) | . AN [x-a)) =7 (u) o (M?{fix.(N°[x-ac) /B} | fre.(N"| x-a))
1 pa(({N-a/BY M) | fix.(M? | x-at))
2 (M({N-a/ByM))"
provided of course that we verify that M? {jix.(N°|x-a)/B} = ({N-a/B} M)"; we will do
so in Lem. 5.13 and in Sect. 6.

There is a problem in showing M N = M? [T N” when dealing with the contextual
reduction rules. The first, M -+ N = VM — VN now follows easily, since we have:

(VM)* & pa (M| fix(V|xa)) L3 (ih) poe(N®] (VO |xa)) £ (VN)*

benefitting from the swap between the terms, but for the second M - N = MP — NP
we now have:

(MP)* £ pa(P°| fix(M?[x-a)) 1Y (?) pae(PY| i (N"[xm)) 2 (VN)
for which we need to allow for reduction to take place inside a fi-term, so inside the
environment.
When modelling cBN reduction under this interpretation, there is no need to reduce in
the environment, since we can then contract the (ji)-redexes:

(MP)" & pat.(P?|fix.{M?|x-)) =¥ (x) puc. (M7 | PP-a) 13 (ih)
et (N7 | P 1 () e (P e (NP xa)) A (VN)?
This is not allowed for cBv, since P? need not be a value.

We could argue that the encoding -“ actually represents of a cBv-reduction strategy vari-
ant on sAu with the contextual rules:

Cy u= []|CyV | MCy | pa.[B]Cy
which would force the evaluation of the parameter until it becomes a value, after which
the term in function position gets reduced; this corresponds to a reduction like (where
we assume that each P; runs to a value V)):
()LXM) PiPy---P,_1P, —>‘*, ()LXM) PiP---P,_1V, —>‘*, (/\XM) PP---V,_1V, —);k,
()LXM) P] Vz' .. anlvn —v ()LXM) V] Vz' .. Vn,1 Vn —v M{Vl/x} Vz' .. anlvn
which would perhaps be too great a deviation from a ‘normal’ cBv strategy.
We would then have:
(PM)* 2 po (M| fix(P°|xa)) Y (ih) pa.(N°|fix.(P”|x-a)) £ (PN)°
(MV)? A pa (VO fix (M" |x-a)) =5 (x) pa. (M°|V"-a) (ih)
et (N?| V) 1 () e (VO e (N wa)) A (NV)

Il Sl

without the need to reduce inside the environmentE

Curien and Herbelin [12] state reduction preservation results for their encodings (formu-

5 This might be well suited to model reduction in the Call by Push Value calculus [25], where reduction inside

parameters is not permitted.
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lated as if Au-reduction is represented through Aufi-reduction, modulo (u)-expansion). These
are stated with respect to the notion of cBN and cBv-reduction for Auji that just remove the
(u), (ji) critical pair, so are sub-reduction systems, not the notions we have defined here, which
are reduction strategies. We will see in the proofs of Lem. 5.9 and Thm. 5.10 that in order to
model (pr)-reduction, some reverse reduction steps are needed as well.

We will now show that we can strengthen the results of [12], and show that we can define
one interpretation with which we can successfully represent all three notions of reduction and
strategy. We will essentially show that our interpretation can be used to represent not only
the (traditional) Ap calculus, but also sAy, and not only for the cBv reduction strategy, but
also cBN, as well as unrestricted reduction.

We will first define our interpretation.

Definition 5.5 Interpretation [ of sAu into Auji:

[xj 2 x
[Ax.M] 2 Ax.[Mj
[MN] 2 pa([Mf] fix(INg | iy (x[y-a)))
[uB.[VIM] 2 up.([Mflv)

Notice that this interpretation also is a mapping from the A-calculus to Auji.
It is straightforward to show that this interpretation respects assignable types:

Theorem 5.6 If I' by, M: A| A, then T 5 [Mj: A A.
Proof: (Ax): Then M = x and x:A € I'; since [M] = x, also I' -5 x : A | A by rule (Ax).

(=I): Then M = Ax.N, A= B—C, and I,x:B ), N:C | A. By induction, I, x:B I3 [Nj:C|A,
and by rule (=I), '3 Ax.[Nj: A | A.

(E): Then M = PQ, and there exists B such that I' -y, P:B—+A|A and 'y, Q:B|A.
Then by induction, I' 5 [P]: B—A | A and T 5 [Q] : B| A; by weakening, we also have
'y [[Pj :B—A|a:A,A and T,x:B—A b5 [[Qj’ :B|a:A,A, and we can construct (where
I'"=T,x:B—A,y:B):

I'tzy:BlawA,A T'|a:AFzaAA

I'bix:B—A|aAA I''y-a:BsAF;:AA
\ / (x|y-a): T"F5a:A,A
Ix:B—AF;[Q:B|a:A,A Ix:B=A|fiy.(x|y-a): BFya:A,A
\ [ (IQ) | Aiy(x|y-a)) : T,x:B—A 5 w:A,A

I'5[Pj:B—A|a:AA I ax([Qylfy.(x|y-a)): B—At5a:A,A
([Py | x([Qy | fy-(x[y-a))) : T 7 a:A, A
It pa ([P | x([QF | fiy-(x|y-a))) A A
(u): We have two cases: M = pa.[g|N, A= B:B,A’, and I' k-, N: B|wx:A,pB:B,A’; then by
induction we have I' -5 [N} : B | a:A,B:B,A’. We can construct:

| /

'+ [Nj:B|a:A,B:B,A T|B:BFsa:A,B:B,A
(INJ|B): T Fxa:A,B:B,A
I pa([Nj|B): A|B:B,A
Or M = pa.[a]N and I' by, N: A |a:A, A; then by induction we have I' -5 [N : A | : A, A.
We can construct:

—~ |~
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| J

I3 [Nj:A|aAA Tla:AbyaAA
(INj|a): T Hya:A,A
I'Fipa([Njla):A|A L]

Remark that we have:
[PQI £ pa([Py| ax([Qf | iy-(x|y-a))) — pa([QF | fy-([P}|y-a)) — e ([P} |[Qjf-)
(PQ)” pa(Q° | fiy(P°|y-a)) — pa.(P’|Q )
(PQ)" po (P"[Q"-a)

a relation that will be useful when doing the proofs.

==l

We will show our encoding respects the three notions of reduction by showing, in Thm. 5.15,
5.16, and 5.17 that the encoding respects reduction through equality:

Mo, N = [Mf =[N} M
M= N = [M] LY ING @
Mo N = [M] 4 NS ©)

For the basic steps in reduction this will be shown through Thm. 5.8 that shows that the
encoding respects the (B)-reduction rule:

[(AzM)N} —* [M{N/z}|
Thm. 5.10 shows it respects (g )-reduction:

[(ué.[BIM)N| =3 [uy.[BIM{N-7v/8}j, (B #9)
[(u6.[6]M)N} =3 [uy.[v](M{N-v/6})Nj

and Thm. 5.14 shows it respects (yy)-reduction:

[N (ua[0]M) =y [py-[6{N-7/a} Mj,  (a #6)
[N (pe[a] M)} =5 [pv-[vIN ({N-7/a} M)}

We will, for each of these last three results, argue that all the contractions that take place in
the proofs would still be allowed when restricting to the cBv and cBN reduction strategies, so
prove the three results (1), (2), and (3) simultaneously. The only exception to this is Thm. 5.10
the proof of which is not sound for cBN; Thm. 5.12 will show that result for cBn. Note that,
for cBv, we need to check that: 1) only values are substituted through (ji)-reduction steps; 2) no
reduction takes place in environments, and for cBN that: 1) only stacks are substituted through
(ug)-reduction steps; 2) no reduction takes place in environments.

We start by showing that the interpretation respects B-reduction, for which we first need to
show it respects term substitution.

Lemma 5.7 [Mj{[Nj/z} = [M{N/z}]

Proof : By induction on the structure of terms.

(M=2z): [zj{[Nj/z} 2 z{[Nj/z} 2 [Nj2 [z{N/z}]

(M=y,y#2): [yi{INi/z} £ y{[Ni/z} 2 y2[yi2 [y{N/z}]

(M= Ay.P): [A\y.Pj{[Nj/z} 2 Ay.[Pj{[Nj/z} =(ih)Ay.[P{N/z}; 2 [Ay.P{N/z}]

(M=PQ): [PQj{[Ni/z} £ pa.([P}|ax.([Q}]fy-(x|y-a))){[Nj/z} £
pee ([PP{[N}/z} | ix([Qr{[N}/z} | fiy.(x|y-a)))
pa ([P{N/z} | | fix.([Q{N/z} | fiy-(x|y-a)))
[(P{N/z})(Q{N/z})] 2 [(PQ){N/z}]

(i)

> I
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up-([Pi{INj/z}|v) =(ih)
[(nB.[vIP){N/z}y O

(M = pB.[v]P): [uB.[vIPi{IN;/z} £ up.([P;|v){IN}/z}
uB-(IP{N/z}j|7) [upB.[v]P{N/z}|

Reduction does not play a role in this result.

(1> e

4
4

Theorem 5.8 [(Az.M)N] — [M{N/z}].

Proof: [(Az.M)Nj 2 pa(Az M| fix ([N] | fiy.(x|y-a))) —7(x)

pa ([Ny | fry-(Az[M] |y-a)) —73(y) pa. (Ax.[M}|[Nj-«) —7(A)

pa ([Ny | fiz.([Mj |o)) —7(z) pa (IM{[N}/z} o) = (567)

pe ([M{N/z}}| ) —x(np) [M{N/z}] D

When restricting to cBv, [N} and Az.[M] are both values, so the (fi) contractions over x, y
and z would be permitted. There are no CBN considerations here. There are five reduction
steps involved here, so the simulation of this single reduction step requires multiple steps in
the image.

For right-structural reduction, the situation is slightly more complicated, in that we cannot
show that, for example,

[(uo.[S]M)N | =7 [uy-[v] (M{N-/6})NJ.

For that, we would like to show (something like) [M}{[N]-y/6} —% [M{N-y/6}], as in the
proof above (step 5.7) but cannot: in fact, the only relation we can show is with the components
switched (so reduction takes place in the opposite direction) as is shown in the following
lemma. This is directly related to the fact that the two p abstractions are fundamentally
different: in Ay, p-reduction reconstructs the u-abstraction, whereas in Auji it disappears.

The proofs for the preservation of right-structural reduction come in two parts. First,
in Thm. 5.10, we will show that the interpretation preserves full reduction and cBv, using
Lem. 5.9; these proofs will make (y)-reduction steps that are not allowed in cBN. This is
followed by Thm. 5.12, where we show the result for cBN, using Lem. 5.11; these proofs will
make (ji)-reduction steps that are not allowed in cBv.

In the following two results, we will write [N- for jix.([Nj|fiy.(x|y-y)) for reasons of
readability; notice that then [PQj = ua.([P]|[Q-«]).

Lemma 5.9 [M{N-y/8}] —% [Mj{[N-v}/5}.

Proof: (M =z): [2{N-v/6}] =[z] £ z=z{[N-7j/6} 2 [z]{[N-7i/é}
(M= Az.P): [(Az.P){N-v/8}] = [Az.P{N-y/8}] & Az[P{N-y/8}] —Z(ih)
Az.[Pi{[N-7j/6} = (Az.[P}){[N-v/5} 2 [AzPj{[N-vj/s}
(M=PQ): [(PQ){N-7/5}j = [(P{N-7/6}) (Q{N-v/é})] =
pac ([P{N-7/8}j | fix.([Q{N-v/8} | iy (x|y-a))) —3 (ih)
pec ([PE{IN-vi/6} | fix([QI{IN-vi/0} | iy (x|y-a))) =
pa ([P} | ax([QF | fiy-(x|y-a))) {IN-v/6} 2 [PQJ{IN-vi/s}
(M = pp.[t]P, T #6): [(uB.[T]P){N-7/5}] = [up.[tIP{N-y/8}; 2
uB.([P{N-7/8}j|t) —%(ih) up.([Pi{[N-7i/6} 1) = up.([Pj|T){[N-vj/6} 2
[uB.[TIP{[N-7;/5}
(M = up.[8]P): [(uB.[5]P){N-7/5}; 2 [up.[v](P{N-7/6})Nj 4
uB. (. ([P{N-v/8}j|[N-af)|v) — < a) B ([P{N-v/8}y|IN-v[) —%(ih)
uB-([Pi{IN-vi/8} | [N-v}) 1B ([PJ|8){[N-v/s} 4
[1B-[6) PS{[N-71/5} D

So modelling right substitution could require reduction. The only contraction takes place for
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[1B.[6] P}, where a (u)-step takes place. Since induction gets applied twice when M is an
application, the reduction in general requires more than one step.

We write M |3 N if there exists P such that M —1 P and N —3 P.
Theorem 5.10 i) [(16.[B]M)N| 5 [p-[BIM{N-7v/6}}, B # 6.
ii) [(ud.[S]M)NT Iz [uy-[v](M{o-7/}) Ny,

Proof: i) [(uo.[BIM)N] 2 puy.(ud.([M]|B)|[N-7]) —3(5)
wy(IMJ{IN-v[/6}|B) % (5.9) uy.(IM{N-v/6};|B) 2 [uy.[BIM{N-7/5}]

ii) [(ud.[(]M)Nj 2 py(ud.([Mj16) | [N-7}) —7(6)
uy-(IMy{[N-v}/6} | [N-v}) 2= (5.9) uy([M{N-v/8}T|IN-7) N¢(«)
uy(pa ([IM{N-v/6}] | IN-af) |v) 2 [u7y.[v](M{N-7/8})Nj D

The (u)-contractions over 8 pull in [Ny = fix.([N} | fiy.{x|y-7)), a fi-term, so this step would
not be allowed in CBN; reduction takes place in two directions. There are no cBv considerations
here.

We will now show that the interpretation also respects (g )-reduction under cBN. First we
show that result for right substitution.

Lemma 5.11 [M{N-v/6}] —~* [M}{[N]-v/5}.

Proof: (M=z): [z{N-v/6}i £ [zf £ [z[{[N]-7/6}
(M=AzP): [(Az.P){N-v/8}] 2 Az[P{N-y/6}] —*(ih) Az.[P}{[N}j-7/é} =
(Az.[P){[Ny-/5} 2 [Az.Pi{[Nj-7/5}

(M=PQ): [(PQ){N-v/8}] & na([P{N-v/8}}|fx([Q{N-v/6}|fiy.(x|y-a))) —N*(ih)
pa ([Pi{IN -7/} | ix([QI{INJ-v/6} | fiy.(x|y-a))) =
e ([P} ] ix([QF | iy (x|y-a)) ) {[NJ-v/6} & [PQI{[Nj-v/6}

(M = uB.[t]P, T #6): [(pp.[t]P){N-7/8}] = [uB.[t]P{N-y/5}j 2
uB.([P{N-v/8}j|T) —N*(ih) up.([Py{IN]-v/6}|T) = uB.([PjlIT){[N}-7/6} 2
[uB.[t] P} {[N-v/6}

(M= up.[6]P): [(uB.[0]P){N-v/6}] = [uB.[v](P{N-7/6})N} 4
uB-(pee. ([P{N-7/6}j | fix- ([N} | fiy-(x|y-a))) [7) —7 (a)
uB-([P{N-7/8} i | fix-(INJ| fiy-(x|y-7))) =% (x) uB-(INJ|fy-([P{N-v/8}iy-7)) =Y ()
B ([P{N-7/6}|[Nj-) =N (ih) pB.([Pi{[Ni-v/8} | INj-7v) 2
uB.([P;16) {INy-7/5} 2 [uB.Lo]PI{[N}-v/8} [

Notice that the only contractions are in the last part: one over a, a (y)-step that pulls in
7, a stack which is a ¢BN reduction step. The (ji)-step over x pulls in [P{N-v/é}}, which
need not be a value when restricting to cBv, so this proof would not work for csv. In cBN,
(ji)-contractions are unrestricted.

With this result we can show that our encoding deals with cBN pr-reduction through equal-
ity.
Theorem 5.12 i) [(ué.[B|M)N| 1Y [uv.[B]M{N-v/6}], B # 6.

i) [(uo.[S]M)NJ 13 [wy-[7] (M{N-7/6}) N,
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Proof: i) [(pud.[B]M)Nj 2wy (uo([M}|BY | fix(INJ| iy (x|y-7))) =N (x)
py-(INy | (o (IM1B) ly-7)) =% (y) py-(uo.(IMy|B) [[N-7) —¥(4)
ny-(IMi{[Nj-7/6} | B) N (5.11) py.([M{N-v/5}{|B) 2
[ny.[BIM{N-v/6}]

i) [(43.BIM)N; é e (u0{[MG16) | fix(INF | fy-{xly-a))) =% ()
py(INJ | fiy-(po.(IMf16) [ y-7)) (y)ﬂ (uo.([Mj16) [ [N}-y) -3 (9)
py(IMP{[Nj-v/8} [ [N}-v) —(5.11) py.([M{N-v/86};|[Nj-7) Y (y)
uy(INJ| iy (IM{N-v/8}} |y-7)) ﬁ‘%( ) wy-(pa([NJ| iy ([IM{N-v/8} | ly-a)) | 7) Y= (x)
wy-(pa ([M{N-7/8}} | fix([NJ| fiy.(x|y-a))) [ 7) 2 [py-[7v](M{N-/6})N}

Notice that the (u)-contractions are over § and « and pull in [N -y and 1, respectively, which
are stacks, so these steps are allowed in cBN. Moreover, the (ji)-contraction over x pulls in
1d.([Mj|5) which is not a value and [M{N-v/5}}, which need not be a value, so this proof
does not hold for csv.

The main difference between this proof and that for Thm. 5.10 is that in cBv, we can contract
the (y)-redex in

wy-(uo-([My10) | x- ([N | fiy-(x[y-7)))

over § immediately, by pulling in the environment fix.([N|fiy.(x|y-y)). In cBN, this is not
allowed since the latter term is not a stack; we therefore need to first contract the (ji)-redexes
on x and y, creating the term uy. (ud.([Mj|B) |[N]-y) where now the (u)-redex over 6 can be
contracted. But this is not allowed in cBv, since the (ji)-contraction over x pulls in ud.([M]|5),
which is not a value.

The following lemma shows that we can implement left-structural substitution in Apjfi with-
out extending the reduction relation. In the following two results, we will now write [N-v]

for fix.([Nj|x-7).

Lemma 513 [{N-y/8} My —% [Mj{fiy-([Njly-v)/8} =5 IMI{[N-yi/s}.

Proof : By induction on the structure of terms.

(M=x): [{N-7/d}xj=[x] & x = x{[N-7j/s} 2 [xj{[N-yi/s}

(M= Ax.P): [{N-9/8}(Ax.P)] = [Ax.{N-v/6}P} A Ax.[{N-y/6}P]  —x(ih)

Ax.[P{[N-y;/5} = (Ax.[P}){[N-y}/6} 2 [Ax.Pi{[N-y}/5}
(M=PQ): [{N-7/5}(PQ)j = [({N-7/5}P) ({N-v/6}Q)] 2
ue ([{N-v/8} Pj | fix ([{N-v/6} Qf | fiy.{x|y-a))) % (ih)

e ([PI{[N-v;/6} | pix ([Q{[N-v/6} | fry.(x|y-a)))
e ([P | fix([Qy | ity (x|y-a))) {[N-v}/6}

(M= pa.[B]P, 6 # B): [{N-7/6} (pa.[B]P)j = [ua.[B]{N-y/8}P] A
pa ([{N-y/8} P} |B) —%(ih) pa.([PJ{[N-7}/6}|B) = pa.([P}|B){IN-7j/6} 2
[ue.[B] P {[N-vj/é}

(M = ua.[6]P): [{N-7/8} (u.[5]P)} 2 [ue.[vIN ({N-y/6}P)j 2

)

eI

[PQI{IN-v}/5}

e (up.(INJ | fix([{N-v/6} P} | fty.(x|y-B))) | v —7(B)

e ([N | fix ([{N-/8} Py | fiy.(x|y-7))) —(x) pa.([{N-7/86} Py |[N-y}) —%(ih)

e ([Py{[N-y;/6} [ [N-7}) = e ([Py[8){[N-vj/é} 2

[ (8] PR {IN-vi/5} D

The (ji)-step over x pulls in [N}, which would be a value in cBv; the (i)-step over  pulls in
v, so would be allowed in cBN.
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With this result, we can now show that Ap’s reduction rule (yr) can be simulated in Aujfi.

Theorem 5.14 i) [N (ua.[0]M)] lx [u7.[6]{N-y/a} M}, with a # 6.
i) IN (uafa] M)] 45 [pv-l)N (N /a} M);,

Proof: i) [N (pa.[6]M)j 2wy ([NJ | x(ue ([M}16) | iy (x|y-7))) —7(x)
wy-(pe (IM}16) | iy (INfly-v)) —x (@) py-(IMj{IN-v;/a}|6) 1+ (5.13)
uy-([{N-v/a} Mj | 5) 2 [uy.[ol{N-y/a} M}

ii) [N (pev.[a] M) 2y (INJ e (pac (IM o) iy (xy-7))) - =5 (x)
py-(pa (M la) | ay-(INTly-7)) —x (@) py-(IME{IN-vi/a} | [N-7]) 2+ (5.13)
wy-([{N-v/a} M} | [N-7}) 16 (%) py([N] | px([{N-/a} M} | fiy.(x[y-7))) 34 (6)
uy-(ué. (INJ | ix ([{N-y/a} M | iy (x|y-6))) [ 7) 2 [uy.[YIN({N-v/a} M)} N

The (ji)-reductions on x are permitted in cBv, since then N and [N will be values. The (u)
reduction over ¢ pulls in 7y so would be permitted in cBN, but the reductions on a pull in a ji-
term [N-v} = fix.([N]|x-y), which is not allowed in cBN, which shows that this interpretation
is not suited for cBN. Fortunately, yy, is not part of cBN reduction in sAy, so this is not an
issue.

We can now state our main result for our encoding.

Theorem 5.15 (PRESERVATION OF REDUCTION) If M =% N, then [Mj | [NJ.

Proof: ((Az.M)N —,, M{N/z}): By Theorem 5.8.

((na.C)N —y, py.C{N-7/a}): By Theorem 5.10.

(N (ua.C) =y ppy.{N-y/a}C): By Theorem 5.14.

(uoe.[Blpy-[6]M — pa [S)M{B/ v}, v # 6): [pa.[Bluy.[0] M
pee (IM{B/7}18) 2 pa.(IM{B/7}]16) [na.[5)M{B/7} ]

(pac [Blpy-[v]M — e [BIM{B/7}): [pe[Blpy-[YIM] 2 e (uy(IM]|7)|B) =5
po ([MJ{B/7}|B) £ pa([M{B/7}i|B) 2 [ua[pIM{B/7}i

(o [a] M =y, M (& g M)): [pacfa]Mj 2 pa([Mfla) =5 (qp) [M]

(P =2 Q= Ax.P =y, Ax.Q): [Ax.P] & Ax.[P] l5(ih) Ax.[Q] 2 [Ax.Qj

(P =24 Q= PR, QR): [PR] e ([P | fix.([Rf | fiy-(x|y-a))) Ly (ih)

pe (uy-(IMy16) | B) =5

==

—~

>

w10} | 7. (IR} | Ay (x|y-a))) 2 [QR]
(P =), Q= RP —, RQ): [RP} 2 ua([Ry|fix.([P}]|fiy.(x|y-a))) Iz (ih)
e (R} | fix([Qf | fiy-(x|y-a))) 2 [RQ]

(P = Q= . [B]P =y pe [B]Q): [pa[BIP] 2 e ([P]|B) 15 (ih) pa([Qf|B) 2
[na.[B] Q]

As argued above, the proofs and the observations made on them also justify the following
two results.

Theorem 5.16 (PRESERVATION OF CBV-REDUCTION) If M —3%F N, then [M] |3 [N].

Proof: ((Az.M)V —Xu M{V/z}): By Theorem 5.8.
((pa.C)V =3, uy-C{V-y/a}): By Theorem 5.10.
(N (na.C) —u uy{N-v/a}C): By Theorem 5.14.

(o [Blpy.[0]M =Y pa. [S)M{B/7}, v # 6): [pe.[Blpy.[6] M|
pa ([Mj{B/v}16) & pa([M{B/7}i|é)

pe(py-(IMJ18) | B) =3
[na.[5)M{B/7}}
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(o [Blpy.[v]M =3, pe [BIMAB/}): [pec[Blpy-[vIM] 2 pa(uy-([Mf]7)]B) =5
na ([Mj{B/v}|B) 2 pa([M{B/7}ilB) [ [BIM{B/ 7}

(pafa] M =Y, M (a & M)): [[w-[w]Mﬁ 2 pe([Mjla) =Y (np) [M]
(P =Y, Q=PR—},QR): [PR] 2 pa([Pf|fix([R}|fy-(x|y-a))) I3 (ih)

4
4

pna ([Q) | fix([R} | iy (x[y-a))) 2 [QR].
(P Q=VP =, VQ): [VP] 2 pa([V]|jix([P}|fy.(x|y-a))) —¥(x)
pe ([P | fiy([Vily-a)) 1 (h) pa ([QF [ Ay ([Vily-a)) Ve (x)

(
pe [V ax([Qf | fiy-(x|y-a))) & [VQJ.
(P = Q= pa[B]P =y, pa[B]Q): [pa[BIP] 2 e ([P}IB) 13 (ik) pa.([Q]|B) 2
[1a.[B]Q]

Notice that the (fi)-contractions over x are allowed in the penultimate part, since [V} is a
value.
Theorem 5.17 (PRESERVATION OF CBN-REDUCTION) If M —30F N, then M} Y [N

Proof: ((Az.M)N =Y, M{N/z}): By Theorem 5.8.
((na.C)N —Nu uy.C{N-v/a}): By Theorem 5.12.

(e [Bluy.[6]M =N ue [S)M{B/v}, v #6): [pa[lpuy.[6]M] & pa.(uy.([M]|6)|B) —N
pa ([Mj{B/v}16) & pa([M{B/7}ilé) 2 [pels ]M{ﬁ/v}ﬁ
(e [Blpy-[yIM =Y pa [BIMA{B/7}): [pac[Bluy.[vI M % po (- ([Mjly) 1B) —

pe (IMi{B/7}|B) 2 pa(IM{B/7}ilB) [na.[BIM{B/7}i
(o [a] M =5 M (« g M)): [pafa] M 2 po([Mfla) =5 (pp) [M]
(P, Q= PR—, QR): [PR} 2 pa([P§|fix-([R] | fy-(x[y-a))) — (ih)

pee ([QF | e [R} | fiy-(x|y-a))) 2 [QR].
(P =, Q= pe.[B]P =%, pa.[B]Q): [pa.[B]P] 2 pa.([P}|B) I3 (ih) pa([Qf[B) 2

[ma.[B]Q

Notice that reduction only takes places in terms, never in contexts.

We have shown that there exists a single interpretation from sAu to Aufi that respects re-
duction, and the cBN and cBv reduction strategies, thus establishing a strong relation between
sAu, Ap, and Auv on one side, and Aufi on the other, as well as between the respective cBN
and cBv strategies in sAy and Auji.

6 How about left  contraction in Aujfi?

We have remarked above that the term p<y. (Ax.t | pa. (| B)-7) is not a Auji critical pair, whereas
its sAp-counterpart (Ax.M) (pa.[B]N) is a sAu critical pair. Notice that

(Ax.M) (e [BIN) =5, pr-[BH{Ax.M-y/a} N,

but ((Ax.M) (ue.[B]N))” = uy.(Ax.M?| pa. (N°|B)-7y) is not reducible under cBN or cBv. We
have shown that we can represent (implement) this reduction step under [ J, but there is an
alternative path to this.

Definition 6.1 We extend Aujfi’s notion of reduction by adding the reduction rule:
() = (t{pacy) = cliy(tly-7)/a}

This rule is added for full reduction, but excluded from cBN and restricted in the normal way
for cBv.
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We can show that this reduction makes logical sense: first we show that the substitution
A{fiy.(t|y-y)/a} is sound.

Lemma 6.2 i) If T Fyt: A—B|v:B,Aand c: T Fya:A, A, then c{fiy.(t|y-y)/a} : I Fx v:B,A.
i) IfTFxt: A—=B|v:B,Aand I F5 ' : C | a:A, A, then I 5 ' {jiy.(t|y-v)/a} : C| v:B,A.
iii) f T3 t: A—»B|v:B,Aand T |e: CtywA,A, then T | e{jiy.(t|y-y)/a}: CF5 v:B,A.
Proof : By induction on the definition of type assignment.

(cut): Then ¢ = (t|v), and both Then by induction, both I' i t{fiy.(t|y-y)/a} : A|¥:B,A and
I'le: AFx:B,A. By rule (cut) we have

[z tH{py(tly-7)/a}: Alrv:B, A T |efpy.(ty-r)/a}: Az v:B,A
(tHpy.(tly-v)/at|edpy(tly-7)/at) T A
and (t{fiy-(t|y-7)/a}|e{ny.(tly-v)/a}) = (tle) {fy-(t|y-7)/a}.
(Axg): Then t = x; since x:C € I', by rule (Axg) also I' Fy x: C | 7:B,A
(Axp): Then e = B, and B:C € A. We have two cases:

(a« = B): Then C = A; we can construct:

\ / (Axg) (Axp)
I'tt:A—B|v¥:B,A We) LLy:Ary:A|vy:B,A Iy:A|vy:BFy:B,A L)
=
Iy Art: A—B|vy:B,A Ly:Al|lyy:A—BFy:B,A (cut)
cu

(tly-y): T,y:At y:B,A
I'|fiy-(tly-y):AF1:B,A
and a{fy.(t|y-7)/a} = fy-(ty-7)-
(a # B): Since B:C € A, by rule (Axy) also I' | B: C 3 7:B,A.
(=L), (»R), (u), (ji): By induction. [

it)

With this result, we can now show:

Theorem 6.3 (SOUNDNESS FOR RULE (1)) If (t|pa.coy): I'Fxy:B, A, then c{fiy.(t|y-y)/a}: T Fx
v:B,A.

Proof: If (t|pa.c-y): I' Fx A, then the derivation is shaped like:
(R
c:I'waA,7:B,A
\ / I'-pac:A|yv:B,A T|vy:BF~:BA
I'tt:A—B|vy:B,A I'|pa.coy: A»BF 7:B,A
(t|pocoy): T'y:B,A
Then, in particular, we have I' -5 t: A—B | y:B,A and ¢: I k5 a:A,y:B,A, and by Lem. 6.2, we
have c{jiy.(t|y-y)/a}: I 5 v:B,A. [

So this new rule is sound. We have shown above that we have full representation of the
three notions of reductions we focus on for standard Auji, so do not need to extend reduction
on Aufi to achieve this. It will nonetheless be interesting to see if adding this reduction step
to Auji would yield different interpretations of sAy; we leave this for future work.

7 Interpreting Auji in X

[23] presents a translation of Auji into X' (called A there) which preserves the typing and
shows that it respects reduction; since here we use a slight variation, that uses substitution
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rather than a renaming cut when dealing with pa.c or fix.c, we need to give new proofs for
this result.

We could say that, in Auji, not all inputs (normally present as term variables) and outputs
(context variables) are explicitly named; for example, a term like Ax.t has no named output,
which we can make explicit through y-expanding it into pp.(Ax.t|p); similarly, t-e has no
named input, which we can make explicit through fix.(x|t-e). This is the essence of the
translation we define now: it interprets terms under an output, and environments under an
input, making the implicit names explicit. The first version was defined in [23] through:

((tle))s = (DERTX ()% (a,x fresh)

() = (xa) (@} = (va)
(Axn)f = TOFF-a (Bfiesh)  (te)f = (05T 2()F (1,2 fresh)
(1B0); = (0 {a/P) (Ayc)§ = () {x/y}

In [5], the results were obtained for an interpretation where the last two alternatives are
defined through:

(1Bo)t = ()P B3 (va)
(fyc) = (x6) P17 (0)°

showing that even here implicit substitutions are not needed. Since we can show

(C)gﬁjﬂx-@ X () {B7% (x-a)} =7, (46) (o) {a/B}
(B)B17()f =i, {(xB) PAYH(O)® —, (46) () {x/y}

and in Lem. 7.3 and 7.4 we want the be able to simulate Auji-substitution through X;s-
substitution, we avoid adding the extra cuts, but use implicit substitution in the interpretation.

A disadvantage of this encoding is that it treats (x|a) as a cut, rather than as (x-a). However,
we can show:

((WIB)E 2 iatx (B £ (ya)afx(xp) = (cap) (y-B)
((ylt-e))t £ (iatx(te); £ (ya)atx((H57]Z(e))
(lmp) (D57 W) 2 (e)f 2 (te)j
((ylazc))® 2 (iRt (Azo)f 2 (y W) &1 X (c)¢ {x/z}
4.6) (c)*{y/z} 2 (pzo)f

((Aytlp)® 2 (Ayb);atx (B) é ( (EB-w) BT (B)S
— (exp) 7 (DB B
(prelp)) £ (profatz (P 2 (OHa/1} AT ()5
— (46) () {B/7} 2 (o
The interpretation we will consider here is an optimised version, that uses these observa-
tions and will induce less reduction in the image: this will yield stronger results.

1=

(Ay.t);

Definition 7.1 (TRANSLATION OF Ayjfi INTO Xis)

[(wIA]" = (v-B) [(yle)]" = eIy
[tle)]" = [2a T2 [e]} (a,x fresh, otherwise)  [(t|B)]* = [H]}
[} = (xa) [«]} = (x) )
[Axtly = X[H3B- o (B fresh) [te]} = [11)7 [x] Z[el: (7,2 fresh)
[nBcly = el {a/B} [ay-cly = [e]* {x/y}

There are overlapping cases in this definition. However, we have

[wIB]* = [Bl) = [yl = (v-B)
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so this does not inconvenience the proofs. This translation will only create a cut when inter-
preting a command that does not involve a term or context variable.

If t is a Apjfi-value that does not contain «, then [[t]]z introduces &, and if e is a Auji-stack
that does not contain x, then [[e]]§ introduces x:

[} = (ra) ]} = (xa) )
[Axt]y = X[t]gB [te'Ty = [t 7 (X1 2[e'T?
We will need this observation later.
This interpretation preserves typeability:

Lemma 7.2 i) IfT|t: Aty A, then [t]} - T wA,A.
i) IfTFye:A|A, then [e]) - T,x:Ak A.
i) If c: T b5 A, then [c]* - Tk A

Proof : This follows from a similar result for the original interpretation as shown in [5], the
type preservation result shown there, and the observation we made above. [

We will now show the relation between implicit substitution in X5 and in Auji. A similar
result was show in [23], but with respect to X. We show the proof in full since we need to
know if reduction will stay within cBN or CBv.

First we show that X} successfully encodes Apji’s context substitution - {e/a} through right
substitution -{a /% [e]*}.

Lemma 7.3 i) [c]M{a/% [']}} = [c{e'/a}]".
ii) If & # B, then [t]3{a /% [¢'I3} = [t{e'/a}]}
iii) [e]){a/% [¢13} = [e{e'/a}];.
Proof : By simultaneous induction on the structure of nets.
D) (e=lo): KyloMe/Z} 2 o a2} =(d) [1Hy/x} = [ =
[ylen]* = Kyla){e/a}]’
(c=(ylB), a#p): WyIATM{a/X [N} 2 (yBHalZ [T} = (v-B) =(gew) [(vIB)]"
[{y[B){e'/a}]"
(Azt|a)): [(Azt[a)] a2 [eT3)
7)

(c= 1)
TTx[e;

4 z[[t]]ﬁ,B w){a/x e ]])‘} (exp-outy)
E (Ip{a/x [T B- = (ih,a # ) E[H{/a}]" -1 712 []; 2
[(Azt{e'/a} )] 2 [(Azta){e'/a}]"
(c=(upcla)): [{upcla)]{a/T[eT3} 2 [upcli{a/T ]}
[e]* {a/B}{alf2 [T} 2 ([DMarz [T} {a/BH{a /T [€13}
[{e/a @/BHaIR T} A [upele /el 1)
[(up.cle'/a}t|a)] {arx e } 2 (ih) [(pp.cie'/a}]e)]
[(np.cla){e/a}]*
(= yle)): Tl R} A (refal R 2 [ef{a/R Y1} = (W)
[e{e'/a}]y 2 Lylefe'/ap)] 2 [{yle) {e'/a}]?
(e = (Hle))s LT aFR I & (1Bt 7 Ll a2 [T = (cut)
(13 (/2 1) B 17 (el af 2 [ C—(ha )
[t{e'/a}]g Bty lefe'/ay]y 2 [(t{e/u}lefe'/a})]* 2 [(tle >{€'/0¢}]]A
i) (t=y): lylp{arx (]} 2 (y-B{alR[¢T} =(gc) (w-B) 2 [vl; 2 [y{e/a}];

(ih)

e e 11 e

36



(t=Ayt): [y tlp{ar2 (€]} 2 G150 p{a/T[e} = (expouty)
7 ([t {a/=[€1e-B = (iha#0) Flt{e/a}]jo-p 2
[Ay-t{e'/a}]} 2 [(Ayt){e'/a}]}

(t=pr.0): [prcg{a’x €1} 2 [ {B/AHar R[N} = (ha#By)
[e{e!/a} " {B/7) 3 [uycle /] 3 () e /a} ]

i) (e=a): [} {a7R [} 2 (ya){alT[/1) =(d) [ y/x} 2

€1} 2 [afe/a}]]
(e=p#u): [BI{arR 1YL} = (Al TIYL) =(sc0) (v-p) 2 [Bl} 2 [B{e/a}]]
(e=te"): [t {afT[) 2 (AW ELTD{arZ 1L} = (impy)

(I {a7R 1D 7 [ 2 (1) {ar R [€]1)) C=(haty)

[He /)37 [ 2" {e/a}]} & [(t{e/a} - (e /a})]} & [(1e") {/a}]]
(e=pyo): [pzc){a/Z )} & [)" (w2 {a/TIL) 2

= (i) [e{e/a)] {y/z} 2 [pzcle/a)]] 2

Notice that no reduction steps are used in this proof.

(el {a/% [€'T3}) {y/z}
[(f1z.c){¢'/a}]; U

Likewise, we can show that X}s successfully encodes Auji’s term substitution - {t/x} through
left substitution {[t]} &Xx}-.

Lemma 7.4 i) {[t']} &Xx}[c]* = [c{'/x}]".
i) {1 @xa} [1]5 = [H{ /23]
i) If 2 # x, ([} @52} [el] = [e{# /31
Proof : By simultaneous induction on the structure of nets.
) (0= (yla) AR BT 2 (I @} (rB) A (dy) [PIX{B/} = [P} =
[(F1B)]" = [xIB){t'/x}]"

(c=(yla), y#X)r{[[t’]]me}[Ky!ﬁﬂ]A 2 {[*Ia @K yB) 2 (gen) (yB) =
[yIB)]* = [ylB){t/x}]"

(c=(ta)): {[FI2@Xx}(EIB" 2 {IVIy N} t]g = (in) [H{F'/x}]5 2
[(¢{t'/x}1B)]" [(¢1B){t'/x}]"

{ ¢) £ {[t'Is &\x}[ely = (i)
[e{t'/x}Ty [yle{t/xHI* £ [{yle){t/x}]

A
2

(c=(yle)): {[¥I2@xx}{yle)]* 2 {[¥']3 @xx}y-e)
A

(c=(ylte)): {I*l; \x}[(ylt-e)] 2 {[¥]; @Xx}[tely
A

e

YRR [/ w2y 2 {1 @) ([ (/) ])
(VL @5 ([fx | frze (e /)T = (ih) [{# fze {'/2)) ]
[{x|z.) {#/x}]"

(c={yliize), y #2): {IWRRwlaza]' & {[VIa5a) [pzc]]
(P @5 [ w2} = (11 @5 e (/z) = (@) [e{¥ /a1 z/v)
[yl aze{t /)] = [ylize) {¢/x}]7

{F12 @5} ([ 7 [y] 2 [el2) (I R D) 7 Iv) 2 (IF1) @b [eld) = (i)
[/ 5 W Zlele/at] A [yl e /apeddan)]
[(y|t-e) {£/x}]"

(c= (x|fizc)): {IF I @5} [(xlz)]™ 2 {IF1 @} [zl ) 2
{[¢12 @5} (el {x/2)) = (VI R (VL) {/2) = ()
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(= (tle)): (ILAXIHT 2 (P [} BHI L) = (cut)
APITRA D) B 7 (11 @ el D) O —(nxty
[t /x} 1 BT gledt /3]y = Lt /x}|e{t /x)]? 2 [(tley{t'/x}]"
ih) (t=x): {[*ax}x]y £ {[F]) @k (xeB) =(d) [FIa{B/a} = [¥]; 2 [x{t'/x}];
(t=y#x): {[Fla @5yl 2 {[F]a &5} (y-p) =(ga) (y-B) 2 [yly 2 y{t/x}];
(t=Ayt"): {[FTa @x}Ay"]3 2 {[FR @3} G135 B) = (expy)

FUFL RIS =) FI/6 6 & Dyt {(¢/x)]f 2
[(Ayt") (/31

(t= 0 IR @) url} 2 (I @5 [ {B/7) = (i) )
[e{#/x} 1 {6/} 2 [yt /)1 2 Lo (/1]

iii) (e=p): {[Fla@Xx}[B2 2 {[F]3a@xx}zp) =(gc
(€=t-€)2_{[[t’]]2mf}[[j-e]]§ 2 {[¥Ia &} ([H15 B 2
{I¢]2 &Xx} [115) B [2) ¥ ({13 &5x} ely)
[0/} B L) G ledt /23]y 2 [#{t/x}-e{t'/x}]2 4
(e=py.c): {[' I} @xx}[ay-cl 2 {[FI} @A} [c] {z/y} =
= (ih) [e{t'/x}]" {z/y} 2 [pyc{t'/x}]2 2

As above, no reduction steps are used in this proof.

c) (2B
17
= (i

[[Z]]ﬁ = [[Z{t//x}]]ﬁ

JE) = (imp-in,)
hx # y)
(

[(t-e) {t'/x}]2

) 4
{IF R @xa el {z/y}
[(y.c) {#'/x}]2 U

We now strengthen these results by stating that this encoding preserves evaluations:
Theorem 7.5 (SIMULATION OF —7;) ® Ifc — ¢’ then [c]” ot o 17

o If t =5 t' then [t]} =i [c']2.

o Ife — e then [e]} — [¢']%.
Proof : Simultaneous}y by induction of the definition of —. )

s Wil 2 @lalB-a) &1 (1} 7 6 Z[el) - (expeimp)
[0y 717 (Mg BTZLel?) 2 [l 717 {hle)]* =a [l 7TZ21(hle)]" {z/y} 2
DI I ACE) R U AN )

(0): [ppele)]* = [upclyatxlely £ [cl™{a/B}atX[el; = (afresh)
[elg Bt xlely — (sube) [c]*{p/x[elr} = (7.3) [c{e/B}]"

) eyl 2 [ at2layel 2 et 2l (x/y} = (x fresh)
(71T = (suby) {IRRXGHA™ = 74) [t}

(p): [na(tla)]y = [Ea)) {p/a} £ [ 712 (za){p/a} 2 [T 12 (=)

Now either 1 is introduced in [t] Ey, and we have
[10) 7 12 (zB) = [t]
by either (cap) or (exp), or it is not, and we have
[ 7 12 (zB) — (subs) [11){7/2(z-B)} =(46) [1]}
(ni): [ax(xle)]y 2 Kxle)]My/x} 2 (e T 121D {y/x} = (v )7 1Z]e]l
Now either z is introduced in [[e]]zx, and we have
(ya) &2 [e]? > [e]?
by either (cap) or (imp), or it is not, and we have
(ya) @t Z[e]2 — (subs) {{y-a)@Xz}e]} =(4.6) [ely

The contextual rules all follow by straightforward induction. ]

> I e
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Notice that we cannot model the 1 reduction rule Ax.up.(t|x-B) — t (x,B & fo(t)), since the
‘surrounding’ A-abstraction produces an export term that can never be removed; X itself is
not extensional.

We can also show that the cBN strategy is respected. We need to check that (suby) gets
correctly applied, and no reduction takes place in the environment.

Theorem 7.6 (SIMULATION OF —Y) e If c =1 ¢’ then [c]? —ot [ 1%
o Ift =Xt then [[t]]a =t ]]04
Proof : Simultaneously by induction of the definition of reduction. The proof is mostly as that
of Thm. 7.5, which showed this result for full reduction; we will highlight the differences.
(A): No CBN issues.
(0): [(uBelS)T* 2 Bl t2ISTE 2 [ {a/B} &t ZISI} = [c]' BTRISI
Notice that [S]; introduces x; also, ¢ = (t|e), so [c] g is a cut and does not introduce B,
and we have
[l BTRISIY — (suby) [e]™{BFR[S]}} =(7.3) [c{S/B}]"
Since [S]} introduces x, (subY) is permitted.
(f1): No cBN issues.
(nu): The (suby) step in the proof of Thm. 7.5 becomes (suby) since (z-B) introduces z.
(77;1) No CBN issues.
(t =3t = (t|le) =¥ (t'|e)): Reduction takes place inside a term in a cut, which is allowed in
CBN
(c =Y ¢ = pa.c =Y pa.c’): Reduction inside a cut is allowed in cBN.

The other rules are not part of —7. U

We can also show that the cBv strategy is respected. Now we need to check that now (suby)
gets correctly applied, and again no reduction takes place in the environment.

Theorem 7.7 (SIMULATION OF —Y) ® Ifc —Y ¢’ then [c]? [ 1%
o Ift >t then [t]} =V [c']}
Proof : Simultaneously by induction of the definition of reduction. The proof is mostly as that
for Thm. 7.5; we will highlight the differences.
(A): No cBv issues.
(#): No cBv issues.
(@): [VIay.e)l* 2 [VIpatx[aycly 2 [VIaatx [ {x/y} = [VIz@ 17 [e]*
Notice that [V]} introduces «; also, ¢ = (t|e), so [[c]]A is a cut that does not introduce y,
and we have

[VIz&t 7] = (subl) {[V]2 &y} el* = (74) [e{V/y}]"
(nu): No cBv issues.
(nfi): The (sub,) step in the proof of Thm. 7.5 becomes (suby) since (y-«) introduces «.
(t =3 t' = (t|le) =3 (¢'|e)): Allowed in cBv, as reduction takes place in a term in a cut.
(c =3 = pa.c =5 pa.c’): Allowed in cBv.
The other rules are not part of —7. (]

o [-]", the natural encoding of Auji in X (and X), that names the implicit term and
context variables, strongly connects the two calculi: not only the standard Auji reduction is
embedded into the reduction of X, but also the cBN and cBv reduction strategies of Xptﬁ are
respected by their &}s counterparts.
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8 Embedding X in Auji

In this section we will study the reverse of the previous section, and investigate if the natural
interpretation of X" into Aufi, as first suggested in [12], respects the three notions of reduction
we focus on in this paper.

Definition 8.1 (TRANSLATION OF X INTO Auji [12,23]) The interpretation of terms of X into
commands of Aujfi is defined by:

[(ca)) 2 (x|ax)
[xP&-p; 2 (Ax.pa.[Py|B)
[PR[y] Q] £ (y|pa.[P]-x.[Q])
[PatxQ) £ (ua[P]|ax.[Q])

In fact, this is the origin of &: in Remark 4.1 of [12], Curien and Herbelin give a hint
on a way to connect LK, ; (as presented there) and Lx. The proofs of Lk embed in LK,; by
considering the following sub-syntax of X‘uﬁ:

c u= (x|a) | (Ax.pa.c|B) | (y| pa.c-fix.c) | (pa.c|jfix.c)
Later it was discovered that this corresponded closely to Urban’s approach in [31]; however,
the approaches differ.

As can be expected, the interpretations from X‘uﬂ to X5 and back are strongly related, as
that they act as each other’s inverse, albeit with some reductions involved, as can be expected.
These mainly deal with converting implicit names to explicit names, as discussed above.

First we look at Auji — Xis — Aufi, and show that [ is [-]"'s left-inverse up to extension-
ality. We will write =, for the equivalence relation on Aujfi terms generated by rules (17u) and

(1ft).
Theorem 8.2 [[c]") =, ¢, pa.[[t]}] =, t, and fix.[[e]}] = e.
Proof : Simultaneous by induction.
« ~[IyIB)] = [y-p)) = (vIB) ]
= [yt B = [[Ay-tg) = (Ayper L1577 | B) =y (ih) (Ay.t]B)
= (| B} = Tpaccl s = Tel™(B/a} = TIe; {B/a} = (in)
c{B/u} () - (ua: 6|ﬁ> ) ) -
- Iyl = (Ttelyy = 110, 7 W 2[el2) = <y!m-[[[t]]éf-ﬁzﬁ[e]]?ﬁ = (ih) (y|t-e)
— [yl az.e) 5} = Maz.clly = el y/z}; = (e} {y/z} = (i)
cly/z} (gir) < {ylpzc) - -
= [ty = [ @ T 2 [e2) = (e [[a7 | ix.[ely ") =y (ih) (t]e)
o - pe[x) = pe[(xa)) = po(xfa) =z (pu) x -
- pec (At = pe[R [ B-ary = pec(Axpu [Ty o) = (i)
po. (Ax.t|a) =5 (qp) Ax.t.
~ pa[[upclyy = pec ([l {a/ B} = pec [l {B/a} = (i) pa.c{B/a} =q pp.c
o - [l = pxfiea)) = prdxle) o i) e )
- fix. [[t-e3) = ax. (1815 7 [x] 2 [el2) = fx (x| py. [0 - iz [el2)) =y (ih)
o x| -0) 35 (1) b )
e el = T () = P ) = () e fel) = e O
Notice that the only reduction steps needed here are (yu) and (#ji), in both directions, so the
compositions of encodings gives identity modulo #-reduction, i.e. extensional equality.

Had we stuck to the interpretation as defined in [23], then reduction would have been
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involved.

Example 8.3« ([(y-8)])¢ = ((yIB))¢ = (y);aTx(B)s = (y-a) & T X (x-B) = (y-B)
o ([7P7-B)¢ = Ay [P 1B)E = (Ayp.[P)ia T2 (B)S =
<y<m.nﬂj‘>§5-a>m< B) = 7 (ny-[P))58-B =7 ([P {6/9})°5 B =4
7 (IP))e7-B -z (ih) §PF-B )
-dpf[y]TQj“)@:(w w. [Pl [QF)E = (yb) B2 ((IP))* @ [ 7 (1Q))°) —,

1% (1Q1) =, (ih) PR [y] ¥Q

Notice that, in these cases, the rules (cap), (exp), and (imp) are used.
Now we look at X5 — X‘uﬂ — X5, and show that [J is [[-]]X’s right-inverse.

Theorem 8.4 [[P|]" =
Proof : Simultaneous by induction.
o [ly-BNT" 2 [yIB" 2 (vp) i i i
* [[7P7-p1" 2 [Aypr-[PYIBTY 2 Dypr[PiT £ §lur. [P35 2
gL/ {6/731"6-B = FLIPIT 7B = (ih) yP7-p
« [[PR[)xQT" 2 [ylpalPy-ax.[Q)]* 2 [[PIT & [y X [[QI]" =(ih) PR[y] xQ
o [Pat2QT 2 [(uelP}|ax QNI 2 [ua[PT} Btz [axQ]) 2
[P/ {p/a}]" BtZ[1Q {z/x}]" =u [IP/1" @1 X[IQ]]" =(ih) PatZQ U

We will now show that reduction in X5 is respected by the interpretation [- JX, for which, as
suggested above, we need to extend Apji.

Definition 8.5 (ExTENDED Auji) We define X"l/lﬁE by adding the rule:
(M) (Ay-t|te) — (pr- (' [ay-(t[r))[e) (v fresh)

We will first show that the two implicit substitutions of A’s are respected by the interpreta-
tion; we need to involve reduction for these results as well, but in both directions.
We will write =,; for the equivalence relation on Apji generated by rule (x) and (fi.

Lemma 8.6 [Q{a/%P} =,z [Q] {fix.[P]/a}.
Proof : By induction on the structure of terms in Xjs.

(Q = (y-B)): We have two cases:

(e=p): [ya){alzPy & [P{y/x}} = [Py{y/x} (W) (y|ax[P}) =
(yla) {ax.[P}/a} [(y-)j {pe.[P} /ac}
(w#B): [(y-p){arzPY 2 [y-B); & [ly-B)) {fx.[P}/a}

(Q=FRp-a): [GRE-w){afzPY 2 [F(R{a/TPYp-y)71TP] 2
(ur-(Ayup.[R{a7ZPY} | 7) [ax.[P]) =5 (1) (Ay-up.[R{a7 TP} | ix.[P]) =z
(Ay.up.[R {px.[P/a} | ax.[PY) = (Ay.pp.[R}|a) {fx.[P)/u} 2
[FRB-a) {ax.[P]/a}

e I >

(ih)

(Q=FRB-7y, withy #a): [FRB-7{af2PY 2 [7(R{a/2PYBy
(Ay.pB.[R{a/ZPY | 7) =pua(ih) (Ay.uB.[R} {ax.[P]/a}v) £ (Ay.up.IR} |v){fx.[P}/a}
The other cases follow, as the last one, by induction. ]

Notice that reduction is limited to two steps, using rules (i) and (), in both directions.
Similarly, we have:

Lemma 8.7 [{PaXx}Q| =uu [Q] {pa.[P]/x}.
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Proof : By induction on the structure of terms.
(Q = (y-B)): We have two cases:
(y==x): {P&Xx}(xep)) 2 [PAB/a}y = [Py {B/a} ()i (ue[PTIB) =

(x|B){pe.[P{/x} 2 [x-B)) {pa.[P]/x}
(v #x): {P&5x}y-B)) 2 [y-B) 2 [(y-B)) {ua.[P]/x}

(Q=RB[x]7S): {Pa‘x}(RB[x]7S)S 4
[Pa 12 (({PaXx}R) B[z] § {PAkx}S))] 4
(W-[Pf\ﬁz-<Z!Plﬁ-[{Pafix}RJX‘ﬂy-({P?)‘x}SjY» =7 (1)
([P | uB.[{PRAX}R] - fiy. {PRXx}S) =up (i)
(poc[PY' | pp.[R] {ua [P} /x} iy S {uec [P]/x}) =
(x| uB.IR} - iy.[S]) {pee. [P} /x} = [RB[x] 7S] {pe.[P}/x}

The other cases follow by induction. ]

Also here reduction is limited to two steps, using rules (ji) and (u), but in opposite direction
with respect to the previous proof.
We can now show that the interpretation respects reduction.

Theorem 8.8 If P —, Q, then [P JX = [0 f.
Proof: (cap): [(y-a)@Tx(x-B)] & (pa(yla)|fix(x|B)) — (p) (y|fix.(x|B)) — (i)
(yIB) 2 [(y-p)]

(exp): [(GPB-a)RTR(xv)] 2 (pua{Ay.pup.[P] |a)|fix.(x|y)) — () ~
(Ay.up.[P] W< 7)) = (@) (Ay.up.IP]|7) A [gPB-y)
(imp): [(y-a)@ 1% (QPIX|ZR)) 2 (pac{yla)|fx.(x|up.[Q] fiz.[R])) —(p)
(y|fix.(x !yﬁ[ |z [R))) = () (y|up. Q) - fiz.IR]) 2 [QBly]ZR]
(exp-imp): [(FPB-a)&TX(Q7 [x]ZR)] A
(na(Ay.up.[P} | a) | fix.(x | py.[Q) - fiz. R})) — (u)
(Ay.up.IPy | fix.(x | py.[Q] - fiz. [R})) ) yﬂﬁ [P} !m Q) -z [R]) —(A)

(n.1Q] | fiy.(up.[P} | iz. IR ‘>>
(exp-imp): [(GPB-a) &1 % (QF [x] ZR);
(na(Ay.up. [Py o) | fix. (x| py.[Q) - fiz. IR})) — (u)
(Ay.up.[P} | fix.(x | py.[Q] - fiz.[R})) = (1) (Ay.pup.[P] | uy.[Q) fiz.[R}) — (A)
(6. (uy.1Q) | ity (uB.IPT18)) | iz [RY) — () (pd.(uy.[Q) | 1. TP} {6/B}) | fiz.[R}") =4
(uB-(uy.1Q) | . [P}) |1z [R}) A [(Q¥19P)BtZR
(subx): [PAtxQ] 2 (ua.[P)|fx.[Q)) — () [P} {jix.[Q]/a} =, (8.6) [P{a}xQ}}
(sub): [PatxQ) 2 (pe[Py|fx.[Q)) — () [Q) {pa.[P}/x} =4 (87) {PRAx}Q] O

Notice that in the first four cases we can swap the (y) and (i) reduction steps.

>

Since reduction is used in the simulation of substitution (Lem. 8.6 and 8.7), we cannot show
a similar result for the cBN and cBv reduction strategies. Also, the (y)-reduction step in the
second (exp-imp) case (over B) takes place in the environment, which would not be allowed
in either cBN or ¢Bv, which strengthens our choice to exclude the second alternative of rule
(exp-imp) for both those strategies on Xi.

This means that, even when changing the active cuts of X" into substitution, and the strong
relationship we have established between Auji and X;s, these calculi are fundamentally dif-
ferent. The absence of implicit variables and names gives X;s a more direct control over
cut-elimination, and mapping X;s’s substitution onto Auji creates additional () and (ji) re-
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dexes.

Conclusion and Future Work

This paper has presented mappings from sAu to Aufi, and from Aujfi to X5, which preserve
the cBN and cBv reduction strategies. Furthermore, these mappings are strict in the sense
that if M — N, then [M] and [N] are joinable with t such that [M] —>%’ t; otherwise put, no
reductions are ‘lost” in the mapping. It follows from these results that there are mappings
from A-calculus into Auji and X which preserve cBN and cBv.

Other reduction disciplines: Our focus has been on preserving the csn and cBv reduction
strategies, as these are the most commonly considered. It should be interesting to see if
these mappings preserve other evaluation disciplines, such as call-by-need or even call-by-co-
need. Of course, this would first require defining call-by-need and co-need for &, although
these definitions already exist for sAu and Auji. Such definitions may even follow from our
translation into X

p-reductions: It may be surprising that a translation from Ay to Auji such as the one we
defined here exists; as mentioned in Sect. 5, the nature of y reductions in both is distinct.
Although p-reductions in sAu are often understood to capture their context, they need not
capture their entire context. Consider the term M (u«.C) (1£.C’), and the reduction sequence,

M (pa.C) (uB.C") — (uy.C{M-v/a}) (up.C’)
= (uo.C'{(uy.C[{M-v/a}])-0/B})

The context of the subterm ua.C is (M[]) (#B.C’), yet only M is captured by pua.C. The
p-reductions in Ay are performed term-by-term, which allows for the continuation to be
captured piecewise instead of at-once; this is in contrast with u in Aujfi, which necessarily
substitutes its entire continuation in a command.

Furthermore, there is no direct analogue of the () reduction in Aujfi; the term pa. (t|upB.c-a)
does not have a (head) redex, whereas its sAy analogue [a]| M(uB.C) is reducible;

& M(uBC) — [alpr.{M-1/B}C — {MA/B}C{a/y} = {M-a/B}C
(notice that 7y does not appear in C).

The translation of Def. 7.1 circumvents this by introducing extra redexes around the appli-
cands so that its image reduces:

[[]M (uBC)y = (uy(IMy| fix(up.ICy | fy(xly-7))) )
=" (uB.ICr |y ([M]|y-a)),
which then allows for the (yy) reduction to be simulated.
An alternative solution could be to add a (p1) reduction to Xyﬂ,

(t[(ppc)e) — clpx(t|x-e)/B}

This would then allow for (py) to be directly reflected, rather than just simulated.

Relating Semantics per-discipline: The translations could provide a unified way to relate the
by-name and by-value semantics of each calculi. For example, the operational semantics of
Au in an abstract machine (KAM) could be directly translated into Auji (and thus X), making
Aufi and X capable of simulating cBN and cBv Au-machines in a uniform way. This could
furthermore be used to inspect the behaviour of classical realizability models of Ay through
Aufi and X.

In a similar vein, one obtains CPS translations from Ay into the A-calculus by combining [-]
with the CPS translations of Ayji given by Curien and Herbelin [12]. The resulting translations

43



agree up to equality with the CPS translations of Ay given in [12], however that given by
our mapping has extra redexes that are ‘clerical” in nature. These precisely come from the
extra fi redex given in [MN] when compared with (MN)” and (MN)". This would give the
operational semantics obtained as suggested subtly different intensional properties.

Type Systems: It was relatively simple to show the simple type systems of sAu and Aujfi are
respected by the translations. The case for polymorphic types would be more subtle; in the
presence of control, restrictions are needed to determine when a term can have a polymorphic
type [17, 19]. The translation must be ensured to preserve the appropriate restrictions.

The existence of a mapping of sAu into Auji means the former probably cannot be given
a sound and complete notion of intersection type assignment [2]. Nonetheless, Auji and X
is known to enjoy such a system once restricted to cBN or cBv [2, 4]. Intersection types for
CBN Ap have been explored before [3], and the mapping preserving cBv suggests one is also
possible for Apv.
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