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Abstract

Real-life systems are often plagued by unanticipated padace problems caused by
subtle bugs and bottlenecks. It is thus essential for systesigners and engineers to
have an understanding of their fundamental performanceacteistics, both before and
after implementation. Stochastic modelling and analysspectively provide the means
to abstract systems as mathematical descriptions and iteedpranti able measures of

interest from them.

A major, and so far largely unaddressed, challenge is thei spgon of complex per-
formance queries on models in an accessible manner thatndbescri ce expressive-
ness. This thesis attempts to address this challenge mdirding Performance Trees,
a new formalism for the graphical speci cation of complexfpemance queries on sto-
chastic models. Performance Trees are designed to be dbedss providing a more
intuitive approach to query speci cation, expressive byngeable to reason about a far
broader range of concepts than current alternatives, siklenby supporting additional
user-de ned concepts, and versatile through their appiiity to multiple modelling for-
malisms. Performance Trees are presented in the contextgdraus formal framework

that de nes the syntax, typing and quantitative semanticgperators.

Prototype tool support is implemented in the form of a moddkhe PIPE2Petri net tool,
which provides graphical user interfacing and Performdmee query design capabilities.
Query evaluation is supported by a set of integrated paeaildistributed analysis tools,

and realised by the distribution of computations onto ackdd Grid cluster.

The practical application of Performance Trees is dematesdrin the context of case
study analysis scenarios of an electronic voting systenonéine transaction system and

a hospital's Accident & Emergency unit.
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“Itis an immutable law in business that words are words, exptaons are explanations,
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Chapter 1

Introduction

1.1 Motivation

Over the last few decades, we have witnessed scienti ¢ arfthtdogical advancement on
an unprecedented scale. This has had an enormous impaainamityy We nd ourselves
surrounded by complex computer systems supporting andggxemning many aspects of
our lives. Due to this strong dependence on technologyaibigsic necessity that systems
function correctly and reliably, while also exhibiting gbperformance. However, due to
the inherent complexity of today's systems, the predictbtheir performance is often
dif cult. Performance-related analysis provides a rigggavay to address this problem by
examining, among others, critical system characterissiagsh as availability, reliability,
responsiveness and ef ciency.

A system is generally considered to be available if it hadaitdéd and is not undergoing
maintenance. Many systems are required to be availabletas ahd as consistently
as possible in order to serve customers who expect and retptmuous availability.
Web servers and eCommerce infrastructures are good exaofpsesh systems. It is
imperative that measures of availability be accessiblgstesn engineers to enable them
to anticipate and eliminate undesired service interrunstio

Reliability, the probability of a system performing a spesa function without failure un-
der given conditions for a speci ed period of time, is pautarly crucial to systems that
either support mission-critical applications or are exgubt® extremely high user demand.
Nuclear power plant and airspace control systems are clasamples of the former, and
local area and telephone networks of the latter kind of systelt is generally consid-
ered unacceptable for such systems to fail unexpectedhaliiél/-oriented analyses are

1



2 Chapter 1. Introduction

essential to gaining an insight into the likelihood of systailure.

Responsiveness is an indicator of the speed with which sgstespond to requests. Users
invariably want to be able to interact with highly respoessystems in order to maximise
their perceived productivity. Often, a more responsiveaesyscan have a greater effect
on overall user satisfaction than the fast completion of sspeiated request. There-
fore, good system design also takes responsivenessaiiteriaccount and bene ts from
responsiveness-oriented system analysis [Powell02].

Ef ciency, an indicator of the actual performance of sysseaompared to their possi-
ble performance, is also an important system property feigiers and engineers to
consider. This is so because it is often a requirement fdesysto operate at peak ef-
ciency, especially in industry, where complex IT systenuppgort the large majority of
business operations. Businesses often nd themselves ingwswhere they may be in a
strategically more advantageous position than a compgiitaply because their systems
perform more ef ciently. An investment bank's electroniading platform is a tting
example, since even a minor difference in terms of its ehce compared to a that of
another bank's systems can make an big difference in eanigficiency, as a measure
of performance, is also very relevant in the context of sErgrovision, since ef cient
systems have higher throughput and are as a result, on ayexalg to serve customers
more promptly.

Quiality of Service (QoS) [Meyer80] can be thought of as a mesathat represents a par-
ticular level of performance and characterises factorf sgcavailability, reliability and
responsiveness of systems or services. QoS-orientedrpenfice analysis has a wide
range of applications in helping service providers to goga certain levels of service.
Telecommunications and network providers, for instanes;, heavily on performance
analysis to ascertain whether or not expected levels of Qe®eing provided to cus-
tomers, while the health care sector employs performanaf/sia to monitor whether
government-set QoS targets are being met consistentlyygung04].

For engineers to be able to design systems that conformitd @S requirements, ac-
cessible ways of modelling them and analysing their peréoroe are necessary. Analysis
is traditionally carried out by creating a model of a systémgrder to mathematically
abstract its behaviour in a way that is amenable to analgstconstructing a query that
de nes performance properties of interest. Performan&gigs are then evaluated on the
applicable model to obtain a quanti able performance neetrisuch as that addressed by
the query‘ln a hospital waiting room, what is the steady-state disttibn of the number

of patients waiting to be treated?> or to determine whether the system conforms to a
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particular QoS requirement — as set out in the quérna mobile communications net-
work, is the time taken to send an SMS message between two fsdedsé¢han 5 seconds
with more than 95% probability?”

In performance analysis, stochastic models (see Sectlyrat: needed to represent real-
life systems, since they are able to take into account théinsic probabilistic nature
and mirror their essential behaviour, while omitting distéhat would unnecessarily in-
crease the complexity of evaluation. An important advamtagusing models for the
performance analysis of real-life systems is that if a systan be solved analytically, it
is typically relatively simple to obtain performance me@sufrom it. This also allows
for a more accurate evaluation of performance aspects titamable from prototypes or
simulations. Hence, good models can provide the best apmtytfor observing trends
that emerge from a system's behaviour.

After constructing a stochastic model of a system, its perémce can be analysed by
specifying and evaluating performance queries, of whigrdahare mainly two kinds.
Queries that aim to verify conformity to QoS constraints@akedperformance require-
mentqueries, while queries that aim to obtain metrics that attarsse model performance
in some way are callegerformance measumgueries. Performance requirement queries
have traditionally been expressed in formulae of stocbémgics (see Section 2.2.2) and
evaluated by model checkers (see Section 2.4.1), whilepeance measure queries have
been speci ed in tool-speci ¢ languages (see Section 2.2l evaluated by quantitative
analysers.

We have identi ed certain aspects of the traditional perfance analysis process that
represent signi cant research opportunities and whichehawvided the motivation for
the present research:

1. There is a strict separation between the speci cationasfggmance requirement
and performance measure queries. At present, no uni ed@mvient exists for
their common speci cation, and certainly none for their coon evaluation. Hence,
gueries consisting of both performance measared requirement-oriented con-
cepts cannot be speci ed or evaluated.

2. Current performance query speci cation formalisms laogessibility. That is, they
require specialist knowledge and expertise to be usedtetdg which is often not
compatible with the background knowledge of typical syst#signers and en-
gineers. This is the case with logical formalisms and t@aes c languages, for
example, as also noted by [Grunske08a]. Furthermore, lgr@Magical paradigms
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may also seem esoteric to many industrial users, and diteosspeci ¢ speci -
cation languages have little in common with one anothers Ty be one of the
reasons why many industrial users rather resort to sinamgtior the purposes of
performance analysis.

3. The scope of expressiveness of current performance gpecry cation formalisms
is overly constrained. This is because such formalisms smbport the speci ca-
tion of a few, relatively basic, performance propertiesl da not provide the means
to reason about more advanced concepts (such as distnibutiensities, convolu-
tions, moments and percentiles, for example). Logicalespntations are concise
and rigorous, but they are speci c to performance veri oatiand hence not appli-
cable in a wide range of scenarios. Tool-speci ¢ languagayg be able to address
performance measures, but they are limited in terms of espreness by the tools
that implement and support them.

1.2 Objectives

The research presented in this thesis has two main objective

1. To develop a novel performance query speci cation forsmalthat

Is accessible to system designers and engineers by prgvadsimple and
intuitive approach to query construction;

enables the expression of performance queries utilisimgeqats related to
both performance requirement speci catiand quantitative measure extrac-
tion;

expands on the expressiveness of current query specircédionalisms by
supporting a wider range of performance concepts than piiggmssible.

2. To implement an integrated performance analysis enwgort that provides tool
support for the accessible design of stochastic system Isv@shel performance
gueries (using the newly developed speci cation forma)isand is able to eval-
uate them in a large-scale parallel and distributed fasbioma Grid-based com-
putational back-end that harnesses the power of a rangedafaded performance
analysis tools.
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1.3 Contributions

1.3.1 The Performance Tree Formalism

This thesis introduceBerformance Treesa novel graphical performance query speci-
cation formalism that enables the expression of complerrggs containing both per-
formability requirements and quantitative measures. dPerdnce Trees support a wide
range of concepts, applicable to stochastic system matialsare likely to be familiar to
system designers and performance engineers. They repegsaltiernative to traditional
approaches to query speci cation, which have so far mostgndbased on complex logi-
cal and textual formalisms. Performance Trees ease thegsaigni cantly by providing

a convenient and accessible way of specifying performaneeeg with their visual hier-
archical tree structure that allows performance queriégtoomposed graphically.

Their abstract state speci cation mechanism equips Paidoce Trees with a certain de-
gree of versatility that other formalisms often do not have,allowing queries to be
de ned over a number of different modelling formalisms. Fhihesis presents Perfor-
mance Trees in the context of generalised stochastic R SPNs) and the stochas-
tic process algebra PEPA. The formalism is also capable toh@&ing customer-centric
performance measures from such models, which allow queries speci ed that involve
reasoning about individual customers. In addition, Penforce Trees do not place any
arti cial constraints on the size of models that can be so)\&nce they are evaluated by a
set of analysis tools, whose inherent solution capacitgrdahes the scope of evaluation.

Performance Trees are an extensible formalism. Throughsthef parameterised macros,
custom performance concepts can be incorporated into thod agailable operators and
reused in other queries. Such user-de ned macros are cotetr from the set of basic
Performance Tree operators. New operators, represerdutigjamal performance con-
cepts distinct from the ones that are already available beaimcorporated into the for-
malism, provided that evaluation support in the form of geial tools is also integrated
into the underlying analysis framework.

1.3.2 Formal Characterisation of Performance Trees

We also present a formal characterisation, which includesyntax, typing and quanti-
tative semantics of Performance Tree operators.
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1.3.3 Tool Support for Performance Trees

Tool support for the graphical speci cation of Performaficee queries is realised by an
enhanced version of the open-source Petri net e®BE2 which enables the graphi-
cal speci cation of GSPN models. We have implemented thédPmance Query Editor
module to provide an interactive graphical interface thitas users to design Perfor-
mance Tree queries on system models de nedPiRE2 submit these for evaluation,
track evaluation progress, and visualise obtained residdisuch, the module also serves
as the client front-end to a sophisticated performanceyaisaénvironment that enables
the parallel and distributed evaluation of Performance=Tqaeries on GSPN models.
With the Performance Query Editor modufiPE2has been extended to provide a single
point of access to Performance Tree-based query spe@rcaind evaluation.

The analysis environment's evaluation back-end consisgsserver that communicates
with PIPE2to coordinate the evaluation of queries, and a Grid-basetpatational re-
source pool that integrates high performance hardware amderange of specialised
performance analysis tools. The evaluation back-end wsgsmg to ensure that queries
that have been evaluated already are not processed agairewdleation is requested on
the same model. Evaluation results are stored on disk aridvwe in case of repeated
requests. Integrated smart scheduling ensures that, vosseble, Performance Tree
gueries are evaluated concurrently.

1.3.4 Application of Performance Trees in Case Study Scenarios

This thesis also presents the practical application ofdPerdince Trees in GSPN-based
case study performance evaluation scenarios, includinglentronic voting system, an
online transaction system and a hospital's Accident & Eraeog unit.

1.4 Thesis Outline

The remainder of this thesis is structured as follows:

Chapter 2 presents relevant background material. An overview offestic modelling
is given, describing low- and high-level formalisms for tilestract representation
of real-life systems. Traditional approaches to perforoeaguery speci cation are
also discussed by providing an overview of performanceyquakssi cation and
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considering logical, graphical and tool-speci ¢ languageClassical methods of
performance analysis are then considered, with partieutgghasis on probabilistic
model checking, numerical analysis methods and simulattenally, a summary
of the most relevant currently available tools for perfonteanalysis is provided.

Chapter 3 introduces Performance Trees, a novel formalism for theesgmtation of
performance queries. An introduction to the formalismgetbgr with a description
of its structure and the set of available operators is git@tiowing that, the power
of Performance Trees is highlighted by discussing theiessibility, expressive-
ness, extensibility and versatility, and demonstratirejrtpractical application on
a number of example performance analysis scenarios.

Chapter 4 details the formal characterisation of Performance Trééspresent the syn-

tax, typing and quantitative semantics of Performance ogerators, which to-
gether form the formalism's theoretical framework.

Chapter 5 discusses the modelling and analysis of real-life systenas integrated par-
allel and distributed performance analysis environmehts €nvironment consists
of a number of interacting software and hardware compon@hE?2, a Java-based
open-source Petri net design tool, serves as the usegfgcaphical interface and
provides functionality for the speci cation of GSPN systenodels and Perfor-
mance Tree queries. It interacts with the Analysis Sertiercbordinating compo-
nent of the analysis environment. The Analysis Server dpémquery evaluations
and outsources computations to a number of specialisedlgdaand distributed
tools, which carry out computations on a dedicated anatjaiter. Following the

description of the analysis environment's architectune, analysis process is dis-
cussed in detail.

Chapter 6 presents case study evaluation scenarios to demonsteapphcation of Per-
formance Trees. Analyses of an electronic voting systemprdime transaction
system and a hospital's Accident & Emergency unit are dbsdri

Chapter 7 concludes the thesis by summarising and evaluating thedtieal and prac-

tical contributions, discussing areas of application eftbsearch and highlighting
opportunities for future work.

Appendix A provides detailed descriptions of the models used in the sagly evalua-
tions.
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1.5 Publications

The publications summarised below have arisen as part sésarch carried out during
the course of this Ph.D.

1. Workshop on Process Algebra and Stochastically Timed Actities (PASTAQ5S)
[Suto05] describes early efforts aimed at nding an acd#esand user-friendly
approach to the speci cation of QoS-related performancgirements. The idea
presented in this paper considers the development of andeddorm of stochastic
logic, to serve as the underlying theoretical frameworkdarser-facing graphical
performance query speci cation front-end. This graphfcaht-end intends to pro-
vide a layer for visual query composition and to hide fromubker the complexities
involved in the speci cation of logical performance quexi®ueries de ned in the
graphical formalism are proposed to be translated intotthehastic logic for eval-
uation purposes. The paper also introduces the idea dfinglthe greatly extended
computational power that can be provided by a Grid infrastne for performance
analysis by distributing, parallelising and optimisingphpable model-checking
computations on a dedicated Grid-based analysis cluster.

2. Workshop on Process Algebra and Stochastically Timed Actities (PASTA06)
[SutoO6a] departs from [Suto05]'s original idea of using extended stochastic
logic for performance requirement representation, bwtimstand expands on the
concept of graphical performance speci cation. The papgoduces Performance
Trees, a novel formalism for the graphical speci cation effprmance queries on
stochastic models. Performance Trees represent perfoentpreries as visualised
hierarchical tree structures, and aim to provide an adolessiternative to stochas-
tic logics, the thus far prevalent means of performanceiremquent speci cation.
The range of Performance Tree operators allows the expresdi performance
requirement-oriented queries and also provides the abditspecify quantitative
measures of interest on stochastic models. Material framnghper appears in
Chapter 3.

3. International Symposium on Modelling, Analysis and Simulaton of Computer
and Telecommunication SystemgMASCOTS'06) [Suto06b] expands on work
presented in [Suto06a] by investigating and classifyirgdtiferent kinds of per-
formance queries that may be of relevance to system designerengineers, and
describing how Performance Trees can be used as a querycsgiec formal-
ism that is able to express performance requirements amorp@mnce measures at
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the same time. The paper introduces the ability of Perfoomairees to reason
about passage time distributions and densities, tranarhsteady state measures
and moments. It also presents the syntax and type systeneftorance Trees
and provides an outline mapping from concepts that can beesged by the sto-
chastic logic CSL to Performance Tree operators. The paperilflistrates how
semi-Markov passage time computation algorithms, baseduomerical Laplace
transform inversion, can be directly applied to the resotubf a case study Perfor-
mance Tree query on a GSPN model of a voting system. Mateoad this paper

is used in Chapters 3, 4 and 6.

4. International Conference on the Quantitative Evaluation of SystemqQEST'07)
[Suto07] expands on work presented in [Suto06b] by solidgythe theoretical
foundations of Performance Trees through the provisioruahtjtative semantics,
which de ne the mathematics underlying individual Perfamae Tree operators.
The paper also focuses on illustrating differences in teofnsxpressiveness be-
tween Performance Trees and CSL, and presents a case stimynagice query
speci cation on a GSPN model of a hospital's Accident & Enegrgy unit. Mate-
rial from this paper forms part of Chapter 4.

5. International Workshop on Parallel and Distributed Methods in Veri cation
(PDMC'08) [Brien08b] describes the rst realisation of an mi&tion environment
for Performance Trees. In particular, the paper presenslislef the architecture
and implementation of this environment, comprising of amtiside model and per-
formance query speci cation tool, a server-side distrdabévaluation engine, and a
dedicated Grid cluster. The evaluation engine combinesaiagytic capabilities of
a number of distributed tools for steady state, passageamddransient analysis,
and also incorporates a caching mechanism to avoid redticdiiulations. The
paper describes the analysis process and demonstratesciorttext of a case study
of a hospital's Accident & Emergency unit how this analysiwieonment allows
remote users to design models and performance queries phe&stoated, yet easy-
to-use framework, and subsequently evaluate them by r&ngethe computational
power of a Grid back-end. Material from this paper can be toarChapter 5.

6. SPEC International Performance Evaluation Workshop(SIPEW'08) [Bradley08]
considers recent developments in the analysis of stochaitess algebra mod-
els, which allow for transient measures of very large motielse extracted. By
performing so-called uid analysis of stochastic procelgglra models, it is now
feasible to analyse systems@{10'°%) states and beyond. This paper extends the
type of measure that can be extracted with uid analysis, @edents a systematic
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transformation of a PEPA model that enables the extractiomeasures analogous
to response times. It also presents a case study, which dimwsesponse time
measures can be extracted from a PEPA model of a health cstexsyMaterial
from this paper is presented in Chapter 3.

7. International Conference on the Quantitative Evaluation ofSystemgQEST'08)
[Dingle08b], a tool paper, builds on [Brien08b] and presenésevaluation of Per-
formance Tree queries on stochastic models in the context oftegrated parallel
and distributed analysis environment. The graphical ugerface to this environ-
ment is implemented in thelIPE2tool, a Java-based open-source Petri net editor,
which provides query design capabilities and control ovwesry evaluation. Eval-
uation is coordinated by the Analysis Server, which is respae for the schedul-
ing of jobs on a Grid-based computational cluster that it a number of spe-
cialised parallel and distributed analysis tools. Matdri@m this paper appears in
Chapter 5.

8. IEEE Transactions on Software Engineering(submitted for publication) [Suto08a]
builds on material presented in [Dingle08b] and addressesitegration of Perfor-
mance Trees into a parallel and distributed performanclysis@nvironment. The
paper describes how support for tagged customers in sysielsmand the ap-
plication of Performance Trees in their context is realisédalso reasons about
how Performance Trees can be used to query system modet drasige stochas-
tic process algebra PEPA, and presents a case study penicgresialuation of a
hospital's Accident & Emergency unit — demonstrating sorhie capabilities of
the analysis environment. Material from this paper is ipooated into Chapters 5
and 6.

9. ACM SIGMETRICS Performance Evaluation Review (Special Issue)invited
paper) [Suto08b] builds on [Brien08b] and [Dingle08b], anscdsseIPE2 an
open-source tool for GSPN-based system modelling and sisaBIPE2was orig-
inally developed as a platform-independent Petri net edidcsupport the design of
complex GSPN-based system models. Subsequently, it haseodanced with a
number of analysis modules and has evolved into a versatite-end for a sophis-
ticated parallel and distributed performance evaluatimrirenment. WithPIPE2,
users are able to design and evaluate complex performamcesgy expressed in
the Performance Tree formalism — primarily aimed at pertotoe property veri-
cation and performance measure extraction. The paperigesvan overview of
PIPEZs features and discusses details of its underlying evi@oanvironment.
Material from this paper is detailed in Chapters 5 and 6.
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10. International Conference on Parallel, Distributed and Grid Computing for
Engineering (PARENG'09, invited book chapter) [Knottenbelt09] desesthow
Performance Trees attempt to address the challenge ofyapgatomplex perfor-
mance queries on models of systems in a way that is both aloleeasd expressive.
It elaborates on their ability to provide more intuitive gquspeci cation, to reason
about a broader range of concepts than current alternatvessipport additional
user-de ned concepts, and to express queries on multipteenlying modelling
formalisms. The paper describes in detail tool support tsfdPmance Trees, and
presents a natural language-based query builder inteidaB¢PE2 Details on par-
allel and distributed query evaluation of Performance Tqeeries are given, and
their application is demonstrated in the context of a casgysof an online trans-
action system. The exibility of the formalism is furthetuktrated by extensions
that permit the speci cation and monitoring of Service Lie&greements. Material
from this paper has been used in Chapters 3 to 6 and Appendix A.

1.6 Statement of Originality

| declare that this thesis was composed by myself, and teatdk it presents is my own,
except where otherwise stated.



Chapter 2
Background

This chapter provides an overview of background matergl igrelevant to the research
presented in this thesis. Speci cally, it discusses stettbanodelling, methods and tools
for performance analysis, traditional approaches to perdmce query speci cation and
performance evaluation in Grid environments.

2.1 Stochastic Modelling

It is generally of great interest to system designers anthepgs to have an understanding
of the way in which systems behave. There are two approabheare primarily used for
the investigation of factors that have an effect on criteyatem properties: experimen-
tation and analysis. Experimentation is generally considlexpensive, time-consuming
and unreliable, due to a lack of coverage of all possible ates. It can, however, be
useful for thorough explorations of the effect that spegyarameters have on system
behaviour. Analysis, in contrast, is cheap, effective aeplethdable. In order to enable
tractable analyses of systems, mathematical models tsaaabsystem behaviour need
to be constructed. These are quantitative system deseriptinat approximate reality by
making simplifying assumptions and omitting non-essémtédails. If a model can be
solved analytically, it is typically relatively simple tdotain performance measures from
it. Because of this, good models provide the best means fatiitevery of trends that
can provide an understanding of qualitative aspects oésygerformance. However, the
necessary restrictions on the level of detail embedded mefsmften result in inaccurate
representations of absolute performance. Neverthelelsdgivie performance is usually a
more than satisfactory measure, since it can be used tdigaesdifferent con gurations

12
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of the same system [Mitrani98].

Mathematical models come in different avourB®eterministic modelgredict a single
outcome from a given set of possible outcomes, wsiitechastic modelpredict a set of
possible outcomes, weighted by their likelihoods. Sined-liee systems exhibit random-
ness, modelling tools that are needed to study them cometfresiomains of probability
theory. Stochastic models are used widely in many areaseafidktural and engineering
sciences, since they can represent the behaviour of batrehand man-made systems.

2.1.1 Markov and Semi-Markov Processes
Random Variables

Most stochastic models are expressed in terms of randorablas. A random variable
represents the outcome of a random experiment and is therefaracterised by its prob-
abilistic outcome. Random variables can represent, foant®, the number of customers
in a system, the time a customer takes to traverse a systerpyaportion of time that
there are fewer thak customers in a system, etc. A random variabldissreteif it can
only have a nite number of values, amdntinuousotherwise.

De nition A random variable on a sample spac® is a function : S ! R that
assigns a real numbe(s) to each random outcons2 S [Nelson95].

Values of random variables can be speci ed probabilistyoasing distribution functions.
For a discrete random variable, the probability mass function (pmfj (x), gives the
probability of the random variable being equal to some vatue

X
f X)=P( =x)= P(s) (2.1)

(s)=x

For continuous random variables, tpeobability density function (pdf)f (x), is the
derivative of a random variable's probability distributid- (x):

f(x)= d—dXF(x); (2.2)

Informally, a pdf can be thought of as a smoothed-out versiahistogram. If enough
values of a continuous random variable are sampled, progueihistogram depicting
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relative frequencies of output ranges, then this histogrélhresemble the random vari-
able's probability density, assuming that the output rareye suf ciently narrow. Values
of a pdf are not probabilities themselves, but instead, rikegral of a pdf over a range
of possible valuega; j gives the probability of the random variable falling withtimat
range.

The probability that a random variable, takes on a value that does not exceed a given
numbery, is given by thecumulative distribution function (cdffr (x):

8 X
E f (t); if isdiscrete

FX)=P(  X) (2.3)

t X

Z X
f(t) dt; if iscontinuous

1

The pdf can also be used for the expression of the probability random variable, ,

taking on a value in the intervéh; Q:

Z b
P(a< b = f (x) dx (2.4)
a
A random variable is characterised completely by its prdtgllistribution or its prob-
ability density function. However, it is sometimes deslealand suf cient for practical
purposes, to describe a random variable by its summargtstat[ TrivediOZ2].

One important measure of a random variablejs its expectationE( ), which is for-
mally de ned as:

8

% xip(x;); if isdiscrete
(2.5)

3

xf (x) dx; if iscontinuous
1
Exponential distributionare a very important type of probability distribution, whiarise
naturally when modelling the time between independenttsvéiat happen at a constant
average rate. A random variable, taking on non-negative real values, is said to be
exponentially distributed if its cdf has the form:

Fx) =1 e*; x O (2.6)
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This function depends on a single parameter, 0, which is called theate. The corre-
sponding pdfis:

fx)= e *; x O (2.7)

Exponentially distributed random variables are commordgduito model random time
intervals with arbitrary lengths. may represent the service of a job, the duration of
a communication session, the interval between consecatnsals, etc. An important
property of the exponential distribution is that its futgm®gress does not depend on its
past. This is also known as timeemoryless propertyAnother way of expressing this
property is to say that the probability of an activity condimy for another interval of
length at leasy, given that it has already lasted for timte is independent ok. The
following equation [Nelson95] clari es the reason for this

1 Fx+y) _

P( >x+yj >Xx) 1 FOO

e’ =P( >y) (2.8)

Stochastic Processes

De nition A stochastic process a set of random variablds (t) : t 2 T g, indexed by
the time parametedt

Typically, T represents a set of points in time, and) the value of the stochastic process

at timet, which is also referred to as itate The state space of the process is the set
of all possible values that(t) can assume. Stochastic processes are classi ed according
to time, and we say that they aglescrete-or continuous-timgdepending on whethdr

is discrete or continuous. For continuous-time stochgsticesses] = R*. Stochastic
processes offer a way to capture complex forms of dependegteyeen sets of random
variables, which is why stochastic models make use of thehweltake the random
variable (t) to be the total number of customers that have arrived at @msyster the
time period[0;t], (t) is called acounting processA special type of such a process is a
renewal process.

De nition LetS;;S;; S;::: be a sequence of independent, identically distributed ran-
dom variables, such th@t< E (S;) < 1 . We refer to the random variab& as thei™"
holding time We de ne then™ jump timeas
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o= S (2.9)

The intervaldJ,; J,+1 ] are calledenewal intervals Then, the random variablg given

by
t=maxfn:J, tg t O (2.10)

is called arenewal procesfiNelson95]. In the context of real-life systems, we may khin
of the holding timed S; : i 1g as the elapsed time before a system breaks for the
i™ time since the last breakdown. In this context, the jump $ifnk, : n  1g record

the successive times at which the system breaks, and thwakpmcess ; records the
number of times the system has broken down by timé&kenewal processes are often
found embedded in other stochastic processes, most ndiziokov processes [Pyke61a].

When attempting to build a realistic stochastic model of esptaf scenario, dependencies
need to be taken into account. For example, purchases mtdesatpermarket next week
may depend on the satisfaction with purchases made up wmiijl or a shop's inventory
on a particular day depends on the stock level on the predaysas well as on customer
demand; or the number of customers awaiting service at kityatepends on the number
of waiting customers in previous time periods. Dependeneresure realistic models, but
at the same time make probability calculations very diftaal even impossible.

The more independence is exhibited by a model, the greatgpdhksibility for explicit
calculations, but the more questionable the level of reatisat is inherent to the model.
Hence, when constructing a model, the challenge lies in taiaing dependencies that
ensure suf cient realism, but which at the same time do ndterraathematical tractabil-
ity infeasible. In most cases, the future behaviour of assyslepends to some extent on
its past. That is, the states, and ,,, at two different moments in time, are dependent
random variables. A particular class of stochastic prqgoessch exhibits the Markov
property, has a limited form of state dependency [Nelson95]

De nition The Markov propertystates that given the current state of a stochastic pro-
cess, p, the distribution of any future state;, does not depend on the past history of
the process, , : p <n. In other words, the present state of the process contditiseal
information about its past that is needed to determine iisréuevolution [Nelson95].
Formally,

P( he1 =) n=in; n1=in it 0=00) = P( ne1 =] n=1n) (2.11)
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Processes that exhibit the Markov property, caMatkov processesre among the most
important tools of probabilistic modelling, since they reatkependencies manageable.
Markov processes whose state space is discrete, are teferessMarkov chains The
dynamic behaviour of Markov processes is characterisetidyransitions between their
states and the times spent in them. Generally, teege holding timesalso often called
sojourn times represent the periods where some form of processing inggkace in
the systems being modelled by the Markov processes. Inasintransitions represent
events in the system. The Markov property ensures that apaimy, the distribution of
time until the next state change is independent of the tinth@fprevious state change.
Since the only probability distribution function that elshis this property is the expo-
nential distribution, we know that sojourn times are expuiadly distributed in Markov
processes [Mitrani98].

Discrete-Time Markov Chains

De nition A discrete-time Markov chain (DTMG$ one whose parameter space is dis-
crete, i.e. a stochastic sequente, j n = 0;1;2;:::g, that satis es Equation 2.11 for
n 2 N. The possible values of,, form a countable se®, called the state space of the
DTMC. Changes of state occur at discrete time intervals [Bat]seO

The evolution of a DTMC is described by so-calleke-step transition probabilitie; ,
of the chain moving to stajeat timen + 1, given that it is in state at timen:

P =P( a1 =] n=1) (2.12)

In the case ofime-homogeneous Markov chajiise behaviour of a system does not de-
pend on when it is observed, since transition probabillietsveen states are independent
of the time at which transitions occur, and hence do not changr time [Hillston04]:

Pj = P( n+l = J J n= i): P( n+m+l = J ] n+m = i): ] (2.13)

wheren=1;2;:::; m 0; i;j 2S. One-step transition probabilities can be speci ed
compactly in the form of a transition probability matri®, which completely charac-
terises a time-homogeneous DTMC:
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2 3
Poo Po1 Po2 :
Pio P11 P12
P=8: : (2.14)
Po Pi1 Pi2

Indices range over the state space, and since the chaitablgvihas to be in some state
at any observed instant, all rows®fsum to 1:

X
pp =1, 1=0;1::: (2.15)
j=0

An equivalent description of the one-step transition philiiges can be given by a di-
rected graph called th&tate-transition diagramA node labelled in the diagram repre-
sents state of the DTMC, and an arc going from nodé¢o nodej, labelledp; , implies
that the one-step transition probabilityps = P( 1 = j | n = i). An example
state-transition diagram can be seen in Figure 2.1.

172 172
3/10 12

2/10
\/Y o

7/10

Figure 2.1: A DTMC with transition probabilities

The probability of a DTMC to be in staje n steps after being in statecalled then-step
transition probability is given by the Chapman-Kolmogorov equation:

X
i =P( men=]) m=1) = PkPg " 0 m n (2.16)
k2Ss

To indicate that the chain can move directly from state statej, we writei 7! | if
p; > 0. The operation of the chain can be envisaged as followsarttssat timed in some
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stateig 2 S. At the next time unit or step, the chain moves to a neighlmgustate ; with
probability pi,i,, provided that, 7! i;. It is possible that this move is immediately back
to the state itself, which we refer to aself-loop This procedure is repeated, so that at
stepn, the chain is in some statg, whereig 7! i, 7! ::: 7! i, 1 7! i,. A sequence of
states satisfying this arrangement is callgzhth We writei ;" j if there exists a path of

n steps betweenandj, andi ; | if there exists a path from stait@¢o statg [Nelson95].

The classi cation of states depends on the structure of tlaekbly chain. A state is
calledabsorbingif i 6 |, for any statg 6 i. Once entered, the system will stay in state
i forever. A state is calledtransientif starting from it, there is a positive probability
that the chain will never return to it. If, for example, a stpkexists, such that; | but

J] 6 1, theni is transient. A transient state can only be visited a nitenter of times
with probability 1. A state is calledecurrentif the probability of eventually returning to
itis 1. Insuch acase, clearly; j andj ; iandwe say that stateandj communicate

A Markov chain isirreducibleif all states communicate with each other, otherwise it is
reducible

We call a sequence of states starting and ending at stateé-cycle If the expected
number of steps in arcycle is nite, we call state positive recurrentotherwise state

is said to benull recurrent If thei-cyclei ;" i exists only whem = kd for some values

of k and a xed value ofd > 1, then state is said to beperiodic with periodd. This
indicates that the state can only return to itself after sora#tiple of d steps. States that
are not periodic are calleaberiodic States that are positive recurrent and aperiodic are
calledergodic Models whose states are all ergodic, are themselves eldss ergodic.
Most Markovian models that arise in applications are ircgile and ergodic [Nelson95].

Figures 2.2 and 2.3 demonstrate these concepts. State @ureR2.2 is an example of
a transient state and state 3 that of an absorbing stateesSa# and 5 are examples
of recurrent states, and the sub-chain consisting of thesesss irreducible. The chain
shown in Figure 2.3 is positive recurrent and aperiodicckeaargodic [Nelson95].

Continuous-Time Markov Chains

Continuous-time Markov chains (CTMCs) are used to model systehere changes of
state can occur at arbitrary moments, and where intervalgdle® those changes can be
of arbitrary length.

De nition A continuous-time Markov chais a stochastic sequente(t) jt  Og, with
(t) 2 S, whereS is the discrete state space of the process. By the Markov pypfiee
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Figure 2.2: A DTMC with transient, ab- Figure 2.3: An ergodic DTMC
sorbing and recurrent states

evolution of the CTMC after a given momentlepends only on the state at that moment,
(t), and not on the past behaviour [Mitrani98]:

P( ()= x] (ta) = xn;:::5 (o) = x0) =P( (1) = xj (tn) = xa)  (2.17)

for any sequencey;ty;:::;t,, such thatty < t; < < t, <t. The evolution of
a CTMC is described by generator matrixQ, whose every elemenmyj; represents the
in nitesimal rate of moving from stateto statg , wherei 6 | :
2 3
Go G1 Qo2 :
Gho G GQue
Q=6: : (2.18)
Go -0 Qi .o

The behaviour of a typical CTMC can be described as follow® ffitocess enters a state
i, and remains in that state f)(zr a random period of time, thisteid exponentially with

parameter g;, whereg; = g;j . At the end of that period, the process moves to a
i6]

different statg 6 i, with some probabilityp; . The Markov property implies that if at

any moment, the process is observed in statee time that it will sojourn in that state

is independent of the time that has already been spent inrtilaBly, the next state to

be entered depends only on the current state, and not omtleespent in it or on any

previous states.

A CTMC also has an embedded DTMC (EMC), which describes theviairaof the
chain at state-transition instants, i.e. the probabiligt the next state is, given that the
current state is [Dingle04a]. The EMC of a CTMC has a one-step transition maR)|
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with entries
0 0 ifi=]
ﬁ ifi 6|

(2.19)

Semi-Markov Processes

De nition A semi-Markov process (SMpyke61b, Howard71] is a generalisation of a
Markov process, which allows generally distributed sajotimes. It changes states in
the same way as a Markov process, but spends time in any sstalted by a random
variable that depends on the state that the process cyri@tlpies and on the state
to which the next transition will be made. Hence, the menesylproperty no longer
applies to state sojourn times; however, at transitioramtst SMPs behave like Markov
processes, since the choice of the next state is only baste @urrent state.

Consider a Markov renewal proceiss ,; T,) : n 0g, whereT, is the time of then™
transition and , 2 S the state at tha™ transition. Let the kernel of this process be:

R(NGEE) = P( oner = [ Ther Tn t] n =) (2.20)

wherei;j 2 S. The continuous-time SMPZ(t) : t  0Og, de ned by the kerneR, is
related to the Markov renewal process by:

Z(t) = e (2.21)

whereN (t) = maxfn : T, tgisthe number of state transitions that have taken place
by timet. Thus,Z(t) represents the state of the system at timéMe consider only
time-homogeneous SMPs in whi&{(n;i;j; t ) is independent of:

R(;j;t) P( ni1=j;Tnes Tn tj n=1i) foranyn 0
i Hij (1)

(2.22)

wherep; = P( n+1 =] ] o = 1)isthe state transition probability between statasd
j,andHj(t) = P(Thea Tn  tj na =5 o = 1) is the sojourn time distribution

in statei when the next state js The state holding time is the amount of time that passes
before making a transition from one state to another.
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An SMP can thus be characterised by the matrResidH with elementsy; andHj;
respectively. In contrast, DTMCs have state holding times &éne equal to a unit time (a
step) and independent of the next state transition [BraéleyO

2.1.2 Stochastic Petri Nets
Petri Nets

Petri nets (PNs)Petri62,Peterson77,Agerwala79,Peterson81,Reisig@&d89,Bause02]
are a formalism for the description of concurrency and symisation in distributed sys-
tems. PNs have a convenient graphical representation {gaeeR2.4), which consists
of the following componentsplaces drawn as circles, model conditions or resources.
A place may represent a phase in the behaviour of a particol@ponent, for exam-
ple. Places may contatokens drawn as black dots, which are identity-less markers, and
whose presence on a place indicates that the correspormhdgion or local state holds.
Transitions drawn as rectangles, model activities within systemséffatt a change in
system state. Transitions are enabled and can re (seed-B)&j when each of the places
connected to it through unidirectional arcs contains atleae token. Tokens move be-
tween places according to the ring rules imposed by trams#. Upon ring, a transition
removes a number of tokens from each of its predecessorguackdeposits a number of
tokens on each of its successor places. The number of tobeambve and deposit by a
transition are speci ed by annotations on its incoming antfjoing arcsArcsrepresent
connections between places and transitions, and de neefla¢gionships between local
states or conditions and events. An arc from a place to aiti@msndicates the local
state in which the event can occur. An arc to a place from aitian indicates the local
transformations that will be induced by the event [Hillsddh

O—[—0
Sz
P 9
O——O

Figure 2.4: A Place-Transition net
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token transition place

Figure 2.5: Firing of a Place-Transition net

Thestate(or marking of a system modelled by a PN is identi ed by the number of teke
on each place in the net. A PN is de ned by its structure andnérai distribution of
tokens, the initial marking. Theeachability sebf a PN is the set of all possible markings
that it may be in, having started from the initial marking astmberving the ring rules.
The simplest type of a PN is a Place-Transition net (P-T net):

De nition A Place-Transition neis a 5-tuplePN = (P;T;17;1 ;My), where

P = py;:::;pn is a nite and non-empty set of places,
T = ty;:::;ty IS a nite and non-empty set of transitions,
P\ T=;,

| ;1" :P T1! Ngarethe backward and forward incidence functions,

Mg : P! Npgis the initial marking.

P-T nets are bipartite graphs, meaning that places can erdgnected to transitions and
vice versa. Backward and forward incidence functions speb# connection between
places and transitions. lIf (p;t) > 0, an arc leads from plageto transitiont, hence]

is called the backward incidence function of transittorit attaches a weight to the arc
leading fromp to t, which means that transitianis only enabled when plagecontains
at least as many tokens as speci ed by the weight. Firingrdgstexactly this amount of
tokens orp. Similarly, | * (p;t) speci es the number of tokens created on plpée case
of ring t [Bause02].

Stochastic Petri Nets

PNs are useful in qualitative analysis, where functiondlavéour is analysed, but since
they do not incorporate any notion of time, PN-based peréorre analysis of systems
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is not possible. Quantitative performance analysis reguihe temporal behaviour of
systems to be represented by models. Therefore, traditiRia have been extended
to incorporate timing information. Among the most widegmr®f timed and stochastic
extensions of Petri nets aséochastic Petri nets (SPNgYatkin81, Molloy81, Molloy82].
These are PN formalisms to which random variables have bagedato represent the
duration of activities or the delay until the occurrence \a#r&s.

De nition The continuous-timstochastic Petri ne6PN = (P N; ) is formed from the
P-TnetPN = (P;T;Il ;17;My) by adding the set=( 4;:::; ) to the de nition.

i IS the transition ring rate of transitioty. The sojourn time in a state depends on which
transitions are enabled, and is exponentially distributé¢d a parameter that is the sum
of the individual ring rates of enabled transitions.

An example of a stochastic Petri net can be seen in Figure 2.6.

Transition Rate

—
w
g A~ W N P

Figure 2.6: A stochastic Petri net

Generating a Markov process from an SPN is simple, sincedhaehability graph of
an SPN's underlying P-T net and the state-transition diagoda Markov process are
isomorphic, i.e. the number of states and the connectiotsire of both graphs are the
same. However, many SPNs can result in Markov processesdtai very large number
of states, which can make analysis infeasible [Bause02].
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Generalised Stochastic Petri Nets

Generalised stochastic Petri nets (GSPNs) [Ajmone Mars&mdone Marsan95] extend
SPNs by supporting immediate transitions, which re in zéme upon being enabled,
and timed transitions, which have an associated expoheigiay. Enabled immediate
transitions re before timed transitions [Hillston04].

De nition A generalised stochastic Petri nista 4-tupleGSPN = (PN; Ty; To; W),
where

PN =(P;T;I ;1%;My) is the underlying P-T net,

T, T isthe set of timed transition$; 6 ;,

T, T denotes the set of immediate transitiong) T, = ;; T =T,;[ T,

W = (ws;:::;wrj) is an array where eacly 2 R*

1. is a (possibly marking-dependent) rate of an exponedisadibution specify-
ing the ring delay when transitioty is a timed transition, i.&; 2 Ty, or

2. is a (possibly marking-dependent) weight, specifying riblative ring fre-
guency when transitioty is an immediate transition, i.e2 T,

An example of a GSPN can be seen in Figure 2.7, which showsl tiraesitions as hollow
rectangles and immediate transitions as lled rectangles.

1
p Transition Rate / Weight
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Figure 2.7: A generalised stochastic Petri net

GSPNs do not directly describe a CTMC, since immediate triansitre in zero time,
and hence the sojourn time in markings that enable immethateitions is not expo-
nentially distributed. However, since the probability dfanging from one marking to
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another is independent of the time spent in a marking, GSelsrithe semi-Markov pro-
cesses. In models that contain immediate transitions,ghehability graph will contain
instantaneous transitions that have no delay. Markingsetiable immediate transitions
are calledvanishing statesbecause they are never observed, even though the stachasti
process sometimes visits them. Markings that enable timaitions are callethngi-

ble states since the stochastic process sojourns in such markingarnf@xponentially
distributed length of time [Bause02].

Semi-Markov Stochastic Petri Nets

Semi-Markov stochastic Petri nets (SM-SPNSs) [Ciardo94, BsdBb] are extensions of
GSPNs that support arbitrary marking-dependent holdimg-tlistributions, and that gen-
erate an underlying semi-Markov process rather than a Megvkacess.

De nition A semi-Markov stochastic Petri neta 4-tupleSMSPN = (PN; P;W;D),
where

PN =(P;T;l ;1*;My) is the underlying P-T net,

P:T M! Z, denotedp(m), is a marking-dependent priority function for a
transition,
W :T M! R*, denotedw;(m), is a marking-dependent weight function for a

transition, to allow the implementation of probabilisticaice,

D:T M! (R* 1 [0;1]), denotedd(m;r), is a marking-dependent cdf for the
ring time of a transition.

M is the set of all markings for a given net. In addition, SM-SRiplement extended
net-enabling functions:

"N - M1 P(T) is a function that speci es net-enabled transitions of aegiv
marking. A transition is net-enabled if all preceding pkbave occupying tokens.

"p : M P(T) is a function that speci es priority-enabled transitiomerh a
given marking. It selects only those net-enabled transstihat have the highest
priority, i.e."p(m) = ft 2 "y (m) : pr(m) = max po(m) : t°2 "\ (m)gg. For a
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given priority-enabled transition,2 "p(m), the probability that it will be the one
that actually res after a delay sampled from its ring distiond;(m;r), is

W (m)

P(t2"p(m) res)= P
i 192"p (m) Wto(m)

(2.23)

The choice of which priority-enabled transition is red imyagiven marking is
made by a probabilistic selection based on transition wsigfi his mechanism

enables the underlying reachability graph of an SM-SPN tanlapped directly
onto a semi-Markov chain.

SPNs and GSPNs can be easily expressed as SM-SPNs. To spe@BN in the SM-

SPN formalism, we let; represent the exponential ring rate of a transitianjn the
SPN. Then we have:

p:(m) =0 forall t;m,

wi(m) = forallm,

P P P
d(m;r)=1 e ", where = 5. @m o i€ thesum ofthe ring rates

of the enabled transitions.

For GSPNSs, the situation is very similar, except that the @diate transitions have pri-
ority over the timed transitions. The translation distiisipes between timed transitions

(t 2 T4, having rate {) and immediate transitions 2 T,, having a probabilistic weight
¢). Then we have

8 8
<0 ift2T, S L ft2 T,
p(m)=_ wi(m) = _ (2.24)
-1 ift2 T, g Ift2T,
8 P
S1 e "ift2T,
di(m;r) = (2.25)
* H(r; 0) ift2T,
P P . . iy . .
where = rom) e, m toWith g =1 if conditionB is true and 0 otherwise,

andH (r; a) is the Heaviside function with step tinae
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2.1.3 Stochastic Process Algebras

Process algebras are abstract languages used for thecgte and design of concurrent
systems. Systems in process algebras are modelled agicolésuf entities, called agents,
which execute actions. Actions are the building blocks ofcpss algebras, and are used
to describe sequential behaviours that may occur condilyren

The development aftochastic process algebras (SPAs)s originally motivated by prob-
lems posed by the performance analysis of large computec@amdunication systems.
The complexity of many modern systems results in very largea@amplex models. This
is problematic both in terms of model construction and sohytand has led to an in-
terest in alternative approaches to modelling that endigdecteation of smaller models.
Finding techniques for the solution of large Markov chairf®oge state spaces are nite
but exceedingly large has been a major focus of performanakyss research for many
years. Standard numerical techniques are not able to cdaperary large models, which
is why compositional approaches to model construction ahdisn that allow the sepa-
rate solution of submodels have become popular. SPAs alibsystems to be modelled
separately, although models must be considered as sintfie®for the purposes of anal-
ysis. Subsystem models can be simpli ed in a way that thealvertegrity of the model
is not affected in order to make analysis feasible.

PEPA

The Performance Evaluation Process Algebra (PERK)IIston94] was originally de-
veloped as a high-level description language for Markowcesses. It extends classical
process algebras by associating exponentially distribdédays with actions. An implicit
choice is associated with each set of actions by the assoimpfithe race condition,
which leads to a clear relationship between a process agabdel and a Markov pro-
cess. In this manner, it is possible to extract performaneasures from underlying
Markov processes.

In PEPA, a system is described as an interaction of compsrbat engage in activi-
ties. Componentsorrespond to identi able parts of the system, or rolessrboghaviour,
and represent the active units within a system. A composidghaviour is de ned by
the activities in which it can engage. PEPA uses the tactivity to make a distinction
between the usual process algebra notion of “instantanectien” and the general be-
haviour of the system. Every activity in PEPA has an assediduration that is governed
by an exponentially distributed random variable andetion type Since an exponential
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distribution is uniquely determined by its parameter, theation of an activity may be
represented by a single real number parameter, calleddtngty rate It may be any
positive real number, or the distinguished symbolwhich is treated as the unspeci ed
rate. It is assumed that each discrete action within a sysemiquely typed, and that
there is a countable s&k, of all possible action types. Thus, the action types of aAPEP
term correspond to the actions of the system being modelfdtiere are several activ-
ities within a PEPA model that have the same action type, they represent different
instances of the same action by the system. There are sitgatihen a system is carrying
out some action (or sequence of actions), the identity otiwis unknown or unimpor-
tant. To capture such situations, the distinguished adfipa is used. Activities of
this type are private to the component in which they occuraedilso not instantaneous.
Each instance of an activity with aaction type has an associated duration, just like any
other type. However, unlike other types, multiple instance -type activities within a
PEPA model do not necessarily represent the same actiorelsytitem [Clark07].

The syntax of PEPA is de ned by means of the following grammar
P:x=(;r)PjP+Q P ) QjP=Lj A

An activity,a 2 Act, is described by a pair;r ), where 2 A is the type of the action
andr 2 R* is the parameter of the exponential distribution descghis duration. A
small but powerful set of combinators is used to model compéhaviours [Hillston04]:

Pre x (. ): models the sequential behaviour of a component, whegteatedly
undertakes one activity after another, to eventually retorthe beginning of its
behaviour.

Choice( + ): models a choice between two possible behaviours. Thiéce is
represented as the sum of the possibilities. A race comdgi@assumed to govern
the behaviour of simultaneously enabled actions. The coatis nature of the
probability distributions ensures that the actions caroacotr simultaneously. The
rates of actions are chosen to re ect their relative proliteds.

Cooperation( ) ): models scenarios where components need to synchrorese ov
a set of actions. Actions in the cooperation set requirertha@vement of all coop-
erating components. The parallel combingtas used when multiple components
behave completely independently and there is no cooparagtween themjj is
equivalentto
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Abstraction( / ): enables the hiding of actions, in order to make themgpeivto
the component(s) involved. The duration of hidden actign®ot affected, but their
type becomes hidden, represented aSomponents cannot synchronise on

Constant(A): is a component whose meaning is given by a de ning equation
A £' P, which gives the constant the behaviour of the compoRenThis is the
mechanism of assigning names to components or behaviours.

One of the major advantages of PEPA over standard paradignspécifying stochas-
tic performance models is the inherent apparatus for réagabout the structure and
behaviour of models. The formality of the process algebra@gch allows us to assign
a precise meaning to every language expression, whichesfiiat once we have a de-
scription of a given system, its behaviour can be deducezhzatically. The semantics of
PEPA associate derivation graphwith models, which describes all possible evolutions
of every component. Derivation graphs are analogous tdedality graphs of GSPNs.
Hence, the Markov process underlying a PEPA model can bénebltairectly from the
derivation graph. Components in PEPA correspond to statkseivities correspond to
transitions in the underlying CTMC. A state of the CTMC is asatad with each node
of the graph, and transitions between states are de ned bgidering the rates that are
labelling arcs [Hillston04].

Solution techniques used to compute quantitative resait$EPA and GSPN models
are identical — based on the numerical solution of the upoheyICTMC. Starting from
a PEPA (GSPN) model, the associated derivation (reachghiraph is obtained and
reduced to the corresponding CTMC. This CTMC is then solved mically to compute
steady-state probabilities. State space explosion, henvieva major problem for models
in both paradigms [Donatelli95].

2.1.4 Queueing Networks

A frequent application area for probability and stochaptiocesses is queueing theory.
A queueconsists of an arrival process, a buffer where customerg aemvice, and one
or more servers, representing a resource that is used byceatimer for some period
of time. Queues can be characterised by six attributesartneal rate, the service rate
thenumber of serverghe capacity of the bufferthe customer populatioand thequeue-
ing discipline The rst ve of these characteristics may be representeceely using
Kendall's notation [Kendall53] for classifying queues.tms notation, a queue is repre-
sented a®\=S=c=m=N
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A stands for the customer arrival distributioM denotes memoryless (exponen-
tial), G general and deterministic distributions. Identi ers for other didatitions
may also be used.

S represents the service time distribution. Service timénéstime that a server
spends serving a customer.

c denotes the number of servers available to provide semitiestqueue.

m speci es the capacity of the buffer, which customers neepitoif a server is
not available. The buffer capacity is assumed to be in njedefault. Customers
who arrive when the buffer is full may be lost or blocked.

N indicates the customer population, which is also in nitedsfault.

The last two classi ers may be omitted in the default casee {ireueing disciplingle-
termines how a server selects a customer from the queue Xoseesice. For example,
the discipline might berst-come- rst-served (FCFS)which serves the customer who
has been waiting for the longest time ndast-come- rst-served (LCF$Syvhich ensures
that the customer who has just joined the queue is served rasidom-selection-for-
service (RSS)which selects customers for service from the queue at rapngaority
(PRI), which assigns customers priorities that determine therardwhich they will be
served, omprocessor sharing (PSyhich shares the service capacity by all customers in
the queue [Cooper81, Hillston04].

If we are modelling interactions of devices that jobs vigtgentially, it is natural to
model the system as@ueueing network (QNA QN is a directed graph, in which de-
vices or resources of the system are represented by nodles, service centreswhich
themselves are queugSustomersrepresenting the jobs in the system, ow through the
system and compete for its resources. Depending on the defoaresources and the
service rate that customers experience, contention ovesaurce may arise, leading to
the formation of a queue of waiting customers. It is assurhatdfter service at one ser-
vice centre, customers progress to other service centlésying a pattern of behaviour
that corresponds to tasks that they aim to achieve. The atdtee system is typically
represented by the number of customers occupying each setliee centres at a given
point in time. Arcsin a QN represent the topology of the system, and togethérrauitt-
ing probabilities determine the paths that customers can take through tixoriet A
network may beopen closedor mixed depending on whether a xed population of cus-
tomers remain within the system or not. Customers may arrom or depart to some
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external environment, or there may be classes of custom#rshe system that exhibit
open and closed patterns of behaviour, respectively [MEEp

Arrivals Departures
to queue from queue

Arrivals Departures
to system \ from system

> - L1110 =

/ N

Server Buffer

Figure 2.8: A simple open queueing network

A large class of queueing networks has been shown to havaigtgforward and compu-
tationally ef cient solution. Although this class excluslsome interesting and important
system features, when applicable, it allows performancasones to be derived without
resorting to the underlying Markov process. The solutioswth models, often termed
product form solutionsallows individual queues within a network to be considesep-
arately. Relatively simple algorithms exist for computingsnperformance measures
based directly on the parameters of the queueing networniforifence questions of in-
terest that may arise in such networks include the expectsimer response time, the
expected amount of time waiting for service or the maximuroughput of the system,
for example.

2.2 Performance Query Speci cation

In the previous section, we have presented an overview fdrdift formalisms that can
be used for the modelling of real-life systems. This secti@tusses the next step in
the analysis process: performance query speci cationerAfie creation of a stochastic
model, aspects of performance need to be speci ed with dsgtr which the modelled
system is to be analysed. This is achieved by constructirgradl speci cation that
de nes performance properties and measures of interesathdo be extracted from the
model. Such speci cations are commonly referred tpagormance queries
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A performance query is constructed in two stages. Initiaglystem designers or engi-
neers who wish to analyse some system create performandegjunuitively in natural
language. Once a query has been established in this mahneeds to be translated
into a formal representation. Such a formal representatémus to be able to express the
concepts that appear in the query, and has to be understaetelgnt analysis tools.

2.2.1 Performance Query Classi cation

Performance queries can be categorised in two ways. Fiestlystinction can be made
regarding the type of answer that a query is aiming to obthirthis sense, queries can
either be performance requirement or performance measirgeg [Suto06b].

A performance requiremeimtescribes a property related to stochastic behaviour that m
be satis ed by a system model. Such requirements have itvadlty been phrased in
terms of stochastic logic formulae, which can be veri ed bgchastic model checking
tools. These tools establish whether or not requirememtsatis ed by a model, and
deliver appropriatges/ no answers.

A performance measunepresents a quantitative measure that can be extractedafro
model. Such measures can include for example response istniéutions and densities,
their convolutions, raw moments and percentiles, meanttrfalure, system throughput,
etc. Their evaluation is enabled by specialised quantéatnalysis tools.

In addition, performance queries can be classi ed accgrdothe concepts that they
express. The three main categories that are relevant fdinlde of systems that we are
considering are steady-state, transient state and patiseggueries. Queries that do not
fall into any of the above categories are classi ed as miaoebus queries.

System states can be uniquely identi ed by state labelschviare atomic propositions
that are associated with certain constraints on the statervef the underlying model.

Steady-State Queries

Steady-state queries target the relative frequency o statupancy for a set of states
within a model. Long-run averages of resource-based nsetsigch as availability or
utilisation, can be expressed using steady-state measiites idea of the long-run is
based on the assumption that the system eventually reaghéddoeum. Examples of
different types of steady-state query are as follows:
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“What is the steady-state probability of the system beirgniy one of the states identi ed
by labelsf "processing’, processed’, "waiting?”

This query aims to obtain a distribution that representsldng-term probability of a
system being in a set of states, while the next query seeks @ states that satisfy a
speci ed constraint.

“Out of the set of states identi ed by labdisstart’, “stop’, “error'g, which have a steady-
state probability that is greater thadi12?”

A measure that can be indirectly derived from the steady gteobability distribution is
the average rate of occurrence of an action. This is exptesghe following query:

“What is the productivity of the system, de ned as the sumhefrnean ring rate of
action “processed at A' multiplied by 100, and the average @& occurrence of action
“processed at B' multiplied by 200?”

Transient State Queries

Transient state queries address the probability of a sybkng in a particular set of
states at timé. They can be used to assess system reliability, since tleelde to reason
about the likelihood of systems entering a failure mode aréiqular time, as shown in
the following query:

“Is the probability that the system is in one of the error swidenti ed by label$ "aborted’,
“failed'g at time instand0 greater than0:87?”

This is an example of a transient state requirement queriye whie following is a tran-
sient state measure query that is interested in the statesatisfy certain transient state
conditions, rather than in the probability with which thesgm is in a given set of states.

“What possible states can the system occupy at time in&&ntth probability exceeding
0:2?”

Passage Time Queries

The power to reason about response times is an essentiatiagt in providing QoS
guarantees in almost all concurrent and distributed systeroluding mobile phone net-
works, Web and database servers, embedded systems, stdek treeding platforms and
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health care systems. Passage time queries are typicafiyl fimeanalysing system re-
sponsiveness, since they address the time that a systemttakeve from one state to
another, and reliability, since they are able to reason tiioe to failure scenarios.

For passage time queries, we refer to states that a passadregia in asstart states
while states that it terminates in are caltadyet statesCertain speci cation formalisms
used for passage time queries support multiple start agdttarates, in which case it is of
interest to nd the shortest time that a system requires toplete the passage between
the two sets of states. In case of multiple start states,dbhsgge from each possible start
state is weighted by the relative probability of the pasdagginning in that state. The
following are examples of passage time queries:

“What is the distribution of time for the system to reach ang of the states identi ed by
labelsf ‘completed' "abortedq, given that it has started in one of the states identi ed by
labelsf “start', “restart'g?”

This passage time measure query speci es a cdf as the permfmemmeasure of interest.
The next query addresses the expected time that the sys&sls ttecomplete the passage:

“What is the expected time of the system entering one of tlog states identi ed by
labelsf ‘crashed', "abortedj, given that it has started in one of the states identi ed by
labelsf ‘ready’, ‘pausedy?”

The evaluation of this passage time measure query reqhigesatculation of the rst mo-
ment of the passage time density. The following passagergomgarement query attempts
to verify whether a passage occurs between two sets of stétd@s a given time with
certain probability:

“Having started in one of the states identi ed by labdlsdle’, “initialised'g, does the
system enter any of the states identi ed by lalfejsrocessed’, "cancelled'within 10
time units with probability betweeh9 and 0:98?”

Miscellaneous Queries

It is possible to convolve multiple passages to obtain alsipgssage. Scenarios in which
this might be applicable in practice are of the type when gesygvolves from a stateto

a stateb, which is de ned by the passage fraarto b, and then evolves further from stdie
to statec, de ned by the passage frobto c. The convolution of the two passages results
in a single passage fromto c. This concept is demonstrated by the following query:
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“What is the average time required to complete the passageedeby the convolution
of the passage from the start state identi ed by label "systeady’ to the target state
identi ed by label "waiting' with the passage de ned by thers&tate that is identi ed by
label "processing' and the target state that is identi edlalgel “idle'?”

Of additional interest to performance engineers is thetgld reason about moments of
passage time densities and distributions in order to oletgiected values and variances
for example. The following query illustrates these consept

“What is the variance of the passage time de ned over thetsttate that is identi ed
by label "new customer' and the target states identi ed yelaf "customer processed'
“customer lefg?”

Queries relating to response time quantiles are partigulaportant, since they are in-
creasingly used as key QoS metrics in Service Level Agretsndilhe following query,
which corresponds to a UK Government target, involves aoesptime quantile:

“Is it true that patients of an Accident & Emergency unit aees, treated and discharged
in under 4 hour98%o0f the time?”

Queries can be extended to include further restrictionscesa change of state in a system
is effected by an action, it may be of interest to specify acdehcludedor excluded
actions in order to observe the dynamic behaviour of the systenyiged that certain
actions do or do not occur. For example:

“What is the probability of the passage from the start stakenti ed by label “‘customer
arrived' to the target state identi ed by label "customeftleompleting in71time units,
provided that action "customer pays' occurs and that actmrstomer does not pay' does
not occur along the passage?”

Passage time queries can be constrained even further bggh@ement that a given set
of states should be avoided during the passage. Such stattsrmedexcluded states
The following query incorporates such a constraint:

“What is the probability of the passage from the start stateniti ed by label “patient
admitted' to the target state identi ed by the label "patieecovered' completing 71
time units, provided that the states identi ed by laldelgatient comatose’, "patient's heart
stoppedy are avoided along the passage?”

Performance queries can consist of multiple performanqgeirements and measures,
and independent performance queries can be composeddogetha single query. Such
compound queries could take the following form:
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“Is the probability of a passage from the start state ideat by label “item ordered' to
the target state identi ed by label “item delivered' contpig in 50 time units less than
0:88, and what is the density of time that it takes to complete thssage?”

2.2.2 Logical Speci cation Formalisms

Probabilistic techniques, and probabilistic logics intjgatar, have been popular in the
past for the speci cation and veri cation of properties gstems that exhibit uncertainty.
Probabilistic logics are widely used in model checking (Seetion 2.3.1), due to their
ability to express relevant performance properties cahgisigorously and in a veri able

manner, while also supporting the composition of simpleigisento more complex ones.

Continuous-time probabilistic logics come in many différeavours. Among them are
CSL [Aziz96, Aziz00, Baier00, Katoen01, BaierO3CSL [Hermanns00] ancsCSL
[Baier04] for Markovian modelsCSRL [Baier00] for Markov reward model€;SLand

eCSL [Bradley03c] for semi-Markov models, ameCSLfor process algebras.

Many of these logics are popular in academic circles; howéveir use in industry is lim-
ited — mostly because of their obfuscating nature, steepilegcurve and limitations in
terms of expressiveness with regards to quantitative pednce properties. These limita-
tions are a result of stochastic logics only being able toesgpperformance requirement
queries, but not performance measure queries. Dependinigeovariant of stochastic
logic, they are also constrained to reasoning about s{adés;, action- and reward-based
concepts only. Below, we present an overview of two majortsdetic logic variants.

CSL

CSL, the Continuous Stochastic Logic, is able to express pedno® measures by se-
lecting states and paths from Markovian systems that meatlgistate and passage time
criteria. CSL operates on CTMCs on the state level, and exg@eséormance require-
ments as formulae. These can be of two types: state formrdaia or falsein a speci ¢
state, while path formulae ateie or falsealong a speci ¢ path of the underlying model.
The logic has the ability to express steady-state, patbeband nested constraints. The
syntax for these constructs is as follows:

= ttjaj: j o~ isS()iP ()
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tt represents a truth value, while atomic propositah AP (AP being the set of atomic
propositions) holds in state if is labelled witha. S ( ) asserts that the aggregate
steady-state probability for the states satisfyinties in , whereas? (' ) expresses a
constraint on the probability to lie in the rangewith which paths satisfy . Paths are
de ned by' and can take the formd or ;U 5. TheX path formula asserts that
a transition is made to a state at some timg, 2 , while ; U 5 asserts that, is
satis ed at some time instant within the interval while ; holds at all preceding time
instants.

The semantics of the logic are expressed by stating the womsliunder which a single
states satis es each clause of aformula. This is expressed by the satis ability relation
SF . The clauseais a label, and a statesatis es that label ifa 2 L (s). Thus, using
the negation and conjunction clauses in combination witkellang allows whole sets of
states to be de ned with a-formula. The set of states speci ed in this manner is wnitte
Sat( )= fs2 SjsF g. The formal semantics of CSL are de ned as [Baier03]:

s F forall s

S F a iff a2 L(s)

s E iff 6

s F 1M o iffsE 1ASFE o

s F S() iff ;2 whered =Sat( )
s F P () iffiP( 2Path(s)j F')2

where ; is the steady-state probability of being in any of the statels andPath(s) is
the set of all paths starting from Further, a path satis es a path formuld, , as follows:

E X iff 9 [1]fF
E U L, iffot2 ( @ . "8t°<t @% )

where [1]is a state immediately succeeding the start state of@t is the state that the
system is in at timé on the path . TheX path operator is often referred to as the "Next
State' operator and asserts that the next transition wilinlaele to a state. The time-
bounded Until formula; U , asserts that, is satis ed at some time instant within the
interval and that ; holds at all preceding time instants.

To illustrate how a performance query is represented in C8hsider the following:

“Starting from statess, is the probability of a 3-processor system being down witl@in 1
time units after having continuously operated with at least processors at mo4e4?”
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In CSL, this query is expressed by the following formula:
ssF P ooi((ups_ up,) U%%down)

An example of nested constraints is demonstrated in thevWolly scenario. A robot is
moving in ann  n grid from the bottom left corner to the top right corner. lcdte a
Boolean state variable that tgie when the robot is communicating, and eandy be
two integer-valued state variables recording the curiesdtion of the robot [Younes05].
We want to express and subsequently verify the followingprty:

“Does the robot reach the top right corner of the grid within@.me units, with prob-
ability at least 0.9, while maintaining at least a 0.5 probékiof periodically (every 9
time units) communicating with a base station?”

This is expressed in CSL with the following formula:

P 0o(P os(tt U%lcommunicate) U%corner)

eCSL

eCSlL, the extended Continuous Stochastic Logic, is an extendi@ta that operates
on SM-SPNSs. In contrast to other logical formalisms, eCSLrajgs at the model level,
rather than at the state-transition level. It was desigoneskpress a broader spectrum of
performance requirements than CSL, including a richer adgmssage time quantities
and constraints on transient state distributions. eCSL doesupport compound formu-
lae in order to simplify the representation mechanism, abh@duces separate layers for
the speci cation of sets of states and of performance ¢aiteThe power of eCSL lies
in its ability to express, in a single compound logical fofauhe reliability, availability
and response time requirements of semi-Markovian systdine.syntax of eCSL is as
follows:

lg

ttj: j "~ jpN]
wj: g psO)iT G o )IP G )

lg

p[N ] identi es a marking of the SM-SPN by specifying the constitahat placep con-
tainsN tokens.S () holds if the steady-state probability of occupying the dedtates
identied by lies in the range . The formulaT ( ;; ) is satis ed by a set of start
states if the probability of occupying statesat timet, while not having visited states
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in the set denoted by,, lies in for all timest 2 . The expressio® ( 1; ») holds
for a set of start states if the time taken to complete thegugest the set of target states
identi ed by 1, while not having passed through the set of states marked bes in
the range with probabilityp 2

1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Probability
Probability

&

Time Time

Figure 2.9: A graphical representation Figure 2.10: A graphical representation
of a logical constraint on system relia- of a logical constraint on response-time,
bility, using aT -formula [Bradley03c] using aP -formula [Bradley03c]

Figure 2.9 shows an example of a reliability constra‘@t( 1, »2) that reasons about the
transient distribution in the shaded area. It expressesetiigrement that the probability
of system failure should lie within the regid®y, over the time regioR;. If any part of
the transient function oveR; lies outside the regioR,, the property fails. Figure 2.10
shows an example response time constrai,%;t( 1; 2) Which reasons about a passage
time distribution. It expresses the requirement that tistr@uld exist a response time
ranget® 2 R; with probability of occurrencg® 2 R,. This is applied to the cdf of a
passage time; thus if the shaded region does not interseatdf) the property is not
satis ed.

As an example of how eCSL is applied, consider the followingrgu

“Does the system reach the set of states that is identi ed#B/tbkens on placp, within
10 seconds with at least 90% probability, given that it hastethfrom one of the states
that is identi ed by 35 tokens on plage and 10 tokens on plag®, and has not reached
any state in the set of states that are identi ed by havingkeioon places?”

eCSL expresses this query with the following formula:

Sat(p;[35]" ps[10])= P oo (P2[175] po[1])

Thep,[m] expressions de ne sets of states on the SM-SPN model. Famnos, the con-
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straintp;[35]" ps[10] selects all markings of the model that have 35 tokens on glace
and 10 tokens on plage. Simple formulae can be composed to form compound queries,
which can be veri ed on a model. The generic formula belowshbow formulae can

be de ned, in which availability, reliability and respontiee properties must hold simul-
taneously:

i I LA R

availability reliability response time

2.2.3 Graphical Approaches

To our knowledge, no graphical formalism has been develsoefar for performance
guery speci cation on stochastic system models.

The closest we can get to such a formalism, purely in termgabtgcal speci cation
ability, is Lr [Lee97], a speci cation language for high-leveéhavioural propertie®f
real-time systems. Note thiag is only able to address behavioural properties of systems,
and not performance properties; however, its underlyingcept of representing system
properties graphically is similar to what one might expecée in a graphical query spec-
i cation language for performance properties. [Lee97]nti@s a common drawback of
property speci cation with stochastic logics, namely tf@mulae representing proper-
ties of even moderate complexity are generally hard to wtdied, and hence, usually
only experts in formal methods are able to apply them prgpérk has been developed
as a potential solution to this drawback. The language is tbéxpress queries on sys-
tem models de ned in the real-time process algebra ACSR [#EB9 using a two-level
guery construction mechanism. Experts create patternartgpstochastic logic formu-
lae, which are then mapped onto graphical templates thatd@dain details from users.
Users specify properties of their systems in graphical iggethrough the use of these
templates, and subsequently, templates are translatethiit corresponding stochastic
logic equivalents during query evaluation.

To illustrate the application df g, consider the following behavioural propertjfter
eventa, we observe evelnt and then event. We require thab happens between 2 and 5
time units after, and thatc happens between 4 and 10 time units afeand between 3
and 10 time units aftea. In the stochastic logic TCTL [Alur91], this property would be
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expressed by the following formula:
2a) x:3(b) y:(x2[25]"3(c™ (x2][310]"y 2 [4,10]))

This is clearly a rather complex expression, which is onlamiegful to expertsL r facil-
itates the expression of the same property with an equiyalehsimpler representation,
as shown in Figure 2.11.

al |~ evenruaﬁyL‘—|”"*"”?*"” [2,5] —{ b!}+{ eventually
e within [4,10]
within [3,10] —

Figure 2.11: ArLr representation of the example TCTL query

There exist various approaches to graphpsaformance propertgpeci cation; however,
these are mostly semi-graphical in nature and formalismsahly support performance
property annotations on system speci cations, rather tha&nability to specify perfor-
mance queries directly. These approaches are based on WillUni ed Modelling
Language [OMGO7].

[Lbpez-Grao04] usddML activity diagrams for system representation and the ST

le for annotating performance requirement$wo kinds of UML behavioural diagrams
are particularly applicable to performance modellingtesthart diagrams, which model
the life cycle of objects in the system, and activity diagsamhich characterise system
behaviour by describing activities. Activity diagrams apecialisations of UML state
machines, whose main purpose is the expression of the @aiteontrol ow of a process,
as opposed to statechart diagrams which are often drivertbynal events. Combining
the use of statecharts and activity diagrams, all pathsegbtitential system dynamics can
be modelled. In this approach, the SRIPAprob>> and<<PArespTime>> tags are
used, which allow the annotation of routing rates and adimations, respectively. Such
annotations are attached to transitions in activity diagan order to allow the assign-
ment of different action durations that depend on a decisiane annotations are added
to the model wherever an action is executed, and probalaihtyotations are supplied
whenever a decision needs to be made, such as in the predeguard conditions for
example. Systems are modelled by means of the two kinds gfatizs, and performance
requirements are speci ed according to the SPT pro le. Ed@gram is then trans-
lated automatically into a labelled GSPN (LGSPN), an extensf the GSPN formalism.
LGSPN models are subsequently composed, in order to obsangke analysable perfor-
mance model of the system for a particular scenario, whidetermined by the diagrams
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that have been modelled. These scenario description modalshen be analysed or
simulated using various well-established GSPN tools t@aiahperformance metrics of
interest.

[Jansen05] useStoCharts, a QoS-oriented extension of UML statechart diaagrwhich
enhances the basic statechart formalism with general tetaysland probabilistic choice,
to build stochastic automata that can be analysed by siionlathe two extensions have
been added to provide software engineers with a simple walesaribe probabilistic
properties of stochastic systems. System models creatadSioCharts can be reduced
to generalised SMPs (GSMPs), which are amenable to disevets simulation-based
evaluation. If only exponentially distributed delays ased, the models can be reduced
to CTMCs, which can then be solved with respect to steady-stadetransient mea-
sures, using ef cient numerical solution techniques. 8&stic model checking is another
method that can be applied to the resulting GSMP or CTMC modelksrder to verify
performance-related properties. An example StoChartgisyspeci cation is shown in
Figure 2.12. The example shows the work ow of a car damagessss, who assesses
on behalf of an insurance company whether a damaged cardsheuépaired or not and
whether a garage offers an acceptable price for the rephimsing delays in the model
are indicated byfter annotations on transitions, and parallelism is demorestrhy the
statesRepair andReport.

Physical
0.3 assessment
start Contacting after(EXP[1m])
garage o
assessment

after(EXP[10m])

Negotiating
with garage

after(EXP[3d])
after(UNIF[10m, 20m])

4 N

) P
Repair
0.98 0.02

Waiting for »| Checking Repair
invoice invoice finished
after(EXP[3d])

after(UNIF[30m, 90m])

Writing Report
*——> report finished

Figure 2.12: A StoChart example

[Lopez-Grao04] and [Jansen05] represent the latest develdprim graphical perfor-
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mance property speci cation, and clearly highlight the chder a new formalism that
is not only able to reason about a wide range of performanneegis, but that is also
completely independent of underlying system speci cation

2.2.4 Tool-speci c Speci cation Languages

Most quantitative analysis tools combine the ability to miggrobabilistic systems and

to analyse resulting models according to a set of suppomreiimance measures and
criteria. Many tools implement their own proprietary laages for performance query
speci cation; therefore we provide below a brief overviewtbe tool languages of a

representative range of analysis tools.

The DNAmacaSpeci cation Language

The DNAmacaspeci cation language [Knottenbelt96], used by bAmaca SMARTA
and HYDRAtools (see Section 2.4.1), provides a exible high-leveldabdescription
that is used by a state space generator as a basis for theuotiost of a CTMC of the
model. Functional properties, such as invariants, thatabe checked during the state
generation process can be speci ed with general C++ expessin addition to a variety
of performance measures relating to model states andticarssi

Model Speci cation

A model descriptiorspeci es the initial state of a system, the components of reegs
state, and the conditions on and effects of transitions &etvstates.

model_description = \model {

{state_vector | initial_state | transition_declaration |
constant | help_value | invariant | state output_function
primary_hash_function | secondary_hash_function |
additional_headers} *}

Thestate description vectaronsists of a set of components that together describeea stat
of the system. Each unique value of these components comdspo a state. Ami-
tial statemust be speci ed for reachability analysis purposes thhoagsignments to the

components of the state vector.
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state_vector = \statevector{
{<variable type> <identifier> {,<identifier>} *:}o*

}

initial_state = \initialstate{{<assignment>} *}

Transitionsdescribe how a system changes state. Possible transitmmsaf particular
state are speci ed by describing enabling conditions, Ivivng elements of the state vec-
tor, an action to be taken if the transition has executedjefm timed transitions or
relative weight for instantaneous transitions, and anoogti priority, which allows tran-

sitions of the same kind (immediate or timed) to take prened®ver one another.

transition_declaration = \transition{<identifier>}
\condition{<boolean expession>}
\action{{<assignment>} *}
\rate{<real expression>} | \weight{<real expression>}
\priority{<non-negative integer>}

}

Performance Measure Speci cation

Performance results provide a mapping from low-level tsdike state probabilities and
transition rates to higher-level concepts, such as thrpuigbr mean buffer occupancy.

Performance measuresn generally be classi ed as state or count measures.

performance_measures = \performance{

{state_measure | count_measure} *

}

state_measure = \statemeasure{<identifier>}{
\estimator{{mean | variance | stddev | distribution} *}
\expression{<real_expression>}

}

count_measure = \countmeasure{<identifier>}
\estimator{mean}
\precondition{<boolean_expression>}
\postcondition{<boolean_expression>}
\transition{all | {<identifier>} *}

}

A state measures used to determine the mean and variance of a real expnetbsidis

de ned at every state in the system, e.g. the average nunfldekens on a particular
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place of a GSPN or some transition's enabling probabilitye Thean, variance, standard
deviation and distribution of state measures can be cordp#teount measurés used
to determine the mean rate at which a particular event oceugs the rate at which a
transition res. The occurrence of an event is speci ed byragondition on the current
state, a postcondition on the next state, and transitiatsrénduring the transition from

the current to the next state.

The HYDRA Speci cation Language

The speci cation language of theYDRAtool [Dingle04a] is an extended version of the
DNAmacaspeci cation language. Syntax has been added to allow theession of rst
passage time and transient performance measuregaBeage timgueries, users need
to specify conditions that identify the source and targatest of the passage, as well as
the time range to which the calculation should be restricidte time range is speci ed
by an initial valuet, an incremental step and a maximum value. The source anet targ
conditions are expressed as Boolean expressions in terrhe efdments of the model's
state vector. Conditions faransientmeasures are expressed in a similar fashion.
passage_time_measure = \passage{

\sourcecondition{<Boolean expression>}

\targetcondition{<Boolean expression>}

\t_start{<real expression>}

\t_stop{<real expression>}
\t_step{<real expression>}

transient_state_measure = \transient{
\sourcecondition{<Boolean expression>}
\targetcondition{<Boolean expression>}
\t_start{<real expression>}
\t_stop{<real expression>}
\t_step{<real expression>}

The SMARTA Speci cation Language

The SMARTAspeci cation language [Dingle04a] is an extensiorDMAmacs speci -

cation language that, in order to express semi-Markov shaitows the speci cation of



2.2. Performance Query Speci cation 47

transitions whose state holding times are not constraioethtexponential distribution.
The speci cation language was designed for the descripgioBM-SPNSs, but is able to

specify any semi-Markov chain.

Transitionsare speci ed in the same way as weighted transitions irtN&Amacaspec-
i cation language, but it is in addition also necessary tga#e the ring time density
function associated with each transition. These densitgtfans are described in terms
of their Laplace transforms. Users are also required toigeos C++ function that re-
turns the value of the ring time density function's Laplatansform at a gives-value.
Several macros are de ned by default that encode the Laptansforms of common r-
ing time distributions. Steady-state speci cation is as BIiNAmaca and passage time
speci cation is as foHYDRA
transition_declaration = \transition{<identifier>}

\condition{<Boolean expression>}

\action{{<assignment>} *}

\weight{<real expression>}

\priority{<non-negative integer>}
\sojourntimeLT{<function>}

The PRISM Speci cation Language

The PRISM tool (see Section 2.4.1) uses its own proprietarguage for the expression
of properties on DTMCs, CTMCs and Markov decision processes.|ldilguage is very
reminiscent of CSL, and its basic syntax is de ned by the fellgy grammar:

prop = true | false | expr | !prop | prop & prop |
prop | prop | prop => prop |

P bound [pathprop] | S bound [prop]
bound = <p | <=p | >=p | >p |

pathprop ::= X prop | prop U prop | prop U time prop |
F prop | F time prop | G prop | G time prop

time n= o=t | <=t | ]

whereexpr evaluates to a Boolea®, bound [pathprop] evaluates tdrue if the

probability with whichpathprop is satis ed lies within the bound representeddnund ;
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S bound [pathprop] evaluates tdrue if the steady-state probability gfrop lies
within the bound represented fppund ; p evaluates to a double in the ranf§el]; X
prop evaluates tdrue if prop holds in the next statepropl U prop2 evaluates
to true if propl holds throughout untiprop2 holds;propl U prop2 evaluates to
trueif propl holds throughout within the time constraint speci edtipe , after which
prop2 holds;F prop evaluates ttrueif prop eventually holdsE time prop eval-
uates tatrue if prop eventually holds within the time constraint speci ed tiyme ; G
prop evaluates torueif prop always holdsG time prop evaluates tarueif prop
always holds within the time constraint speci ed byne ; andt evaluates to a non-

negative double or integer.

PRISM identi es states of the model that correspond to cers#tuations by specifying
an expression that evaluates to a Boolean value. Such anssigaypically contains
references to variables and constants from the model tohwhrelates. The states cor-
responding to this expression are those for which the egmesvaluates torue. A
property is evaluated with respect to a single state of a méde the syntax given above,
all properties evaluate to Boolean values, i.e. for any metiks, a property is either
true and hence satis ed, or false and hence not satis ed.tf®ibasic operators of the
logic (i.e.true, false, expr, !, &, |, => ) the semantics are as for classical

propositional logic:

true is true in all states,

false is nottrue in any state,

expr is true if the PRISM expressiaexpr evaluates to true,

Iprop is true ifprop is not true,

propl & prop2 istrue if bothpropl andprop2 are true,

propl | prop2 istrue if eitherpropl orprop2 is true,

propl => prop2 istrueifpropl impliesprop2 .
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PRISM is able to specify properties of the following types:
“From an initial state, is the probability that more than 5rers occur within the rst 100
time units less than 0.17?”

“init" => P<0.1 [ F<=100 num_errors > 5 ]

“When a shutdown occurs, is the probability of system recpbeing completed in be-
tween 1 and 2 hours without further failures occurring gredtean 0.75?”

"down" => P>0.75 [ !"fail" U[1,2] "up" ]

“In the long-run, is the probability that an inadequate nuentof sensors are operational
less than 0.017?”

S<0.01 [ num_sensors < min_sensors |

“What is the probability that process 1 terminates beforeqass 2 does?”
P=? [ lproc2_terminate U procl_terminate ]

“What is the long-run probability of the queue being morertt¥b% full?”

S=? [ queue_size /| max_size > 0.75 ]

PRISM allows the computation of the values of such propeftiea range of parameters

and plot graphs of the results using experiments.

2.2.5 Comparison of Techniques

Logical Speci cation Formalisms

Logical property speci cation formalisms de ne perforn@nproperties over stochastic
models. They do not characterise systems themselves, pathenot modelling for-
malisms. They are processed by model checking tools that cat a veri cation of their
performance speci cations on models. These veri catioas only either evaluate tges

or no.
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In addition to these common characteristics, each stachlagfic variant has its own
specialty. CSLexpresses state- and path-based steady-state and passageoperties

on the state level of CTMCs, whieCSLis able to express steady-state, transient state and
passage time properties on the model level of SM-SPNs.dirmgts to ease the property
speci cation process by aligning it with a high-level molde formalism. However, it is

not able to reason about system actions.

Logical speci cation formalisms were designed for the vepeci ¢ purpose of model
checking. Hence, their expressiveness is constraineddiy dhea of application. Un-
like most graphical speci cation languages, they do not boma model speci cation and
performance annotations, but rather only operate as pesioce property speci cation
mechanisms. They allow sophisticated and complex perfecmaequirement queries to
be formulated, which is not possible with graphical forreads. In addition, they enable
guery speci cation through concise formulae, whereas inti@st, graphical languages
can be complex and confusing, and generally need to be rédacgme intermediary

representation before they can be used for analysis.

Graphical Approaches

[Lee97] presentk r, a graphical speci cation language for behavioural prtipsr which

attempts to alleviate the challenges involved in specifysoch properties in stochastic
logics. It allows users to construct queries using higlellgvaphical templates. Queries
are eventually translated into stochastic logic for evadugpurposes. The strength of this
approach is its graphical speci cation mechanism and esgive power. It's weakness is
that it is dependent on stochastic logics and that it is oblg # reason about behavioural

properties.

[Lopez-Grao04] adapts the SPT pro le to UML activity diagranferformance infor-
mation is integrated into the UML model description, as & pinevious case, and models
are converted into LGSPNs, which can be solved for steaatg-sind transient measures

in the traditional manner. The same advantage and disaaty@aapplies as before.

[Jansen05]'s speci cation of system models witoChartscontains additional timing
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information and probabilistic choice. Similarly to the yieus two approaches, perfor-
mance information is incorporated into the model. Modetsraduced to GSMPs that
allow steady-state and transient state solutions of syste®imilar arguments with re-

gards to expressiveness apply as before.

Tool-Speci ¢ Languages

The DNAmacaspeci cation language and its extensions fé¥ DRAand SMARTAde-
scribe models and performance measures concisely in C+axsyhhe main purpose of
DNAmacds speci cation language is the concise description of kastic system models.
In addition, it provides users with the ability to specifyrmal number of performance
measures, which are to be obtained from the model. The Igegerdensions fodYDRA
and SMARTAprovide support for the speci cation of additional perfante measures.
SinceDNAmaca, HYDRAandSMARTAare command-line tools, their speci cation lan-
guages were primarily designed with functionality, ratttean with user-friendliness in

mind. However, they are certainly powerful with regardsheit intended purpose.

In contrast, the simplicity and relative ease of use of PRESMbOperty speci cation lan-
guage makes it appealing to a large audience. It has synuotilarities to stochastic
logics, but is clearer and more intuitive to understand as®d As a result, it has also been
incorporated into other tools. A great advantage lies irxtensibility, since its syntax
can be extended to cater for additional properties thatodbe integrated into tools in the
future. This is a very important characteristic, which feample stochastic logics do not
possess due to their syntactic restriction. Another a@dggmis the language's concise and
rigorous nature, which is derived from stochastic logitsspriginal inspiration. However,
due to the similarity to stochastic logics, users have t@becfamiliar with the language

before being able to use it comfortably and effectively.

When contrasting tool-speci ¢ languages with stochastgids, one usually nds that
tool-speci ¢ languages either tend to be in some form basestochastic logics, or that
they share no commonalities with them. PRISM's property sp&iton language is a

good example of one that was inspired by stochastic logresD&NAmMacas speci cation
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language that of one that was not. Tool-speci ¢ languageandend to be more intuitive
than stochastic logics, since they have more freedom ingkei sation of properties,
and as such can make the syntax more digestible to users.| kloelgkers that use sto-
chastic logics for property speci cation purposes invalyahave their own tool-speci ¢

languages for specifying stochastic logic formulae.

At present, tool-speci ¢ languages have an inherent adggetvhen compared to graphi-
cal approaches in that they allow for greater expressiwiies to their ability to specify
as much detail as needed, whereas graphical approachesuae b performance anno-

tations on system models that impose a serious restrictidhedr level of expressiveness.

2.3 Techniques of Performance Analysis

In the previous sections, we have seen popular methodsmpedormance modelling for
the mathematical representation of real-life systems,agmiloaches to the speci cation
of performance queries on stochastic system models. Thi®egrovides an overview
of the most widely-used methods for the evaluation of penforce queries on stochastic

models.

2.3.1 Probabilistic Model Checking

Veri cation is the process of ensuring the correctness stays. It is a major challenge
in the process of system development, and hence also antamppart of performance
analysis. Simulation and testing are the two most widedusethods for system veri -
cation, but in the case of complex asynchronous systense teehniques are only able to
analyse a limited number of possible behaviours. Simulatand test runs are often very
time-consuming and may need to be carried out a number oktlméore informative

conclusions can be reached [Clarke Jr.01].

An attractive alternative iformal veri cation, which carries out an exhaustive analysis

of all possible behaviours of a system, and leaves no ermodesign aws undiscov-
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ered. There are numerous approaches to formal veri catiomever, model checking
in particular has found widespread acclaim and adopt\odel checkings the process
of verifying a behavioural property of a system over a givesdel through the exhaus-
tive enumeration of all reachable system states and thevimeina that result in them.

Compared to other approaches, model checking has a numbistino€tladvantages:

The veri cation process is fully automated and requires seruntervention. Users
are only required to provide a description of a system in tenfof a stochastic
model, together with a performance query that speci es ertgs to be checked.
Equipped with these, a model checker is able to perform cdatipas to obtain

results indicating whether or not the properties are satisy the model.

If properties are satis ed, the model checker terminateh tie answetrue. Oth-
erwise, a counterexample is produced, which highlightssaago where the prop-
erty does not hold. Such error traces are useful to modedierse they may provide

insights into the root causes of unexpected behaviour.

It is possible to check partial speci cations for systemreotness, which makes
it possible to avoid the modelling of complete systems, i$ ik desirable in an

evaluation scenario.

However, model checking suffers from the same problem ddalkovian systems: state
space explosion. This problem occurs when the model has omengonents that perform
transitions in parallel. In such a case, the number of stdtdse model usually grows ex-
ponentially with the number of components. Hence, the miaallenge in model check-
ing is the tackling of the state space explosion problem.prbeess of model checking a

system is shown in Figure 2.13, and can be summarised aw$ollo

1. System ModellingA system rstly needs to be represented mathematically én th

form of a model.

2. Property Speci cation: Before veri cation can commence, the model checker has

to be informed of the properties of interest that are to beearThey are generally
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Model
(system behaviour specification)

N

Query
(system property specification)

Figure 2.13: The process of model checking

Answer
Model Checker |—»| (Yes, if model satisfies property
Counterexample, if not)

et

speci ed in some logical formalism. For hardware and sofensystems, temporal
logics are used, which are able to express the behaviowhlten of systems over

time.

. Veri cation: The veri cation process is automatic; however, it does lmgsome

degree of human interaction, mostly in the form of analysiag cation results.
Formally, veri cation can be stated as follows: given a patar property, ex-

pressed as a temporal logic formylgand a modeM with initial states, decide if

M;SF p.

While model checking is a powerful tool for designers and pegis wishing to verify

their systems, it is not the method of choice for purely qiiatite performance analysis,

since model checkers are unable to provide direct quamétegsults that relate to system

performance. Realising this, the model checking commuraky &tempted to diversify

the process to also support a limited form of quantitativeysis by investigating qualita-

tive and quantitative model checking algorithms for pralstic systems. In a qualitative

setting, the aim is to check whether a property holds withbahdlity O or 1, whereas in a

guantitative setting, it is to be veri ed whether the proli&pof a certain property being

satis ed meets given lower or upper bounds, which are dfiefromO and1l.

Much research has been carried out on veri cation methodgrfababilistic logics. Prob-

abilistic extensions of modal and temporal logics and aat@procedures for verifying

the satisfaction for such logics have been developed. Tdresmainly based on reducing

the calculation of the probability of formulae being saéd to a linear algebra problem.
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2.3.2 Numerical Analysis

Steady-State Analysis

Performance analysis is often concerned with the behawabsystems over an extended
period of time. Hence, the primary objective of a modellahss calculation of the prob-
ability distribution of a model of a system over the statecgfa as it settles into a reg-
ular pattern of behaviour. Intuitively, this means that sgstem has been running for a
long time and its behaviour no longer exhibits any trendsis Pphobability distribution
is commonly referred to as theteady-state distributioand is very useful for deriving

performance measures based on subsets of states where@mfit®ons hold.

Since we may have to choose an initial state for a model ratygldoy considering the
long-term probability distribution we can balance out aogni of bias that could possibly
have been introduced by the chosen start state. Underrcedaditions, the more steps
the system takes, the less it matters what state it was iredtrtte when it started. We
assume that when the effects of initial bias have worn o, df5stem is irsteady state
This does not imply that it is stuck in a particular state aodbmger evolves; rather that it
is assumed to exhibit regularity and predictability in iehbviour. It continues to change
state, but the probability of observing it in any given siateo longer a function of time.
This is re ected by the absence of change in the probabilggritbution. Systems that are

able to reach steady state are said to be stable [Hillstdhi@4nio8].

Let ;(t) denote the probability that an irreducible, aperiodic amtethomogeneous
Markov procesd$ (t)gis in statej at timet. In the limit, when the observation instant
is in nitely far removed from the starting point, the probktly of nding the system in
statej is independent of the initial state. Steady state has besheel at time when for
all stateg and all > Owe havethat;(t+ )= (), i.e. the time at which the system
is observed does not in uence the probability of it being ipaaticular state. Therefore,

we denote steady-state probabilities without the timealdei by | :

j = IimPC(@)=1]jj 0)=1 (2.26)
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fori;j = 0;1;:::. When the limiting probabilities; exist, they represent the steady-
state distribution of the Markov process. A steady-stag&ritution,f ; :j 2 Sg, exists

for every time-homogeneous, nite and irreducible Markaowegess [Hillston04].

In steady state,; is the proportion of time that the process spends in gtatéence, at
a moment in time, the probability of a transition occurrihgt moves the system from
statei to state is given by the probability that the model is in statenultiplied by the
instantaneous probability of the system making a tramsitiom state to statej, ;g;,
which is also called thprobability ux from statel to statg . In order for equilibrium to
be maintained, the total probability ux into a state has éodgual to the total probability
ux out of the state. Otherwise, the probability distribani over the set of states would

change. Hence, for any stateve have:

X X
j j
The left hand side of Equation 2.27 represents the ux in&test, while the right hand
side represents the ux out of it. Equations of this form fdrsdatesi 2 S are collec-
tively calledglobal balance ec)1(uation§ince the the sum of elements in every row of the

generator matriQ is zero, i.e. ¢ =0, Equation 2.27 can also be written as:
j

X
g =0 (2.28)

j
Together, the ; values represent the steady-state probability distebutind are not
known in advance. If there ane states in the state spaae,such equations need to
be solved to nd then unknowns. However, due to redundancy inherent in the ezpusti
not enough information is available to solve them uniquElyrming a row vector out of

the ; values, we can express Equation 2.28 in matrix equation &&m
Q=0 (2.29)

Sincef ;grepresents a probability distribution, we also know thatrtbrmalisation con-



2.3. Techniques of Performance Analysis 57

dition applies:

;=1 (2.30)

Xj
Together with Equation 2.30, we now haveél equations fon unknowns, which enables
us to obtain a unique solution. When the state space of aruciiglé Markov process is
nite, the process is always recurrent non-null, and theref Equations 2.29 and 2.30

always have a solution [Ross82].

There are mainly two types of solution methods for calcoatihe steady-state distri-
bution. Direct methodsbtain an exact solution after a nite number of steps, where
iterative methodgroduce approximate solutions. Direct methods are gdpexaropri-
ate when the state space of the model is not particularlg langl when the corresponding
state transition matrix is not sparse. Direct methods adse the advantage that they im-
pose an upper bound on the time taken to obtain a solutiorodtrast, iterative methods
are appropriate when the state transition matrix is largkesparse, since the methods pre-
serve the sparsity of the matrix. Iterative methods redaese storage and computational

resources, but at the same time often require a long timertgecge towards a solution.

From the steady-state solution, several measures of gtteaa be calculate&tate-based
measuresare those that correspond to the probability of a systemgbieira particular
state, or a set of states, that satisfy some condition. Grachgles of state-based mea-
sures are utilisation or the distribution of the number aftomers in a systenRate-based
measuresire those that correspond to the predicted rate at whicliseeeour. An exam-

ple of such a measure is throughput.

Transient Analysis

Another important class of performance analysisassient analysiswhich aims to nd

the probability of a system being in a certain state at time

Steady-state probabilities refer to system behaviourerdhg run, while transient prob-
abilities consider the system at a xed time instant. Transanalysis is more meaningful

than steady-state analysis when systems need to be evhliditerespect to their short-
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term behaviour. In the analysis of systems that have to reop@rational during a certain
period of time, such as on-board navigational computeradaan airplanes or satellite
control systems, for example, possible questions mayerétetihe probability of systems
failing at some point. In scenarios like these, modellexsta calculate measures within
a relatively short time interval. Results obtained from ttemdy-state solution, which
characterise system behaviour in the long run, are not iapfiroximations for the de-
sired measures and could lead to substantial errors. Mes#hat can be derived from

transient state probabilities are often referred tonatantaneous measures

The process ofiniformisationhas classically been used to conduct transient analyses of
CTMCs [Jensen53, Grassman87,Reibman88]. The transientdgatbution of a CTMC
is de ned as the probability of the process being in one ofdéeof stated at timet,

given that it has started in statat time O:
w() =PC (1)2J] (0)=1) (2.31)

where (t) denotes the state of the CTMC at timeTransient uniformisation takes ad-
vantage of the fact that for any given ergodic CTMC a corredpgnDTMC can be
constructed, which yields a steady-state probability setttat is identical to that of the
CTMC. In a uniformised CTMC, the probability that the CTMC is in atstinJ at time

t is calculated by conditioning oN (t), the number of transitions that occur in a given

time interval[0; t] in a DTMC [Bolch98, Bradley06]:

DS
a(t) = P( (1) 2 JjN(t)= mP(N(t) = m) (2.32)

m=0

Other approaches for the calculation of transient measuist such as Laplace transform—
based methods (see [Dingle04a] for details), but we do nmtider them further here.
Passage Time Analysis

Passagdor responsgtimesare important QoS metrics of stochastic systems that descri

the time that systems take to enter for the rst time one oftaof¢arget stated, given
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that they have started in one of a set of start stiates

Passage time analysis empowers modellers to ask a wide canglevant and informa-
tive performance questions that address the evolution sterys between two distinct
moments in time. Some of the most important areas of its egin are reliability test-
ing, ef ciency analysis and the veri cation of conformityp tSLAs. During reliability
testing, system engineers query models to obtain probabileasures representing the
likelihood of their systems failing within certain periodktime by entering an error state.
Ef ciency analysis addresses the amount of time that a syséées to perform a partic-
ular task, and considers these times an indicator of systeponsiveness. In Markovian
models, passage times are mainly calculated using twodisapproaches. The rst is

based on uniformisation, and the second on a Laplace trensfethod.

Uniformisation-based Analysis

Uniformisation has classically been applied to the trartsa@alysis of CTMCs, but it can
also be used for the calculation of passage time densigsegdescribed in [Melamed84,
Muppala92, Bolch98, Miner03]. It transforms a CTMC's stateh&ve the same mean
holding time by allowing invisible transitions from states themselves. The interval
between a moment where a CTMC enters stasgad the rst subsequent moment when

it enters one of the statesdnis called therst passage timdromi toJ and is de ned as:

Py = infft>0: (t)2JN(({)>0 (0)=ig (2.33)

whereN (t) denotes the number of state transitions that have occugréanle t. Note
that this approach only calculates the rst passage timesitlerand does not consider
repeated visits to target states. The density of the padsagebetween statasandj

in the uniformised chain can be expressed as the sum fstage Erlang state holding
time densities, weighted by the probability of the CTMC mayinom state to state

in exactlyn hops, suchthat n  m. This result can also be generalised for multiple
start states, by additionally providing a probability distition across them. The pdf of

the response time between the non-empty set of source ktatesthe non-empty set of
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target stated in the uniformised chain is given by [Bradley06]:

xn qntn lg at X

fiy(t) = . (n) (2.34)
N n=1 (n 1)! k2J “
where
(n+1) = (N)po (2.35)
with 8
2 p kK k2]
E’):> j21 (2.36)
-0 otherwise

P %is a modi ed transition probability matrix with all targetates made absorbing. The
k values are the steady-state probabilities of the correipgrstatek from the CTMC's

embedded Markov chain.
Laplace Transform-based Analysis

Similarly to the uniformisation-based approach, the r&psin the Laplace transform-
based method is the calculation of the rst passage timeitjeasthe system that has
started in state entering any state out of the set of target stdteblence, it is necessary
to calculate the convolution of state holding time densiteer all possible paths from
statei to J. This approach takes advantage of the favourable propetithelLaplace
transform For a given real-valued functidn(t);t 0O, the Laplace transform, denoted
by Lff (t)g;f (s) orL(s), is de ned as [Nelson95]:

y
LEf(t)g = f (s) = L(s) = " e sy (t)dt (2.37)
0

In essence, the Laplace transform converts a function frenreal-valued time domain
(t space) to the complex-valued Laplace domahsgace). Due to its algebraic prop-
erties, operations that are complextispace become simple gspace. The following

properties of Laplace transforms are particularly useful:

The differentiation of a function it-space corresponds to the multiplication of the
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Laplace transform of the function ts/in s-space:

LffYt)g= sf (s) (2.38)

The integration of a function itrspace corresponds to the division of the Laplace
transform of the function bg in s-space:
YA t
f
Lf f()dg= F(s (2.39)
0 S
The convolution of two functions in-space corresponds to the product of their

individual Laplace transforms isrspace:
LE(f o) (t)g=f (s) g (s) (2.40)

The n™ moment of a probability density functidin(t) of the continuous random

variable int-space can be obtainedsrspace by calculating:

E(")=( 1" () (2.41)

After carrying out Laplace transform-based calculatioesults need to be numerically
inverted, in order to convert them back irttgpace. The calculation of the passage time
density function is therefore achieved by calculating tlaglace transform of the con-
volution of the state holding time densities over all patietaeeni andJ, and then
numerically inverting the resulting function [Harrisorj02

X &k Lka(s)+ : i

S G g S G

Lis (s) = (2.42)

k62

When there are multiple source states, denoteld biye Laplace transform of the passage

time density at steady state is [Bradley03d]:

X
Lis(s) = kLks (S) (2.43)
k21
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where the weight y is the probability at equilibrium that the system is in stat2 | at

the starting instant of the passage, and is given by:

8
g Xtk if k21

- j

Ty e (2.44)

0 otherwise

Comparison of Approaches

Uniformisation is generally much faster than the Laplaems¢form-based method, ex-
cept in the case of very small models. However, the Laplaoestorm method is easier
to extend to semi-Markov systems with generally distridugate holding times, and it
preserves the ability to reason about vanishing sourceagdttstates. Uniformisation
is unable to support the latter kind of reasoning, sincesfang states are assumed to be

eliminated during state space generation.

2.3.3 Simulation

The simulation approach of analysing a model is an altera#bi the analytical approach,
where system analysis is purely theoretical. Stochastidatspwhich are solved analy-
tically for performance measures, are mathematical atigires of systems. In contrast,
stochastic simulation models can be regarded as algodthbstractions, which repro-
duce the behaviour of systems that they represent when texectvlodelling complex

systems theoretically requires many simpli cations, anteeging models are often not

accurate representations of reality.

Simulation, on the other hand, does not require as many gyimgi assumptions, which
eliminates this problem. As simulation models are run nathan solved, performance
measures are observed rather than derived. However, & sbgkrvation is generally
not suf cient, and multiple simulation runs are often remuai for results to be conclusive.
Simulation models may in certain circumstances offer grefseedom in the modelling

of important aspects of system behaviour than other appesaand they also enable
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models to be considered whose state space exceeds anatgtitability.

Simulation models allow the modeller in theory to represyistems at arbitrary levels
of detail; however, in practice there is a trade-off betw#enrealism of the model and
the time that it takes to produce a statistically signi camb. In simulation models, the
state space is generated during execution by the modelsséhegs, which eliminates
the need to store it all at once, as is often required by thé/tice approach. At the

same time, simulation models can sometimes be very timstgoimg to create, since the
speci cation process involves writing and debugging patly complex code. Simula-

tion models are also expensive to evaluate, because siarulains require substantial
computational resources, and a number of them are usualiseary in order to obtain

relevant metrics [Hillston04].

Simulation models are complex computer programs, whichbeatieveloped in any pro-
gramming language. Most often, a system model is constiwgthaer in the form of a
computer program or as some kind of input to simulator sa#wahe process of simu-

lation usually takes place in the following order:

1. Problem de nition: Inputs and constraints on decision variables are identitleen,
the measure of system performance is de ned, followed bydiaeslopment of a

preliminary model structure that relates inputs and thesmesof performance.

2. Data collection and analysisA method used for the collection of data is de ned,
taking into account the fact that regardless of the chosethadethe decision of

how much data to collect effects a trade-off between costandracy.

3. Development of simulation modeSuf cient knowledge of a system needs to be
acquired in order to develop an appropriate conceptual @giddl model. This is

then followed by a more detailed simulation model.

4. Model validation, veri cation and calibrationValidation ensures that models cor-
respond to reality, and veri cation establishes whetheirthmplementation corre-
sponds to the conceptual model. Thus, validation addrébgseguestioriis the

right system being built?"whereas veri cation is concerned with the questits
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the system being built right?’Finally, calibration ensures that data generated by

the simulation matches actual observed data.

5. Input and output analysidDiscrete event simulation models typically have stochas-
tic components that replicate the probabilistic behavadsystems. Accurate input
modelling requires a close match between an input modeltfandrnderlying prob-
abilistic mechanism of a system. Input data analysis moalelelement (e.g. an
arrival process or service times) in a discrete event sitimmagiven a data set that
was collected on the element of interest. Error checkingifopmed on input data,
and simulation experiments are carried out to derive canmhs from simulated

system behaviour.

6. Sensitivity estimationProvides the means for modellers to understand which rela-

tionships are meaningful in complicated models.

7. Reporting:Ensures the provision of relevant simulation results to efleds.

2.3.4 Comparison of Techniques

Probabilistic Model Checking

The main purpose of probabilistic model checking is the gation of behavioural prop-
erties of system models. Systems are modelled as Markovaregses, which are the-
oretical abstractions that are solved in order to obtaifiopeance results. Models are
generally solved with numerical analysis techniques, @ting to criteria de ned in per-
formance queries. Queries are expressed in formulae diastic logics, and are able to
reason about state- and path-based constraints, as wédlaaly state measures. Proba-
bilistic model checking is interested in obtainipgs / ncanswers, which indicate whether
or not certain properties de ned in performance queriessates ed by the model. Spe-
cialised model checkers support and automate the veroogbrocess. One of the main
limitations of probabilistic model checking is that veryda models cannot be veri ed,
due to the state space explosion problem, and that quargifaerformance measures

cannot be extracted from models.
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Numerical Analysis

Numerical analysis applies mathematical solution tealesgto Markovian and semi-
Markovian models in order to derive performance measurag@fest. Similarly to prob-

abilistic model checking, systems are modelled and sulesglyusolved. Unlike proba-

bilistic model checking, numerical analysis is not resédcto veri cation-style analyses,
but is able to extract a wide range of performance metrias fneodels. Some assump-
tions about systems are required, especially with respetiet timing of events, but the
resulting models are relatively easy to solve, as they aglly on simple linear algebra
techniques. A number of dedicated analysis tools existitigie ment numerical solution

techniques, and they can be used in many diverse applicet@marios. On the down-
side, complex models with very large state spaces can oftebenanalysed by currently
available numerical algorithms due to the state space sikpigoroblem that imposes

computational resource requirements that exceed av#yabi

Simulation

Simulation differs from the previous two approaches mainlyhat it abstracts systems
algorithmically, and observes results of runs to obtaimeses. Simulation models are
generally speaking less sensitive to the size of the staisesgnd allow for less simpli ed
models to be analysed than other approaches, which makekation models widely ap-
plicable and very powerful. However, their design and ekeowcan be time-consuming,
and the evaluation of the trustworthiness of results isirequthrough the calculation of

con dence intervals.

2.4 Tool Support for Performance Analysis

2.4.1 Tools for Performance Analysis

Below, we present some of the more well-known tools for penfonce analysis. Some

of the tools are exclusively model checkers or quantitasimalysers, while others are
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equipped for a more versatile application by featuring supfor both model checking

and quantitative analysis.

GreatSPN

GreatSPNthe Graphical Editor and Analyser for Timed and Stochd2atri Nets [Chi-
ola95], is a software package for the modelling, validatiad performance evaluation of
distributed systems, represented by GSPNs and their @aaxtension, stochastic well-
formed nets. The tool provides a framework for timed Pettibssed modelling, and
implements ef cient algorithms to enable the analysis oinptex large-scale systems.
GreatSPNconsists of a number of separate tools that collaboratesicdnstruction and
analysis of Petri net models. Different analysis moduleslzarun on different machines
in a distributed environment, and the modular structureéheftbol makes it receptive to

the addition of new analysis moduléSreatSPNs main features are:

Thegraphical user interfacésee Figure 2.14) enables the graphical editing of Petri
net models and the representation of structural properiiesnables the de ni-
tion of timing and stochastic speci cations, parameters parformance measures,
provides menu-driven interaction with individual anatysnodules, and presents
performance results in a graphical fashion. In additiorfiedtures an interactive

simulation and token game for Petri nets with priorities arubitor arcs.
It allows structural propertiegor nets with priorities and inhibitor arcs to be checked.
It useslinear programmingor the calculation of performance bounds of GSPNs.

Its integratedMarkovian solvergor steady-state and transient performance evalua-

tion exploit ef cient sparse matrix-based numerical teiciues.

It featuressimulation module$or interactive event-driven simulation. In coopera-
tion with the GUI, they provide graphical model animatioealrtime updating of

performance measures and arbitrary rescheduling of events

The well-formed coloured net modukupports the construction of coloured and
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symbolic reachability graphs, and their conversion intaped Markov chains. The

module supports steady-state and transient analysis,lbasismulation.

Support for CSL model checking on GSPN monaisalised by interfaces RISM
andETMCC|[D'Aprile04]. Interfacing with PRISMis realised by a translation of
GSPNs into the state-basB&®ISMinput language on the net level. CSL formulae
that express performance requirements are speci eeRISMs graphical inter-
face. When interfacing witE TMCGC model checking is realised by the translation
of GSPN models to CTMCs. A translator creates a CTMC from the G&ieblel

in the format that is expected lyTMCC and users specify propertieseETMCC

GreatSPN 2.0.2 : /docsrv/bernardi/nets/models/Reader_\Writers

__________________________________________________________________________

arrival

* | Define Printarea

Figure 2.14:GreatSPNuser interface

DNAmaca

DNAmaca[Knottenbelt96] is a Markov chain steady-state analysat it able to solve
models with up taO(10°) states. It features model and performance measure speci ca
tion in its input language, and provides support for the cetepperformance analysis

sequence by enabling model speci cation, state space geoer functional and steady
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state analysis and the computation of performance measthiedool consists of a num-

ber of components, whose interaction is also illustratdeéigure 2.15:

Theparser moduldranslates high-level model descriptions into C++ classes.

A state space generatas formed for each model by linking the corresponding C++
class with common library routines. The state space gemeuses a probabilis-
tic exploration algorithm, incorporating vanishing statenination, to generate all
reachable tangible states. The in nitesimal generatorimadescribing transition

rates between tangible states, is also generated.

Thefunctional analysechecks the generator matrix for Markov chain irreducibil-

ity, which is a necessary precondition for a stationaryritigtion solution.

The steady-state solvatetermines the stationary distribution by solving the $et o

global balance equations for the model.

Theperformance analyses formed by linking user code with common library rou-
tines. It uses the steady-state solution in combinatioh stidtte space information
to calculate performance measur@&NAmacais able to calculate state and count
measures. A state measure is used to determine the mean reantteeof a real
expression that is de ned at every state of a system. A cowgdsure is used to

determine the mean rate at which a particular event occurs.

HYDRA

HYDRA|Dingle04a] facilitates the parallel and distributed ais& of very large Markov
models for passage time and transient state measures tthtbaguse of uniformisa-
tion [Grassman87, Reibman88&)Y DRAbuilds onDNAmacaechnology, and in addition
supports parallelised performance measure computating state-of-the-art hypergraph
partitioning algorithms [Trifunoi04], which enable the ef cient distribution of sparse

matrix-vector operations across a number of processors.
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Figure 2.15:DNAmacamodule interaction

Figure 2.16 show$lYDRAs architecture. At the beginning of the analysis process, a
high-level model is speci ed iDNAmMac& model speci cation language. Following that,
HYDRAs state generator produces the generator matrix of therlyialg Markov chain,
together with a list of start and target states in the casep#Essage time analysis run.
Uniformisation is then applied to transform the generatatrir, which is subsequently
partitioned using hypergraph algorithms. Distributedsage time and transient analysis

modules are then invoked to calculate desired performamtaas.

SMARTA

SMARTADIngle04a] is a parallel and distributed MPI-based senairkbv response time
analyser that incorporat€®NAmacaechnology. It performs iterative numerical analyses
of passage times in very large semi-Markov models (inclgd@8PNSs), using Laplace

transform inversion and hypergraph partitioning techagju

SMARTAs tool architecture is shown in Figure 2.17. The passage amalysis process
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Figure 2.16:HYDRAtool architecture

is similar to that ofHYDRA Passage time results are provided in the form of text les,

which can be parsed by GNUplot for graph visualisation.

SHARPE

SHARPE the Symbolic Hierarchical Automated Reliability and Peniance Evaluator
[Hirel00], supports the construction and analysis of penfance, reliability, availability
and performability models. Among otheHARPEsupports Markov and semi-Markov
chains and GSPNs, and large models can be constructed #yeganising hierarchical
model composition. It also provides exible mechanismsdombining results, so that

models can be used in hierarchical combinations.

SHARPHEhas a graphical user interface, whose major componentsraoelal editor that
allows graphical model de nitions, and an extensive cdlt@t of visualisation routines
to analyse output results. The interface also provides b-leiegl input format to the
SHARPEsyntax. Users are able to create Markov chain-based mogeale hing un-
derlying probability matrices. The GUI provides a way totplesults, and supports the
exporting of data into Excel spreadsheets. The interfacewvdten in Java to make the

tool architecture-independent and portable.
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Figure 2.17:SMARTA0ol architecture

M 6bius

Mobius[Clark01] is a tool for modelling the behaviour of complex qmuer and net-

work systems and for studying their reliability, availayiland performance. Its funda-
mental assumption is that no modelling formalism can evethbesingle best approach
to constructing all different kinds of system models. Mamyréin-speci ¢ modelling

languages and techniques for analysing models, such asasiom, state space explo-
ration and analytical solution, are needed to study impbggstem behaviour. Therefore,
Mobiusde nes a broad framework into which new modelling formalssand model solu-

tion methods can be integrated to collaborate with the sa&tre&dy supported formalisms
and techniques. This exibility allows engineers and st&s to represent systems with
modelling languages that are appropriate to their speciabfem domains, and accu-
rately and ef ciently solve systems using solution tecluasg that are best suited to their

size and complexity. Time- and space-ef cient discretené\®@mulation and numerical
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solution, operating on Markov processes, are both supghdvtébius main features are:

Support for multiple graphical and textual modelling larages Model types in-
clude SPNs, CTMCs with extensions and SPAs. Models are catstiwith the
appropriate level of detail and customised to the speciledwour of the system of

interest.

Ability to de ne customised system measurethe form of detailed expressions,
based on nodes and activities in models. Such measures lata tee reliability,
availability, performance and security. Measurementsbeanonducted at speci ¢

time points, over periods of time, or when systems have exhsteady state.

Study of system behaviour under a variety of operating ¢mmdiis possible, since
system functionality can be de ned by model parameters.séten be observed
across a wide range of values in order to study system balrathat could be

challenging to measure with prototypes.

Distributed discrete event simulati@mables the evaluation of custom measures us-
ing ef cient simulation algorithms. Systems are executepleatedly as simulation
runs, either locally or across remote clusters in a distedbumanner, and statistical

results of measures are gathered.

Numerical solution techniqueare used for obtaining exact solutions for many
classes of models. Advances in state space computationesiedagion techniques
enable the solution of models with tens of millions of statasich could previously

only be solved by simulation.

PRISM

PRISM[Kwiatkowska02] is a tool for the formal modelling and argily/of probabilistic

systems, de ned by DTMCs, CTMCs, Markov decision processes, tiost- and reward-
based extensions, PEPA and SBML, the Systems Biology Marknguage. It enables
the automated analysis of a wide range of quantitative ptigseof such models. Sym-

bolic data structures and algorithms, based on Binary DetiBiagrams (BDDs) and
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Multi-Terminal Binary Decision Diagrams (MTBDDs) are used &b cient model repre-
sentation, enabling the analysis of large-scale modeladtiition,PRISMalso supports

discrete event simulation for generating approximate fzdive results.

Models are described using the state-bdRtSMlanguage, a probabilistic variant of the
Reactive Modules language. Its fundamental components adeles and variables, and
a model is composed of a number of modules that can interéictieach other. A module
contains a number of local variables, and the values of thasables at any given time
constitute the state of the module. The global state of theealie determined by the local
state of all modules. The behaviour of each module is destrily a set of commands,

which take the following form:

[l guard -> prob_1 : update_1 + ... + prob_n : update n;

A guard is a predicate over all variables in the model. Upsldescribe transitions that
the module can make if the guard conditions are satis ed,teartsitions are performed
by updating variables in the affected module. Each updasesassociated with a prob-
ability or rate which is assigned to the corresponding itexms The following example

shows the description of a module:

module M1
x @ [0..2] init O;
[ x=0 -> 0.8:(x'=0) + 0.2:(x'=1);
[ x=1 & y=2 -> (x'=2);
[ x=2 -> 0.5:(x'=2) + 0.5:(x'=0);
endmodule

PRISMs property speci cation language (see Section 2.2.4)vedldhe expression of
PCTL and CSL formulae, as well as cost- and reward-based taiargiproperties. The
tool takes as input a description of a system, from which fistucts a model and com-
putes the set of reachable states, and a property speoircddé that de nes which prop-

erties need to be veri ed on the model. Model constructiod srachability calculation

are implemented with space-ef cient symbolic represeotst Model checking is car-
ried out using a combination of reachability-based conmpartaand the solution of linear

equation systems.
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PRISMhas been extended to interface with Grid clusters and caitrg@mputations on
them [ZhangO05]. After the calculation of the probability tnvaand initial vector for a
model, they are exported to les and transferred to remostesys. Following this, the
job submission component submits a model checking job todhete system. Users
are able to monitor job progress through a dedicated mamg@omponent. Once a job
completes remotely, the result vector is transferred bREdSMuses the Globus Toolkit
as the basis of its Grid middleware, which implements lensger, job management and
monitoring. The Midlands eScience Cluster [MeSC] serveBRESMs underlying Grid

computational infrastructure. Figure 2.18 shdaRISMs enhanced Grid-enabled archi-

tecture.
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Figure 2.18: Grid-enabledRISMtool architecture

PRISMs high-level modules, such as the GUI and parser, are writtddava, while low-
level code and libraries were implemented in C++. The tool lmamun with a GUI or

from the command line.
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Performance Trees

Systems engineers are faced with high expectations tordasidbuild systems that meet
end-user operational performance requirements. Thisastecplarly challenging task for
large-scale, high-throughput distributed systems, ssatiuster computers and telecom-
munication networks for example. An established pipelioedetermining whether a

given system meets its expected performance is to

(a) construct a mathematical model that replicates its\debig using some stochastic

modelling formalism (as presented in Section 2.1),

(b) express applicable performance-related queries ims@f requirements and mea-

sures, using a stochastic logic or other methodology (seeoBe2.2), and

(c) apply specialised stochastic model checking or quetivé analysis software (see

Section 2.4) to resolve queries.

This chapter addresses step (b) of the process by intraglarformance Trees, a graphi-
cal formalism for the speci cation of performance requigm and quantitative measure-

based queries on stochastic system models.

We begin by presenting the motivations for the developméhe formalism and give

a brief overview of its main features. We then discuss thecitre of Performance Tree

75
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gueries, and introduce the set of currently available dpesa Once the fundamentals
have been established, we highlight the power of Perforsdmnees by elaborating on
their accessibility, expressiveness, extensibility amatility. Finally, we provide exam-
ples of Performance Tree query speci cation to demonstieaise and applicability of

the formalism.

3.1 A Novel Representation Formalism for Performance

Queries

3.1.1 Motivations

To study the behaviour and observe various interestinggrtigs of real-life systems,
engineers construct stochastic models that represemnsysnathematically, in a man-
ner that is amenable to analysis. To analyse system modhgseers need to construct

performance queries that specify performance propentidfameasures of interest.

As Section 2.2 has shown, a number of different approache®edaken for the spec-
i cation of performance queries. For a number of reasonsglststic logics have been
among the most widely-used methods for performance remeiné speci cation. Due to
their logical nature, they have well-de ned syntactic stires and semantics, and their
formulae are able to express performance properties in @smrrigorous and systemat-
ically veri able manner. However, their use among systersigieers is rather limited in
practice, due to their inherent complexity and restrictegressive power. The concise-
ness and nested nature of stochastic logic formulae hadlarieyn to obscure questions
being asked. In addition, an expert understanding is ofguired to translate perfor-
mance requirements expressed in natural language intcalogirmulae. For these rea-
sons, stochastic logics are perceived as esoteric by maigtimal users and have not

gained wide acceptance in such circles.

Modern Service Level Agreements (SLAS) include incredgimgpmplex performance

properties. Hence, system designers need to establiskdglag design-time whether
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their systems are going to meet QoS requirements set out Bg.SWith current ap-
proaches to performance query speci cation, such as ssticagics for example, many
performance properties of interest cannot be addressetbdumitations in expressive-
ness. Such properties often relate to quantitative pedoo®m measures that need to be

extracted from system models directly.

Traditionally, it has only been possible to reason aboufoperance measures with tool-
oriented and graphical query speci cation languages. Tanjuages were developed for
individual quantitative analysers, and are therefore w@gci ¢ and limited in terms of
their expressiveness and application. Generally, thepatrexclusively query speci ca-
tion languages, but ones that also incorporate model spaoon capabilities. The same
applies to most graphical languages, which generally omhptate system speci cations

with performance information.

In summary, no single formalism has been available so fantbald enable the concise
and accessible expression of performance requirenagmtperformance measures in a
single query. As such, the combined expressive power okntiapproaches to perfor-
mance query speci cation is not suf cient for many of the rasophisticated analysis

scenarios.

3.1.2 Overview

To cater for these requirements and to overcome the afot@ned shortcomings of cur-
rent approaches to query speci cation, we have develdatbrmance TreefSuto06a,
Suto06b, Suto07], a graphical formalism for compositiggexformance query speci ca-
tion that enables the reasoning about performance regeienand the direct extraction
of quantitative performance measures. Performance Topp®g elegant query composi-
tion, are easily visualised as hierarchical tree strustuard provide a general framework
that allows for the expression of a wide range of performgmoperties in a uniform
manner. In addition, they are applicable in the context éssd modelling formalisms,
including SPNs, QNs and SPAs, due to the use of an abstraetsgiaci cation mech-

anism. Moreover, Performance Trees are extensible, either parameterised macro
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mechanism that uses existing operators to construct @seed performance concepts,
or by the incorporation of new operators. Hence, Performdiees represent an acces-

sible, powerful and versatile alternative for performaquoery speci cation.

Performance Tree queries are constructed from a rich smiect operators, visualised
graphically as tree nodes, which represent performanceepts and properties that are
familiar to users with an engineering background. The ceteofoperators can be ex-

tended dynamically to include support for additional udemed concepts.

Currently, Performance Trees are able to reason about sgtatdyand passage time prop-
erties by specifying applicable probability distributsoand densities. Queries are able to
address properties that are derived from these distribsitemd densities, such as mo-
ments, percentiles and convolutions. In addition, prdiiags with which passages take
place in a given amount of time and the transient probalwlityystems being in a set of
states at a given point in time can also be expressed. PefmenTrees allow the rea-
soning about mean rates of occurrence of system actionst ataies that have certain
steady state probabilities, and about states that a systaroacupy at a given point in
time with a certain probability. In addition to performanegated concepts, it is also pos-
sible to specify Boolean and arithmetic operations and coisqas, as well as macros,
which condense possibly very complex user-de ned perfarceaproperties into single

Performance Tree nodes.

The power of Performance Trees is provided without saangccomputational tractabil-
ity, since all operators either impose a trivial computagiicburden or are backed up by

known numerical algorithms that are amenable to scalalvkdipbimplementation.

3.1.3 Query Speci cation with Performance Trees

While Performance Tree queries can also be expressed inuakéatm, the formalism
was primarily designed for graphical user-level speciicat A visualised instance of a
Performance Tree query consists of a set of nodes that fonerarbthical tree structure

when connected by arcs, as shown in Figure 3.1.
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density / distributiomn

start states

start
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Figure 3.1: An example Performance Tree query

Nodes in a Performance Tree query can be of two kinds: operati value nodesOp-
eration nodegepresent performance concepts and behave like functiakis,g one or
more child nodes as arguments and returning a result. Chidsxcan be other operation
nodes that return a value of an appropriate typeadue nodeswhich usually represent
states, functions on states, actions, numerical valueserigal ran