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Abstract

Semi-Markov mocelling paradgms are moreexpress$ve thantheir Markovian counterparts
but are equdly vulnerable to the statespace explosion problem. This pgpe addresss
thiswedknessby preseting anexact state-ly-stateaggregation algorithm for semi-Markov
modds. Empirical eviderce shaws tha the computatioral compexity of our mettod de-
perds critically on the orde in which the states are aggregated. We investgate differert
state-ordeng strategiesand find one that aggregates a large proportion (circa 75%) of our
exampe statespaces at minimal cost. This leaves a significantly smdler model which
canthen beandysedfor performarce-related quartitiessut aspassag-time quantilesand
trarsient distributions. We denonstrate our technique on several examples,including a
541 280 statemodd which is reducedto just 173 101 states.

1 Intr oduction

Semi-Markov processesSMPs)areexpresivetoals for modellingteleconmunicatiorandcom-
putersydems;they are agenealisationof Markov processestha allow for arbitraily distributed
sojourn times The statespae explosionproblem, however, hindersthe analysisof SMPsasit
doesof mary stochastiandfunctionalmodellingdisciplines. Oneapproactto addessingthis
problemis to useaggr@ation techniquesto remove single statesor groupsof statesand ag-
gregatetheir effed into the remainingstates.Mary techniquessxist in the Markovian domain
for exad andapproximate aggregation (e.g.lumpability [1], aggreation/dissggregation[2], ag-
gregation of hierarchical modds [3]) but to dateanalogos work on semi-Markov aggreation
algorithmshas bee very limited [4].

In this paper we presenta state-by-¢ate aggregation algorithm for semi-Maikov processs.
We dso presrnt a methodfor representing the Laplae transfoms of the state-holding-time
densityfunctionsof an SMP which requires constanspace Thisis animportantimplementation
issuebecauseit avoids replicding the structural compleity of the unaggregated modelin the



distribution representatiorof the aggrejated model (as seenin phase-type representationof
generalistributions[5]).

For the examplesemi-Makov modelsanalysed here,we obsere thatthe spae andtime com-
plexity of our algorithm variesaccordingto the orderin which statesareaggreyated. We find
anorderingwhich givesusthe ability to aggregatea large proportionof statescheaply halting
beforethe aggregationprocesbemmestoo expensve.

The remainekr of this paper is organisedasfollows. In Section2 we briefly describesemi-
Markov processs andillustrate the calculdions requiredto generatgerformance-elaedquan-
tities suchaspasage-timeandtrangent distributions. Sedion 3 outlinesthe aggegation algo-
rithm anddiscussesefficient distribution repregntation. Finally, Section4 presentanexample
semi-Markov systemderived from a Peti ng model. We perform aggraeationson different
modelsizesto evaluatedifferentstateaggregation ordeing strategiesandshow our algorithm’s
efficacy in modelsof upto 541 280 states

2 Definitions and Background Theory

2.1 Semi-Markov Processs

Congder a Markov renaval process {(X,,,7,,) : n > 0} wher T, is the time of the nth
trangtion (7p = 0) ard X, € S is the state at the nth transition. Let the kernelof this proces
be:

R(’I’L,Z,j,t):]I)(Xn+1:j,Tn+1—Tn§t|X :Z) (1)

fori,j € S. Thecontinwustime semi-Markov proces (SMP), {Z(t),t > 0}, defined by the
kernel R, is relatedto the Markov renaval proces by:

Z(t) = Xn )

whereN(t) = max{n : T;, < t}, the numberof transtions by time ¢. ThusZ(t) represents
the state of thesygemattime ¢. We congder time-homogeneusSMPs,in which R(n, i, j,t) is
indepementof any previous state exceptthelast. Thus R becomesndepenéntof n:

R(i,j,t) = H)(XnJrl :jaTn+1 - Tn <t ‘ Xn = Z) for ary n > 0
= pi;jH;;(t) (3

wherep;; = IP(X,,+1 = j | X,, = ) is the statetransitionprobablity betwesnstates and j

andH;;(t) = IP(Th41 — T < t| Xpg1 = j, X = 1), is thesojourntime distribution in state

1 whenthe next stateis j. We user to bethe steady-tatevectorof theembeldeddiscrete-time
Markov chan (DTMC), p;;.



2.2 Firstpassagedimes

Congderafinite, irreducible,continuoustime semi-Markov processvith n states(1, 2, ..., n}.
If Z(t) denotesthe stateof the SMPattimet (¢t > 0), thenthefirst pasagetime from a source
state ¢ at timet into anon-emptyset of targetstatesj is:

Pa(t) =inf{u>0: Z(t+u) € | Z(t) = i} (4)
For a stationay time-homogenausSMP, Pz.j.(t) is independentf ¢ andwe write:

Pi;.:inf{u>0:Z(u)€j|Z(0):i} (5)
PZ.;. is arandomvariablewith anassociatedorobability dersity function fi;(t) suchthat:

to
IP(tl < PL; < tg) = fJ(t) dt 0<t1 <ty (6)
t1

In general the Laplacetransform of fﬁ., L«J(S)’ canbe computedby solving a setof n linear
eqguations: ‘

Liz(s) = > ri(s)Lyz(s) + > rii(s) 7)
k¢ kej

wherer, (s) is the Laplace-Stieltjesransbrm (LST) of R(i, k, t) from Section2.1, thatis:

ris) = [ et aRG k) ®)
0
Eq.(7) hasa simple matix-vectorform (47 = b). For example for j = {1},
L —rip(s) oo =) Lyj(s) rii(s)
0 177‘;2(8) 7T§n(8) LQE(S) T;l(s)
0 —r3p(s) -+ —73,(s) Lyz(s) | = | r31(s) 9)
0 —rip(s) o L=mia(s) ) \ L s(s) ra(s)

Sydemsof linear equationf this form canbe solved by a variety of numericaltechniquesfor
exampleSuxesive Over-Relaxation or Conjugate Gradiart Squaed[6]. Note thatin the gen-
eralsemi-Markov case, theelementof A becomearbitrary comple functionswith no standard
form andcareneedsto be taken whenstoring suchfunctionsfor eventual numerical inversion
(seeSection 3.5).

Whenthereare multiple soure states denotedby the vector, the Laplacetrangorm of the
pasagetime distibution at steady-statés:

Lyz(s) =Y arlys(s) (10)

kei



wherethe weight o, is the probability at equilibrium thatthe sysem is in state & € i at the
starting instant of the passage. As the stating vector of states does not necesarily include
all the states «;, is the renormalisedrersion of the embeddedTMC steadystateprobability
vector 7

Tk

Eje{ﬂj

o = (11)

2.2.1 Transientdistrib utions

Anotherusefil modellingresult is thetrandentdistiibution, 7;;(¢), of a stochastigrocess
T;i(t) =P(Z(t) = j | Z(0) =1) (12)

Fromeary pgpers on SMPs[7], we have thefollowing trandation from pasage-timejuantities
to trangent distributions, in Laplaceform:

1 1—hi(s) cif i = ]
Ti(s) = 3mal) R (13)
Lij(s)Tj5(s) :ifi#

whereh;(s) = >, r};(s) is the LST of the sojourntime distribution in stated. For multiple

talgetstatesthisbecome:

1 [ 1-his) 1 — hj(s)
T %(s) = ~* = | —2%4. - — L, 14
ij (8) Z zk(s) S 1— Lu(S) i€J + Z 1— ka(s) k(S) ( )
kej ke ki
whered is 1 if theindicatorfunctioncondition B is trueand0 othemwise.

To corstruct T%,(s), for a target vector, j, we need 2|j| — 1 passage-timequantities, L;(s),
whichwe cangetfrom \ﬂ matrix calculationsof the form of Eqg. (9).

As for pasage-timesfor multiple source statesj;, we weightthetransientistributions accord-
ingly:

Ti(s) = Z  T(s) (15)

3 lterative State SpaceAggregation

3.1 Motivation

In orderto control the statespace exploson which occurswhen generating the statetransition
matrix for a semiMarkov process, we have developedan exactaggreationalgorithmthatacts
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Fig. 1. Reduing a complete4 state graphto a complete3 state graph.

onthesemi-Maikov statespae directly. Theaimisto apply suchaggreationbeforeperforming
ary pasage-timeor trandentanalysisandthusreducethe calculationtime requiredto solve the
systemof linearequationshown in Eqg. (9).

Themethod, illustratedin graphi@l termsin Fig. 1, worksasfollows: first, a state is chosento
be aggregatad. Then, fromthetransition graph,al pathsof length two centredon thatstate are
identified(step(¢)) and aggregatedinto stochadically equivalent,singletransitions(step(ii)).
The newly-creded trangtions (shovn dased in Fig. 1), which duplicae the route of existing
transtions, arecombinedwith the existing trangtions. Finally, cyclic transitionsareeliminated

(step (iid)).

Thereault is to remove the choserstateandthusredue the orderof thetransitionmatrix by one.
Repeatedapgdication of this algorithmon differentstateswill reducethe SMP to an arbitrary
size (> 2 states),while still presrving the exad passigetime distributions betweenall pars
of the remainingstates. This style of aggre@ation is not possible in a Markovian contect as
aggraation operationsof this type do not have a closedform in the Markov doman (i.e. the
cornvolution of two Markovian delaysis not itself Markovian).

Of particular importancds theorderin which states are chosento beaggregated. Theoreticély,
ary state couldbeoperatedn, providing it is nota souice or destinatiorstate of a passage-time
or transientdistribution quantity A detaileddiscusgn of potential state orderingstratggiesis
preentedin Section3.4. Before proceedingo this, however, we outline the basc steps of our
algorithm.
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Fig. 2. Aggregating seqentialtransitiondn an Fig. 3. Aggregatingbranching trangtionsin an
SMP SMP.

3.2 BasicReduction Steps

Ther are threebasic reductionstepsfor aggraating a single stateof an SMP. These deal with
cornvolutions branchingandcyclesasfollows:

SequentialReduction
In Fig. 2, Y = X; + X, is a cornvolution and therebre in Laplace form, Ly (s) =
Lx,(s)Lx,(s). In orderto extrad the pathfrom an SMP we have to take into acount
the probabilities p; andps of thefirst transiion andsecondranstions of the pathbeing
selectedThis givesusthe overall pathprobabhlity of pips.

Branchreduction
In Fig. 3, we cansum the reedive probabilitiesto getthe overall selectionprobability
for the aggreate path. Thusthe aggegate probability for the branchis p; + ps. Our
aggregatedistribution, Y, is givenby:

D1 D2
L = L + L 16

v (s) P (s) P X,(8) (16)
sothat for both aggrgateandunaggreatedformsthetotal sojourn-timedistribution has
Laplacetransfom p; Lx, (s) + p2Lx, (s).

Cycle Reduction
Whenthereis a statewith at leastone out-transitionanda transiton to itself, asshavn
in Fig. 4, we canremove the cycle by makingits stochasticeffect partof the out-going
transitons

Condder a state trangtion sysem asbeingin thefirst stageof Fig. 4, with (n — 1) out-
transitons andprobability p; of departure alongedgei. Each outtransitionhas anas®-
ciatedsojourn X;; the cycle probability is p,, with sojournX,,.

Thefirst step, (i), is to isolatethe cycle and tred it separatelyfrom the branchingout-
transitons We do this by rewriting the sydem to include an instantaneouslelay and



Fig. 4. Thethree-dep removal of acycle from anSMP.

extra state immediatelyafter the cycle, Z ~ §(0); the introductionof an extra stateis
only to aid our visualisationof the problemandis not neessary (or indeal performed)
in the adual aggegation algoithm. Clearly the instantaneougransitionwill be seleded
with probablity (1—p,,) Wenow haveto renormalig thep; probabilities onthebranding
stateto beomeg; = p;/(1 — py).

In step (z7) of Fig. 4, we aggre@jate the delay of the cycle into the instantaneustrans-
tion creaing a new transitionwith distibution Z’. By treating the sygdem asa random
geometic sum of therandomvariableX,,, we canwrite:

_ 11— Dn
AN 0

In stage(iii) of the processthe 7’ delay can be sequentially convolved with the X;
sojourngto give usour final system.

In summay, we have reducel ann-out-transitionstatewhere oneof thetransitonswasa
cycleto an(n — 1)-out-transtion statewith no cycle suchthat:

ai= (18)
— Pn

and:

)= Ty g ) (19)

3.3 Main aggregaion algorithm

In this sectionwe definetheaggreationfunction,aggregate _smp, whichis defined onanSMP,
M, for astate i beingaggreated.We representM by thetuple (S, P, L) whereS is thefinite set
of states P is theunderlyingDTMC and L is the stateholding-timedistribution matix whose
entriesarethe Laplaa transbrms of the statesojourntime densities In anirreducible semi-
Markov process, the aggraation procedure can be appliedto ary state,while in a transient
SMP, it may be appliedto ary state exceptthe absobing or initial states. Readingfrom the
bottomup in the functiondefinitionof Fig. 5:



aggregate_smp : SMP xS — SMP
aggregate_smp (M, i) = fold(set, M’ vs) .

vs = aggregate_cycles(M',ts.),
M' = fold(set,M,us),

us = aggregate_branches(M,tsy),

tsy, = ts\ tse,

tse = {((4,79),t).((4,),t) € ts,i = j},
ts = aggregate_sequences(M, 1)

Fig.5. The aggregate_smp function

. ts = aggregate_sequences(M, i):
Find al valid pathsof lengthtwo that have i asthe centrestate. Form a set of single
transitbnsusingthe sequentiahggreyation describedin Section3.2.

. lsp=1s \ Usc, 1S = {((Zaj)at) . ((Za])vt) €ts,i= .7}
Sepaatethetranstion setts into a set of cycles ts., andasetof branchingranstionsto
othe statestsy,.

. us = aggregate_branches(M,tsy):

Whetre transitionsin M are duplicatedby transitons in ts;, thes are aggregated and
placedin us usng the branding aggregation from Section3.2. Where a new transition
thatis not presenin M in descibed ¢s;, then thattrarsition is written unchangd into us.

. M' = fold(set, M, us):
Overwriteall thetransitionsin M that are presentin us.

. vs = aggregate_cycles(M’, ts.):
Perfom cyclic aggregationonthetransitonsin ¢s., usingthe methodfrom Section3.2.

. aggregate_smp(M, i) = fold(set, M’ vs):
Finally, overwrite thetranstions of M’ with thereplacements transtions and returnthe
final SMP

Thereailtisthat M’ will have adisconnetedstate;, which canberemovedfromthetransition
matrices.

Thefundions aggregate_sequences, aggregate_branches andaggregate_cycles tha implement
thereductionsof Section3.2 aredefinal in appendixA.

Thealgorithm,as outlined,removesasingle stateandrediwcesthe SMP to anormal form, which
hasno same-statecycles,aftereach aggraation. If aggreyating mary statesconscutively, one
optimisation is to perfom this reductionof samestatecycles onceonly after the last state has
beenaggregated, ratherthanafterevery state aggreation.
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3.4 State-ordering Issuesfor Aggregaion

As mentionedn Sectionl, theorderin which thestatesof asemi-Matkov systemareaggregated
canhave anenormouseffect onthe spaceandtime demand®f ouralgorithm.In our discussion
of variousstate-odering strategies, we will focuson two key metricsby which the pradicality
of thes strategiescanbejudged:

1. thedensiy of non-zercelemantsin thematricesP and L, alsoknown asthe matrixfill-in.
ForanN x N sparsematix with » non-zeroelements, thedensty is givenby r /N2,

2. the computationhcost of the aggr@ation processas given by the numbe sequential,
branchand cycle reductionoperationsperfomed.

Intuitively, there is a tensionbeweenthes two metrics strategies designedo reducefill-in
should reault in more branchingaggreation, and hencemore computation,while strategies
designedo reducecomputationshould tendto increaselensityfaster

3.4.1 Matrix density

Clearly, the densty of nonzero elementsn the matrix will incresse and approachl.O asthe
states are removed and further nonzero trarsitions are created. If a systemis aggreatedso
thatonly two statesremain(with no same-statecycles)thenthe densty will initially approach
1.0andthen deay to 0.5in thefinal stages.This decreasén densty occursbeaus thefinal
trangtion matrix will only have non-zerosn elementsL;5(s) and Lo (s) andzerosin Lq1(s)
and Lao(s). This canbe observedin Fig. 6, which shows the matrix dengty for a 2081 state
semi-Markov process asit is aggregrateddown to two states

3.4.2 Computation

In termsof computationatod, for astate with m predecesorstatesandn succesorstatesthere
aremn corvolution opertionsandasmary asmn branchingaggregationsto perform. For an
N x N trarsition matrix with high densty, this will give us O(N?3) operationgo perform to
aggrgate O (V) states.For a sparsetransiton matrix with low densty, m andn maybe O(1)
ratherthanO(NN') andif the newly createdranstions do not coincidewith existing transtions
thenthis gives usalower boundof mn corvolutionsto perform.

As thesesemi-Markov modds are typically generatedrom formalisms suchas Petri nets and
processlgebragwherethe numbe of potentialsuccessrsof a state is aimog alwayslimited),
their initial matricestendto be spar®e. As aggregation proceedshowever, thesematiices will
becoméncreasigly densewith thecomputatioml-cost consequetesthatthis entails In order
to gainary benefitfrom aggegation, thereforejt maybenecesary to curtailthe procesdefore
the benefitsgainedfrom reducingthe statespacesize areoutweighedby the cog of performing
theaggreation.
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Fig. 6. Completeaggregation of a2 081 state semi-Markov systemto two states.

Before we examinesomespecificstate-odering strategies we needto dealwith one final im-
plementéion issue:that of distribution representation.

3.5 Distribution Represenation

The key to practical analysisof semiMarkov processs lies in the efficient representationof
their generly distributedfunctions Without care the structuralcompleity of the SMP canbe
recreatedvithin the repregntation of the distribution functiors. This is certainlytrue of the
manipulationgerformedin the aggreyation calculdions of Section3.2.

Many techniqus have beenusedfor repregntingarbitrary distributions— two of the mostpop-
ular being phasetype distributions and the vectorof-momentsmethod. Thesemethodssuffer
from, repedively, exploding repregntationsize undercompostion andcontaning insufficient
information to produce accurateanswversafter large amountsof composition.

As all our distribution manipulatiors take placein Laplae-spacewe link our distiibution rep-
reenation to the Laplaceinversiontechnique thatwe ultimately employ. We usetwo different
trangorm inversion algorithms the Eulertechnique 8] and the maodified Laguere method[9]

with modificgions summaisedin [10].

Both algorithmswork onthesamegerera principleof samplingthetrangorm function f*(s) at
n points,sy, s, . . . , s, andgeneatingvaluesof f(t) at m userspecified t-pointsty, to, . .., ty,.
In the Eulerinverson casen = km, wherek canvary between 15 and50, dependingon the
accuagy of theinvergon. In themodifiedLaguere casen = 400 and crudally, is indepenént
of m. Whichever algarithm is chosenhowever, theimportantisae is that calculatings;, 1 <
1 < m andstoling the Laplacetransbrmsof al the sojourn-time densityfunctionssampledat
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thesepoints will besufficientto provide acomplée inverson.

Storingour distribution functionsin this way hasthree mainadvantayes Firstly, afunctionhas

constantstoragespacejndependenbf its distribution-type. Secondly eachdistribution, there-

fore, hasthe same congan storagerequirement evenafter compositiorwith otherdistributions.

Finally, thereis sufficientinformationabouta distribution to detemine arequited passage-time
or trarsient density(andno more).

4 Analysis of Aggregation Strategies

4.1 Example System

To demonstate the aggregation techniquewe usethe examplesemi-Markov sysem shown in
Fig. 7. Thisis specifiedasasemi-Markov stochastidetrinet[11] thathasgenerallydistributed
trangtion firing times Themodelrepreentsa distributedvoting systemwherevoters cag votes
throughpolling units, which in turn register voteswith al available centralvoting units. Both
polling unitsand centralvoting units cansuffer brealdowns, from whichthereis asoft recovery
mechaism. If, however, all the polling or voting units fail then, with high priority, a failure
recovery modeis institutedto redore the systemto anoperationaktate.

cC | MM | NN States
11 7 4 2081
22 7 4 4050
60 25 4 106540
125 | 40 4 541280

Tab. 1. Numbe of statesgereratedby the voting sysgem SM-SPNin termsof the numbe of voters(C'C), polling
units (M M) andcentralvoting units (N V).

There are several voters C'C, alimited numberof polling units M M, anda smallernumbe of
centralvoting units N N. Thesize andcompleity of theunderlyingsemi-Markov chan canbe
varied by alteringthesethree parameterss shovn in Tade 4.1.

We gererate four modelsfrom this example: 2 081 and4 050 state modelswhich areusedto
testseveral differentaggregation strategies; and 106 540 and 541 280 statemodds which are
aggreatedusingthealgorithmidentifiedas mostefficient.

4.2 State-selectioralgorithms

Bearing in mind the transitionmatrix densityandcomputationalcomplexity issueshighlighted
in Section3.4, we propose thefollowing orderingsof states for aggreation. Giventhata state
hasm predecesy statesand n successr states

11
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Fig. 7. The semi-Markov voting modelshavn in stochasticPetrinetform.

Fewed-pathsHirst choogs the statewith lowest mn-vaue first. Thisis desgnedto minimise
computationasO(mn) corvolutionandbranchingaggreationsarerequiredto eliminae
astate.

Most-successor-states choo®s the state with the highestn-value first. This is desgned to
reducefill-in by targeting the rows of the transtion matix with the larges humberof
non-zerodor aggreation.

Most-paths-first chooseshestatewith highestmn-valuefirst. Thisis designedo demonstate
the computationallyword-casescenario.

Random choosesan arbitrary state for aggreation, without consderationof m or n. The
selectionis doneuniformly acrossthe entirestatespacegiving usayardstickwith which
to compae our other state-odering strategies

4.3 Comparing Different Aggregation Algorithms

Fig. 8 shavs the densityof the trangtion matrix for fewest-pathdirst, mostsuccessr-states,
mostpaths-fist andrandom state-selectionmethodswhenaggreating all but two statesin the
2081 statemodel.Notethat,aswith all othe graphsin this sectiontheresultsare plottedwith a
logarithmicy-axis It canbe seen thatthe fewest-pathsfirst method providesthe lowestdensity
for nearly 75% of the aggraation process The most-pathdirst techniqgue maintains a lower
trangtion matrix densityfor thelast 25% of the process

Themog-succesorstatesstrategy experiencesa densityexploson ealy on, reading 70%fill-
in relaively quickly, almostcertainly beaus it generates large numberof nev non-zero

12
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Fig. 8. Transition matrix densty for the2 081 statemocel for four different state-selection pdlicies.

le+12 T T T
Operations/most paths first: 2081 state system ———
Operations/fewest paths first: 2081 state system -------
Operations/most successors first: 2081 state system --------
Operations/random: 2081 state system
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Fig. 9. Computationa costfor the 2 081 statemodelfor four differentalgarithms.

elemerts at the stat of the process This is clearly demonstratedby its dersity profile when
comparedo tha of therandomstate-glection method for thefirst half of the state-pace. Once
35% of stateshave been aggreyated,however, the desied effed is achieved as the removal of
denseows starts to lower thefill- in.

Fig. 9 shows the cumulative numberof corvolution, branc eliminationandcycle elimination
operationstaken to aggreate all but two statesin the 2 081 statemodel. The fewestpahs
first policy maintairs a very low operationscountfor the first 70% of the statespace The
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mostpaths-fist selectionalgorithmis in fad linear in the numberof states aggregated, as it

spreads the work evenly acdoss statesand hasno computdional exploson. Ultimately, the

mostpaths-fist policy pelformstwice asmary opeationsasthe fewestpathsfirst algorithm.
The mostsuccasorstatespalicy is alsoseento be computationdy worse (thatis, resultin a

highernumberof operationsthanthe randompolicy. For this rea®n it will not be considered
furtherfor the aggreation of largerstatespaces.

4.4 Comparing Aggregdion of Modelsof Diff erent Size

T T T T T T
Matrix density/fewest paths first: 2081 state system
Matrix density/fewest paths first: 4050 state system -------

Matrix density/most paths first: 2081 state system --------

Matrix density/most paths first: 4050 state system

0.1

Transition matrix density

0.01

0.001

0 10 20 30 40 50 60 70 80 90 100
Percentage of states aggregated

Fig. 10. Trangtion matrix densityover two differentmodel sizesandtwo differentalgorithms.

In Fig. 10, we compare densiy profiles over two differernt sizes of modé (2081 and 4 050
stateg for two different aggreation strategies: fewed- and mostpahsfirst algorithms. For a
valid compaisonto be made we plot the densityagainstpercentageof state space aggregated.
The resultsshow that, after about75% of stateshave been aggreated,the trandtion matrix
densityis lower for thelarger mockl, right up until completematrixfill- in is achieved.

The operationakostfor differentmodelsizesis shown in Fig. 11 for fewed- andmostpahs
first aggregation techniqus. For both technigesthere is a small increasein the cost when
aggreating larger models;but this is dwarfed by the orders-of-magnitudeincreasehatcanbe
seenwhenusingthe mostpahsHirst algorithmover the fewest-pathsalgarithm.

In the lasttwo figures (Fig. 12 andFig. 13), we condder only the fewestpahsHirst algorithm,
as,of all thetechniqus, it seemgo bethe onewhich keefsthe computationbcos undercontrol
thelonges whilst smultaneoudy maintainingmatrix sparsty. In addition to the two previous
caseswe provideresultsfrom theaggeegation of SMPswith 106 540 and 541 280 states. Fig. 12
shows the numbe of operationdor all four statespaceswhile Fig. 13 plotsthe density
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Fig. 11. Computation& compleity over two differentmocdel szesandtwo differentalgaithms.
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Fig. 12. Computadional complexity for sygemswith upto 541 280 states; fewestpahsHirst algorithm only.

Our previous reaults suggesthat our first concernshouldbe over the amoun of computation
to be done— whilst matrix sparsityremainsat acceptate levelswhena large proportion of the
state spacehas beenaggrejated,the number of operationsexceels 10° even whensmall state
spacesare aggrgyatedcompletely For larger models therefore, the process is truncatedafter
about75% of the statespace hasbeenaggreated,avoiding the computationalexploson. Some
successwith this truncation can be observed asit limits the requirednumberof aggreation
operationgfor both 106 540 and541 280 statesystemsto below 10® (this is of the same order
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Fig. 13. Transitionmatrix densty for sydemswith upto 541 280 states fewestpathsfirst algorithmonly.

asthe numberof operationgequiredto aggrgatethe 4 050 state modelcompletelyusingthe
mostpaths-fistmethod).

Finally, theeffect onthe densty of stoppingafteraggregating 75%of the statespace canbeseen
in Fig. 13. Again the dersity of the larger modelremainssmallerfor longerandeven for the
106 540 statemodelonly reache$).01. Spase-matrixsolutiontechniquesvill still functionwell
atsuchdensitiesand will benefitgreatlyfrom the reductionin the dimensionf the matrix.

5 Conclusionand Future Work

In this pgoerwe have presentedanexactstate-by-stateaggregation algorithmthatcanbe applied
to structually-unresticted semi-Markov proceses. To complementhis, we have developeda
constanspaceaepresentationf the generalistributions foundin SMPs,whichis basednthe
evaluationdemandsof numericalLaplace trandorm inverson techniqgues We have applied our
algorithmto large SMPs, reducinga 541 280 statemodelto 173 101 states. While, theoretic#ly,
it is possble to redwce every model to just two statescomputationatos beconesvery largeas
thetranstion matiices repregnting the SMP get less sparse.

It has beenshown thatthe computdional cogs of our techniques dramaticdly affectedby the
orderin which the statesare aggregated. We deviseda numberof state-gledion strategiesand
demonstated that the fewest-pathsfirst technigque (which eliminatesthe statewith the lowest
productof predecesorandsuccesar statesatead step) was best atpogponingthecomputation
explosionduring the lifetime of the algorithm. By partially aggreating the statespaceusing
the latter method,both the computationakos and matrix densityremainlow. This yields a
subgantially smaller yet still sparse,sygemonwhichto perform exad peformanceanalyss.
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We intend to investicatefurtheraggreyation possbilities for SMPs. In particulay hybrid combi-
nationsof the state-®lectionstrategies are possible. For example we couldervisageatechnque
which dynamicdly changesselection algorithm dependingon the currentdensgty of thetrang-
tion matrix, in orderto achiere abeneficid computation/desty tradeoff. Further investigation
is necesary to determinevhetheror notthis schemeoffersary benefits

Wherepossible, the partitioning of the transitionmatrix into loosely coupledsubmatiices may
alsoprove to be effedive. As with individual states submatricexanhave m predeceser and
n succesors andthus mn pathsrunning throughthem. It should, therfore, be possble to
aggragyatethes submatricesll at once by performing the necesary aggegation opeaationsfor
thesemn paths. For low valuesof m andn (i.e. aloosely coupledstatespace)this should
provide economial statespaceredudions

Finally, asthe existing aggreation algoiithm is iterative andonly actson local portionsof the
state space, it offerspossbilities for efficient parallelisation.
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A Aggregaion Functions

In theappendixwe expandonandddinethekey functionsusedby aggregate_smp: aggregate_sequences,
aggregate_branches andaggregate_cycles.

As before,wedefinetheset SM P asthetuple(S, P, L). Weasouse PD = (Prob, LaplaceT)
to be a tuple of a probability and Laplacetrangorm associatedwith a particulartransition.
T = (S x S) x PD, asociatestates i and;j statesto agiventranstion pair.

We definei 24 j to meanthat, thereexistsa transitionfrom statei to state;j in M.

A.1 Subsidiary functions

aggregate_sequences takesa state,i, to be aggrg@atedandthe SMP andreturnsa set of tran-
sitions which representll the paths (from one state precaling to one stateafter:) which pas
throughi. The pathshave beenaggregatal into single transtions usng agg_seq. The number
of trangtions generatedy aggregate_sequences is equalto the productthe numbertranstions
leadinginto ¢ andthe numbereaving the state.

aggregate_sequences : SMP x S — P(T)
aggregate_sequences (M, i) = {((i,5), agg_seq(t,t))
. (i,t) € trans_to(i, M), (j,t') € trans_from(i, M)}

aggregate_branches processesan SMPB M, and a set of transitions R, which mustnot contain
ary cycles. Thetrandgtions areto beintegratedinto the SMP, M. If thereis a pre-existing tran-
gition in M for a given memberof R, then the two arecombinedusing agg_branch, otherwise
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thetranstion in R is just returnedunchanged.

aggregate_branches : SMP x P(T) — P(T)
aggregate_branches (M, R) = {((i, ), agg_branch(t,t")) . ((i,5),t)) € R,
' = ifi 2 jthen (Mp(i, §), ML(4, 7)) else (0,0)}

aggregate_cycles procesesan SMP, M, and a setof cyclic transitions R. For eech cycle
definedin R from i to 4, the set of out-transtions is seleded from the SMP, M. For each
memberof thatset, the aggregation function agg_cycle is apgdied. All the modifiedtranstions
areunifiedinto asingle setandreturned.

aggregate_cycles : SMP x P(T) — P(T)

aggregate_cycles (M,R) = U X
i:((3,0),t')ER
- X ={((i,), agg-cycle(t, 1)) . (j,t) € trans_from(i, M)}

agg_seq is used to representwo transtions in sequences asingletranstion.

agg_seq : PDx PD — PD
aggseq  ((p,d(2)), (p'.d'(2))) = (pp',d(2)d'(2))

agg_branch is usedto repregnt two branchingtransitionswhich terminate in the samestateas
asingletranstion.

agg_branch : PD x PD — PD

agg-branch ((p.d(2). (0, d'(2)) = (047, =) + ﬁ/p, d(2))

agg_cycle is used to represent a cycle to the same state and a leaving transtion asa single
trangtion. Thefirstargumentis theleaving trangtion andthe seconds the cyclic trangtion. If
thereis morethanoneout-tran&ion thenthe transbrmationwill needto be apgdied to eachin
turn.

agg_cycle : PD x PD — PD

agg-cycle — ((p,d(2)), (pe,de(2))) = <

p (1 —pc)d(2)>

1 _pc, 1 _pcdc(z)
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A.2 Utility functions

Thefunction trans_from takes a state 7, andreturnsthe setof statesprobabilitiesand distribu-
tionswhich succeed:.

trans_from : S x SMP — P(S x PD)
trans_from (i, M) = {(4,(Mp(i,5), Mr(i,§))) . j € Mg, i 2% j} (20)

Thefundion trans_to takesastate,;, andreturnsthesetof statesprobabilities anddistributions
which connectto i.

trans_to : S x SMP — P(S x PD)

trans_to (i, M) = {(j, (Mp(j,3), M(j.9))) . j € Mg, j 2% 4} (21)

Theset functionis usedto setagiventransitionin theunderlyingDTMC anddistribution matrix
of anSMP. If ne@ssarythe current transitionis overwritten.

set : TxSMP — SMP
st (((i,9), (p,d(2))), M) = (Mg, P', L)

/ if (k,l) = (i, )
Pk 1) = { ?Mp(k,l) otherwise !
Lk, Y) = { My (k,1) otherwise ’ (22)

fold is usedto addwhole sets of new or replacementranstionsto an SMP, asdonein Fig. 5.

fold : (AxB— B)xBxP(A)— B
r if =0
fOld (fa T, F) = { f(ﬂ?,T,fOld(f, T, F,)) (23)

. (z,T") = elem_rest(T")  otherwise

Thefunction, elem_rest, is used by fold to selectan arbitrary elementfrom a setandreturn a
tuple containing thatelementand the setminustha element.

elem _rest P(A) — (A, P(A))
i it T =
elemrest (T) = { (z.xeT {t.teT,t#z}) otherwise N
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