Type Systemsfor Programming L anguages

Assessed Course Work

Hand-out November 21 2011, Hand-in December 7 2011

Question Show that ML-substitution is a sound operation in the ML type assignment system. You
can use (S¢)[(So)/¢] = S(¢p[c/$]), and can assume that free and bound (by for-all) type-variables

are distinct.
(Thisisthe only time | will ask for a proof.)

Answer: To show: If By, E: ¢, then, for every substitution S, SB k. E : Syp. We prove this by
induction on the structure of derivations:

(AX) : Then E =x, and x:p € B. Then x:Sy € SB, s0 SB by, X : S, by rule (Ax).

(—1): ThenE=Ax.E/, thereare o, T € Tc such that y = A— B, and B, x:c by E' : 7. By
induction, S(B, x:c) k. E’: St. Since S(B,x:0) = SB,x:Sc, also SB,x:S¢ hy, E' : St. Then,
by rule (— 1), we obtain SB . AX.E’ : So— St. Since So— St = S(A—B), and
S(A—B) = Sy, weget SB hy, AX.E": Sip.

(— E) : Then E = E;E, and there exists ¢ € 7 such that Bty E; : 00— ¢, and By, E; : o (also
P € Tc). Then, by induction, SB . E; : S(c— ¢) and SB ky, E; : So. Since
S(c— 1) = So— Sy, so we also have SB . E; : So— Sy, and we can apply rule (— E) to
obtain SB . E1E; : Sy.

(Fix): ThenE=Fix g.E, ¢ € Tc,and B,g:¢ by E: ¢. Then S(B, g:¢) k. E : Sy by induction,
and since S(B, g:y) = SB, g:Sy, we aso have SB, Sg:y Hy. E : Sy. So, by rule (Fix), also
SBhy. Fix g.E: Sy.

(V1) : Then ¢ = V¢.x, and B . E : x, and we know that ¢ does not occur freein B. By induction,
SB Fy. E @ Sx. Without loss of generality, we assume that free and bound type variables are
distinct, so can assume that ¢ does not occur in the range of S, so does not occur freein SB. So,
by rule (VI), SB by, E : V¢.Sx. SinceV¢.Sxy = S(V¢.x) = Sy, we get SBHy, E: Sy.

(VE) : Theny = x[o/¢], and B k. E : V¢.x, and, by induction, SB H,, E : SV¢.x. Then, by rule
(VE), dso SBy. E: (Sx)[(Sc)/¢]. Without loss of generality, we can assume that ¢ does not
occur inthe domain of S, soif it occursin x, then it occursin Sy. So
(Sx)[(So)/¢] = S(x[c/$]) = Sy, and we get SB Iy, E : Sip.

Question Extend the Lambda Calculus with the conditional language construct ‘i f Mthen Pel se Q'.
Add any other constant or construct that might be needed to make this work correctly and extend, if

needed, the notion of reduction to deal with this addition.

Answer: We need to add the boolean expressions True and Falseto the set of terms, and the

reduction rules
if Truethen MelseN — M

if Falsethen Melse N — N

as well asthe contextual rules

if PthenMelseN — if Qthen Melse N
P—-Q = if MthenPelseN — if MthenQelse N
if MthenNelseP — if MthenNelseQ



Givethe natural extension to Curry’stype assignment system, by presenting -if necessary- new types
and rules, for the expressions that deal with this new construct.

Answer: We add the type constant Bool, as well as the type assignment rules:

I'FP:Bool THMp:0c THMy:0o
I' = True: Bool I' - False: Bool THif Pthen Myelse My : o

Extend the principal context algorithm with a case for the new construct.

Answer: Theextension to pi: is.

pec(if MthenPelse Q)= S§050505 (It UT,UT3,0)
where (T'1,p) = pc M

(I2,7) = prc P

(T3,0) = pe Q

S = unify p Bool

S = unify (§7) (S0)

S = UnifyContexts ($05T1) ($057T2)

S = UnifyContexts (S0 505 T3) (S0 5051 UT?)

Question Assume the existence of characters, numbers, test for zero and (pre-fix) addition, aswell as
the abstract datatype List in the ML language. Let [¢] = List ¢, Tail be afunction of type V¢.[¢] —[¢],
and ‘=[] I’ beatest if | isthe empty list. Build the ML expression that calculates the length of alist,
and build a derivation that types this ML expression.

The derived type for length might be small, but notice that you would, formally, need to repeat the
WHOL E derivation when you use length. Instead, you can abbreviate that (and write just the conclusion
in the bottom line) by D.

Answer:
Length = Fix g.ALif (=[]l)thenOelse + 1 (g (Tall))

LetT = g:[¢p] — Int,1:[¢], and take D to be

I' bue Tail: [p] —[¢] T bu 1:[¢]
Iy +:int—Int—iInt T By Liint T by g:[¢] — Int I by Taill:[¢]
Tk +1:int—=Int [ by g (Taill):Int
[y + '8 (g (Tall)):Int




then

T'hu =[]:[¢]—=Bool  Thy.l:[¢] D
['by=[]1: Bool Ty O:Int Tk +'a (g (Tall)) : iInt
Ty if (=[]1)thenOelse +'a (g (Taill)): Int
g:([¢p] = Intbu  ALif (=[] 1) thenOelse + 1 (g (Tall)):[¢]— Int
Fu FiX g.ALIf (=[] 1)thenOelse + 1 (g (Tall)): [p]— Int
Fu. Fix g.ALif (=[] 1)thenOelse + 1 (g (Tall)):Ve.[p]— Int

Question  Assume that Cons has type V¢.¢ — [¢] — [¢]; using your answer to the previous question,
give aderivation for the (trandation of the) expression
Length (Cons('a’,Cons('b’,[]))) + Length (Cons(1, Cons(2,Cons(3,[]))))

that types this ML-expression (do not forget | et !).

Notice that length is used on objects of different type here: i.e. polymorphic, so this cals for the
useof | et. It is possible to type it without, but that would breach the idea of polymorphism, since you
would be specifying length twice.

| want to see the whole derivation (just this once).

Answer:  The expression trandates to

let | = Fixg.ALif (=[]I)thenOelse (+1(g(Tall))) in
+ (I (Cons’a’ (Cons’b’ []))) (I (Cons’a’ (Cons2 (Cons3[]))))

Let D, be the derivation from the previous exercise, D, =

FCons: V¢.¢p —[p] =[]

FCons: V¢.¢ — [¢] — ] FCons: Ch—[Ch|—[Ch] F'b':Ch F[]:V¢.[¢]
ICons: Ch—[CH —[Ch] F’'a’:Ch FCons’b’: [CH —[Ch] F[]:[ch]
ICons’a’: [Ch| —[Ch] Cons’b’ []:[CH|
FCons’a’ (Cons’b’ []):[Ch]
and D3 =
FCons: V. —[¢p] =[]
F Cons: V. —[¢] —[¢] FCons: | =[] —[I] F3:1 F[]:Ve.[¢]
F Cons: V. — [¢] —[¢] FCons: | =[] —[I] F2:1 FCons3: [I]—[/] F(]:01
FCons: | =[] —[I] F1:1 FCons2: [I] —[/] FCons3[]:[/]
FCons1:[l] =l FCons2 (Cons3[]):[/]
FCons1 (Cons2 (Cons3(])):[/]
Take
Length = Fix g.ALif (=[]I)thenOelse (+1(g(Tall))),
Ly = Cons’a’ (Cons’b’ [])
L2 = Cons1 (Cons2 (Cons3([]))
o = Velel=l



Then the derivation becomes;

Ly =1l:y
llyp = 1:[Chl—1 L F Ly:[Ch Ly Ely D3
Ly E+l—=1—1 Ly E 1Ly Ly E 1[I —=1 Ly Lyl
Ly E+ (ILy): =1 Ly =1 Lp:d D;
Ly - + (1 L1) (I Lp): 1 Length:

Flet I=Length in+ (1Ly) (ILy):1

Question Show that (Axy.y(xxy))(Axy.y(xxy)) isafixed-point constructor for the Lambda Cal cu-
lus.

Answer:  (Axy.y(xxy))(Axy.y(xxy))M —p (Ay.y((Axy"y'(xxy")) (Axy"y' (xxy"))y))M
—p M((AXy.y(xxy))(Axy.y(xxy))M)

Extending ML with equi-recursive types, and using the recursive type B = uX. X — (¢ —¢) — ¢,
show that (Axy.y(xxy))(Axy.y(xxy)) is typeable with (A— A)— A, for al A. (Hint: first derive

FAXY.Y(XXY) : B—(¢p—¢p) — ).

Answer: TakeI = x:B,y:¢p— ¢, then we derive first

I'Ex:A
I'x:A—=(¢—¢)—¢ THX:A
IExx:(p—¢)—¢ I'cy:¢p—¢
I'Fy:p—¢ IF'Exxy:¢
Try(xy) ¢
X:BEAy.y(xxy): (¢ —¢) —¢
FAXY.Y(XXy):B—(¢p—¢) —¢

D

now using that B = uyX X —=(¢p—¢) = ¢ = (WX X =(p—¢) =) = (¢ —¢) = ¢ =
B—(¢p—¢)—¢,as0

\ D J
\ D / FAXY.Y(Xxxy):B—=(¢p—¢) —¢
FAXY.y(Xxy):B—(¢p—¢) —¢ FAXy.y(xxy): B

F(AXY.y(xxy)) (Axy.y(xxy)): (p—¢) — ¢
F(AXY.Y(xxy)) (AXY.y (xXy)) : V.(¢ — §) — ¢
F(AXy.y(xxy))(Axy.y(xxy)): (A—A)— A




