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Abstract

We study the Ap-calculus, extended with explicit substitution, and define a compositional
output-based interpretation into a variant of the 7r-calculus with pairing. We show that this
interpretation preserves single-step explicit head-reduction with respect to weak bisimilar-
ity. We use this result to show operational soundness for head reduction, adequacy, and
operational completeness. We also show that weak (i.e. lazy) reduction on closed terms is
directly implemented through synchronisation.

We define four notions of weak equivalence for Ay — one based on weak reduction ‘~yp,/,
two modelling weak head-reduction and weak explicit head reduction, ‘~n" and “~pxu’
respectively (all considering terms without weak head-normal form equivalent as well), and
one based on weak approximation ‘~," — and show they all coincide. We will then show
full abstraction results for our interpretation for the weak equivalences with respect to weak
bisimilarity on processes using the approach of approximation.

Introduction

The research presented in this paper is part of an ongoing investigation into the suitability
of classical logic in the context of programming languages with control. Rather than looking
at how to encode known control features into calculi like the A-calculus [24, [15], Parigot’s
Ap-calculus [47], or A [32], as has been done in great detail by others, we focus on trying to
understand what is exactly the notion of computation that is embedded in calculi like Ay; we
approach that problem here by presenting a fully abstract interpretation for that calculus into
the (perhaps better understood) r-calculus [43].

Au is a proof-term syntax for classical logic expressed in Natural Deduction, defined as an
extension of the Curry type assignment system for the A-calculus by adding naming [«]M and
context binding ua.M features, as well as structural reduction (see Definition 1.4). In Ay, the
naming and context binding features always come together as in ya.[f] M; in Ay, they can be
used separately, so there also pa.Ax.x is a term. The naming feature [a|M expresses that o
serves as label for the term M, and ua.M is used to redirect operands (terms) to those labeled
« inside M. A context switch pa.[f] M now expresses that the focus of the derivation (proof),
to which the term corresponds, changes; the idea is that the applicative context of M is not
meant for that term itself, but rather for its subterms labeled with «. It is the naming feature,
together with the structural rules, that make Ay difficult to reason over; this is reflected in
[33] and [11], where the interpretations of Ay into Xyﬂ [26] and X (as introduced in [11]),
respectively, respect equality, but do not respect reduction.

! The name Ay was first introduced in [52], that also introduced a different notation for terms, in placing names
behind terms, rather than in front, as done by Parigot and de Groote; we use their notation here.



Denotational semantics of Ay has been studied by Streicher and Reus [54], who presented
a domain theoretic model of Ay using a model of continuations. They proposed a model of
both typed and untyped A-calculi embodying a concept of continuation, including Felleisen’s
AC-calculus [29, 28] and a version of Parigot’s Au. Their model is based on the solution of
the domain equations D = C— R and C = D x C, where R is an arbitrary domain of ‘results’.
The domain C is the set of what are called ‘continuations” in [54], which are streams, infinite
tuples of elements in D; D is the domain of continuous functions from C to R and is the set
of ‘denotations’ of terms. In [9]], together with Barbanera and de’Liguoro, the first author ex-
tracted an intersection type syntax and the corresponding type theory out of the construction
of Streicher and Reus’s model, and showed that this yields a filter model for Au. This was
followed by [8] where the first author studied a version of the system of [9] with strict types,
for which the characterisation of various notions of termination is shown.

Here we define a semantics of Ay using the 7r-calculus, which, with its dialects, over the last
decades has proven to give an interesting and expressive model of computation. Encodings
of variants of the pure A-calculus started with Milner’s [43] encoding of the lazy A-calculus
that led to more thorough investigations [44, 50, 21} 51, 12] (many more papers were written
on the topic), also in the direction of object oriented calculi [35, 51]. The strength of the
results that have been shown in those papers — like soundness, completeness, termination,
and full abstraction — has led researchers to investigate interpretations into the mr-calculus
of calculi that have their foundation in classical logic [36, 10, 25| [17]. From these papers it
might seem that the interpretation of such ‘classical” calculi comes at a great expense; for
example, to encode typed Ay, in [36] Honda, Yoshida, and Berger define an extension of
Milner’s encoding that uses a version of the 7r-calculus that is strongly typed; since reduction
in X is not confluent, in [10], together with Cardelli the authors have shown preservation
of reduction in X under the interpretation into the p-calculus with respect to the contextual
ordering ‘C." (so not with respect to contextual equivalence ‘~.’, nor weak bisimilarity ‘~’);
in [25], Cimini, Sacerdoti Coen, and Sangiorgi define a non-compositional interpretation of
Apuji that strongly depends on recursion, and does not regard the logical aspect at all.

We contribute to this line of research and study an output-based encoding of Ay into the
mt-calculus; it is an extension of the one we defined for the A-calculus [12] and is a natural
variant of that for Ay we presented in [13]; our approach was compared to the traditional
input-based one in [34]. In [12, [13], we have shown that those encodings respect single-step
explicit head-reduction ‘—" (a variant of reduction with explicit substitution ‘—” that only
ever replaces the head variable of a term, see Definition 5.1) modulo contextual equivalence
‘~¢’; here we restate those properties with respect to weak bisimilarity ‘~’. We show that by
extending our output-based interpretation TMja of A-terms [12] (where M is a A-term and
a is the name given to its anonymous output) to Ay, adding cases for context binding and
naming, gives a very natural interpretation of Ap-terms to processes. In fact, naming and
p-abstraction can be soundly treated separately, so it is perfectly possible to encode Ay and
our first results in this direction were indeed on that calculus [13]; as we will argue below, to
achieve full abstraction here we have to focus on Ay; otherwise we can not always distinguish
between looping and inactive computations.

To accurately define the notion of reduction that is modelled by our interpretation, follow-
ing [12], in [13] we defined (untyped) Apux, a version with explicit substitution [1} 20] of the
Ap-calculus, together with a notion of explicit head-reduction, which can be seen as the minimal
system (with explicit substitution) to reduce a term to head-normal form, if possible. The ad-
vantage of considering explicit substitution rather than the standard implicit substitution as
considered in [43] 51] has been strongly argued by us in [12} 13], and makes an important con-
tribution here as well. To better express the relation between ‘—,4" and ‘—’, here we follow
the approach of [12] when defining explicit head reduction for Ay, rather than that of [13].



In [12] we showed that communication in the 7m-calculus has a fine semantic level of gran-
ularity that “faithfully mimics” explicit substitution, and not the implicit one; we stress this
point again with the results presented in this paper, and the relative ease with which these are
achieved. In particular, we will show that, for closed A-terms, our interpretation models ‘—y
reductions through ‘—," synchronisations directly, but modulo garbage collection, removing
sub-processes that can no longer interact with others; we will argue that this result is similar
to Milner’s first result, shown in [43] (see Theorem 3.3).

As was the case for Milner’s interpretation, our interpretation places sub-terms (in partic-
ular, those that are to be substituted, and therefore also the operand in an application) under
guarded replication. Since in the pure 7r-calculus it is not possible to simulate reductions that
take place in terms that are placed under guard, the calculus that can be effectively repre-
sented is limited (the restriction of not allowing reduction under guard is dropped in [36]);
also other interpretations defined in the past do not model full reduction for the same reason.
In our case, as in [12], thanks to the fact that abstraction is encoded through an asynchronous
output, the restriction is to that of head reduction.

Although the notion of structural reduction in Ay is very different from normal B-reduction,
no special measures had to be taken in order to be able to express it through our interpretation.
The component of the interpretation that deals with pure A-terms is almost exactly that of [12]
(ignoring for the moment that substitution is modelled using a guard, which affects also the
interpretation of variables), but for the use of replication in the case for application. In fact,
the distributive character of application in Ay, and of both term and context substitution is
dealt with entirely by structural congruence in 7t (see also Example 6.8), and both naming and
context binding are dealt with statically, by the interpretation. In fact, through our encoding
it becomes clear that explicit structural substitution is just a distributed variant of application
(see Remark 6.4).

We will show a number of results that in part we also showed in [12} [13] for the A and Au
calculi, respectively. In Theorem 7.1, we will show that single-step explicit head reduction is
respected by the encoding in such a way that each B-reduction step is implemented through
at least one synchronisation; this leads to operational soundness and completeness results.
In Theorem 7.6 we show that the encoding also respects equality on Ax, but modulo weak
bisimulation, and in Theorem 7.7 that it gives a semantics for Au. Since our encoding deals
with head reduction as well as open terms, an operation of renaming is needed that is part of
weak bisimilarity; in Theorem 8.4 we will show that to model lazy reduction on closed terms,
this renaming is not needed.

We will show that all results obtained for Ay can be shown for the A-calculus as well; in
Theorem 13.7 we will show that to model lazy reduction on closed A-terms, the only part of
weak bisimilarity that is needed is garbage collection.

Full abstraction is an important property stated for semantics of programming languages and
formal calculi. Given a semantics, which interprets terms of a source language or calculus into
a domain or target language, full abstraction expresses that all terms that are equal under the
semantics are equal also under reduction, or operational semantics, of the source. This prop-
erty is not alway easily achieved. For example, for the standard A-calculus, the interpretation
of terms through Bohm trees [15] gives a semantics that is not fully abstract with respect to
the notion of B-equality, since terms that are not related through reduction can have the same
Bohm tree. Similarly, for models created using the intersection type discipline [16) [7], terms
that can be assigned the same sets of types need not be related by reduction. Moreover, it can
be that in the target language operations are permitted that do no correspond to operations
of the interpreted language.

When interpreting A-terms into the rr-calculus, an abstraction Ax.M has to be mapped to



a process willing to interact with its context (which would be the interpretation of the ap-
plicative context in which the abstraction occurs). Since this process can interact, in particular
it will have a channel name a over which this interaction can take place immediately, be it
through input or output over 4, which means that the process contains at least an unguarded
input or output. Bisimilarity of processes is typically defined over the capacity of processes
to interact, to produce an input or output, and thereby the interpretation of an abstraction
has to be a process that is not bisimilar to the (inactive) process 0. To achieve full abstraction,
terms that are incapable of interacting with their context, like AA (with A = Ax.xx), cannot be
mapped unto a process that allows interaction, so should be mapped to a process bisimilar to
0. This then immediately implies that the interpretations of Ay.AA and AA are not bisimilar.
However, these terms are both unsolvable, have both no head-normal form, and have the same
set of approximants [56, 57] (i.e. the same Bohm tree), so are equated under approximation se-
mantics. This then implies that any interpretation of the A-calculus (or Ay for that matter) into
the 7t-calculus cannot achieve full abstraction with respect to any standard semantics (based
on B-reduction).

However, under weak semantics (developed in detail in this paper for Ap), based on lazy
reduction [3]], the A-terms Ay.AA and AA are distinguished. As we will illustrate in this paper,
it turns out that this notion is exactly the notion of equality that is respected by any fully
abstract interpretation of the A-calculus into the 7r-calculus. Sangiorgi was the first to show
a full abstraction result [50, 51] for (essentially) Milner’s encoding T ' a, by showing that
T™™} a ~ N} a if and only if M ~ N, where ‘'~ is the applicative bisimilarity on A-terms [4].
However, this result comes at a price: applicative bisimulation equates terms that are not
weakly bisimilar under the interpretation. To solve this, Sangiorgi extends the encoding to
Ac, a A-calculus enriched with constants and changes it into a mapping onto the Higher Order
rt-calculus, a variant of the m-calculus with higher-order communications.

To achieve a full-abstraction result for our interpretation we will use a new, considerably
different technique: rather than reason through applicative bisimulation, we reason through
weak approximation semantics that gets defined in this paper. First we characterise what is
exactly the equivalence between terms in Ay that is representable in the 7r-calculus through
our encoding -} -; as for Sangiorgi, this turns out to be weak equivalence (see Section 10),
that essentially equates terms that have the same Ap-Lévy-Longo tree [40, 42] (for the pure
A-calculus, those are a lazy variant of Bohm trees), which corresponds to the set of weak
approximants; a notable difference between ours and Sangiorgi’s result is that we deal with
all terms, not just the closed ones.

4 /

In Theorem 7.1 we will show that our interpretation respects ‘" modulo ‘~’, and in
Theorem 7.6 that it even models ‘=,’, the congruence generated by ‘—’, from which a similar
result for ‘=g, " follows directly. In Theorem 12.1, we extend this result to weak explicit head
equivalence ‘~xy', the equivalence relation generated by ‘—,y" that equates also terms with-
out weak head-normal form. The main proof of the full abstraction result is then achieved
through showing that ‘~x4" equates to ’Nwﬁy’, the equivalence relation generated by standard
reduction that also equates terms without weak head normal form: this latter result is stated
entirely within Ay and does not depend on the encoding. To achieve this, we define a choice
of operational equivalences for the Au-calculus, both with and without explicit substitution.
Next to ‘~yxu’ We define weak head equivalence ‘~,;" and show that for Ap-terms without ex-
plicit substitution, ‘~yxs" corresponds to ‘~y". Following essentially [56] 57], we also define a
notion of weak approximation and show that the relations ‘~4 ", which expresses that terms
have the same set of weak approximants, ‘~yy’, and ‘~y,  all correspond. The combination
of these results then yields full abstraction.

Of course the full abstraction result is achievable for the pure A-calculus as well; although
this cannot simply follow from the results we will show below, the proofs needed are almost



carbon copies, removing all treatment of context switches. The interpretation of terms into the
rt-calculus is slightly easier, and a more direct relation between explicit head reduction and
synchronisation can be established. The treatment of explicit head reduction also facilitates a
reformulation of Milner’s first result, which show a direct, step-by-step relation between weak
head reduction for the A-calculus (also known as lazy reduction) and synchronisation inside
the image of terms under Milner’s interpretation.

Organisation of this paper: We start with revisiting the Ap-calculus in Section 1 and define
a notion of head-reduction ‘—y’. In Section 2 we revisit the r-calculus, enriched with pairing,
and will discuss some of the context and background of our work in Section 3. In Section 4
we define Aux, a version of Ay with explicit substitution, as well as a notion of explicit head-
reduction in Section 5, and in Section 6 define our logical interpretation of Aux in to 7T and prove
a soundness result for explicit head-reduction with respect to weak bisimilarity in Section 7.
In Section 8 we will show that the operation of renaming we have defined in Section 7 is not
needed when dealing weak (i.e. lazy) reduction on closed terms, so is the price to pay when
modelling head reduction and on open terms.

Working towards our full abstraction result, i.e that T'M ya~TNjaif and only if M ~g, N, in
Section 9 we will define notions of weak reduction, in particular weak head reduction and weak
explicit head reduction. In Section 10 we define the two notions of equivalence these induce,
respectively ‘~y" and ‘~yxy', also equating terms without weak head-normal form and show
that these notions coincide on pure Ay terms (i.e. without explicit substitutions). We also
define the equivalence ‘~;p,” induced by ‘—p,” on pure Ay terms, that also equates terms
without weak head-normal form. In Section 11, we define a notion of weak approximation for
Au, and show the semantics this induces, which corresponds to Lévy-Longo trees, is fully
abstract with respect to both ‘~;y" and “~,". Then, in Section 12, we will show that our
logical interpretation is fully abstract with respect to weak bisimilarity ‘~” on processes and
the equivalences “~yx', “~uwn', “~4,,", and ‘~yp,” On pure Ap-terms.

To conclude, in Section 13, we will focus on the A-calculus, and state the results that are
provable when removing context switches; an interesting one is the reformulation of Milner’s
result (Theorem 3.3) in Corollary 13.5, but now with explicit weak head reduction.

This paper is an extended and improved version of [13} [14], but dealing with Ay, rather than
Ap as in [13].

Notation: We will write n for the set {1,...,n}. We will use a vector notation ~ as abbre-
viation for any sequence: for example, X; stands for xy,...,x,, for any irrelevant n, or for
{x1,...,x, }, and (al:—Nl,Bl ) for (w1 :=Nj-B1) -+ (@n:=Ny-Bn), etc. When possible, we will
drop the indices. We also use ‘2" rather than ‘<=’ for the symbol representing ‘is defined
as’, since the latter represents a logical implication. By abuse of notation, we will use ‘€” also

as an abbreviation of ‘occurs in’, for example for sequences or terms.

1 The Au calculus

In this section, we will briefly discuss Parigot’s Au-calculus [47]; we assume the reader to be
familiar with the A-calculus and its notion of reduction ‘—4" and equality ‘=p’, so will be brief
on details. In Section 4 we will define explicit head-reduction for Apx, a variant of Ay with
explicit substitution 4 la Bloo and Rose’s Ax [20], and will show full abstraction results for Apx
later in the paper; since Aux implements Ap-reduction, this implies that, automatically, our
main results are also shown for standard reduction (with implicit substitution).

Au is a proof-term syntax for classical logic, expressed in Natural Deduction, defined as an
extension of the Curry type assignment system for the A-calculus by adding the concept of



named terms, and adding the functionality of a context switch, allowing arguments to be fed to
subterms.

Definition1.1 (Syntax ofF Ap) The Ap-terms we consider are defined over the set of variables
represented by Roman characters, and names, or context variables, represented by Greek char-
acters, through the grammar:

M,N = x (variable)
| Ax.M (abstraction)
| MN (application)
| pa.[B]M  (context switch)

We will occasionally write Cmd for the pseudo-term [¢]M, and use Ay also for the set of all
Ap-terms.

The main difference between Ay and Ay is that in the former, [¢] M is considered to be a term.
As usual, Ax.M binds x in M, and pua.Cmd binds a in Cmd, and the notions of free variables
fo(M) and names fn(M) are defined accordingly; the notion of a-conversion extends naturally
to bound names and we assume Barendregt’s convention in that we assume that free and
bound variables and names are always distinct, using a-conversion when necessary. As usual,
we call a term closed if it has no free variables or names.
Simple type assignment for Ay is defined as follows:

Definition1.2 (Tyres, CONTEXTS, AND TYPING) i) Types are defined by the grammar:
AB = ¢|A—B

where ¢ is a basic type of which there are countably many.

ii) A context of inputs I' is a mapping from term variables to types, denoted as a finite set
of statements x:A, such that the subject of the statements (x) are distinct. We write I7,13
for the compatible union of It and I3 (if x:A; € I1 and x:Aj € I, then Ay = Aj), and write
I,x:Afor I, {x:A}.

iii) Contexts of outputs A as mappings from names to types, and the notions A1,A; and a: A, A
are defined similarly.

iv) Type assignment for Ay is defined by the following natural deduction system.

I'EM:B|aA,A I'EM:A|wAA

Ax): : a A x&A
(A): Trarz:aja W FI—;m.[,B}M:A\,B:B,A< Tpafa]M:A|A #4)
Lx:AFM:B|A [M:A—>B|A THN:A|A
(—I): (x¢T) (—E):
[Ax.M:A—B|A I'-MN:B|A

We write I' -y, M : A | A for derivable judgements in this system.

So, for the context I',x:A, we have either x:A € I, or I' is not defined on x; notice that in the
first variant of rule (y), B:B is added to A; B can already appear in A, but then has to have the
same type; on the other hand, that rule removes «:A from the right context.

In Ay, reduction of terms is expressed via implicit substitution; as usual, M{N/x} stands
for the (term) substitution of all occurrences of x in M by N, and M{N-y/a}, the structural
substitution, for the term obtained from M when every (pseudo) sub-term of the form [a]P is
replaced by [y|PN [ For reasons of clarity, and because below we will present a version of Au

2 This notion is often defined as M{N/a}, where every (pseudo) sub-term of the form []P is replaced by
[«]PN; in our opinion, this creates confusion, since a gets ‘reintroduced’; it is in fact a new name, which is
illustrated by the fact that, in a system with types, « then changes type, as also expressed by rule (S-sub) in



that makes the substitution explicit, we define the structural substitution formally.

Definition 1.3 (STRUCTURAL SUBSTITUTION) We define M{N-vy/a} (where 7 is fresh, a does
not occur bound in M, and every sub-term [¢|L of M is replaced by [y]|LN) by induction over
the structure of (pseudo-)terms by:

([a]M) {N-7/a} 2 [y](M{N-7/a})N
([BIM) {N-7/a} 2 [B](M{N-y/a}) (a # B)
(uB.Cmd) {N-y/a} 2 uB.Cmd{N-y/a}
x{N-y/a} 2 «x
(Ax.M) {N-y/a} & Ax.M{N-y/a}
A

(PQ){N-7/a} = P{N-y/a} Q{N-v/a}
We have the following rules of computation in Ap:

Definition1.4 (A REDUCTION) i) Ay has a number of reduction rules: two computational rules

logical (B): (Ax.M)N — M{N/x}
structural (p) : (pa.Cmd)N — py.(Cmd{N-y/a})

as well as the simplification rules

renaming : [Bluy.Cmd — Cmd{B/v}

erasing: pw.Jo]M — M (« & fm(M))
which are added mainly to simplify the presentation of results.
ii) We use the contextual rulesg ML ~ NL
LM — LN
M—N =

Ax.M — Ax.N
pa [pIM — pa[B|N

iii) We use ‘—>ZH’ for the pre- Congruence@ based on these rules,

write M —>H Nif M —>ﬁ N and N is in normal form, M —>g”fN if M —>ﬁ N and N is in
head-normal form, M{ if there exists a finite reduction path starting from ME and M1
if this is not the case.

We will use these notations for other notions of reduction as well, sometimes subscripted

{

=g, for the congruence,

for clarity.
That this notion of reduction is confluent was shown in [49]; so we have:

Proposition 1.5 ([49]) If M =g, N and M — g, P, then there exists Q such that P —p, Q and N —g,
Q.

The intuition behind the structural rule is given by [32]: ‘in a Au-term pa.M of type A—B,
only the subterms named by « are really of type A—B (...); hence, when such a u-abstraction is
applied to an argument, this arqument must be passed over to the sub-terms named by x.” We can

Definition 4.3. Moreover, when making this substitution explicit, bound and free occurrences of the same name
would be introduced, violating Barendregt’s convention.

3 Normally the contextual rules are not mentioned but are left implicit; we state them here, since we will below
consider notions of reduction that do not permit all contextual rules.

A pre-congruence is a reflexive and transitive relation that is preserved in all contexts; a congruence is symmetric
pre-congruence.

5 Note that this does not imply that all paths are finite.



(Ax)

(1)

(=)
—E)

x:(A—B)—Ay:Aty:AlwA,BB
x:(A—B)—Ay:AF uB.[a]y:B|a:A
(A—B)oAFx: (A—B) oA wA ) x(A—B)—AF AyuB.laly: A—B|aA
x:(A—=B)—AFx(Ay.uB.[a]y): A|a:A
x:(A—=B)—= At pa.fa]x(Ay.up.[a]y) : A (1)
FAx.pa[a) x(Ay.uB.[a]y) : ((A—B)—A)— A |
Figure 1. A derivation for a term representing Peirce’s Law in I,

think of [x] M as storing the type of M amongst the alternative conclusions by naming it «.
Parigot showed in [48] that typeable terms are strongly normalisable. That paper also
defines the extensional rules
(n): Ax.Mx — M (x ¢ fo(M))

(mu): pe[BIM — Ax.uy [BIM{x-y/a}

We do not consider these rules here: the model we present through our interpretation is not
extensional, and we can therefore not show that those rules are preserved by the interpreta-
tion.

Example 1.6 As an example illustrating the fact that this system is more powerful than the
system for the A-calculus, Figure 1 shows that it is possible to inhabit Peirce’s Law (due to
[46]). The underlying logic of the system of Definition 1.2 corresponds to minimal classical logic

[5].

We also consider the notion of head reduction; Wadsworth [56] defined that for the A-calculus
by first defining the head-redex of a term as the subterm (Ay.M) N in a term of the form

/\X1X2' . xn((AyM) N) L] Lz' . 'Lm (Tl > O,Ti’l > 0)

Head reduction is then that notion in which each step is determined by contraction of the
head redex only (when it exists); head-normal forms (the normal forms with respect to head
reduction) are of the generic shape

Ax1Xp- - Xp.yL1Lp---Lyy  (n>0,m >0)

and y in this term is called the head variable. In Ay, given the naming and u-binding features,
the notion of head redex is not this easily defined; rather, here we define head reduction by
not allowing reductions to take place in the right-hand side of applications (in the context of
the A-calculus, this gives the original notion); we also define a notion of head-normal form for

Au.

Definition 1.7 (HEAD REDUCTION FOR Ay (cf. [39])) i) We define head reduction ‘—y" as the re-
striction of ‘—p,” by removing the contextual rule:

M—N = LM— LN
it) The Ay head-normal forms (HNF) are defined through the grammar:
H :=
| xMi---M, (n>0)
| ya.[plH  (B#aoracH, and H# puvy.[6|H')

Notice that the —4,-HNFs are —y-normal forms.
The following is straightforward:



Proposition 1.8 (‘—4’ IMPLEMENTS Ap’S HEAD REDUCTION) If M _%14 N with N in HNF (so M —>ng
N), then there exists H such that M —>£’{(H (so H is in —y-normal form) and H _%14 N without using

/ 7

%H.

Notice that Af.(Ax.f(xx))(Ax.f(xx)) —u Af.f((Ax.f(xx))(Ax.f(xx))) and that this last
term is in HNF, and in —y-normal form.

2 The synchronous rr-calculus with pairing

The notion of 7r-calculus that we consider in this paper was already considered in [12] and
is different from other systems studied in the literature in that it adds pairing and uses a let-
construct to deal with inputs of pairs of names that get distributed, similar to that defined by
Abadi and Gordon [2]; in contrast to [10,[12], we do not consider the asynchronous 7r-calculus.

As already argued in [12]], the main reason for the addition of pairing lies in that we want
to communicate the interface of functions, through simultaneously transmitting the names of
the input and of the output channel of the process that represents the function. Therefore data
is introduced as a structure over names, such that not only names but also pairs of names can
be sent (but not a pair of pairs); this way a channel may pass along either a name or a pair of
names. We could consider the standard 7r-calculus; however, the details of the interpretation
would change (more replication would be needed).

Definition 2.1 (PrRoCEssEs) i) Channel names and data are defined by:
a,b,c,d,x,y,z,... names p == al|{ab) data

i) Processes are defined by:

P,Q == 0 (nil) | a(x).P (input)
| P|Q  (composition) | ap.P (output)
| 1P (replication) | let(x,y)=p in P (let construct)

| (va) P (restriction)

iii) We see, as usual, v as a binder, and call the name n bound in (vn) P, x bound in a(x).P
and x,y bound in /et (x,y) =p in P; we write bn (P) for the set of bound names in P; n is
free in P if it occurs in P but is not bound, and we write fin(P) for the set of free names in
P. We accept the normal convention on the separation of free and bound names, using
a-conversion when necessary. We call a in (va) P a hidden channel.

iv) A context C|-] is a process with a single (process) hole, and we write C[P] when filling
the hole with P.

v) We call Pa(x) and a p guards, and call P in a(x).P and ap.P a process under guard.
vi) We will abbreviate a(x).let (y,z) =x in P by a(y,z).P, as well as (vm) (vn) P by (vmn) P,
and write ap forap.0.
vii) As in [51]], we write a-b for the forwarder a(x).b x, and ¥(w).P for (vw) (Xw.P).

Notice that the pairing in data is not recursive. Data occurs only in two cases: ap and
let (x,y)=p in P, and then p is either a single name, or a pair of names; we therefore do
not allow a((x,y)).P, nor a ({b,c),d).P, nor (b,c) p.P, nor (v(a,b)) P, nor let{(ab),y)=pin P,
etc. So substitution P{p/x} is a partial operation, which depends on the places in P where
x occurs; whenever we use P{p/x}, we will assume it is well defined. It is worthwhile to
point out that using pairing is not the same as working with the polyadic (or even dyadic)
rt-calculus, because there each channel has a fixed arity, whereas we allow data to be sent,

which is either a name or a pair of names.



Definition 2.2 (STRUCTURAL CONGRUENCE) The structural congruence is the smallest congru-
ence generated by the rules:

PO =P (Pl1Q)|R = P|(Q|R)
PIQ = Q|P (vm) (vn) P = (vn) (vin) P

P = P|!P (vn)(P|Q) = P|(vn)Q (n&fm(P))
(vn)0 = 0 let (x,y)={(ab)in P = P{a/x,b/y}

As usual, we will consider processes modulo congruence and a-conversion: this implies that
we will not deal explicitly with the process let (x,y) = (a,b) in P, but rather with P{a/x,b/y}.
Because parallel composition is associative, we will normally not write brackets in a parallel
composition of more than two processes.

Computation in the rr-calculus with pairing is expressed via the exchange of data.

Definition 2.3 (RepucTtioN) i) The reduction relation over the processes of the rr-calculus with
pairing is defined by the following (elementary) rules:

ap.Pla(x).Q —x P|Q{p/x} (
P—,P = (vn)P —, (vn)P (hiding)
P—.P = P|Q—zP|Q (composition)
P=QAQ =, QNQ =P = PP (

synchronisation)

structural congruence)

We write P — (c) Q if P reduces to Q in a single step via a synchronisation over channel
¢, and write “—, (=,)’ if we want to point out that a-conversion has taken place during
the synchronisation. We say that P — (¢) Q takes place over a hidden channel if ¢ is hidden
in P.

ii) We say that a P is irreducible (is in normal form) if it does not contain a possible synchro-
nisation, i.e. P is not of the shape (vb ) (ap.Q |a(x).R|S) (up to structural congruence).

Notice that let (x,y) =a in P (where a is a name) is stuck. Also,

albec)la(x,y).Q 2 a(lbce)|a(z).let(xy)=zin Q
—r let(x,y)=(bc)in Q
= Q{b/x,c/y}

There are several notions of equivalence defined for the 7t-calculus: the one we consider
here, and will show is related to our encoding, is that of weak bisimilarity.

Definition 2.4 (WEAK BISIMILARITY) i) We write P |7 and say that P outputs on n (or P ex-
hibits an output barb on n) if P = (VE) (np.Q|R), where n ¢b and Pln (P inputs on n)
if P=(vb)(n(x).Q|R), where n ¢b.

ii) We write P71 (P will output on n) if there exists Q such that P =} Q and Q|#n, and P,
if there exists no n such that P 7 (P will not output). Likewise, we write P n (P will
input on n) if there exists Q such that P =} Q and Q| n, and P J/; if there exists no n such
that P n (P will not input).

iit) A barbed bisimilarity ‘<’ is the largest symmetric relation such that P & Q satisfies the
following clauses:
e for every name n: if P |7 then Q| 7, and if P n then Q{n;
e for all P/, if P —% P’, then there exists Q' such that Q —% Q' and P’ = Q’;
iv) Weak bisimilarity is the largest symmetric relation on processes ‘~" defined by: P ~ Q if
and only if C[P] = C[Q)] for any context C|-].
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The following property is needed in the proof of Theorem 7.1 and 7.6.

Lemma 2.5 (PRIVATE RESOURCES LEMMA (cf. [44, 51]])) Let x # c¢ at most only be used as output
channel in P and Q, and not appear in R, then

(vx) (P|Q[!x(z).R) ~ (vx)(P[!x(z).R)[(vx)(Q|!x(z).R) (1)
(vx) (P Q[!x(vd).R) ~ (vx)((vy) (P{y/x}|'y(vd).R)|Q[!x(v,d).R), (yfresh) (2)
(vx) (c(y).P[!x(2).R) ~ c(y).((vx) (P|!x(z).R)) (3)

(vx) (fe(wd).P[!x(z).R) ~ !c(vd).((vx)(P|!x(2).R)) (4)

(vx) (fcy.P|!x(z).R) ~ !cy.((vx)(P|!x(z).R)) (5)
Likewise, let x # c only be used as input channel in P and Q, and not appear in R, then

(vx) (PlQ|!'x(w).R) ~ (vx)(P[!x(w).R)|(vx)(Q|!X(w).R) (6)

(vx) (P]Q[!x(w).R) ~ (vx)((vy) (P{y/x}|!y(w).R)|Q[!X(w).R), (yfresh) (7)

(vx) (fe(vd).P|!x(w).R) ~ ! (vd) ((vx) (P |!x(w).R)) (8)

(vx) (fcy.P[!x(w).R) y-((vx) (P [!1x(w).R)) ©)

Proof : All parts follow easily. Part 1, 4, and 5 are shown in [44] 51]] (see Theorem 3.5); part 2
follows from part 1, a-conversion, and structural congruence. The proof for the second group
is similar to that for the first. U

Part 4, 5, 8, and 9 are part of (extended) structural congruence in [27].
The following is easy to show.

Proposition 2.6 (SYNCHRONISATION OVER HIDDEN CHANNELS IS UNOBSERVABLE) Let P, Q not con-
tain a and a not in p, then

(va)@p.Pla(x).Q) ~ P|Q{p/x} (10)
(va)(@p.P|'a(x).Q) ~ P|Q{p/x} (11)

Proof : For part (10), this follows from the fact that there is only one synchronisation possible
in the left-hand process, and before that is activated, no context can interact with it. After the
synchronisation over g, that channel name disappears and the process on the right gets created
and only then can a context interact. Part (11) follows similarly, using that (va) (1a(x).Q) ~ 0.

0

3 Context and background of this paper

Milner’s input-based encoding

In the past, there have been several investigations of interpretation from the A-calculus into the
n-calculus. Research in this direction started by Milner’s interpretation I} - of A-terms [43];
Milner’s interpretation is input based, i.e. terms are interpreted under an input name, and
Milner shows that the interpretation of closed A-terms respects large-step lazy reduction ‘—’
[3] to normal form up to substitution (Theorem 3.3); this was later generalised to B-equality,
but using weak bisimilarity [51].

It is defined by:

Definition 3.1 (MILNER’S INTERPRETATION [43]) Let a not be a A-variable.

11



x}Ya 2 Xa
TAx.Mya 2 a(x).a(b).TM}b (D fresh)
TMNyYa 2 (ve) ("™} c|(vz) (cz.ca.lz:= N})) (c,z fresh)
Tx:=M) 2 tx(w).'M)w (w fresh)

Milner calls fx := M} an environment entry; it corresponds to a closure in Krivine’s machine
[38], that are also grouped in an environment; it could be omitted from the definition above,
but is of use separately.

Example 3.2 Using I} -, the encoding of a f-redex (only) reduces as follows:

TAx.M)N}a & (vc)("Ax.M) c|(vz) (cz.ca.lz:= N}")) 4
(ve) (c(x).c(b).TM} b[(vz) (cz.calz:=N})) =71 (0
(v2) ("M {z/x}a| 2= ) — (¢"M} )
(vx) ("M} a|Tx:= NY") 4

(vx) ("M} a | tx(w).IN} w)

Now reduction can continue in (the encoding of) M, but not in N that is still guarded by
the input on x, which will not be used until the evaluation of "M}’ a reaches the point where
output is generated over x. This implies of course that we can model reductions in M that
take place before the substitution gets executed, i.e. “under the abstraction’, but after a first step
in the evaluation of the redex: this implies that Milner’s encoding represents more than just
lazy reduction with implicit substitution, and more closely deals with explicit substitution; we
will make this observation more precise in Theorem 13.4.

Notice that, in TM\N "4, the interpretation of the operand N is placed under output (and
replication), and thereby blocked from running; this comes at a price: now B-reductions that
occur in the right-hand side of an application can no longer be mimicked. Combined with
using input to model abstraction, this makes that a redex can only be contracted if it occurs
on the outside of a term (is the fop redex): the modelled reduction is lazy, ‘—’.

Milner states an Operational Soundness result for his interpretation:

Theorem 3.3 ([43]) For closed A-term M, either Mt and "My ut , or M —§ Ay.R{N/x} , and
™ u —5 (%) (MAy.R) u|lx:=N}).

Although obviously the intention in [43] is that the substitutions {N—/x } in Theorem 3.3 are
generated by the reduction (and this is explicitly used in the proof for that result), the way
it is formulated this need not necessarily be the case; the result as stated in [43] is therefore
not complete. Moreover, it is worthwhile to note that, although not mentioned in [43], the
proof of this result treats the substitution as explicit, not as implicit; for example, in the proof
of Lemma 4.5 in that paper, case 3 considers the term xM; - -- M, {N/x} and NM;--- M, {N/x}
to be different, whereas in the standard A-calculus these terms are identical. Under explicit
substitution, however, the terms xMj---M, {(x:=N) and NM;---M, (x:=N) do differ, so it
is opportune to switch our attention to a calculus with explicit substitution. We will come
back to this in Theorem 13.4, where we restate Milner’s result, but formulated with explicit
substitution.

Moreover, notice that (/\x xx)(Ay.y) —5 Ay.y: however, we need garbage collection to run

T(Ax.xx)(Ay.y) ) a to TAy.y} a, which Milner does not consider; without garbage collection, it
runs to

(vz) ((vz1) "Ayyy a| Tz i=21) | Tz := Ay.yy),

12



so also in this case the formulation of Milner’s result is imprecise. This anomaly was ad-
dressed in [44] where "(Ax.M)N; ~ TM{N/x} is stated using weak bisimilarity, and in [51]
using ground bisimilarity, as we will discuss below.

For many years, it seemed that Milner had stated the first and final word on the interpretation
of the A-calculus; in fact, input-based interpretations of the A-calculus into the 7r-calculus have
become the de facto standard, and most published systems are based on Milner’s interpreta-
tion. The various interpretations studied in [51] constitute examples, also in the context of the
higher-order 7-calculus; [36] used Milner’s approach with a typed version of the rr-calculus;
[55] used it in the context of continuation-passing style languages.

In [44], Milner returned to interpretations of the A-calculus, but expressed a property over -
reduction, rather than lazy reduction to normal form. To that purpose, he presented a different
version of his encoding into the polyadic m-calculus. It uses a notion of abstraction (Aa)P over
processes, but with the restriction that bound names can only be replaced by names (so is not
a higher-order feature) and is mainly added for ease of adding definitions. Since only names
can be substituted, abstractions can only be applied to names as in ((Aa) P)b, which stands
for (so does not reduce to) P{b/a}. Also, Milner introduces the notation a.[b; - --b,|, which
roughly stands for ab; - - -b,, and can be used in a synchronisation of the shape

0.(A%)P|o.(v2)[7]Q = (v2)(P{y/x}|Q)

provided that |¥ | = |7/ |. The new version of the encoding now becomes:
Tx; 2 (Au)x.[u] (u fresh)
TAx.M; 2 (Au)u.(Ax)IM] (u fresh)
TMN; 2 (Au)(vo) ("M} v | (vz) (9.[zu] | !2.TN])) (1,0,z fresh)

Milner shows that
Lemma 3.4 (vx) (TM} |'x.IN}) ~TM{N/x}}

This result is stated using full weak bisimilarity. Since we will be dealing with explicit
substitution rather than implicit substitution as Milner did, some of the results we will show
below will use a weaker variant of that relation, being '~ (garbage collection), ‘~;’ (renam-
ing), and ‘~," (duplication) (see Definition 6.7).

Using Lemma 3.4, Milner shows "(Ax.M)N| ~TM{N/x}| (but does not extend this result
to M= N = M| ~TN}); see also Theorem 7.6 and 7.7 below. As in the proof of Theorem 7.6,
Milner needs a variant of Lemma 2.5:

Theorem 3.5 (RerLicaTION THEOREM [44] 51]) If x occurs in P, Q, and R only in output subject
position (as subjects of output prefixes, as negative subjects), then

(vx) (P Q|!'x(z).R) = (vx)(P|!'x(z).R)|(vx)(Q|!x(z).R) (12)
(vx) (' P|!x(z).R) ~ !(vx)(P|!'x(z).R) (13)

and@ if x does not occur in 1, then
(vx) (P |'x(z).R) ~ m.(vx)(P|!x(z).R) (14)

This permits the ‘~’" steps in

6 This property is not stated in [44], but is needed, as seen below.
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Notice that, the notational differences notwithstanding, the encoding M.l is input-based, and
a direct rewrite of the original one.

After Milner’s encodings, many variants followed; for example, [51] defines an encoding into
the higher-order 7rr-calculus that respects lazy reduction. We repeat that definition here, but
adjusted to the normal rr-calculus, rather than the higher-order one.

The (call by name) encoding [ﬁ [7] of the lazy A-calculus is defined through:

[x] 2 xa
[[/\x.M‘ﬁi 4 (vo) (ﬁv.v,(x,p).[[M‘ﬁ' (v, p fresh)
[MNj 2 (vq)([M] |q(v).(vx) (F(xa).lx(w).[N])) (9,0,%,w fresh)

Notice that although this is an output-based encoding, in the sense that the (private) channel g
in the encoding of M N is used as an output for the encoding of M, underneath the encoding
is essentially Milner’s. As before, the reductions inside an abstraction, those in the right-
hand side of an application, as well as those inside the term that gets substituted cannot be
simulated, and therefore this encoding models (part of) lazy reduction.

For this encoding, [51] shows a number of results; first it shows:

W @)
[(AxM)NT 58 (vx) ([M] | tx(w).[NT) =g [M{N/x}]

(where %" is the deterministic (silent) transition and ‘~,” is ground bisimilarity) which
leads to
3) ¢ -9 ;
M= N = [M) 55~ [N]

(4) , ,
M= N = [M) Reg [Ny
As in [44], a variant of Lemma 2.5 is needed to achieve this result. We show the equivalent of
these results for our encoding in Theorem 7.1 and Theorem 7.7 below.
The characterisation of TM}'a ~ TN | a, left as open problem in [43], was achieved through
showing that
TM'a~TN}a < M~N,
where ‘~’ is the applicative bisimilarity on A-terms, an operational notion of equivalence on
terms of the lazy A-calculus as defined by Abramsky and Ong [4], rather than B-equality.

7 For uniformity of notation, we write [ ﬁ rather than \/ [:ﬂ .

8 In [51]), it is suggested that (4) follows from (3), but in fact it follows from (1) and (2). Moreover, we assume
that the formulation of (4), where ‘=" is used instead of ‘~’, is a typo.
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This result comes with caveats, however: as shown by Ong [45], applicative bisimulation
equates x(x®AA)O and x(Ay.xOAAy)© (where A = Ax.xx, and O is such that, for every N,
ON is reducible to an abstraction) whereas these terms are not weakly bisimilar under the
interpretation ' - (see [43]). This has strong repercussion as far as the interpretation of the
A-calculus is concerned: in order to achieve full abstraction, Sangiorgi had to extend Milner’s
encoding to A., a A-calculus enriched with constants (that take the place of the free variables,
thereby creating closed terms) and by exploiting a more abstract encoding into the Higher
Order rt-calculus, a variant of the rr-calculus with higher-order communication.

Sangiorgi’s result then essentially states that the interpretations of closed A.-terms M and
N are weakly bisimilar if and only if M and N are applicatively bisimilar; in [50] he improves
on this by showing that the interpretation of terms M and N in A, in the standard 7r-calculus
is weakly bisimilar if and only if M and N have the same Lévy-Longo tree [40, 42] (a lazy
variant of Bohm trees [15]). Since the principal results in [50], presented almost all without
proof, are shown for closed terms onlyE Sangiorgi’s full abstraction result only deals with
closed terms.

An output-based encoding for the A-calculus

In [12] we presented a logical, output-based spine interpretation I | - that interprets abstraction
Ax.M not using input, but via an asynchronous output which leaves the interpretation of the
body M free to reduce. That interpretation is defined as:

Tx;ja 2 x(w).aw (w fresh)
Mx.Mya 2 (vxb) (TM;b|a(xb)) (b fresh)
TMN;a & (vo)("TM;c|c(vd).(Tv:=N; |d+a)) (c,o,d fresh)

T™{x:=N);a 2 (x)("M;a|x:=N;)
Tx:=N; 2 ITN;«x

This can be seen as a variant of one defined independently by Beffara [18], obtained through
linear logic, except for the input/output polarity for variables.

For this interpretation, in [12] we showed Operational Soundness (and Type Preservation),
but with respect to the notion of explicit head-reduction ‘—y', similar to the notion defined
below in Definition 5.1, and the notion of type assignment ‘5" defined in [12]. The main
results shown are:

i) If M1 then "M at,, and if M —yy N then TM ja =%~ TN a.
i) If T'F M: A then ™M a: T b a:A.

where ‘~’ is contextual equivalence,

As argued in [12], to show this result, which formulates a direct step-by-step relation be-
tween B-reduction and the synchronisation in the m-calculus, it was necessary to make the
substitution explicit. This is a direct consequence of the fact that, in the rr-calculus, the im-
plicit substitution of the A-calculus gets ‘implemented’ one variable occurrence at the time, rather
than all together in one fell swoop. (We come back to those results in Section 13.) Since we
aim to show a similar result for Ay, we will therefore also here define a notion of explicit
substitution for that calculus.

Classical logic and the 7r-calculus

There are, to date, a number of papers that investigate if the 7r-calculus can be used to interpret
calculi that relate to classical logic as well, like Ay, X‘uﬁ, or X.

9 The development of Lévy-Longo trees is done for all terms, but the build-up of the main result Theorem 5.4
includes Theorem 4.11 that holds, other than suggested, only for closed terms.
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In [36] an interpretation of Call-by-Value Ay is defined that is based on Milner’s, but allows
for a much more liberal notion of reduction on processes, and considers fully-typed terms (so
types are part of the syntax of terms) and processes only. Types for processes prescribe usage
of names, and name passing is restricted to bound (private, hidden) name passing The syntax
of processes considered there is

P o= lx).P | (vy)xy[P) | PlQ | (v)P | 0

and the notion of reduction on processes is extended to that of "/, defined as the least
compatible relation over typed processes (i.e. closed under typed contexts), taken modulo ‘=’
that includes:

7

x(y).P|(vi)(xd Q) — !'x(¥).P|(vd)(P{a/y}| Q)
as the basic synchronisation rule, as well as

Clva)(xa [P)]|!x(¥).Q \» Clvd)(P{a/y}|Q)]|!x(7)-Q
Vo) (1x2(7).Q) g 0

where C[-] is an arbitrary (typed) context; note that “\,” synchronises with any occurrence of
X @ , no matter what guards they may be placed under. The resulting calculus is thereby very
different from the original 7r-calculus.

On the relation between Girard’s linear logic [31] and the 7-calculus, Bellin and Scott [19]
give a treatment of information flow in proof-nets; only a small fragment of Linear Logic was
considered, and the translation between proofs and 7-calculus was left rather implicit, as also
noted in [23]]. To illustrate this statement here, we observe that [19] uses the standard syntax
for the polyadic 7r-calculus

P,Q == 0|P|Q|'P|(va)P|a(Z).P|aP.P

similar to the one we use here (see Definition 2.1) but for the fact that in [19] the /et-construct
is not used. However, the encoding of a ‘cut’ in linear logic

A, m: AL F z:B,w:B+
Fx:A®B,y:(A®B)* Fm:At,w:BY,0:A®B
Fx:A®B,m:A',w:B+

ie. the ‘term’ x:A ® B,m:AL,w:B+, gets translated into a ‘language of proofs’, the result of
which looks like:

Cutt(I, @4 (I, ymwz)x, (m,w) = (vk)(I{k/y} | Q¥*(I,I)mwz{k/v})

where the terms Cut and I are (rather loosely) defined. Notice the use of arbitrary application
of processes to channel names, and the operation of pairing; the authors do not specify how
to relate this notation, and in particular their notion of application of process names without
adding Milner’s abstraction mechanism explicitly, to the above (application free) syntax of
processes they consider.

However, even if this relationship is made explicit, also then a different 7r-calculus is needed
to make the encoding work. To clarify this point, consider the translation in the 7r-calculus of
the term above, which according to the definition given in [19] becomes:

(vk) (x(a).k(a) | (vnz)(k(n,z).(n(b).m(b) | z(b).w(b)))).

10 This is a feature of all related interpretations into the 7-calculus.
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Although intended, no communication is possible in this term, as the arity of the channel k
does not match. To overcome this kind of problem, Bellin and Scott would need to add the
let-construct with use of pairs of names as we have introduced in this paper in Definition 2.1.

In [10] an interpretation into 7t of the sequent calculus X, which enjoys the Curry-Howard
isomorphism for Gentzen’s LK, is defined and shown to respect reduction. It is formulated
as ‘if P —x Q, then [P] 3 [Q]’, allowing [P] to have more observable behaviour than [Q].
The main reason for this is that reduction in X" is non-confluent; taking P& { x Q, with a not
in Pand x notin Q, then PR 1XQ —y P and P2 { X Q —y Q, where subterms are removed
during reduction. Simulation of this in the 7t-calculus through [P t ¥ Q] = [P] | [Q] creates
a process that can simulate both the reductions in P and Q; but since the 7r-calculus has no
feature to erase part of a process, [P & T ¥ Q] does not run to either [P] or [Q]. All possible
normal forms of a term P are represented, in parallel, in [P] and it is not guaranteed that
either of them can be considered garbage. In that light, it is impossible to show “if P —y Q,
then [P] ~ [Q]’" for any interpretation of X into the 7-calculus; as argued in [10], this is
natural in the context of non-confluent, symmetric sequent calculi.

An interpretation of Auji is studied in [25]; the interpretation defined there strongly de-
pends on recursion, is not compositional, and preserves only outermost reduction; no relation
with types is shown.

4 Aux: Ay with explicit substitution

One of the main achievements of [12] is that it establishes a strong link between reduction in
the rr-calculus and step-by-step explicit substitution [20] for the A-calculus, by formulating a
result not only with respect to explicit head-reduction and the spine interpretation, but also
for Milner’s interpretation [43] with respect to explicit lazy reduction (see also Theorem 13.7),
all defined in [12]. In view of this, for the purpose of defining an interpretation for Ay into
the 7t-calculus in [13], it was natural to study a variant of Ay with explicit substitution as well;
since here we work with Ay, here we present Apx.

Explicit substitution treats substitution as a first-class operator, both for the logical and the
structural substitution, and describes all the necessary steps to effectuate both.

Definition4.1 (Aux) i) The syntax of the Ay calculus with explicit substitution, Aux, is defined
by:
M,N == x|Ax.M|MN | M(x:=N) | ya.[p|M | M{a:=N-p)

where x ranges over an infinite countable set of variables, and a and p range over an
infinite countable set of names. Bound variables and names of terms are defined by:

bo(x) =0 bn(x) =@
bv (Ax.M) = bo (M) U {x} bn (Ax.M) = bn (M)
bv (MN) = bv (M) Ubv(N) bn (MN) = bn (M) Ubn (N)
bo(M(x:=N)) =bv(M)U{x} Ubv(N) bn(M(x:=N))="bn(M)Ubn(N)
bo (pec.[B]M) = bo (M) bn (pa.[BIM) = brn (M) U {a'}
bo(M(a:=N-y)) = bv (M) Ubv(N) bn (M (a:=N-v)) =bn(M)U{a} Ubn (N)

and we call a variable or name free in M (using fv(-) and fn(-), respectively) if it occurs in
M and is not bound. We use Barendregt’s convention, that demands that free and bound
names and variables are distinct; then when using M (x:=N) and M (a:=N-7), we can
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assume that x and « do not appear outside M
if) We call a term M € Aux pure if M contains no explicit substitutions, so if M € Ap.

iii) The reduction relation ‘—" on terms in Aux is defined through the following rules (for
the sake of completeness, we list all):

Main reduction rules: (Ax.M)N — M{(x:=N)
(ya.Cmd)N — py.(Cmd(a:=N-7y)) (7 fresh)
up.[BlM — M (B &m(M))
[B](py.Cmd) — Cmd{/v} 2
Term substitution rules: x{x:=N) = N
M(x:=N) — M (x & fo(M))
(Ay.M){(x:=N) — Ay.(M(x:=N))
(PQ){x:=N) — (P(x:=N))(Q{x:=N))
(e[| M) {(x:=N) — ua.[f]M(x:=N
Structural substitution rules: M{a:=N-y) — M (« & fn(M))
(Ax.M){a:=N-y) — Ax.M{a:=N-y)
(PQ){a:=N-y) — (P{a:=N-7))(Q{a:=N-7))
([]M) (a:=N-7) — [y]M(a:=N-71)N
([BIM) (a:=N-y) — [B]M{a:=N-y) (a # B)
(u6.Cmd)(a:=N-7v) — ud.Cmd{a:=N-v)
Contextual rules: Ax.M — Ax.N
ML — NL
LM — LN
Mo N o JHelBIM = pafIN
M{x:=L) — N{(x:=L)
L{x:=M) — L{(x:=N)
M{a:=L-y) — N{a:=L-y)
L{a:=M-y) — L{a:=N-7y)

iv) We use ‘—.." for the notion of reduction where only term substitution, structural, or
contextual rules are used (so not the main reduction rules), and ‘=" for the congruence
generated by ‘—.

v) To ease notation, we will use S for a sequence (possibly empty) of substitutions of the
shape (x:=N) or (a:=N-7y) when the exact contents of the substitutions is not relevant;
each entry in S concerns a unique variable or name. We write x € S if (x:=N) € S and
say that S is defined on x, and write S\x for 515, if S = S1(x:=N)S; and similarly for a € S
and S\uc. We write S, if S is only defined on ¢, i.e. Sc = (c:=N) or S. = (c:=N-y).

Notice that since reduction in Aux actually is formulated via term rewriting rules [37], reduc-
tion is allowed to take place also inside the substitution term, before the actual substitution takes
place.

We do not add rules like

11 Note that here, for the explicit case, the convention to ‘reuse’ a rather than introduce the new name v, would
have us write M {a:= N-a) which would create a violation of Barendregt’s convention since in M (a:=N-g), a is
bound and S is free.

12 Notice that this alternative is defined using renaming; since B itself is not a term, we cannot use explicit
substitution for this operation.
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M(x:=N)(y:=L) — M{(y:=L){x:=N(y:=L))
M(x:=N)(y:=L) — M{(y:=L){(x:=N)(y:=L)

since as in [20], this would introduce undesired non-termination.
This notion of Au with explicit substitution differs from that of [6], where a version with
explicit substitution is defined for a variant of Ay that uses de Bruijn indices [22].
Notice that, as a result of reduction, substitutions can appear inside applications, as occurs
in:
(AX3 /\Xz /\X1 y)N1M2)N2M3)N —XH
(Ax2.(Axy ]/)Nle)NzMs) (x3:=Nj) —xu
((()\xl y)N1M2)< N2>M3)<x3::N3> —rxa
({21~ Ny M) ez = No) Ms) (2= N

(we write the latter term as y (x1:= Nj) M (x2:=Np) M3 (x3:= N3)).

Explicit substitution describes explicitly the process of executing a Bu-reduction, i.e. ex-
presses syntactically the details of the computation as a succession of atomic steps (like in a
first-order rewriting system), where the implicit substitution of each pu-reduction step is split
up into reduction steps. Thereby we have:

Proposition 4.2 (Apx IMPLEMENTS A}-REDUCTION) M —pg, N = M —¢ N.
Proof : Straightforward. [

Type assignment on Aux is a natural extension of the system of Definition 1.2 by adding
rules (T-sub) and (S-sub).

Definition 4.3 (TYPE ASSIGNMENT FOR Aux) Using the notion of types in Definition 1.2, type
assignment for Aux is defined by:

4 : I'FM:B|wA,A 4 LEMiAjean i)
X): ] ] : « «
LxAbx:A[A B T a[BlM: A | p:B,A T pafa] M:A|A
L[x:AFM:B|A [LAFM:B|A THN:A|A
(—=I): (xgT) (T-sub) : (xgT)
[FAx.M:A—B|A I'-M(x:=N):B|A
[-M:A—=B|A TFN:A|A [FM:C|la:A—B,A THFN:A|A
(—E): (S-sub) : (a,v€A)
['-MN:B|A I'FM{a:=N-y):C|y:B,A

We write I' g,x M : A | A for judgements derivable in this system.

For this notion of type assignment, having extended Ay, we need to show the usual sound-
ness result (i.e assignable types are preserved under reduction), for which we first need to
show the admissibility of thinning and weakening.

Lemma4.4 (WEAKENING AND THINNING) IfI'tg,x M: A |A andeither I' = {x:B€ T | x € fo(M) }
and A' = {a:Be Al a € fn(M)} (thinning), or I C I'" and A C A’ (weakening), then I'" b5, M: A |
A

Proof : Straightforward. U

We can now show:

Theorem 4.5 (SUBJECT REDUCTION) If P —x Q, and I' bg,x P: A then I' kg5 Q: A.

Proof : We show the result for a selection of the reduction rules.
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(Ax.M)N — M{N/x}: Then the derivation is shaped like the derivation on the left, from
which we can construct the one on the right.

L \ R

I'x:AFM:B|A
| (—I E I[Lx:AF-M:B|A I'EN:A|A

IT'FAx.M:A—=B|A ) IT'EN:AA (T-sub)
—E) T'HM(x:=N):B|A
T'F(Ax.M)N:B|A

(pa.Cmd)N — py.Cmd (a:=N-7) : We have two cases:
/SsubThen u7y.([a]M) (a:=N-7y) = uy.[y] M{a:=N-v)N. Then the derivation is shaped like

\ |
ThM:B—A|a:B—A A - ]

M
"TE e a]M:B—A|A [-N:B|A

I'- (pa. o] M)N:A|A

Cmd =

from which we can construct

\ [ / L]

I'FM:B—A|a:B—AA IT'EN:B|A I'EN:B|A
(S-sub) (Weak)
't M{a:=N-y) : B=A|1:AA I'EN:B|1:AA c
%

I't (M{a:=N-y))N:A|1:AA (=E)
I'tuy.[y]M{a:=N-y)N:A|A

Cmd = [B]M, with « # B: Then uy.([]M) (a:=N-7v) = uy.|f] M{a:=N-7). Then the deriva-

tion is shaped like

| /

I'FM:C|a:A—B,B:C,A \ /

I'tua.[p|M: A—B|B:C,A () IT'EN:A|BC,A

I'F (pa.[p]M)N:B| B:C,A

1)

(—E)

from which we can construct:

| [ /

I'hgux M: C | :A—B, B:C,A I'hgux N: A | B:C,A
I'gyx M{a:=N-v) : C|v:B,B:C,A
T Hgux py-[B] M (a:=N-) : B| B:C,A

(S-sub)

(1)

uo.[Bluy.[a] M — ué.[a] M{B/v}: (We assume all names are distinct; if not, the proof is
similar.) Then the derivation is shaped like the derivation on the left, from which we can
construct the one on the right, since f and -y have the same type.

I |

I'tM:C|8:A,v:B,B:B,a:C,A E"I—M Clo:ABB ‘CA/
I'twuy.[a]M:B|6:A,B:B,a:C,A () T {,31'47}/ | _'A,IB' .;X- é A ()
I'tué.[Bluy.[a]M: A|B:B,a:C,A ) KOlal MiB/}: A BBacC,

pa. o) M — M, if « & fn(M): Then the derivation is shaped like
I'EM:A|aC,A
I'pa.Ja]M:A|A
Since a ¢ fn(M), by thinning also I' F,,x M : A | A.
M(x:=N) — M, if x & fo(M): Then the derivation is shaped like

(1)

20



\ ] /

LxBFM:A|A TFN:B|A
I'EM{x:=N):A|A
Since x ¢ fo(M), by thinning from the left-hand sub-derivation also I' I, M: A | A.
(uB.[a] M) (a:=N-7v) = up.[y] M{a:=N-v)N: Then the derivation is shaped like

\ |
[ M:B—C|a:B—C,B:A,A
~ClaBmCpas ]

TFupaM:A|aB=CA " TEN:Bla
I't (uB.[a]M){a:=N-y): A|¥:C,A

]
I ] T'~N:B|A (Weak) ]

(T-sub)

(S-sub)

from which we can construct:

I'-M:B—C|a:B—C,B:A,A T HEN:B|B:AA I'tN:B|A
(S-sub) (Weak)
I't M{a:=N-y): B=C|¥:C,B:AA I'EN:B|7C,BAA (E)
%
I't(M(a:=N-y))N:C|1:C,B:AA
1
' uB.y](M{a:=N-y))N:A|1:C,A
[

5 Explicit head-reduction

In the context of head reduction and explicit substitution, we can economise further on how
substitution is executed, and perform only those that are essential for the continuation of head
reduction. We will therefore limit substitution to allow it to only replace the head variable of a
term (this principle is also found in Krivine’s machine) or perform a contextual substitution
only on names that occur in front of the term. The results of [12] show that this is exactly the
kind of reduction that the 7r-calculus naturally encodes, which we will confirm again here.

Definition 5.1 (ExpLiCIT HEAD-REDUCTION) We define explicit head-reduction '—,;" on Aux as
‘—x’, but change, remove, and add a few rules:

i) The main reduction rules are as before:

(B) : (Ax.M)N — M(x:=N)

(p) s (pafa] M)N = py.[y](M{a:=N-7))N (v fresh)
() (pa[BIM)N — py.[Bl(M{a:=N-7))  (a# B, v fresh)
(R): [Bluy.Cmd — Cmd{p/v}
(C): pofa] M — M (a & fn(M))
ii) We combine the substitution rules, and replace the rule for application and term variables:
(hv) : xSoM;S1---M,,S, — NSoM15;1---M,S, (n>0, (x:=N) €S,)
(AS) : (Ay.M)S — Ay.(MS)
(hn) (uo.[a]M)S — (uo.[y]M{a:=N-9)N)S\x ({a:=N-vy) €S, M # uB.Cmd)
(nS) : (uo.[a]M)S — ud.[a]MS (« ¢S, M # uB.Cmd)
(gc) : MS — MS\c (ceS,cg M)

where in (hv) each S; can be empty, except for S,,.

iii) We only allow the following (unnamed) contextual rules:
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(e [a]Ay.y (pé.[a]Ax.x) (nd" [a] Ax.x)) (Az.2) —rxu (1)
wy-([a] Ay.y(ud.[a]Ax.x) (ud' . [a] Ax.x)) (x:=Az.z-7) —rxu (hn)
wy.[v] (Ay.y(ué.la]Ax.x) (ud'.[a] Ax.x)) (a:=Az.z-y) (Az.z) —xu (AS)
wy [y Ay. (y(pé.Ja]Ax.x) (ué'.[a] Ax.x) (a:=Az.z-y)) (Az.z) —xu (B)
w1yl y (uo.[a]Ax.x) (ud' . [a] Ax.x) (w:=Az.z-y) (y:=Az.z) —xu (h0)
wy. vl (Aq.q) (pé.[a]Ax.x) (uéd [a] Ax.x) (a:=Az.z-) (y:=Az.2) —rxu (£€)
wy-[v] (Aq.q) (ué.[a] Ax.x) (pd' . [a] Ax.x) (a:=Az.z+7y) —xu (B)
wy-[v] g{q:=pé.[a]Ax.x) (uéd'.[a] Ax.x)) (a:=Az.z-7y) —rxu (h0)
wy-[y) (pé.Ja]Ax.x) (ud' [a] Ax.x) (a:=Az.z-7y) —rxu (1)
wy-yluy ([a]Ax.x) (6:=ud’ . [a] Ax.x-") (0 :=Az.z-) —rxu (£€)
wy-[v] W [a]Ax.x(a:=Az.z-y) —xur (h)
py-[Iuy [y]Axx(ai=Az.zy) (Az.2) —xi (80)
wy-[vl wy'[v] (Ax.x)(Az.2) —xi (R)
.yl (Ax.x)(Az.z) —xm (C) (Axx)(Az.z) —xm (B) x(x:=Az.z) —xu(hv) Az.z

Figure 2. Running (pa.[a]Ay.y(pd.[a]Ax.x)(pé' [a]Ax.x))(Az.z) in "—xy'.

Ax.M — Ax.N

ML — NL

pa.pIM — ua[BIN (a #BVaeM, M# ué.Cmd)
MS — NS

M—N =

Notice that, for example, the substitution in (ua.[8]P)Q (B:=N-7) does not get activated
through the hn-rule until all leading head y-redexes in (ua.[]P)Q have been contracted.

It might seem reasonable to allow the propagation inside an abstraction only if the variable
concerned is the head-variable of the body, as expressed by:

(Ay.M)(x:=N) — Ay.(M(x:=N)) (x=hv(M))
but that would imply that a reduction like
(Axy.yx) QR —xu (Ay.yx) (x:=Q)R

would stop at the last term, since (Ay.yx) (x:=Q) is not an abstraction; because we allow the
substitution to propagate, we obtain:

(Axy.yx) QR —xu ((Ay.yx)(x:=Q))R  —xu Ay.(yx(x:=Q))R
—7XH (]/x)< Q> <]/:R> —7XH RX<XI:Q> <]/::R> —XH RX<XZ:Q>

We will see below that this is exactly the reduction that our interpretation into the 7r-calculus
represents.

Definition 5.2 The normal forms with respect to ‘—y" are defined through the grammar:

N = Ax.N
’ M151 M S (HZO,X%S{)
| pe[BIN (a #pVaeN, N#py.[6]N')

It is straightforward to check that these terms are indeed the normal forms with respect to

7

%XH .
The following proposition states the relation between explicit head-reduction, head reduc-

tion, and explicit reduction.

Lemma 5.3 i) M(x:=N) =~ M{N/x}.

ii) M(a:=N-y) =~ M{N-y/a}.
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iii) If M —5; N, then there exists L € Aux such that M —3y L and L —Z N.

iv) If P —%u Q then there exists R,S € Ay such that P YR, and Q %S, and R —1, S.
v) If P —>’,Z{I Q with P € Ay, then there exists R € Ay such that Q —>:”£ R, and P —>£’{( R.
vi) M —>% N if and only if there exists L € Aux such that M —; L and L —N.

Proof : The first two parts are straightforward by induction on the structure of terms. For the
third, the proof is by straightforward induction on the number of reduction steps. For the
fourth, all cases are straightforward, if not trivial; for example, we have
(hv): Then P = xS1 M-S, M, S, 11 with (x:=N) € 5,11, and Q= NS1M;---5,M,,S;,11. Let
xS1Mq---SyMyS,i1 —>f1i( NM)---M; = R =S. Notice that, by Barendregt’s convention,
none of the substitutions are defined on N.
(hn): Then P = (ué.[a]M)S with (a:=N-y) €S, and Q = (ud.[y]M(a:=N-7)N)Sla. Let
MS —% M and NS\a = N/, then ué.[a]MS = ué.[y]M'N’; take R = ud.[y]M'N' = S.
The fifth is a special case of the fourth, and the sixth follows easily. ]

This result gives that we can show our main results for Aux for reductions that reduce to
head-normal form.
We give some examples that illustrate Apx and “— .

Example 5.4 i) As an example where the special character of explicit head-reduction for Au
becomes more clear, take the reduction of (pa.[a]Ay.y(ué.[a]Ax.x)(ud’ [a]Ax.x))(Az.z) in
Figure 2. We will see in Figure 3 how this reduction is modelled in the 7r-calculus through
our interpretation.

i) Reduction in ‘=" is not deterministic in general:

(Ax.M(y:=N))L

(Ax.(Ay.M)N)L —xu {((/\y.M) N)(x:=L)

Since both these reductions are respected under our interpretation, we will not give one
priority over the other.

iii) Of course in ‘—y" we can have non-terminating reductions. We know that in “—g,” and
‘—y’, (Ax.xx)(Ax.xx) reduces to itself; this is not the case for ‘—y’, as is illustrated by
(Where A = Ax.xx):

AN A (Ax.xx)A —u Xx(x:=A) —xu (Ay.yy)x (x:=A)
—xu Yy {y:=x) (x:=A4) —xu XY (y:=x) (x:=A4) —xu (Azzz)y(y:=x) (x:=A)
= 2z(zi=y) (y:=x) (x:=4) =% -
(notice the a-conversions, needed to adhere to Barendregt’s convention). This reduction
is deterministic and clearly does not terminate. Notice that AA does not run to itself;

however,

*

zz(z:=y) (y:=x) (x:=4) =L yy(y:=x)(x:=A4) =L xx{(x:=4) =L AA

so, as stated by Lemma 5.3, the standard reduction result can be achieved by reduction
in ‘—.=" (we will use A for Ax.xx again below).

6 Interpreting Aux in the m-calculus with pairing

We will now define our logical, output-based interpretation "M a of the Apx-calculus into
the rr-calculus (where M is a Aux-term, and a is the name given to its (anonymous) output),
which is essentially the one presented in [13], but no longer considers [a]M to be a term.

The main idea behind the interpretation, as in [12], is to give a name to the anonymous out-
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put of terms; it combines this with the inherent naming mechanism of Au. As we will show in
Theorem 7.1, this encoding naturally represents explicit head-reduction; we will need to con-
sider weak reduction later for the full abstraction result, but not for soundness, completeness,
or termination.

The interpretation of Aux terms into the 7r-calculus is defined by:

Definition 6.1 (LOGICAL INTERPRETATION OF Aux TERMS (cf. [13]])) Let a not be a Ap-variable
or name. Then

Txja & x(u).'u-a (u fresh)
TAx.Mja 2 (vxb)(TMyb|a(xb)) (b fresh)
TMNya 2 (ve)("Mjc|!c(vd).(To:=Ny|'d-a))  (c,v,d fresh)
™ (x:=N)ja 2 (vx)("Mja|lx:=N7})
Tx:=N; 2 1%(w).'Njw (w fresh)
"wy.[BIMia 2 "™MypB{a/v}
'M(p:=N-7)ja £ (vB)("Mja|Tp:=N-vy)
Ta:=N-y, 2 la(od).(To:=Nj|'d-7) (v,d fresh)

Notice that this definition uses forwarders (see Definition 2.1:(vii)).
The interpretation of yv.[f] M is in fact a combination of two alternatives of the encoding
presented in [13]:

(ve)[Cmdye {a/y} (o fresh)
"M} B

Muy.Cmdya

4
"giMya 2

Remark 6.2 We can make the following observations:

e Explicit substitution (x:=N) is encoded through replication; as we will see below in the
proof of Theorem 7.1, each individual occurrence of (the encoding of) a variable gets
treated on its own, so replication is needed to guarantee that the execution of a single
substitution does not deplete the source. We block the running of the encoding of N by
placing it under an output guard: we interpret each ‘incarnation’ of the encoding of N
under a new name w, and send that name out to that occurrence of the encoding of x
that N should be substituted for. This implies that a variable x is interpreted as a process
that first receives the name under which the encoding of N outputs, and then uses that
name to establish the redirection.

e For an abstraction Ax.M, we give the name b to the output of M; that M has input x and
output b gets sent out over a, which is the name of Ax.M, so that a process that wants
to call on this functionality, knows which channel to send the input to, and on which
channel to pick up the result[13

e For the interpretation of an abstraction (vxb) (TMb |a(x,b)), the output over a of the
channel names x and b is placed in parallel to the interpretation of M under b, and can
communicate asynchronously. We cannot restrict the co-domain of our interpretation to
the asynchronous 7r-calculus, however, since to achieve completeness an output guard is
needed for the interpretation of an explicit substitution. It is possible to define lx:= N
A TN} x, but this could cause not only the running of N during the substitution, but also
synchronisations between substitution terms, which would not correspond to reductions
in the domain, negatively affecting the completeness result[14

13 This view of computation is exactly that of the calculus & when encoding the A-calculus.

14 The approach of [12] is to encode the variable x under a as x(w).aw and x := N through !"N x, which lets
the encoding of N output directly on x.
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e For an application MN, the pair of the names of the (first) input and output channels of
M, transmitted over ¢, is received as a pair (v,d) of input-output names in the right-hand
side; the received input v name is used to send the output name for the encoding of N,
enabling the simulation of substitution, and the received output name d gets redirected
to the output of the application a. Since a name a can appear many times in M, when
we interpret (ua.[g]M)Nya 2 (vc) (TMy B {c/a}|!c(v,d).(To:= Ny |!d~a)) we need to be
able to deal with the multiple outputs over ¢ in TM B {c/a}, so the part that deals with
the input over c has to be replicated.

e For the context switch uv.[f]M, we use the fact that the name f is the name given to M
in Aux, and use that name for the main output of the interpretation of M. The operands
for uvy.[]M are in fact for the terms named +; since the output name we give to the
process is a, where a context might seek to communicate with, we need to rename all the
occurrences of -y in the interpreted process by a.

The interpretation is called logical since the structure of the encoding of application corre-
sponds to how Gentzen translates the modus ponens inference rule of natural deduction (on
the left) in the sequent calculus [30] (on the right):

[ L] (A9
ThowA—B  ThoA —— (Weak) (—L)
(—E) I'Hx A—B,B I ,A—-BhkxB
o B (cut)
I'hx B

(see Theorem 4.8 in [11])).

Remark 6.3 i) As mentioned above, the interpretation presented in [13] had the case

Ty Mya 2 (ve)IMje {a/y} (e fresh)
"BMsa 2 T™;p

so was defined for Ay (notice the use of M rather than Cmd). Note that this encoding el-
egantly expresses that the main computation in y<y.M is blocked: the name e is fresh and
bound and never transmitted, so the main output of (ve) "M} e {a/9} cannot be received.
However, in order to achieve full abstraction, we had to restrict our interpretation to Ay,
so no longer can consider [¢|M a term. The reason is that the process

MaAx.xya = (ve)((vxb) (x(u).!u-b|e(xb)))

is in normal form. Notice that all inputs and outputs are restricted; thereby, this process
is weakly bisimilar to 0 and to TAAja (see Lemma 9.7). So using that interpretation,
we cannot distinguish between blocked and looping computations. When restricting our
interpretation to Ay, this problem disappears: since naming has to follow u-abstraction,
paAx.x is not a term in Ay; instead, now (assuming a # B):

M. [BlAx.xya 2 (vs)M[BlAx.xys{a/a} 2 (vs)MAx.x}pB
TAx.x ;B A (vxb) ("xyb | B{xb))

which outputs on B, so is not weakly bisimilar to 0.

ii) Note that we could have avoided the implicit renaming in the case for p-abstraction by
defining

Ty [5]Mya & (vy) (TM6 |!y-a)

which is operationally the same as TM|é{a/v} (they are, in fact, weakly bisimilar) but
then we could not show that terms in —yy-normal form are translated to processes in
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normal form (Lemma 7.8), a property that is of use in the proof of termination (Theo-
rem 7.9).

iif) To underline the significance of our results, notice that the encoding is not trivial (so does
not equate all terms), since

vyb) ((vzd) (y(u).! u~d | b(zd)) |aly,b))
vb) (x(u).1u~b| a(xb))

Myzyia = (

Mx.xja = (
processes that differ under ‘~": the first exhibits two outputs so can interact twice with a
context providing two inputs, whereas the second only exhibits one and cannot interact

twice, so can be distinguished.

iv) Notice that, as is the case for Milner’s interpretation and in contrast to the spine interpre-
tation of [12]], a guard is placed on the replicated terms. This is not only done with an eye
on proving completeness or preservation of termination, but more importantly, to make
sure that (vx) (Tx:=Ny) =~ 0, a property we need for our full abstraction result: since a
term can have named sub-terms, the interpretation will generate output not only for the
term itself, but also for those named terms, so the process (vx) (!N x) — using the vari-
ant of [12]] - can have observable behaviour, in contrast to here, where (vx) (! ¥(w)."N;w)
is weakly bisimilar to 0. Another advantage is that now it is impossible for unintended
synchronisations between interpretations of explicit substitutions to take place, a prop-
erty we need for Theorem 7.5 and 12.1.

In [12] the case for application in the interpretation for A-terms was defined as:
TMN;a 2 (vo)(TMjc|c(vd).((v:=N)}|d~a))

where, in particular, the input on name c is not replicated: this corresponds to the fact that
for A-terms, in TM | ¢, the output c is used exactly once, which is not the case for the interpre-
tation of Ap-terms: for example, & might appear many times in M, and since Tua.[a] M jc=
T™Mya{c/a} =TM{c/a}c, the output name ¢ appears many times in the latter.

Remark 6.4 Observe the similarity between

(VC) (HMEC | !C(U,d),([ry;:N}; ’ !d»ﬁ)) and
(ve) ("Mya|Tc:=N-vy)
(ve)("™M}a|'c(vd).(To:=Nj|!d-7))

TMINja
TM{c:=N-v);a

o> > (>

The first communicates N via the main output channel ¢ of M (which might occur more than
once inside "M ¢, so replication is needed), whereas the second communicates with all the
sub-processes that have ¢ as output name, and changes the output name of the process to
’y In other words, application is just a special case of explicit structural substitution. As an
abbreviation, we sometimes will write (vc) (TMc |lc:= N-ay) for TMNa.

This observation plays a prominent role in the proof of Theorem 7.1 when dealing with
reduction step (hn). There

WB:=N-y), & 1B(vd).(Tv:=Nj|!d-7) € TS},

is used to represent the explicit substitution (f:=N-7) in the interpretation of the contractum.
However, in the implementation of this step we should also ‘generate’ the new occurrence of
N that gets placed behind M (B:=N-v) in the new application. This turns out to be straight-
forward, since that right-hand side of application is also represented by M B:=N-7v) f, and we
can use that [P~ ! P|!P.

This is illustrated in Figure 3; as the first step, the contextual substitution

15 A similar observation can be made for the interpretation of Ay in X' [T1].
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T[] Ay.y (ud.[a] Ax.x) (0[] Ax.x) ) (Az.2) [ a A
(ve) (Mua[a] Ay.y(ué.[a) Ax.x) (ud' [a] Ax.x) yc | Te .= Az.z-a}) 4
(ve) (My.y(pué.[a] Ax.x) (ué [a)Ax.x) ya {c/a} | T := Az.z-a}) =u
(va) ("Ay.y(ud.[a] Axe.x) (6" [w] Ax.x) o | Ta:= Az.z-a ) 2l
(va) ((vyb) (Ty(pé.[a) Ax.x) (ué' [a)Ax.x) b | @(y, b)) | Ta:=Az.z-a)) A
(va) ((vyb) (ve') (Ty(ué.[a]Ax.x) ;¢ | T’ := pud [a]Ax.x-by) |&(y,b)) | Ta:= Az.z-a)) 2l
(va) ((vyd) ((ve') (ve”) (Tyy " | Te" = pd. [a] Axx-c' ) |

Te':=ud [a)Ax.x-by) |[&(y b)) | La(od).(To:=Azz] | 1d>7)) —x (@) (%)
(va) ((vyb) ((ve') (ve) (Tyy e [ Te” = (ué.[a]Ax.x)-¢'y) |
M/ := (ud [a)Ax.x)-by) | Ty:=Az.z) | 1b+7) |Ta:=Az.z-a))
(va) (vyb) ((ve') ((ve”) (y (). u=c | 1" := (. [a] Ax.x)-'y) |
fe':= (ud' () Ax.x)-by) [7(w). Mz zyw | 10-3) |Taz=Az.z-ay) == (y) (hv)
(va) ((vyb) ((ve') ((ve) ((vw) (Mg.gy | tw=") | T = pé.[a] Ax.x-c'}) |
”c’::yé’.[zx}ix.xbf) |1b-7) | Ta:=Az.z-ay) é_
(va) (vyd) (ve') ((ve”) ((vw) ((vgb') (Tgy ¥ [w(g b)) | tw>") | te” (vd). (To:= pd.[a] Axxy | 1d=C)) |
e/ = pud' [ Ax.x-by) | ' b-7) | Ta:=Az.z-a)) —x(w,c"), 4
(va) ((vyb) ((ve') ((vgh”) (q (). u=b" | 1G(w).Tud.[a] Ax.x w | 10+ | (vc”) (1" (v,d). (To:= pd.[a] Ax.x ) | 1d>c)) |
Mo’ :=ud [a]Ax.x-by) [ 1b-7) | Ta:=Az.z-a)) —n(q),~ (hv)
(va) ((vyb) ((ve') ((vawb') (Lw=b | Tué.[a] Ax.xyw | 1B/~ )
M= ué' [ Ax.x-b)) | b-7) | Ta:=Az.z-a]) 2l (hn)
(va) ((vyb) ((ve') (vwb”) (1w-b" | TAx.x ya {w/8} |1/ +cT)
B Me! ::yé/.[a]/\x.x;bj‘) |1b-a) |Ta:=Az.zay) £
(va) (vyb) ((ve) ((vwb') (w1 | (vxb”) (Txy b &z ")) [ 10/ )
Te' = ud' [a]Axx-bl) [ 1b=a) | Ta:=Azzal) =, 2

Il

(va) ((vxb") (T 0" [ (% 0")) | L (0,d). (To:= Azzy | 1d~7)) —n(a), 2 (%)
(vxb") (x (u). u=b" | %(w). (vzb) (T2 b | W (z b)) | '0"~7) | (va) ('a(v,d).(To:=Az.z} [ 1d>T)) —x (x,w),~ ()
(vzb") (HZJIJ_ b |a(zb")) A H)xz.zj‘a

Figure 3. Running M(ua.[a]Ay.y(ué.[a]Ax.x) (48 [a]Ax.x)) (Az.z) ya in ‘= .

la:=Azz-a; 2 la(vd).(To:=Azzy|!d-q)

gets created directly by definition of I-|-. This is used twice, in the steps marked (x); the
first exchanges the pair (y,b) over a« which creates the process ly:=Az.z; 2 1j(w).fAz.zjw so
that the substitution of the head variable y by Az.z =, Ag.q can be modelled, in the first step
marked (hv); here la:=\z.z-a| acts for the outermost application. The second use is again for
a synchronisation over &, but now uses fa:=Az.z-a; to represent the explicit substitution.

Notice that context switches do not really influence the structure of the process that is
created by the interpretation since they have no representation in 7r, but are statically encoded
through renaming. And although the notion of structural reduction in Ay is very different
from normal B-reduction, no special measures had to be taken in our encoding to express it;
the component of our interpretation that deals with pure A-terms is almost exactly that of [12]
(ignoring for the moment that substitution is modelled using a guard, which affects also the
interpretation of variables), but for the use of replication in the case for application; we will
come back to this in Theorem 13.8. In fact, the distributive character of structural substitution
is dealt with entirely by congruence (see also Example 6.8).

This strengthens our view that, as far as our interpretation is concerned, y-reduction is
not a separate computational step, but essentially is static administration, a reorganisation of
the applicative structure of a term, which has to be defined explicitly in the context of the
A-calculus, but is dealt with by our interpretation statically rather than by synchronisation
between processes in the 7r-calculus. In fact, modelling B-reduction in the 7r-calculus involves
a computational step, but context switches are dealt with by congruence; this is only possible,
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of course, because the interpretation of the operand in application uses replication. This puts
into evidence that the 7r-calculus constitutes a very powerful abstract machine indeed.

We would like to stress that, although inspired by logic, our interpretation does not depend
on types at all; in fact, we can treat untypeable terms as well, and can show that TAA;a
(perhaps the prototype of a non-typeable term) runs forever without generating output (see
Example 9.1; this already holds for the interpretation of [12]).

Remark 6.5 Substitutions are interpreted as processes parallel to the main term:

2 (vx)("Mja|Tx:=Ny) 2 (vx)("Mya|!%(w)."Njw)

A () (TMEa|TB:=N-75) & (vB)(™Mia|!B(od).(To:=N}|1d-7))
This justifies the use of TS for the interpretation of a sequence of explicit substitutions and,

if S defines § and @, then as a generalisation we can write TMS;a = (vya ) ("M a |TS 7).
We have, for example:

[l 1l

"((NM1)S1---My)Suya & (vin @) ("(NM1)Sy--Muja|1S,}) 2
(V¥ @) ((ver) ((((NMy)Sy- - My —1)Sn—1scr | Ter i= My-ay) [ 1S,)) 4,=
Wn @) - (vin @ ) (v ) ("Nyer [Ter:=My-coy |TS1y |-+ | Tep:=My-ay | 1S, ) =
(i @y ) - (i @) (v2) ("Nyer [Ter:=My-cay | -+ [ Tep:=My-ay | TS5 |-+ |1S,)) =, 2

T(NMy---M,;)S1-+-Syya

Notice that, in the last step, the structural congruence forces the placement of the substitutions

in the right order.
This implies that, when dealing with interpreted application terms, we can safely assume
all substitutions are placed on the outside.

The operation of renaming we will use below is defined and justified via the following
lemma, which states that we can safely rename the output of an interpreted Ap-term.

Lemma 6.6 (RENAMING LEMMA) Let e be a fresh name. Then
i) If a is at most only used for output in "My g and a # g, then (va) (la-e|TMyg) ~ ™™g {e/a}.
i) Ifa g M, then (va) ('a~e|"™Mya) ~ TMje.
Proof : By induction on the structure of Aux-terms.
iM=x: (va)(ta»e|Mxyg) 2 (va)(la»e|x(u).!u-g) = (va)(la-e)|x(u).lu+g =~
x(w).lu-g & Txje = Tx;g{e/a}

M=Ax.N: (va)('a+2|TAx.Njg) £ (va)('a~2|(vxb) (TN}b|g(xb))) =
(vxb) ((va) (ta~e|INyb) |Z(x b)) =~ (IH)  (vab) ("Nyb{e/a}|g(xb)) 2
(vxb) ("Nyb|g(xb)){e/a} 2 (a#g) "xNjg{e/a}
M =PQ: (va)('a~2|TPQyg)

(va) (ta~e | (ve) ("Pyc|te(vd).(1o(w).TQyw | !d+g)))

(ve) ((va) (ta~e|TPyc) | (va) (a2 |!c(vd).(10(w).fQyw|!d+g)))

(ve) ((va) (ta~e|TPyc) | te(vd).((va) (ta~2|1D(w).fQyw | !d~g)))

(ve) ((va) (ta=e|TPyc) | te(vd).(10(w). (va) (ta~2|TQyw) | 1d~F))

(ve) (

(ve) (

(a#g)

Q

va

Q

&Q

(
( H)
ve) ("Pyci{e/a}| ! c(vd).('o(w).TQ w{e/a} | 1d~3))

(2.
(2.
(255)
(
(
ve)(TPyce|te(vd).(To:=Qy|1d+3)){e/a} m

> Il 2

PQﬂg{e/ﬂ}
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M=P(x:=Q): (va)(la»e|"P(x:=Q)g) 4
(va) (ta-e| (vx) (TPyg |'x(w).TQ w)) ~ (2.5:1,5)
(vx) ((va) (ta-2|TPyg) |1X(w). (va) (ta~2|TQyw)) ~ (IH)
(vx) (TPyg{e/a} | 1xX(w).FQyw {e/a}) 2
(vx) ("Pyg | % (w).TQyw) {e/a} 2 TP(x:=Q)jg{e/a}

M=pupB.[BIN: (va)(‘a~e|Tup.[BINyg) 2 (va)('a-2|'NyB{g/B}) ~ (IH)
INyB{e/a}{g/B} 2 Tup.[BINyg{e/a}

M=pup.[yIN, B#v: (va)(lase|Tup.[y]Nyg) 2 (va)(la~2|'™Nyy{g/B}) ~ (IH)
INyy{e/a}{g/B} =(a#g) "Nyy{g/B}{e/a} 2 Tup.[yINjg{e/a}
M=P(B:=Q-): (va)('a+e|TP(B:=Q7),g)

(va) (a2 | (vB) ("Pyg | B(v.d).(1T(w).fTQw | d+7)))

(vB) ((va) (ta=e|"Pyg) | B(v,d).(\o(w).(va) (ta~e|TQyw) |!d=+7))
(vB) ("Pyg {e/a}|!B(vd).(!0(w)."Qyw {e/a} | ld+7))

(vB) (TPyg !B (v,d).(To:=Qy | 1d-7)){e/a}

TP(B:=Q-7)yg{e/a}

> s> 2 2 I
E

iy M=x: (va)(a~e|Txya) 4 (va) (ta-e|x(u).!u~a) ~(2.5:3)
x(u).((va) (ta~e|'u-a)) ~x(u).!lu-e 2 fxje

M= Ax.N: (va) (a~2|MAx.Nja) 2 (va)(ta-e|(vxb)(TN}b|a(xb))) =
(vaxb) (‘a-e |INb|a(x,b)) = (ag¢"NyD)
(vxb) ("Nyb| (va) (a»e|a(x,b))) ~ (2.6:11)(vxb) (TN;b|e(x,b)) 4 TAx.Nye

M = PQ: (va)(!a~2|TPQya)

(va) (ta=2 | (vo) ("Pyc|!c(vd).(1o(w).TQyw [ 1d+7)))

(ve) ((va) (ta=e|TPyc) [ te(vd).(10(w). (va) (ta~2|TQyw) | (va) (1a~2 |1 d~7)))
(agTPyc,TQyw)

(v0) (va) (10+2) | TPEe | te(wd). (1D(w). (va) (1 a+2) | FQ}w | (va) (122 | 1d+2)

(ve) (TPyc|te(vd).("o(w).TQ w|d~e))

(2.5)

QN s

> &

TPQye

M=P(x:=Q): (va)('a»e|TP(x:=Q)a) 2
(va) (tawe| (vx) (TPya | 1x(w).TQyw)) = (x#a, a¢!x(w).[Qyw)
(vx) ((va) (ta+e|IPya) [1x(w).fQyw) ~ (IH)
(vx) (TPLe | 1%(w).TQ L w) 2 TP(x:=Q)je
M=pup.[BIN: (va)(ta~e|Tup.[BINJa) £ (va)(ta~e|INjB{a/p}) =
(va)(ta~2|Nya) ~(IH) Nye = Ny {e/B} 2 Tup.[BINye

M=uB.[7IN, B#v:  (va)(ta~2|Tup.[y]Nyja) 2 (va)(la-e|Nyy{a/B}) =u
(wp) (1B+e|Nyy) ~(part () Nyy{e/B} 2 Tup.[y]Nje
M=P(B:=Q-): (va)(la+2|TP(B:=Q)}a)

A
(va) (ta-e| (vB) ("Pya|TB:=Q-y)) ~ (25:1)
(vB) ((va) (ta~e|"Pya) | (va) (ta-2|TB:=Q-7))) = (ag¢TB:=Q-7y))
(vB) ((va) (ta=e|"Pya) | (va) (ta~e) |TB:=Q-vy) ~ (IH)
(vB) (TPye|TB:=Q-}) A TP(B:=Q-) e O]

For reasons of clarity, we use some auxiliary notions of equivalence, that are used in Theo-
rem 7.1.

Definition 6.7 i) We define a garbage collection bisimilarity by: P ~. Q if and only if there
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exists R such that P= Q| R and R ~ 0. We call a process that is weakly bisimilar to 0
garbage.
ii) We define ‘~y’ (renaming) as the smallest equivalence such that:
a) for all M: (va) ("Mja|'a~e) ~xMje.
b) for all M: if a # b, then (va) (TM;b|!a~2) ~x "M b{e/a}.
¢) if P~ Q, then (vb ) (P|R) ~x (vb) (Q| R).
iit) We define ‘~, (distribution) as the smallest equivalence such that:
a) forall M, N: (va) ("Mya |'a(v,d).(To:=Ny |1d+7)) ~p
(va) ((ve) ("Myc|!e(vd).(To:=Ny|1d-7)) | la(v,d).(To:=Ny | 'd-7)) (c fresh)
Notice that we ‘split” the substitution ! « (v,d).("v:= N || d-7) in two parts: one dealing
with the outermost name « (that for the whole term) which gets renamed to ¢, and one
dealing with the remaining occurrences of & in TMc.
b) if P ~,Q, then (vb) (P |R) ~p (vh)(Q|R).
iv) We define ‘~gepr’ 2 “‘Rp o Ap (SO applied left-to-right); "~z A ‘m s and rgy 2
‘~g ~,, where each ’ ~[| component can be omitted.

So ‘=" is used when we want to emphasise that two processes are equivalent just using
renaming. Notice that renaming and distribution are not allowed under guard. Moreover,
‘~¢ C '~ ‘= C '~ by Proposition 6.6, and that ‘~," C ‘~" by Theorem 2.5:2.

Using the Renaming Lemma 6.6, we can show the following:
Example 6.8 The interpretation of the B-redex (Ax.M)N reduces as follows:

M(Ax.M)Nja 4

ve) ((vxb) (TM b |e{x,b)) | !c(vd).(To:=N} | 1d-7)) —(c) (c&fm(M,N))
vbx) ("M b |!'b-a |Tx:=N}) | (vc) ('c(vd).(To:=Ny|!d-a)) =~x (6.6)
vx) ("™Mya|Tx:=Nj) | (ve) ('c(v,d).(To:=Nj | 1d~a)) ~e o (%)
vx)("™Mja|Tx:=N}) & TM(x:=N)|a

o~~~ o~

This shows that each B-reduction step is implemented in 7t by at least one synchronisation.
Notice that, in step (x), the process (vc)(!c(v,d).(To:=Nj |!d~a)) is weakly bisimilar to 0.
Moreover, the synchronisation over c is over a hidden channel, so by Proposition 2.6:11 we
can conclude "(Ax.M)Na ~ "M (x:=N) ja.

Since "M (x:=N) ya places TMa and x := N7 in parallel, using Lemma 2.5 we can even
show that the explicit variant of the Substitution Lemma is preserved:

Lemma 6.9 (SusstiTuTION LEMMA) TM (y:=N) (x:=L)ya ~ "M(x:=L) (y:=N{(x:=L)) ya.
Proof: We can assume x #y, and x € N, y & L.

M(y:=N) (x:=L) a
( x) ((vy) ("Mya |y (w )“N w) [ 1% (w).TLyw) ~ (2.5:6)
(vy) ((vx) ("Mya ['x(w).MLyw) | (vx) ('7(w).INyw [ 1% (w).TLyw)) =~ (2.5:9)
(vy) ((vx) ("M ﬂ\'X<w) yw) [17(w). (vx) ("Nyy | 1% (w) FLiw)) 2

("M (x:=L)yal! () (x:=L) w) 2

(vy)
TM(x:= L><y.:N< =L))ja
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7 Soundness, completeness, and termination

As in [43} 51], we can now show a reduction-preservation result for our encoding with respect
to explicit head-reduction for Ajx, by showing that I |- preserves ‘—;  up to weak bisimilar-
ity (mainly through garbage collection and/or renaming). Notice that we prove the result for
Aux terms, do not require the terms to be closed, and that the result is shown for single step
reduction.

Theorem 7.1 (SOUNDNESS) If P —xyy Q, then there exist R such that "Pya —% R and R ~xep 'Qja
(i.e. "Pya —%, ~rep 'Qra).
Proof : By induction on the definition of explicit head-reduction.
Main reduction rules : (B): Then P = (Ax.M)N and Q = M (x:=N); by Example 6.8.
(#p): Then P = (pa.[a]) M) N and Q = py.[y] M (a:=N-7) N, with v fresh, and
Muaa) M)Nya 2 (ve) (Tpa.[a]Mjc|Tc:=N-ay) 2
(ve) "My {c/a}|'c(v,d).(To:=Ny|'d-a))
(ve) ((va) ("M yc|Ta:=N-ay) |Tc:= N-ay)
(v6) () (M3e | o= Noy) e = N9 ) o)
(ve) ("M (a:=N-y) yc|Te:= N-vy){a/7}
"M{a:=N-7)Nyv{a/v} & Tuy.[y]M{a:=N-y)Nja
(ur): Then P = (pa.[p] M) N and Q = pa.[B]| M (a:=N-7v) N, with a # B, v fresh, and

Q

o

(> 1>l

"(pa.[f]M)N ya 2 (ve) (Tna.[BIMyc|Te:= N-a}) 4
(ve) "My B {c/a} |Te:= N-ay) =u (cfresh)(va) ("MyB|Ta:=N-vyy){a/r} 2
"M {a:=N-7) ;B {a/r} 2 Tpy.[IM(a:=N-)ja

(R): Then P = pa.[B]py.[0) M and Q = ua.([0]M){B/v}. We distinguish:

s=7: Tpa[Blpy.[vIMya & Tuy[yIMyB{a/a} & TMyvy{p/7}{a/a} =
"MA{B/v}ip{asat & Tua[B]M{B/v}ia
4
A

Il

6#: Tualpluy.[6]Mya 2 Tuy.[6]MyBla/a} 2 TMy6{B/y}{a/a} =
"MA{B/v}yd{a/a} 2 Tpalo]M{B/7}ya
(C): Then P = pa.[a] M and Q = M, with a & fn(M), and
Ma.[a]Mya 2 ™™Myaf{a/a} =(agf(M)) Mja .
Substitution rules : (hv): Then P =xSoM;5;---M,S, and Q = NSoM;S;--- M, S, provided (x:=N) €
Su. By Remark 6.5, we can consider the substitution be placed on the outside; take

S=5p--Sy.
TxSoM;S1---M,S,;a = (65) xM;---M,S}a 4
&y ) (TeMy-- Mn}a\“SL) 4
n ) ((ve) (TeMy---My_qyc|Te:= My-ay) | TSy) 2 (cur1=4a)
vifn @ ) (Txyer [Teii=Mi-ciay |1Sy) 2,= (1%(w).'NjwelS))
(%)

(vw) ("Nyw | tw-e7) | Tej:=Mi-ciay [TS))

(HN €1 ‘ Hcl Ml'cl+11} ‘Hsﬂ)
NMl"'MnSﬂa = HNSOMlS]"'MnSnJI;a

(AS): Then P = (Ay.M)S and Q = Ax.MS, and [(Ax.M)S}a
(viia) ((vab) ("Myb |alx b)) [TSY) =(agga) (vab) ((vim) (Myb|TSy) [alyb)) £
TAx.MS}a

(hn): Then P = (ué.[g]M)S and Q = (ud.[y]M(B:=N-y)N)S\B, with (8:=N-7) € S, and

R

[ &

(V¥u

(V7 &n )

( )(

(Wi @ ) (x(u).tu-c1 | Te;:=M;-ciyry | X(w).INyw |TS}) —
(vifn @) (

(V7 & )

r

Il
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"(uo.[pIM)Sya 2 (vij@) ("M;B{a/s}|TST) = (TB:=N-y,€T8})
(vi@) ((vB) ("M B{a/s} | p(v,d).(To:=Ny|1d-7))[TS\By) = (6¢B:=N-vy)
(v ) (vB) ("M B |TB:=N-vy){a/6} | TS\B}) ~p

(v ) ((ve) (vB) ("Myc |TB:=N-7y) |Tc:= N-vy) {a/5} |TS\B}) 2

(v ) ((ve) ("M {(B:=N-7y) yc|Tc:= N-yy){a/s} | TS\ay) 4

(v ) ((M(B:=N-7))Nyv{a/s}|TS\B}) 2

(v ) ("ud.[y}(M(B:=N-7))Nya|TS\8}) 2
"(uo.[v](M(B:=N-7))N)S\Bya

(nS): Then P = (ué.[f|M)S and Q = ud.[B]MS, provided B ¢S, and  T(us.[g]M)S;a 2
(viia) "My p{a/6}|1Sy) = (6¢8) (vim)("Myp|TSy){a/s} £ TMSypla/s} £
"uo.[B|MSya

(g¢): Then P=MSand Q= MS\c, providedc€S,c¢M,and ™™S;a 2 (vijg)(TM}ja|lS])
(via) ("Mya | TSy |TS\ey) = (vi) ("Mya|TS\ey) [ (ve) 1Sey e (vi) ("Mya|TSley) 2
TMS\cya

Remember that S, is either !c(v,d).(To:=Nj|!d+7) or !c(w).TN;w so S, can only
input or only output on ¢, so (vc) S| ~ 0.

Contextual rules : M — N = ML — NL: TMLja 2 (vc)("Mjc|lc:=L-a}) —%, ~ep (IH)
(ve) ("Nyc|Te:=L-ay) 2 NLja

M — N = Ax.M = Ax.N: TAx.Mya 2 (vxb) (TMb|a(xb)) —%,~reo (IH)

(vxb) (TNyb|a(xb)) & TAx.Nja

M — N = pa.[p]M — pa.[BIN: Tua[plMya 2 T™M;B{a/a} —%, ~weo (IH)
'NyB{a/e} 2
"pa[p]Nya

M—=N= M(x:=L) - N(x:=L): TM(x:=L)ja & (vx)(TMja|Tx:=L}) =%, ~eo (IH)
(vx)("Nja|Tx:=L}) & N(x:=L)}a

M — N = M(a:=L-y) = N{(a:=L-y): TM(a:=
—% , ~reo (IH) (va) ("Nya|fa:=L-y}) £ IN(a:=L-y);a

O

Notice that, in the inductive cases, we do not have to deal with processes under guard, so do
not need the full power of ‘~’, as is needed for example for Theorem 7.6 and 7.7, or as Milner
and Sangiorgi needed when modelling implicit substitution (see Section 3).

Notice that we need Lemma 2.5 only for renaming and to model the distribution of the con-
textual substitution (:=N-7) in the rules (1) and (hn).

Remark that in the proof of Theorem 7.1, the reduction rules (R) and (AS) are modelled
using ‘=’, and that the rules (y,), (C) and (nS) are dealt with by the interpretation directly.
That leaves five rules where ‘~" plays a role:

(B): through ‘—’, ‘~;’ (which might include a ‘—" step) and ‘~(’;

(pp): through ‘~y’;

(hv): through ‘—7" and ‘~;
(hn): through ‘~y’; and
(gc): through ‘~.

Moreover, ‘~;’ (as far as not a synchronisation itself propagating through the forwarders),
‘~¢, and ‘=’ can be postponed until last, and do not interfere with the synchronisations.

32

[l



We can thereby easily show:
Theorem 7.2 (OPERATIONAL SOUNDNESS FOR ‘—yy') 1) If M —3y N, then TMja —, ~p "N ja.
ii) If M fixy then "M ya .

Proof : The first is shown by induction on the length of the reduction sequence, using Theo-
rem 7.1. The second follows from the fact f-reduction is implemented in 7t by at least one
synchronisation, as shown in Example 6.8, and that y-reduction terminates [49], as does ex-
plicit substitution, so non-termination is caused only by B-reduction. [

By Property 2.6, all proper synchronisations in this proof are in ‘~’; this implies that, as far
as the proof is concerned, we could have used ‘~’ instead of “—,, ~rcp- This implies that the
following is immediate:

Corollary 7.3 If M —xuq N, then "TMja ~ N a.
Remark that we could not have represented the extensional rules: note that
Ax.yxya 2 (vxb)((ve)(Tyyc|'lc(vd).(To:=xy|!d~b))|a(xb))
is not weakly bisimilar to My;a, and neither is
"pa[Bryla & Tyypfa/a} = Tyip
weakly bisimilar to:

"Ax.uy. [Bly{x-v/a}ya = TAx.uy.[Blysa (vab) (Tuy.[Blyyb |a(x,b))

A
(vxb) (Tyy B {b/} lalx b)) 2 (vab) (TyyB|a(xb))

1=

Remember that we have
(Ax.(M (y:=N)))L

(Ax.(Ay.M)N)L — { (Ay.M)N) (x:=L)

and in the process

F(Ax.(\y.M)N)Lya £ (ve) ((vab) ((ve) ((vyb) ("Myb | (b)) |
le(vd).(To:=Ny|!d=b))|e(xb)) | e(vd).(To:=L;|!d~a))

both synchronisations over ¢ and e are possible, preparing the explicit substitutions (y:=N)
and (x:=L), respectively. So reduction under ‘—y" is not deterministic, and therefore neither
is reduction in the image of I} -.

We can make the following observations:

Remark 7.4 e As can be seen from the proofs of Lemma 6.6 and Theorem 7.1, the synchroni-
sations generated by the encoding only involve processes of the shape:

x(u) u-a |x(w)./Njw w).av|(vyb) ("Nyb|w(y,b)) ©c(xb)|c(vd).(!o(w)."Nyw|!d-a)

so in particular, substitution is always well defined.

e A process that results from running the interpretation of a term M with free variable y
will only able to input (on y) if it has a sub-process y (u).! u-a 2 Myya that does not occur
under guard. All other occurrences of y will appear inside TN yw in subprocesses like
le(vd).(o(w).TNyw| !d+c) or x(w)."Njw, so in particular appear under guard and are
unavailable for synchronisation.

We can also show that no reductions are possible in TMja but those that correspond to
reductions in M itself.
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Theorem 7.5 (OPERATIONAL COMPLETENESS FOR ‘—y') Let M € Ay, so M is pure.
i) If TMya — P, then there exists Q, R, and N such that P ~; Q, Q ~¢ R, and R ~,Na (so
TMya —+, ~gep "N ya) and M —sy N.
i) IfTMya =}, ~gep "N ja then M —3;, N.

Proof : i)

By inspection of the cases of the proof for Theorem 7.1, if TMja —, P, then there

are only two cases where the reduction takes place in the interpreted term directly, and

either:

™™ ya = (ve) ((vxb) ("Pyb | e(x,

(ve) ((vxb) ("Pyb|elx,
=7 (c)

~r
~oo (v
Notice that (Ax.P)Q —xx
HML‘H = HXSQMlsl .

b)) |'e(vd).(To:=Qy|'d~a)) =T(Ax.P)Q}a: Then

b)) [te(vd).(To:=Qy | d~7))

(vexb) (TPyb |Tx:=Qy |'b~a|!c(v,d).(Tv:=Qy |!d~a))

= () (B) (TPED| 153) | Fre= Q1) | () (1 (o). (or=QF | 7))
(vx) ("Pya |Tx:=Q}) [ (ve) (te(vd).(To:=Qy | 1d~7))

x) (TPya |Tx:=Qy) A TP{x:=Q)ja
P(x:=Q).

M, S, ya with (x:=N) € S,: By Remark 6.5, we can move the substitu-

tions to the outside and then, with ¢,,1 =a and S = S5p---Sy;:

TxSoM1S1-+-MySuya = (6.5) iy &y ) (Txyer | Tej:=Mj-civ1y |TST)
L Wi @) (x (). u-T | Teji= My-cipay |TST)
= (@) (x(w).tu-cr | Tepi=Micipay [ Tx:=Ny [TST)
L Wifn i) (x(w).tustr [ Teji= Mi-cipa s [ %(w).INyw | TST)
= (%) (v @) ((vw) (Nyw | w-e1) [ Tej:= Mj-ciyay |TST)
~n (W @) ("Nyer [Tei:i=Miciy |TS))
2 INM;---M,Sya = "NSoM;S;---M,Suya

and xSOM151 e

'Mnsn —’XH NSoM1S1 o

'MnSn.

Otherwise, reduction takes place inside an interpreted term, and the proof then follows

by induction.

By Remark 7.4, no other synchronisations are possible inside an interpreted term.

i) Notice that, in part (i), if TMa —, P, then there exists N such that "M a —*, Rrap TN ya
and M —u N. The result follows by induction on the length of the reduction path, using
the first part. Notice that renaming and garbage collection (that involves processes that
are inactive with respect to synchronisation) can always be postponed until at the end,
and that the final step with ‘~; is only needed to obtain the right syntactic presentation

of N.

O

We can also show that standard reduction with explicit substitution, ‘—,’, is preserved
under our encoding by weak bisimulation. Note that this result is stated for ‘=", not ‘=,
and that it does not show that the encoding of terms is related through reduction.

Theorem 7.6 For all M,N € Aux, if M =x N, then "M ya ~

N;a.

Proof : By induction on the definition of ‘=4’; we only show some of the cases that are different
or not included in the proof of Theorem 7.1.

L

x(x:=N) = N: x(x:=N) a
(vw) (lw-a | TNyw) | (vx) (!

A (vx)("xja|lx:=N}) 2

(vx) (x(u).'u-a | ' x(w).TNjw) —(x)

¥(w)./Nyw) ~¢ (vw) ('w-a|Njw) ~x Nja
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(PQ){x:=N) — (P(x:=N))(Q(x:=N)): (PQ)(x:=N)ja 2
(vx) ((ve) (TPyc|'e(vd).(To:=Qy | 'd»a)) | 'x(w).TNyw) ~ (2.5:6)
(ve) (vx) (TP¥c | Tx:= N¥) | vx) (1 (0, d). (15(w).TQ w | d7) | Tx:=N¥)) ~ (25:8)
(o) (vx) (TPye|Te:=Ny) [te(vd).((vx) (1o(w).1Qyw | Tx:=Ny) |d~a)) ~ (2.59)
(ve) ((vx) ("Pye|Tx:=N7) |l e(vd).(15(w).(vx) ((Qw | Tx:=N}) | d~7)) 2
(ve) (TP{x:=N)yc|!c(vd).(!o(w).TQ(x:=N) jw|d-7)) 4
(ve) (TP{x:=N)c|!c(vd).(To:=Q(x:=N) | |d~7)) 4
(ve) (TP (x:=N) yc|Tc:= Q(x:=N)-ay) 4
F(P{x:=N))(Q{x:=N))ya

(PQ){a:=N-y) = P{a:=N-7)) Q(a:=N-7)): F(PQ){a:=N-7)}a 2
(va) ((v0) (P e | e = Q-a}) | 1a(0,d). (10(w) N0 | 1d+7)) ~ (251)
(v0) ((v) (PPEc | Fa:= Noy) | va) (Tei= Qo [ Fai= N a
(ve) (va) (TPyc|Ta:=N-) | (va) (e (vd).(To:=Qy | 1d~7) | Fa:=N-7})) ~ (254)
(ve) ((va) (TPyc|Ta:=N-vyy) [ te(o,d).((va) (10(w).fQyw | fa:=N-7yy[1d~7))) =~ (255)
(v0) (va) (TPEe | Tai= Ny ) [ 1e (). (12(w). (va) (1QEw | Ta o= Ny ) | 1))
(ve) (TP{a:=N-y) yc|le(vd).(1o(w).TQ(a:=N-y) yw| ! d-a)) 4
(ve) (TP{a:=N-y) yc|te(vd).(To:=Q(a:=N-v) | !d~a)) 4
"(Pa:=N-1))(Q(a:=N-7))ya

M—-N=LM-—LN: LMja
(ve)("Lyc|'e(vd).('o(w).Nyw |!'d-7))
M—N=L{x:=M) = L{(x:=N): "L{x:=M)ya 2 (vx)("Lja|!%(w)."Mjw) =~ (IH)
(vx)("Lya | '%(w)."Nyw) 2 TL(x:=N)ja
The steps to a reflexive, transitive closure and equivalence relation follow directly from the
fact that ‘~’ is a congruence, as in the last two parts shown above. ]

(we) (TLEe | te(o,d).(15(w).TMEw | L d-a))
r

>l

Notice that, for the inductive cases, we apply induction to a process occurring under guard,
so need that ‘~’ is a congruence, so Lemma 2.5 alone is no longer sufficient.
Now the following is an immediate consequence:

Theorem 7.7 (SEmaNTICS) Forall M,N € Ap, if M =g N, then "M ya ~NJa.

Proof : By induction on the definition of ‘=;,". The case M —4, N follows from the fact that
then, by Proposition 4.2, also M — N, so by Theorem 7.6, we have "M a ~ N ja. The steps
to an equivalence relation follow directly from ‘~’. 0

Notice that it is clear that we cannot prove the exact reversal of this result, since terms
without head-normal form are all interpreted by a process that is weakly bisimilar to 0 (see
also Lemma 9.7), but are not all related through l:ﬁy" However, similar to [50, 51], using
a notion of weak equivalence we can deal with the reverse part as well and will do so in
sections 9 to 12.

We can show that interpretation of terms in —yy-normal form are in normal form as well.

Lemma 7.8 If N is a —sx-normal form, then "Ny a is irreducible.
Proof : By induction on the structure of terms in —yy-normal form.
N=xM;S;---M,S, (n>0), x¢S;, fori € n: 'xMS;---M,S,ya 2,= (65)
Wifn ) -+~ (i @) (V2 ) (Txyer [Ter:=My-coy | -+ | Ten:=Mu-ay | TS1y | -+ [ TSny)

35

~ (IH)



Since Mxyc x(u).luscy

Mei:=M;-cit1y tei(od).('o(w).TM;yw | 1 d-cii7)
Hy]'IZN]'EGSi yﬁ(w)“Nﬁw
IrDC]'Z: ]’)/]Eesl 'oc](v,d)('ﬁ(w)“P]jw| 'd*’)f_])
all "M w, HNjfw, and ﬂijw appear under input, so no synchronisation inside one of
those is possible; since all ¢; are fresh, all are different from x and no synchronisation is
possible over any of the c;. Since x does not appear in any of the S;, also no synchronisa-
tion over x is possible. So this process is in normal form.

N=Ax.N'": Then "\x.N'ya & (vxb) ("N’ b |a(x,b)), and, by induction, "N’} b is in normal
form; since b is fresh and a € TN’} b, that process does not input over 4, so TAx.N'jais in
normal form.

N=pa.[]N' (« #BVac N ,N #uy.[6]N"): Then Mua.[g]N'ya 2 TN’} B {a/a}; this case

follows immediately by induction. ]

> (i fe s

Notice that Tua.[B]u~.[6]Nya = INy6{B/v}{a/a}, which is in normal form, so some re-
ducible Apx-terms are mapped to processes in normal form; this does not contradict the
above result, of course.

We can now show the following termination results:

Theorem 7.9 (TERMINATION) i) If M =% N, then TMyall .
ii) If M —7 N, then TMya .

Proof : i) By Lemma 7.8, if N is in explicit head-normal from, then N ;a is in normal form.
By Theorem 7.5, there exists P such that TMja —} P with P e, TN ja. It might be
that in the ‘~;/-part, synchronisations take place; we can add those to the ‘—}" steps
and can assume that we have "M a —F R with R ~ep N ya, and the latter does not
involve synchronisations. So R is weakly bisimilar to a process in normal form, and in
establishing that relation, no synchronisations are needed; remark that, in the proof of
Theorem 7.5, ‘~¢" only removes irreducible processes (in normal form). This implies that
R is in normal form.

i) By Proposition 1.8, there exists L in HNF such that M —>ﬁf L; by Lemma 5.3, there exists N
such that M =7, N; by the previous part, "M yal . ]

Notice also that this result is stronger than the formulation of the termination result for
Milner’s interpretation in [51] (or any other), since it models reduction to head-normal form,
not just lazy normal form.

Since terms that have a normal form have a head-normal form as well, Theorem 7.9 imme-
diately leads to:

Corollary 7.10 If My, then "Myal ..

8 On renaming

By Theorem 7.1, renaming might be used during the simulation of Apx-reduction. However, in
this section we will show that we can do without renaming when simulating lazy reductions
for closed terms, thereby emulating Milner’s result (Theorem 3.3). As a consequence, it is
safe to say that renaming is the price we pay for the capability to deal with reductions under
abstraction, as well as that of open terms. As an illustration of this fact, notice that, as shown
in Figure 4, we can run the 7t-process (Ax.xx)(Ay.y) ja without using renaming; there we
perform the two substitutions without resorting to the renaming of outputs of translated A-
terms. Notice that we could also have postponed all ‘~" steps until the end.
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TAx.xx)(Ay. yﬂ A (ve) ((vxb) (Txxfb|e(x b)) |1 c(v,d).(To:=Ay.y} | 1 d~7)) B
—r(c) (vx) (Texyb|Me:=Ay. ]/u [b+a | (ve) ('e(vd).(fo:=Ay.yy |d~b)))
~e (vx) (Txxyb | Tx:=Ay.y; | b~a)
A (vx)((ve) (x(w).!u~T | Le(od).(To:=xy [ 1d=b)) | ¥(w).TAy.yyw | b~7) _
— (x), 2 (vab) ((vo) (vw) ((vyby) (Tyyby |@(y,b1)) | tw=E) | Le(od).(To:=x] | d=b))|
fx:=2y. yflbﬁ)
= (w),~c (vxb) ((ve) (vybr) (Tyy by [(y,b1)) | Le(vd).(To:=xy [d=b)) | Te:=Ay.yy | b-7)
—n (0), 2, ~e (vx) ((vyb) (y (w)-u=by |ty (w).Txyw [ br+a) [1%(w) FAy.y yw)
= (y) (vxb) (vbr) ((vw) (w-by |Txyw) | (vy) (Ty:=xy) [ br+b) | = Ay.yy | b=7)
A~ (vxb) ((vby) ((vw) (w-by | x(u).!u~w) | by~b) |

B E(wl_).”)ty.yf wy | 1%(w).Ay.yyw | b-7)
= (%)~ () ((vwwr) (vbr) ((vw) (w-by | w+®) | bi=b) [TAy.yywr) | b-7)
2 (vb) ((vawy) ((vyby) (vw) (w-by |w1+T) [ by+D) |
(vyba) (Tyyby | @1 (y,b2))) | b~7)
—r(wiwbib), & (vybs) (y;b2 |a(y,ba)) A My.yya

Figure 4. Running M(Ax.xx)(Ay.y)ya —% TAy.yya without renaming.

Example 8.1 When modelling head reduction, we cannot do without renaming completely, not
even for closed terms;

Mx.(Ayy)xya 2 (vab) ((ve) (vyd) (Tyy ¥ [e(y b)) |t e(vd). (To:=xy | 1d=b)) |a(x b))
=, (vab) ((vyb') Ty | Ty:=xy [ 10/~b) [@(x,b))
2 (vab) ((vyb') (y (). tusb [ 15 (w). Txyw [ 1/=b) [a(xb))
=, (vab) () ((vw) (w-b" | Txyw) | 10'+b) [a(x,b))
A (uxb) (b)) (vw) (w7 | x (). u-) | 16/~ B) |a{x b))

We would like this to reduce to (vxb) (x(u).!u~b|a(x,b)) 2 TAx.x}a, but it cannot; the last pro-
cess above is irreducible. We would therefore need renaming for (vw) ('w-b' | x(u).! u-w) ~
x(u).!u~b', to achieve

(vxb) (vb') (vao) (10~ | x (). u=70) | 1/ ~B) | (b))
o (vxb) (W) (x(u).LusT7 | 1B/ +B) | a(x b))

x (vxb) (x(u).'u-b|a(xb)) A TAx.xja

Q

However, we can show that we do not need renaming when interpreting a weak explicit head
reduction to normal form on closed terms. First we define that notion of reduction.

Definition 8.2 We define weak explicit head reduction ‘—yxu" as ‘—u in Definition 5.1, but
remove the rule:

M—N = Ax.M — Ax.N

We also define weak explicit head-normal forms.

Definition 8.3 (WEAK EXPLICIT HEAD-NORMAL FORMS FOR Ap) i) The Aux weak explicit head nor-
mal forms (WxHNF) are defined through the grammar:

H,x = Ax.M (M € Aux)
’ xM151---M,,S, (1’1 >0,Vien (x §Z Si/ M; € Ayx, cE Si = cfree in xMq51-- Mzsl))
| po.[B] Hux (a # B or w € Hyy, and Hyy # pu7y.[0]Hipx)

ii) We say that M € Aux has a wxHNF if there exists Hyx such that M — 7y Hopx.
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Notice that we have chosen not to use the moniker ‘lazy’; we could have chosen to also
eliminate the rule (AS): (Ay.M)S — Ay.(MS), and this would be a natural choice when dealing
with lazy reduction. Since in our interpretation abstraction is modelled using an asynchronous
output, however, the step AS is modelled regardless:

"(Ay.M)Sya & (vX)("Ay.Mja|TS}) 2 (vx)((vyb) "Myb|alyb))|TSY)
(vyb) ((vx ) ("Myb |TS]) [a(x b)) 2 (vyb) (TMSib|a(x b))
"Ay.(MS)ta

[l Il

so allowing it does not alter the structure of the proofs much, apart from the fact that then we
would have (Ax.M)S as a term in explicit weak head normal form, rather than Ax.M as we
have below, which has a knock-on effect on a number of definitions below. We will present a
notion of explicit lazy reduction in Definition 13.2.

We can now show:

Theorem 8.4 (I |- PRESERVES ‘—x;’ WITHOUT RENAMING) If P is a closed Aux-term, and P —>Z{;H
Q (so either Q = Az.Q" or Q = pa.[w]Az.Q', with a € Q'), then there exists P such that TP a —>’,¥( P
and P ~q~,'Q}a.

Proof : We follow the structure of the proof of Theorem 7.1, where we focus on the cases that
use renaming. Since "ua.[a]P’'ya 2 TP';a{a/a} =P’ {a/a} ya, we can assume that P does not
start with a context switch.
P = (Ax.M)NS1M,S5---M,S,: LetS=5;...5,.
HPJT;C;/[+1 é,E (65) (VW) (H/\x.Mfcl ’ HCiZ:MZ"CZ'+1E ’ HSJTI) =
(vyae ) ((vbx) ("M yb | c1{x,b)) | e1 (v d).(To:= Ny |1d-c2) | Tei:=Miciviy |TSY)  —x(c1)
(viae ) ((vba) ("Myb [Tx:=Ny [1b+2) | (ver) (Ter:=N-cay) [ Tei:=Mi-cisay | TST)

At this point the proof of Theorem 7.1 uses renaming to obtain HME c2, since it might be that
M evaluates to a variable y. All synchronisations in the later process take place inside "M b,
until that process outputs (on b). By Theorem 7.5, we know that TM ;b will run to P such that
P ~oren TN Tb with M —7, N.

Since P —>Z{;H Q and P has a wWxHNF, the —yz-reduction on M terminates as well, and N
is either an abstraction, an applicative term starting with a variable, or starts with a context
switch.

In case M evaluates to an abstraction Ay.M’, or pa.[a] Ay.M' we get

(vbx) ("M b | b2 |Tx:=Ny) —%
(vbx) (TAy.M' ;b | G| !b+e|Tx:=N7}) 4
(vbx) ((vyb') (TM'50" [b(y, b)) | G | 1b~2|Tx:=N}) —r (b)
(vx) (vy!) (TM' W 2y, b7)) | Te:= NE) | (1b) (10-2) | G

where G is garbage. So for this case the renaming is not necessary, and garbage collection
can be delayed. In case N starts with a variable, we find ourselves in the second case.

P =xS51My--5,M;S;, 41, with (x:=N) € S, for some 1 <k<n+1:

“xSlMl- . 'SnMnSn+lECn+l = (65)
(vya ) ("xye1 |Te;:=Mj-cii1y |TST) 4,= (1%(w)."NywelSy)

(i) (x(u). u-cq |Te;:=Miciyry | 2(w).INyw |TS}) —x (%)
(i) ((vw) ("Nyw | lw-1) [Tei:=Mi-cisay |TSy)
Also at this point the proof of Theorem 7.1 uses renaming. In case N evaluates to an
abstraction we get a situation similar to the previous case. Otherwise, it reduces to (a term
starting with) a variable bound by a substitution, which is dealt with in this case. O

In conclusion, weak explicit head reduction on a closed Aux-term P either generates an
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TAAva 2 (o) ((vab) (Txxyb |E(xb)) |1 c(vd).(To:=A} | 1d-7))

—r(c) (vx)(Mxxya|Tx:=A))| (ve) (Te:=A-ay)
~c (vx)(Txxya|Tx:=Ay))
A Tyx(x =A)ja
A (ux) (v) (x(u). =T | Ve (o). (Foi= x| 1)) | 2(0). (vyb) (Tyy b | (3,)))

e (x,w) () ((v0) (vyb) (Fyy b | e(yb)) | e (o). (Toi=xE | 1)) | Fx:= AT)

A TAyyy)x(x:=A);a

e (0) ) (vyd) (TyyEb| Py i= xT| 17 | Txi= AL | (ve) (Tei=x-ab))

o A () () (0) (y ()1 T i= y-ab) |1 (). Fx o) | Teim AT)
4 ﬂyy(y::x) (x:=A)a

S (y) () (v) (vew) (tw-F | Tei=y-at | Txbw) | Tyi=xb) | Fx:= AT)
~ (v) ((v) (v0) (T e |Te = y-ab) | FyimxF) | Teim AL
4 My (y:=x) (x =A)ja

Stoe (1) ((vy) ((v0) (Mezzie | Te:= y-a}) | Tyz=x)) | Fri=a))

Zz)Y ) (x:=A) ja

(v9) ((v2) (zba | Tzi=y}) | Fyi=x}) | Fx:i=a})
L

z

=y) (y:=x) (x:=A4) ja
Figure 5. Running M(Ax.xx)(Ax.xx);a

—¥, ~re (VX)
{

[l

(interpretation of an) abstraction before a forwarder, or a (term starting with a) variable before
a forwarder, that eventually will be replaced by an abstraction.

So, when simulating weak explicit reduction to normal form on closed terms, renaming can
be postponed, and the relation ‘~;" is not needed.

9 Weak reduction for Ay and Apux

It seems widely accepted that bisimilarity-like equivalences have become the standard when
studying interpretations of A-calculi into the 7r-calculus. This creates a point of concern with
respect to full abstraction. Since AA and 202 (where (2 = Ay.yyy; we will use (2 again below)
are closed terms that do not interact with any context, they are contextually equivalent; any
well-defined interpretation of these terms into the 7t-calculus, be it input based or output
based, will therefore map those to processes that are weakly bisimilar to 0, and therefore to
weakly bisimilar processes. Abstraction, on the other hand, enables interaction with a context,
and therefore the interpretation of Az.AA will not be weakly bisimilar to 0. However, in any
standard model of B-reduction of the A-calculus, the terms AA and Az.AA are equated since
both are meaningless (they are both unsolvable [56, 57]). We therefore cannot hope to model
normal Bu-equality in the 7-calculus in a fully-abstract way; rather, we need to consider a
notion of reduction that considers all abstractions meaningful; therefore, the only kind of
reduction on A-calculi that can naturally be encoded into the 7r-calculus in a fully-abstract
way is weak reduction.

Example 9.1 Consider the reduction of AA that was given in Example 5.4; by Theorem 7.1, we
have that TAAya ~ T2z (z:=y) (y:=x) (x:=A) ya as shown in Figure 5, which shows that the
interpretation of AA reduces without creating output over a, since that name always occurs
inside a sub-process of the shape

fe:=y-ay 2 lc(vd).(To:=yy|!d-a)

and does not input, since all occurrences of variables are always bound. So [AA|a is weakly
bisimilar to 0 (see also Lemma 9.7). Therefore,
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z.AAva 2 (vzb) ("AAYD |a(zb)) =~ (vzb)(0|a(zb)) ~
(vzb) (TQQyb |a(z b)) & TAz.Q0Q5a
So, for full abstraction, we are forced to consider Az.AA and Az.Q2(2 equivalent and both

different from AA, and therefore, we need to consider weak equivalences on terms that equate
all unsolvable terms.

We will now introduce the correct notions in Ap.

Definition 9.2 As in Definition 8.2, we define the notion ‘—
Definition 1.4, the notion ‘—
eliminating the contextual rule:

wpy Of weak Bu-reduction as in
of weak head reduction on Ay as in Definition 1.7 by (also)

M—N = Ax.M — Ax.N

We have already defined the notion weak explicit head-reduction ‘—4xs" on Aux in Definition 8.2.
We can show the following property.

Lemma 9.3 i) Let M,N € Ay; then M YN if and only if there exists N' € Aux such that M -
N', and N' - N.
ii) For M,N € Aux: if M —5xu N, and M = M and N =% N', then M —%, N'.

Proof : Straightforward, similar to Lemma 5.3. ]

We define the notion of weak head-normal forms, the normal forms with respect to weak
head-reduction:

Definition 9.4 (WEAK HEAD-NORMAL FORMS FOR Ap) i) The Ay weak head-normal forms (WHNF)
are defined through the grammar:

H, := Ax.M (M€ Ap)
| xMi---M, (n>0, Vien[M; € Ay)
| pa.[f]|Hy  (a # Borae Hy, and Hy, # uvy.[0) Hy)

ii) We say that M has a waNF if there exists Hy, such that M — 3,y Hy,.

As before, it is easy to verify that wHNFs are the the normal forms of weak head reduction.
The main difference between HNFs and WHNFs is in the case of abstraction: where the
definition of HNF only allows for the abstraction over a HNF, for wHNFs the body can be any
term. For example, both Az.AA and Az.Q2(2 are in wHNF, but not in HNF. In fact, both terms
have no HNF.
Since ‘—yxu’ C ‘—xy, the equivalent of Proposition 1.8 and Theorem 7.2 also hold for weak
explicit head reduction.

Proposition 9.5 If M —>;§y N with N in WHNF, then there exists H,, such that M —>an H,, and H, —>;§y
N without using "—y’.

Theorem 9.6 i) If M —;x N, then TMja ~ TN a.
ii) If M Nyxar, then TMyafhy.

We can show that the interpretation of a term without WHNF gives a process that is weakly
bisimilar to 0.

Lemma 9.7 If M has no WxHNF (so M also has no WaNE), then "M ya = 0.

Proof : We will show that the interpretation of a term with a weak explicit head-redex has no
input or output; since terms without wxHNF can only reduce (by contracting the head-redex)
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to a term without wxHNF, the interpretation of a term without a wxuNF will never input or
output, and therefore be weakly equivalent to 0.

If M has no wxHNF, then M has no leading abstractions and all terms generated by reduction
have a weak explicit head redex. If M = ua.[f]N and TN ;B {a/a} =~ 0, then also M a ~ 0;
therefore we can assume M itself does not start with a context switch.

Let M = RSoP;S1---P;S, with n > 0 and each S; possibly empty, and let S = 5¢S;---S,,, and:

"Mia =(65) (v)((ve) (Rier | Tei=Prcion ) TST)
fe;:=Piciryy 2 lei(od).('o(w)."Pyw|!d-Ciq)
sy = i(w)."Qyw ['ax(vd).(To:=Tyy | d-By)
where ¢, 11 = a. Notice that all inputs and outputs in the interpretation of the substitutions are
over bound names or under guard and that the only part of this process which might input

our output is "Ryc;. We reason by coinduction and distinguish the possibilities for the first
reduction step. We show the more interesting cases:

(B): Then R = Ax.K, n>1, and M contracts to K{(x:=P;)S,5;- - - P,S,. By coinduction, the
process
HK<XZ:P1>52P251 PnSMa A,E
(vay ) ((ve) ((vx) (Kyer [ 1% (w).TPyyw) [Teji=Pi-cipay ) | TST)

does not exhibit inputs or outputs, so, in particular, (va ) ((v¢ ) (TK}c1)) does not (notice
that ¢c; € ¢ is bound). Then neither does (vay ¢ xb) (TKb) in TMa.

(#p): Then R = pa.[a] K, and n > 1, and M contracts to (py.[y] K{a:=P;-y)P1)S2P,51- - - P,S,.
By coinduction, the process

\_/\_/

7.[7K (:= Py -y) Py)S2P2Sy - - Py Sy ba
é,; (vay ) (ve) ((ve) ((va) ("K' [ Tai=Pr-yy) [T’ := Py ) {e1/9} [ Teis=Pi-ciay ) | TSY)

= (vay) ((ve) ((ve") ((va) ("K' | Taz=Py-cyy) | Te" o= Pr-cyy) | Teii=Pi-cia1) | TST)
does not exhibit inputs or outputs, so, in particular, (vay¢c’) ("Kyc' {c1/7}) (the only
one part that could) does not, and thereby neither does (vay ¢ ¢’) (K ¢), so neither does
(vaye ') (TKya) so also

(vay ) (e ) ("Kya|Ta:=Prcoy [Tei:=Pi-cizay ) [TS))
= (vay) ((ve) ("Kya{ci/a}|Ter:=Prcoy |Te;:=Pi-cit1y ) |TST)
~p (vay ) ((ve ) (TKya{er/a} [ Tei:=Pi-ciz1y ) [ TST)
A T(ua.[a]K)P1SyPySy---PySyya

does not.

(#r): Then R = pw.[B]K, and M contracts to (py.[B]K(a:=DP;-7))S2P2S; - - - P,S,. Since, as in
the proof of Theorem 7.1,

"(ua.[B]K)P1SyPyS1- - - PuSyya 4 =
(v ) ((ve ) ((ver) (Tpe[B]K et |Ter := Procoy) [Tei:=Pi-cipay ) |TST) 2

(vay ) ((ve) ("KyB{er/a} |Ter:=Pr-cay | Tei:=Prcip1y ) |TSY) =

(vay ) (ve) ("Ky B | Ta:=Py-coy | Tej:=Py-cigay ) |TST) =

(v ) ((ve) ((va) (K5 B | Ta:=Py-yy) {ea/v} [ Teii=Piciay ) [TS))  4,=
m

(uy.[B]K (@:=Py-7))S2P2S1- - P,Sy ya

the result follows immediately by co-induction.
(hv): Then R =x and (x:=N) € S, and M contracts to NSoP;S;- - - P,S,,. By coinduction,
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HAAEu = H(Ax.xx)AEu 4
(uc)((vxb)(ﬂxx}bmx,b))\1c(v,d).(ﬂv::Ajud»a)) —(c)
(wxb) (Txxy b | Tx:= A7 | 1b-7) | (vc)('c(v d).(To:= Ay |1d~7)) 4~
(vxb) ((ve) (x(u).!u=c|!c(vd). (Hv —xﬂ [1d-b )) | 1% (w). HAJ w|!b+7) —(x)
(vxbw) ((ve) (tw-c| e d).(To=xy [1d-b)) | (vyb) (Tyyyb|@(y b)) | Tx:=Ay [ 1b+a) — (w)
(vxb) ((ve) ((vyb) (Tyyy by b)) |1 e(d).(To:=x | 1d=b) | Tx:= A | 1h-a) —(0),~%
(wxb) (vybr) (Tyy 501 |Ty:=xy [101+D) | Tx:= Ay |16-7) 4
(vab) ((vyby) (ve) (y ().t u~T | 1 c(v,d). (“v =yy [1d=b1)) | G(w). “xﬂwwbwbwfx =4, |1027) ()
(vab) ((vyby) (ve) (we| tewd).(To:=yy [1d=b1) | Txyw | Ty:=xy [16,2) | Tx:= Ay [ 1b7) 4
(vab) ((vyby) (ve) (wc| te(vd).(To:=yy | 1d-DBr)) | x (>'u»w\”y.—xﬂ|!bl»b>|“x.—Aﬂ|!b»ﬁ> =
(vab) ((vyby) ((ve) (w=T| te(vd).(To:=yy |1d~B7)) | x ().t~ | Ty:=x | 1b1 D) |

l

X(w).(vzb) ([Tzzll b |w(z b)) | Mx: —All [1b-7) — (x,wq,w,c)
(vab) ((vyby) ((vzba) (Tzz5 by | Tzi=yy | 1ba=B0)) Ty =y [ 101D | Tx:= Ay | 10-7))

Figure 6. Running fAA}a without renaming, but using garbage collection.

INSoPiS1-+ PuSpla A (vay) ((vé)("NLer |Tei=Picial ) |TSE)
does not exhibit inputs or outputs, so, in particular,
IxS1P1S2PoS1 - PuSufa 2,= (v ) ((ve) (x(w).!u-cy | Tep:=Prciya} ) [ %(w). N | TS})
where x € i, does not. ]

The reduction of TAA}a is given in Figure 6, and shows that the interpretation of AA reduces
without creating output over a; notice that the individual steps of the above reduction in ‘—y’
in Example 5.4 are respected in Figure 6.

As a direct consequence of Lemma 9.7, as for Milner’s and Sangiorgi’s interpretations, our
interpretation is not extensional, since TAA;a =~ 0, whereas

TAx.AAxya 2 (vxb) (TAAx)b|a(xb)) # 0.

We can show that if a term reduces to an abstraction (perhaps with a preceding context
switch), then its interpretation creates an output, and that if it runs to a term with a head
variable, its interpretation creates an input.

Lemma 9.8 i) IfM 1w Ax.N, then TMta |\ 7.
i) If M —>wa pa.[B]Ax.N, then TMa || B.
iii) If M 1 o *N1S1-- N, S, or M —1 0 po.[B]xN1Sy- NSy, then TMya | x .
Proof : Since ‘—yxu’ C ‘—xu’, this follows from Theorem 7.1, and the observation that the

resulting processes (obtained by encoding the normal forms) do indeed exhibit the input or
output. [

As to the reverse, we will now show that if the interpretation of M produces an output, then
M reduces by head reduction to an abstraction; similarly, if the interpretation of M produces
an input, then M reduces by head reduction to a term with a head variable.

Lemma 9.9 i) If "M al}a, then there exist x, N € Aux such that "Mja ~ "Ax.Nja, and M N
Ax.N.
ii) If TMya |l e, with a # c, then there exist a,x,N € Aux such that "M ja ~ Tua.[c]Ax.Nja &
TAx.Njc{a/a}, and M —Y; pa.[c] Ax.N.
iii) If TMya f o but "M ja |} x, then there exist Ny,...,N,, ¢, and Sy,...,S, with n > 0 such that:
o "Mja~TxN;S;---N,S,c;
o M =" xN1Sq---N,yS, if a = ¢;
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o M =M na.[c]xN1S1---N,S,, if a # c.

Proof : i) By checking the proof for Theorem 7.5, we observe that if TMa exhibits an output,
then, using explicit head reduction, M reduces to an abstraction. But then M also runs to
an abstraction using weak explicit head reduction, so there exist x, N such that M —>Z{;H
Ax.N. Since “—yxn’ C ‘—xu’, also M —5y Ax.N, and by Theorem 7.1 we get TM|a ~
TAx.Nja.

i) As in the previous case; the output name can only change because of a context switch.

iii) If "M ya runs to a process that inputs, but does not output, then by the proof for Theo-
rem 7.5 and Remark 7.4 M runs to a term with a head variable and without outermost
abstractions, so there exist Ny,...,N,, x, and Sy, ...,5, with n > 0 and «, B such that either:

M =1 xN; S - NSy : Since also M —% N1 Sq- - - Ny, Sy, we getthat "M ja ~TxN;S;---N,S, ¢

follows by Theorem 7.1.
M = pa.[B]xN1S1-- <N, S, ¢ Since also M —yy pa.[B]xN1S1--- N, Sy, by Theorem 7.1 we
get "M ja ~ Tua.[B;xN1Sy-+ N, Syla = TxN; Sy -+ N, S,y B{a/a}. O

10 Weak equivalences for Ay and Aux

We will now define notions of weak equivalences ’Nwﬁy’ and ‘~,y  between terms of Ay, and
‘~uwxa’ between terms of Aux (the last two are defined coinductively as bisimulations) that are
based on weak reduction, and show that the last two equate the same pure Ap-terms. These
notions all consider terms without wHNF equivalent.

First we define a weak equivalence generated by the reduction relation ‘—4,".

Definition 10.1 We define ‘~,  as the smallest congruence that contains:

M, N have no WHNF = M ~yg, N
(Ax.M)N ~yp, M{N/x}
(na.Cmd) N ~yp, py.Cmd{N-y/a} (7 fresh)

poc[Bluy.[6] M ~upy pe[6] M{B/7}
pa. ] M~y M (a« & M)

Notice that AA ~yp, QO and Az.AA ~yp, A2.Q2Q), but AA #ﬁy Q(); moreover, ‘~yp, is
closed under reduction.

Since reduction is confluent, the following is immediate.

Proposition 10.2 If M ~yg, N and M —>Z)ﬁy H,, then there exists Hy, such that Hy, ~p, Hy, and
N =5, He.

Notice that Property 1.5 is formulated with respect to ‘=4, not “~yg,".

The other two equivalences we consider are generated by weak head reduction and weak
explicit head reduction. We will show in Theorem 10.6 that these coincide for pure, substitution-
free Au-terms.

{ 4

Definition 10.3 (WEAK HEAD EQUIVALENCE) The relation ‘~y" is defined co-inductively as
the largest symmetric binary relation on Ay such that: M~ N if and only if either:

e M and N have both no WHNF, or

e both M =2, M’ and N =%, N, and either:
—if M'=xM;---M,, (n>0), then N' = xNj---N, and M; ~yyu N; for all i € n; or
—if M = Ax.M", then N’ = Ax.N" and M" ~,u N"”; or
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—if M' = pa.[p]|M", then N = pa.[B]N" (so a # B or a € fu(M"), M" # u~.[6]R, and
similarly for N”), and M" ~yu N”.

Notice that Az.AA ~yy Az.020) because AA ~yy 202, since neither has a WHNF.

We perhaps need to clarify the details of this definition. The notion of weak head equiva-
lence captures the fact that, once weak head reduction has finished, there are sub-terms that
can be reduced further by themselves. This process can generate infinite terms and the equiv-
alence expresses when it produces equal (infinite) terms. However, it also equates terms that
have no WHNF. As can be seen from Definition 9.4, a context switch pa.[B] N is in WHNF only if
N is; so when we state in the third case that M —!%; ua.[g] M", by the fact that this reduction
has terminated, we know that M’ is in WHNF.

We will now define a notion of weak explicit head equivalence, that, in approach, corre-

sponds to weak head equivalence but for the fact that now explicit substitutions are part of
terms.

Definition 10.4 (WEAK EXPLICIT HEAD EQUIVALENCE) The relation ‘~yy" is defined co-inductively
as the largest symmetric binary relation on Apux such that: M ~,xy N if and only if either:
e M and N have both no —yxg-normal form, or
e both M —!, M’ and N —2; N', and either:
—if M’ = xM;S;-+-M,S, (n>0),then N’ = xN;S}---N,S}, (so x € S;, x ¢ S}, for i € n) and
M;S ~uxu N;S' for all i € n where S=S;---S,, and §' = S|---S/; or
—if M' = Ax.M", then N' = Ax.N” and M" ~yxu N”; or
—if M' = pa.[p]M", then N’ = pa.[B]N" (so a # B or a € fn(M"), M" # u~.[6]R, and
similarly for N”) and M" ~xu N”.

Notice that pa.[B] AA ~yxu AA.

The following results formulate the strong relation between ‘~ ;" and ‘~xy’, and therefore
between ‘—," and ‘—xu’. We first show that pure terms that are equivalent under ‘~ "

4

are also so under ‘~,y’".

Lemma 10.5 Let M,N € Apt. M~y N if and only if there are M, N’ € Aux such that M' =% M
and N' = N, and M/ ~ s N'.
Proof: only if : By coinduction on the definition of ‘~y". If M ~u N, then either:

o M _>ng le_-- Z\ﬁ1 and N _>ng xNj---N, and M; ~yu N;, for all i € n. Then, by Lemma 9.3,
there exist M, N/ such that both

M = xM{Sy--M,S, —%L xMi---M, and
N e xN|Sj---N.S, —%L xNj---N,

Let S=51---S, and S’ = S}---S), then in particular M'S —" M; and N/S' —"'N;, for
all i € n; then by induction, M!S ~yxu N/S' for all i € n. But then M~y N.
o M =%, Ax.P, then N =%, Ax.Q and P ~y; Q. By Lemma 9.3 there exists P’ and Q'
such that
M =% Ax.P' =% Ax.P and
N =% Ax.Q" =% Ax.Q

Then also P’ »% P and Q' =" Q, so by induction P’ ~yy; Q'. But then M ~ gy N.
o M —", ué.[y]P, then N —n #6.[v]Q and P ~yy Q; similar to the previous part.
The other cases are similar.
if : By coinduction on the definition of ‘~y". If there are M’, N’ such that M’ —>n=f M and
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N’ =" N, and M’ ~y N, then either:

o M' = xMSy---M.,S,, N' = xNiS}j---N.Sl,, S=5;---S, and §' = S}---S/, and
M!S~y NIS', for all i € n. Let, for all i € n, M!S —% M; and N/S' =¥ N; then by induc-
tion, M; ~uy N;, for all i € n. Let M’ —"f M; since we have M’ —!, xM}S;---M,,S, -
xMi---M,, by Lemma 9.3, M _>ng xM;j---M,. Likewise, we have N —>Z,fH xXNjp---Nj.
But then M ~,u N.

o M M Ax.P', N' =% Ax.Q', and P’ ~py Q. Let P’ = P, and Q' —»" Q, then
by induction, P ~yy Q. Then we have M’ 1w Ax.P" = Ax.P, and by Lemma 9.3,
M _>ng Ax.P. Similarly, we have N _>ng Ax.Q; so M ~yu N.

o M M. ué.[y]P', N’ N ud.[y]Q’, and P’ ~yxy Q'; similar to the previous part.

The other cases are similar. [l
Notice that this lemma in fact shows:

Corollary 10.6 Let M,N € Ay, then M ~yxa N <= M ~yyu N.

11 Weak approximation for Au

In the next section we will show our main result, i.e. that the logical encoding is fully abstract
with respect to weak equivalence between pure Ap-terms. To achieve this, we show in The-
orem 12.1 that TMa ~Nja < M ~y4u N. To complete the proof towards ‘~wpy, We are
thus left with the obligation to show that M ~xs N <= M ~y, N. In Corollary 10.6 we have
shown that M~y N <= M ~yy N, for pure terms; to achieve M ~yy N <= M ~yp, N, in
this section we go through a notion of weak approximation. Based on Wadsworth’s approach
[56], we define ‘~4,," that expresses that terms have the same weak approximants and show
that M~y N <= M~y N <= M ~y5, N.

The notions of approximant and approximation were first introduced by Wadsworth for the
A-calculus [56], where they are used in order to better express the relation between equivalence
of meaning in Scott’s models and the usual notions of conversion and reduction. Wadsworth
defines approximation of terms through the replacement of any parts of a term remaining to
be evaluated (i.e. B-redexes) by L. Repeatedly applying this process over a reduction sequence
starting with M gives a set of approximants, each giving some - in general incomplete -
information about the result of reducing M. Once this reduction produces a term of the shape
Ax1- Xy YNy --Ny (a head-normal form), all remaining redexes occur in Nj,...,N,, which
then in turn will be approximated.

Following this approach, Wadsworth [56] defines A(M) (similar to Definition 11.1 below)
as the set of approximants of the A-term M, which forms a meet semi-lattice; in [57], the
connection is established between approximation and semantics, by showing

™™ip.p = U{TAip_p|Ac AM)}.

So, essentially, approximants are partially evaluated expressions in which the locations of
incomplete evaluation (i.e. where reduction may still take place) are explicitly marked by the
element L; thus, they approximate the result of computations. Intuitively, an approximant can
be seen as a “‘snapshot” of a computation, where we focus on that part of the resulting program
which will no longer change, which corresponds to the (observable) output.

We now define a weak approximation semantics for Ap. Approximation for Ay has been studied
by others as well [53, 141} [8]; however, seen that we are mainly interested in weak reduction
here, we will define weak approximants, which are normally not considered.
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Definition11.1 (WEAK APPROXIMATION FOR Aj) i) We define the set of Au_L-terms as in Defi-
nition 1.1, but add the term constant 1.

M,N == x| L|Ax.M|MN | ua.[f|M

ii) The set of Au’s weak approximants A, C AL with respect to ‘—," is defined through the

grammar

Ay = L
| xAy--AL (n>0)
| Ax.Ay
| na[BlAw  (a# Bora€ Ay, A # u7.[0]Av, Aw# L)
iii) The relation ‘C" C /\yﬂ is defined as the smallest preorder that is the compatible exten-
sionof L. C M, i.e.
1L EM
x L x
MCM = AxMCAx.M & uy.[6]| MC py.[6] M
MiCMAM,C M), = MM, C M|M,

iv) The set of weak approximants of M € Ay, A, (M), is defined through
Au(M) & {A, €Ay |INEAU (M =5, NAAL,EN)}.

v) Weak approximation equivalence is defined through: M ~4, N 2 Ayu(M) = A,(N).

Notice that if Aj C M; and A, T M, then AjA; need not be an approximant; it is one if
A = xA;]---A}, perhaps prefixed with a context switch of the shape pa.[8]. Moreover,

Ap(Az.A8) = { L, Az.1l} = Ay(Az.00)
Aw(pa[plan) = {1} = A(44)

Weak approximants are also the normal forms with respect to the notion of reduction on
ApL-terms that is the extension of ‘—g,” by adding the reduction rules:

1M — L
e [flL — L

(so not Ax.L — L) but this will play no role in this paper.
The relationship between the approximation relation and reduction is characterised by the
following result:

Lemma 11.2 i) If Ay, © M and M —>Eu N, then A, C N.
ii) If Ay € Ay(N) and M —>EH N, then also Ay, € Ay(M).
iii) If Ay € Aw(M) and M —p, N, then there exists L such that N —g, L and Ay C L.
iv) M is a WHNF if and only if there exists Ay, # L such that A, C M.
v) M has no waNF if and only if A,(M) ={_L}.
Proof : Easy. 0

We could have defined the set of approximants of a term coinductively.

16 For ‘normal’ approximants, case Ax.A demands that A # L, as motived by the relation with D. We explicitly
drop that restriction here.

17 Notice that we use ‘—p,," here, not _>w[3;4 ; the approximants are weak, not the reduction.
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Definition 11.3 We define A (M) coinductively by:
o If Ay, C M, then Ay, € AY(M).
o if M =4y xMy---M, (n>0), then A(M) = {xAl...A" |Vien (A, € A%(M;))}.
o if M =3y Ax.N, then AY(M) = {Ax.Ay | Ay € AY(N) }.
o if M =y pa.[B]N, then AY(M) = { pa.[B|Aw | Aw € AY(N) }.

We can show that these definitions coincide:

Lemma 11.4 A“(M) = Ayx(M).

Proof: C: If A, € AY(M), then by Definition 11.3 either:

A, C M: Immediate.

Ay, = xA%U---AZ,: Then M —uy XM;j---M, for some M, ...M,, with Aiu e AY(M;), for
every i € n; by coinduction, also A}, € Aw(MZ-). Then, by Definition 11.1, for every i € n
there exist M/ such that M; _>ZH M! and A}, C M!. Since ‘—}u" C ’—>Ey’, in particular
M _%14 xMj---M;,; we have A, C xM}---M;, so Ay, € Ay(M).

The other cases are similar.
D: If Ay, € Ay(M), then by Definition 11.1, there exists N such that M _>E;4 N and A;, C N.
Now either:

Ay C M: Trivial.

Ay = xAgU- --Al . Since xAgU- Al CN,N= xNj---Ny for some Ny, ..., Ny, and A;, C N,
for every i € n. Then by Definition 11.3, A}, € AY(N;), for every i € n, and by induction,
A}, € Ay(N;). By Lemma 9.5, there exist My, ..., M, such that M —}; xM7--- M, —>;§y
xNj---Ny; so in particular M; —>;§y N;, for every i € n. Then by Lemma 11.2, A;, €
A (M;) and by Definition 11.3, A, € A”(M).

The other cases are similar. ]

As a consequence, below we will use whichever definition of approximation, A“(M) or
Ay(M), is convenient.

As is standard in other settings, interpreting a M € Au through its set of weak approximants
A (M) gives a semantics.

Theorem 11.5 (WEAK APPROXIMATION SEMANTICS) If M =g N, then M ~4,, N.

Proof: M =g, N A Ay € Au(M) = M=p, NAIL (M-}, LAA,CL) =(1.5)
ILK (L=, KAN =5, KANA,CL) =(11.2) 3K (N —}, KA Ay CTK) =
Ay € Ap(N) L

The reverse implication of this result does not hold, since terms without waHNF (which have
only L as approximant) are not all related by reduction. But we can show the following full
abstraction result:

Theorem 11.6 (FULL ABSTRACTION OF “~yp," VERSUS ‘~yg,,") M ~yp, N if and only if M ~4,, N.

Proof: if: By coinduction on the definition of the set of weak approximants. If A,(M) =
{1} = Aw(N), then by Lemma 11.2 both M and N have no WHNF, so M ~, N. Other-
wise, either:

xAL- - Al € A,(M) A xAL-- A" € A,(N): By Definition 11.3 there exists My, ..., M, such
that M —y xM;---M,, and Aiu € Ay(M;). Likewise, there exist Ny, ..., N, such that
N =5 xN;---N, and A., € A, (N;). So, for i € n, Aw(M;) = Au(N;) and by induction
M; ~ypu N;. Since ‘~yp,/ is a congruence, also xMy - - - My ~qpy XNy -+ - Ny; since “~yp,/
is closed under reduction ‘— it is also under “—y’, and we have M ~y,5, N.

7

wpp 1
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The other cases are similar.

only if : As the proof of Theorem 11.5, but using Proposition 10.2 rather than 1.5. L]

We can also show that weak head equivalence and weak approximation equivalence coin-
cide:

Theorem 11.7 M ~y N if and only if M ~y4,, N.
Proof: only if : By coinduction on the definition of “~’.

M and N have no waNE: Then, by Lemma 11.2, A, (M) = { L} = A, (N).

M —4u xMy---M,: Then also N =4y xNj---N,, and M; ~yu N; for i € n, and by coinduc-
tion, M; ~4, Nj, so Ay(M;) = Ay(N;). Then, by Definition 11.3, we have A, (M) =
Ay(N).

The other cases are similar.
if : By coinduction on the definition of the set of weak approximants.

Ap(M) ={L} = Ay(N): Then, by Lemma 11.2, both M and N have no WHNF, s0 M ~, N.

A, = xA%U‘ --Al: Then M — 5 xM;---M,,, and A;, € Ay(M;), for i € n. Since Ay(M) =
Ay(N), also N =4y xNp---N,,, with A;, € Ay (N;j), so Ap(M;) = Ay(Nj). Then, by
coinduction, M; ~yy N; for every i € n, so M ~yu N.

The other cases are similar. [l

Taking “LI” as the (partial, compatible) operation of join on terms in A, generated by L LIA, =
Ay, we can also define "M 4 = LI{Ay | Ay € Ap(M) }; then Ty 4 corresponds to the (Ap-
variant of) Lévy-Longo trees, and it becomes easy to show that: TM 4, =Ny 4. < M~y, N.
We will skip the details here.

Combined with the results shown in the previous section, we can now state that all equiv-
alences coincide:

Corollary 11.8 Let M,N € Ay, then M~y N <= M ~yz N <= M ~y,, N <= M ~yp, N.

12 Full abstraction for the logical interpretation

We now come to the main result of this paper, where we show a full abstraction result for our
logical interpretation. First we establish the relation between weak explicit head equivalence
and weak bisimilarity.

Theorem 12.1 (FULL ABSTRACTION OF ‘A’ VERSUS “~yyy') For M,N € Aux: "TMya ~ TN a if and
only if M ~yxa N.
Proof: onlyif: TMya ~TNja = M ~yxu N.
By induction on the structure of Aux terms; we distinguish the following cases.
e (M ja can never input nor output; then TMa ~ 0 ~ TNja. Assume M has a —xu-

normal form, then by Lemma 9.8, 'M ya is not weakly bisimilar to 0; therefore, M and
N both have no —yxg-normal form, so M ~xg N.
e TM{all¢c, then by Lemma 9.9, we have
-Mja ~ TAx.M'jc 2 (vxb) ("M’ b |e(x, b)),
-M—=iaAx.M ifa=c, or
- MW nafc] Ax.M if a # c.
Since "M ja ~ TN a, also TN ;a ¢, and we have
-TNJa =~ TAx.N'jc 2 (vxb) ("N';b|e(xb)),
- N—=mAx.Nifa=c, or
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- N =% pa[c] Ax.N' if a # c.
So we have

Mx.Mc ~ IMja ~ INja ~ TAx.N'jc
so in particular,

TAx.M'jc & (vab) ("TM'}b|e(x b)) =~ (vab) ("N’ ;b |e(xb)) & TAx.M'|c;

then also "M’ ;b ~ N’ b, and by induction, M ~x; N’; but then by the observations
made above also M ~xy N.

o If TMyalf,, but "Mya | x, then by Lemma 9.9, TMa ~ TxM;S;---M,S,ya’ as well as
M = xMqSq---M,S,,. Let S =S;---S,,, then we have

Hlesl s -MnSn}a’ = (65) (V(W ) (x(u).!u»ﬁ ’ HCi = Mi'ci—&-li ’ HSJLI)

[l

where ¢, =a’ and Tc;:=M;-ci 1y Lei(o,d).(1o(w).TM; yw | 'd-T5 1)

Sy = Ty=P; |Ta:=Q-p;
lap:=Qr-Bry 2 lag(v,d).(1o(w)."Qyw | d~By)

Since TM ja ~ "N ja, again by Lemma 9.9, IN ja ~ xNj - --N,S" ;a” and N —7px N1 Sp - - N,, S5,
with §' = §}---S/. Notice that

TxN1Sy---N,S,;a" = (65) (veya) (x(u).!u-ey|le;:=Nj-eirqy |1S'))

>

where e, = a"’ and le;:=Nj-e; 1, te;(v,d).(1o(w).IN;yw | ' d-ei17)
I} = =Pt |Th=Qpt
Hyj::P]-’f Z !]Tj(w).HPj’jw
fag:=Qp-Bry 2 lag(v,d).(10(w).TQyw | Ld~By)

Since we have
Hlesl o 'MnSmIJ_El/ ~ HXN1S/1 o -ani/qfﬂ//,

we infer that a’ = 4", ¢; = ¢;, and TM;S;w ~ IN;S'yw for all i € n; then by induction,
M;S ~yxu N;S' for all i € n, and by the observations made above also also M~y N.
Notice that the base case for the induction is included in the last part.
if: M~y N = IMja~TNja.
By coinduction on the definition of ‘~xu". Let M ~yxu N, then either:
e M and N have both no —yxg-normal form, so, by Lemma 9.7, their interpretations are
both weakly bisimilar to the process 0, so in particular "M ya ~ "N ya; or
e both M —.; M’ and N —/; N, and either:
- M = xM;S1---M,S, (n>0), and N = xN;S;---N,,S),, and M;S ~yxy N;S', for all
i€n, where S=5;---S,, S'=S]---S,. By Theorem 9.6, we know that both TM ja ~
TxM;Sq---M,S,;a and INja ~TxN;S}---N,S!, ;a. Notice that

xMiSy--MySuya = (6.5) (viwe ) (Txyer |Tei=Mi-cipay |TST)

vijac
where ¢, =a and Mxyer & x(u).lu-cy
Teii=Miciny 2 lci(vd).(1o(w).TM;yw|!d-ciiy)
'Sy = Ty:=Py |fa:=Q-By
=Py 2 1y(w)."Pyw
P =Qu-Bry 2 'ax(vd).(19(w).TQeyw | 1d~By)

/' L

and similarly for "xN; S} - --N,S], ya. By induction (see Definition 10.4),
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vig) ("M;;w |TS]) 2 ™;Sjw ~ TN;S'yw 2 (via) ("N;yw|TS'})
Then, since ‘~’ is a congruence, for all i € n also

(i) (1es(o.d).(10(w).TM; o | 1) | TST) ~
(i) (1es(o.d).(15(w). TN w | 1) | 1S'E)

so also 'xM;Sy---M,S, ja ~ TxN;S|---N,S! a but then also TM ;a ~ TN ja.
- M =Ax.M", N = Ax.N", and M" ~yyz N”. By Theorem 9.6, we have "M a ~
TAx.M"}a and TNja ~TAx.N" ;a. Notice that

MAx.M"ya & (vxb) (TM";b|a(xb)) and
Mx.N"va 2 (vxb) (TN" b |a(xb))

By induction, TM" [b ~ TN" [b. As above, since ‘= is a congruence, also 'Ma ~
TNta.

- M =uy.[6]M", N = uvy.[6] N”. Then M"” and N” themselves are in normal form
and M" ~yxx N”. By Theorem 9.6, TM ja ~ Tu~y.[6]M" ;a and TN ya ~ Tuvy.[6]N" ja.
Notice that

Ty [6).M";a & TM"[5{a/y} & T™M"{a/y};é and
Ty [6].N"ja 2 TN";6{a/y} 2 N"{a/v}}o
By induction, "TM" {a/~} 6 ~ TN {a/7} ;§; since ‘~’ is a congruence, "Mya ~ TN ya.

O

We can now prove our main result:

Theorem 12.2 (FULL ABSTRACTION) Let M, N € Ay, then "M ya ~ TN ya if and only if M ~qp, N.
Proof : By Corollary 11.8 and Theorem 12.1. U

13 Restricting the interpretation to the A-calculus

Most of the results shown in this paper hold for the A-calculus as well, even if they would not
follow from the results shown here, but would need to be shown independently (with almost
identical proofs). However, some results are formulated using ‘~;’, i.e. Lemma 2.5:2, which
explicitly deals with the modelling of the distribution of the encoding of the explicit context
substitution. In particular, we need ‘~;’ in the proof of Theorem 7.1 (only) to show that the
encoding models the reduction steps (where N gets distributed):

(#p): (pa.[a] M)N — py.[y]M(a:=N-y)N
(hn):  (pa.[BIM)S — (pa.[y]M(B:=N-7)N)S\B ((B:=N-y) €8).

Since these steps are necessary for Ay only, it is fair to ask if, when restricting to the A-
calculus and explicit head-reduction for Ax, the A-calculus with explicit substitution [20], the
formulation of the results can be strengthened. We will briefly discuss that in this section.

First we present Ax, Bloo and Rose’s [20] A-calculus with explicit substitution, defined by:

Definition 13.1 (ExpLiciT A-caLcuLus Ax cF. [20]) i) The syntax of Ax is defined by:
M,N := x|Ax.M|MN | M{x:=N)

ii) The reduction relation ‘—” on terms in Ax is defined by the rules:
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(Ax.M)N — M(x:=N) (ML — NL
(Ay.M) (x:=L) — Ay.(M(x:=L)) LM — LN
(MN){x:=L) — (M(x:=L))(N(x:=L)) M—N = ¢ Ax.M — Ax.N

x{x:=L) — L M{x:=L) — N{x:=L)
M(x:=L) — M (x¢&fo(M)) L{x:=M) — L{x:=N)

Definition 13.2 (EXPLICIT HEAD AND LAZY REDUCTION) i) Explicit head-reduction ‘—" on Ax is
defined by:

(B): (Ax.M)N — M(x:=N)

(hv): xSoM1S1---MySyi1 — NSoMiSi---MyS,i1 (n>0, (x:=N) €S,41)
(AS): (Ay.M)S — Ay.(MS)

(gc) : MS — MS\x (x€S,x ¢ M)

Ax.M — Ax.N
M—N = ML — NL
MS — NS

ii) We define explicit lazy reduction ‘—,’ by eliminating, from ‘—y’, the rules
(AS): (Ay.M)S — Ay.(MS)
M— N = Ax.M — Ax.N

Notice that lazy reduction does not correspond to weak explicit head reduction, since lazy
reduction does not allow substitutions to be propagated under abstractions.

As suggested in Section 3, we can reformulate Milner’s first result (Theorem 3.3), in the form
that Milner perhaps intended, by showing that his encoding respects explicit lazy reduction,
modulo garbage collection.

Definition 13.3 We extend Milner’s interpretation (see Definition 3.1) to Ax by adding the
case:

T™{(x:=N)}'a & (vx)("TM} a|lx:=N})
We can show that Milner’s encoding respects single step —.-reduction.

Theorem 13.4 (I} - PRESERVES —x;) If M —x N, then TM}'a =%, ~; N} a.
Proof : By induction on the definition of single step explicit lazy reduction; we only show the
base cases.
(Ax.M)N — M{(x:=N): l(Ax.M)N}a —% (32) (vx)(TM}a|lTx:=N}) 2
T (x:=N)}'a
xSoM;51---M,S, — NSoM;1S1---M,Sy:
TxSoM1Sy---MySy)' a 4
(venu) (TxSoM1Sy- - My 1Sy 1y cn | (v2) (Crz.Cpa.lz:= My, )) |1S,)) 2

(ch yz) ([Txﬂ a1 ’ (VZ) (Cl Z.CiCiy1- Mz .= Muhl/[) ’ IrSiil\l/[) . = 4 (Cn+l = a)
(ve; yz) (xc1| (vz) (ciz.Ciciyr.Tz:= MyY) | x(w).TNY w|TS; ") —r (%)
vei 7i) ("N} 1] (vz) (Gi z.Cici Tz := M) | TSy ) 4

HNSQM1S1-”MHS”3/IEI
MS — MS\x, x€S,x¢M: T™™MSya 2 (v = (wy) (™7 a|TS\xy |TS.})
Wy \w) ("My a[TS\xy) [ (vx) (7S+)) ~e 7 ) (TMY a[TS\xy) £ TMS|xya .
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Notice that we have shown this for single-step reduction, not just reduction to normal form,
and not just on closed terms.

With this, we can now restate Milner’s result:

Corollary 13.5 If M is closed, and M —Jf (Ay.N) (x=)N, then ™M} a =%, ~; (v) (TAx.N}a|
Ty:= N} ).

The restriction of our encoding I'- |- from Definition 6.1 to Ax is defined by:

Definition 13.6 (OUTPUT-BASED ENCODING OF AX-TERMS IN 77) The mapping I} - is defined by:

Txva & x(u).u-a (x #a)
Mx.Mya 2 (vxb) (™™ b|a(xb)) (a,b fresh)
TMNja & (vo)(™™Mjc|c(vd).(Tv:= Ny |d-a)) (a,b,c,v,d fresh)

T™M(x:=N)ya & (vx)(TM;a|lx:=N}) (a fresh)
Tx:=N, 2 !x(w)./Njw (w fresh)

Notice the absence of replication, compared to the definition of M.} -, in the cases for variables
and application; the main reason for this is that, unlike terms of Aux, interpreted Ax-terms
can only output on the name under which they are interpreted; for example, in the proof for
Theorem 12.1, when considering "M j‘aUE, then a = c. Those replications dealt, in particular,
with the multi-output character of Aux-terms, and are no longer needed; they could be rein-
troduced, however, without any negative effect. The only (crucial) use of replication remains
in the interpretation of explicit substitution, modelling the distributive character of implicit
substitution.

Notice also the difference in the interpretation of explicit substitution with the one defined
in [12]], which uses

Tx:=N;a 2 IIN;«x

We can show the same results for Ax and the A-calculus as those we have shown above
for Aux and Ay in much the same manner, but can remove the use of ‘~,’, so Lemma 2.5:2
is not needed. Of course, these new results cannot be direct consequences of the results we
have shown for the latter two, since it could be that the presence of y plays an important role
when dealing with the interpretation of Ax-terms. However, it is straightforward to verify that
this is not the case; we can copy over all the proofs given above, remove the cases dealing
with context switches u«.[] and find ourselves with proofs directly for Ax. Sometimes the
proof gets even more simple; for example, since the interpretation of an application is defined
without replication for the context substitution, less garbage needs to be collected during
reduction inside interpreted terms.

Similarly, as in Theorem 8.4, also for our encoding we can show:

Theorem 13.7 If M is a closed A-term, and M —%fXH N then HMfa —>Zl{(, ~:™N f a.

so our interpretation follows weak explicit head reduction on closed A-terms to normal form
step by step. We hereby emulate Milner’s original result, Theorem 3.3, but for the fact that
our result is stated with head reduction.

As in Theorem 7.1, 7.5,7.6,7.7,7.9, and 7.10 we can show that:

Theorem 13.8 i) If M € Ax, and M —xu N, then My a—%,~p~cNja.
it) If M € Ax, and "M} a —, P, then there exists N such that P ~xc "N} a, and M —x N.
iii) If M, N € Ax, and M = N, then "M ja ~ N} a.
iv) If M, N € A, and M =g N, then ™ja~TNja.
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v) If M € Ax, and M U N, then TM} all,.
vi) F M€ A, and M —§" N, then "M all ..
vii) If M € A, and M, then ™ all.
Also the full abstraction result follows in exactly the same way as presented above for Ap.
The equivalences ’Nwﬁ’, ‘~wr’s ~wxe’s “~ay, , are defined for the A-calculus by simply omitting

the case for the context switch from the relevant definitions above, and using the approach we
have used above, we can show:

Theorem 13.9 For M,N € A, TMya =~ INja <= M ~uyxu N <= M ~yy N <= M ~y, N <=
M ~g N.

which states that we have a fully-abstract semantics for the pure A-calculus as well.

Conclusions

We have defined Aux, a variant of Ay that uses explicit substitution, and defined a notion of
explicit head reduction ‘=" that only works on the head of a term, so only ever replaces
the head variable of a term. We have found a new, simple and intuitive interpretation of
Aux-terms in 7t that uses the naming mechanism of Ay and gives a name to the anonymous
output of terms and respects ‘— . For this interpretation, we have shown that termination is
preserved, and that it is sound and complete, as well as that it gives a semantics for Aux and
for Ap.

We also defined a weak variant of explicit head reduction, ‘—xs". This naturally leads
to a notion of weak head normal form and weak approximation and we have shown that
interpreting a term by the set of its weak approximants gives a semantics for Ay as well. We
have defined the weak equivalences ‘~yp,/, “~wy', “~wxu', and ‘~y4,,” on Ap terms, and have
shown that these all coincide on pure terms (without explicit substitution). We have proved
that M ~uxy N <= "M a ~ TN |a, which, combined with our other results, shows that our
interpretation is fully abstract with respect to weak equivalences on terms.
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