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Abstract

We study an output-based translation of the A-calculus with explicit substitution into the
synchronous 7t-calculus — enriched with pairing — that has its origin in mathematical logic,
and show that this translation respects reduction. We will define the notion of (explicit)
head reduction -which encompasses (explicit) lazy reduction- and show that the translation
fully represents this reduction in that term-substitution as well as each single reduction step
are modelled.

We show that all the main properties (soundness, completeness, and adequacy) hold for
these notions of reduction, as well as that termination is preserved with respect to a notion
of call by need reduction for the rr-calculus. We then define a notion of type assignment for
the 7t-calculus that uses the type constructor —, and show that all Curry types assignable
to A-terms are preserved by the translation.

We will also show that the 7-calculus gives a semantics for the (standard) A-calculus by
defining an encoding that will fully represent reduction with explicit substitution, -reduction,
and equality, mapping equivalent term to equivalent processes.
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1 Introduction

The rt-calculus and its dialects have proven to be an interesting model of computation.
Encoding of variants of pure [25, 32, 9, 31] and typed [22] A-calculus [14) [10] and object
oriented calculi [20, 32] have been defined. Also, various encodings of calculi that represent
classical logic have been recently proposed [22, 5] 15].

In this paper we cut an alternative path in the investigation of the expressive power of the
rt-calculus [25] by presenting two new compositional encodings of Ax, the explicit substi-
tution A-calculus [1} 13]] into the asynchronous 7r-calculus extended with pairing. The first
will be shown to fully respect explicit head-reduction, which corresponds closely to Krivine’s
machine [23]; the second will be shown to respect full single-step reduction. Both these no-
tions extend lazy reduction [3] by allowing reduction also under A-abstraction; the second
will model also reduction inside the right-hand side of an application and inside the substi-
tution. The great advantage of considering the explicit substitution A-calculus rather than
the standard A-calculus with implicit substitution as considered in [25} 32] will become clear
in this paper. In brief, the specifics of synchronisation — the main computational step in the
standard (i.e. not higher order) rr-calculus — is the reason that implicit substitution cannot be
faithfully modelled. Rather, substitution is implemented in the 7-calculus as ‘one variable
at the time’; this implies that the kind of substitution modelled is, in fact, that of Ax, where
precise control over substitution is gained by making the substitution operation be part of
the syntax and reduction system. This point was already argued in [9]; in that paper we
showed that synchronisation in the 7r-calculus has a fine semantic level of granularity that
‘faithfully mimics” explicit substitution, rather than implicit substitution; in fact, we showed



there that the nature of the 7r-calculus brings that an implementation of A’s reduction comes
down to what we here call explicit head reduction.

Research in the direction of translations of A-terms was started by Milner in [25]; he de-
fined an input-based encoding, and showed that the interpretation of closed A-terms respects
lazy reduction to normal form up to substitution. This approach has been picked up by many
authors since then: it has been used by Sangiorgi [32], who also investigated it in the context
of the higher-order rr-calculus; by Honda et al. [22] with a rich type theory; and by Thielecke
[35] in the context of continuation passing style programming languages, just to name a few.
Milner also defined another input-based encoding that respects call-by-value reduction up to
substitution, but this had fewer followers.

For many years, it seemed that the first and final word on the translation of the A-calculus
has been said by Milner; in fact, Milner’s encoding has set a milestone in the comparison
between the functional and the concurrent paradigms, and all the above mentioned systems
present variants of Milner’s encoding. In view of its impact, perhaps surprisingly Milner’s
encoding does not respect step-by-step lazy B-reduction with implicit substitution, as we first
argued in [9]; in fact, Milner’s result is formulated through lazy large-step reduction, that
reduces to lazy f-normal form directly. Also Sangiorgi [31] limits reduction to lazy large-step
reduction; therefore, not all individual lazy reduction steps are modelled. We will address
this point in this paper, by reformulating these result using explicit substitution.

The lazy reduction strategy is widely accepted in the context of functional programming
and is the strategy of choice in many, and the above results show therefore that the -
calculus is expressive enough to represent the functional paradigm. However, we can also
ask whether it can successfully represent the A-calculus itself. As mentioned by Sestoft [34]
(referring to Church numerals):

“"

an implementation of lambda calculus reduction must perform reductions under lambda
abstractions. Otherwise, add two two would not reduce to four (...), which would disap-
point students. ”

Although other representations of numbers exist that avoid this problem, the issue Sestoft
raises is relevant to deciding what is a proper encoding of the A-calculus. Therefore, we can
justifiable ask the question: is the expressive power of the 7r-calculus by nature limited to
lazy reduction, or can we, for example, represent head reduction or even full p-reduction?
We answer those questions in this paper in the positive and define alternative encodings that
represents those reductions as well. We shall see in the course of this paper how our work
on the A-calculus with explicit substitution and a novel type system will shed new light on
the aforementioned representation problem.

In this paper we are mainly interested in what exactly is the maximal variant of the A-
calculus that can be comfortably embedded into the pure 7r-calculus: we therefore do not
consider the higher order 7-calculus of [29], nor do we consider to extend the 7t-calculus by
allowing reduction under guard or replication as in [22]. We will choose an approach alter-
native to Milner’s, interpreting terms under output rather than under input, and encoding
head reduction - which encompasses lazy reduction - in the process. We will then generalise
that encoding to one that effectively represents full f-reduction; in particular, we can show
that the substitution lemma can be modelled.

Substitution
The first question we will address is:

How can we faithfully model (implicit) substitution of the A-calculus in the rt-calculus.



This question is relevant; for example, although Milner’s encoding is formulated using im-
plicit substitution (see Theorem 4.3), it does not truly model that (as illustrated in Exam-
ple 4.4).

We see two ways to address the problem of representing implicit A-substitution in the
rt-calculus:

i) To encode the A-calculus into the Higher-Order m-calculus, as done by Sangiorgi [30];

ii) To consider a different kind of A-calculus where the substitution is more ‘fine-grained’.

In this paper, we have chosen the second option; central to our approach is the interpre-
tation of the explicit substitution version of reduction, which allows us to establish a clear
connection between term-substitution in the A-calculus, and the simulation of this operation
in the 7r-calculus via channel-name passing.

Although both the A-calculus and the 7mr-calculus are equipped with substitution, these
notions are conceptually very different. While the A-calculus has an intrinsic ‘high-order’
substitution mechanism by which terms get substituted for variables ‘all in one go’, in the
standard 7-calculus the substitution mechanism replaces variables by channel names only,
i.e. not by processes. Because of this discrepancy, it is not possible to assume that substitution
of the A-calculus can be translated straightforwardly into the same mechanism in the 7-
calculus.

We will see that M[N/x] has to be modelled using replication on N. Since copies of repli-
cated processes are extracted through the congruence !P =P |!P and there is no restriction
on the congruence, the replicated substitution will always be present during the computa-
tion of the process generated by the translation, creating possibly undesired computations.
This is apparent in Milner’s encoding [25] (see also the formulation of Milner’s result The-
orem 4.3, Theorem 4.6, and Example 4.4. However, terms of the substitution that are no
longer needed (after all occurrences of x in M have been replaced) can be garbage-collected,
so correctness of operational correspondence can be achieved.

This ‘persistence’ of the substitution in the 7-calculus is absent in the standard A-calculus,
but is present in our version of the (lazy) A-calculus with explicit substitution, which is
called the explicit head reduction calculus. Explicit substitution is generally considered an im-
plementation of the A-calculus, where every “atomic step” of the substitution is represented
in the reduction relation; in explicit head reduction we restrict the applicability of substitu-
tion to head-variables only, leaving other occurrences untouched (we see this behaviour also
in Krivine’s machine). We will establish a correspondence between explicit head reduction
and synchronisation in the 7r-calculus, through which we emphasise that substitution in the
rt-calculus is more ‘fine-grained’ than that in the A-calculus, since it deals with substitutions
‘one variable occurrence at a time’.

We can then focus on what exactly is the notion of substitution that Milner’s encoding does
model, and shall argue that by encoding explicit rather than implicit substitution, Milner’s
encoding will enjoy a stronger operational correspondence (see Theorem 4.6), modelling
individual explicit lazy reduction steps.

Our translation is conceptually different from Milner’s, being an interpretation under output
rather than under input, which is a essentially the translation presented in [9]. Our transla-
tion has its origin in Gentzen’s encoding of natural deduction into the Sequent Calculus [17],
and is therefore logical in nature. Another difference between our approach and Milner’s
is that we model abstraction via a process that uses asynchronous output; this will allow us
to model reduction under A-abstraction as well, i.e. our new translation respects not only
(explicit) lazy reduction, but also the (larger) notion of explicit head reduction. Our transla-
tion is not the first one to do that; in [27] the translation of head reduction A-calculus into



the Fusion-calculus is presented. To obtain the main result, [27] need not change Milner’s
encoding, but achieves it as a consequence of the symmetric substitution mechanism intro-
duced into the Fusion-calculus. Moreover, their translation is not related to (classical) logic,
as is ours.

Expanding on these results, we will also define an alternative translation for which we will
show that full and complete step-by-step explicit Ax-reduction can be faithfully encoded into the
rt-calculus as well. From the representation of Ax follows that we can model A-calculus” B-
equality in full as well. We achieve this by generalising and modifying the logical translation.

For our translation we do obtain a strong correspondence theorem between reductions, but
we shall need the help of a restricted variant of contextual equivalence to match terms per-
fectly through renaming of bound output names (which corresponds to explicit a-conversion)
and garbage collection. Furthermore, our translation allows to establish a relationship be-
tween r-calculus and logic. In fact, the central idea behind this translation interprets a
typeable redex (a logical cut) as a synchronisation, which is, as mentioned above, essentially
based on Gentzen'’s translation of Natural Deduction into the Sequent Calculus. The idea of
giving a computational interpretation of the cut as a synchronisation primitive is also used
by [4] and [12]; in both papers, only a small fragment of Linear Logic was considered, and
the translation between proofs and the 7r-calculus was left rather implicit.

In summary, we feel we have gained faithfulness and clarity in considering the translation
from the A-calculus with explicit substitution to the rr-calculus. Our study shows that Mil-
ner’s encoding, as well as ours, cannot fully represent implicit substitution, but does that
for a limited version of explicit substitution, which, essenstiallty, is the minimal substitution
needed to reach the head-normal form of a term, if it exists.

Type system
The second question we address is:

How can we define a notion of functional (implicative) type assignment for the m-calculus
that can be naturally linked to such a notion for the A-calculus.

We will show a type preservation result for our translation, using the type system as
presented in [5]. This type system is different from standard type systems for 7 as it does
not contain any channel information and in that it expresses implication. It provides a logical
view to the 7r-calculus, where 7r-processes can be witnesses of formulae that are provable
(within the implicative fragment) in classical logic, as was shown in [5]; this implies that the
rt-calculus provides computational content to classical logic.

We will show in this paper that our translation preserves types assignable to A-terms in
Curry’s system, which, through the Curry-Howard correspondence corresponds to a Nat-
ural Deduction system for Implicative Intuitionistic Logic. Through this type preservation
result we show that our translation also respects the functional behaviour of terms, as ex-
pressed via assignable types, and establish a stronger, deeper relationship between sequen-
tial/applicative and concurrent paradigms. Our work differs in spirit from the results by
Honda, Yoshida and Berger [22] as their type system needs a linear restriction of the be-
haviour of the 7r-calculus to achieve a full abstraction result, as well as a typed language and
a type-based interpretation, a double negation elimination translation of types, and allowing
synchronisation in the 7r-calculus also under input and replication.

The results on the type system that we present here determines the choice of the rr-calculus
used for the translation: we use the asynchronous 7r-calculus enriched with pairs of names
[2]. In principle, our translation could be adapted to the asynchronous monadic 7r-calculus,
however we would not be able to achieve the preservation of assignable types. Our transla-



tion takes inspiration from, but it is a much improved version of, the translation of A-terms
in to the sequent calculus X [7, [8] — a first variant was defined by Urban [36] 37]; X is a
sequent calculus that enjoys the Curry-Howard correspondence for Gentzen’s Lk [18] — and
the translation of X into the 7r-calculus as defined in [5].

Our work therefore not only sheds new light on the connection between functional and
concurrent computation but also established a firm link between (classical) logic and process
calculi.

Paper outline

In Section 2, we repeat the definition of the asynchronous 7r-calculus with pairing, and in
Section 3 that of the A-calculus, where we present the notion of explicit head reduction ‘—’
which takes a central role in this paper. In Section 4 we briefly discuss Milner’s interpretation
result for the lazy A-calculus and establish a relation with explicit head reduction. Then, in
Section 5, we will define a translation where terms are interpreted under output rather than
input (as in Milner’s), and show in Section 5.1 that —y is respected by our interpretation,
modulo renaming and garbage collection; in Section 5.4, we show that renaming is not
needed when interpreting closed terms in the lazy A-calculus. In Section 6 we give a notion
of (type) context assignment on processes in 71, and show that our interpretation preserves
assignable Curry types, which is therefore logical. To conclude, in Section 7 we define an
encoding that respects full B-reduction.

This paper is a modified and extended version of the paper that appeared as [9]]; we have,
in particular, corrected the definition of explicit head reduction, addressed the termination
issue, and extended our results with those for the full encoding.

2 The asynchronous 7t-calculus with pairing

The notion of asynchronous 7t-calculus that we consider in this paper is the one used also in
[2,5], and is different from other systems studied in the literature [20] in that we add pairing,
and introduce the let-construct to deal with inputs of pairs of names that get distributed. The
main reason for the addition of pairing [2] lies in the fact that we want to preserve implicative
type assignment.

The m-calculus is an input-output calculus, where terms have not just more than one
input, but also more than one output. This is similar to what we find in Gentzen’s LK, where
right-introduction of the arrow is represented by

I'AkxB,A

(=R): —/———
I'hx A=B,A

with I and A multi-sets of formulae. Notice that only one of the possible formulae is selected
from the right context, and two formulae are selected in one step; when searching for a Curry-
Howard correspondence, this will have to be reflected in the (syntactic) witness of the proof.
Now if we want to model this in 7, i.e. want to express function construction (or abstraction),
we would also need to bind fwo free names, one as name for the input of the function, and
the other as name for its output. We can thus express that a process acts as a function only
when fixing (binding) both an input and an output simultaneously, i.e. in one step; we use
pairing exactly for this: interfaces for functions are modelled by sending and receiving pairs
of names.

We will introduce a structure over names, such that not only names but also pairs of names
can be sent (but not a pair of pairs); this way a channel may pass along either a name or a
pair of names.



Definition 2.1 (ProcEesses) i) Channel names and data are defined by:

a,b,c,d,x,y,z names
p == al{ab) data

Notice that pairing is not recursive.
ii ) Processes are defined by:

P,Q =0 Nil
] P|Q Composition
| 1P Replication
| (va)P Restriction
| a(x).p Input
| a(p) (Asynchronous) Output
| let(x,y)=zinP Let construct

iii) As usual, v is a binder, and the name 7 is bound in (vn)P; n is free in P if it occurs in P,
but is not bound.

iv) We call a process mute if it has no free output names.
v) A context C[-] is a process with a hole [ |.

Whether or not a process is mute is decidable, and preserved by internal reduction.

We consider processes modulo a-conversion, and abbreviate a(x).let (y,z) = xin P by a(y,z).P

and (vm) (vn)P by (vmn)P, and write a(c,d) for a{(c,d)). We explicitly convert “an output sent
on a is to be received as input on b’ via ‘a(w).b{w)’ (called a forwarder in [21]), which for conve-
nience is abbreviated into a-b.

It is worthwhile to point out that using pairing is not the same as working with the
polyadic (or even dyadic) mr-calculus, because in that setting each channel has a fixed arity,
whereas we allow data to be sent, which is either a name or a pair of names. This implies
that a process like @(b,c).P | a(x).Q can synchronise over a, but also that let (x,y)=ain P is
stuck.

Definition 2.2 (CONGRUENCE) The structural congruence is the smallest equivalence relation
closed under contexts defined by the following rules:

PlOo =P
PIQ = QJ|P

(PlQ)[rR = P[(Q[R)
(vn)0 = 0

(vm) (vn)P = (vn)(vm)P

(vn)(P|Q) = P[(n)Q if ngfn(P)

'p =P|lP = IP|IP
let (x,y)=(a,b)yinP = Pla/x,b/y]

We will consider processes modulo congruence: this implies that we will not deal explicitly
with the process let (x,y) =(a,b)in P, but rather with P[a/x,b/y]. Because of the third rule we
will normally not write brackets in a parallel composition of more than two processes. Also,
through structural congruence, we can consider !P a countable infinite repetition of P: take
4P AP, and 'ii1P Ap | 1,P, then !P A 1,P (where w is the cardinality of IN).

Computation in the 7r-calculus with pairing is expressed via the exchange of data.

7



Definition 2.3 (RepuctIoN) i) The reduction relation over the processes of the 7-calculus is
defined by following (elementary) rules:

(synchronisation) : a(p) |a(x).p — Plp/x]
(hiding) - P—nP = (vn)P =y (vn)P
(composition) : P—zP = P|Q—=zP|Q
(congruence): P=Q & P =z P & P=Q = Q —,Q

ii) As usual, we write — for the transitive closure of —,, and —7% for its reflexive and
transitive closure ; we write — (a) if we want to point out that a synchronisation took
place over channel 4, and write —, («) if we want to point out that a-conversion has
taken place during the synchronisation.

Part of our results will be shown using contextual equivalence, which is defined as follows:

Definition 2.4 (CONTEXTUAL EQUIVALENCE) i) We write P | n (and say that P outputs on n)
if P= (vby...by) (7(p) | Q) for some Q, where n # by ...by,.

ii) We write P || n (P will output on n) if there exists Q such that P = Q and Q | n.

iii) We write P ~c Q (P and Q are contextually equivalent) if, for all contexts C[-], and for all
n, c[P]{n if and only if C[Q] | n.

iv) We will use ~»¢ (called garbage collection) when we ignore a (sub)process because it is
mute, i.e contextually equivalent to 0: P | Q ~»¢ P if Q ~ 0.

Notice that ~; C ~; we will not use this equivalence in the opposite direction.
The following is a well-known result:

Proposition 2.5 Assume P does not contain a; then

—~
Sy
~
ENTERN
—~
=
~—
T
~—
¢

Q

$

T
S
~
=,

This expresses that synchronisation over internal channels is unobservable.

3 The Lambda Calculus (and variants thereof)

In this paper we will treat a number of different variants of the A-calculus, and different
notions of reduction thereon, which we will present in this section. We assume the reader
to be familiar with the A-calculus and just repeat the definition of the relevant notions. We
will look in particular at Bloo and Rose’s calculus Ax [13]], a version of the A-calculus with
explicit substitution, and state our results for Ax.

We will treat in the first part of this paper mainly Call-By-Name reduction systems, in
the sense that, in an application MN, reduction will take place only in M until either (1)
we reach in an abstraction Ax.P, after which we can contract the redex (Ax.P)N, or (2) it
will terminate when reaching a variable. The two main notions are lazy reduction, where
reduction stops on M when an abstraction is created, and head reduction, where we also can
contract (head) redexes inside an abstraction. Since these notions are defined by limiting the
contextual reduction rules of the A-calculus, in all notions we present here those rules are
present; this is in contrast to normal presentations that leave the contextual rules implicit.
Moreover, in view of the fact that we aim to build translations of these notions of reduction
into the mr-calculus where the translation of normal reduction is intricate, we will consider
versions of those two notions with explicit substitution, that can be accurately encoded.



Definition 3.1 (LAMBDA TERMS AND 3-CONTRACTION [10]) i) The set A of A-terms is defined
by the grammar:
M,N := x|Ax.M| MN

The variable x is bound in Ax.M, and free in M if it occurs in M but is not bound; a
term is closed if it has no free variables. We write AX.MN for Ax;---x,.MNj---N,,, with
n,m>0.

ii ) The one-step reduction relation —4 is defined by the rules:

(B): (Ax.M)N — MI[N/x]

ML — NL
M—-N = LM — LN
Ax.M — Ax.N

where M[N/x] is the (implicit, capture free) substitution of N for x in M, which takes
place silently.

iii ) The reduction relation — is defined as the transitive closure of — B —>Z§ is the reflexive,
transitive closure of — g, and =g the smallest equivalence relation generated by — .

iv) The head-normal forms with respect to B-reduction are defined through the grammar:
H := xM (n>0)| Ax.H

v) If M = A§j.(Az.P)QM, (Az.P)Q is called the head redex of M; if M = Ajj.xM, x is called the
head variable of M, denoted hv (M).

We adhere to Barendregt’s convention, so assume that bound and free variables are always
distinct, and assume that reduction is capture avoiding, using a-conversion whenever nec-
essary.

3.1 Lazy and head reduction

In implementations (and semantics) of the A-calculus, implicit substitution [N /x| on terms
creates particular problems; many approaches to address this exist, varying from string
reduction, A-graphs, and Krivine’s machine [23]. Krivine’s machine essentially reduces
(Ax.M)N to M(x:=N), where (x:=N) represents a closure, that gets placed in an envi-
ronment. The actual replacement of N for x will only take place if x is at the start of M,
i.e. is its head-variable; since x might appear elsewhere, the closure cannot be removed and
the environment never shrinks. Krivine’s machine is deterministic and stops at weak-head
normal from, i.e. does not reduce under an abstraction. A closure gets applied only to the
head-variable, and since the environment is seen as a set of closures, the substitution rule
can be formulated as

—_— . e

(xM)[y=L) - (NM){y:=L) if (x:=N) e {y=L)

Since closures are never removed from the environment, the latter can only increase during
reduction. Notice that the normal form of a term corresponds to a term that has still (all)
substitutions pending in the environment. We will see that this strategy closely corresponds
to translations of A-term reduction in the 7r-calculus.

To encode the contraction (Ax.M)N —g M[N/x] in the rr-calculus, implicit substitution
has to be modelled using synchronisation, since this is the only computational action in the
rt-calculus. However, remark that synchronisation takes place one-at-the-time (i.e. one output



synchronising with one input), so each occurrence of x gets serviced separately; since a priori
the required number of copies needed of N is unknown, the distributive character of the
substitution of N for x in M has to be modelled using replication. Also, the interpretation
of M[N/x] itself is the result of running the interpretation of (Ax.M)N; since no step in 7
introduces replication, it is clear that also in the latter, the interpretation of N must appear
replicated in the same way.

As can be seen from the formulation of Milner’s result (see Theorem 4.3), since !P =P | !P,
even when all xs in M have disappeared as result of the execution of the interpretation of the
substitution M[N/x]|, the replicated substitution term will always remain. To not generate
too many running copies of N than are strictly needed, Milner engineered his encoding to
block the running of [N/x] by placing an input guard (as in !x(w).[N}'w), making the syn-
chronisation over x the deblocking action. Since the definition of reduction on the rr-calculus
does not permit synchronisation under replication or guard, this implies that reductions in
the right-hand term of an application cannot be modelled. Also, since A-abstraction is mod-
elled by Milner via input, reduction under an abstraction cannot be modelled. These two
restrictions imply that, using Milner’s approach which results in his encoding of the A-
calculus into the (synchronous, monadic) 7r-calculus as defined in Definition 4.1, only the
lazy A-calculus can be modelled, as defined below.

Definition 3.2 (LAzy AND HEAD REDUCTION) i) Lazy reduction for the A-calculus [3] is de-
fined by limiting the one-step reduction relation to:

(Ax. M)N — M][N/x]
M—N = ML— NL

We write M — N if M reduces to N using lazy reduction.
ii ) We define head reduction by limiting one-step reduction to:

(Ax.M)N — MI[N/x]

ML — NL

M=N = {Ax.M — Ax.N

We write M —y N if M reduces to N using head reduction.

This notion of reduction is shown to be head-normalising (with respect to —4) in [11]
(even quasi-head normalising); in fact, the normal forms for head reduction are head-normal
forms for normal reduction [38].

Notice that head reduction encompasses lazy reduction, since M — N implies M —y N,
but not vice-versa.

Example 3.3 There is a big difference between lazy and head reduction: take Ay.(Ax.xx)(Ax.xx),

then this term is in lazy normal form, since the one redex in this term occurs under abstrac-

tion. The term clearly has no head-normal form, since (Ax.xx)(Ax.xx) reduces only to itself.

For a less evident example, that uses the fixedpoint constructor as used to model recursion

in functional languages, take (Af.(Ax.f(xx))(Ay.f(yy)))(Aab.ab) which reduces as follows:
%*

(Af. (Ax.f(xx)) (Ay-f(yy))) (Aab.ab) 4
Ab. ((Ay.(Aab.ab)(yy)) (Ay.(Aab.ab)(yy)))b —
Ab. ((Ay.(Aab.ab)(yy))(Ay.(Aab.ab)(yy)))b —) -

The first part of this reduction (in lazy reduction) terminates in the second term, which is
in lazy normal form. We can then, of course, continue using head reduction; after three



steps, we reach the second term again, so this reduction does not terminate: notice that
no head-variable is produced, so the term has no head normal form and is a meaningless
term. This implies of course that lazy reduction is not suitable to define semantics for the
A-calculus, and only serves as a rather weak and minimal reduction strategy in the context
of programming languages, fine for a reduction strategy that is only interested in reduction
upto values, but not an alternative for S-reduction.

As argued by Sestoft [34], an implementation of the A-calculus reduction must do more
than represent lazy reduction, and model reductions under A-abstractions as well. For ex-
ample, taking the A-terms

two 2 Afx.f(fx)

four 2 A f(f(f(fx)))
add 2 Amnfx.mf(nfx)

then it is easy to check that
add two two 2 Amnfx.mf(nfx) two two

—* AMfx.two f(two fx)

2 Mx.(Agy.g(gy))f (two fx)

— Afef(f(two f))

2 Mref(F((Agy-8(gy))fx))

=" Mrf(f(f(fx))) £ four

However, lazy reduction would not go beyond the first step, since reduction under an ab-
straction is prohibited; thus add two two does not reduce to four. So, using Church numerals,
we cannot model computability using lazy reduction.

3.2 Reduction with explicit substitution

It is worthwhile to note that, although not mentioned in [25], the proof of Milner’s main re-
sult (Theorem 4.3 in this paper) treats the substitution as explicit, not as implicit; for example,
in the proof of Lemma 4.5 in that paper, case 3 considers the term xM[N/x] and NM[N/x]
to be different, whereas in the standard A-calculus these terms are identical. Under explicit
substitution, however, the terms xM (x:=N) and NM (x:=N) differ. It is therefore oppor-
tune to switch our attention to a calculus with explicit substitution; we take Bloo and Rose’s
calculus Ax [13], where a B-reduction of the A-calculus is split into several more atomic steps
of computation. Bloo and Rose add the concept of substitution to the syntax of the calculus,
making it explicit, by adding the operator M (x:=N).
The syntax of the explicit A-calculus Ax is an extension of that of the A-calculus.

Definition 3.4 (ExpLiciT A-caLcuLus Ax cF. [13]) i) The syntax of the explicit lambda calcu-
lus Ax is defined by:

M,N == x|Ax.M|MN | M (x:=N)

The notion of bound variable is extended by: x us bound in M (x:=N).
ii) Let m,n,k >0, then ho (A.xM (z1:=Np)--- (zx:=Ni)) = x.

10



iii ) The reduction relation —y on terms in Ax is defined by the following rules:

(B): (Ax.M)N — M (x:=N)

(Aps): (Ay.M)(x:=L) — Ay.(M{(x:=L))

(App):  (MN)(x:=L) — M {x:=L)N (x:=L)

(Var) : x(x:=L) — L

(ge) : M(x:=L) — M, (x € fo(M))
ML — NL
LM — LN

M—N = < Ax.M — Ax.N
M(x:=L) — N{(x:=L)
L{x:=M) — L(x:=N)

iv) We write —.- if only the rules (Abs), (App), (Var), and (gc) are applied in the reduction.
v) If M = (A§.(Az.P)QM) (v:= N), (Az.P)Q is called the head redex of M; if M = (Aj.xM){v:=N),
x is called the head variable of M, denoted hv (M).
Since the main rules have no critical pair, reduction is confluent.
Notice that these rules allow reduction to take place also inside the substitution term, as
expressed by the last rule.

Explicit substitution describes explicitly the process of executing a B-reduction, i.e. ex-
presses syntactically the details of the computation as a succession of atomic, constant-
time steps (like in a first-order rewriting system), where the implicit substitution of the
B-reduction step is split into several steps.

Proposition 3.5 (Ax IMPLEMENTS B-REDUCTION) i) M —p N = M —; N.
i) MeA&M—=;N=3dLcA [N—>LL&M—>; L].

We will show our main results for variants of Ax; since Ax implements p-reduction, we
also show our results for normal S-reduction (with implicit substitution).

In [9], two restrictions of reduction in Ax were defined which are useful for the results of this
paper. The main idea was to formally define a version of Ax that allows for, as for Krivine’s
machine, only the head-variable of a term to be replaced. We deviate from the approach of
Ax by using a notion of explicit substitution that is lazy, i.e. we postpone substitutions until
the (head-)reduction has reached the stage that the term to be substituted is needed in order
to be able to continue with the reduction. Remark that, in the context of implicit substitution,
we have no choice but to accept that, when contracting a redex (Ax.M)N, the parameter N
immediately gets substituted for all the occurrences of x in M. When moving to the context
of explicit substitution, this is no longer the case, and we can gain control over exactly which
occurrences of x do effectively need to be replaced immediately, and which can be postponed
until a later moment. The criterion, in the context of lazy reduction, is of course to perform
only those substitutions that are essential for the continuation of reduction: for example,
when contracting (xx) (x:=Ay.y), only the substitution to the head variable is essential to
make sure that lazy reduction can continue: this would yield ((Ay.y)x) (x:=Ay.y). The sec-
ond x will only be replaced when it becomes the head-variable, i.e. after the redex (Ay.y)x
gets contracted, yielding x (x:=Ay.y); now the variable is at the head, the postponed sub-
stitution can be applied which in turn yields Ay.y. So, in general, lazy explicit substitution
replaces only the lazy head variable of a term.
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3.3 Explicit lazy and head reduction

We will distinguish two notions of explicit reduction, namely explicit lazy reduction and
explicit head reduction; we will show that the first is modelled by Milner’s translation, and
the second by our translation, up to renaming.

Definition 3.6 (EXPLICIT HEAD REDUCTION CF. [9]) We define explicit head reduction —y on
Ax in the spirit of —, but give a central role to the notion of head-variable.
i) The reduction rules are:

(B): (Ax.M)N — M (x:=N)

(Abs) : _\(/\y.M) (x:=N) — AyiM(x:zN))

(App) : yM(x:=L) (y:=N) — NM(x:=L)(y:=N)

(60): M{x=L) — M, (x & fo (M))
ML — NL

M—N = ¢ Ax.M — Ax.N
M{x:=L) — N{x:=L)

ii ) We define explicit lazy reduction —, by eliminating rule (Abs), as well as the contextual

rule
M—N = Ax.M— Ax.N

iii ) We define —>fH and —>fL as variants of —,y and —;, respectively, that omit rule (gc).
Notice that the (App) reduction is the one implicitly used by Milner [25] in Lemma 4.5 (case
3), and corresponds to reduction in Krivine’s machine.

In both the notions of Definition 3.6, substitution is lazy: notice that we are reducing only
at the head of a term, and only when a variable mentioned in the pending substitutions ap-
pears in the head will that substitution be executed; this appears to be the implicit approach
of [25] (see Lemma 4.5, case 3).

Explicit lazy reduction of AxL has similarities with Krivine’s machine [23], since the explicit
substitutions correspond to closures. Krivine’s machine is deterministic and stops at weak-
head normal from, i.e. does not reduce under an abstraction, as in the explicit lazy reduction:
this is not true for explicit head reduction.

Example 3.7 i) In — we can reduce as follows:

(Ax.xx)(Ay.y) —xm (B)  xx{x:=Ay.y)

(
—xu (App) (Az.z)x(x:=Ay.y)
—xm (B)  z(zi=x)(x:=Ay.y)
—xu (App) x(z:=x)(x:=Ay.y)
—xu (gc)  x{(x:=Ay.y)

(

—xu (App) (Az.z)(x:=Ayy)  —xu (gc) Azz

Alternatively, we can execute (gc) at different moments, but the end result will be the
same. Notice the use of x-conversion.

ii ) Of course in AxH we can have non-terminating reductions, as illustrated by the following
reduction:
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(Ax.xx)(Ax.xx) —xa (B)
xx (x:=Ax.xx) —xu (App), (&)
(Ay.yy)x (x:=Ay.yy) —xu (B)
yy (y:=x) (x:=Ay.yy) —% (Ap)
xy (y:=x) (x:=Ay.yy) —u (Aep), (@)
(Az.zz)y (y:=x) (x:=Ay.yy) —xu (B)

2z (z:=Y) (y:=x) (X:=Ay.yy) —xu -
(notice the a-conversions, needed to adhere to Barendregt’s convention). This reduction
is deterministic and clearly does not terminate; notice that (Ax.xx)(Ax.xx) does not run
to itself; moreover, all terms are themselves —,y-redexes. However:

zz(z:=y) (y:=x) (x:=Ay.yy) —L
yy (y:=x) (x:=Ay.yy) —=L
xx (x:=Ayyy) =L (Ayyy)(Avyy)
The following proposition states the relation between explicit head reduction, head reduc-
tion, and explicit head reduction. Using Proposition 3.5, we can easily show:

Proposition 3.8 i) If M —p N by contracting a head redex, then there exists P such that M —3, P
and P =X N.
ii) If M = N, and N is in —y-normal form (i.e. in B-head-normal form), then there exists L € Ax
such that L is in Axa-normal form, and M —}, L and L =X N.
iii ) If M —}; N, then there exists L such that M —3, L and L —X N.
iv) If M —}; N, then there exists P,%,Q such that M —}; P(x = Q) —~ N, and P[Q/x] = N.
v) If M = N, then there exists L € Ax such that M — L and L =X N.

Notice that, in particular, the first part holds for single step reductions. Since head reduction
reduces a term M to B-head-normal form, if it exists, this implies that also — reduces to
head-normal form, albeit with perhaps some substitutions still pending.

Proposition 3.9 i) If M |xu N, then there exists a pure A-term L such that N —.- L and M — L,
and L is in A head-normal form.

ii) If M |x. N, then there exists a pure A-term L such that N —.- L and M —>z L,and L is in A
head-normal form.

This result gives that we can show our main results for Ax for reductions that reduce to
head-normal form, that are naturally defined as follows:

Definition 3.10 (cr. [24]) The normal forms with respect to —yy are defined through the
grammar: -
N = xM (n>0) | Ax.N | N(x:=M) (hv(N) # x)

Notice that, for example, under head reduction, any term of the shape (Ax.P)Q in one of the
M; in xM is not considered a redex.

Notice that the substitution applied to an application MN (x:= L) remains on the outside,
and will only disappear when the result of running that term will generate a term that no
longer has occurrences of x; this is not a feature of Krivine’s machine.
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Example 3.11 i) The rule (App) is necessary in order to be able to run:

(Ax.(AyxN)M)L —xu (Ay.xN)M (x:=L)
—xa XN (y:=M) (x:=L)
—xua LN (y:=M) (x:=L)

ii ) Substitutions are left after reducing, like (Az.yz)N —yy yz (z:=N); the latter term is in
—xg-normal form, since z is not the head variable.

4 Milner’s encoding results

Translations of the A-calculus into the 7r-calculus have been studied in detail over the last two
decades. The first and most prominent one — in the sense that almost all later translations
are variants — was defined by Milner [25]; that translation provides an abstract machine, in
spirit very similar to Krivine’s abstract machine. Notice that the rule (gc) is not modelled by
Krivine’s machine, since the set of closures is only ever extended, never made smaller.

4.1 Milner’s encoding

In his seminal paper [25], Milner defines a translation of the A-calculus into the (synchronous,
monadic) rr-calculus, and shows some correctness results. His Call-By-Name translation is
inspired by the normal semantics of A-terms, which states for abstraction:

MxMIH = G(Ade M.TMI,.)

So, also in the translation, instead of executing M[N /x|, the interpretation of M is executed
in an environment that binds N to the variable x. This leads to:

Definition 4.1 (MILNER’S INTERPRETATION [25]) Input-based translation of A-terms into the syn-
chronous 7t-calculus is defined by:

[x)'a & x(a) x#a
[Ax.M)'a 2 a(x).a(b).[M])'b b fresh
[MN}'a 2 (ve) ([M]'c| (vz) (¢(z).2(a). [z:= N}")) ¢,z fresh
[x:=M)" 2 1x(w).[M])'w w fresh

Milner calls [x := Mﬁ’I an “environment entry”; it could be omitted from the definition above,
but is of use separately. In [-}"a, the name 4 is the channel along which [M' receives its
argument; this is used to communicate with the interpretation of the argument, as made
clear in the third case, where the input channel of the left-hand term is used to send the
name over on which the right-hand term will receive its input.

Notice that both the body of the abstraction and the argument in an application get posi-
tioned under an input, and that therefore reductions inside these subterms cannot be mod-
elled; as a result, the simulation via the translation is limited to lazy reduction. It is possible
to improve on this result by extending the notion of reduction or congruence on 7, by
adding, as done in [22], P —; Q = x(v).P —, x(v).Q, but we will not follow that approach
here.

Example 4.2 Using [[-}"-, the interpretation of a B-redex (only) reduces as follows:

[Ax.M)N}'a & (ve)([Ax.M]'c| (vz)(e(z).c(a).[z := N}")) 4
(ve) (e(x).c(0). [My'D| (v2) (¢(z).2(a). [z:= NI)) =7 ()
(v2) ([M[z/x]y'a | [z:= NY) =« (z&[M)'D)
(vx) ([M[a | [x:=NJ')
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[(Ax.xx) )ty y))'a

1: (ve) ([Ax. xxﬂ c| (vz) (e(z).¢(a). [z := Ay.y)"))
(ve) (c(x).c(b). [xx}'b | (v2) (¢(z).¢(a). [z := Ay.y)")) =% (c)
2: (vz) ([zz) ﬂ|ﬂz = A1) 2
(vz) ((ve) (Z(c) | (Vzl)( (z1)-c(a). [z1 == z1")) | 12 (w). [Ayy)' w) — (2)
3: (v2) ((ve) ([Ayy)'c | (var) (€(z1).€(a). [21 := 2)")) | [z := Ay.yy") 4
(v2) ((ve) (c(y).c(b). (b} | (vz1) (c(z1).¢(a). [z1 :=2)")) | [z:= Ayy)) —5% (c)
4: (vz) ((var) (z1(a) | 121 (w). Z(w)) | [z := Ay.y)") — (z1)
5: (v2) ((vz1) (Z(a) | [z1:= Zﬁd) | [z:= Ayy1) ~rg
6: (vz) (z(a) | 'z(w). [Ay.y) w) —r (2)
7: (v2) ([My il Hz = Ayyy) ~e
8: [Ayy)

Figure 1: Running Milner’s translation of (Ax.xx)(Ay.y) of Example 4.4.

Now reduction can continue in (the interpretation of) M, but not in N that is still guarded
by the input on x, which will not be used until the evaluation of [M'a reaches the point
where output is generated over x. This implies of course that we can model reductions in
M that take place before the substitution gets executed, i.e. ‘under the abstraction’, but after a
tirst step in the evaluation of the redex: this implies that Milner’s encoding represents more
than just lay reduction; see Theorem 4.6.

Notice the ‘delay” mechanism that forms part of Milner’s translation through the guard
in !z(w). [N}'w. This has not only the advantage that reduction cannot take place ‘in the
argument of substitution’ [N}"w; also, no context can interact with this process, even after
a copy has been peeled off (via !x(w).[N}'w = x(w).[N}'w | [x := N}") the process [N}'x
cannot start running, since guarded by an input.

Milner states the main correctness result for his interpretation with respect to lazy reduc-
tion as follows:

Theorem 4.3 ([25]) For all closed A-terms M, either:
i) M = Ay.RIN/x], and [M}"'u —% (v%) ([Ay.R}"u | [x:= N}"), or
ii ) both M and [M"u diverge.

It is worthwhile to note that, although not mentioned in [25], in the proof of this result Mil-
ner treats the substitution as explicit, not as implicit; for example, in the proof of Lemma 4.5
in that paper, case 3 treats the term xM[N /x| and NM[N/x]| as different. In fact, although
stated with implicit substitution, Milner’s result does not show that lazy reduction (with
implicit substitution) is fully modelled, as made clear in the next example.

Example 4.4 In Figure 1, we show how to run the term (Ax.xx)(Ay.y) under Milner’s inter-
pretation. Notice that there we executed the only possible synchronisations, and that in the
reduction path no term corresponds to

(o) ([Ay-yi'c | (vz2) (clz).c(a). [z := Ay.yi"))

(e [(Ayy)(Ay.y)i'a). So, in particular (vz) ([zz)'a | [z := Ay.y)") does not reduce to the
result of the substltutlon [(Ay.y)(Ay.y)}"a. Of course reducing the term [(Ay.y)(Ay.y))'a
will also yield [[Ay y)'a, but we can only show that the two processes [(Ax.xx)(Ay.y)}'a
and [(Ay.y)(Ay.y)}"a have a common reduct, not that the first reduces to the second. So it is
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impossible to reduce the translation of (Ax.xx)(Ay.y) to that of (Ay.y)(Ay.y), and, thereby
Milner’s translation does not model implicit substitution itself.

4.2 Milner’s encoding and explicit lazy reduction

Although intuitively (vx) ([M}'a| [x:= N}") can be seen as [M[N/x]}"'a, Example 4.4 illus-
trates that these processes are substantially different. So is there then perhaps a relation
with explicit substitution? By close inspection it becomes clear that the reduction in Figure 1
actually simulates:

(Ax.xx)(Ayy) — (zz) (z:=Ay.y)

= ((Ayy)z) (z:=Ay.y)

— z1(z1:=2) (z:=Ay.y)

— z(z1:=2) (z:=Ay.y)

— (Ayy) (z1:=2) (z:=Ay.y)

— (Ayy) (z:=Ayy) — Ayy

(where the numbered lines in Figure 1 correspond to the respective terms in this reduction).
Notice that this contains some unnecessary a-conversions, and that the congruence rules take
care of part of the propagation of the substitution (in the last step before line 3); moreover,
this is a reduction in —. It is clear that (vx)([M]"a | [x := N}") is more related to the
explicit substitution, a fact we will exploit in Definition 4.5.

We can now show that we can generalise the above observation, and show a (more direct)
simulation result for Milner’s encoding but now for explicit lazy reduction; first we need to
extend that encoding to have it deal with explicit substitution as well.

Definition 4.5 We extend the interpretation of Definition 4.1 to Ax (and AxL and AxH) by

adding the case:
[M(x:=N)}'a 2 (vx)([M])'a|[x:=N}")

We can now show the that single explicit lazy reduction steps are preserved by Milner’s
interpretation:

Theorem 4.6 ([-}'+ PRESERVES —y,) If M —x, N, then [M}'a —%,~% [N}'a

Proof: By induction on the definition of explicit lazy reduction; we only show the interesting
base cases.
((AyM)N = M(y:=N)): [(Ay.M)N}'a = (4.2)
(vy) (IMJ'a | [y := N7) 2 [M{y=N)j'a
(x:=L) (y:=N) > NM{x:=L} (y:=N)) : [yM{x:=L) (y:=N)}'a
(Vyx) ([yMj'a| [x:=L}*| [y:== NJ)
(vy%) (vew) ([yMa---My1}en | (v2) (60 (2).En 0). [z = Mo })) | T o= LF | [y:= N}) 2=
(vyx) ((vew: 1) (¥(er) | (v2) (c1(z).-cr(a). [z:= Muf[) | -

(vz) (En(2)-Cufa). [z := Mu])) | [x:= L' [ty (). [NJ'w | [y := NJ') == (y)
(vyx) ((vew---c1) ([NJ'er | (v2) (e

(yM

=l

ci(z).ci{a). [z:= M) | ---
(vz) (Ca(2).Cu(a). [z:= Ma)")) | [x:= L)' | [y:=NJ") 2
[NM{x:=L) (y:=N)}'a
(M{x:=P) =M, x¢fo(M)): [M{x:=P))'a 2
(vx) ([M)'a ] [x:= P) = (xgfo(M))
[M}al (vx) ('x(w). [P} w) ~e [M]'a
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Notice that, in particular, we do not need the A-terms involved to be closed, so our result
is a generalisation of Milner’s. Also, garbage collection is only used in the last case. Of
course we can show:

Corollary 4.7 If M is closed, and M —}, (Ay.N){(x:=L), then [M}'a —%,~% (v%) ([Ay.N}"a |
[x:=L".

which is Milner’s main result, but stated using explicit substitution, as we think it should
have been.

Milner does not consider garbage collection for his result; since above garbage collection

is only used to model rule (gc), we can restate Milner’s result using -

Corollary 4.8 If M is closed, and M —5* (Ay.N){x:=L), then [M}'a —} (#%) ([Ay.N}'a|[x := L}").

Notice that, without garbage collection, (Ax.xx)(Ay.y) —& (Ayy) (z1:=z) (z:=Ay.y)
(see Example 4.4) where the latter is in normal form.
We can of course also restate these results using normal lazy reduction:

Theorem 4.9 (SIMULATION OF LAZY REDUCTION UNDER MILNER’S ENCODING) i) If M —; N,
then there exists M’ such that [M)'a —} [M'}"a, and M' —* N.

iit) If M is closed and lazy normalising, then there exists N, N’ L%, L such that M —, Ay.N, and
[IM)'a =%, ~% (%) ([Ay.N'}'a | [x := L}"), and Ay.N'{x:=L) —* Ax.N.

Proof: By Theorem 4.6 and Proposition 3.8. O

In Section 5.4 we will show that we can even state the last result without ~».

5 A logical, output-based translation of A-terms

We have repeated above that Milner’s interpretation respects lazy reduction. In this section,
we will show that it is possible to deviate from Milner’s original approach to the translation
problem and actually make a gain in the process. Inspired by the relation between natural
deduction and the sequent calculus [18], interpreting terms under output rather than under
input, and using the rr-calculus with pairing, we can define a different translation of the
A-calculus into the 7-calculus. Although the main objective of our translation is to show the
preservation of type assignment, we also achieve a more expressive translation that preserves
not just lazy reduction, but also the larger notion of head reduction.

Our translation follows from — but is an improvement of — the concatenation of the trans-
lation of the A-calculus into X’ (which established a link between natural deduction and the
sequent calculus) as defined in [8], and the interpretation of X into the 7r-calculus as defined
in [B]. The idea behind the translation stems from the observation that, in the A-calculus,
all input is named, but output is anonymous. Input (i.e. a variable) is named to serve as a
destination for the substitution; output need not be named, since all terms have only one re-
sult (represented by the term itself), which is used in sito. Translating into the (multi-output)
rt-calculus, this locality property no longer holds; we need to specify the destination of a
term, by giving a name to its output: this is what the translation does.

Our translation is defined by:

Definition 5.1 (OUTPUT-BASED INTERPRETATION OF A-TERMS IN 77) The mapping -}'- is de-
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T(Ax.xx)(Ay.y)i'a 4

(ve) ((vxb) (Texy' b | c(x,b)) | c(o,d). ((TAy.y i o | d-+a)) —r (c)

(vab) (Txx ' b | ' TAy.y ' x | b»a) A

(vxb) ((ve) (x(w).c(w >| (0,d). (Txy' o [d=b)) | ! (vyb) (Tyy'b|X(y,b)) |b-a)  —n(x)

(vab) ((ve) ((vyb) Ty b [e(y, b)) | c(o,d). (Txj o d+b)) | 1TAyyi x [ba)  —x(c), 2

(vab) (vyb') (y (w). b (w) | 1x (w). g(w) | b =b) |1 (vyb) Ty b | X(y,b)) | boa) —x(x,y),2=4 (2/y)
(vab) (vyb') (vzb) (Tzi'b | b (z,b)) | 1x (w). G(w) | b'b) [T Ay.y ) x | b-a) —n (b'b), 2

(vx) ((vy) ((vzb) (Tzy'b | a(z,b)) | 1x(w). g(w)) | TAy.y) %) =
(VZbZ)(HZJJ by |a(z,b2)) | (vxy) (Txj'y [ TAy.0yy x) ~rg

(vzb) (Tz)'b | @(z,b)) A TAzzj'a

Figure 2: Running (Ax.xx)(Ay.y);'a

fined by:
Txj'a 2 x(w).a(w) xX#a
TAx.Mj'a & (vxb) (TM}'b|a(x,b)) a,b fresh
TMNj'a & (ve)(TMj'c|c(v,d). (TN v |d=a)) a,b,c,d fresh
TM(x:=N)j'a = (vx)(TM}'a| !ﬂNjIx) a fresh

In particular:

e We see a variable x as an input channel, and send its input to the output channel a that
we interpret it under;

e For an abstraction Ax.M, we give the name b to the output of M; that M has input x and
output b gets sent out over a, which is the name of Ax.M, so that a process that wants
to call on this functionality, knows which channel to send the input to, and on which
channel to pick up the result;

e For an application MN, the output of M, transmitted over c, is received as a pair (v,d)
of input-output names in the right-hand side; the received input v name is used as
output name for the interpretation of N, enabling the simulation of substitution, and the
received output name d gets redirected to the output of the application a.

Notice that only one replication is used, on the argument in an application; this imple-
ments, as for Milner’s encoding, the (distributive) substitution on A-terms. Also, every N j'a
is a process that outputs on a non-hidden name a (albeit perhaps not actively, as in the third
case, where it will not be activated until input is received on the channel ¢, in which case it
is used to output the data received in on the channel d that is passed as a parameter), and
that this output is unique, in the sense that a is the only output channel, is only used once,
and for output only.

This observation immediately gives:

Proposition 5.2 (va) (TMj'a) ~c 0.
We will use this proposition for garbage collection during reduction of interpreted terms.

Example 5.3 To illustrate the encoding, Figure 2 shows how to reduce [l(Ax.xx)(Ay.y) ' a (see
Example 3.7).

To underline the significance of our results, notice ihat ﬂ’le translation is not trivial, since
Ayz.y and Ax.x are interpreted by (vyb) ((vzby) (y(w). by (w) | b(z,b1)) |a(y,b)) and (vxb) (x(w).b(w) |
a(x,b)), respectively, processes that differ under ~.
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That we use asynchronous synchronisation in our translation is not only convenient —
since it allows us to express not just lazy reduction, but also head reduction as well, as we
will show in the next section — it is also necessary:

Example 5.4 Assume that TAx.M'a = (vxb) (a(x,b).TM'b), then T(Ay.y) (Ax.x)'a would run
as follows:

T(Ay.y)(Ax.x)j'a = (ve) ((vyb) (c{y, >“yﬂ b) [c(v,d). ({TAx.x} v |da))
—(€) Evybg Tyi'b ] TAx.x)'y | b-a)
e (

z,é vyb) (y(w)- B} | (vxe) (7€) Txe) | TAx.x]y | D)
=2 (y,b), ~¢ (vxe)(Txj'e|a(x,e))
? TAx.xj'a

which clearly shows that we generate an asynchronous output in the interpretation for the
result of the reduction. To obtain a translation that respects reduction, we therefore had to
define it using asynchronous output for the abstraction. This then, fortunately, opened up
the possibility to model reduction under abstraction as well.

5.1 Preservation of explicit head reduction

In this section, we will show that our translation respects explicit head reduction. By the very

nature of that translation this result is not exactly “ If M —u N, then TM'p -1 TN}'p ”

but instead gets formulated via a relation that also permits renaming of output and removal

of mute processes, i.e. garbage collection. The renaming equivalence is defined and justified

via Lemma 5.6, which states that we can safely rename the output of an interpreted Ax-term.
First, we need the following:

Lemma 5.5 (va)(c(v,d).(\TMy'v|d-a)|ave) ~c c(v,d).(va)('TMy'v|d-a|a-e).

Proof: Any context that interacts with either the left or the right-hand side has to do so via
c(b,g); in both cases this yields the process (va) (! TM}'b | g+a|a-e). [

We use this Lemma to show that we can safely redirect the unique output of interpreted
lambda terms:

Lemma 5.6 (RENAMING LEMMA) (va) (TN 'a|ave) ~c TNj'e.

Proof: By induction on the structure of terms in Ax.
(N=x): (va)(Txj'a|a-e) 2 (va)(x(w).a(w)|a(w).e(w)) ~c x(w).e(w) & Fxj'e
(N=Ax.M): (va)(TAx.M}'a|ase) £

(va) ((vxb) (TMy'b | a{x,b)) | a»e) —, (agTMy'b)

(vxb) (TM'b | e(x,b)) A TAx.Mje
(N=PQ): (va) ([PQFa | ase)
va) ((ve) (TPy'c|c(v,d).(!\TQ) v |d=a)) | a~e)
ve) (TPy'c| (va) (c(v,d). (\TQy v | d=a) | a»e))
ve) (TPy'c|c(v,d). (va) (a»e | 'TQ} v | d-a))
ve)(TPy'c|c(v,d). (ITQ) v | d-e))
(N=M((x:=L)): (va)(TM(x:=L)}'a|a-e)

() (vx) (TME'a | 1TLY 2) | asc)

(vx) ((va) (TM'a | a=e) |Tx:=Lj")

(v) (TMe | 1TLE )

e

2

(
r (5.5)
r

o N

(va)
(ve)
(ve)
(ve)
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Notice that, in the second part, reduction takes place over a private channel, so the processes
involved are contextually equivalent by Proposition 2.5.

Definition 5.7 i) We will use ~+ if we want to emphasise that two processes are equivalent
just using renaming, i.e. define: (va) (P |a-e) ~»; Ple/a] if ais the only free output of
P and is only used to output.

ii) We define ~7 as =5 U ~5 U ~a4.

Notice that ~+; C ~(; again, we use an arrow notation to indicate that we will not use this
equivalence in the opposite direction. Since we will use renaming only on bound names, this
step corresponds to an explicit a-conversion. More importantly, in particular, (va) (TNj'a |
awe) ~x N e

Using Lemma 5.6, we can show the following;:

Example 5.8 The translation of a B-redex (Ax.P)Q will yield a process containing a synchro-
nisation that receives on the input channel called x in the interpretation of P, and the inter-
pretation of Q being output on x (see Theorem 5.9).

T(Ax.P)Qj'a £  (vc)((vxb) (TP}'b |e(x,b)) | c(v,d).('TQ} v |d=a))
—x(c) (wbx)(TPy'b | b-a|!TQ} x)
~e o (x) (TP a | !TQ) x) A TP(x:=Q)}'a

This implies that B-reduction is implemented in 7 by at least one synchronisation in 7.

Notice that this example justifies the last clause of the definition of our interpretation in
Definition 5.1.

As in [25] 30, 32], we can now show a reduction preservation result for explicit head reduc-
tion for Ax, by showing that rt preserves — up to ~+5. Since reduction in interpreted
terms takes place over hidden channels exclusively, we have ~+} C ~ and could have shown
the following result using ~.. However, the current formulation is more expressive since it
states exactly how interpreted terms are related; notice that again we do not require the
terms to be closed.

We will now show that our interpretation respects explicit head reduction.

Theorem 5.9 (T-}'- PRESERVES —yy) If M —xyy N, then TMj'a ~% TN 'a

Proof: By induction on the definition of —y, of which we show only the interesting base
cases.

((Ax.M)N — M (x:=N) ) : By Example 5.8.
((Ay.M) (x:=N) = Ay.(M (x:=N))) : T(Ay.M)(x:=N)j'a 2
(v2) (vyb) (TM{ b | a(y, b)) | 1IN} x) =
(vyb)((vx)(ﬂMﬂ b|'TN}'x) |a(y,b)) A MAy.M(x:=N)j'a
(xM{y:=L) (x N)—>NM(y L) (x:=N)): [xM{y:=L) (x:=N)|'a 4
(vx7) (HXMJI a| MLy [ 1IN} x) 2
(vxp) ((ve) (TxMy-+-My_1j' cu | e (0,d). (\TMyj'o | d+a)) [ITLFy [ (TN'x)  A,=
(vxg) ((ven:--c1) (x(w).er(w) | ey (b,d). ((TM1 b [dvco) | - |

cn(b,d). ('TM, 'b | d»a)) | 'TLi'y | TN T x | 'TN [ x) ~sp (%)
(vxiy) ((vey---c1) (TN er | er (b,d). \TMy1 ' b | d»co) | -+ |
e (b,d). (TM,J'b | da)) | TERY | ING ) A
TNM;i---My(y:=L) (x:=N)j'a
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T(Ax.xx)(Ay.y) i a £l

(ve) (vxb) (Txxy' b | 2{x,b)) | e(v,d). (1T Ay.yy 0| d+a)) —r (), ~r

(vx) (Txxja |1 TAy.yy x) =

(vx) ((ve) (x(w).c(w) | e(v,d). (Txi’o | d=a)) | (vyb) (Tyi b | Xy, b)) —n(x)

(vx) ((ve) ((vz b)(“Zﬂ [2(z,b)) [c(w,d). (Mo dea)) [1TAyyy %) —r(c), ~r

(vx) (v2) (Tzi'a [ Txj'2) | T Ay x) =2

(vx) ((v2) (z(w).-a(w) | x (w).Z(w) [ Txyz) [ FAy.y) x) ~m

(vx) ((v2) (x (w).a{w) | Ty’ z) [ TAy.y ) x) ~G

(vx) (x (w).aw) | ! (vyb) (Tyy' b | %(y, b)) = (%)

(vx) ((vzb) T2y b | a(z,b)) | TAy.yi' %) 2~ Thzzjla

Figure 3: Running T(Ax.xx)(Ay.y);'a with renaming.

(M(x:=N) =M, x¢fo(M)): TM(x:=N)j'a 2
(vx) (TMJ'a | 1TN} x) =
IMi'a | (vx) (1N x) ~e TMJ'a O

So, perhaps contrary to expectation, because abstraction is not translated using input, we can
without problem model reduction, modulo renaming, under a A-abstraction.

Notice that, in this proof, reduction is only used in the first case, and that renaming
(which might involve reduction) is used in the first and third case (notice that there we
use (vx) (TN ' x | x(w).c1{w)) ~» TN ' cq); the other cases are dealt with by congruence and
garbage collection. Also, notice that by Proposition 5.2 the process (vx)(!TNj'x) is mute
(contextually equivalent to 0, and therefore garbage), a property that is used in the fourth
case of the proof above. Moreover, as for —;, garbage collection is only used to model (gc).

Example 5.10 In Example 3.7, we showed (Ax.xx)(Ay.y) —%; Az.z. Then, by repeatedly ap-
plying Theorem 5.9,

T(Ax.xx)(Ayy)i'a ~% Txx(x: —Ayy}
~r T(Azz)x(x:=A > a
~n Tz{zi=x) (= Ay.y)i a
% Txlzr=a)(x=Ayy)ia
~ ﬂx(x:szy)
~yk ﬂ()»z.z)(x::)xy.wfa ~% TAzz)'a

Figure 3 give the details of this reduction; notice that it uses renaming which was not used in
Figure 2. Mark that the first and third (App)-step are executed through —, and the second
through renaming.

Notice that, because the translation implements a limited notion of substitution, as for
Milner’s translation, the reduction does not run past

(ve) (MAy.yi'c|c(o,d). (‘TAyyi'o|d+a)) 2 T(Ayy)(Ayy)i'a
We can now show operational soundness.

Theorem 5.11 (OPERATIONAL SOUNDNESS FOR —yy) 1) If M —J N, then TM'a ~»% TN 'a
ii) If M —5i N, then TM{'a —%, ~>: TN a
iii ) If My, then TMj'a ™.

Proof: The first is shown by induction on the length of reduction sequences using Propo-
sition 3.5 and Theorem 5.9; the third follows from the observation that each infinite —y
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reduction sequence has infinitely many (p) steps, and each of these corresponds to at least
one rt-synchronisation step, as shown in Example 5.8. U

Notice that the second case states the result for —£; and shows that garbage collection in
the 7-calculus is only needed to model the rule (gc) of —xy.
Theorem 5.11 directly leads to:

Corollary 5.12 If M =}, (Ax.N) (y:=L), then TMj'a ~>% (vij) (TAx.N'a | ! TL}'y).

a reformulation of Milner’s result.
Since lazy reduction is included in head reduction, we also have:

Corollary 5.13 If M —}, N, then TM'a ~»* TN 'a
Since ~+} C ~, and ~ is symmetric, we immediately get the following;:

Corollary 5.14 i) If M =}y N, then TMj'a ~. TN 'a
i) If M=xq N, then TMj'a ~. N |'a

which states that, in fact, our encoding gives a semantics for explicit head reduction.

As to an operational completeness result “If TM'a —, Q, then there exists N such that
M =}, N, and Q =% R and R ~c Nj'a”, this does not hold in general, as illustrated by the
next example

Example 5.15 Observe that (Ax.(Ay.zN)(xM))(Au.L) —xu
(AyzN)(xM) (x:=Au.L) —xu
zN (y:=xM) (x:=Au.L)
and that, assuming z # v, x, this last term is in —yy-normal form. As by Theorem 5.11, we

have
T(Ax.(Ay.zN)(xM))(Au.L)j'a ~3% TzN(y:=xM){x:=Au.L)}'a

However, we can now continue reduction in a way not intended by our explicit head reduc-
tion:

TzN(y:=xM)(x:=Au.L)}'a

(vx) ((vy) (TzNj'a | 'TxMj'y) | 'TAu.Lj* x)

( xy) (TzNy'a | FxMy'y | TAu.Ly x | 'TxMj'y | 'TAu.Lj x)
(vxy) (TzNy'a | (ve) (x(w).c{w) | c(v,d). \TMy 0| d-y)) | (vub) (TLy'b | x(u b)) ‘T .

MxMy'y ['TAu.Ly' x) —

(vxy) (TzNy'a | (ve) ((vub) (TLi'b | €{u,b)) | c(v,d). \TM o |d-y)) | ' TxMj'y | 'TAu.L}" x)

(vxy) (TzNj'a | T(Au.L)Mj'y | 'TxMj'y | 'TAu.Lj' x)

1=

S
—~

Il

which does not correspond to a —xy-reduction.

We can only show the desired completeness results when blocking this kind of synchronisa-
tion step and will address this issue in the next section.

5.2 On Termination

In the context of encodings, since the notions of reduction vary greatly between various
calculi, it comes as no surprise that normally not all the desired properties are preserved. For
example, the preservation of termination “if M terminates, then so does [ M]” cannot always be
shown. Take, for example, the A-calculus and Combinatory Logic (cr) [16]; although these
are naturally linked, the fact that reduction is strong in the first and weak in the second
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makes preservation of termination complicated. Note that although the encoding of the
A-calculus into cr (for details, see [10]) is well behaved in that reduction is preserved, the
reverse encoding is not complete nor preserves termination:

Example 5.16 ([10]) i) t=S(K(SII)) (K(SII)) is a normal form, but [t]x — ¢
which does not have a f-normal form, and not even a head-normal from, so no observ-
able behaviour.

ii) t = SK((SII)(SII)) has no normal form, while [t], =} Ax.x.

B

(See [6] for a discussion on approximation semantics and full abstraction for Combinatory
Systems).

For another example, neither the encoding of recursive programs into the A-calculus is
terminating; this uses a fixed-point construction to represent recursion, typically via the term
Af.(Ax.f(xx))(Ax.f(xx)), which already on its own does not terminate, leaving encoded
functions with non-terminating parts. This could be solved by enforcing a reduction strategy
on the target language, typically via lazy reduction, but at the price that, as argued above,
Church numerals are no longer considered a good encoding for numbers. It should be
clear that this does not imply that the A-calculus is not a proper model of computation, so
termination is not a decisive criterion on the suitability of an encoding.

We encounter the termination problem with translations of the A-calculus into the -
calculus: as argued above, to model implicit substitution replication has to be used, which
potentially introduces non-termination. For Milner’s encoding, termination causes no diffi-
culties, In fact, it solves the termination problem because the interpretation of the substitu-
tion of N is placed under guard (as in !x(w). [ N}'w) which blocks the running of arbitrarily
many copies; the synchronisation over x is the deblocking action for a peeled-off copy. Es-
sentially, termination is achieved because each reduction step taken to reach the lazy normal
form corresponds to a finite number of synchronisation steps in the 7m-calculus, and in the
created process

(72) ([Ay-Ry'u | [x:=NJ') = (7%) (u(y).u(0). [R"v | !x(w). [N]'w)

no synchronisation is possible inside [R}'v or [N}"w, since these are both placed under input;
the termination result comes, therefore, at the price of restricting the interpreted reduction
on A-terms to the large-step reduction to normal form of the lazy A-calculus.

Notice that Theorem 5.11 shows that under - ' the internal reduction in the image of A-
terms is unobservable, and that the translation of a term is (renaming, garbage collected)
equivalent to the translation of its normal form. Since internal reductions are not ob-
servable, this does of course not preclude that the translation perhaps creates an infinite
amount of reductions that do not correspond to reduction steps in Ax; and, in fact, since
replication is unguarded, inside the translation of the explicit substitution TM (x:=N) Ja 4
(vx) (TMj'a | !TN}'x), infinitely many copies of TN ' x are free to run, each exposing no ob-
servable behaviour since x is bound, but this introduces a form of non-termination and no
longer simulates the interpreted term; since the 7r-calculus has no notion of erasure, this will
always leave a non-terminating part.

So is this problematic? By the proofs shown in the previous section, clearly the replication
issue does not affect our translation results, but it could be problematic when we aim for
termination, i.e. if we want to show that a terminating explicit head reduction is interpreted
via a terminating reduction.

We can achieve termination easily by changing the interpretation through the placement,
as for Milner’s, of a guard on the replication.
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T(Ax.xx)(Ag.q)ja 4 =
(ve) ((vxb) (Txx b | cx, >)\ (v,d). (To:=Aq.qy | d~a)) —r (c)
(vxb) (Texyb | Tx := Ag.qy | b+a)
(vab) ((ve) (x(2).z+c | c(v,d). (T0:=xy |d=D)) | ! (vw) (X(w).TAq.qgw) |b-a) =z (x)(y/q)
(vab) (vaw) ((ve) (w-sc | ¢(v,d). (To:= x| d=b)) |

(vyt') (Tyyb' | @y, b)) | Tx:= Aq.qy | b+a) —z (w)

(vxb) ((ve) ((vyd") (Tyy b’ |e(y, b)) [ c(v,d). (To:=xy |d=b)) | Tx:=Aqqy | b+a) —x(c)
(vab) (vyb') Tyt | Ty == xj | 0'=b) | Tx := Aq.qy | b>a) 4
(vxb) ((vyb') (y(2).z»b' | 1 (vw) (g(w).Txjw) [ b'+b) | Tx := Aq.qy | b+a) = (Y)
(vxb) ((vyb") ((v') (w' b | x(2).z»w') | Ty := x| b'b) |

(vw) (x(w). (vrb”) (Try b | @(r,b"))) | bsa) — (x)
(vab) ((vyb') ((vw) (V') (w'+b' |w-sw') | Ty = xy |V/+D)) |
(wrt") (Tryb” |@(r,b")) | Tx := Aq.qy | b»a) —x (w,a/,b,b)
(wrt") (Tryb” [a(r,b")) | (vay) (Ty = xy | T := Aqqy) ~c
(vrb) (Tryb | @(r,b)) A TArrja

Figure 4: Running M(Ax.xx)(Ay.y)a

Definition 5.17 (TERMINATING INTERPRETATION OF THE A-CALCULUS IN 77) The mapping I'- -
is defined by:

Txja 2 x(z).z-a x#a
TAx.Mja & (vxb)(TMjb|a(x,b)) b fresh
TMNja 2 (vc)(TMjc|c(v,d).(Tv:= Ny |d-a)) b,c,d fresh
Tx:=Nj 2 !(vw)(X(w).INjw)

Notice that this translation maps into the synchronous m-calculus, but that, as before, ab-
straction is modelled using an asynchronous send. Now running an interpretation needs
more steps, as can be seen from Figure 4 and termination is easy to show.

This alternative encoding I satisfies all properties show above for T-}'-, as could be
shown using the same techniques as we have used above. The reason we did not present this
as our main encoding lies in the fact that I'- - is the ‘natural’ encoding that directly follows
from the logical foundation, and the use of guards is but a ‘fix’ to achieve termination, and
not needed for any of the simulation results: for example, we would still need renaming.

It is straightforward to show that termination is now preserved; we skip the proof.

Theorem 5.18 i) If M —}; N, with N in —xy-normal from, then "M jalx.
ii) If M =5 N, with N in head-normal from, then TMyaln.

iii ) If M 1g, then TMja lr.
Notice that we can prove a completeness result for this changed encoding;:

Theorem 5.19 (OPERATIONAL COMPLETENESS FOR I |- WITH RESPECT TO —yy) If TMja—,Q,
then there exists N such that M —}, N, and Q —% R and R ~»%, ~»% TN ja.

Proof: Notice that synchronisation over x in
Ty:=xMj |Tx:=Au.Ljy 2 !(vw)(y(w).TxMjw) | ! (vw) (x(w).MAu.Liw)

(in Example 5.15 this is !TxMj'y | ITAu.L} x) is impossible, since input over x occurs un-
der guard. So reduction in the image only takes place if the ‘receiving’ channel does not
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occur inside a replicated process. Since the only synchronisations possible are those that
correspond to a —xy-redex, and in that case, also M contracts (to N, say); notice that then
perhaps renaming and/or garbage collection might be necessary to reach TN 'a. (]

5.3 Call by Need reduction

An alternative to placing a guard is to limit the reduction engine in the 7r-calculus to call
by need reduction, much the same way that reduction in the A-calculus is limited to lazy
reduction to achieve termination of the encoding of computable functions. Another reason
is that now the full encoding we present in Section 7 is a variant of our main encoding I- ' -;
had we used guards there would be no real relation between the two.

The restriction we introduce is to allow unfolding of !P into P | !P only if there is a need
to; we see replicated processes as ‘sources’, into we tap at need, but that are not allowed
to start unfolding by themselves. We therefore need to change the nature of the reduction
relation through a change in the congruence relation.

Definition 5.20 (CarL BY NEED REDUCTION) i) We call an input name reachable in P if it
occurs free at and least once not under replication, and is not used for output.
ii) We write P? to express that a is the only free output of P, and only used for output.

iii) We define the reduction relation —y, as in Definition 2.3, but replace ‘lP =P |IP =
P | IP’ in the definition of congruence by

Q|!'Pt =y (va)(Q[a/b]|P[a/b])|!P (b is reachable in Q)

Whether a name is reachable is decidable. Notice that, in the congruence rule, we need
to replace b by a new name a to stop !P” from unfolding again towards Q. In particular,
(vx) (x(w).a(w) [ 1IN} x) =5 (vx) ((vy) (y (w).a(w) [IN}'y) [ TTN] x).

We now show that the interpretation of an explicit head-normal form is in call by need
normal form.

Lemma 5.21 (NORMAL FORM PRESERVATION WITH RESPECT TO —y ;) Let Aﬁ.x]VI (z:=N) be an ex-
plicit head-normal form, then the process [Ajj.xM (z:=N) 'a is in call by need normal form.

Proof: Ay.xM (z:=N)j'a
(v --z1) (vyrar- - -Yuan) ((ver- - -cm) (x (). G (W) | om (0,d). (MM 0 | d> ) | -+ |
c1(v,d). (M0 | dvan)) | @1 (Yn,an) | - [@{y1,a1)) [ (TN1 22 | oo [T 24)

Now we can make the following observations:

i) no synchronisations can take place over any a;: the output a is free, and no process
inputs on it, and all 4; can only be used for synchronisation after synchronisation over
a;_1 (where ap = a) has taken place, so all are blocked;

ii) the replication on 'TM;}'v cannot unfold since the v is an input variable, so cannot
appear free elsewhere.

iii ) the replication on !TN;}'z; cannot unfold since each z; occurs (if at all) in a ![TM]-jH b, or
inside a !TN; I zj, S0 is never reachable.
So this process is in call by need normal form. [

It is easy to show that in the interpretation of a Ax-term, all but the head-variable will
occur under replication, so under call by need reduction, processes trying to synchronise on
channels that have A-variable names are all blocked, but for that communicating with the
head-variable. This implies that we can express the result of Theorem 5.9 in terms of call by
need reduction.
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Theorem 5.22 (M- ' PRESERVES —yy WITH RESPECT TO —yr) If M —xu N, then TM'a ~3% TN ['a
il 1 NTT 1

Proof: By Theorem 5.9, we already know that TM'a ~3% TN}'a; if the new congruence rule
for replication is applied, we need to check that the input name involved is reachable.
In fact, if M is not in —yy-normal form, then either:
(M =Ay.xM(z:=N) (x:=L)): [Ag.xM (z:=N) (x:=L)|'a 2 (proof of 5.21)
(vze - -z) (Wi Yun) (ver- - ) (). Enfon |
cm (v, d). (1 TM m%v|d»cm,1) |- |c1(v d). ('WMU U]d»anﬂ)L
ll

u1(Yn,an) | -+~ |@(yr,m)) [ 'TN1y 21 | - '”Nkﬂ Zk\ =~ (5:20)
(vzi---z1) ((vyrar- - ypan) ((ver - cm) ((vw) (TN w|w w). G (w
cm (0,d). \TMyy v | d»cp_1) |-+ | a1 (0,d). ("M v]d»an”)
ﬂn—1<3/n/ﬂn>\”’\ﬂ}/hﬂﬁ)\'mm 21 |- | ING 2 [T ) o
vzg---z1) ((vyrar- - -ynan) ((ve TNy cm
( kcm(lv),gi()%!lmm%"v’f)uz&(c Dl )(\c (v, d)’( foldea ],
B W) | - | 20,m) [ TN 21 |- '”Nkﬂ z | ITL} x
Notice that x is reachable, so call by need congruence is allowed
(M = Aj.(Ax.P)QM (z:= >) TA7.(Ax.P)QM (z:=N)|'a 4 (5.21)
(vzg- - )((vylal Hyna ((ver--cm) (M(Ax.P)Qy e | e (v,d). ('ﬂMm v|d-cpy— %I) |- |
Cl(v d).({TM \dwn))\ﬂn 1Y an) [ [a(yr,a1)) [(TNg 20 |- [(TNGI 2) 2

v wan) (v ) ((ve) ((vxb) (TP b ¢ 0,d).('"TQy vl|d->cy,
(ch ay )()( %szl\l/lmﬂ vﬁ )fgmﬁl) ‘C )%(lef()v(gﬂx()n(MlE{vI’ <»an>)))|\C( )-(1TQy v [dvem))]

=1 (Yn,n) | -~ | @ <y1lﬂ1>)\'”Nm z1 | -+ [ 1PNy z) —nre (€)

VZp~ -+ VY141 Yndy) ((V VbHPbHQ b*’m”
MY (Vi e LR e A R

Tn1(Yn,n) | -+ |a{yr,a1)) ['TN1y 21 |-+ | TNy 2k) [

Using Lemma 5.21, we can now show our termination result with respect to call by need
reduction.

Theorem 5.23 i) If M —}; N, with N in —xy-normal from, then TM ' a dxn.
ii) If M —>Z N, with N in head-normal from, then ﬂMfaiNn.

Proof: i) If M —}; N, with N in —,;-normal from, then N = A§.xM (z:=N). By Theo-
rem 5.11, TMy'a ~+ TN 'a; also, by Lemma 5.21, TN 4 is in call by need normal form,
so, just following the call by need reductions out of T'Mj'a, we can conclude 'Mj'a {x.

i) If M —>Z§ N, with N in head-normal from, then N = /\fc.yﬁ ; then, by Proposition 3.8,

there exists P such that M —, P and P —* N; this implies that P = Ax.yP (z:=L) and,
foralliem, P;(z:=L) —- N;,and y € {z1,...,z;}. Then, by Theorem 5.22, TM'a ~ .
TP} a; also, by Lemma 5.21, [P Jia is in call by need normal form, so, just following the
reductions out of TM'a, we can conclude TM'a Ixx. L]

Theorem 5.23 immediately leads to:
Corollary 5.24 If M1g, then TM}'a .
As above, we can state the correct completeness result with respect to —y:

Theorem 5.25 (OPERATIONAL COMPLETENESS FOR - |'- WITH RESPECT TO —yy) If TMj'a —wn
Q, then there exists N such that M —3; N, and Q —% R and R ~3},~* N 'a

Proof: Since, as for Theorem 5.19, the unwanted synchronisations are blocked, the proof is
similar. Ul
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54 On Renaming

By Theorem 5.9, renaming might be used during the reduction. One could think that there-
fore our result is weaker than that of Milner, since that is stated by mapping lazy reduction
onto straight 7r-reduction. However, in this section we will show that we can do without
renaming when simulating lazy reductions for closed terms, thereby emulating Milner’s re-
sult. As a consequence, it is safe to say that renaming is the price we pay for the capability
to deal with reductions under abstraction, as well as that of open terms.

As an illustration of this fact, notice that, as shown in Figure 2, we can run the m-process
M(Ax.xx)(Ay. y) a without using renaming, Notice that there we perform the two substitu-
tions without resorting to the renaming of outputs of translated A-terms; these are executed
after the translations have participated in the execution, and take place at the end.

In the proof of Theorem 5.9, we perform a renaming (i.e. need the equivalence via Lemma 5.6)
when dealing with the case (vx) (x(w).c1(w) | TN} x) ~3 TN c;. Now if N reduces to an
abstraction Az.N’, then (without loss of generatily)

(vx) (x(w).cr{w) | TN} x) ~% (vx) (x(w).c1(w) | TAz.N'} x)
2 (vx) (x(w).c1(w) | (vzb) (TN'['b | %(z,b)))
—n (vzb) (TN'j'b | 1(z,b))

so the renaming gets executed explicitly.

When performing a lazy reduction on a closed term M, then either M is an abstraction, so
in normal form, or a redex of the shape (Ax.P)(Ay.Q). Now the interpretation of this latter
term reduces (without renaming) as:

[(AxP)(Ay.Q)i'a £  (ve) (vxb) (TP{'b | e{x,b)) | c(v,d). (1 (vyb) (TQI'b | T(y,b)) | d+a))
= (c) (vab) (TPyb" [ (vyb) (TQJ'b | X(y,b)) | b'+a)

Now assume P = xP (only then does P (x:=Q) reduce), then, since Ax.xD is closed, each
P; is either x or an abstraction. Then this reduction continues as follows:

(vxb') (TxP 'Y | 1 TAy.Q ' x | b/ a) 4
(vxby) ((vey) (TxPy-+Py_1y' cn | cn(0,d). (1TPyy v | d-B")) | 1TAy.Q ) x | U ~a) 4
(vab') ((ven) (-~ (ver) (x(w).c1(w) [ €1 (0,d). ({TPry 0 [doca)) | - |
cn(v,d). (TP, 0 | d=b)) [ ' TAy.Q)' x | ' »a) =,2
(vab') ((ven) (- (ver) (x(w).c1(w) | e1 (0,d). ({TPry 0 [dca)) | - |
cn(0,d). (TP v [d-b")) | (vyb) (TQI'D | X{y, b)) | 'TAY.Q) x | b'+a) = (x)
(vxb") ((ven) (- (ver) ((vzb) (TQ[z/y]y'b | @1(z, b)) | ea (v,d). (TP 0 | doc)) | -+ |
cn(0,d).(\TP,J v | d-b")) | 'TAy.Q)' x | b/»a) 2A
(wxb') (T(Az.QLz/y]) PYY | 1TAY.Qf x| V')
without renaming (notice the a-conversion). Notice that, if P; is an abstraction, (Az.Q[z/y]) P

has the structure of the term we started our reasoning with.
Otherwise, P; = x and we get:

(vab') (T(Az.Q[z/y])xPy- - - P, b | 1TAy. Qﬂ x|b'sa) A =
(vt') ((ven---vea) ((vey) ((vzb) (TQ[z/yli b | €1 (z,b)) [ e1 (v,d). ({Txy v dvcy)) |

co(b,d). (TP b | dc3) | -+ | cu(v,d). ('TP, 0 | d=b")) | 'TAY.Qf x | b/ ~a) —(c1)
(vxb") ((vey:--ve) (vzb) (TQ[z/yl b | x (w). Z(w) | T xy'z | b*’cz)|'|

ca(b,d). (TP b [ dvcy) | -+ | en(v,d). (TPu 0| d=b')) | TAY.Q x | b ~a)
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T(Axy.x(Az.z))(Ap.p)i'a

(ve) ((vxb) ([T/\y.x()\z.z)j{b |c(x,b)) | c(v,d). (![T/\p.pj{v |d+a)) —r(c)
(vxb) (TAy.x(Az.2) ' b | 'TAp.py x| b~a) 4
(vxb) ((vyby) ((ve) (x(w).c < ) c(v,d). ((TAzz) v | d=br)) [ b{y,b1)) | ! (vpb) (Tpy'b | X(p,b)) | b-a) —x(x)
(vybr) ((vxb) ((ve) (TAp.py C| (©.d).(TAz.zj 0 |d-b)) [ !TAp.py x| b=by) |a(y,b1)) =
(vyby) ((vxb) ((ve) ((vpb) (Tpy'b | e(p,b)) | c(v,d). ({TAzz 0| d=b)) [ TAp.py x | b-by) |[a(y,br)) = (c)
(vyby) ((vxb) ((vpba) (Tpy bzf\!“/\z‘zfi? | by=b) [ {TAp.py x| b-by) |7<y/b1>) 4
(vyb1) ((vxb) ((vpba) (p(w). by(w) | ! (vzb) (T2 b | p(z,b)) | bp=b) [ TAp.py x| bb1) [a(y, b)) —r(p)
(vyby) ((vxb) ((vpbo) ((vzbs) (Tzj' bs | ba(z,b3)) [ TAz.z)' p | ba+b) [ FAp.py x| b+by) |@(y,b1)) =
(vyby) ((vxb) (vpba) (vzbs) (Tzy by | ba(z,b3)) | 1TAz2) p | by=b) | 1T Ap.py x [ boby) [@(y,b1)) = (b, b)
(vyb1) ((vx) ((vp) ((vzbs) (Tz4"bs | by (z,b3)) | T Azzy p) | 1T Ap.py %) | @ (y, 1)) =4
vx) ((vp) ((vyby) (TAz.zy'by |a(y,br)) [T Az.z p) | TAp.py x) =
vx) ((vp) ("Myzzi'a | TAz.z) p) | TAp.py x) 2

M\yz.z (p:=Azz) (x:=Ap.p) | a
FAyzzy'a | (vxp) (TAzzy' p| TAp.py'x)

2
)

TAyz.zj'a
Figure 5: Running (Axy.x(Az.z))(Ap.p))' a to normal form without renaming.

Now assume Q[z/y] is of the shape zQ1- - -Qy, then TQ[z/y]}'b = zQ- - -Qyuy' b so the above
process is of the shape

(vxt') ((vew- - vea) ((vyb) ((vey, - -vey) (z(w).c <>!
ci(b,d). (1TQ1'b | d=cy) |-+ | ¢}y (0,d). (TP 0 [ d=b)) |
x(w). Z(w) | T2}z | bocy) |
ca(b,d). (\TPo b [ d=c3)) |-+ | n(0,d). (TP o | d=b) | 1TAY.QF x | 0/ +a)

which reduces over x and z to:

(vab’) ((vew: - -vea) ((vyb) ((vey, - -veh) (TAv.Qlo/y] ey |
cy(b,d). (1TQ1y'b | dcy) [ -+ |y (0,d). (1T Py | d-D)) |
xjz|bco) |
co(b,d).('TPy'b | d=c3)) |-+ | cu(v,d). TPy 0 |d=b") | 'TAy.Q) x | b/ ~a)

without renaming.

So, when simulating lazy explicit reduction on closed terms, renaming can be postponed,
and the relation ~y is not needed. This result clearly shows that renaming is only essential
to model reductions that are not lazy; and even for those, when modelling the reduction of
the redex (Ax.P)C using —xu, Where C is a closed term, renaming is not needed.

Example 5.26 Consider the garbage-collection-free explicit head reduction

(Axy.x(Az.z))(Ap.p) —& Ay.x(Az.z) (x:=Ap.p)
—f Ayx(Az.z) (x:=Ap.p)
i Ay.(Ap.p)(Azz) (x:=Ap.p)
—>fH Ay.p(p:=Az.z) (x:=Ap.p)

—>fH AyAz.z (p:=Az.z) (x:=Ap.p)

We can simulate this, without renaming, using our encoding I J'+, as shown in Figure 5.
Notice that, using explicit lazy reduction, we can only perform:

(Axy.x(Az.z))(Ap.p) g Ay.x(Az.z) (x:=Ap.p)
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Summarising, as in Corollary 4.7 we can now state:

Corollary 5.27 i) If M is closed, and M —}, (Ay.N){x:=L), then TM}'a —%,~¢ (vX) (TAy.N'a|
(ML ).

ii ) If M is closed, and M —{&* (Ay.N){x:=L), then TM}'a —* (vx) (TAy.Ni'a | /TL] x).

iii ) If M is closed and M —* (Ay.N), then there exists N', X, L such that TMj'a —% (7%) (TAy.N'j'a |

- s

MLy x), and Ay.N'{x:=L) —* Ax.N.

which reproves Milner’s result, but now using the logical translation.

6 Context assignment

The 7-calculus is equipped with a rich type theory [32]: from the basic type system for
counting the arity of channels, via a systems that registers the input-output use of channel
names that are transmitted in [28], to sophisticated linear types in [22]], which studies a
relation between Call-by-Value Ay and a linear 7r-calculus. There linearisation is used to
be able to achieve processes that are functions, by allowing output over one channel name
only, in a (A-calculus) natural deduction style. Moreover, the translation presented in [22] is
type dependent, in that, for each term, different 7r-processes are assigned, depending on the
original type; this makes the translation quite cumbersome.

The notion of context assignment for processes in 7t we define in this section was first
presented in [5] and differs quite drastically from the standard type system presented in
[32]. It describes the ‘input-output interface’ of a process by assigning a left context, containing
the types for the input channels, and a right context, containing the types for the output
channels; this implies that, if a name is both used to send and to receive, it will appear on
both sides, and with the same type. In our system, types give a logical view to the rr-calculus
rather than an abstract specification on how channels should behave, and input and output
channels essentially have the type of the data they are sending or receiving.

Context assignment was defined in [5] to establish preservation of assignable types under
the interpretation of the sequent calculus & into the 7m-calculus. Since X’ offers a natural
presentation of the classical propositional calculus with implication, and enjoys the Curry-
Howard isomorphism for the implicative fragment of Gentzen’s system Lk [17], this implies
that the notion of context assignment as defined below is classical (i.e. not intuitionistic) in
nature.

We now repeat the definition of (simple) type assignment; we first define types and con-
texts.

Definition 6.1 (Tyres AND CONTEXTS) i) The set of types is defined by the grammar:
AB == ¢|A—B

where ¢ is a basic type of which there are infinitely many. The types considered in this
paper are normally known as simple (or Curry) types.

ii) An input context I is a mapping from names to types, denoted as a finite set of statements
n:A, such that the subject of the statements (1) are distinct. We write I7,I> to mean the
compatible union of I1 and I (if I7 contains n:A; and I contains n:Ay, then A; = A»),
and write I',n:A for I', {n:A}.

iii ) Output contexts A, and the notions A1,A;, and n:A, A are defined in a similar way.

iv)Ifn:AeTl and n:B € A, then A = B.
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So, when writing a context as I',n: A, this implies that n:A € I', or I' is not defined on n.

Definition 6.2 ((Crassicar) CONTEXT AssIGNMENT) Context assignment for the 7r-calculus
with pairing is defined by the following sequent system:

7 P:THA P:I'x:AFx:AA
(0): 3° (1) ——— in) : —— :
0: THA 'P:THA (in) a(x).P:T,a:AFA

P:TI'a:Ata:AA

. . b
(v): WP TFa (out) : Zpy < I pear A pias "7
P:I'FA Q:THA Y b¢MacgT
(]): PQ'?FA (pair-out): Zip oy I b Ar aA—B,cBa oW D
‘ P :I,yBFxAA
P:TFA Y ’
. let) : , A; r
(W): Sy (2147 24) () oo —zin P TmAsBr A W2 FA D)

We write P : I' b5, A if there exists a derivation using these rules that has this expression in
the conclusion and demand that, if n:A€ I’ and n:B€ A, then A=B; wewrite D::P : [ A
if we want to name that derivation.

The side-condition on rule (out) is there to block the derivation of @(a) : t5 a: A.

Example 6.3 Although we have no rule (pair-in), it is admissible, since we can derive

\ J

P:Iy:Bk x:AA (let)
e
let (xy)=zinP : I,zzA—>B A (in)
a(z). et xy)=zinP : [LaASB A

so the following rule is admissible:

P: Iy Bk xAA
a(x,y).P :I,a:A—Bl A

(pair-in) :

Notice that this notion of type assignment does not (directly) relate back to any known
logical calculus. For example, rules (|) and (!) do not change the contexts; moreover, rule
(v) just removes a formula.

The presence of weakening allows us to be a little less precise when we construct deriva-
tions, and allow for rules to join contexts, by using, for example, the rule

P:Fll_ﬂAl Q:F2|_HA2
P ‘Q :FI/FZ |_71'A1/A2

(1)

so switching, without any scruples, to multiplicative style, whenever convenient.
We have a soundness (witness reduction) result for our notion of type assignment for 7
as shown in [5].

Theorem 6.4 (WITNESS REDUCTION [5]) If P : ' Aand P =, Q, then Q : I 5 A.

We will now show that our interpretation preserves types assignable to A-terms using
Curry’s system, which is defined as follows:

Definition 6.5 (CURRY TYPE ASSIGNMENT FOR Ax) Curry type assignment for Ax is defined
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through the following natural deduction rules:
I''x:AFyM:B T'FyN:A

(A%): T xab A (cut) Iy M(x:=N):B
I,x:Aby M:B Ty M:A—=B Tk N:A
(—I): (—E):
[ty Ax.M:A—B I+, MN:B

We write I' =) M: A if there exists a derivation using these rules that has this expression in
the conclusion.

We can now show that typeability is preserved by I'- ' -:
Theorem 6.6 If I' =) M: A, then TMj'a : T b a: A.
Proof: By induction on the structure of derivations in -,; notice that we use implicit weaken-

ing.
(Ax): Then M = x, and I = I/, x: A. Notice that lx}'a = x(w).a(w), and that

a(w) : T’ w:A b a:A,w:A
x(w).a(w) : T, x:A b a:A
(—I): Then M= Ax.N, A=C—D, and I',x:C -y N:D. Then, by induction, D::TN'b : I, x:C
b:D exists, and we can construct:

\ P / = (pair-out)
TNIb : I,x:Ch; b:D a{x,b) : x:Chra:C—D,b:D "

TNy'b|a(x,b) : I,x:Chya:C—D,b:D
(vb)(TN'b|a(x,b)) : T,x:C b a:C—D
(vxb) (TN'b |a(x,b)) : I 5 a:C—D
Notice that (vxb) (TN'b |a(x,b)) = Ax.N} a.
(—E): Then M = PQ, and there exists B such that I' -y P:B—A and I' -, Q:B. By induc-
tion, there exist Dy ::TP;'c : I'H; c:B—A and D,::Q}'b : I' b5, b:B, and we can construct:

(out)

()

v

TQFb : 't b:B n a(w) : T,w:Abra:A,w:A,A (i)
! in
'TQy'b : I'b5 b:B d-a:d:Aba:A "
\ D / 'TQy'b|d+a : I',d:A s b:B,a:A
L o (pair-in)
TPi'c: 'k c:B—A c(b,d).(\TQ;'b|d+a) : I,c:B—+Abya:A

TPy'c|c(b,d).(!\TQ)'b|d~a): T,c:B—Alxc:B—A,a:A M

(we)(TPyc|c(v,d).('TQ) v |d=a)) : T a:A

v

and (vc) (TPy'c|c(v,d).('TQ}' v | d~a)) = TPQ} a.

(cut) : Then M = P (x:=Q), and there exists B such that I',x:BF, P: A and I' -, Q:B, and
TP(x:=Q)ya= (vx)(TPya|!TQyx). By induction, there exist D;::Pjc: I',x:B b a:A and
D,::MQyx : T 5 x:B, and we can construct:

L2
| D, / TOi'x: ' x:B
TPia:T,x:Bba:A MQy'x: ' x:B
TPyal!'TQ) x : T,x:Bbyx:B,a:A M
(vx) (TPya |'TQyx) : T a:A

31



and (vx) (TPja | !TQ x) =P (x:=Q) a. O

Notice that although, in the above proof, we are only interested in showing results with
one typed output (conclusion) — after all, we are interpreting the typed A-calculus, an intu-
itionistic natural deduction system — we need the classical, multi-conclusion character of our
type assignment system for 7t to achieve this result for the case (—E).

A natural question to ask is if also the processes created by Milner’s translation are typeable
in 5. To investigate this question, essentially following Definition 4.1, we first define an
input-based translation of A-terms - a variant of Milner’s translation - into the asynchronous
rt-calculus with pairing by:

[xja 2 x(a) x#a
[Ax.Mja A a(x,b).[M]b b fresh
[MNja A (ve)([Mjc| (vz)(c(z,a).[z:= NJ)) c,z fresh

(Notice the similarity with the uniform translation [-}- from Definition ??.) Notice that this
interpretation is well behaved: using [} -, the interpretation of a f-redex reduces as follows:

[(Ax.M)Nja 2 (vc)(c(x,b).[M]b| (vz)(c{z,a).[z:= NJ)) —r(c)
(vz) ([M[z/x]ja| [z = Ny) = (z¢[Mja)
(vx) ([Mja | [x = Ny)

exactly as expected.

Notice that, in this translation, all A-calculus input variables are interpreted as output
channels, and that a is the only input variable for each translated A-term; so we could hope
to show “ If I' =y M: A, then [[Mﬁ’a :a:A b I' 7. However, this is not possible; although it
nicely holds for the first two cases of the proof, we cannot show it for the third case:

(M=PQ): ThenTl ) P:B—Aand I I, Q:B; then, by induction, we have both [Pjc : c:B—A;
I'and [Qjw : w:B; I', and we can construct:

(R

[Qfw: w:Bk T (in)
z(w).[Qjw : zBb I’
— (pair-out) !
¢(z,a) : zBbr c:B—A,a:A, T z(w).[Qyz : z:Btx T
I / t(z,a) | 'z(w). [[Qﬁ’z : z:B b c:B—A,a:A, T M
[Plc: cBoAb T (2) @) | 12(@).[Q17) : B AmAT
[P)c]| (vz) (c(z,a) | z(w ) [Qyz) : c:B—Abx c:B—A,a:A, T M
(ve) ([Pyc| (vz) (e(z,a).[z:=Q))) : ke a:A,T v

rather than a derivation for (vc) ([Pjc| (vz) (¢(z,a).[z:= QJ)) : a:A 5 T, as was desired. No-
tice that the rule (pair-out) requires that the right-hand term in the pair is an output, so now
a has to appear on the right of the turnstyle, which destroys the property we tried to prove.

Type assignment fails for the uniform translation for the same reason.

7 A logical translation for — 4 and =g

In this section we will define our full translation I-}- of Ax (and thereby of the A-calculus)
into the 7r-calculus. We will show that, using this translation, we can fully represent -
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reduction and equality modulo contextual equivalence. This translation, where as before we
name the output of terms, is defined by:

Definition 7.1 (FULL LOGICAL TRANSLATION)

Txja 2 x(w).a{w)
MAx.Mja 2 (vxb)(TMjb|a(x,b))
TMNTa 2 (veb) (TMic | c(o,d). (1b-0|da) | {TN D)
TM(x:=N)ja 2 (vx)(TMja|!TN}x)

Notice that the main difference with respect to -}’ is the synchronisation in the interpre-
tation of the application; where TMN ja contains ¢(v,d). (!b~v |d~a) | !TN b, under our first
interpretation TMN "a has c(v,d). (!TNjv | d+a), where the received input name is used di-
rectly for the interpretation of N, which gets placed under input. InI'- |-, the replicated term
in the interpretation of the substitution is again not guarded, so can run on its own; this is
intentional: we aim to interpret Ax, where substitution is explicit, and reductions are allowed
to take place inside N in M (x:=N). Moreover, we will allow substitution terms to interact
freely, so will not use call by need reduction.
In particular:

e for an application MN, the output of M, transmitted over c, is received as a pair (v,d) of
input-output names in the synchronisation cell c(v,d). (!b»v | d-a); the received input v
name is used to redirect the output for N arriving over b (since N ;b gets replicated, so
does b-v), enabling the simulation of substitution, and the received output name d gets
redirected to the output of the application a.

e since we aim to represent all reductions taking place inside an application MN, we need
to express TMNja in terms of TM b and TN ¢, where neither can appear under an input,
since that would imply that reduction would be blocked, as is the case for the traditional
approaches.

e Our translation generates a highly parallel implementation of A-terms, with no nesting at
all; the processes we generate are, essentially, a flat parallel composition of components
like

x(w).a{w) b(v,d).(la»v|d-c) a(y,b)

using replication where needed. Moreover, we model explicit substitution via the com-
munication of two processes, so can faithfully take into account all steps of Ax-reduction.
As a consequence, the Substitution Lemma, an important property in the A-calculus, is
naturally preserved by our translation.

e Asfor |-, TMja is a process that has only one free output, 4.
Example 7.2 The interpretation of a redex reduces as:

[(AxP)Qfa A (veb) ((vxby) (TPIby [€(x,by)) | c(o,d). (1b>0 | dva) | 1TQ]D)
— (C) (vabl) (prbl | 1b->x ’ bl»a ’ 'HQEb)

Since reduction in Ax implements B-reduction by at least performing this step, this implies
that also with - - we model each B-reduction step by at least one 7r-reduction.

Even though our translation - - is fundamentally different form the one we presented in
[9], we can still show that typeability is preserved:

Theorem 7.3 (|- PRESERVES ASSIGNABLE TYPES) If I' ) M: A, then TMjja : T b a: A.
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Proof: By induction on the structure of derivations in I-); we only show the one interesting
case.
(—E): Then M = PQ, and there exists B such that ' ) P:B—Aand I' -, Q:B, and lPQja =
(veb) (TPyc|c(v,d). (1b-v | d-a) | TQyb). By induction, there exist D ::TPjc : 't c:B—A
and D, ::TQjb : T 5 b:B, and we can construct:

= (out)
(w) : I',w:B b v:B,w:B,A
(in) (out)

b-v : b:Bl5 v:B " a(w) : I w:Ab a:A,w:A,A (in)
(b+0: b:Bhr 0B o dAmeA "
\ D, / 'b»v|d-a:I,b:B,d:Ab;v:B,a:A TQfb: ' b:B
(pair-in) "

TPfc: 't c:B—A c(v,d).("b»v|d=a) : T,b:B,c:B—Abra:A 'TQyb : ' b:B
TPyc|c(v,d).('b+v|d=a)|!TQyb : I,b:B,c:B—A b c:B—A,a:A,b:B
(wb) (TPyc | c(v,d). (\b»v|d-a) | !TQb) : T,c:B—A s c:B—A,a:A

(veb) (TPyc | c(v,d). (b»v |d»a) | !TQyb) : [ a:A

()

v

and (vcb) (TPjc | c(v,d). ("b»v | d-a) | !TQ;b) = TPQa. Ol

We will below show that our translation fully respects the explicit reduction —, modulo
contextual equivalence (including renaming of output and garbage collection), for which we
need the following lemma.

Lemma 7.4 (va) (\TMyb|!TQya) ~c !(va)(TMyb|!TQya)

Proof: By coinduction. (va) (!TMb|!TQya) = (va) (TMyb|!TMb|!TQja|!TQja)
~e (va) (TMb [ 1TQ1a) | (va) (1 TMb | 1TQ}a)
(IH)~c (va) ("Mjb | 1TQja) |t (va) (TMb | 1TQja)
= (va)(TMyb | TQya) O

Renaming for the full translation is, as above, defined as a subrelation of contextual equiv-
alence; it is justified via the following lemma, which states that we can safely rename the
output of an encoded A-term. First, we show an auxiliary result; notice that this is, contrary
to Lemma 5.5, formulated without reference to the translation, and only concerns synchro-
nisation cells.

Proposition 7.5 (vxb) (c(v,d).(1b-v|d+e)) ~c (va) (ae| (vxb) (c(v,d).(1b-v |d-a))).
We use this result to show the following;:

Lemma 7.6 (FULL RENAMING LEMMA) 1) (va)(a-e|TMja) ~c TMje.
i) (va)('TMya|'a-b) ~c 'TMyb.

Proof: i) By induction on the structure of A-terms; we only show one case.

(M=PQ): (va)(a»e|PQja) 4
(va) (a»e | (veb) (TPyc| c(v,d). (b= | d-a) |'TQyb)) ~c (7.5)
(veh) (TPjc | c(v,d). (b-v | d-e) | 'TQ}b) A TpPQje
ii ) By coinduction and the fact that !p A1,p:
(va)(\TMja|la+b) ~c (va)(TMja|a-b)| (va)('TMja|'a-b)
((i))~c ™ b| (va) ("TMa|'a-b)
(IH)~c TMjb|!TM b = ITMjb O
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T(Ax.(Az.(Ay.M)x))Nja £l

(veb) ((vxbq) (Mz.()\y.M)xfbl |G(x,b1)) | c(v,d). (‘b0 | d-a) | ' TN}b) —r(c)
(vbxby) (T(Az.(Ay.M)x) by | 'b+x | by+a | \TNjb) ~c
(vx) (TAz.(Ay.M)xjja | TN jx) 4 —
(vx) ((vzb) ((veby) (TAy.Mjc| c(o,d). (by+v | d-b) | Txyby) |a(z,b)) [ TN} x) =
(vx) ((vzb) ((veby) ((vyby) (TMyby | T(y,b2)) | c(v,d). (by+0 |d=b) | Txybr) |a(z,b)) [{TN]x) —7 (c1)
(vx) ((vzb) ((vby) ((vyba) (TMyby | by | bpb) [ !Txyby) |a(z,b)) | TN x) ~c
(vx) ((vzb) ((vy) ("Myb | Txfy) [a(z,b)) | TNy x) =
(vzb) ((vy) ((vx) ("Myb | 'TNyx) | (vx) (Tagy [1TNx)) [@(z,b)) ~c
(vzb) ((vy) ((vx) ("Myb | \TNyx) [ 1IN y) |a(z,b)) 4
TAz.M (x:=N) (y:=N)a

Figure 6: Running M(Ax.(Az.(Ay.M)x))Nja.

Since TM(x:=N)'a places TMj'a and TN x in parallel, we can even show that the Ax-
variant of the Substitution Lemma P[Q/y][R/x] = P[R/x][Q[R/x]/y] is preserved:

Lemma 7.7 (SuBsTiTUTION LEMMA) [P (y:=Q)(x:=R)ja ~¢ P{(x:=R){y:=Q(x:=R))ja .

Proof: TP(y:=Q)(x:=R)ja 2 (vx)((vy) ("Pja|!TQyy) | R}x)
~c (vy) ((vx) (TPya [!TRyx) | (vx) ({TQuy [ !TRjx))
(7.4) ~c (Vy)((VX)(”PM! MRyx) ! (vx) ("Quy | 'TR}x))
2 (vy) (TP (x:=R)ja |!1Q xi= R)1y)
A [Pp(x: R)(y Q(x:=R))ja
We could consider again ~+} = —5,~¢ ~x , taking into account that ~; would now

be defined differently, but that gives a problem in the case of an application in the proof
of Theorem 7.8, since we cannot reduce under replication. However, ~+; C ~, and by
Proposition 2.5 the latter is respected by replication, so this is the right relation for our
result.

As in Theorem 5.9, we can now show a reduction preservation result for full explicit
reduction for Ax, by showing that I - preserves — up to ~c. This effectively shows that
our interpretation respects reduction on terms, and shows that that has no effect on the
observable behaviour.

Theorem 7.8 M — N = [Mja~cTNja.

Proof: By induction on explicit reduction; we focus on the base cases.

(Ax.M)P — M (x:=P)): [(Ax.M)Pja
(veb) ((vxby) (TMyby [e(x,b1)) | c(v,d). (1b=v | d=a) | TPyb) —x(c)
(VCb)([erbl "wa’}hwﬂ’.np_ﬁ:b) ~R

(1>

(vx) (TMja | !TP]x) 4 [M(x:=P)ja
((MN) (x:=P) = M {(x:=P)N (x:=P)): TMN{x:=P)ja 4
tb-v|d-a)[!TNyb) | !TP}x) ~

(veb) ((vx) (TMjc | TP} x)
(veb) ((vx) (TMc | !TPyx)
TM{x:=P)N(x:=P)ja

(vx) ((veb) (TMyc | c(v,d). (1B U! c
|c(v,d).("b»v |d->a) | (vx) ('TN[b|!TP[x)) ~c (7.4)
|c(v,d).(1b>v |d»a) | ! (vx) (TN]b|!TPjx)) £
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Pe((Az2)(Ay))
(veb) (Txjc| c(v,d). (1b»v | d»a)
(veb) (Txjc|c(v,d). (1b>v | d=a)

| 1T(Az.2) (Ay.y)b)
| T(Az2) (Ay.y) b | T (Az.2) (Ay.y)1b)
(veb) (Fxye | e(o,d). (10| d=a) | (verbr) ((vzby) (Tzyby | €1(z,b2)) |
c1(v,d). (110 | d=b) | TAy.yibr) [ T(Az.2) (Ayy)pb) = (er)
(veb) (Txye| c(v,d). (b0 | d-a) | (vbr) ((vzba) (Tzyby | 1by+2 | by-b) |
MAy.y b)) | ' T(Az.2) (Ay.y) | b) =4
(veb) (Txje| c(v,d). (=0 | d=a) | (vbr) ((vzba) (z(w). by (w) | b1z | by-D) |
(vybs) (Tyybs | b1 (y,b3)) | 'TAyyibn) [ HT(Az.2) (Ay.y)[b) = (b1,2,b2)
(veb) (Txje | e(o,d). (b= | d=a) | (vybs) (Tyybs | by,bs)) |
Whiz) (12 | TAy.yiby) [1T(Az2) (Ay.y)ib) 2~
(veb) (Txjjc| c(v,d). (‘b= | d-a) | TAy.y b | 'T(Az.z) (Ay.y) 1 b)

1T

Figure 7: Simulating contraction of a redex in the right-hand side of an application.

((Ay.M) (x:=P) = Ay.(M (x:=P))) : T(Ay.M){x:=P)ja 2
(vx) ((vyb) (TM b |ay,b)) [ TP}x) =
(vyb) ((vx) (TMyb | 'TPyx) | a(y,b)) A TAy.M(x:=P)ja
(x (x:=P) = P): Mx(x:=P)ja 2l
(vx) (Txja | 'TPx) =
(vx) (x(w).a(w) | TPjx | 'TPyx) ~c(7.6)
(vx) (TPja | TP} x) =
TPja| (vx) (!TPx) ~¢ TPja
(M{(x:=P) — M, x&fo(M)): TM(x:=P)ja 2
(vx) (TMya | !TPyx) = (x¢fm(TMja))
TMjya | (vx) (!TPyx) ~c¢ TMja
The contextual rules follow by induction, using Proposition 2.5. O]

Since (va) (a(b) | a(x).P) —x P[b/x] does not imply ! (va) (a(b) | a(x).P) —x !P[b/x], but
only implies ! (va) (a(b) | a(x).P) ~c !P[b/x], we are forced to formulate our result with ~.
Moreover, in the proof of this last result, in the case for application we needed to call on
Lemma 7.4.

We now give an illustration to this result:

Example 7.9 Take the term (Ax.(Az.(Ay.M)x))N; we can reduce this term as follows:

(Ax.(Az.(Ay.M)x))N — ( z.(Ay.M)x) (x:=N)

e Az ((A1.M)x) (ri=N)
—x Az.(Ay.M) (x:=N)(x (x:=N))
—x A (AyM X: —N))(x<x::N>)
—x Az.(Ay.M (x:=N))N
—x Ax.M (x:=N) (y:=N)

We can emulate this reduction using the full encoding, as shown in Figure 6, which clearly
shows that we can emulate more than explicit head-reduction.

Since Ax implements B-reduction, faithful to the principle we introduced, we can show the
main criterion for our interpretation:

Theorem 7.10 (OPERATIONAL SOUNDNEsS) i) If M —§ N, then M 12 ~c TN ja.
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ii) If M7, then TMja?.

Proof: The first is shown by induction using Theorem 7.8; the second follows from Exam-
ple 7.2. U

Since contextual equivalence is symmetric, this result states that our translation gives, in
fact, a semantics for the A-calculus:

Corollary 7.11 (ADEQUACY) If M =4 N, then TMja ~c TN ja.

We cannot show “if TMja ~. N jja, then M = g N” (the reverse of soundness), since differ-
ent unsolvable terms like (Ax.xx)(Ax.xx) and (Ay.yyy)(Ay.yyy) are contextually equivalent,
but not B-equivalent. But since their interpretations under - |- never exhibit an output, they
are contextually equivalent. This is standard for models of B-reduction,

Moreover, our notion of type assignment catches this: since TNja has at most only one
visible output (which is a), the process (va) (!N ja) has no visible output, and can therefore
be typed by (va) (!TNya) : ' b @, i.e. with an empty right-hand context; this means that the
type system is capable of indicating those processes that can be ignored and stopped from
running, which could be used for a type-based reduction. We leave this for future research.

To conclude this paper, and to illustrate the expressiveness of our translation, we give
some examples:

Example 7.12 First, we can run in the right-hand side of an application, as shown in Figure 7.
Notice that we had to spawn a copy of the replicated right-hand side first. So we indeed
model more than just lazy or spine reduction. We can extend that by showing by induction:

(veb) (Txjc | c(v,d). (b»v | d-a) | TAy.y b | 'T(Az.z) (Ay.y) b)) ~c
(veb) (Txjc | c(v,d). (1b-v | d=a) | 'TAy.y;b)

But we can do more:

M(Ax.M)((Az.z)(Ay.N))ja

(veb) ((vxby) (TMyby | €(x,b1)) | c(v,d). (1b-v | d=a) | ! T(Az.z) (Ay.N) 1b)
(vbxby) (TM by | TAy.N jx | by»a | !T(Az.z) (Ay.N) jb | ' b-x)

(vbxby) (TMby | (vyb') (TNyb" | X{y,b")) | br-a | !T(Az.2) (Ay.N) jb | b-x)

VTS

x (as above)

(1>

as shown by this reduction, which is similar to the first, we can reduce [(Ax.M)((Az.z) (Ay.N)) ja
to a process that contains TM by | (vyb') (TN jb' | x(y,b')), i.e. where in one spawned-off copy
of the process !(Az.z) (Ay.N) ;b we have ‘contracted the redex (Az.z)(Ay.N)’. The variables

x in M are all encoded via x(w).e;(w), for some ¢;, and do not occur under any guard, so
any communication over x can take place, generating a process that is like TM by but for the
fact that one x(w).e;(w) is replaced by MAy.N je;. Of course we can repeat this procedure of
‘spawning and contraction’ as often as needed, and show that [(Ax.M)((Az.z)(Aw.N)) ja —x
TM[Ay.N/x] by | bi~a so can model the reduction (Ax.M)((Az.z)(Ay.N)) =g M[Ay.N/x] via

a reduction that is not lazy, nor spine-reduction.

Conclusions and Future Work

We have found new, simple and intuitive translations of A-terms in 7t that respects head
reduction with explicit substitution, and b-equality, respectively. For this translation, we
have shown that termination is preserved. We have shown that, for our context assignment
system that uses the type constructor — for 71 and is based on classical logic, typeable A-
terms are interpreted by our translation as typeable rt-processes, preserving the types.
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