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Abstract

Semi-Markov modelling paradigmsaremoreexpressive thantheir Markovian counterparts
but are equally vulnerable to the statespace explosion problem. This paper addresses
thisweaknessby presenting anexact state-by-stateaggregation algorithm for semi-Markov
models. Empirical evidence shows that the computational complexity of our method de-
pends critically on the order in which the states are aggregated. We investigate different
state-ordering strategiesand find one that aggregates a largeproportion (circa 75%) of our
example statespaces at minimal cost. This leaves a significantly smaller model which
canthen beanalysedfor performance-related quantitiessuch aspassage-timequantilesand
transient distributions. We demonstrate our technique on several examples, including a����������	

statemodel which is reducedto just
��
��
��	��

states.

1 Intr oduction

Semi-Markov processes(SMPs)areexpressivetools formodellingtelecommunicationandcom-
putersystems;they areageneralisationof Markov processesthat allow for arbitrarily distributed
sojourn times. Thestatespace explosionproblem, however, hinderstheanalysisof SMPsasit
doesof many stochasticandfunctionalmodellingdisciplines.Oneapproachto addressingthis
problemis to useaggregation techniquesto remove single statesor groupsof statesandag-
gregatetheir effect into theremainingstates.Many techniquesexist in the Markovian domain
for exact andapproximateaggregation (e.g.lumpability [1], aggregation/disaggregation[2], ag-
gregationof hierarchical models [3]) but to dateanalogous work on semi-Markov aggregation
algorithmshasbeen very limited [4].

In this paper, we presenta state-by-state aggregation algorithm for semi-Markov processes.
We also present a methodfor representing the Laplace transforms of the state-holding-time
densityfunctionsof an SMPwhich requiresconstantspace.Thisis animportantimplementation
issuebecauseit avoids replicating the structural complexity of the unaggregated modelin the
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distribution representationof the aggregatedmodel (as seenin phase-typerepresentationof
generaldistributions[5]).

For theexamplesemi-Markov modelsanalysed here,we observe that thespace andtime com-
plexity of our algorithm variesaccordingto theorder in which statesareaggregated. We find
anorderingwhich givesustheability to aggregatea largeproportionof statescheaply, halting
beforetheaggregationprocessbecomestooexpensive.

The remainder of this paper is organisedas follows. In Section2 we briefly describesemi-
Markov processesandillustrate thecalculationsrequiredto generateperformance-relatedquan-
tities suchaspassage-timeandtransient distributions. Section 3 outlinestheaggregation algo-
rithm anddiscussesefficient distribution representation.Finally, Section4 presentsanexample
semi-Markov systemderived from a Petri net model. We perform aggregationson different
modelsizesto evaluatedifferentstate-aggregation ordering strategiesandshow ouralgorithm’s
efficacy in modelsof up to ����������� states.

2 Definitions and Background Theory

2.1 Semi-Mark ov Processes

Consider a Markov renewal process ������� �"!#� $&%('*)+��, where !#� is the time of the ' th
transition (!.-0/1� ) and ���3254 is thestate at the ' th transition.Let thekernelof this process
be:

6 �7'
�98��9:;�"<=$�/?>A@B�7���DC#EF/G:;�9!#��C#EIHJ!#��K?<ML����N/?8O$ (1)

for 8O�":(2P4 . Thecontinuoustime semi-Markov process (SMP), ��QM�7<=$R�9<S)T��, , definedby the
kernel

6
, is relatedto theMarkov renewal process by:

QU��<=$�/?�NVUWYX[Z (2)

where \]��<=$S/_^a`�b#��'&%.! � Kc<=, , the numberof transitions by time < . Thus QM�7<=$ represents
thestateof thesystemat time < . Weconsider time-homogeneousSMPs,in which

6 �7'
�98��9:;�"<=$ is
independentof any previousstateexceptthelast.Thus

6
becomesindependentof ' :

6 �78��9:��9<=$d/ >A@
��� �DC.E /?:;�"! ��C#E HJ! � K?<ML"� � /?8�$ :for any 'e)f�
/ gihAjlkShAj��7<m$ (3)

wheregihAj0/&>n@
�7�N��C#Eo/&:]L=���P/&8�$ is the statetransitionprobabil ity betweenstates8 and :
and k hAj �7<=$F/p>A@
��! ��C#E HP! � Kp<qLr� ��C#E /p:;�9� � /s8�$ , is thesojourntime distribution in state8 whenthenext stateis : . We use tu to bethesteady-statevectorof theembeddeddiscrete-time
Markov chain (DTMC), g hAj .
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2.2 First passage-times

Considerafinite, irreducible,continuous-timesemi-Markov processwith ' states�����l���lvmvlvm�"'�, .
If QU��<=$ denotesthestateof theSMPat time < (<w)x� ), thenthefirst passage-time from a source
state 8 at time < into anon-emptysetof targetstatesy: is:z h|{j �7<m$}/&~ �����=�J�f�S%�QM�7<}�J��$�2�y:�L�QU��<=$�/?8O, (4)

For astationary time-homogeneousSMP,
z h|{j �7<m$ is independentof < andwewrite:

z h {j /f~ �����=�5�&�q%�QU����$�2�y:�L�QU�R��$�/?8�, (5)

z h|{j is a randomvariablewith anassociatedprobabilitydensity function � h|{j ��<=$ suchthat:

>A@B�7<lEF� z h {j �?<"��$�/ X[�
X�� � h {j ��<=$���< %��SK?<mE��?<9� (6)

In general,theLaplacetransform of � h|{j , � h|{j �R��$ , canbecomputedby solving a setof ' linear
equations:

� h {j �R��$}/ ���� {j
� �h � ����$R� � {j ����$�� � � {j

���h � �R��$ (7)

where� �h � ����$ is theLaplace-Stieltjestransform (LST) of
6 �78��l���9<m$ from Section2.1, thatis:

� �h � �R��$�/
�
- � �D �X �

6 �78��m���"<=$ (8)

Eq.(7) hasasimple matrix-vectorform ( ¡0t¢ / t £ ). For example, for y:¤/f����, ,
� H � �E�� ����$ ¥l¥m¥ H � �E¦� ����$� �§H � ���� �R��$d¥l¥m¥ H � ��r� ����$� H � �¨ � ����$ ¥l¥m¥ H � �¨ � ����$
...

...
. ..

...� H � ���� �R��$ ¥l¥m¥©�wH � ���� ����$

� E {j ����$� � {j ����$� ¨ {j ����$
...� � {j �R��$

/
� �E�E �R��$� ���E �R��$� �¨ E �R��$

...� ��DE ����$
(9)

Systemsof linearequationsof this form canbesolved by avarietyof numericaltechniques,for
exampleSuccessive Over-Relaxationor ConjugateGradiant Squared[6]. Note that in thegen-
eralsemi-Markov case,theelementsof ¡ becomearbitrarycomplex functionswith nostandard
form andcareneedsto be takenwhenstoring suchfunctionsfor eventualnumerical inversion
(seeSection3.5).

Whentherearemultiple source states, denotedby the vector y8 , the Laplacetransform of the
passage-timedistributionat steady-stateis:

� {h {j �R��$�/ � � {h
ª � � � {j ����$ (10)
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wherethe weight ª � is the probability at equilibrium that the system is in state ��2cy8 at the
starting instant of the passage. As the starting vector of states does not necessarily include
all the states, ª � is the renormalisedversion of the embeddedDTMC steady-stateprobability
vector, tu :

ª � / u �
j � {h u j (11)

2.2.1 Transient distrib utions

Anotheruseful modellingresult is thetransientdistribution, ! hAj �7<m$ , of astochasticprocess:

! hAj �7<=$�/?>n@
��QM�7<=$�/?:«LlQM����$�/?8�$ (12)

Fromearly papersonSMPs[7], wehave thefollowing translation from passage-timequantities
to transient distributions, in Laplaceform:

! �hAj ����$�/ E  E �D¬�­ ®OWY �ZE �D¯ ®Y® WY �Z % if 8F/?:� hAj ����$�! �j�j ����$d% if 8q°/?: (13)

where ± �h ����$²/ j � �hAj �R��$ is the LST of the sojourn-time distribution in state 8 . For multiple
targetstates, this becomes:

! �h {j ����$�/ � � {j !
�h � ����$�/ � � �wH�± �h ����$�wH���hAh9����$ ³ h � {j � � � {j=´ �;µ¶ h

�§Hs± �� ����$�wH�� ��� �R��$ � h
� ����$ (14)

where
³R·

is � if theindicatorfunctioncondition ¸ is trueand � otherwise.

To construct ! �h {j �R��$ , for a target vector, y: , we need ��L¹y:�L�Hx� passage-timequantities, � h � ����$ ,
whichwecangetfrom L¹y:�L matrix calculationsof the form of Eq. (9).

As for passage-times,for multiplesourcestates,y8 , weweightthetransientdistributionsaccord-
ingly:

! �{h {j ����$�/ � � {h
ª � ! �� {j ����$ (15)

3 Iter ativeStateSpaceAggregation

3.1 Moti vation

In orderto control thestatespaceexplosion which occurswhen generating thestatetransition
matrix for a semi-Markov process,we have developedan exactaggregationalgorithmthatacts
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Fig.1. Reducing acomplete4 stategraphto acomplete3 stategraph.

onthesemi-Markov statespacedirectly. Theaimis to apply suchaggregationbeforeperforming
any passage-timeor transientanalysisandthusreducethecalculationtimerequiredto solve the
systemof linearequationsshown in Eq. (9).

Themethod, illustratedin graphical termsin Fig. 1, worksasfollows: first, a state is chosento
beaggregated. Then, from thetransition graph,all pathsof length two centredon thatstate are
identified(step º�»O¼ ) and aggregatedinto stochastically equivalent,singletransitions(step º�»|»�¼ ).
The newly-created transitions (shown dashed in Fig. 1), which duplicate the route of existing
transitions,arecombinedwith theexisting transitions. Finally, cyclic transitionsareeliminated
(step º7»[»|»�¼ ).
Theresult is to removethechosenstateandthusreducetheorderof thetransitionmatrixby one.
Repeatedapplication of this algorithmon differentstateswill reducethe SMP to an arbitrary
size ( ½¿¾ states),while still preserving the exact passage-time distributionsbetweenall pairs
of the remainingstates. This style of aggregation is not possible in a Markovian context as
aggregation operationsof this type do not have a closedform in the Markov domain (i.e. the
convolutionof two Markoviandelaysis not itselfMarkovian).

Of particular importanceis theorder in whichstatesarechosento beaggregated.Theoretically,
any statecouldbeoperatedon,providing it is notasourceor destinationstateof apassage-time
or transientdistribution quantity. A detaileddiscussion of potential stateorderingstrategiesis
presentedin Section3.4. Before proceedingto this, however, we outlinethebasic stepsof our
algorithm.
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Fig.2. Aggregatingsequentialtransitionsin an
SMP.

Fig.3. Aggregatingbranching transitionsin an
SMP.

3.2 BasicReduction Steps

There are threebasic reductionstepsfor aggregatinga single stateof anSMP. These deal with
convolutions, branchingandcyclesasfollows:

SequentialReduction
In Fig. 2, À /Á�5EU�Â�a� is a convolution and therefore in Laplace form, ��Ãw�R��$P/��Ä � ����$R��Ä � ����$ . In orderto extract the pathfrom an SMP we have to take into account
theprobabili ties gÅE and g�� of thefirst transition andsecondtransitions of thepathbeing
selected.Thisgivesustheoverall pathprobability of g E g � .

Branch reduction
In Fig. 3, we cansum therespective probabilitiesto get theoverall selectionprobability
for the aggregatepath. Thus the aggregate probability for the branchis g E ��g � . Our
aggregatedistribution, À , is givenby:

��Ãw�R��$}/ gÅEgÅEI�JgÆ� ��Ä � ����$�� gÆ�gÅE��JgÆ� ��Ä � ����$ (16)

sothat for bothaggregateandunaggregatedformsthetotal sojourn-timedistribution has
Laplacetransform g E �ÇÄ � ����$��Jg � �ÇÄ � ����$ .

CycleReduction
Whenthereis a statewith at leastoneout-transitionanda transition to itself, asshown
in Fig. 4, we can remove the cycle by makingits stochasticeffect part of the out-going
transitions.

Consider a state transition system asbeingin thefirst stageof Fig. 4, with ��'JHÂ��$ out-
transitionsandprobability gih of departurealongedge8 . Each out-transitionhas anasso-
ciatedsojourn � h ; thecycleprobability is g � with sojourn� � .

The first step, ��8O$ , is to isolatethe cycle and treat it separatelyfrom the branchingout-
transitions. We do this by rewriting the system to include an instantaneousdelay and
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Fig.4. Thethree-step removal of acycle from anSMP.

extra state immediatelyafter the cycle, È¿ÉËÊ ºRÌ�¼ ; the introductionof an extra state is
only to aid our visualisationof the problemandis not necessary(or indeed performed)
in theactual aggregation algorithm. Clearly the instantaneoustransitionwill be selected
with probability ºRÍDÎUÏiÐ ¼ Wenow haveto renormalisetheÏiÑ probabilitiesonthebranching
stateto become Ò Ñ�Ó Ï Ñ9Ô ºRÍwÎJÏ Ð ¼ .
In step º7»[»O¼ of Fig. 4, we aggregatethe delayof the cycle into the instantaneoustransi-
tion creating a new transitionwith distribution ÈBÕ . By treating the system asa random
geometric sumof therandomvariableÖ Ð , wecanwrite:

×�ØÅÙ ºRÚ�¼ Ó ÍwÎJÏiÐÍwÎJÏ Ð ×�Û
Ü ºRÚ�¼ (17)

In stage º7»[»|»�¼ of the process, the ÈBÕ delay can be sequentially convolved with the Ö Ñ
sojournsto giveusourfinal system.

In summary, wehave reduced an Ý -out-transitionstatewhereoneof thetransitionswasa
cycle to an º Ý Î�Í�¼ -out-transition statewith no cyclesuchthat:

Ò Ñ�Ó ÏiÑÍwÎJÏ Ð (18)

and:

×�Þ�ß º�àÆ¼ Ó ÍwÎJÏ ÐÍ§ÎPÏÆÐ ×�ÛBÜ º�àÆ¼ × Û ß º�à�¼ (19)

3.3 Main aggregation algor ithm

In thissection,wedefinetheaggregationfunction, áÆâ�â�ã"ärâ�á�å|ä æOçéè , whichis defined onanSMP,ê
, for astate » beingaggregated.Werepresent

ê
by thetuple º�ë�ìlí�ì × ¼ whereë is thefinite set

of states, í is theunderlyingDTMC and
×

is thestateholding-timedistribution matrix whose
entriesarethe Laplace transformsof the statesojourn-time densities. In an irreducible semi-
Markov process, the aggregation procedure can be appliedto any state,while in a transient
SMP, it may be appliedto any state except the absorbing or initial states. Reading from the
bottomup in thefunctiondefinitionof Fig. 5:
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îÆï�ï�ð"ñrï�î�ò|ñ óOôéõ %÷ö
ø zúù öeûüö�ø z
îÆï�ï�ð"ñrï�î�ò|ñ óOôéõ �Røp�"8O$�/Jý�þÆÿ��.� órñ�ò �lø������.��$�v

�.� / îÆï�ï�ð"ñrï�îÆò¦ñ ���	� ÿ ñ�ó ��ø � �"<=��
m$��ø � / ýlþÆÿ��.� órñ�ò �mø �"����$R��I� / îÆï�ï�ð"ñrï�îÆò¦ñ 
�ð"î������Æñ�ó �Røp�"<=���m$��<m� � / <=���I<=��
m�<m��
 / �����78��":D$��"<=$�v��R�78��9:D$R�9<m$}2«<m���98F/?:�,��<m� / îÆï�ï�ð"ñrï�îÆò¦ñ óOñ����Dñ����Oñ�ó ��ø �98�$
Fig.5. The ������� �!����"#� $!%'& function

1. <m�é/ îÆï�ï�ð"ñrï�î�ò|ñ óOñ��(��ñ����rñ�ó ��ø �"8O$ :
Find all valid pathsof length two that have 8 as the centrestate. Form a set of single
transitionsusingthesequentialaggregationdescribedin Section3.2.

2. <m� � /?<m�)�I<=�*
=��<=��
§/&���R�78��9:D$R�9<m$}v�����8O�":D$��"<=$�2«<=���"8F/?:D, :
Separatethetransition set<m� into a set of cycles, <=� 
 , andasetof branchingtransitions to
other states, <=� � .

3. �I�é/ îÆï�ï�ð"ñrï�î�ò|ñ 
�ð"î+�����Æñ�ó ��ø �9<m� � $ :
Where transitionsin ø are duplicatedby transitions in <m��� , these are aggregated and
placed in ��� using thebranching aggregation from Section3.2. Where a new transition
thatis notpresentin ø in described <=��� then thattransition iswrittenunchanged into �I� .

4. ø � /Jý�þÆÿ��#� óOñ�ò �løp�"����$ :
Overwriteall thetransitionsin ø that arepresentin ��� .

5. �.�é/ î�ï�ï�ð9ñOï�îÆò¦ñ ���	� ÿ ñ�ó ��ø � �9<=�*
=$ :
Perform cyclic aggregationon thetransitionsin <m� 
 , usingthemethodfrom Section3.2.

6. îÆï�ï�ð"ñrï�î�ò|ñ óOôéõ ��ø �98�$�/JýlþÆÿ��.� óOñ�ò �mø � �,�.��$ :
Finally, overwrite thetransitionsof ø � with thereplacement�.� transitionsandreturnthe
final SMP.

Theresult is that ø � will haveadisconnectedstate,8 , which canberemovedfromthetransition
matrices.

Thefunctions î�ï�ï�ð9ñOï�îÆò¦ñ óOñ�����ñ(���Oñ�ó , îÆï�ï�ð"ñrï�îÆò¦ñ 
�ð"î+�����Æñ�ó and îÆï�ï�ð9ñOï�îÆò¦ñ �(�-� ÿ ñ�ó that implement
thereductionsof Section3.2aredefined in appendixA.

Thealgorithm,asoutlined,removesasinglestateandreducestheSMPto anormal form, which
hasno same-statecycles,aftereach aggregation. If aggregatingmany statesconsecutively, one
optimisation is to perform this reductionof same-statecyclesonceonly after the laststate has
beenaggregated,ratherthanaftereverystateaggregation.
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3.4 State-ordering Issuesfor Aggregation

As mentionedin Section1, theorderin which thestatesof asemi-Markov systemareaggregated
canhaveanenormouseffecton thespaceandtimedemandsof ouralgorithm.In ourdiscussion
of variousstate-ordering strategies, we will focuson two key metricsby which the practicality
of thesestrategiescanbejudged:

1. thedensity of non-zeroelementsin thematrices
z

and � , alsoknown asthematrixfill-in .
For an \ ù \ sparsematrix with � non-zeroelements, thedensity is givenby �/. \ � .

2. the computational cost of the aggregation processas given by the number sequential,
branchandcycle reductionoperationsperformed.

Intuitively, there is a tensionbetweenthese two metrics: strategiesdesignedto reducefill-in
should result in more branchingaggregation, and hencemore computation,while strategies
designedto reducecomputationshould tendto increasedensityfaster.

3.4.1 Matrix density

Clearly, the density of non-zero elementsin the matrix will increase and approach1.0 asthe
statesare removed andfurther non-zero transitions arecreated. If a systemis aggregatedso
thatonly two statesremain(with no same-statecycles)thenthedensity will initially approach
1.0 andthen decay to 0.5 in thefinal stages.This decreasein density occursbecause thefinal
transition matrix will only have non-zerosin elements� E7� ����$ and � ��E ����$ andzerosin � ERE ����$
and �������R��$ . This canbe observed in Fig. 6, which shows the matrix density for a ������� state
semi-Markov process asit is aggregrateddown to two states.

3.4.2 Computation

In termsof computationalcost, for astatewith 0 predecessorstatesand' successorstates,there
are 0 ' convolution operationsandasmany as 0«' branchingaggregationsto perform. For an\ ù \ transition matrix with high density, this will give us 1 ��\ ¨ $ operationsto perform to
aggregate 1o��\5$ states.For a sparsetransition matrix with low density, 0 and ' maybe 1 ����$
ratherthan 1o��\5$ andif thenewly createdtransitions do not coincidewith existing transitions
thenthis givesusa lowerboundof 0 ' convolutionsto perform.

As thesesemi-Markov models are typically generatedfrom formalisms suchasPetri nets and
processalgebras(wherethenumber of potentialsuccessorsof a state is almost alwayslimited),
their initial matricestendto besparse. As aggregationproceeds,however, thesematrices will
becomeincreasingly dense,with thecomputational-cost consequencesthatthisentails. In order
to gainany benefit from aggregation, therefore,it maybenecessary to curtail theprocessbefore
thebenefitsgainedfrom reducingthestatespacesizeareoutweighedby thecost of performing
theaggregation.
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Fig.6. Completeaggregation of a 35456*7 statesemi-Markov systemto two states.

Beforewe examinesomespecificstate-ordering strategies, we needto dealwith one final im-
plementation issue:thatof distribution representation.

3.5 Distrib ution Representation

The key to practical analysisof semi-Markov processes lies in the efficient representationof
their generally distributedfunctions. Without care thestructuralcomplexity of theSMP canbe
recreatedwithin the representationof the distribution functions. This is certainly true of the
manipulationsperformedin theaggregationcalculationsof Section3.2.

Many techniques have beenusedfor representingarbitrary distributions– two of themostpop-
ular beingphase-type distributions andthe vector-of-momentsmethod. Thesemethodssuffer
from, respectively, explodingrepresentationsize undercomposition andcontaining insufficient
information to produceaccurateanswersafter largeamountsof composition.

As all our distribution manipulations take placein Laplace-space,we link our distribution rep-
resentation to theLaplaceinversiontechnique thatwe ultimatelyemploy. We usetwo different
transform inversionalgorithms: theEuler technique[8] and themodified Laguerre method[9]
with modificationssummarisedin [10].

Both algorithmswork onthesamegeneral principleof samplingthetransform function � � �R��$ at' points, � E �m� � �mvlvmvl�m� � andgeneratingvaluesof �.��<=$ at 0 user-specified < -points< E �9< � �lvmvmvl�9<�8 .
In the Euler inversion case'x/_�-0 , where � canvary between 15 and50, dependingon the
accuracy of theinversion. In themodifiedLaguerrecase,' /?� ��� and, crucially, is independent
of 0 . Whichever algorithm is chosen,however, the importantissue is thatcalculating�Oh9�l��K8SKú' andstoring theLaplacetransformsof all thesojourn-timedensityfunctionssampledat
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thesepoints, will besufficient to provideacomplete inversion.

Storingour distribution functionsin this way hasthree mainadvantages. Firstly, a functionhas
constantstoragespace,independentof its distribution-type.Secondly, eachdistribution, there-
fore,hasthesameconstant storagerequirement evenaftercompositionwith otherdistributions.
Finally, thereis sufficient informationaboutadistribution to determinea required passage-time
or transientdensity(andnomore).

4 Analysisof AggregationStrategies

4.1 Example System

To demonstrate the aggregation techniquewe usethe examplesemi-Markov system shown in
Fig. 7. This is specifiedasasemi-Markov stochasticPetrinet [11] thathasgenerallydistributed
transition firing times. Themodelrepresentsadistributedvotingsystemwherevoterscast votes
throughpolling units,which in turn register voteswith all available centralvoting units. Both
polling unitsandcentralvoting unitscansuffer breakdowns, from whichthereis asoft recovery
mechanism. If , however, all the polling or voting units fail then, with high priority, a failure
recoverymodeis institutedto restorethesystemto anoperationalstate.

9:9 øúø \]\ States
11 7 4 2081
22 7 4 4050
60 25 4 106540
125 40 4 541280

Tab.1. Number of statesgeneratedby the voting system SM-SPNin termsof thenumber of voters( ;<; ), polling
units(=>= ) andcentralvotingunits(?@? ).

Thereareseveral voters,
9:9

, a limited numberof polling units, øúø , andasmallernumber of
centralvotingunits, \5\ . Thesizeandcomplexity of theunderlyingsemi-Markov chain canbe
varied by alteringthesethreeparametersasshown in Table4.1.

We generate four modelsfrom this example: ������� and �é����� statemodelswhich areusedto
testseveral differentaggregation strategies; and ���5A������ and �=� ������� statemodels which are
aggregatedusingthealgorithmidentifiedasmostefficient.

4.2 State-selectionalgorithm s

Bearing in mind thetransitionmatrix densityandcomputationalcomplexity issueshighlighted
in Section3.4,we propose thefollowing orderingsof states for aggregation. Giventhata state
has0 predecessor statesand ' successor states:
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Fig. 7. Thesemi-Markov votingmodelshown in stochasticPetrinetform.

Fewest-paths-first chooses thestatewith lowest B Ý -value first. This is designedto minimise
computation,as C º B Ý ¼ convolutionandbranchingaggregationsarerequiredto eliminate
astate.

Most-successor-states chooses the state with the highest Ý -value first. This is designed to
reducefill- in by targeting the rows of the transition matrix with the largest numberof
non-zerosfor aggregation.

Most-paths-first choosesthestatewith highestB«Ý -valuefirst. This is designedto demonstrate
thecomputationallyworst-casescenario.

Random choosesan arbitrary state for aggregation, without considerationof B or Ý . The
selectionisdoneuniformly acrosstheentirestatespace,giving usayardstickwith which
to compareourotherstate-ordering strategies.

4.3 Comparing Dif ferent Aggregation Algorithms

Fig. 8 shows the densityof the transition matrix for fewest-paths-first, most-successor-states,
most-paths-first andrandom state-selectionmethodswhenaggregatingall but two statesin the¾}Ì�D�Í statemodel.Notethat,aswith all other graphsin thissection,theresultsareplottedwith a
logarithmic E -axis. It canbeseen thatthefewest-paths-first methodprovidesthelowestdensity
for nearly75% of the aggregation process. The most-paths-first techniquemaintains a lower
transition matrix densityfor thelast 25%of theprocess.

Themost-successor-statesstrategy experiencesa densityexplosion early on, reaching 70%fill-
in relatively quickly, almostcertainly because it generatesa large numberof new non-zero
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Fig.8. Transition matrixdensity for the 3	456*7 statemodel for four different state-selectionpolicies.
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Fig.9. Computational costfor the 35456*7 statemodelfor four differentalgorithms.

elements at the start of the process. This is clearly demonstratedby its density profile when
comparedto that of therandomstate-selectionmethod for thefirsthalf of thestate-space.Once
35%of stateshave beenaggregated,however, the desired effect is achievedas the removal of
denserowsstarts to lower thefill- in.

Fig. 9 shows thecumulative numberof convolution, branch eliminationandcycle elimination
operationstaken to aggregate all but two statesin the ������� statemodel. The fewest-paths-
first policy maintains a very low operationscount for the first 70% of the statespace. The
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most-paths-first selectionalgorithm is in fact linear in the numberof states aggregated,as it
spreads the work evenly acrossstatesand hasno computational explosion. Ultimately, the
most-paths-first policy performs twice asmany operationsasthe fewest-paths-first algorithm.
The most-successor-statespolicy is alsoseento be computationally worse (that is, result in a
highernumberof operations)thantherandompolicy. For this reason it will not beconsidered
furtherfor theaggregationof largerstatespaces.

4.4 Comparing Aggregation of Modelsof Diff erent Size
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Fig. 10. Transition matrixdensityover two differentmodel sizesandtwo differentalgorithms.

In Fig. 10, we compare density profiles over two different sizes of model ( ������� and � �����
states) for two different aggregation strategies: fewest- and most-paths-first algorithms.For a
valid comparisonto bemade,we plot thedensityagainstpercentageof statespaceaggregated.
The resultsshow that, after about75% of stateshave been aggregated,the transition matrix
densityis lower for thelargermodel, right upuntil completematrix fill- in is achieved.

Theoperationalcostfor differentmodelsizesis shown in Fig. 11 for fewest- andmost-paths-
first aggregation techniques. For both techniques there is a small increasein the cost when
aggregating largermodels;but this is dwarfedby theorders-of-magnitudeincreasethatcanbe
seenwhenusingthemost-paths-first algorithmover thefewest-pathsalgorithm.

In the last two figures (Fig. 12 andFig. 13), we consider only thefewest-paths-first algorithm,
as,of all thetechniques, it seemsto betheonewhichkeepsthecomputational cost undercontrol
the longest whilst simultaneously maintainingmatrix sparsity. In addition to the two previous
cases,weprovideresultsfrom theaggregation of SMPswith ����A}�=��� and �����}����� states. Fig.12
shows thenumber of operationsfor all four statespaces,while Fig. 13plotsthedensity.
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Fig.11. Computational complexity over two differentmodel sizesandtwo differentalgorithms.
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Fig.12. Computational complexity for systemswith up to G!H57�3�6!4 states; fewest-paths-first algorithmonly.

Our previous results suggestthat our first concernshouldbe over the amount of computation
to bedone– whilst matrix sparsityremainsat acceptable levelswhena largeproportion of the
state spacehas beenaggregated,thenumberof operationsexceeds ���JI even whensmall state
spacesareaggregatedcompletely. For larger models, therefore,the process is truncatedafter
about75%of thestatespacehasbeenaggregated,avoiding thecomputationalexplosion. Some
successwith this truncation canbe observed as it limi ts the requirednumberof aggregation
operationsfor both ���5A��=� � and ����������� statesystemsto below ����K (this is of thesame order
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Fig.13. Transitionmatrixdensity for systemswith up to G!H57�3*6L4 states; fewest-paths-first algorithmonly.

asthe numberof operationsrequiredto aggregatethe � ����� state modelcompletelyusingthe
most-paths-first method).

Finally, theeffect onthedensity of stoppingafteraggregating75%of thestatespacecanbeseen
in Fig. 13. Again the density of the larger modelremainssmallerfor longerandeven for the����A}�=� � statemodelonly reaches0.01.Sparse-matrixsolutiontechniqueswill still functionwell
at suchdensities, andwill benefitgreatlyfrom the reductionin thedimensionsof thematrix.

5 Conclusionand FutureWork

In thispaperwehavepresentedanexactstate-by-stateaggregation algorithmthatcanbeapplied
to structurally-unrestrictedsemi-Markov processes.To complementthis, we have developeda
constantspacerepresentationof thegeneraldistributions foundin SMPs,which is basedon the
evaluationdemandsof numericalLaplace transform inversion techniques.We have appliedour
algorithmto largeSMPs, reducinga �����}����� statemodelto ��M5N������ states. While, theoretically,
it is possible to reduceevery model to just two states, computationalcost becomesvery largeas
thetransition matrices representing theSMP get less sparse.

It has beenshown that thecomputational cost of our techniqueis dramatically affectedby the
orderin which thestatesare aggregated. We deviseda numberof state-selection strategiesand
demonstrated that the fewest-paths-first technique (which eliminatesthe statewith the lowest
productof predecessorandsuccessor statesateach step) wasbest atpostponingthecomputation
explosionduring the lifetime of the algorithm. By partially aggregating the statespaceusing
the latter method,both the computationalcost andmatrix densityremainlow. This yields a
substantially smaller, yet still sparse,systemonwhich to perform exact performanceanalysis.
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Weintend to investigatefurtheraggregationpossibilities for SMPs.In particular, hybrid combi-
nationsof thestate-selectionstrategiesarepossible.For example,wecouldenvisageatechnique
which dynamically changesselection algorithm dependingon thecurrentdensity of thetransi-
tion matrix, in orderto achieveabeneficial computation/density trade-off. Further investigation
is necessary to determinewhetheror not this schemeoffersany benefits.

Wherepossible, thepartitioning of the transitionmatrix into loosely coupledsubmatrices may
alsoprove to beeffective. As with individual states,submatricescanhave 0 predecessor and' successors, and thus 0 ' pathsrunning through them. It should, therefore, be possible to
aggregatethese submatricesall at once by performing thenecessary aggregation operationsfor
these0 ' paths. For low valuesof 0 and ' (i.e. a loosely coupledstatespace)this should
provideeconomical statespacereductions.

Finally, astheexisting aggregationalgorithm is iterative andonly actson local portionsof the
statespace,it offerspossibilities for efficientparallelisation.
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A Aggregation Functions

In theappendix,weexpandonanddefinethekey functionsusedby î�ï�ï�ð9ñOï�îÆò¦ñ órôéõ : îÆï�ï�ð"ñrï�îÆò¦ñ óOñ����Dñ����Oñ�ó ,î�ï�ï�ð9ñOï�îÆò¦ñ 
�ð9î+�����Æñ�ó and îÆï�ï�ð9ñOï�îÆò¦ñ ���	� ÿ ñ�ó .
As before,wedefinetheset ö�ø z

asthetuple �Rö�� z �l�
$ . Wealso use
z:O /f� z �/P £ �m�)QlgSRTQVU � ! $to be a tuple of a probability and Laplacetransform associatedwith a particular transition.!x/f��ö ù ö�$ ùJzWO

, associatesstates 8 and: statesto agiventransition pair.

Wedefine8YXû : to meanthat,thereexistsa transitionfrom state8 to state: in ø .

A.1 Subsidiary functions

î�ï�ï�ð9ñOï�îÆò¦ñ óOñ�����ñ(���Oñ�ó takesa state,8 , to be aggregatedandthe SMP andreturnsa set of tran-
sitions which representall thepaths (from onestatepreceding to onestateafter 8 ) which pass
through8 . Thepathshave beenaggregated into single transitions using îÆï�ï óOñ�� . Thenumber
of transitions generatedby îÆï�ï�ð"ñrï�î�ò|ñ óOñ��(��ñ����rñ�ó is equalto theproductthenumbertransitions
leadinginto 8 andthenumberleaving thestate.

îÆï�ï�ð"ñrï�î�ò|ñ óOñ��(��ñ����rñ�ó %÷ö�ø zúù ö û[ZN�7! $îÆï�ï�ð"ñrï�î�ò|ñ óOñ��(��ñ����rñ�ó ��ø �98�$}/&���R�78��9:D$R� îÆï�ï óOñ�� ��<=�"<,��$�$
v���8��9<=$�2 ò¦ð"î+��ó ò þ��78��møú$��l�7:;�"<,��$�2 ò¦ð9î+� ó ý ð þ ô �78��møú$�,

î�ï�ï�ð9ñOï�îÆò¦ñ 
�ð9î+�����Æñ�ó processesanSMP, ø , and a set of transitions,
6

, which mustnot contain
any cycles.Thetransitions areto beintegratedinto theSMP, ø . If thereis a pre-existing tran-
sition in ø for a given memberof

6
, then the two arecombinedusing îÆï�ï 
�ð9î+����� , otherwise
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thetransition in
6

is just returnedunchanged.

îÆï�ï�ð"ñrï�î�ò|ñ 
�ð"î+�����Æñ�ó %÷ö�ø zúù Z���! $�û[ZN�7! $îÆï�ï�ð"ñrï�î�ò|ñ 
�ð"î+�����Æñ�ó �Røp� 6 $�/f������8O�":D$�� îÆï�ï 
�ð"î������ �7<m�9< � $�$�v��R�78��9:D$R�9<m$�$�2 6 �
<��./ if 8YXû¿: then ��ø]\F��8O�":D$��lø ¯ ��8O�":D$�$ else �R���l��$R,

î�ï�ï�ð9ñOï�îÆò¦ñ �(�	� ÿ ñ�ó processes an SMP, ø , and a set of cyclic transitions,
6

. For each cycle
definedin

6
from 8 to 8 , the set of out-transitions is selected from the SMP, ø . For each

memberof thatset, theaggregationfunction îÆï�ï ���	� ÿ ñ is applied. All themodifiedtransitions
areunifiedinto asinglesetandreturned.

îÆï�ï�ð"ñrï�î�ò|ñ ���	� ÿ ñ�ó %÷ö�ø zxù ZN�7! $�û[ZN��! $îÆï�ï�ð"ñrï�î�ò|ñ ���	� ÿ ñ�ó ��ø � 6 $�/ h_^ W W h|´ h Z ´ X#` Z ��a �
v;� /f�����78��9:�$�� î�ï�ï ���	� ÿ ñ ��<=�"<,��$�$�v��7:;�"<=$�2 ò¦ð9î+� ó ý ð þ ô �78��møú$�,

î�ï�ï órñ�� is used to representtwo transitions in sequenceasasingletransition.

îÆï�ï óOñ�� % zWO ùJzWO û zWO
îÆï�ï óOñ�� ����g��Jbi��cÆ$�$R�m��g+�7�db�����cÆ$�$�$�/f��g�g+���Jbi��cÆ$�b�����cÆ$�$

î�ï�ï 
�ð9î+����� is usedto represent two branchingtransitionswhich terminate in thesamestateas
asingletransition.

îÆï�ï 
�ð"î+����� % zWO ùJzWO û zWO

îÆï�ï 
�ð"î+����� ����g��Jbi��cÆ$�$R�m��g � �db � ��cÆ$�$�$�/f��g �Jg � � gg �Jg � bi��cÆ$��
g �g �Jg � b � ��c�$R$

î�ï�ï ���	� ÿ ñ is used to represent a cycle to the same state and a leaving transition as a single
transition. Thefirst argumentis theleaving transition andthesecondis thecyclic transition. If
thereis morethanoneout-transition thenthe transformationwill needto beapplied to eachin
turn.

îÆï�ï ���	� ÿ ñ % z:O ùJzWO û zWO

îÆï�ï ���	� ÿ ñ �R�7g��dbÆ��c�$R$��l�7ge
m�Jb(
m��cÆ$�$�$�/ g�§HJge
 � �R�wHJge
=$�bÆ��c�$�wHJge
�b(
m��cÆ$
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A.2 Util ity functions

Thefunction ò¦ð9î+��ó ý ð þ ô takesastate,8 , andreturnsthesetof states,probabilitiesand distribu-
tionswhichsucceed8 .

ò¦ð"î+��ó ý ð þ ô %÷ö ù ö�ø z û[ZN��ö ùJzWO $ò¦ð"î+��ó ý ð þ ô �78��møú$�/f����:;�m�Rø]\F�78��9:�$��lø ¯ �78��9:�$�$�$�v;:02eø]f��"8gXû :D, (20)

Thefunction ò¦ð"î�� ó ò þ takesastate,8 , andreturnsthesetof states,probabilities anddistributions
whichconnectto 8 .

ò¦ð"î+��ó ò þ %÷ö ù ö�ø z ûhZ��Rö ùJz:O $ò¦ð"î+��ó ò þ ��8O�løú$}/f���7:;�l��ø]\��7:;�"8O$R�mø ¯ �7:;�"8O$R$�$�v�:¤2eø]f��9:iXû¿8�, (21)

The óOñ�ò functionis usedto setagiventransitionin theunderlyingDTMC anddistributionmatrix
of anSMP. If necessarythecurrent transitionis overwritten.

óOñ�ò % ! ù ö
ø z û ö�ø z
óOñ�ò �R���78��9:�$��l�7g��Jbi��c�$R$�$��løú$}/&��ø]f�� z ���l�'��$

v z ���R���JR�$�/ g if �����JR�$�/f�78��9:D$ø>\������JR�$ otherwise

�j�������dR7$�/ bi��cÆ$ if �R���JR�$�/f��8O�":D$ø ¯ �R���JR�$ otherwise
(22)

ýlþÆÿ�� is usedto addwholesetsof new or replacementtransitionsto anSMP, asdonein Fig. 5.

ý�þ�ÿ�� %÷��¡ ù ¸úû ¸0$ ù ¸ ù ZN��¡U$�û ¸
ý�þ�ÿ�� ���D� � �dk�$�/

� if k]/ml�#� ¢ � � ��ýlþÆÿ��.���D� � �Jk � $R$v�� ¢ �dk � $�/ ñ ÿ ñ�ô ð9ñ�óOò ��k�$ otherwise
(23)

The function, ñ ÿ ñ�ô ð"ñ�óOò , is usedby ýlþÆÿ�� to selectan arbitrary elementfrom a setandreturn a
tuplecontaining thatelementand thesetminusthat element.

ñ ÿ ñ�ô ð"ñ�óOò %nZN��¡U$�û ��¡U��ZN��¡U$�$
ñ ÿ ñ�ô ð"ñ�óOò �7! $�/ o

if !x/ml� ¢ v ¢ 2«!é�m�=<�v;<§2«!é�9<o°/ ¢ ,�$ otherwise
(24)
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