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Abstract

We study the Ap-calculus, extended with explicit substitution, and define a compositional
output-based interpretation into a variant of the 7r-calculus with pairing. We show that this
interpretation preserves single-step explicit head-reduction with respect to weak bisimilar-
ity. We use this result to show operational soundness for head reduction, adequacy, and
operational completeness. We also show that weak (i.e. lazy) reduction on closed terms is
directly implemented through synchronisation.

We define four notions of weak equivalence for Ay — one based on weak reduction ‘~yp,/,
two modelling weak head-reduction and weak explicit head reduction, ‘~yy" and ‘~xu’
respectively (all considering terms without weak head-normal form equivalent as well), and
one based on weak approximation ‘~4" — and show they all coincide. We will then show
full abstraction results for our interpretation for the weak equivalences with respect to weak
bisimilarity on processes using the approach of approximation.

Introduction

The relation between Church’s pure A-calculus [24] [15] and Milner’s rr-calculus [45] has been
studied extensively in the past. Work started with Milner’s encoding of the lazy /\—Calculu
[43] and quickly led to more thorough investigations (see [44, 51} 21, 52, [12]; many more
papers were written on the topic), also in the direction of object oriented calculi [35,52]. The
strength of the results that have been shown in those papers — like soundness, completeness,
termination, and full abstraction — has encouraged researchers to investigate interpretations
into the 7r-calculus of various calculi that have their foundation in classical logic, as done in,
for example, [36} [10, 25, 17]. The particular calculus we focus on here is Parigot’s Au-calculus
[48]; it is a natural extension of the A-calculus by allowing names for terms as in [¢]M and
p-abstractions over names through pa.M, and contextual reduction rules that allow for the
redirection of applicative contexts to named sub-terms.

Rather than looking at how to encode known control features into calculi like the A-calculus,
Au, or Ay@ [32], as has been done in great detail by others, we focus on trying to understand
what is exactly the notion of computation that is embedded in calculi like Ay; we approach
that problem here by presenting a fully abstract interpretation for that calculus into the -
calculus. Perhaps the most unexpected outcome of our investigation is that Au’s contextual
reduction and substitution are naturally representable in the 7r-calculus, and are completely
dealt with by the encoding, so do not require additional synchronisations.

! The notion of lazy reduction has different definitions in the literature, depending on the object language of
choice. Here that notion corresponds to ‘call by name reduction’; to stay within the terminology of the original
papers, we will use the word ‘Lazy” here.

2 The name Ap was first introduced in [53]], that also introduced a different notation for terms, in placing names
behind terms, rather than in front, as done by Parigot and de Groote; we use their notation here.



From past papers it might seem that the interpretation of ‘classical” calculi like Ay comes
at a great expense; for example, to encode typed Ay, in [36] an extension of Milner’s encoding
is defined that uses a 7t-calculus that is strongly typed; since reduction in & is not confluent,
[10] shows preservation of reduction in X only with respect to the contextual ordering ‘T’
(so not with respect to contextual equivalence ‘~’, nor with respect to weak bisimilarity ‘~’);
[25] defines a non-compositional interpretation of Aujfi that strongly depends on recursion,
and does not regard the logical aspect at all.

Our contribution to this line of research is to study an output-based encoding of Ay into the
mt-calculus; it is an extension of the one we defined for the A-calculus [12] and is a natural
variant of that for Ay we presented in [13]; our approach was compared to the traditional
input-based one in [34]. In [12} [13], we have shown that those encodings respect single-step
explicit head-reduction ‘—yy' (a variant of reduction with explicit substitution ‘—” that only
ever replaces the head variable of a term, see Def. 5.1) modulo contextual equivalence ‘~.’;
here we restate those properties with respect to weak bisimilarity ‘~". We show that extending
the output-based interpretation "M a of A-terms [12] (where M is a A-term and a is the name
given to its anonymous output) to Ay, adding cases for context binding and naming, gives a
very natural interpretation of Ay-terms to processes. In fact, naming and p-abstraction can be
soundly treated separately, so it is perfectly possible to encode Ay and our first results in this
direction were indeed on that calculus [13]; as we will argue below, to achieve full abstraction
here we have to focus on Ay; otherwise we can not always distinguish between looping and
inactive computations.

To accurately define the notion of reduction that is modelled by our interpretation, follow-
ing [12], in [13] we defined (untyped) Apux, a version with explicit substitution [1} 20] of the
Ap-calculus, together with a notion of explicit head-reduction ‘— ', which can be seen as the
minimal system (with explicit substitution) to reduce a term to head-normal form, if possible.
The advantage of considering explicit substitution rather than the standard implicit substi-
tution as considered in [43| 52] has been strongly argued by us in [12} [13], and makes an
important contribution here as well. To better express the relation between ‘—;" and ‘—’,
here we follow the approach of [12] when defining explicit head reduction for Ay, rather than
that of [13]]. In [12] we showed that communication in the 7r-calculus has a fine semantic level
of granularity that “faithfully mimics” explicit substitution, and not the implicit one; we stress
this point again with the results presented in this paper, and the relative ease with which
these are achieved. In particular, we will show that, for closed A-terms, our interpretation
models ‘—" reductions through ‘—,” synchronisations directly, but modulo garbage collec-
tion, i.e. removing sub-processes that can no longer interact with others; we will argue that
this result is similar to Milner’s first result, shown in [43] (see Thm 3.3).

As was the case for Milner’s interpretation, our interpretation places sub-terms (in partic-
ular, those that are to be substituted, and therefore also the operand in an application) under
guarded replication. Since in the pure 7-calculus it is not possible to simulate reductions that
take place in terms that are placed under guard, the calculus that can be effectively repre-
sented is limited (the restriction of not allowing reduction under guard is dropped in [36]);
also other interpretations defined in the past do not model full reduction for the same reason.
In our case, as in [12], thanks to the fact that abstraction is encoded through an asynchronous
output, the restriction is to that of head reduction.

Although the notion of structural reduction in Ay is very different from normal S-reduction,
no special measures had to be taken in order to be able to express it through our interpretation.
The component of the interpretation that deals with pure A-terms is almost exactly that of [12]
(ignoring for the moment that substitution is modelled using a guard, which affects also the
interpretation of variables), but for the use of replication in the case for application. In fact,
the distributive character of application in Ay, and of both term and context substitution is



dealt with entirely by structural congruence in 7r (see also Example 6.9), and both naming and
context binding are dealt with statically, by the interpretation. In fact, through our encoding
it becomes clear that explicit structural substitution is just a distributed variant of application
(see Remark 6.5).

We will show a number of results that in part we also showed in [12} [13] for the A and Au
calculi, respectively. In Thm 7.1, we show that single-step explicit head reduction is respected
by the encoding in such a way that each B-reduction step is implemented through at least one
synchronisation; this leads to operational soundness and completeness results. In Thm 7.6
we show that the encoding also respects equality on Apx, but modulo weak bisimulation, and
in Thm 7.7 that it gives a semantics for Au. Since our encoding deals with head reduction
as well as open terms, an operation of renaming is needed that is part of weak bisimilarity;
in Thm 9.2 we will show that to model lazy reduction on closed terms, this renaming is not
needed.

We will show that all results we show for Ay can be shown for the A-calculus as well; in
Thm A.7 we show that to model lazy reduction on closed A-terms, the only part of weak
bisimilarity that is needed is garbage collection.

Full abstraction is an important property stated for semantics of programming languages and

formal calculi. Given a semantics, which interprets terms of a source language or calculus into
a domain or target language, full abstraction expresses that all interpretations of terms that
are equal in the target domain are equal also under reduction, or operational semantics, of the
source. This property is not alway easily achieved. For example, for the standard A-calculus,
the interpretation of terms through Bohm trees [15] gives a semantics that is not fully abstract
with respect to the notion of B-equality, since terms that are not related through reduction can
have the same Bohm tree. Similarly, for models created using the intersection type discipline
[16) [7], terms that can be assigned the same sets of types need not be related by reduction.
Moreover, it can be that in the target language operations are permitted that do no correspond
to operations of the interpreted language.

When interpreting A-terms into the 7r-calculus, an abstraction Ax.M has to be mapped to
a process willing to interact with its context (which would be the interpretation of the ap-
plicative context in which the abstraction occurs). Since this process can interact, in particular
it will have a channel name a over which this interaction can take place immediately, be it
through input or output over 4, which means that the process contains at least an unguarded
input or output. Bisimilarity of processes is typically defined over the capacity of processes
to interact, to produce an input or output, and thereby the interpretation of an abstraction
has to be a process that is not bisimilar to the (inactive) process 0. To achieve full abstraction,
terms that are incapable of interacting with their context, like AA (with A = Ax.xx), cannot be
mapped unto a process that allows interaction, so should be mapped to a process bisimilar to
0. This then immediately implies that the interpretations of Ay.AA and AA cannot be bisimilar.
However, these terms are both unsolvable, have both no head-normal form, and have the same
set of approximants [57, 58] (i.e. the same Bohm tree), so are equated under approximation se-
mantics. This then implies that any interpretation of the A-calculus (or Ay for that matter) into
the 7t-calculus cannot achieve full abstraction with respect to any standard semantics (based
on B-reduction).

However, under weak semantics (developed in detail in this paper for Ap), based on lazy
reduction [3]], the A-terms Ay.AA and AA are distinguished. As we will illustrate in this paper,
it turns out that this notion is exactly the notion of equality that is respected by any fully
abstract interpretation of the A-calculus into the 7r-calculus. Sangiorgi was the first to show
a full abstraction result [51) 52] for (essentially) Milner’s encoding 'M}"a, by showing that
TM}'a ~TN}a if and only if M ~ N, where '~ is the applicative bisimilarity on A-terms [4].



However, this result comes at a price: applicative bisimulation equates terms that are not
weakly bisimilar under the interpretation. To solve this, Sangiorgi extends the encoding to
Ac, a A-calculus enriched with constants and changes it into a mapping onto the Higher Order
rt-calculus, a variant of the 7r-calculus with higher-order communications.

To achieve a full-abstraction result for our interpretation we will use a new and considerably
different technique: rather than reason through applicative bisimulation, we reason through
weak approximation semantics for Ay, which will be defined in this paper. In particular, most
of the technical development in this paper is dedicated to defining the correct notions for Ay,
and showing the necessary properties (see Sect. 4, 5, 8, and 11).

First we characterise what is exactly the equivalence between terms in Ay that is repre-
sentable in the 7r-calculus through our encoding -} -; as for Sangiorgi, this turns out to be
weak equivalence (see Sect. 10), that essentially equates terms that have the same Ap-Lévy-
Longo tree [40, 42] (for the pure A-calculus, those are a lazy variant of Bohm trees), which
corresponds to the set of weak approximants; a notable difference between ours and San-
giorgi’s result is that we deal with all terms, not just the closed ones.

In Thm 7.1 we will show that our interpretation respects ‘— ;" modulo ‘~’, and in Thm 7.6
that it even models ‘=,’, the congruence generated by ‘—’, from which a similar result for
= ﬁy’ follows directly. In Thm 12.1, we extend this result to weak explicit head equivalence *~yxw’,
the equivalence relation generated by ‘— 4" that equates also terms without weak head-normal
form. The main proof of the full abstraction result is then achieved through showing that
‘~uxu’ equates to ‘~yp,/, the equivalence relation generated by standard reduction that also
equates terms without weak head normal form: this latter result is stated entirely within Ay
and does not depend on the encoding. To achieve this, we define a choice of operational
equivalences for the Ap-calculus, both with and without explicit substitution. Next to “~xx’
we define weak head equivalence ‘~,;" and show that for Au-terms without explicit substitution,
‘~wxe’ corresponds to ‘~yy'. Following essentially [57, 58], we also define a notion of weak
approximation and show that the relations ‘~4 ’, which expresses that terms have the same
set of weak approximants, ‘~y’, and ’Nwﬁﬂ’ all correspond. The combination of these results
then yields full abstraction.

Of course the full abstraction result is achievable for the pure A-calculus as well; although
this cannot simply follow from the results we will show below for Ay, the proofs needed
are almost carbon copies, removing all treatment of context switches. The interpretation of
terms into the 7-calculus is slightly easier, and a more direct relation between explicit head
reduction and synchronisation can be established. The treatment of explicit head reduction
also facilitates a reformulation of Milner’s first result, which show a direct, step-by-step re-
lation between weak head reduction for the A-calculus (also known as lazy reduction) and
synchronisation inside the image of terms under Milner’s interpretation.

Organisation of this paper We start with revisiting the Ap-calculus in Sect. 1 and define a
notion of head-reduction ‘—y . In Sect. 2 we revisit the rr-calculus, enriched with pairing, and
will discuss some of the historic context and background of our work in Sect. 3. In Sect. 4
we define Aux, a version of Ay with explicit substitution, as well as a notion of explicit head-
reduction in Sect. 5, and in Sect. 6 define our logical interpretation of Aux in to 7t and prove a
soundness result for explicit head-reduction with respect to weak bisimilarity in Sect. 7. In
Sect. 9 we will show that the operation of renaming we have defined in Sect. 7 is not needed
when dealing weak (i.e. lazy) reduction on closed terms, so is the price to pay when modelling
head reduction and on open terms.

Working towards our full abstraction result, i.e that TMa ~ INja if and only if M ~wpu N,
in Sect. 8 we will define notions of weak reduction, in particular weak head reduction and weak
explicit head reduction. In Section 10 we define the two notions of equivalence these induce,



respectively ‘~y" and ‘~xy', also equating terms without weak head-normal form and show
that these notions coincide on pure Ap terms (i.e. without explicit substitutions). We also
define the equivalence ‘~p,” induced by ‘—,” on pure Au terms, that also equates terms
without weak head-normal form. In Sect. 11, we define a notion of weak approximation for Ay,
and show the semantics this induces, which corresponds to Lévy-Longo trees, is fully abstract
with respect to both ‘~y" and “~yp,".

Then, in Sect. 12, we will show that our logical interpretation is fully abstract with respect
to weak bisimilarity ‘~’ on processes and the equivalences “~uxy’, “~uwr', “~4, ", and ‘~yg," on
pure Ap-terms. To conclude, in Sect. A, we will focus on the A-calculus, and state the results
that are provable when removing context switches; an interesting one is the reformulation of
Milner’s result (Thm 3.3), but now with explicit weak head reduction.

This paper is an extended and improved version of [13| [14], but dealing with Ay, rather than
Ay as in [13].

Notation We will write n for the set {1,...,n}. We will use a vector notation ~ as ab-
breviation for any sequence: for example, X; stands for xy,...,x,, for any irrelevant n, or for
{x1,...,x,}, and (&; := N;- B;) for (ay:=Ny-B1) --- (a,:=Ny-By), etc. When possible, we will
drop the indices. We also use ‘4’ rather than ‘<=’ for the symbol representing ‘is defined

as’; the latter represents a logical implication, which we feel would be misplaced.

1 The Au calculus

In this section, we will briefly discuss Parigot’s Au-calculus [48]; we assume the reader to be
familiar with the A-calculus and its notion of reduction ’—>l;’ and equality ‘= ﬁ’, so will be brief
on details. In the next section we will define explicit head-reduction for Aux, a variant of Ay
with explicit substitution 4 la Ax [20], and will show full abstraction results for Apx; since Aux
implements Ap-reduction, this implies that, automatically, our main results are also shown for
standard reduction (with implicit substitution).

Au is a proof-term syntax for classical logic expressed in Natural Deduction, defined as
an extension of the Curry type assignment system for the A-calculus by adding naming [« M
and context binding uux.M features, as well as structural reduction (see Def. 1.4). In Au, the
naming and context binding features always come together as in pa.[f]M; in Ay, they can
be used separately, so there also pa.[Ax.x]is a term, albeit untypeable. The naming feature
[x] M expresses that «a serves as label for the term M, and pua.M is used to redirect operands
(terms) to those labeled « inside M. A context switch pa.[f] M now expresses that the focus of
the derivation (proof), to which the term corresponds, changes; the idea is that the applicative
context of M is not meant for that term itself, but rather for its sub-terms labeled with «.
It is the naming feature, together with the structural rules, that make Ay difficult to reason
over; this is reflected in [33] and [11], where the interpretation of Ay into Auji [26] and X (as
introduced in [11]]), respectively, does not respect reduction.

Definition1.1 (SynTax ofF Ap) The Au-terms we consider are defined over the set of variables
represented by Roman characters, and names, or context variables, represented by Greek char-
acters, through the grammar:

M,N == x (variable)
| Ax.M (abstraction)
| MN (application)
| pa.[p|M (context switch)



We will occasionally write C for the pseudo-term [¢|M, and use Ay also for the set of all
Au-terms.

The main difference between Ay and Ay is that in the former, [¢] M is considered to be a term.

As usual, Ax.M binds x in M, and ua.C binds « in C, and the notions of free variables
fo(M) and names fn(M) are defined accordingly; the notion of a-conversion extends naturally
to bound names and we assume Barendregt’s convention in that we assume that free and
bound variables and names are always distinct, using a-conversion when necessary. As usual,
we call a term closed if it has no free variables or names.

Denotational semantics of Ay has been studied by Streicher and Reus [55], who presented
a domain theoretic model of Ay using a model of continuations. They proposed a model of
both typed and untyped A-calculi embodying a concept of continuation, including Felleisen’s
AC-calculus [29] 28] and a version of Parigot’s Au. Their model is based on the solution of
the domain equations D = C— R and C = D x C, where R is an arbitrary domain of ‘results’.
The domain C is the set of what are called ‘continuations’ in [55], which are streams, infinite
tuples of elements in D; D is the domain of continuous functions from C to R and is the set
of ‘denotations” of terms.

Simple type assignment for Ay is defined as follows:

Definition1.2 (Tyres, CONTEXTS, AND TYPING) i) Types are defined by the grammar:
AB = ¢|A—B

where ¢ is a basic type of which there are countably many.

i) A context of inputs I' is a mapping from term variables to types, denoted as a finite set of
statements x:A, such that the subject of the statements (x) are distinct. We write I7,I, for
the compatible union of I1 and I, (if x:A; € I'1 and x:Aj € I, then A; = Ajp), and write
Ix:Afor I,{x:A}.

iif) Contexts of outputs A as mappings from names to types, and the notions A,4, and a: A, A
are defined similarly.

iv) Type assignment for Ay is defined by the following natural deduction system.

I'FM:B|a:AA I'EM:Ala:AA

(Ax) : LxAbx:A|A () : T'Fua.[]M: A|B:B,A (ag4) T'ua.fa)M:A|A (£ 2)
(1) Ix:AFM:B|A (£ (SE) - I'~M:A—B|A THFN:A|A
I'Ax.M:A—B|A I'MN:B|A

We write I' -y, M : A | A for derivable judgements in this system.

So, for the context I',x:A, we have either x:A € I, or I" is not defined on x; notice that in the
first variant of rule (y), B:B is added to A; B can already appear in A, but then has to have the
same type; on the other hand, that rule removes a:A from the right context.

In [9], together with Barbanera and de’Liguoro, the first author extracted an intersection
type syntax and the corresponding type theory out of the construction of Streicher and Reus'’s
model, and showed that this yields a filter model for Au. This was followed by [8] where the
tirst author studied a version of the system of [9] with strict types, for which the characterisa-
tion of various notions of termination is shown.

In Ay, reduction of terms is expressed via implicit substitution; as usual, M{N/x} stands for
the substitution of all occurrences of x in M by N, and M{N-v/a}, the structural substitution,
for the term obtained from M when every (pseudo) sub-term of the form [«¢|M’ is replaced
by [y]M'N [ For reasons of clarity, and because below we will present a version of Ay that
makes the substitution explicit, we define the structural substitution formally.

3 This notion is often defined as M{N/a}, where every (pseudo) sub-term of the form [a]M’ is replaced by



Definition 1.3 (STRUCTURAL sUBSTITUTION) We define M{N-y/a} (where 7 is fresh, a does
not occur bound in M, and every sub-term [a]L of M is replaced by [y]LN) by induction over
the structure of (pseudo-)terms by:

([a]M) {N-y/a} A& [y](M{N-y/a})N x{N-y/a} & x
([BIM) {N-y/a} 2 [BI(M{N-y/a}) (a#pB) (Ax.M){N-y/a} & Ax.M{N-y/a}
(uB.C){N-y/a} & up.C{N-y/a} (PQ) {N-y/a} A& P{N-y/a} Q{N-y/a}

We have the following rules of computation in Ap:

Definition1.4 (A REDUCTION) i) Ay has a number of reduction rules: two computational rules

logical (B): (Ax.M)N — M{N/x}
structural (p) : (ua.C)N — py.(C{N-y/a})

as well as the simplification rules

N BIM{B/7} (6=")
renaming : pa.[Bluy.[0]|M — {Zi[&ﬁ]M{g/”Yy} (575:;)

erasing : pa.falM — M (a & fm(M))

which are added mainly to simplify the presentation of results.
ii) We use the contextual rules

ML — NL
LM — LN
M=N = Ax.M — Ax.N

po [BIM — pa[BIN

iii) We use ‘—3,” for the pre-congruence@ based on these rules, ‘=g, for the congruence,
write M —>%, Nif M _>EH N and N is in normal form, M —>ﬁ’;f Nif M —>2§ﬂ N and N is in
head-normal form, M if there exists a finite reduction path starting from M E and M1
if this is not the case.

{

We will use these notations for other notions of reduction as well, sometimes subscripted
for clarity.

That this notion of reduction is confluent was shown in [50]; so we have:
Proposition 1.5 If M =g, N and M —p, P, then there exists Q such that P —p, Q and N —, Q.

The intuition behind the structural rule is given by [32]: ‘in a Au-term pa.M of type A—B,
only the subterms named by « are really of type A—B (...); hence, when such a u-abstraction is
applied to an argument, this arqument must be passed over to the sub-terms named by x.” We can
think of [x] M as storing the type of M amongst the alternative conclusions by naming it a.

Parigot showed in [49] that typeable terms are strongly normalisable. That paper also
defines the extensional rules

(n): Ax.Mx — M (x € fo(M))
(mu): pa[pIM — Ax.py.[B]M{x-y/a}

[¢]M'N; in our opinion, this creates confusion, since a gets ‘reintroduced’; it is in fact a new name, which is
illustrated by the fact that, in a system with types, a then changes type, as also expressed by rule (C-sub) in
Def. 4.4. Moreover, when making this substitution explicit, bound and free occurrences of the same name would
be introduced, violating Barendregt’s convention.

4 Normally the contextual rules are not mentioned but are left implicit; we state them here, since we will below
consider notions of reduction that do not permit all contextual rules.

5 A pre-congruence is a reflexive and transitive relation that is preserved in all contexts; a congruence is symmetric
pre-congruence.

© Note that this does not imply that all paths are finite.
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(Ax)

x:(A—B)— Ay AFy:Ala:A, BB )
Ax) x:(A—=B)—= A y: A up.la]y:B|la:A ! N
x:(A—>B)— Ak x:(A—=B)—A|a:A (4x x:(A—B)—=AFAy.up.laly: A—»B|w:A (: )

%
x:(A=B)—= A x(Ay.uB.la]y): Ala:A
x:(A—=B)—= Ak pa.[a] (x (Ay.up.[a]y)) - A| (D)
FAxpa.a] (x (Ay.uB.[a]y)) : ((A—=B) = A) = A|

Figure 1: A derivation for a term representing Peirce’s Law in I,

We do not consider these rules here: the model we present through our interpretation is not
extensional, and we can therefore not show that those rules are preserved by the interpreta-
tion.

Example 1.6 As an example illustrating the fact that this system is more powerful than the
system for the A-calculus, Fig. 1 shows that it is possible to inhabit Peirce’s Law (due to [47]).
The underlying logic of the system of Def. 1.2 corresponds to minimal classical logic [5]].

We also consider the notion of head reduction; it is defined in [57] for the A-calculus by first
defining the head-redex of a term as the subterm (Ay.M) N in a term of the form

/\X1X2' : xn(/\yM) NLle' : 'Lm (Tl > O,m > 0)

Head reduction is then that notion in which each step is determined by contraction of the
head redex only (when it exists); head-normal forms (the normal forms with respect to head
reduction) are of the generic shape

Ax1Xp-+ Xy yLiLp---Lyy  (n>0,m>0)

and y in this term is called the head variable. In Ay, given the naming and u-binding features,
the notion of head redex is not this easily defined; rather, here we define head reduction by
not allowing reductions to take place in the right-hand side of applications (in the context of
the A-calculus, this gives the original notion); we also define a notion of head-normal form for
A

Definition 1.7 (HEAD REDUCTION FOR Ay (cf. [39])) i) We define head reduction ‘—y" as the re-
striction of ’—>ﬁy’ by removing the contextual rule:

M—+N = LM—LN
it) The Ay head-normal forms (HNF) are defined through the grammar:

H = Ax.H
| xM;---M, (n>0)
| pa.[B|H (B#aorwa € H, and H## uvy.[6|H')

Notice that the —4,-HNFs are —yz-normal forms.
The following is straightforward:

Proposition 1.8 ('—x’ IMPLEMENTS Aj’s HEAD REDUCTION) If M — 3, N with N in HNF (so M —>’[§$f
N), then there exists H such that M —f H (so H is in —sy-normal form) and H — gy N without using

/ 7

—H -

Notice that Af.(Ax.f(xx)) (Ax.f(xx)) —u Af.f((Ax.f(xx)) (Ax.f(xx))) and that this last
term is in HNF, and in —y-normal form.



2 The synchronous 7t-calculus with pairing

The notion of 7r-calculus that we consider in this paper was already considered in [12] and
is different from other systems studied in the literature [35] in that it adds pairing and uses a
let-construct to deal with inputs of pairs of names that get distributed, similar to that defined
in [2]; in contrast to [10} [12], we do not consider the asynchronous 7t-calculus.

As already argued in [12], the main reason for the addition of pairing lies in preservation
of (implicate, or functional) type assignmentE] therefore data is introduced as a structure over
names, such that not only names but also pairs of names can be sent (but not a pair of pairs);
this way a channel may pass along either a name or a pair of names.

Definition 2.1 (ProcessEs) i) Channel names and data are defined by:
a,b,c,d,x,y,z names p == al{ab) data

i) Processes are defined by:

P,Q == 0 (nil) | a(x).P (input)
| PlQ  (composition) | ap.pP (output)
| 1P (replication) | let(x,yy=pin P (let construct)
| (va)P  (restriction)

iiif) We see, as usual, v as a binder, and call the name n bound in (vn)P, x bound in a(x).P
and x,y bound in /et (x,y) =p in P; we write bn (P) for the set of bound names in P; n is
free in P if it occurs in P but is not bound, and we write fi(P) for the set of free names in
P. We call a in (va) P a hidden channel.

iv) A context C[-| is a process with a single hole, and we write C[P] for filling the hole with
P.

v) We call a(x) and ap guards, and call P in a(x).P and ap.P a process under guard.
vi) We will abbreviate a(x).let(y,z)=xin P by a(y,z).P, as well as (vm)(vn)P by (vmn)P,
and write ap for ap.o.
vii) As in [52]], we write a-b for the forwarder a(x).bx, and ¥(w).P for (vw) (Xw.P).

Notice that the pairing in data is not recursive. Data occurs only in two cases: let (x,y) =p in P
and ap, and then p is either a single name, or a pair of names; we therefore do not allow
a((x,y)).P, nor @ ((b,c),d).P, nor (b,c)p.P, nor (v{a,b))P, nor let({a,b),y)=p in P, etc. So sub-
stitution P{p/x} is a partial operation, which depends on the places in P where x occurs;
whenever we use P{p/x}, we will assume it is well defined. It is worthwhile to point out
that using pairing is not the same as working with the polyadic (or even dyadic) 7r-calculus,
because there each channel has a fixed arity, whereas we allow data to be sent, which is either

a name or a pair of names.

Definition 2.2 (STRuCTURAL CONGRUENCE) The structural congruence is the smallest congru-
ence generated by the rules:

Plo =P (PlQ)|R = P|(Q]|R)
PlQ = Q]|P (vin) (vn)P = (vn)(vm)P

'P = P|!P vn)(P|Q) = P|(vn)Q (ngfm(P))
(vn)o = o let{x,y)={(ab) inP = P{a/x,b/y}

As usual, we will consider processes modulo congruence and a-conversion: this implies that
we will not deal explicitly with the process let (x,y) = (a,b) in P, but rather with P{a/x,b/y}.

7 If we would not consider types in this paper, we could consider the standard 7r-calculus; however, the details
of the interpretation would change (more replication would be needed).



Because parallel composition is associative, we will normally not write brackets in a parallel
composition of more than two processes.
Computation in the rr-calculus with pairing is expressed via the exchange of data.

Definition 2.3 (RepucTtioN) i) The reduction relation over the processes of the rr-calculus with
pairing is defined by the following (elementary) rules:

ap.Pla(x).Q —r P|Q{p/x} (synchronisation)
P—.P = (vn)P—y (vn)P (hiding)
P—P = P|lQ—zP|Q (composition)
P=QANQ—=QNQ =P = PP (structural congruence)

We write P —, (c) Q if P reduces to Q in a single step via a synchronisation over channel
¢, and write ‘— (=,)’ if we want to point out that a-conversion has taken place during
the synchronisation. We say that P — (c) Q takes place over a hidden channel if ¢ is hidden
in P.

ii) We say that a P is irreducible (is in normal form) if it does not contain a possible synchro-
nisation, i.e. P is not of the shape (v0) (@p.Q|a(x).R|S) (up to structural congruence).

Notice that let (x,y) =a in P (where a is a name) is stuck. Also,

ab,c) |a(x,y).Q

(I~

a(bc)|a(z).let(x,y)=zinQ
x let(x,y)=(bc) inQ
Q{b/x,c/y}

+

There are several notions of equivalence defined for the 7r-calculus: the one we consider
here, and will show is related to our encoding, is that of weak bisimilarity.

Definition 2.4 (WEAK BISIMILARITY) i) We write P |7 and say that P outputs on n (or P exhibits
an output barb on 1) if P = (vb)(7ip.Q|R), where n g b and P|n (P inputs on n) if
P= (vh)(n(x).Q|R), where n ¢ b.

ii) We write P} 71 (P will output on n) if there exists Q such that P =} Q and Q |7, and P} , if
there exists no n such that P77 (P will not output). Likewise, we write P} n (P will input
on n) if there exists Q such that P =} Q and Q| n, and P} ; if there exists no n such that
Pl n (P will not input).

iii) A barbed bisimilarity ‘%’ is the largest symmetric relation such that P & Q satisfies the
following clauses:

— for every name n: if P| 7 then Q| 71, and if P n then Q| n;
— for all P/, if P —} P’, then there exists Q' such that @ =} @' and P’ = @’;

iv) Weak bisimilarity is the largest symmetric relation on processes ‘~” defined by: P~ Q if
and only if C[P] = C[Q] for any context C|-|.

The following property is needed in the proof of Thm 7.1 and 7.6.

Lemma2.5 (PRIVATE RESOURCES LEMMA (cf. [44,52])) Let x # c at most only be used as output
channel in P and Q, and not appear in R, then

(vx)(PlQ[!x(z).R) = (vx)(P[!x(z).R)|(vx)(Q]'x(z).R) 1)
(vx) (P|Q|!x(vd).R) ~ (vx)((vy) (P{y/x} ['y(vd).R)|Q@|!x(0,d).R), (yfresh) (2)
(vx) (c(y).P|'x(2).R) ~ c(y)-((vx) (P|!x(2).R)) )

(vx) (fe(vd).P|!x(2).R) ~ !c(vd).((vx)(P|!x(z).R)) 4)

(vx) (fcy.P|!x(2).R) =~ lcy.((vx) (P|!x(2).R)) )

10



Likewise, let x # ¢ only be used as input channel in P and Q, and not appear in R, then

(vx)(P|Q|!'x(w).R) =~ (vx)(P|!X(w).R)|(vx)(Q|!X(w).R) (6)
(vx) (Pl Q[!'X(w).R) ~ (vx)((vy) (P{y/x}['y(w).R)|Q[!X(w).R), (y fresh) (7)
(vx) (te(v,d).P|!x(w).R) =~ !c(v,d).((vx)(P|!X(w).R)) (8)
(vx)('cy.P|'x(w).R) ~ !cy.((vx) (P |!X(w).R)) )

Proof : All parts follow easily. Part 1, 4, and 5 are shown in [44] 52] (see Thm 3.5); part 2
follows from part 1, a-conversion, and structural congruence. The proof for the second group
is similar to that for the first. O

Part 4, 5, 8, and 9 are part of (extended) structural congruence in [27].
The following is easy to show.

Proposition 2.6 (SYNCHRONISATION OVER HIDDEN CHANNELS IS UNOBSERVABLE) Let p, P, Q not con-
tain a, then

(va) (ap.P|a(x).Q) P|Q{p/x} (10)

(va)(@p.P|la(x).Q) ~ P|a{p/x} (11)

Proof : For part (10), this follows from the fact that there is only one synchronisation possible

in the left-hand process, and before that is activated, no context can interact with either P or Q,

since both occur under guard. After the synchronisation over g, that channel name disappears

and the process on the right gets created and only then can a context interact. Part (11) follows
similarly, using that (va) (!a(x).Q) =~ o. O

~
~
~
~

3 Context and background of this paper

Milner’s input-based encoding

In the past, there have been several investigations of interpretation from the A-calculus into
the mr-calculus. Research in this direction started by Milner’s interpretation I-)"- of A-terms
[43]; Milner’s interpretation is input based, i.e. terms are interpreted under an input name,
and Milner shows that the interpretation of closed A-terms respects large-step lazy reduction
‘=" [3] to normal form up to substitution (Thm 3.3); this was later generalised to f-equality,
but using weak bisimilarity [52]. It is defined by:

Definition 3.1 (MILNER’S INTERPRETATION [43]]) Let a not be a A-variable.

xMa 4 Xa
Ax.M}ya A a(x).a(b)."M})'b (b fresh)
IMN}Ya 4 (ve)("™Myc|(vz)(cz.ca.fz:=N}")) (c,z fresh)
x:=M} A Ix(w).'M)w (w fresh)

Milner calls x := M}" an environment entry; it could be omitted from the definition above, but
is of use separately.

There is a correspondence between Milner’s environment entry and a closure in Krivine’s
machine [38], in that a closure is a collection of term substitutions that is created through
reduction, as are the environment entries. As in Milner’s encoding, term substitutions can
only be applied to head variables.

Example 3.2 Using I} -, the encoding of a B-redex (only) reduces as follows:

"(Ax.M)N)a A (vc )(”/\x M} c|(vz)(cz.ca.lz:=N}")) 4
(ve) (c(x).c(b). ”MMb\(vz)(Ez.Ea.”z::Nj‘)) —1(0)
(vz) ("M} {z/x}a | Tz:=N}") =, (z¢™)'a)
(vx) ("M}'a|Tx := N}") 4
(vx) ("M a | tx (w). !N} w)

11



Now reduction can continue in (the encoding of) M, but not in N that is guarded by the input
on x, which will not be used until the evaluation of TM}'a reaches the point where output is
generated over x. This implies of course that we can model reductions in M that take place
before the substitution gets executed, i.e. ‘under the abstraction’, but after a first step in the
evaluation of the redex: this implies that Milner’s encoding represents more than just lazy
reduction with implicit substitution, and more closely deals with explicit substitution; we will
make this observation more precise in Thm A.4.

Notice that, in TMN}"a, the interpretation of the operand N is placed under output (and
replication), and thereby blocked from running; this comes at a price: now B-reductions that
occur in the right-hand side of an application can no longer be mimicked. Combined with
using input to model abstraction, this makes that a redex can only be contracted if it occurs
on the outside of a term (is the top redex): the modelled reduction is lazy, ‘— .

Milner states an Operational Soundness result for his interpretation:

Theorem 3.3 ([43]) For closed A-term M, either Mt and TM} uftr, or M —5 Ay.R, and
"MYu —% (%) ("TAy.R} u|Tx:=N}").

Although obviously the intention in [43] is that the substitutions (x:=N) in Thm 3.3 are
generated by the reduction (and this is explicitly used in the proof for that result), the way it
is formulated this need not necessarily be the case; the result as stated in [43] is therefore not
complete. Moreover, it is worthwhile to note that, although not mentioned in [43], the proof
of this result treats the substitution as explicit, not as implicit; for example, in the proof of
Lemma 4.5 in that paper, case 3 considers the term xM;--- M, {N/x} and NM;---M,{N/x}
to be different, whereas in the standard A-calculus these terms are identical. Under explicit
substitution, however, the terms xM; --- M, (x:=N) and NMj---M, (x:=N) do differ, so it is
opportune to switch our attention to a calculus with explicit substitution, also when dealing
with Milner’s interpretation. We will come back to this in Thm A.4, where we restate Milner’s
result, but formulated with explicit substitution.

For many years, it seemed that Milner had stated the first and final word on the interpretation

of the A-calculus; in fact, input-based interpretations of the A-calculus into the 7r-calculus have
become the de facto standard, and most published systems are based on Milner’s interpreta-
tion. The various interpretations studied in [52] constitute examples, also in the context of the
higher-order 7-calculus; [36] used Milner’s approach with a typed version of the rr-calculus;
[56] used it in the context of continuation-passing style languages.

In [44], Milner returned to interpretations of the A-calculus, but expressed a property over
B-reduction, rather than lazy reduction to normal form. To that purpose, he presented a
different version of his encoding into the polyadic m-calculus. It uses a notion of abstraction
(Aa)P over processes, but with the restriction that bound names can only be replaced by names
(so is not a higher-order feature) and is mainly added for ease of adding definitions. Since
only names can be substituted, abstractions can only be applied to names as in (Aa)Pb, which
stands for (so does not reduce to) P{b/a}. Also, Milner introduces the notation a.[b;---b,],
which roughly stands for ab; - - -b,, and can be used in a synchronisation of the shape

v.(Ax)P|0.(vZ) [7]0 — (v2)(P{y/x}|Q)

provided that |X| = |j|. The new version of Milner’s encoding is:

x! A (Au)x.[u] (u fresh)
Ax.M] A (Au)u.(Ax)IM} (u fresh)
TMN; A (Au) (vo) ("M{v| (vz) (0.[zu] | 'z.TN])) (u,v,z fresh)

for which Milner shows that:

12



Lemma3.4 ([44]) (vx) ("M} |!x.IN}) ~TM{N/x}}

Using Lemma 3.4, Milner shows "(Ax.M) N} ~TM{N/x}} (but does not extend this result
to M =g N = M} ~TN}); see also Thm 7.6 and 7.7 below. As in the proof of Thm 7.6, Milner
needs a variant of Lemma 2.5:

Theorem 3.5 (RepPLICATION THEOREM [44, 52]) If x occurs in P, Q, and R only in output subject
position (as subjects of output prefixes, as negative subjects), then

(vx)(PlQ|!x(z).R) ~ (vx)(P|!x(z).R)|(vx)(Q|!x(2).R) (12)
(vx)('P|!x(2).R) ~ !(vx)(P|!x(2).R) (13)

ana@ if x does not occur in 7, then
(vx) (t.P | 'x(2).R) =~ m.(vx)(P|!x(z).R) (14)

This permits the ‘~’ steps in in the proof for Lem. 3.4 when dealing with M = M; M;:

(vx) ("M My} u | !x.TN})
4 (v )(( )( ) ("Mijo | (vz) (0.[zu] [ 12."May ) )u | 1 x.INT)
= (vx) ((vo) ("Mryo|(vz) (0.[zu] | 1z."M>})) | x.INT)
12) = (vo)((vx) ("M |[IxINT) [(vx) ((vz) (0.[zu] | 12.TM2]) [ 1x.INT )
= (vo) (vx) (IMy o | 1XINE ) | (v2) (3. [zu] | (vx) (1M} | 12INE )
(13) ~ (vo) ((vx) My} | 1INE) | (v2) (3. [zu] || (vx) (20My] | LIN))
(14) ~ (vo) ((vx) 1My} | 1IN ) | (v2) (3. [2u] | 12 (vx) (V] | LN ))
(H) ~ (Au) (vo) ("M {N/x} o] (v2) (8.[2u] | 2 IMo N/} )
A IMy{N/x}M{N/x}iu

Notice that the induction gets applied for a process (vx) ("My] | !x.IN} ) that appears under
guard (and replication), i.e. in !z.(vx) (TMa] | !x.TN} ), so Lem. 3.4 is stated using full weak
bisimilarity, ‘~’. Moreover, the notational differences notwithstanding, the encoding I-} - is
input-based, and a direct rewrite of the original one.

After Milner’s encodings, many variants followed; for example, [52] defines an encoding into
the higher-order rr-calculus that respects lazy reduction. We repeat that definition here, but
adjusted to the normal 7t-calculus, rather than the higher-order one.

The (call by name) encoding [j@ of the lazy A-calculus is defined through:

[xi A& Xa
[[)\x.M'j‘: 4 (vo) (ﬁv.?{(x,p).[[Mﬁ')  (v,p fresh)
[MN{ 2 (vq) (IMi" | (o). (vx) (B(x,a).Lx(w).[NT)) (q,0,%,w fresh)

Notice that although this is an output-based encoding, in the sense that the (private) channel g
in the encoding of M N is used as an output for the encoding of M, underneath the encoding
is essentially Milner’s. As before, the reductions inside an abstraction, those in the right-
hand side of an application, as well as those inside the term that gets substituted cannot be
simulated, and therefore this encoding models (part of) lazy reduction.

For this encoding, [52] shows a number of results; first it shows:

(1) )
[(Ax.M)NY 575 (vx) (MY | !'x(w).[NT) =g [M{N/x}{

8 This property is not stated in [44], but is needed, as seen below.
9 For uniformity of notation, we write [ 1 rather than NV R
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(here " %,;" is the deterministic (silent) transition and ‘~," is ground bisimilarity) which leads

to
B) v o2 X o @ X
M—L N = [My S5~ [N] M= N = [Mj =g [Nj
As in [44], a variant of Lemma 2.5 is needed to achieve this result. We show the equivalent of
these results for our encoding in Thm 7.1 and Thm 7.7 below.
The characterisation of TM}"a ~ TN }'a, left as open problem in [43], was achieved through
showing that
T™™ia~TN}ya < M>~N,

where ‘>’ is the applicative bisimilarity on A-terms, an operational notion of equivalence on
terms of the lazy A-calculus as defined by Abramsky and Ong [4], rather than B-equality.

This result comes with caveats, however: as shown by Ong [46], applicative bisimulation
equates x(xOAA)O and x(Ay.xOAAy)O (where A = Ax.xx, and O is such that, for every N,
ON is reducible to an abstraction) whereas these terms are not weakly bisimilar under the
interpretation I-)* - (see [43]). This has strong repercussion as far as the interpretation of the
A-calculus is concerned: in order to achieve full abstraction, Sangiorgi had to extend Milner’s
encoding to A., a A-calculus enriched with constants (that take the place of the free variables,
thereby creating closed terms) and by exploiting a more abstract encoding into the Higher
Order rt-calculus, a variant of the 7-calculus with higher-order communications.

Sangiorgi’s result then essentially states that the interpretations of closed A.-terms M and
N are weakly bisimilar if and only if M and N are applicatively bisimilar; in [51] he improves
on this by showing that the interpretation of terms M and N in A, in the standard 7r-calculus
is weakly bisimilar if and only if M and N have the same Lévy-Longo tree [40, 42] (a lazy
variant of Bohm trees [15]). Since the prlnc1pa1 results in [51], presented almost all without
proof, are shown for closed terms only, E Sangiorgi’s full abstraction result only deals with
closed terms.

An output-based encoding for the A-calculus

In [12] we presented a logical, output-based spine interpretation I - that interprets abstraction
Ax.M not using input, but via an asynchronous output which leaves the interpretation of the
body M free to reduce. That interpretation is defined as:

x;a & x(w).a (w fresh)
Ax.Ma A (vxb)(”M b|a(x,b)) (D fresh)
TMN;a A (ve)(TMc|c(vd).(Tv:= N7 |d-a)) (c,0,d fresh)

TM(x:=N)Sa & (vx)("Ma|Tx:=N;)
x:=NS 4 IIN’x

This interpretation is directly extracted from the embedding of the A-calculus into &, as
discussed in [11], and the embedding of X into the rr-calculus, as defined in [10]. Since
the first of these embeddings maps proofs to proofs, the encoding is called logical.

This can be seen as a variant of one defined by Beffara [18], obtained through linear logic,
except for the input/output polarity for variables.

For this interpretation, [12] showed Operational Soundness and Type Preservation, but
with respect to the notion of explicit head-reduction ‘— ', similar to the notion defined below
in Def. 5.1, and the notion of type assignment ‘5" defined in [12]. The main results shown
are:

10 In [52], it is suggested that (4) follows from (3), but in fact it follows from (1) and (2). Moreover, we assume
that the formulation of (4), where ‘=’ is used instead of ‘~’, is a typo.

11 The development of Lévy-Longo trees is done for all terms, but the build-up of the main result Thm 5.4
includes Thm 4.11 that holds, other than suggested, only for closed terms.
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i) If M1 then TM;af ,, and if M —xuz N then TMa —%~c "N} a.

i) f ' M:Athen TMya: T 5 a:A.
where ‘~’ is contextual equivalence,

As argued in [12], to show this result, which formulates a direct step-by-step relation be-
tween B-reduction and the synchronisation in the 7-calculus, it was necessary to make the
substitution explicit. This is a direct consequence of the fact that, in the rr-calculus, the im-
plicit substitution of the A-calculus gets ‘implemented” one variable at the time, rather than all
in one fell swoop. Since we aim to show a similar result for Ay, we will therefore also here
define a notion of explicit substitution for that calculus (see the next section).

Classical logic and the 7r-calculus

There are, to date, a number of papers that investigate if the 7r-calculus can be used to interpret
calculi that relate to classical logic as well, like Ay, Aufi, or X.

In [36] an interpretation of Call-by-Value Ay is defined that is based on Milner’s, but allows
for a much more liberal notion of reduction on processes, and considers fully-typed terms (so
types are part of the syntax of terms) and processes only. Types for processes prescribe usage
of names, and name passing is restricted to bound (private, hidden) name passing The syntax
of processes considered there is

P u=lx@).p | vy)(x7|P) | PlQ | (vx)P | 0

and the notion of reduction on processes is extended to that of "/, defined as the least
compatible relation over typed processes (i.e. closed under typed contexts), taken modulo ‘=’
that includes:

7

lx(7).P| (va) (X2 | @) — 'x().P|(va)(P{a/y}| Q)

as the basic synchronisation rule, as well as

Cc(va)(xa|P)||!x(7).0 \» C[(vd)(P{a/y}|Q)||!x(y).Q
(vx) (1x()-Q) g 0

where C|[-] is an arbitrary (typed) context; note that “\/ synchronises with any occurrence of
X4, no matter what guards they may be placed under. The resulting calculus is thereby very
different from the original 7r-calculus.

On the relation between Girard’s linear logic [31] and the rmr-calculus, [19] gives a treatment
of information flow in proof-nets; only a small fragment of Linear Logic was considered, and
the translation between proofs and r-calculus was left rather implicit, as also noted in [23].
To illustrate this, [19] uses the standard syntax for the polyadic 7r-calculus

P,Q == 0|P|Q|!P|(va)P|a(X).P|ap.P

similar to the one we use here (see Def. 2.1) but for the fact that in [19] the /et-construct is not
used. However, the encoding of a ‘cut’ in linear logic

I n:A,m:AL I z:B,w:BL
FxA®B,y:(A®B)* Fm:At,w:B,0:A®B
FxA® B,m:AL,w:Bl

ie. the ‘term’ x:A ® B,m:AL,w:B+, gets translated into a ‘language of proofs’, the result of
which looks like:

Cut’ (I, Q" (I, Nmwz)x, (m,w) = (vk)(I{k/y} | Q. (I,1)mwz{k/v})

12 This is a feature of all related interpretations into the 7-calculus.
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where the terms Cut and I are (rather loosely) defined. Notice the use of arbitrary application
of processes to channel names, and the operation of pairing; the authors do not specify how
to relate this notation, and in particular their notion of application of process names without
adding Milner’s abstraction mechanism explicitly, to the above (application free) syntax of
processes they consider.

However, even if this relationship is made explicit, also then a different rr-calculus is needed
to make the encoding work. To clarify this point, consider the translation in the 7r-calculus of
the term above, which according to the definition given in [19] becomes:

(vk) (x(a).k(a) | (vnz)(k(n,2).(n(b).m(b) | 2(b).w(b)))).
Although intended, no communication is possible in this term, as the arity of the channel
k does not match. To overcome this kind of problem, Bellin and Scott would need the /et-
construct with use of pairs of names as we have introduced in this paper in Def. 2.1.

In [10] an interpretation into 7t of the sequent calculus X is defined that enjoys the Curry-
Howard isomorphism for Gentzen’s Lk, which is shown to respect reduction. However, this
result is only partial, as it is formulated as ‘if P —x Q, then [P] .3 [Q]’, allowing [P] to
have more observable behaviour than [Q]. The main reason for this is that reduction in X’
is non-confluent and that the 7r-calculus has no feature to erase part of a process that is not
garbage. Taking the representation of the cut, Pa t xQ, assume a not in P and x not in Q,
then Pa txQ —y Pand PatxQ —x Q, and [Pat xQ] = [P] | [Q]. Both P and Q are valid
results under reduction in X, so should be represented in the encoding without preference for
either; moreover, both could be normal forms (both witnesses of the same sequent), that can
each interact with a context, so it is not guaranteed that either [P] or [Q] can be considered
garbage. In [10] it is argued that this is natural in the context of non-confluent, symmetric
sequent calculi.

An interpretation of Auji is studied in [25]]; the interpretation defined there strongly de-
pends on recursion, is not compositional, and preserves only outermost reduction; no relation
with types is shown.

4 Aux: Ay with explicit substitution

One of the main achievements of [12] is that it establishes a strong link between reduction in
the 7r-calculus and step-by-step explicit substitution for the A-calculus, as in Ax [20], by formu-
lating a result not only with respect to explicit head-reduction and the spine interpretation, but
also for Milner’s interpretation [43] with respect to explicit lazy reduction (see also Thm A.7),
all defined in [12]. In view of this, for the purpose of defining an interpretation for Ay into
the 7t-calculus in [13], it was natural to study a variant of Ay with explicit substitution as well;
since here we work with Ay, here we present Apx.

Explicit substitution treats substitution as a first-class operator, both for the logical and the
structural substitution, and describes all the necessary steps to effectuate both. A difference
between Krivine’s machine and Ax is that substitutions (x:=N) are part of term construction,
not stored separately in an environment. They are created by redex contraction, through the
step C[(Ax.M)N]| — C[M(x:=N)], so the substitution gets applied directly to the term, and
the newly created term gets placed at the location of the redex. Moreover, in Ax reduction is
free, and substitutions can appear throughout the term.

Definition4.1 (Aux) i) Terms of Aux, the Au calculus with explicit substitution, are defined
through the grammar:

M,N == x| Ax.M|MN | M(x:=N) | pa.[]|M | M{a:=N-7)
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where x ranges over a infinite countable set of variables, and a, f and <y range over a
infinite countable set of names.

it) Bound variables and names of terms are defined by:

bo (x) =0 bn (x) =0

bu (Ax.M) = bo(M)U{x} bn (Ax.M) = bn(M)

bv (MN) = bv(M)Ubov(N) bn (M ) = bn(M)Ubn(N)
bo(M(x:=N)) = bo(M)U{x}Ubv(N) bn(M N)) = n(M)Ubn( )
(W (] ) = bv(M) bn (o [ ] ) = bn(M) U {a}
bo(M(a:=N-7)) = bo(M)Ubv(N) bn (M(a:=N-v)) = bn(M)U{a}Ubn(N)

and we call a variable x or name « free in M (and write x € fo(M) and « € fu(M)) if it oc-
curs in M and is not bound. We use Barendregt’s convention, that demands that free and
bound names and variables are distinct; then when usmg M(x:=N) and M(x:=N-7),
we can assume that x and « do not appear outside M.

iii) We call a term M € Aux pure if M contains no explicit substitutions, so if M € Ap.

iv) The reduction relation ‘—” on terms in Aux is defined through the following rules (for
the sake of completeness, we list all):

Main reduction rules: (Ax. M)N — M{(x:=N)
(pae. W] M)N =y [y] (M (a:=N-7))N (7 fresh)
(na[BIM)N = . [B](M(a:=N-7))  (a#p, v fresh)
pp-[AIM — M BB/ (((Sﬁ/@ﬁ;(M))
pa. Y =7
eiperin » (GG~ G
Term substitution rules: x(x:=N) —- N
y(x:=N) — M (x#y)
(Ay.M)(x:=N) — Ay.(M(x:=N))
(PQ)(x:=N) — (P(x:=N))(Q(x:=N))
(pa.[BIM) (x:=N) — pa.[p](M(x:=N))
Structural substitution rules: M{(a:=N-y) — M (« & fn(M))
(uo.[a] M) {a:=N-7) — pé.[y]M{a:=N-7)N
(46-[BM) (:=N-9) — pd.[B]M{a:=N-)
(Ax.M){a:=N-y) — Ax.M{a:=N-7v)
(PQ){w:=N-7) — (P(a:=N-7))(Q{a:=N-7))
Contextual rules:
Ax.M — Ax.N M(x:=L) — N(x:=L)
ML — NL L{x:=M — L(x:=N
M=N =91 5 IN M=N = M<<oc::L?’y> = N<<oc::L?'y>
pe. [pIM — ua.[p|N L{x:=M-y) — L{a:=N-y)

v) We use ‘—._" for the notion of reduction where only term substitution, structural, or
contextual rules are used (so not the main reduction rules), and ‘=" for the congruence
generated by “—".

Notice that we do not add rules like

M{x:
x

N){y:=L) — M{y:=L)(x:=N{y:=L))
M( N

N) (y:=L) — M({y:=L)(x:=

13 Note that here, for the explicit case, the convention to ‘reuse’ a rather than introduce the new name y would
create a violation of Barendregt’s convention.

14 Notice that this alternative is defined using renaming; since B itself is not a term, we cannot use explicit
substitution for this operation.
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since as in [20], this would introduce undesired non-termination. Moreover, since reduction
in Apx actually is formulated via term rewriting rules [37], reduction is allowed to take place
also inside the substitution term, before the actual substitution takes place.
This notion of Au with explicit substitution differs from that of [6], where a version with
explicit substitution is defined for a variant of Ay that uses de Bruijn indices [22].
Notice that, as a result of reduction, substitutions can appear inside applications, as occurs
in:
(AX3.<AXZ.(/\X1.]/) N1 Mz)N2M3)N3 —’XH ((AXZ.<AX1.]/)N1M2)N2M3) <X3 = N3>
—’XH (((/\X1.]/)N1M2) <XZ = N2>M3) <X3 = N3>
—’XH ((y<x1 ::N1>M2) <XZ:: N2>M3) <X3 = N3>

(we write the latter term as vy (x1:=Nj) M (x2:=N2) M3 (x3:=N3)).
The following is easy to show:

Proposition 4.2 The rule M (x:=N) — M if x € fo(M) is admissible.

Explicit substitution describes explicitly the process of executing a Bu-reduction, i.e. ex-
presses syntactically the details of the computation as a succession of atomic steps (like in a
tirst-order rewriting system), where the implicit substitution of each Sy-reduction step is split
up into reduction steps. Thereby the following is straightforward:

Proposition 4.3 (Apx IMPLEMENTS A}-REDUCTION) M —g, N = M —x N.
Proof : Straightforward. O

Type assignment on Aux is a natural extension of the system of Def. 1.2 by adding rules
(T-sub) and (C-sub).

Definition4.4 (TYPE ASSIGNMENT FOR Aux) Using the notion of types in Def. 1.2, type assign-
ment for Aux is defined by:

(A%): "oy (1) I'FM:Bla:A,A (aéa I't-M:Ala:AA
X): Toares :
LuAFx:A|A W T pM: A pBa [Fpafa]M:A|A

(a g 4)

[y, LxArMB|A r Tsup). EATMBIA TEN:A|A r
(=) FFAx.M:A—)B\A(x ) (T-sub) I'-M(x:=N):B|A (£l

THFM:A—B|A THN:A|A
T'HMN:B|A

I'tM:Cla:A—B,A T'EFN:A|A
I'+M(a:=N-7):C|7:B,A

(—E):

We write I' 5x M : A | A for judgements derivable in this system.

(C—Sub) : (x, v A)

For this notion of type assignment, having extended Ay, we need to show the usual sound-
ness result (i.e assignable types are preserved under reduction), for which we first need to
show the admissibility of thinning and weakening.

Lemma4.5 (WEAKENING AND THINNINGWeakening: If I’ M: A|Aand T C T and AC A, then
I M:A|A.

Thinning: If T Hx M:A|Aand ' = {x:Be I |x€fo(M)}and A = {a:B€ A|a € fn(M) }, then
' M:A|A.

Proof : Straightforward. O

We can now show:

Theorem 4.6 (SUBJECT REDUCTION) If P —x Q,and I'byx P: A[A then T i Q: A | A.

Proof: We show the result for a selection of the reduction rules.
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(Ax.M)N — M {x:=N): Then the derivation is shaped like the derivation on the left, from
which we can construct the one on the right.

I'x:BFM:A|A \ / \ /
| —I) E ILxBFM:A|A THFN:BlA
IT'FAx.M:B—A|A I'tN:B|A (T-sub)
(—E) I'EM(x:=N):A|A
IT'F(AxM)N:A|A

(ya.C)N — py.C{a:=N-7): We have two cases:
C = [a]M: Then py.([a]M) (a:=N-v) = uy.[y](M{a:=N-v))N, and the derivation is shaped
like
| |
I'-M:B—A|a:B—AA
—AjwboAd o L]

TFpna]M:B=AlA ' T[FN:B|A

—E)
I't (pa.[a]) M)N: A |A
from which we can construct
I'FM:B—A|a:B—»AA THN:B|A T'FN:B|A
(C-sub) ~— ————— " (Weak)
T'FM(a:=N-y) : B5A|1:AA T'FN:B|v:A,A

(—E)
I'E(M(a:=N-v))N:A|1:AA

I'Epy.[y](M{a:=N-7))N:A[A

C = [B|M, with a # B: Then py.([B]M) (a:=N-7v) = py.[p]M {a:=N-7). Then the derivation
is shaped like

| |

I'tM:C|a:A—B,B:C,A
TFp [fIM: A=B [ pCA ) TFN:A|BCA (
I't (pa.[B]M)N:B| B:C,A

—E)

from which we can construct

| | |

I'bM:Clw:A—B,B:C,A ThHN:A|BCA
I'bx M(a:=N-y):C|v:B,B:C,A
M
I'by py [Bl(M{a:=N-9)):B|B:C,A

(C-sub)

since B and <y have the same type.

wo.[B] (py.[a] M) — ud.[a] M{B/v}: (We assume all names are distinct; if not, the proof is sim-
ilar.) Then the derivation is shaped like the derivation on the left, from which we can
construct the one on the right.

| /

I'EM:C|é:A,v:B,B:B,a:C,A \ /
() I't- M{B/v}:C|é:A,B:B,a:C,A
I'tpy.[a]M:B|3:A,B:B,a:C,A

!
I'tud. el M{B/v}: A|B:B,a:C,A
T 2o By M) A pBac,a po-la]Mip/ny: Alp

po. o] M — M, if « & fn(M): Then the derivation is shaped like

L ]

I'EM:A|a:C,A
I'kuafa)M:AlA .

Since a & fn(M), by thinning also I' ,x M: A | A.
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M(x:=N) — M, if x ¢ fo(M): Then the derivation is shaped like

| |\ /

ILxBFM:A|A TFN:B|A
I'EM(x:=N):A|A

Since x € fo(M), by thinning from the left-hand sub-derivation also I' x M : A | A.
(uB.[a] M) (a:=N-v) — up.[v](M{a:=N-7))N: Then the derivation is shaped like

| /
['F M:B—C|aw:B—C,B:A, A
—ClwBmCpAA L]

I+ upalM:A|a:B—Ca ") T[FN:B|A
I't (uB.a] M) {a:=N-y) : A|y:C,A

(C-sub)

from which we can construct:

L]
T ] T'FN:BJ|A (Weak) ]

T'FM:B—C|wB—C,B:A,A THN:B|BAA TFN:B|A
(C-sub) (Weak)
T'FM(x:=N-y): B>C|7:C,B:A,A T'FN:B|v:CBAA (F)
ﬁ
I't (M{a:=N-v))N:C|7C,BAA )
B

I'tup.fy](M{x:=N-y))N:A|y:C,A

5 Explicit head-reduction

In the context of head reduction and explicit substitution, we can economise further on how
substitution is executed, and perform only those that are essential for the continuation of head
reduction. We will therefore limit substitution to allow it to only replace the head variable of a
term (this principle is also found in Krivine’s machine) or perform a contextual substitution
only on names that occur in front of the term. We borrow from Krivine’s machine the idea that
substitutions are treated as closures, a resource; while in “—’, a substitution (x:=N) has to
be brought to individual variables before coming applicable, for explicit head-reduction ‘— s’
as we will define in this section, we essentially choose to have it change xM;--- M, (x:=N)
into NMj - -- M, (x:=N), replacing only the head variable, and keeping the substitution in its
place, where it was created by redex contraction. The results of [12] show that this is exactly
the kind of reduction that the 7r-calculus naturally encodes, which we will confirm again here.

Definition 5.1 (ExpLICIT HEAD-REDUCTION) We define explicit head-reduction ‘—" on Aux as
‘—x’, but change, remove, and add a few rules:

i) The set of terms is defined as in Def. 4.1. To ease notation, we will use S for a sequence
(possibly empty) of substitutions of the shape (x:=N) or (a:=N-y) when the exact
contents of the substitutions is not relevant. We write x € S if (x:=N) € § for some N,
and say that S is defined on x, and write S\x for $15, if S= $;(x:=N)S, and similarly for
a € Sand S\a. The variables and names that are defined in S are unique. We write S if Sis
only defined on ¢, i.e. S, = (c:=N) or S, = (¢c:=N-7), and M8 M3S; for ((M1S1) M) S,.

ii) The main reduction rules are as before:

(B) : (Ax. M)N — M(x:=N) (B-rule)

(Hp): (pafa] M)N — py.[y](M{a:=N-7))N (7 fresh)

(r): (pe[fIM)N — m'[ﬁﬂéﬁf‘;f”) ((zx;éﬁ)'rfresh)
(R): pa.[Blpy.[0]M — {V '[ ]M{,B/:yy} (G%1)

(C): po.[a] M — M (a & fn(M))
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iif) We combine the substitution rules, and replace the rule for application and term variables:

(hv) : xSoyM18;1---M,S, (x:=N) — NSGM1S;---M,S,(x:=N)1 (n>0)

(AS) : (Ay.M)S — Ay.(MS)

(hn) : (uo.[a] M) S(a:=N-y) — pé.[y](MS{a:=N-7))N  (M=#pup.C)

(nS) : (ué.[a]M)S — ué.[a] MS (¢S, M=#up.C)
(gc): MS — MS\c (ceS, cgM)

iv) We only allow the following (unnamed) contextual rules:

Ax.M  — Ax.N

ML — NL

pa.[pIM — ua.[B]N (a#=pVaecM, M+#us.C)
MS — NS

M—N =

Notice that, for example, the substitution in (ua.[8]P)Q (f:=N-v) does not get activated
through the hn-rule until all leading head R-redexes in pa.[B] P have been contracted.

Remark 5.2 i) It might seem reasonable to allow the propagation inside an abstraction only if
the variable concerned is the head-variable of the body, as expressed by:

(Ay.M)(x:=N) — Ay.(M(x:=N)) (x=ho(M))
but that would imply that a reduction like

(Axy.yx) QR —xu (Ay.yx) (x:=Q)R

would stop at the last term, since (Ay.yx) (x:=Q) is not an abstraction; because we allow
the substitution to propagate, we obtain:

We will see below that this is exactly the reduction that our interpretation into the -
calculus represents.

if) We could have allowed for substitution to propagate also through applications, by defin-
ing
(hv): xS8{x:=N) — NS{(x:=N)
(@S) : (MN)S — (MS)(NS)

Then the substitutions would percolate through the applicative structure and only get
activated when reaching the head variable of a term, or a context switch, as in ‘—". The
substitutions in NS inside (MS) (NS) are inactive; therefore we have (assume x ¢ S):

(*M(NP))S —u (@S) ((xM)S)((NP)S)  —u (@S)
((xS) (MS)) (NP)S) —xu (g¢) x(MS)((NP)S)

We have decided against that mainly for reasons of elegance and a better tractable reduc-
tion relation, and to get a definition that is closer to Krivine’s machine. Notice that, of
course, x (MS) ((NP)S) is a correct term in Apx.

15 By Barendregt’s convention, none of the free variables and names in N occur in any S;; each S; can be empty.
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(poc.[a] Ay y (pd.[a] Ax.x) (ud". [a] Ax.x) ) (Az.2)

—xar (1) py-([0] Ay y (ud.[a] Ax.x) (pd'.[a] Ax.x)) (a:=Az.z-7y)

—xu (hn) y’y. ] (Ayy(pé.Ja]Ax.x) (ud' . [a]Ax.x)) (a:=Az.z-y) (Az.z)
—xu (AS) uy.y /\j (y(po.[w]Ax.x) (pd' [w]Ax.x) (x:=Az.2-7)) (Az.z)
—xa (B) - wy-[v] y(po.[a]Ax.x) (ud".[a] Ax.x) (a:=Az.z-7) (y:=Az.z)
—xu (hv)  py.[y] (Ag.q) (po.[a]Ax.x)(ud' [a]Ax.x) (a:=Az.z-) (y:=Az.2)
et (8) 47.17] (Aq:q) (0[] Ax) (4 [} Ax) (= Az 2-9)

—xa (B)  wy-[v] 9{q:=pd.[a]Ax.x) (d".[a] Ax.x) (a:=Az.2-7)

—xu (ho)  pyy] (uo.[a]Ax.x) (pd' . [a| Ax.x) (a:=Az.z-7)

—xu (1) py[y] po.([w)Ax.x) (6:=pud . [a]Ax.x-9") (a:=Az.z+7y)

—xu (8¢)  py-[y] po.[w]Ax.x (a:=Az.z-)

—xu () py.[y] pé.[y] Ax.x(w:=Az.z-y) (Az.2)

= (g0)  py-[y] wo.[y] (Axx) (Az.z)

ot (R) 1] (Ax) (Azz)

—xu (C)  (Axx)(Az.z) —xu (B) x{(x:=Az.2) —xu (hv) Azz

Figure 2: Running (pa.[a]Ay.y(pd.[a]Ax.x)(pd’ [a]Ax.x)) (Az.2) in “—xg'.

Definition 5.3 (HEAD NORMAL FORMS FOR Aux) The head forms with respect to “—” are de-
fined through the grammar:

N = Ax.N
| xM31S1---M,S, (n>0,Vien (x¢S§;))
| pa.[B]IN (e #BVa€N, N#uy.[6]N')

It is straightforward to check that these terms are normal forms with respect to ‘.

The next proposition states the relation between explicit head-reduction, head reduction,
and explicit reduction.

Lemma 5.4 i) M(x:=N) =< M{N/x}.
ii) M{a:=N-7y) = M{N-y/a}.
iit) If M —3; N, then there exists L € Aux such that M =y L and L —< N.
iv) If P —%u Q then there exists R,S € Ay such that P —" R, and Q —»"'S, and R =5 S.
v) If P —4; Q with P € A, then there exists R € Ay such that Q =Y R, and P —J R.
vi) M —>}§/; N if and only if there exists L € Aux such that M —; L and L —J/N.

Proof : The first two parts are straightforward by induction on the structure of terms. For the
third, the proof is by straightforward induction on the number of reduction steps. For the
fourth, all cases are straightforward, if not trivial; for example, we have
(hv): Then P = xSy M S+ - M, S, (x:=N), and Q = NSyM;S;--- M, S, (x:=N).
Let xSoM1 81 - M, Sy (x:=N) = NM}---M), =R =S.
(hn): Then P = (ud.[a] M) S{a:=N-v),and Q = ué.[y](MS(a:=N-7))N. Let MS(a:=N-v) =
M’ and N = N/, then ué.[y](MS(a:=N-v))N =% ué.[y] M'N’; take R = ué.[y| M'N’ =
S.

The fifth is a special case of the fourth, and the sixth follows easily. O

This result gives that we can show our main results for Aux for reductions that reduce to
head-normal form.
We give some examples that illustrate Apux and "— .

Example 5.5 i) As an example where the special character of explicit head-reduction for Ay
becomes more clear, take the reduction of (pa.[a]Ay.y(pd.[a]Ax.x)(ud . [a]Ax.x))(Az.2) in
Fig. 2. We will see in Fig. 3 how this reduction is modelled in our interpretation.

i) Reduction in ‘—y" is not deterministic in general:
(Ax.M(y:=N))L

22



Since both these reductions are respected under our interpretation, we will not give one
priority over the other.

iii) Of course in “—;" we can have non-terminating reductions. We know that in ‘—g,” and
‘—y’, (Ax.xx) (Ax.xx) reduces to itself; this is not the case for “—yy’, as is illustrated by
(Where A = Ax.xx):

AN A (Axxx)A —xu XX (x:=A)
—xu (AY-yy)x(x:=4) —xu Yy (Y =x) (x:=4)
—a Xy (y:=x) (x:=4) —a (Az.zz)y (y:=1x) (x:=4)

—u 22{z:=Y) (Yi=x) (x:=4) —xu -

(notice the a-conversions, needed to adhere to Barendregt’s convention). This reduction
is deterministic and clearly does not terminate. Notice that AA does not run to itself;
however,

zz{zi=y) (yi=x) (x:=8) =L yy(y=x) (x:=4)
—L xx(x:=A)

—L AA

so, as stated by Lemma 5.4, the standard reduction result can be achieved by reduction
in ‘—.=" (we will use A for Ax.xx again below).

6 A logical interpretation of Aux-terms to 7r-processes

We will now define our logical, output-based interpretation TM}a of the Aux-calculus into
the rr-calculus (where M is a Aux-term, and a is the name given to its (anonymous) output),
which is essentially the one presented in [13], but no longer considers [¢]M to be a term.

The main idea behind the interpretation, as in [12], is to give a name to the anonymous out-
put of terms; it combines this with the inherent naming mechanism of Au. As we will show in
Thm 7.1, this encoding naturally represents explicit head-reduction; we will need to consider
weak reduction later for the full abstraction result, but not for soundness, completeness, or
termination.

The interpretation of Aux terms into the 7r-calculus is defined by:

Definition 6.1 (LOGICAL INTERPRETATION OF Aux TERMS (cf. [13])) Let a not be a Ap-variable
or name. Then

Ixfa A x(u).'u-a (u fresh)
Ax.Mpfa A (vxb)(TMEb |a(x,b)) (D fresh)
IMNYa A (ve)(TMjc|!c(vd).(fo:=Ny|!d-a)) (c,v,d fresh)
TM(x:=N)fa A& (vx)("M}a|lx:=Ny)
lx:=N} 24 !x(w).'Njw (w fresh)
py.[BlMya & ™™y B{a/v}
MB=N-)ba A (uB)(TMia|T8:=N-})

o :=N-yf A la(vd).(Tv:=NL|!d-7) (v,d fresh)

Notice that this definition uses forwarders (see Def. 2.1:(vii)).
The interpretation of py.[f]M is in fact a combination of two alternatives of the encoding
presented in [13]]:
"wy.Cra
"BIMya

(vs)TCys{a/v} (s fresh)

A
A TMEB

Remark 6.2 We can make the following observations:
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¢ Explicit substitution (x:=N) is encoded through replication; as we will see below in the
proof of Thm 7.1, each individual occurrence of (the encoding of) a variable gets treated
on its own, so replication is needed to guarantee that the execution of substitution does
not deplete the source. We block the running of the encoding of N by placing it under
an output guard: we interpret each “incarnation” of the encoding of N under a new name
w, and send that name out to that occurrence of the encoding of x that N should be
substituted for. This implies that a variable x is interpreted as a process that first receives
the name under which the encoding of N outputs, and then uses that name to establish
the redirection.

¢ For an abstraction Ax.M, we give the name b to the output of M; that M has input x and
output b gets sent out over a, which is the name of Ax.M, so that a process that wants
to call on this functionality, knows which channel to send the input to, and on which
channel to pick up the result[1d

e For the interpretation of an abstraction (vxb) (TMjyb |a(x,b)), the output over a of the
channel names x and b is placed in parallel to the interpretation of M under b, and can
communicate asynchronously. We cannot restrict the co-domain of our interpretation to
the asynchronous 7r-calculus, however, since to achieve completeness an output guard is
needed for the interpretation of an explicit substitution.

e For an application MN, the pair of the names of the (first) input and output channels of
M, transmitted over c, is received as a pair (v,d) of input-output names in the right-hand
side; the received input v name is used to send the output name for the encoding of N,
enabling the simulation of substitution, and the received output name d gets redirected
to the output of the application a. Since a name a can appear many times in M, when
we interpret '(pa.[)M)N}a 4 (vc) ("M B{c/a} |'c(v,d).(To:= Ny |!d-7)) we need to be
able to deal with the multiple outputs over c in TM B {c/a}, so the part that deals with
the input over c has to be replicated.

e For the context switch u7.[f] M, we use the fact that the name B is the name given to M
in Aux, and use that name for the main output of the interpretation of M. The operands
for uy.[B]M are in fact for the terms named 7; since the output name we give to the
process is 4, where a context might seek to communicate with, we need to rename all the
occurrences of - in the interpreted process by a.

* Since fS, j is either !c(v,d).(Tv:=Ny | !d-7) or !c(w).IN y w, the process 'S} can only input
or only output on ¢, so (vc) ('Sc)) ~ 0

The interpretation is called logical since the structure of the encoding of application corre-
sponds to how Gentzen translates the modus ponens inference rule of natural deduction (on
the left) in the sequent calculus [30] (on the right); see Thm 4.8 in [11]. :

\ ] T (S L] (4x

I'Hx A—B ' A I'BH« B

by ASB Thy A — X (Weak) (L)
(—E) r'h, A—B,B I, A—>BHh, B

I'bw B (cut)

I'x B

Remark 6.3 i) As mentioned above, the interpretation presented in [13] had the case
wy.Mya A (vs)™jis{a/vy} (s fresh)

so was defined for Ay (notice the use of M rather than C). Note that this encoding ele-
gantly expresses that the main computation in py.M is blocked: the name s is fresh and
bound and never transmitted, so the main output of (vs)'Mys {a/y} cannot be received.

16 This view of computation is exactly that of the calculus X'
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However, in order to achieve full abstraction, we had to restrict our interpretation to Ay,
so no longer can consider [¢]M a term. The reason is that, using that interpretation, the
process

e Ax.xla A (vs)((vab) (x(u).'u-b|5(x,b)))

is in normal form. Notice that all inputs and outputs are restricted; thereby, this process
is weakly bisimilar to 0 and to FAAja (see Lemma 8.7). So using that interpretation, we
cannot distinguish between blocked and looping computations, which clearly would affect
any full-abstraction result. When restricting our interpretation to Ay, this problem dis-
appears: since naming has to follow u-abstraction, pa.[Ax.x]is not a term in Ay; instead,
now (assuming « # )

ua.[B]Ax.xFa A (vxb) ('xEb| B(x,b)) {a/a} 2 (vxb) (TxLb|B{x,b))

which outputs on B, so is not weakly bisimilar to 0.
ii) Note that we could have avoided the implicit renaming in the case for p-abstraction by
defining
Wy )Mya & (vy) ("M6 | 1y-a)

which is operationally the same as M} é{a/v} (they are, in fact, weakly bisimilar) but
then we could not show that terms in —yy-normal form are translated to processes in
normal form (Lemma 7.8), a property that is of use in the proof of termination (Thm 7.9).

iif) To underline the significance of our results, notice that the encoding is not trivial (so does
not equate all terms), since

"Ayz.yra

A
Ax.xla 4

(vyb) ((vad) (y(u)-1u-d | b(z,d)) | aly,b))
(vxb) (x(u).'u-b [a(xb))

processes that differ under ‘~”: notice that the first exhibits two outputs so can interact
twice with a context providing two inputs, whereas the second only exhibits one and
cannot interact twice, so can be distinguished.

7

iv) Notice that, as is the case for Milner’s interpretation and in contrast to the spine interpre-
tation of [12]], a guard is placed on the replicated terms. This is not only done with an eye
on proving completeness or preservation of termination, but more importantly, to make
sure that (vx) (Tx:=N}) & 0, a property we need for our full abstraction result: since a
term can have named sub-terms, the interpretation will generate output not only for the
term itself, but also for those named terms, so the process (vx) (TN x) — using the vari-
ant of [12] — can have observable behaviour, in contrast to here, where (vx) (!x(w).TNyw)
is weakly bisimilar to 0. Another advantage is that now it is impossible for unintended
synchronisations between interpretations of explicit substitutions to take place, a prop-
erty we need for Thm 7.5 and 12.1.

We illustrate the encoding.
Example 6.4 i) We have:

"(22) (z:=(y (y:= (x(x:=4)))))ya £ (vz)((ve) (z(u).lu-T|
te(o,d).(To: IZL!'d* a))|!

2(w). (v0) (o | 1y (w)
zz(zi=y) (yi=2) (x=A)Fa & (vx) ((vy) ((v2) ((ve) (z()-Lu-c |
le(od). (foi=zE | 1d-2)) | F2(w).Ty o) | () Ixtw) | 1F(w) A o)
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"(pa.[w] Ay.y(uo.[a] Ax.x) (ud" [a] Ax.x) ) (Az.z) s
2 (ve) ("na.[w] Ay.y (ué.[a] Ax.x) (ud'. [o] Ax yc|Tei=(Az.z)-ay)
4 (VC)(My-J/(W[ ])\x‘x)(ﬂy [a] Ax. x) DC{C/“} | Te:=(Az.z)-ay)
= (va) (My.y(pé.[a] Ax.x) (ud' [a] Ax.x) o |fa:=(Az.2)- -ay)
A (var) ((vyb) (Ty(po.[a] Ax.x) (ud' [ ])\x )y b |a@(yb)) | Ta :()\Z z)-ay)
2 (va) ((vyb) ((ve )(”]/(#5[ ]f\x x)yc [ Fe':= (ud' [a] Ax.x) by) | @(y b)) | Ta:= (Az.2)-ay)
2 (va) ((vyb) ((ve") ((ve") (Tyy ¢ | Te":= (ud.[a] Ax.x) ¢ )\
M/ :=(ud'.[w]Ax.x)-by) |&(y,b)) | Ta:=Az.z-ay)
= (v ((v9) (v') (v (e | T o= (b ] Ax.2)-¢') |

(( c
T/ :=(ud’.[w]Ax.x)-by) | &(y,b)) | a(ov,d). ( v:=Az.z | 'd»a) |Ta:=(Az.z)-ay)
(ve') ((ve") (y(u).tu=c" | Te":= (ué.[a] Ax.x) ') |
Hc/::(yé.[zx])\x.x)-bLL) | J(w).MNz.zyw | 'b»ﬁ) |Ta:=(Az.z)-ay)
(o) = (y) (va) ((vyb) ((ve') ((ve") ((vew) (Aq.qy w | Tooc”) [ Te”:=(ud"[a] Ax.x)-¢'}) |
fe":=(pud' [a] Ax.x)-by) | 1b-7) | Ta:=(Az.2) ay)

£ (va) ((vyb) ((ve') ((ve") ((vaw) ((vat') (Tgy ¥ | W (g b)) | 'w*’c”)\
L (0,d).(To:=pd.[a] Ax.xy | td=c’)) | Te":=(pé’ . [a] Ax.x)-by) | !b»E) | Ta:=(Az.2)-ay)
~ & o (w,c”) (va) ((vyb) ((ve') ((vab') (q(u)-1u-b" | 1G(w).Tud [ }/\X xyw | 1b'+c) | .
Me":=(ud'. [ JAx.x)-by) | 'b-7) | Ta:=(Az.2)-ay)

(o) ~, = (q)  (va) ((vyb) ((ve') ((veob') (tw=b" | Tué.[a] Ax.xy w [ 16 <) |
B T :=(ud'.[a]Ax.x)-by) | 1b-7) | Ta:=(Az.2)-ay)
(hn) A (va)((vyb) ((ve") (vowd’) (lw-b" | PAx.xy o {w/8} | 10/ =) |
B Te":=(ud'.[a] Ax.x)-by) | Lb-7) | Ta:=(Az.2)-ay)
A (va) ((vyb) ((ve) ((vawb') (Lo | (vxb”) Ty 0" | @(x,b")) | 10 ") |
T :=(ud'.[a]Ax.x)-by) | 1b-7) | Ta:=(Az.2)-ay)
~, A (va)((vxb") (Txjb” |Z(xb") [ a(vd).(fo:=Az.zy | 1d-7))
(x) A, =7 (&) (vab”) (x(w).!u-b" | %(w).(vzb) ("zy b | w(z,b)) | 1b"+7) | (va) (Ta:=(Az.2)-ay)
~, = (x,w)  (vzb”) (Tzy b |a(zb")) A TAz.zja

Figure 3: Running M(pa.[a] Ay.y(ud.[a] Ax.x) (ué'.[0] Ax.x)) (Az.z) ya in “—".

ii) (Ax.MN)Pj}a "Ax.MNjc|!c(v,d).(T:
vxb) (MN'b | (s,

(vx
(vxb) (MNEb | elx,

b)) |! C( d).(fv:=Py|!d-a))

b)) |!c(o, ) (f:=Py | !d-qa))
((ve) ("M c" | 1 (u,d).(T
fx:=Py|!b-

v:=Ny|[!d-b))]

7) | (ve) (!c(o,d).(fo:= P¥ | 14-7))
(vx) ((ve") ("M c" | e/ (0,d). (Fo:= Ny | td~a)) | 1% (w). TPy w)
"TMN (x:=P)ya

Assume x does not occur in N, then:

PH|1d-7)

[l [ >
A~ N N~
<
o
~— — —

)
)
)-

—r(

a
~—

> 2

TMN (x:=P)fa A (vx)((vc')("M}c"|!c'(v,d).(To:=Ny |!d-a)) | !%(w).TP}w)
= (vc') ((vx) ("MEC" | 1%(w).TPFw) | Ic' (v,d).(To:= N} | 1d-a))
A TM(x:=P)Nta

This goes to show that, since substitutions are placed in parallel, through congruence
we can model unwanted propagation of substitution; notice that (Ax.MN) P does not run
to M (x:=P)N, not even when allowing for the rules as discussed in Rem 5.2. We will
see this observation play a role in Thm 7.5.

In [12] the case for application in the interpretation for A-terms was defined as:
TMNsa A (vc)(TM¥c|c(vd).(fv:= N;|d-a))

In particular, there the input on name c is not replicated: this corresponds to the fact that for
A-terms, in TMj'c, the output c is used exactly once, which is not the case for the interpreta-
tion of Ap-terms: for example, « might appear many times in M, and since Tua.[a]Mjc =
"My a{c/a} =T™{c/a};c, then the name ¢ appears many times in the latter.
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Remark 6.5 Observe the similarity between

MNja A (vc)("Mjc|!c(vd).(Tv:=N}|!d-a)) and
"M {c:=N-y)fa A (vc)("Mfa|'c(vd).(To:=N[|!d-7))

The first communicates N via the main output channel ¢ of M (which might occur more than
once inside "¢, so replication is needed), whereas the second communicates with all the
sub-processes that have ¢ as output name, and changes the output name of the process to
'y In other words, application is just a special case of explicit structural substitution. As an
abbreviation, we sometimes will write (vc) ("TMjc |fc:=N-ay) for TMNa.

This observation plays a prominent role in the proof of Thm 7.1, in the case dealing with
reduction step (hn). There

(B:=N-y); 4 1B(vd).(l:=N}|!d-7) € IS},

is used to represent the explicit substitution (:= N-) in the interpretation of the contractum.
However, in the implementation of this step we should also ‘generate’ the new occurrence of
N that gets placed behind M (f:=N-7) in the new application. This turns out to be straight-
forward, since that right-hand side of application is also represented by (f:=N-7v) ;, and we
can use that [P~ P |!P.

This is illustrated in Fig. 3; as the first step, the contextual substitution

la:=(Az.z)-ay 4 la(vd).(Tv:=Az.zy|!d-a)

gets created directly by definition of I-}-. This is used twice, in the steps marked (x); the
first exchanges the pair (y,b) over a which creates the process ly:=Az.z} 4 1j(w)."Az.z; w so
that the substitution of the head variable y by Az.z =, Ag.q can be modelled, in the first step
marked (hv); here fa:=(Az.z)-ay acts for the outermost application. The second use is again

for a synchronisation over «, but now uses fa:=(Az.z)-ay to represent the explicit substitution.

Notice that context switches do not really influence the structure of the process that is
created by the interpretation since they have no representation in 7r, but are statically encoded
through renaming. And although the notion of structural reduction in Ay is very different
from normal B-reduction, no special measures had to be taken in our encoding in order to be
able to express it; the component of our interpretation that deals with pure A-terms is almost
exactly that of [12] (ignoring for the moment that substitution is modelled using a guard,
which affects also the interpretation of variables), but for the use of replication in the case
for application; we will come back to this in Thm A.8. In fact, the distributive character of
structural substitution is dealt with entirely by congruence (see also Example 6.9).

This strengthens our view that, as far as our interpretation is concerned, y-reduction is
not a separate computational step, but essentially is static administration, a reorganisation of
the applicative structure of a term, which has to be defined explicitly in the context of the
A-calculus, but is dealt with by our interpretation statically rather than by synchronisation
between processes in the 7t-calculus. In fact, modelling B-reduction in the 7r-calculus involves
a computational step, but context switches are dealt with by congruence; this is only possible,
of course, because the interpretation of the operand in application uses replication. This
stresses that the rr-calculus constitutes a very powerful abstract machine indeed.

We would like to stress that, although inspired by logic, our interpretation does not depend
on types at all; in fact, we can treat untypeable terms as well, and can show that TAA}a
(perhaps the prototype of a non-typeable term) runs forever without generating output (see
Example 8.1; this already holds for the interpretation of [12]).

17'A similar observation can be made for the interpretation of Ay in X' [T1].
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Remark 6.6 Substitutions are interpreted as processes parallel to the main term:

"M{x:=N)a

4  (vx)(TMfa|lx:=N}) 2 (vx)("Mja|!X(w).]Njw)
'M(B:=N-1)ra & (vB)("Mya|l:=N-y;) £

)-
(vB) ("Mya|!p(vd).(To:=Ny | td-7))

This justifies the use of TS} for the interpretation of a sequence of explicit substitutions and, if
S defines ¥ and @, then as a generalisation we can write TMSya = (vya) ("Mya |ISy).
We have, for example:

ﬂ]\[]\/1151 M S,”a 4 (V%D?n)(”NMlsl”’MMLEl’”SmL)

(Vi) ("NMy 81+ - My—18S,—1 M,y a|™S,y)

4,= (Vi) - (vina) (ve) ("N er[Ter:=(My)-co5 |85 | - [Ten := (M) a5 |78y 1)
(Vyn“n) (vaa) (ve) ("Nyer |fer:=(Ma)-cay |- [Tep :=(My)-ay|"S15] - - [TS, )

=, 8 INM---M,S;---S,"a

Notice that, in the last step, the structural congruence forces the placement of the substitutions
in the right order. This implies that, when dealing with interpreted application terms, we
can safely assume all substitutions are placed on the outside. Under the right conditions
(decided by the occurrences of variables and names) we can reverse these steps, so bring the
substitutions inside, as illustrated in Ex. 6.4.

The operation of renaming we will use below is defined and justified via the following
lemma, which states that we can safely rename the output of an interpreted Apu-term.

Lemma 6.7 (RENAMING LEMMA) Let e be a fresh name. Then
i) If a is at most only used for output in "M} g and a# g, then (va) (la-e|TMyg) ~ TMyg{e/a}.
ii) Ifa & M, then (va)(la-e|TMja) ~ TMye.
Proof : By induction on the structure of Aux-terms.
IM=ux: (va)(la-e|Tx;g) A& (va)(la-e|x(u).!lu-g) = (va)(la-e)|x(u).lu-g ~
x(u)lu-g A Txig x} g {e/a}
M= Ax.N: (va)(la-e|TAx.Nyg) A (va)('a-e|(vxb) ("Nb|g(xb)))
(vxd) ((va) (fa-2[INb) [g(x,b)) ~ (IH) (vxb)(INyb{e/a}|Z(xb))
"Ax.Nyg {e/a}

= (agg(xb))
2 (agg(xb))

M= PQ: (va) (ta-2[TPQyg) 4

(va) (fa-e|[(ve) ("Pic|c(od). (Fo:=Qy [ !d-g) [fe:=Q-gy)) ~ (25:1)

(ve) ((va) (ta-e|TPyc) | (va) (ta-e|!c(v,d).(1o(w).TQFw |1d-3))) =~ (2.5:4)

(ve) ((va) (a-e |TPyc) | le(v,d).((va) (a-e | '0(w).1Qyw | 1d-g))) ~ (2.5:5)

(ve) ((va) (Ya-e[Pyc) | !c(v,d).("0(w).(va) (ta-2 | 'Qyw) [1d-3)) ~ (IH)

(ve) ("Pyc{e/a} |e(v,d).(1o(w).1Qyw {e/a} | 1d-g)) 4 TPQyrg{e/a}
M=P(x:=Q): (va) (1a-¢| P (x:= Q) ig) A

(va) (ta-e|(vx) ("Pyg | !X (w).TQyw)) ~ (2.5:1,5)

(vx) ((va) (ta-e|"P;g) | 'X(w).(va) (la-e | TQ;w)) =~ (IH)

(vx) (TP} g {e/a} | '%(w)."Q;w {e/a}) A TP (x:= {e/a}

M=pp.[pIN: (va) (ta-2|Tup.[BINyg) £ (va )('H»E\”NLﬁ{g/ﬁ}) IH)
Ny {e/a} {g/p} ”Mﬁ[ INig {e/a}
M=uB[yIN, p#7:  (va)(la-2|up.[yINIg) A (va) (la-2| N}y {g/B}) ~ (IH)
Nty {e/a} {8/B} = (a£g) TN {g/B} {e/a} A Tup.yINYg fe/a}
Note that perhaps a = 7.

M= P(B:=Q-7): (va) (ta-2 [P (B:=Q-7)1g)

A
4

& I

(va) (ta-e[(vp) ("Pig [ !p(vd).(1o(w).[Qyw | 1d-7))) ~ (25:1,4)
(vB) ((va) (ta-e|TP;g) | p(v,d).(‘O(w).(va) (‘a~e[TQrw) | td-)) ~ (IH)
(vB) ("Prg {e/a}t [ !B(v,d).(10(w).7Qrw {e/a} [td-y)) £ TP(B:=Q-7)yg {e/a}
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iM =x: (va)(la-e|x}fa) 2 (va)(la-e|x(u).!u-a) ~(2.5:3)
x(u).((va) (la~e|'u-a)) ~ x(u).lu-e A Mxye
M= Ax.N (va)('a»?\ﬂ/\x N}a) 4 (va)(la-e|(vxb) ("Nyb|a(xb))) =

(vaxb) (‘a-e|[IN;b|a(xb)) = (a€'Nyb)
(v b)(NLbl( a) (ta-e|a(xb))) =~ (2.6:11)
e b)(N;b\ (b)) 2 TAxNle
Q: (va) (ta-2|TPQya) =
(va)( a-e|(v ~ (2.5:1,4,5)

tase|(vc) (TPyc|c(v,d).(fo:=Qy | 1d-a) | Tc:=Q-ay))

(ve) ((va) (ta-e|TPyc) [e(o,d).(10(w).(va) (la~e | 1Qyw) | (va) (la-e| !d-a)))
~ (agTPyc,"Qrw)

EV ;((W)('a» e) [TPyc|le(v,d).(to(w).(va) (ta~e) |TQyw [(va) (ta-e|!d-a))) ~

c
c)("Pyc|c(vd).(fv:=Qy |!d-e) [Tc:=Q-ey) 4
'PQre
M=P(x:=Q): (va)(la~e|TP(x:=Q)}a) 2
(va) (a-e |(vx) ("Pya | '%(w).TQrw)) = (x#4a, a ¢ !X(w).1Q;w)
(vx) ((va) (ta-e|TPya) | '%(w).1Qrw) =~ (IH)
(vx) ("Pye | !%(w).FQyw) 4 TP(x:=Q)ye
M=pup.[BIN: (va)(la-e|up.[BINya) £ (va)(la-2|NyB{a/B}) =
(va)('a-e|"™N}fa) ~(IH) TNLe = IN}B{e/B} A TuB.[B|NJe
M=uB.[v]N, B#v:  (va)(la-e|up.[yIN;a) £ (va)(la-e|Nyy{a/B}) =a
(vB) (!B~e|INyy) = (part (i) "Nyy{e/B} £ TuB.[y|Nre
M =P(B:=Q-7): (va)(la-e[TP(B:=Q-7)ya) 4
(va) (a2 | (vB) (PEa | 1B(o,d).(15(w) 10 w | 1d+7)) ~ (25:1)
(vB)((va) (ta~e|"Pya) |(va) (ta~e|!B(v,d).(fo:=Qy [1d-7))) =
(ag!B(vd).(lo:=Qy|!d-7))
(vB) ((va) (ta~e | Pya)[(va)(ta~e) |!B(v,d).(fo:=Qy |!d-7)) =~ (IH)
(vB) ("Pye[!B(vd).(Tv:=Qy[!d-7)) 4 TP(B:=Q O

For reasons of clarity, we use some auxiliary notions of equivalence, that are used in
Thm 7.1.

Since we will be dealing with explicit substitution rather than implicit substitution as Milner
did, some of the results we will show below will use a weaker variant of that relation, being
‘~¢ (garbage collection), ‘~;’ (renaming), and ‘~,’" (duplication).

Definition 6.8 i) We call a process that is weakly bisimilar to 0 garbage. We define a garbage
collection bisimilarity by: P~ Q if and only if there exists R such that P=Q| Rand R~ 0.
ii) We define ‘~y’ (renaming) as the smallest equivalence such that:
a) for all M: (va) (TMja |!a-e) ~zMje.
b) for all M: if a# b, then (va) ("M b |'a-e) =x "M} b{e/a}.
¢) if P~ Q, then (vb) (P|R) ~x (vb) (Q| R).
iit) We define ‘~’ (distribution) as the smallest equivalence such that:
a) for all M, N:

(va) ("M o | la(v,d).(To:=Ny | 1d-7)) =~p
(va) ((ve) ("M yc|!e(vd).(lo:=Ny | 1d-7)) | la(v,d).(lo:= Ny | 'd-7)) (c fresh)

Notice that we “split’ the substitution !a(v,d).(Tv:= N} | !d-7) in two parts: one dealing
with the outermost name « (that for the whole term) which gets renamed to ¢, and one
dealing with the remaining occurrences of « in TMjc.

b) if P ~, Q, then (vh) (P| R) ~, (vb) (Q| R).
iv) We define ‘~pep’ 2 ‘R, Ao, ~p (s0 applied left-to-right); ‘e’ & ‘&g~ and ‘~gp 2
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Ao ~p’, where each ‘~)" component can be omitted.

So ‘=% is used when we want to emphasise that two processes are equivalent just using
renaming. Notice that renaming and distribution are not allowed under guard. Moreover,
‘~¢ C'm, '~y C ‘&’ by Proposition 6.7, and that ‘~,” C ‘~’" by Thm 2.5:2.

Using the Renaming Lemma, we can show the following;:

Example 6.9 The interpretation of the B-redex (Ax.M) N reduces as follows:
"(Ax.M)Nya 4 (ve) ((vxb) ("M b | e(x,b)) | tc(v,d).(To: =Ny | ld-a))

(
—r(c),= (vbx)("™Myb |!b-a|Tx:=Ny) |(vc) (c(v,d).(Tv: =Ny | !d-a))
~p (6.7) (vx)("™Mya|Tx:=Ny)|(v )(!c(v,d).(”v::NH!d»E))
~o(x)  (vx)('MEa|ixi=NY)
4 M (x:=N)la

This shows that each B-reduction step is implemented in 7t by at least one synchronisation.
Notice that, in step (x), the process (vc)(!c(v,d).(Tv: =N} |!d-a)) is weakly bisimilar to 0.
Moreover, the synchronisation over c is over a hidden channel, so by Proposition 2.6:11 we
can conclude ((Ax.M)Nya ~ M (x:=N)a.

Since TM (x:=N)ya places TMya and Tx := Ny in parallel, using Lemma 2.5 we can even
show that the explicit variant of the Substitution Lemma is preserved:

Lemma 6.10 (SuBSTITUTION LEMMA) TM (y:=N) (x:=L)ya ~ TM(x:=L)(y:=N(x:=L))a.
Proof: We can assume x #y, and x € N, y & L.

TM{(y:=N) (x:=L)ya A
(vx) ((vy) ("Mya [y (w) Ny w) | 1%(w).ILyw) ~ (2.5:6)
(vy) ((vx) ("M} a | '%(w)."Liw) | (vx) ('7(w)./Njw | !X (w).[Lfw)) ~ (2.5:9)
(vy) ((vx) ("Mya | 1% (w).[Lyw) [ 1y(w). (vx) ((Nyy [ 1% (w).[Lyw)) £
(vy) ("M (x:= L> a|!ly(w).!N(x:=L);w) =
"M (x:=L) (y:=N(x:=L))a O

7 Soundness, completeness, and termination

As in [43]52], we can now show a reduction-preservation result for our encoding with respect
to explicit head-reduction for Aux, by showing that I - preserves ‘—y" up to weak bisimilarity
(mainly through garbage collection and/or renaming). Notice that we prove the result for
Aux terms, do not require the terms to be closed, and that the result is shown for single step
reduction.

Theorem 7.1 (SOUNDNESS) If P —yy Q, then there exist R such that "Pya —7 R and R ~ep 'Qy a
(i.e.”PﬂLa —>*7-[, ~RGD ﬂQuLa)

Proof : By induction on the definition of explicit head-reduction.

Main reduction rules : (§): Then P = (Ax.M)N and Q = M (x:=N); by Example 6.9.
(#p): Then P = (pa.[a] M)N, Q = u7y.[y]M(a:=N-v)N, with v fresh, and

l(pa. 0] M)Nya A (ve) ("Mya{c/a}|!c(v,d).(To:=Nj |!d-a)) ~
(ve) ((va) ("M c |Ta:=N-ay) |fc:=N-ay)

(ve) ((va) ("M e[ fa:=N-y) [fe:= N-y){a/v}

(ve) ("Ma:=N-y) e |fe:=N-7;) {a/7}

'M(a:=N-1)Niv{a/v} & Tuy.[y]M{a:=N-7)Nja

(#r): Then P = (pa.[s]M)N, Q = pa.[f]M(a:=N-y)N, with a # B, and T(pa.[p|M)N}a A

ve) ("M B{c/a} |Tc:=N-ay) =, (cfresh) (va)("M}B |la:=N-vyr){a/v} 2
M (a:=N-7);B{a/v} 4 Tuy.[BIM(a:=N-7)ra

o]

(1> {11
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(R): Then P = pa.[B]pu7y.[0]M and Q = pa.([6]M ){[5/7} We distinguish:

§=n: Tpa[flpy.[v]Mia & Tuy.[y]Mipla/ay & IMiy{B/v}{a/a} =
"MA{B/v}ip{a/at £ Tua[pIM{B/v}ya
o#y: Tua[Bluy.[0]Mya & Tuy.[o)Myp{a/a} & TMyo{B/y}{a/a} =
MI{B/1} o {a/at 2 Tpa o) M{B/ 7} a
(C): Then P = pa.[a] M, Q= M, witha g fn(M), and Tua.[a]Mja A Mya{a/a} =(a&fm(M))
T™ra.

Substitution rules : (hv): Then P=xSyM181--- M, S, (x:=N) and Q =NSyM18;---M,S, (x:=N).
Take S= Sy - -S;,.

IXSoM181---MySy{(x:=N)ja = (6.6) (vx)("xMy---M,Sya|lx:=Ny) A

(v) (W5 ((v€) (%M My e [ Tei= (My)-a}) ISH [ :=NE) 2 (epa =0)
(V )(( ]/ )(”x Cl‘ﬂcl M Cit1y “SL)‘M _NL) é/E

(vx) (Vi@ ) (x (). u-ty [ X(w) INsw | Tei:= Mgy | 187) | Tx:=Ny) —z(x)

(vx) (Vi) ((vw) (N3 w [ 'w-e1) | Tej:= Mi-cipy | 1S1) [ Fx:= Niy) R

(vx) (V@) (N1 | Tei=Mj-cipay | 187) | Tx:=N7y) 4

ﬂI\”\/Il Mn < N>L = ﬂNSOMlSl“‘MnSn<x::N>}a
Notice that the substitutions can be moved back in position in the last step since the
binding of variables and names has not changed; the only change is that N takes the
position of x.
(AS): Then P = (Ay.M)S, Q = Ax.MS, and "(Ax.M) Sy a é (vya) ((vxb) ("M b |a(x,b)) | 1S})
=(agya) (vxb)((vya) ("M;b[18y)[afy,b)) £ Ax.(MS)ya
(hn): Then P = (ué.[B]M)S{B:=N-v) and Q = ud.[y ](MS([% =N- >)N Then
v,
(o

"(uo.[BIM)S(B:=N-y)ia & (vB)(H(pd.[BIM)Sia|!p(vd).(To:=Ny|!d-7)) 2
(vB) ((vym) (Tuo.[pIMya|1sy) | 1B(v,d).(To:=Ny | !d-7)) 4
(vB) ((vym) ("M p{a/6} [ 1S7) | 1B(0,d).(fo:= N | 1d-7)) ~p
"dcZMSB := N.yNyy{a/é} A
(ve) ((vB) (TMSyc | !B(o,d).(fo:= N | 1d-7)) | lc(v,d).(To:=Nx [ td-7y)) {a/d} 2
(ve) (MS(B:=N-7)yc|!c(vd).(To: —NL\'d* ) {a/é} 4
"(MS(B:=N-7))Nyy{a/o} & Tud.[y](MS({B:=N-y))Nya

(nS): Then P = (ué.[B]|M)S and Q = ud.[B]MS, provided B & S, and  F(ud.[p]M)S;a A
(0910) (M B0/} |181) = (@ €5) (vi8) (MBS {a/d) & TMSEplare) A

ué.[B]|MS}a
(gc): Then P=MSand Q= MS\c, provided c€ S, cZ M, and TMSya & (vya)("Mya|'S;) 4
(vya) ("Mya |18y |1S\cy) = (vyar) ("Mya|(ve) (1Ser) [1S\er) ~e
(vya) ("Mya|TS\cy) A TMS\cra
Remember that (vc) (TS.}) ~ 0.
Contextual rules : M — N = ML — NL:TMLia 4 (vc)("Mjc|Tc:=L-a}) —%, ~gep (IH)
(ve)(TNjc|fc:=L-ay) A INLja
M — N = Ax.M — Ax.N: TAx.Mja A (vxb)("M}b|a(x,b)) —%,~xeo (IH)
(vxb) ("Nb |a(x,b)) & TAx.Nfa
M — N = pa.[f]|M — ua.[BIN: ua.[f]Mia A TM;B{a/a} —%, ~xep (IH) INyB{a/a} A
e [B]Nya
M— N= M(x:=L) = N(x:=L): TM(x:=L)fa 4 (vx)("M}a|Tx:=L}) —%,~xep (IH)
(vx) ("Nya|lx:=Ly) 4 IN(x:=L)ya
M — N = M{a:=L-y) = N(a:=L-y): M{a:=L-y);a A& (va)(TM}a|la:=L-y})
Ve

—*, ~rep (IH) (va) ("Nja|Ta:=L-y}) A& IN{(a:=L-y)ya -

Notice that, in the inductive cases, we do not have to deal with processes under guard, so do
not need the full power of ‘~’, as is needed for example for Thm 7.6 and 7.7, or as Milner and
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Sangiorgi needed when modelling implicit substitution (see Sect. 3).

Notice that we need Lemma 2.5 only for renaming and to model the distribution of the con-
textual substitution (:=N-7) in the rules (y,) and (hn).

Remark that in the proof of Thm 7.1, the reduction rules (R) and (AS) are modelled using
‘=’, and that the rules (y,), (C) and (nS) are dealt with by the interpretation directly. That
leaves only five rules where ‘~" plays a role:

7

(B): through ‘—’, ‘~y" (Which might include a ‘—’ step) and ‘~;
Mp):
hv): through ‘—," and ‘~y’;
hn):

gc): through ‘=~

through ‘~y’;

through ‘~,’; and

(
(
(
(

Moreover, ‘=’ (as far as not a synchronisation itself propagating through the forwarders),
‘~¢, and '~y can be postponed until last, and do not interfere with the synchronisations.
We can thereby easily show:

Theorem 7.2 (OPERATIONAL SOUNDNESS FOR ‘“—yy') 1) If M —3u N, then TMya —F,~zep TNy a.
ii) If Mg then TMya .

Proof : The first is shown by induction on the length of the reduction sequence, using Thm 7.1.
The second follows from the fact p-reduction is implemented in 7t by at least one synchro-
nisation, as shown in Example 6.9, and that p-reduction terminates [50], as does explicit
substitution, so non-termination is caused only by B-reduction. O

By Prop. 2.6, all proper synchronisations in this proof are in ‘~’; this implies that, as far as
the proof is concerned, we could have used ‘~’ instead of "=}, ~gep -
This implies that the following is immediate:

Theorem 7.3 If M —3u N, then TMya ~TNja.
Remark that we could not have represented the extensional rules: note that
Mx.yxka A (vxb) ((ve) ('yEe|!c(ov,d).(To:=xL|!d-b)) | a{x,b))
is not weakly bisimilar to "y a, and neither is
pa[Blyra & Tyypla/at = Ty;p
weakly bisimilar to:

"Ax.py.[Bly{x-y/a}ia (vab) ("uy.[Blysb | a(x,b))

(vxb) (Tys B |a(x,b))

Ax.py.[Blyra
(vxb) (yy B{b/v} | a(xb))

=l
(1> 1>

Remember that we have
(Ax.(Ay.M)N)L — {(’\x;MW

and in the process

"(Ax.(Ay.M)N)Lya £ (ve)((vxb) ((ve) ((vyb) ("Myb|c(y,b)) |
fe:=N-by) |e(x,b))|!e(v,d).("Tv:=Ly | !d-a))

both synchronisations over ¢ and e are possible, preparing the explicit substitutions (y:=N)
and (x:=L), respectively. So reduction under ‘—y" is not deterministic, and therefore neither
is reduction in the image of I} -.

We can make the following observations:
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Remark 7.4 e As can be seen from the proofs of Lemma 6.7 and Thm 7.1, the synchronisations
generated by the encoding only involve processes of the shape:

x(u).tu-a|x(w)./Nyw
w(v).av | (vyb) ('Nyb | w(y,b))
c(x by | c(v,d).(19(w)."Nyw | !d-a)

so in particular, substitution is always well defined.

* A process that results from running the interpretation of a term M with free variable y
will only able to input (on y) if it has a sub-process y(u).!u-a 4 Ty} a that does not occur
under guard. All other occurrences of y will appear inside "Ny w in subprocesses like
te(v,d).(!o(w)."Nyw | !d-c) or X(w)."Njw, so in particular appear under guard and are
unavailable for synchronisation.

We can also show that no reductions are possible in TMja but those that correspond to
reductions in M itself.

Theorem 7.5 (OPERATIONAL COMPLETENESS FOR ‘—y") Let M € Ap.
i) If TMya —5 P, then there exists Q, R, and N such that P ~; Q, Q ~¢ R, and R ~p"™Nya (so
"Mya —},~rep INya) and M —x N.
ii) If TMya —, ~xep TN a then there exists N' such that INya ="™N'ya , and M —; N'.

Proof : i) By inspection of the cases of the proof for Thm 7.1, if TM}a —, P, there are only two
cases where the reduction takes place in the interpreted term directly, and either:

"™Mya = (vc)((vxb) (TPyb |e{x,b)) | 1c(v,d).(lo:=Qy | !d-a)) =T(Ax.P)Qya: Then

(ve) ((vxb) ("Pyb | c(x, b)) | lc(v,d).(lo:=Qy | !d-a))
—x () (vexb) (TPyb |Tx:=Qy | 1b+a|!c(vd).(Tv:=Qy | !d-a))
(vx) ((v0) ("Pyb | 1b-7) [Tx:=Qy) | (ve) (fe(od). (To:=Qy [ 1d-7))
v (vx) ("Pra|fx:=Qy) |(ve) (‘e(ovd). (fo:=QJ [ 1d-a))
o (vx)("Pya|lx:=Qr) 4 TP(x:=Q)sa

&

Notice that (Ax.P) Q —xu P (x:=Q), and that congruence is needed to create a process
in which the substitution can be isolated as garbage, which needs to be removed to
obtain a process that is an interpreted term.

"™M}a="xSM1S;---M;S,(x:=N)a: By Remark 6.6, we can move the substitutions to the
outside and then, with ¢, ;1 =a and S= Sy - - S, (note that !X(w).TNyw € IS}):

IXSoM1 8- M,S,ta = (6.6) (vina,) (TxLey |Te;i=Mi-cipqr | 1SY)
4 (vynzxn)(X( ). u-cy |fe;:=M;-cit1y | TST)
= (Vi) (x(u).'u-c1 | Te;:= Mj-ciyy | X(w) INTw | 18))
= (x) (vi®a) (vw) ((NJw | tw-e1) | Tei:= Mi-ciar | TST)
RZR <V]/nlxn) (”N (o1 ‘ ”Cl Mi’ci+luL ‘ ”SML)

ﬂZ\”\/Il M SLEI = ﬂZ\[S()]\/Ilsl’”]\/Insnj“ﬂl

and xSoM1S1--- My S, (x:=N) —xu NSoM1S1--- M, S, (x:=N).. The two steps where
congruence is used are mainly for elegance, and not necessary for the proof.
Otherwise, reduction takes place inside an interpreted term, and the proof then follows
by induction. By Remark 7.4, no other synchronisations are possible inside an interpreted
term.
if) Notice that, in part (i), if "Mya — P, then there exists N such that TMya —},~ep 'Nya
and that also M —%4z N. The result follows by induction on the length of the reduction
path, using the first part. Notice that renaming and garbage collection (that involves
processes that are inactive with respect to synchronisation) can always be postponed until
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at the end, and that the final step with ‘~;" is only needed to obtain the right syntactic
presentation of N. Moreover, some of the intermediate processes might correspond to
interpreted terms, but perhaps with the substitutions in the wrong place (as in the second
case of proof of the first part, where the interpreted substitutions get moved for notational
convenience); through congruence they can be brought to the right place, to correctly
represent the result of reduction. O

In fact, it is easy to check that congruence plays no part in the proof of Thm 7.1 other than to
simplify the presentation of the processes or to prepare garbage collection.

We can also show that standard reduction with explicit substitution, ‘—,’, is preserved
under our encoding by weak bisimulation. Note that this result is stated for ‘=", not ‘=,
and that it does not show that the encoding of terms is related through reduction.

Theorem 7.6 Forall M,N € Aux, if M =x N, then TMja ~TNja.

Proof : By induction on the definition of ‘=4’; we only show some of the cases that are different
or not included in the proof of Thm 7.1.

x(x:=N) = N:Tx(x:=N)ja 4 (vx)("x;a|’x:=N}) 4
(vx) (x(u).!u-a | 1X(w)."Nyw) —x (x) (vw)(lw-a|'Njw)|(vx)(!X(w).]Nyw) =g
(vw) (lw-a |INyw) ~x Nia

(PQ)(x:=N) = (P(x:=N))(Q(x:=N)): "(PQ) (x:=N)a 4
(vx) ((ve) ("Pyc | 'c(v d).(M: —QU | 1d-a)) | !x(w ) Nyw) ~ (2.5:6)

(ve) ((vx) ("Pyc | Tx:=Ny) | (vx) (te(v,d).(10(w)."Qyw | d-a) | Tx:=N})) =~ (2.5:8)
(ve) ((vx) (TPyc | Tx:=N7y) | te(vd).((vx) (19(w).TQyw | Tx:=Ny) | d-a)) =~ (2.5:9)
(ve) ((vx) (”P]L ]”x =N})|'c(vd).(!o(w).(vx) ("Qfw | Tx:=Ny) | !d-a)) &
(ve) (TP {(x:=N)yc|!c(v,d).('0(w)."1Q(x:=N);w | d-a)) 4
(vc)(”P(x: c|'c( ,d).(lo:=Q(x:=N)}|!d-a)) A

(ve) (TP (x: :N c | Ic: —(Q(x:N))-aﬁ) A
"(P(x:=N))(Q(x:=N))ya

(PQ) (w:=N-7) — ( <zx —N-7)) (Q{a:=N-7)): (PQ) (wi=N-7)ta A
() (ve) (TPEe |Teim Quat) | o= Ny 2
(va) ((ve) (TPyc |te(vd).(lo:=Qy | 1d-a)) | 'a(v,d).(!D(w).]Nyw | 1d-7)) ~ (2.5:1)
(ve) ((va) ("Pyc [ fa:=N-7y) |(va) (!c(o,d).(fo:= Qv | ld-a) | f:=N- 7)) ~ (2.5:4)
(ve) ((va) ("Pre|la:=N-v1) [ !e(vd).((va) (1o(w).[Qrw | Ta:=N-vy [ !d-a))) ~ (2.55)
(ve) ((va) (Prc |fa:=N-75) | Le(v,d).(‘0(w). (va) ('Q;w | fa:=N-7y) | 1d-7)) £
(ve) (TP{a:=N-y)rc|!c(v,d).('o(w).1Q(a:=N-y);w | d-a)) 4
(ve) ("P(a:=N-7);c|le(vd).(Tv:=Q(a:=N-7)y|!d-a)) 4
(ve) (1P (w:=N-7) ke | fe:= (Q(a:=N-7))-al) A
(P (o= Noy)) Q=N

M — N=LM— LN:"LMja & (vc)("Lic|c(v
(ve)("Lyc|c(v,d).(To:=Nj |!d-a) |Tc:=N-ay
M— N= L{(x:=M) — L(x:=N): TL{x:=M)y
(vx)("Lya |!'%(w)."/N;yw) 4 TL{(x:=N)ja
The steps to a reflexive, transitive closure and equivalence relation follow directly from the
fact that ‘~’ is a congruence, as in the last two parts shown above. O

d).(l:=Mj |!d-a)|Tc:=M-ay) =~ (IH)
A ILNla
A

'>
a (vx) ("Lya|!'x(w)."Mjw) = (IH)

Notice that, for the inductive cases, we apply induction to a process occurring under guard,
so need that ‘~’ is a congruence, so Lemma 2.5 alone is no longer sufficient.
Now the following is an immediate consequence:

Theorem 7.7 (SEmMANTICS) Forall M,N € Ay, if M =g, N, then TMya ~ TN 7a.
Proof : By induction on the definition of ‘= ﬁy’. The case M —>§]4 N follows from the fact that
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then, by Proposition 4.3, also M —x N, so by Thm 7.6, we have TM}a ~ TN }a. The steps to an
equivalence relation follow directly from ‘~’. O

Notice that it is clear that we cannot prove the exact reversal of this result, since terms
without head-normal form are all interpreted by a process that is weakly bisimilar to 0 (see
also Lemma 8.7), but are not all related through ’:ﬁy’. However, similar to [51} 52], using a
notion of weak equivalence we can deal with the reverse part and will do so in the last sections
of this paper.

We can show that interpretation of terms in —yy-normal form are in normal form as well.

Lemma 7.8 If Nis a —xy-normal form, then TNy a is irreducible.
Proof : By induction on the structure of terms in —yy-normal form.
N=xM;S;---M,S, (n>0): IxM18;---M,S,fa 4,= (6.6)

(vfuttn) - (vinar) (ve) (e [ fer:=(Mu)-coy [ -+ | Ten:=(My)-ay [ 1815 | --- [ 18u))

Since Ixfep A& x(u).!u-cy
fe;:=(M;)-ciy1y 2 lei(vd).(1o(w)."M;;w | 'd+ci77)
ﬂy]'Z:Z\/v]'ﬂLGSZ' 4 ?](w)”N]jw
A

”06]'12 ]’)/]ML € S; !lX]' (U,d)('@(w)”P]ﬂLw ’ 'd»’)f_])
all TM;yw, 'Njyw, and "Pjyw appear under input, so no synchronisation inside one of
those is possible; since all ¢; are fresh, all are different from x and no synchronisation is
possible over any of the c;. Since x does not appear in any of the §;, also no synchronisa-
tion over x is possible. So this process is in normal form.
N=Ax.N'": Then "Ax.N'}a & (vxb) ('N'}'b|a(x,b)), and, by induction, N’} b is in normal form;
since b is fresh and a ¢ IN'[b, that process does not input over a, so FAx.N'}a is in normal

form.
N=pua.[B]N’ (x# BV a €N N #uy.[6)N"): Then Tua.[f]N';a & TN’} B{a/a}; this case fol-
lows immediately by induction. O

Notice that fua.[B]uy.[6]Nya = INyd{B/v}{a/a}, which is in normal form, so some re-
ducible terms in Apux are mapped to processes in normal form; this does not contradict the
above result, of course.

We can now show the following termination results:

Theorem 7.9 (TERMINATION) i) If M —M N, then TMLall .
ii) If M =g N, then M} al .

Proof: i) By Lemma 7.8, if N is in explicit head-normal from, then INya is in normal form.
By Thm 7.5, there exists P such that TMja —} P with P ~y, INja. It might be that
in the ‘~-part, synchronisations take place; we can add those to the ‘—}’ steps and
can assume that we have TMa —} P with P ~g, Ny a, and the latter does not involve
synchronisations, so normal forms are preserved. So P is weakly bisimilar to a process in
normal form, and in establishing that relation, no synchronisations are needed; remark
that, in the proof of Thm 7.5, ‘~¢" only removes irreducible processes (in normal form).
This implies that P is in normal form.

ii) By Proposition 1.8, there exists L in HNF such that M —>§‘[ L; by Lemma 5.4, there exists N
such that M —¥; N; by the previous part, TMall . O

Notice also that this result is stronger than the formulation of the termination result for
Milner’s interpretation in [52] (or any other), since it models reduction to head-normal form,
not just lazy normal form.

Since terms that have a normal form have a head-normal form as well, Thm 7.9 immediately
leads to:
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(ve) ((vab) (Txxy b | c(x,b)) | lc(vd).(Tv:= Ay | 1d-a))
(vx) (xta | Tx = AF) [ (ve) (= Ava)
§ ) (Txxya| ”x::AﬂL)

Q
o

x(u).lu-t | te(vd).(

)
( .= L\'d»a))\!f(W)%vyb)(”yyﬂwam )))
w)gvy (”yyﬂbl c(yb))|!

c(vd).(fo:=x; [ 1d-7)) | Tx:=Ay)

S|

—

=
NSRS

) (yyEb Ty = vk |1 | Fx:=AL) | (ve) (fe:=v-a}))
((ve) (y 1)1z | Feimy-ab) | ()T Ew) | i AT)
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Figure 4: Running f(Ax.xx) (Ax.xx)y a

Corollary 7.10 If Mg, then TMyall .

8 Weak reduction for Ay and Apux

It seems widely accepted that bisimilarity-like equivalences have become the standard when
studying interpretations of A-calculi into the 7r-calculus. This creates a point of concern with
respect to full abstraction. Since AA and Q202 (where (2 = Ay.yyy; we will use (2 again below)
are closed terms that do not interact with any context, they are contextually equivalent; any
well-defined interpretation of these terms into the 7t-calculus, be it input based or output
based, will therefore map those to processes that are weakly bisimilar to 0, and therefore to
weakly bisimilar processes. Abstraction, on the other hand, enables interaction with a context,
and therefore the interpretation of Az.AA will not be weakly bisimilar to 0. However, in any
standard model of B-reduction of the A-calculus, the terms AA and Az.AA are equated since
both are meaningless (they are both unsolvable [57, 58]]). We therefore cannot hope to model
normal Bu-equality in the r-calculus in a fully-abstract way; rather, we need to consider a
notion of reduction that considers all abstractions meaningful; therefore, the only kind of
reduction on A-calculi that can naturally be encoded into the 7r-calculus in a fully-abstract
way is weak reduction.

Example 8.1 Consider the reduction of AA that was given in Example 5.5; by Thm 7.1, we have
that TAA}a =~ Tzz (z:=y) (y:=x) (x:=A) a as shown in Fig. 4; notice that the individual steps
of the reduction in “—;;" in Example 5.5 are respected in Fig. 4 This reduction illustrates that
the interpretation of AA reduces without creating output over a — that name always occurs
inside a sub-process of the shape

fe:=y-ay 4 !c(v,d).(”vrzyﬂld*ﬁ)

and does not input, since all occurrences of variables are always bound, so TAA;a is weakly
bisimilar to 0 (see also Lemma 8.7). Therefore,

z.AALa A (vzb) (TAALb | a(zb)) =~ (vzb)(0]|a(zb)) =~
(vzb) (T1QQ ;b |a(zb)) A Az.QO0fa

So, for full abstraction, we are forced to consider Az.AA and Az.Q2(2 equivalent and both
different from AA, and therefore, we need to consider weak equivalences on terms.
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We will now introduce the correct notions in the various version of Ay we consider here.

Definition 8.2 (Weak REDUCTION) We define the notion “—4," of weak Bu-reduction as ‘—py,
in Def. 1.4, the notion ‘—y" of weak head reduction on Ay as “—y” in Def. 1.7, and the notion
‘—wxu’ of weak explicit head reduction as ‘—y” in Def. 5.1, in each case by (also) eliminating the
rule:

M— N = Ax.M — Ax.N

Notice that we have chosen not to use the moniker ‘lazy’ but rather call these notions
‘weak’; for lazy reduction the natural choice would have been to also eliminate the rule (AS) :
(Ay.M)S — Ay.(MS).

Since in our interpretation abstraction is modelled using an asynchronous output, however,

(vX) ((vyb) ("Myb | a(y,b)) | 1Sy)
(vyb) ("MS; b |a(x,b))

"(Ay.M)Sya 4 (vx)(TAy.Mia|'S})
(vyb) (vx) ("Myb |TS}) [a(x,b))
"Ay.(MS)ya

A
4

[l

the step AS is modelled under our interpretation regardless; allowing it does not alter the
structure of the proofs much, apart from the fact that then we would have (Ax.M)S as a term
in explicit weak head normal form, rather than Ax.M as we have below, which has a knock-
on effect on a number of definitions below. For a notion of explicit lazy reduction for the
A-calculus, see Def. A.2.

We can show the following property.

Lemma 8.3 i) Let M,N € Au; then M —, N if and only if there exists N’ € Ayx such that M —
N', and N' - N.
ii) For M,N € Aux: if M s N, and M —1 M’ and N —% N, then M' — N/

Proof : Straightforward, similar to Lemma 5.4. O

We define the notion of weak head-normal forms, the normal forms with respect to weak
head-reduction:

Definition 8.4 (WEAK HEAD-NORMAL FORMS FOR Ay AND Aux) i) The Ay weak head-normal forms
(WwHNF) are defined through the grammar:

H, = Ax.M (M€ Ap)
| xMy---M, (n>0,Vien(M;€Ap))
| pa.[B|Hy  (a# B ora € Hy, and Hy, # py.[0]HYy)

We say that M has a wHNF if there exists Hy, such that M — i Hy,.
it) The Aux weak explicit head-normal forms (WxHNF) are defined through the grammar:

Hy, = Ax.M (M € Aux)
’ xMq8q--- M, S, (Tl >0,Vien [x Z8;, M; e Ayx,
ceES, =c¢ efv(xM1sl---MiSi)])
| pa.[B] Hux (a # B or & € Hyy, and Hyx # p7y.[6] Hypx)

We say that M € Aux has a WxHNF if there exists Hyx such that M —jxy Hy.

As before, it is easy to verify that wHNFs are the normal forms of weak head reduction.

The main difference between HNFs and WHNFs is in the case of abstraction: where the
definition of HNF only allows for the abstraction over a HNF, for wHNFs the body can be any
term. For example, both Az.AA and Az.Q2(2 are in WHNF, but not in HNF. In fact, both terms
have no HNF.

Since ‘—yxu” € ‘—xu’, We can show the equivalent of Proposition 1.8 and Thm 7.2 also for
weak explicit head reduction.
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Proposition 8.5 If M —>E]4 N with N in WHNE, then there exists Hy, such that M —!y Hy, and Hy, —>;§V
N without using "—yy’.

Theorem 8.6 i) If M —jxu N, then TMya ~Na.
ii) If M ftyxu, then TMya .

We can show that the interpretation of a term without WHNF gives a process that is weakly
bisimilar to 0.

Lemma 8.7 If M has no WXHNF (so M also has no WHNE), then TMya ~ 0.

Proof: We will show that the interpretation of a term with a weak explicit head-redex has no
input or output; since terms without wxHNF can only reduce (by contracting the head-redex)
to a term without wxHNF, the interpretation of a term without a wxuNF will never input or
output, and therefore be weakly equivalent to 0.

If M has no wxHNF, then M has no leading abstractions and all terms generated by reduction
have a weak explicit head redex. If M = ua.[f]N and "N} B{a/a} = 0, then also "Mya ~ 0;
therefore we can assume M itself does not start with a context switch.

Let M = RSoP;S; - - - P,S, with n > 0 and each S; possibly empty, and let S= Sy S;- - -S,,, and:

) ((vE) ("Ryer [Te;:=Py-civ1y) | 1SY)
d) < ( ) ﬂPluw ’ 'd*CZJrl)
w)

W‘; | oy (v,d).(To:=Tyy | ]gbﬁ)

"Mya =(6.6) (vay
leii=Pi-civiy 2 ey,
TSt

where c,,+1 = a. Notice that all inputs and outputs in the interpretation of the substitutions are

over bound names or under guard and that the only part of this process which might input

our output is TRy c;. We reason by coinduction on the infinite reduction path and distinguish

the possibilities for the first reduction step. We show the more interesting cases:

(B): Then R = Ax.K, n > 1, and M contracts to K(x:=P;)$PS;---P,S,. By coinduction, the
process

; = (v W)((VC)(( x) ("Kyer [ 'x(w)."Pryw) [ Tej:=Pi-ciyar) [ 1S))

does not exhibit inputs or outputs, so, in particular, (vay) ((v¢) ("Kjc1)) does not (notice
that ¢; € ¢ is bound). Then neither does (v@ycxb) ("Kyb) in TMjya.

(#p): Then R = pa.[a]K, and n > 1, and M contracts to (pu7y.[y]K(a:=P;-y)P;1)S$:P28;- - - Py S
By coinduction, the process

M(uy.[yyK{a:=Py-y)P1)S$2P2Sy - - - PySy)a
¢) ((ve') ((va) ("Kyc" | Ta:=Py-yy) [ " := Pr-yy) {e1/v} | Tei:= Pi-ciy1y) | TST)
ve) ((ve) ((ve) ("Ky ¢’ | Ta:=Py-cqy) | I :=Py-c1y) | Fei:=Picit1y) | TSY)

does not exhibit inputs or outputs, so, in particular, (vaycc’) ('K ¢’ {c1/v}) (the only one
sub-process that could) does not, and thereby neither does (vaycc’) (TK}c'), so neither
does (vayec’) ("Kya) so also

(vay) ((ve) ("Kya | Ta:=Pr-cay |Tei:=Pi-ciy1y) | 1Y)
= (vay) ((ve) ("Kya{er/a}|Ter:=Pri-coy | Te;:=Pi-cip1y) [ TSY)
~p (vay) ((ve) (FKKya{c1/a} |Tc;:=P;-civ1y) | TST)
4 ”(;lllX.[Déj‘K)P1SzP2$1 o -PnSn]a

does not.
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IAAYa = T(Ax.xx)Afa A (ve) ((vab) (Txx[b |S{x,b)) | c(y, )(”v =Ay|!d-7a))
—(c) (vxb) (Fxxyb |Tx:=Ay | !b-a) \(vc)("c(v d).(lv:=Ay | !d-a))
4 ~g (vab) ((ve) (x(u).lu-c|'c(v,d).(To:=xy | 'd-b))|! ( ).TAyw | 1b-7)
() (vabe) () (- | (o). (o=t 1-5) | (vy) (yy b | D)) | =k | 10-7)
() (vab) ((ve) (vyb) (yytb | E(,b)) | Lclod). (oi=xE | 1d+D) [ TvimAF | 1b7))
—(c),~c (vab) ((vybr) (Tyyy by [Ty:=2xy | 1b1-b) | Tx:=Ay | 1b-7)
A (vab) ((vybr) ((ve) (y(u).tu-t | Le(od). (fo:=yy | 1d=by)) |

y(w).Txyw | 1by+b) | Tx:=Ay | 1b-~7)

() () () ((v0) (-2 | teod). (oimyt [ 1d-Dy)) | Ixbao|
_ Tyi=xy|1by=b) |Tx:=Ar | 1b-a)

4 (vxb) ((vybr) ((ve) (w-e | te(vd).(Fo:=yy | 1d~br)) | _
x(u).\u- | Ty:=xy | 'b1~b) | Tx:=Ay | 1b-7)

= (vxb) (vyby) (v0) (1< | te(od). (oimy? | D)) | x().lu- |
"y:=xy|1by+b) | 'X(w).(vzb) (Tzzy b | W(z,b)) | Tx:= Ay | 1b-a)

= (x,w1,w,¢) (vab) ((vybr) ((vzba) (Tzz5 by | Tzi=yy [ 1by=b1)) | Ty:=xy | by +b [ Tx:= A | 1b-7)

Figure 5: Running TAA} a without renaming, but using garbage collection.

(pr): Then R = pa.[B]K, and M contracts to (u7y.[B]K{(a:=P;-))S$2P28:---P,S,. Since, as in
the proof of Thm 7.1,

(‘LHX [‘B] )Plszpz PnS,Ja
A= (vag) ((ve) ((ver) (e [BlKEer | Ter:= Pr-cat) | Tr=Praims?) |1%)
4 (vay) ((ve) (Kypler/a} |fer:=Py-coy | Tej:=Pi-citay) | 18y)
=0 (vay) ((ve) (K}B|fa:=Py-cok | Tei:=Prcii1t) | IS}
A (vay) ((ve) ((va) (KEB | Tai=Proy}) fea/7} e =Picia)) | TSY)
A = (uy.[B]K(a:=P1-y))S2P2S1- - PySy 1 a

the result follows immediately by co-induction.

(hv): Then R = x and (x:=N) € S, and M contracts to NSyP;$; - --P,S,. By coinduction, the
process
NSoP1S:---PySpya 4 (vay) ((ve) ("Nyer | Te;:=Pi-ci1y) | 1ST)

does not exhibit inputs or outputs, so, in particular, the process
ﬂJCS]PlsszS]'"PnS;“L é,E (V&?) ((1/5) (x(u).!u»ﬁ | ﬂCZ'2:131"CZ'_|_“L) | f(w).”NﬂLw ’ ﬂSUL)
where x € 7, does not. O

The reduction without renaming of "AAya is given in Fig. 5, and shows that the interpreta-
tion of AA reduces without creating output over a.

As a direct consequence of Lemma 8.7, as for Milner’s and Sangiorgi’s interpretations, our
interpretation is not extensional, since TAAT a =~ 0, whereas

Ax.AAxfa A (vxb) ("AAx;b|a(x,b)) % o.

We can show that if a term reduces to an abstraction (perhaps with a preceding context
switch), then its interpretation creates an output, and that if it runs to a term with a head
variable, its interpretation creates an input.

Lemma 8.8 i) If M —1 o Ax.N, then TM*a | a.
ii) If M = pa.[B]Ax.N, then TMEa |l B.
iii) If M =3 xN1S1- - -NuS, or M —2s . [B]xN1 81 - - N, Sy, then TMEa |} x .

Proof : Since "—xu” C ‘—%u’, this follows from Thm 7.1, and the observation that the resulting
processes (obtained by encoding the normal forms) do indeed exhibit the input or output.

39



As to the reverse, we can show that if the interpretation of M produces an output, then M
reduces by head reduction to an abstraction; similarly, if the interpretation of M produces an
input, then M reduces by head reduction to a term with a head variable.

Lemma 8.9 i) If TMya\la, then there exist x, N € Aux such that TMya ~TAx.Nya, and M -

Ax.N.

i) If IMyallc, with a # c, then there exist a,x,N € Aux such that TMja ~ Tua.[c|]Ax.N}a 4
"Ax.NEc{a/a}, and M =3 pa.[c]Ax.N.

iii) If TMya ) , but TMya |l x, then there exist Ny,...,Ny, c, and Sy,...,S, with n > 0 such that:
—T™Fa ~T™xSyN;S;--- N, Sulc;
- M—)%HxSONlﬁmN Snifa=c
- M =M na. [c]xSoN1 Sy - - - NSy, if a # c.

Proof : i) By checking the proof for Thm 7.5, we observe that if TMa exhibits an output, then,
using explicit head reduction, M reduces to an abstraction. But then M also runs to
an abstraction using weak explicit head reduction, so there exist x, N such that M -
Ax.N. Since ‘= yxua’ C ‘—xu’, also M —3y Ax.N, and by Thm 7.1 we get "TMya ~ TAx.Nya.

ii) As in the previous case; the output name can only change because of a context switch.

iif) If "M} a runs to a process that inputs, but does not output, then by the proof for Thm 7.5
and Remark 7.4 M runs to a term with a head variable and without outermost abstrac-
tions. But then there also exist Ni,...,N,, ¢, and Sy, ...,S, with n > 0 such that M —"
xSoN1S1--- N, S,,. Since also M —5%u xSoN1S1- - NSy, we get TMya ~TxSoyN1S;--- N, Sy a
by Thm 7.1. The case a # c is similar. O

9 On renaming

By Thm 7.1, renaming might be used during the simulation of Ay-reduction. However, in this
section we will show that we can do without renaming when simulating lazy reductions for
closed terms, thereby emulating Milner’s result (Thm 3.3). As a consequence, it is safe to say
that renaming is the price we pay for the capability to deal with reductions under abstraction,
and thereby that of open terms. As an illustration of this fact, notice that, as shown in Fig. 6,
we can run the 7r-process f(Ax.xx) (Ay.y)ya without using renaming; there we perform the
two substitutions without resorting to the renaming of outputs of translated A-terms. Notice
that we could also have postponed all '~ steps until the end.

Example 9.1 When modelling head reduction, we cannot do without renaming completely, not
even for closed terms:

"Ax.(Ay.y)xra & (vxb)((ve) ((vyb )(%b’lT ') | le(vd).(fo:=x; | 1d-D)) | a(x,b))
=~ (vab) ((vyb') (Tys b [Ty:=x [ 10'=b) [a(x,b))
A (vxb) ((vyb) (y (u).Lu-b' | 1 (w).Txyw | 10'+b) | a(x,b))
—,~ (vab) ((vb') ((vw) (lw-b' | TxFw) | 1b'~D) | a{x,b))
2 (vab) ((vb') ((

)
vw) (tw-b' | x(u).\u-~w) | !b'~b) | a(x,b))
(

We would like this to reduce to (vxb) (x(u).!u-b|a(xb)) 4 \x.xla, but it cannot; the last
process above is irreducible. We would therefore need renaming to achieve

(vab) (vb') ((ve) (tw-b | x(_) lu-w) | 1'~D) |a(x,b))
w (vxb) ((vb') (x(u).tu-b" [ 10'+b) | a(x,D))
x (vab) (x(u).'u~b|a(x,b)) 4 TAx.xja

However, we can show that we do not need renaming when interpreting a weak reduction to
normal form on closed terms, as defined in Definition 8.2.
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M(Ax.xx) (Ay.y)ya
A (ve) ((vxb) (Txxyb|E(xb)) | lc(od).(To:=Ay.yy | 1d~a))
—n(c) (vx) (Mxxyb|Tx:=Ay.yy | b-a|(ve) (lc(vd).(To:=Ay.yy | d-b)))
~c (vx) (Txxyb |Tx:=Ay.yy | b-7) .
A (vx) ((ve) (x(u).!u=t | Lc(od).(To:=xy | 1d-b)) | 'X(w).My.yyw | b-7)
= (x), & (vab) ((ve) ((vw) ((vybr) (Tyy by | @(y,br)) | 'w-7) | !C(U/UZ)-(”vi:ﬂML | d*’b))‘\ |
B x::/\y.y} b-a
= (w),~e (vxb) ((ve) ((vybr) (Tyy by |y, 01)) | te(vd).(To:=x} |d=b)) | Tx:=Ay.yy | b-7)
(€, A (1) ((v) (y ()L 1y ) Tx o by ) | 5(0) TAyfo)
= (y) (vab) ((vbr) ((vw) (w-by |Txyw) [(vy) (Ty:=xy) |b1=b) |Tx:=Ay.y, [ b-7)
A~ (vab) ((vby) ((vw) (w-by | x(u).!u~w) | by+b) |
T(w) My.yywr | 1% () My.y5w | b-7)
—r (x),~

e (vb) ((vwr) ((vbr) ((vw) (w-by | w1-T) | bi+b) [ TAy.yy w1) | b+7)
(48 ((voy) (vyb) (v (w1 | 01) | by +B) | (vyba) (P b | 5, 2)) | b-7)
— (wiwbib), £ (vyby) (Tyyba [a(y,b2)) 2 My.yya
Figure 6: Running M(Ax.xx) (Ay.y);a —% TAy.yy a without renaming.

(1>

Theorem 9.2 (|- PRESERVES ‘—yxy’ WITHOUT RENAMING) If P is a closed Apx-term, and P —nf
Q (so either Q = Az.Q" or Q = pw.[a]Az.Q’, with a € Q), then there exists P such that TP} a —>7Tf
and P ~¢,~p"Qra

Proof: We follow the structure of the proof of Thm 7.1, where we focus on the cases that use
renaming. Since Tua.[a|P'fa A TP';a{a/a} =TP'{a/a}}a, we can assume that P does not start

with a context switch.
P — ()\x.M)NSlMZSZ' . 'Mﬂsﬂ: Let S: Sl .. .Sn.

ﬂ(/\JC M)NS]Mzsz MnSMLCnJrl
A ,=(6.6) (vyac)("Ax.Mycq |Te;:=M;-cii1r | TST)

= (vyac) ((vbx) (TMyb | c1(x,b)) | lc1(v,d).(To:= Ny | 1d-22) | Tej:= M;-cit1y | TSY)
—r(c1)  (vyae) ((vbx) ("Myb | Tx:=Nj | 1b-c3) | (ver) (Tep:=N-cay) | Tej:=M;-ciz1y | TSY)

At this point the proof of Thm 7.1 uses renaming to obtain TM e, since it might be that
M evaluates to a variable y. All synchronisations in the later process take place inside
"My b, until that process outputs (on b). By Thm 7.5, we know that TM b will run to P
such that P ~pep INEFD with M —1, N.

Since P = Q, P has a WxHNF, the —yyu-reduction on M terminates as well, and N
is either an abstraction, an applicative term starting with a variable, or either one of those
preceded by a context switch.

In case M evaluates to an abstraction Ay.M’, or ua.[a]Ay.M' we get

(vbx) ("Ay.M';b | G|!b-2|Tx:=Ny)
(vbx) ((vyb") ("M'7 V" | b(y, b)) | G | !b-e|fx:=N})
= (b) (vx) ((vyd") ("M'7" [e(y, b)) | Tx:=Ny) | (vD) (1b-e) [ G

(vbx) (TMYb | 1b-2 | Tx:= NT)
%
é

where G is garbage, so the renaming is not necessary, and garbage collection can be
delayed. In case N starts with a variable, we find ourselves in the second case.

P=xS$M---S,M;Sy+1, with (x:=N) € S, for some 1 <k <n+1:

U.XSlM] SnM Sn+1icn+] = <66)
(vya) (Txyeq | Tej:=M;j-civ1r | TST) A = (1x%(w).INfw e IS})
( ) (x(u).tu-cy |Te;:=M;j-civ1y | X(w). INyw | TS)) —x (x

vy
(vya) ((vw) ("Nyw | 'w-c7) | Tej:=M;-ciy1y | 'ST)
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Also at this point the proof of Thm 7.1 uses renaming. In case N evaluates to an
abstraction we get a situation similar to the previous case. Otherwise, it reduces to (a
term starting with) a variable bound by a substitution, which is dealt with in this case ™

So weak explicit head reduction on a closed Aux-term P either generates an (interpretation
of an) abstraction before a forwarder, or a (term starting with a) variable before a forwarder,
that eventually will be replaced by an abstraction.

So, when simulating weak explicit reduction to normal form on closed terms, renaming can
be postponed, and the relation ‘~y” is not needed.

10 Weak equivalences for Ay and Aux

We will now define notions of weak equivalences ‘~," and ‘~y" between terms of Ay, and
‘~wxe’ between terms of Apx (the last two are defined coinductively as bisimulations) that are
based on weak reduction, and show that the last two equate the same pure Au-terms. These
notions all consider terms without wHNF equivalent.

First we define a weak equivalence generated by the reduction relation “—,".
Definition 10.1 We define ‘~p," as the smallest congruence that contains:

M, N have no wHNF = M ~ypg, N
(Ax.M)N  ~qyp M{N/x}
(ua.C)N ~wpp uy.C{N-y/a} (v fresh)
pec [Blpy.[O)M ~upy pa[SJMA{B/ 7}
pafa] M ~ypp, M (a & M)

Notice that AA ~yg, (202 since both have no wHNF, and Az.AA ~p, Az.02(2 since both are
abstractions over terms that are in lNWﬁ%’ and that relation is a congruence, but AA # By 00
moreover, ‘~p,’ is closed under reduction.

Since reduction is confluent, the following is immediate.

Proposition 10.2 If M ~yp, N and M —jp, Hy, then there exists Hy, such that Hy ~qp, Hyy and
N —>?>lki,5H Hzlu.

Notice that Prop. 1.5 is formulated with respect to ‘=g,’, not “~yg,".

The other two equivalences we consider are generated by weak head reduction and weak
explicit head reduction. We will show in Thm 10.6 that these coincide for pure, substitution-free
Au-terms.

Definition 10.3 (WEAK HEAD EQUIVALENCE) The relation ‘~,y" is defined co-inductively as the
largest symmetric binary relation on Ay such that: M~y N if and only if either:
e M and N have both no WHNF, or
e both M =, M’ and N —2f; N, and either:
—if M =xMy---M, (n>0), then N' = xNj---N, and M; ~uy N; for all i € n; or
—if M' = Ax.M", then N’ = Ax.N" and M" ~yu N”; or
—if M' = pa.[f]M", then N’ = pa.[f]N" (so a # B or a € fu(M"), M" # u~v.[6]R, and
similarly for N”), and M" ~,; N”.
Notice that Az.AA ~yu Az.0202 because AA ~y,y; £202, since neither has a WHNF.
We perhaps need to clarify the details of this definition. The notion of weak head equiva-
lence captures the fact that, once weak head reduction has finished, there are sub-terms that

can be reduced further by themselves. This process can generate infinite terms and the equiv-
alence expresses when it produces equal (infinite) terms. However, it also equates terms that

42



have no WHNE. As can be seen from Def. 8.4, a context switch pa.[B]N is in WHNF only if N is;
so when we state in the third case that M —2f; ua.[8]M”, by the fact that this reduction has
terminated, we know that M" is in WHNF.

We will now define a notion of weak explicit head equivalence, that, in approach, corre-
sponds to weak head equivalence but for the fact that now explicit substitutions are part of
terms.

Definition 10.4 (WEAK EXPLICIT HEAD EQUIVALENCE) The relation ‘~,y" is defined co-induc-
tively as the largest symmetric binary relation on Aux such that: M ~yxy N if and only if
either:
e M and N have both no WXHNF, or
e both M =% M’ and N =%, N, and either:
—if M' =xM;S;---M,S, (n>0), then N' = xN;8}---N,,S;, (so x € S;, x ¢ S, for i € n) and
M;S ~yxa NiS' for all i € n where S=8;---S, and §' = S]---S); or
—if M' = Ax.M", then N’ = Ax.N" and M" ~yxu N”; or
—if M' = pa.[f]M", then N’ = pa.[f]N" (so a # B or a € fu(M"), M" # u~v.[6]R, and
similarly for N”') and M ~yxu N”.

Notice that pa.[B]AA ~yxu AA.

The following results formulate the strong relation between ‘~,;" and ‘~xu’, and therefore
between ‘— ;" and ‘—yxu’. We first show that pure terms that are equivalent under “~x’

4

are also so under ‘~ .

Lemma 10.5 Let M,N € Api. M ~yy N if and only if there are M, N’ € Aux such that M' —% M
and N' =% N, and M ~p N'.

Proopnly if: By coinduction on the definition of ‘~y". If M ~u N, then either:

-M =M xM;---M, and N =%, xN;---N,, and M; ~uu N;, for all i € n. Then, by
Lemma 8.3, there exist M}, N/ such that both

M ol <M{Sy ML, 2 <M My and
N —%w xNiS;---N.S, —%L xNj---N,

Let S=S;---S, and §' = /-, then in particular M}S —% M; and Ni§ —1" N;, for
all i € n; then by induction, MS ~xu N/ §' for all i € n. But then M ~yy N.
- M = Ax.P, then N —2; Ax.Q and P~y Q. By Lemma 8.3 there exists P’ and Q’

such that
M —"e Ax.P' =% Ax.P and

N =%y Ax.Q" =% Ax.Q
Then also P’ =% P and Q' = Q, so by induction P’ ~x; Q'. But then M ~yx; N.
- M =3 ué.[y]P, then N —2; 16.[y]Q and P ~yy Q; similar to the previous part.

The other cases are similar.

if: By coinduction on the definition of ‘~xy’. If there are M’, N’ such that M’ —" M and

N' % N, and M’ ~pyu N/, then either:

- M~ xM|S;---M,S,, N' =2 xN|S|---N.,S},, S=8;---S, and §' = §;---8,,, and
M!S ~yxu N/ S, foralli € n. Let, foralli e n, M'S —" M; and N!§ —" N; then by induc-
tion, M; ~uu N;, for all i € n. Let M/ = M; since we have M’ —x xM|S;---M;,S, -1
xM;j---M,, by Lemma 8.3, M —m . xM;---M,. Likewise, we have N —%; xNjp---N,,.
But then M ~,; N.

- M =% Ax.P!, N' = Ax.Q', and P’ ~ypu Q. Let P/ =% P, and Q' = Q, then
by induction, P ~yy Q. Then we have M’ — o Ax.P’ = Ax.P, and by Lemma 8.3,
M =1 Ax.P. Similarly, we have N —nf Ax.Q; s0 M ~yy N.
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- M =8 1. [y P, N' =8 16.[7]Q’, and P’ ~yxy Q'; similar to the previous part.

The other cases are similar. m
Notice that this lemma in fact shows:

Corollary 10.6 Let M,N € Ay, then M ~yxu N <= M ~yu N.

11 Weak approximation for Au

In the next section we will show our main result, i.e. that the logical encoding is fully ab-
stract with respect to weak equivalence between pure Ap-terms. To achieve this, we show in
Thm 12.1 that TMya ~ INya <= M ~uxu N. To complete the proof towards ‘~g,’, we are
thus left with the obligation to show that M ~yxy N <= M ~yp, N. In Corollary 10.6 we have
shown that M ~yxy N <= M ~u N, for pure terms; to achieve M ~yy N <= M ~yp, N, in
this section we go through a notion of weak approximation. Based on Wadsworth’s approach
[57], we define ‘~4,,” that expresses that terms have the same weak approximants and show
that M~y N <= M ~y,, N <= M ~yp, N.

The notions of approximation and approximant were first introduced by Wadsworth for the A-
calculus [57], where they are used in order to better express the relation between equivalence
of meaning in Scott’s models and the usual notions of conversion and reduction. Wadsworth
defines approximation of terms through the replacement of any parts of a term remaining to
be evaluated (i.e. B-redexes) by L. Repeatedly applying this process over a reduction sequence
starting with M gives a set of approximants, each giving some - in general incomplete -
information about the result of reducing M. Once this reduction produces a term of the shape
Ax1--Xp.yNy---Ny (a head-normal form), all remaining redexes occur in Njy,...,N,, which
then in turn will be approximated.

Following this approach, Wadsworth [57] defines A(M) (similar to Def. 11.1 below) as the
set of approximants of the A-term M, which forms a meet semi-lattice; in [58]], the connection
is established between approximation and semantics, by showing

"Mip,.p = U{TAip.p|Ac AM)}.

So, essentially, approximants are partially evaluated expressions in which the locations of
incomplete evaluation (i.e. where reduction may still take place) are explicitly marked by the
element _L; thus, they approximate the result of computations. Intuitively, an approximant can
be seen as a ‘snapshot’ of a reduction, where we focus on that part of the resulting term which
will no longer change.

We now define a weak approximation semantics for Ay. Approximation for Ay has been studied
by others as well [54, |41} I8]; however, seen that we are mainly interested in weak reduction
here, we will define weak approximants, which are normally not considered.

Definition11.1 (WEAK APPROXIMATION FOR Au) i) We define the set of AL -terms as in Def. 1.1,
but add the term constant L.

M,N == x| L |Ax.M|MN | pa.[f|M

ii) The set of Au’s weak approximants A, C ApL with respect to “—pg,” is defined through the

grammar:
Ay = L
| xAL---A%  (n>0)
| Ax.A, 18

| ya.[ﬁ]A_w (w#Porac Ay Ay # uy.[0|Al, Aw# L)
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iii) The relation ‘C” C Au 1?2 is defined as the smallest preorder that is the compatible exten-
sionof L C M, i.e.:

1 C M
x T x
MCM = Ax.MCAx.M & uy.[6|MC uy.[6]M

M; T MAM; C M, = MM, C M, M)
iv) The set of weak approximants of M € Ay, Ay(M), is defined through:

Ao(M) A {Ay€Ay|INEAU( M5, NAA,CN)} 2

v) Weak approximation equivalence is defined through: M ~4, N 2 A, (M) = A,(N).

Notice that if A1 C M; and A, C M>, then AjA; need not be an approximant; it is one if
A1 = xAl--- A, perhaps prefixed with a context switch of the shape pa.[]. Moreover,

Aw(Az.AA) = {LAz. L} = Au(Az.00Q)
Aw(pa.[plAr) = {1} Aw(44)

Weak approximants are also the normal forms with respect to the notion of reduction on
AuL-terms that is the extension of ’—>ﬁﬂ’ by adding the reduction rules:

iIM — L
pa.[flL — L

(so not Ax.L — 1) but this will play no role in this paper.
The relationship between the approximation relation and reduction is characterised by the

following result:
Lemma 11.2 i) If A,y T M and M —>2§V N, then A, T N.

ii) If Ay € Ap(N) and M —}, N, then also Ay € Ay(M).

iii) If Ay € Ayp(M) and M —pu N, then there exists L such that N —>2§V Land A, C L.

iv) M is a WHNF if and only if there exists A, # L such that A, T M.

v) M has no wHNF if and only if A,(M) ={_L}.
Proof : Easy. O

We could have defined the set of approximants of a term coinductively.

Definition 11.3 We define A" (M) coinductively by:

If A, C M, then A, € AY(M).

o if M —iu xMy--- M, (n>0), then A®(M) = {xAL---A | Vien (A, € AY(M))) }.
if M —4u Ax.N, then AY(M) = {Ax.Ay | Ay € AY(N) }.

if M =} pa.[B]N, then AY(M) = { pa.[B|Aw | Aw € AY(N) }.

We can show that these definitions coincide:

Lemma 11.4 AY(M) = Ay (M).
Proof :C: If Ay € AY(M), then by Def. 11.3 either:

18 For ‘normal’ approximants, case Ax.A demands that A # L, as motived by the relation with Deo. We explicitly
drop that restriction here.

19 Notice that we use ‘—py” here, not “—,g,,’; the approximants are weak, not the reduction.
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Ay C M: Immediate.
Ay = xAL-- AL Then M —}y x M - - - M, for some My, ... M, with Al, € AY(M;), for every
i € n; by coinduction, also Afv € Ay (M;). Then, by Def. 11.1, for every i € n there exist
M. such that M; — by M and Al C M.. Since ‘—iu" C ‘—f,/, in particular M —j,
xM,---Mj; we have Ay, C xM]---M), so Ay, € Ayp(M).
The other cases are similar.
D:If Ay € Ay(M), then by Def. 11.1, there exists N such that M —>2§y N and Aiu C N. Now
either:
Ay C M: Trivial.
Ay = xAL---A: Since xAl---A” C N, N = xNj---N,, for some Ny, ..., N,, and A}, C N;,
for every i € n. Then by Def. 11.3, Al € A¥(N;), for every i € n, and by induction,
A;, € Ay(Nj). By Lemma 8.5, there exist My, ..., M, such that M —jy xM;---M, —>z§ﬂ
xNjp---Ny; so in particular M; —>l’§y N;j, for every i € n. Then by Lemma 11.2, A} €
Ay (M;) and by Def. 11.3, A, € A”(M).

The other cases are similar. O

As a consequence, below we will use whichever definition of approximation, A“(M) or
Ay(M), is convenient.

As is standard in other settings, interpreting a M € Ay through its set of weak approximants
A, (M) gives a semantics.

Theorem 11.5 (WEAK APPROXIMATION SEMANTICS) If M =g, N, then M ~4,, N.
Proof: M =g, N \ Ay € Ay(M) = M=, NANIL(M—p,LNAL,CL) = (1.5)
JLK (L —p KAN—p, KANA, T L) = (11.2) 3K (N —p, KA A, EK) =
Ay € Ay(N) 0

The reverse implication of this result does not hold, since terms without wHNF (which have
only | as approximant) are not all related by reduction. But we can show the following full
abstraction result:

Theorem 11.6 (FULL ABSTRACTION OF ‘~yp;, VERSUS ‘~4,,") M ~ygy N if and only if M ~y4,, N.

Proof : if: By coinduction on the definition of the set of weak approximants. If A,(M)={Ll} =
A (N), then by Lemma 11.2 both M and N have no wWHNF, so M ~uwpu N. Otherwise,
either:
xAL- - AL € Ay (M) A xAL--- AL € Ay (N): By Def. 11.3 there exists My, ..., M, such that M =/,

xMj---M, and Al € A, (M;). Likewise, there exist Ny, ..., N, such that N —%; xNp - --N,,
and Al, € Ay (N;). So, for i € n, Ap(M;) = Ay (N;) and by induction M; ~wpu Ni. Since
‘~wpy 1S a congruence, also xMj--- My ~p, XN1---Ny; since ‘~yp," is closed under
reduction ‘—,g,/, it is also under ‘—yy’, and we have M ~yg, N.

The other cases are similar.

only if: As the proof of Thm 11.5, but using Proposition 10.2 rather than 1.5. O
We can also show that weak head equivalence and weak approximation equivalence coin-

cide:

Theorem 11.7 M ~yy N if and only if M ~y4,, N.

Proof : only if: By coinduction on the definition of “~".

M and N have no waNE: Then, by Lemma 11.2, A, (M) = {L} = A,(N).
M —%u xMy---M,,: Then also N =y xNj - - - N, and M; ~yu N; for i € n, and by coinduction,
M; ~4,, Ni, so Ay(M;) = Ay(Nj). Then, by Def. 11.3, we have A, (M) = Ay (N).
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The other cases are similar.
if: By coinduction on the definition of the set of weak approximants.
Ap(M) ={L} = Ay(N): Then, by Lemma 11.2, both M and N have no WHNE, s0 M ~u N.
Ay = xAL---A": Then M —y xM;---M,, and Al € A,(M;), for i € n. Since A,(M) =
Aw(N), also N =y xNy---N,, with Al € A,(N;), so Aw(M;) = Aw(N;). Then, by
coinduction, M; ~yu N; for every i € n, so M ~yyu N.

The other cases are similar. O

Taking “LI” as the (partial, compatible) operation of join on terms in A, generated by L LA, =
Ay, we can also define TM 4., = LI{ Ay | Ay € Ap(M) }; then Iy 4~ corresponds to the (Ap-
variant of) Lévy-Longo trees, and it becomes easy to show that: TM; 4, = 'N; 4,, <> M ~y,, N.
We will skip the details here.

Combined with the results shown in the previous section, we can now state that all equiv-
alences coincide:

Corollary 11.8 Let M,N € Ay, then M ~yxa N <= M~y N <= M ~y,, N <= M ~yp, N.

12 Full abstraction for the logical interpretation

We now come to the main result of this paper, where we show a full abstraction result for our
logical interpretation. First we establish the relation between weak explicit head equivalence
and weak bisimilarity.

Theorem 12.1 (FULL ABSTRACTION OF ‘A’ VERSUS “~yxy') For M,N € Aux: TMya ~Nja if and
only if M ~yxu N.
Proopnly if: By induction on the structure of terms in Aux; we distinguish the following cases.

- T™ya can never input nor output; then TMya ~ 0 ~ "™Nya. Assume M has a —yxu-
normal form, then by Lemma 8.8, TM 2 is not weakly bisimilar to 0; therefore, M and
N both have no —xg-normal form, so M ~y N.

- ™yall¢c, then by Lemma 8.9,

TMia ~ TAx.M';c A (vxb) (TM'}b|c(x,b))
M —ia Ax.M (a=c) or
M =M pafc]Ax.M' (a#c)

Since TM}a ~TN}a,also INfalc, so

Nya =~ (vab)("N';b|c(xb))
N —=imu Ax.N’ (a=c) or
N =8 pafc]Ax.N' (a#c)

Then also TM'} b ~ TN’} b, and by induction, M’ ~xu N’; so also M~y N.
-IfTMyal,, but "Mja| x, then by Lemma 8.9,

T™™MLa =~ TxM;S;---M,S,ta’ as well as
M =i xMi1S;---M,S,

Let S=S§;---S,, then we have

IXM;Sy---MySysa’ = (6.6) (veya) (x(u).tu-cy | Teji=Mi-cita1y | 1SY)

where ¢, =a’ and T¢;:=(M;)-ci1y 2 lci(vd).(!10(w).IM;;w | !d-Ci71)
ISy = Ty:=Py|Ta:=Q-By
”yj::PjﬂL % ']TJ(ZU)”P”LZU

T :=(Qx) - Bry Lk (v,d). (10(w).FQxy w | 1d-By.)
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Since TMya ~Nya, again by Lemma 8.9,

NFa =~ TIxN;---N,Sta” and
N _>'2<UXH leS{I"'NnS;,l,

with §' = §}---S),. Notice that

1xNiS,---N,SLta" = (6.6) (veys) (x(u).lu-e7 |Te;i=Ni-ep1L | 1S'Y)

where e, =a” and Te;:=Nj-e; 1r 2 lej(v,d).('o(w).IN;;w | !d-e57)
= Uy;:P’ﬂL‘UD(;:Q’.’BﬂL
y; —Pj’} 4 !yﬁ-(w).”Pj’fw
A

o :=(Qp) - Brey L (v,d). (10(w).1Q;yw | 1d-By)

Since we have
ﬂJC]VIlS] s 'Mn nﬂ}‘a, =~ ﬂJCI\]]Sll o -anﬁa”,
we infer that ' = 4", ¢; = ¢;, and TM]Syw ~ 'N!S';w for all i € n; then by induction,
M!S ~yxu NS’ for all i € n, and then also M~ N.
Notice that the base case for the induction is included in the last part.
if: By coinduction on the definition of ‘~yxy". Let M ~yxu N, then either:
— M and N have both no —yxg-normal form, so, by Lemma 8.7, their interpretations are
both weakly bisimilar to the process 0, so in particular T'Mya ~ Ny a; or
- both M =% M’ and N =", N’, and either:
«* M' = xM;81---MyS, (n>0), and N = xN1S}---N,,S),, and M;S ~yxu N;§', for all
i€n, where S=8;---S,, § =8|---S,. By Thm 8.6, we know that both TMja ~
IXM1S1---MySyya and INYa ~ TxN; S| - --N,,S;,  a. Notice that

IXM181---MySuya = (6.6) (vyac) (Txjycy |fe;:=M;-cii1y | TSY)
where ¢, = a and Txtc x(u).lu-cq

A
lej:=(M;)-civay £ lei(vd).(10(w). My w | d-ci77)
'Sy = Ty:=Py[la:=Q-By
A
A

”]/] = P]ﬂL 'yﬁ(w)”Pﬁw L
ﬂleZ:(Qk)'ﬁkﬂL !ock (U,d).(!@(w).”QkﬂLw ’ !d»‘Bk)
and similarly for "xN; S} ---N,S, ;a. By induction (see Def. 10.4),

(vya) ("M;rw |18}) 4 TM;Sfw ~ IN;S'tw A (vya)(TNjfw|TS'}))
Then, since ‘~’ is a congruence, for all i € n also

(vya) (lci(vd).("o(w)."M;yw | 'd-ti7) | TSy) =~
(vym) ('c;i(vd).(!o(w)."N;yw | !'d-Cir1) | TS'))

so also TxM; 8- --M,S,;a ~TxN1S]---N,S),} a but then also TMya ~ INa.
+ M'=Ax.M", N' = Ax.N", and M" ~xs N”. By Thm 8.6, we have TMja ~TAx.M"}a
and N}a ~TAx.N"%a. Notice that

"Ax.M"ya A (vxb) ("M"}b|a(xb)) and
"Ax.N"ya A (vxb) (TN"}b|a(xb))

By induction, TM" b ~TN"}b. As above, since ‘~’ is a congruence, also TMya ~
™ka.
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+ M' = py.[6]M", N = uvy.[6]N". Then M" and N” themselves are in normal form
and M" ~yxu N”. By Thm 8.6, TMja ~ "u~y.[6]|M" ja and TN ja ~ Tuvy.[6]N" }a. Notice
that

Tuy.[6].M" ya
uy.[6].N" ya

"™M";é6{a/y} & ™"{a/v};é and
IN"t5{a/y} A TN"{a/y}Lé

[

By induction, TM" {a/v} ;6 ~ TN"{a/v}}J; since ‘~" is a congruence, "Mya ~TNya.
O

We can now prove our main result:

Theorem 12.2 (FULL ABSTRACTION) Let M,N € Ay, then TMya =~ "Ny a if and only if M ~g, N.
Proof : By Corollary 11.8 and Thm 12.1. O

Conclusions

We have defined Aux, a variant of Ay that uses explicit substitution, and defined a notion of
explicit head reduction ‘—;" that only works on the head of a term, so only ever replaces
the head variable of a term. We have found a new, simple and intuitive interpretation of
Aux-terms in 7t that uses the naming mechanism of Ay and gives a name to the anonymous
output of terms and respects ‘—". For this interpretation, we have shown that termination is
preserved, and that it is sound and complete, as well as that it gives a semantics for Aux and
for Ap.

We also defined a weak variant of explicit head reduction, ‘—xs". This naturally leads
to a notion of weak head normal form and weak approximation and we have shown that
interpreting a term by the set of its weak approximants gives a semantics for Ay as well. We
have defined the weak equivalences ‘~ypg,’, “~un', ‘~uwxa’, and ‘~y4,” on Au terms, and have
shown that these all coincide on pure terms (without explicit substitution). We have proven
that M ~yxu N <= TMLa ~ TN} a, which, combined with our other results, shows that our
interpretation is fully abstract with respect to weak equivalences on terms.
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Appendix A Restricting the interpretation to the A-calculus

Most of the results shown in this paper hold for the A-calculus as well, even if they would not
follow from the results shown here, but would need to be shown independently (with almost
identical proofs). However, some results are formulated here using ‘~,’, i.e. Lemma 2.5:2,
which explicitly deals with the modelling of the distribution of the encoding of the explicit
context substitution. In particular, we need ‘~;’" in the proof of Thm 7.1 (only) to show that
the encoding models the reduction steps (wWhere N gets distributed):

(#p): (pafa] M)N — py.[y]M(a:=N-7)N
(hn): (pa.[BIM)S — (pa.[y]M(B:=N-7)N)S\B ((B:=N-y) €8).

Since these steps are necessary for Ay only, it is fair to ask if, when restricting to the A-
calculus and explicit head-reduction for Ax, the A-calculus with explicit substitution [20], the
formulation of the results can be strengthened. We will briefly discuss that in this section.

First we present Ax, Bloo and Rose’s [20] A-calculus with explicit substitution, defined by:

Definition A.1 (Exrricit A-caLcurus Ax ck. [20]) i) The syntax of Ax is defined by:
M,N == x|Ax.M | MN | M(x:=N)

i) The reduction relation ‘—” on terms in Ax is defined by the rules:

(Ax.M)N — M/(x:=N) ML — NL
(Ay.M)(x:=L) — Ay.(M(x:=L)) LM — LN
(MN)(x:=L) — (M{(x:=L))(N(x:=L)) M—>N = Ax.M — Ax.N

x(xi=L) — L M(x:=L) — N(x:=L)

M{x:i=L) — M (x&fo(M)) L{x:=M) — L{x:=N)

Definition A.2 (EXPLICIT HEAD AND LAZY REDUCTION) i) Explicit head-reduction ‘— 4" on Ax is
defined by:

(B) (Ax.M)N — M(x:=N)

(hv): xSyM181---M,Sy(x:=N) — NSoM;8:1---M,S,(x:=N) (n>0)

(AS) : (Ay.M)S — Ay.(MS)

(gc) : MS — MS\x (xeS,x¢ M)

Ax.M — Ax.N
M—N = ML — NL
MS — NS

it) We define explicit lazy reduction?d ‘—x” by eliminating, from ‘—/, the rules

(AS): (Ay.M)S — Ay.(MS)
M—N = Ax.M — Ax.N

Notice that we do not allow substitutions to be propagated under abstractions.

As suggested in Sect. 3, we can reformulate Milner’s first result (Thm 3.3), in the form
that Milner perhaps intended, by showing that his encoding respects explicit lazy reduction,
modulo garbage collection.

20 We could have used the terminology “call by name’ for this notion, but prefer to stick with Milner’s choice.

52



Definition A.3 We extend Milner’s interpretation (see Def. 3.1) to Ax by adding the case:
"M {x:=N)}a 4 (vx)(TM}a| x:=N})
We can show that Milner’s encoding respects single step —-reduction.

Theorem A.4 (T-}'- PRESERVES —x ) If M =51 N, then TM}'a —,~; N} a.
Proof : By induction on the definition of single step explicit lazy reduction; we only show the
base cases.
(B): ((Ax.M)N}a —} (32) (vx)(TM}a|Tlx:=N}) A& TM(x:=N))a
(hv): TxSoM181--- M, S, (x:=N)}'a 4

(vx) (TNSoM;1 81+ My—1Sy-1)"a | !x(w). TN} w) 4 =

(Vx) ((Vcn?n) (WNSOMlsl T Mnflsnfljd Cn

|(vz) (chz.Chalz:= M) |18, | x(w). "N}y w) 4,
(vx) ((v?{Z) (”xﬂ c | (vz) (Ciz.Cciciy1.Tz:=M;}) | ”SZj“) | tx(w). "Ny w) =
iYi

A (chy1=a)

7

M;}')
73 () NYw) 5 (%)
(vx) ((veiGs) (NY e | (v2) (G zTici fzi= MyY) | TS [ e (w). INY ) A
WNSOM151---MnSn<x::N>ﬁ‘a
(gc): TMSy'a £ (vy) ("M'a]TS}') = (v7) ("MJ'a|18\x)" |18, ") = (x € fo(M))
(v \x) ("M a [TS\x}') | (vx) (1Sx)') ~c (vF\x) ("Mi'a|TS\x)") 4 TMS\xj'a O

~—

Notice that we have shown this for single-step reduction, not just reduction to normal form,
and for all terms, not just closed terms.
With this, we can now restate Milner’s result:

Corollary A.5 If M is closed, and M —}f (Ay.R) (x:=N), then
MYa —Y ~ (vx) (TAx.R)'a|Tx:=N}")
The restriction of our encoding I - from Def. 6.1 to Ax is defined by:

Definition A.6 (OUTPUT-BASED ENCODING OF AX-TERMS IN 77) The mapping I} - is defined by:

xya A x(u).u-a (x #a)
MAx.Mla A (vxb)(TM}b|a(xb)) (a,b fresh)
'MNja 4 (vc)("Mjc|c(vd).(v:=Nj |d-a)) (a,b,c,v,d fresh)
M{x:=N)ja & (vx)("Mj}a|lx:=N}) (a fresh)
x:=N; 4 !%(w).Njw (w fresh)

Notice the absence of replication, compared to the definition of - -, in the cases for variables
and application; the main reason for this is that, unlike terms of Aux, interpreted Ax-terms
can only output on the name under which they are interpreted; for example, in the proof for
Thm 12.1, when considering TM all¢c, then a = c. Those replications dealt, in particular, with
the multi-output character of Aux-terms, and are no longer needed; they could be reintro-
duced, however, without any negative effect. The only (crucial) use of replication remains in
the interpretation of explicit substitution, modelling its distributive character.

Notice also the difference in the interpretation of explicit substitution with the one defined
in [12], which uses Tx:=Nja 4 IINSx.

We can show the same results for Ax and the A-calculus as those we have shown above
for Aux and Ap in much the same manner, but can remove the use of ‘~,’, so Lemma 2.5:2
is not needed. Of course, these new results cannot be direct consequences of the results we
have shown for the latter two, since it could be that the presence of y plays an important role
when dealing with the interpretation of Ax-terms. However, it is straightforward to verify that
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this is not the case; we can copy over all the proofs given above, remove the cases dealing
with context switches ua.[f] and find ourselves with proofs directly for Ax. Sometimes the
proof gets even more simple; for example, since the interpretation of an application is defined
without replication for the context substitution, less garbage needs to be collected during
reduction inside interpreted terms.

Similarly, as in Thm 9.2, also for our encoding we can show:

Theorem A.7 If M is a closed A-term, and M —; N then TM a Y o TN .

so our interpretation follows weak explicit head reduction on closed A-terms to normal form
step by step. We hereby emulate Milner’s original result, Thm 3.3, but for the fact that our
result is stated with explicit head reduction.

AsinThm 7.1,7.5,7.6,7.7,7.9, and 7.10 we can show that:

Theorem A.8 i) If M € Ax, and M —y N, then TM}a —F, ~p, ~¢ N a.
ii) If M € Ax, and TM} a — P, then there exists N such that P ~xc N a, and M —xu N.
iii) If M, N € Ax, and M = N, then TM} a ~ N a.
iv) If M, N € A, and M =g N, then TMja~TNja.
v) If M € Ax, and M —f; N, then TM} al ..
vi) f M€ A, and M —>ﬁ”fN, then "M all; .
vii) If M€ A, and Mg, then TMj al .

Also the full abstraction result follows in exactly the same way as presented above for Ap.
The equivalences ’wwﬁ’, ‘~wn’, ' ~wxe’s '~ 4y, , are defined for the A-calculus by simply omitting
the case for the context switch from the relevant definitions above, and we can show:

Theorem A.9 For M,N € A, IMja~TN}a <= M ~yxu N <= M~y N <= M ~y,, N <=
M~ N .

which states that we have a fully-abstract semantics for the pure A-calculus as well.
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