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ABSTRACT

Thispaperdescribestheparameterisation,implementationandeval-
uation of floating-pointaddersand multipliers for FPGAs. We
have developeda method,basedon the Handel-Clanguage,for
producingtechnology-independentpipelined designsthat allow
compile-timeparameterisationof designprecisionandrange,and
optionalinclusionof featuressuchasoverflow protection,gradual
underflow androundingmodesof theIEEE floating-pointformat.
The resultingdesigns,when implementedin a Xilinx XCV1000
device, achieve 28 MFLOPswith IEEE singleprecisionfloating-
pointnumbers.Thesedesignsareusedin anoptimisedimplemen-
tation for computingTwo-DimensionalFast Hartley Transform.
Preliminaryresultssuggestthatour implementationis fasterthan
many programmableDSPprocessorsandsupercomputers.

1. INTRODUCTION

Floating-pointoperationsare useful for computationsinvolving
largedynamicrange,but they requiresignificantlymoreresources
thanintegeroperations.Therapidadvancein Field-Programmable
GateArray (FPGA) technologymakessuchdevicesincreasingly
attractive for implementingfloating-pointarithmetic. FPGAsof-
fer reduceddevelopmenttime andcostscomparedto application-
specificintegratedcircuits, and their flexibility enablesfield up-
gradeandadaptationof hardwareto run-timeconditions[10].

EarlyimplementationseitherinvolvedmultipleFPGAsfor im-
plementingIEEE754singleprecisionfloating-pointarithmetic[4],
or they adoptedcustomdataformatsto enablea single-FPGAso-
lution [9]. To overcomedevice sizerestriction,subsequentsingle-
FPGA implementationsof IEEE 754 Standardemployed serial
arithmetic[6] or avoidedfeatures,suchassupportinggradualun-
derflow, whichareexpensive to implement[5].

Table 1 comparesvarious implementationsof floating-point
arithmeticunits on FPGAs. Our implementation,undertaken as
a final-yearundergraduateproject,achieves28 MFLOPSandim-
proved performanceis expectedfrom further hardwareoptimisa-
tionsandadvancesin FPGAtechnology.

2. PARAMETERISATION

Our main aims of designingfloating-pointunits (FPUs) for re-
configurablehardwareimplementationare:(a) to parameterisethe
precisionandrangeof thefloating-pointformat to allow optimis-
ing theFPUsfor specificapplications,and(b) to supportoptional
inclusionof featuressuchasgradualunderflow androunding.An
approachmeetingtheseaimswill achieveeffectivedesigntradeoff
betweenperformanceandrequiredresources.

Our intentionis to adhereto the structureandfeaturesof the
IEEE 754 Standardto produceimplementationscompliantwith
this standard,while allowing the precisionand the rangeof the
formatandinclusionof featuresto beparameterisable.Whende-
terminingwhetherto pipelinethe implementations,we conclude
thatit is necessarysoasto supportimplementationsin whichhigh
datathroughputis moreimportantthanlow latency.

To supportcustomarithmeticformats,it is necessaryto allow
the width of theexponentandfraction fields to besetat compile
time. Allowing suchparameterisationof the formatconsiderably
increasesthecomplexity of thedesign.It is alsonecessaryto en-
surethat theparameterisabledesigndoesnot leadto significantly
largeror slower designs.

TheIEEE 754Standardspecifiesa numberof featureswhich,
dependingon thedatato beprocessed,maynot beneededin the
implementation.It is hencedesirableto have thecapabilityof se-
lectingwhetherto includethesefeatures.Thiswould oftenreduce
thedesignsizeaswell asimprove theperformance.

Thefollowing threefeatureshave beenidentifiedasoptional.
First,gradualunderflow. Gradualunderflow is especiallycostlyto
implementfor themultiplier, asit requiresa full-length shifter in
the normalisationstage.Gradualunderflow is not needed,if it is
safeto regardvaluesof magnitudesmallerthan1.0 � 2

�
MIN as0,

where
�

MIN dependsonthebiasof theexponent.Second,overflow
protection.Overflow is usuallyhandledby settingthe resultto a
specifiedbit patternto signalthat theresulthasthevalueinfinity.
Overflow protectionis not neededif resultsarealwayswithin the
rangerepresentableby the format used. Third, roundingmodes.
If roundingis not necessary, or if different roundingmodesare
available,this canbechosenatcompiletime.

Of the threefeaturesdescribedabove, gradualunderflow and
roundingmodesare expectedto have the largest impact on the
logic requirementsof theFPUs.WhendesigningtheFPUs,it be-
comesnecessaryto addresstheissueof pipelineintegrity whendif-
ferentcombinationsof featurescanbeincludedasproposedhere.
A modularapproachis desirableto avoid designcomplexity. For
instance,inclusionof optionalfeaturesaffectingonepipelinestage
in theimplementationshouldnot requiresignificantchangesto be
madeto otherpipelinestages.

We have developedmethodsfor producingpipelinedfloating-
pointaddersandmultiplierswith variablenumberof pipelinestages,
suchthat designswith different time/space/featuretradeoffs can
beimplementedin hardware.Thekey difficultiesin designingpa-
rameterisablepipelineunits include: (a) allowing the numberof
pipelinestagesto bevariedwhile ensuringpipelineintegrity, and
(b) developingindividual operationssuchthatthey will work with
variablewidth of operandsand optional supportfor algorithmic
features,suchasgradualunderflow.



Table 1. FPGAImplementationsof floating-pointoperations.Thespeedentriesfrom [9] arebasedon 16-bit format,while thosefor this
paperarebasedon 32-bit format. [5] predictsa performanceof 33MFLOPSfor theirmultiplier ona Xilinx 40250XVFPGA.

Shirazi[9] Louca[6] Ligon [5] This paper
FPGAused Xilinx 4010 Altera FLEX 81188 Xilinx 4020E Xilinx XCV1000
Dataformat Custom:16/18bit IEEE singleprecision:32bit IEEEsingleprecision:32 bit Parameterisable:IEEE compliant
Addition bit parallel,3 stages bit parallel,3 stages bit parallel,13 stages bit parallel,8 stagesmin.

9.3MFLOPS 7 MFLOPS 40MFLOPS 28MFLOPS
Multiplication bit parallel,3 stages digit serial,6 stages Booth,3 stages bit parallel,5 stagesmin.

6 MFLOPS 2.3MFLOPS 5.5MFLOPS 28MFLOPS

To illustrate our method,we explain below the designof a
pipelinedfloating-pointmultiplier suchthatthenumberof pipeline
stagesis determinedby a user-providedparameter� .

Stage1: extractssigns,exponentsandfractionsfrom theoperand
andmakestheimplicit MSB explicit. If gradualunderflow is sup-
ported,a checkfor whetherthe operandsare denormalsis nec-
essary. The outcomewill affect the value of the MSB and the
exponent,settingbothto 1 if a denormalvalueis detected.

Stage2 to � ( ����� ): computestheproductof themantissas.
Stage( �	��
 ): evaluatesthedistanceanddirectionto shift the

product;only requiredif gradualunderflow is supported.
Stage( ���
� ): checksif thenormalisationshift, determined

to be necessaryin the previous stage,is indeedallowed, so that
theexponentwill not underflow if themantissais left shiftedthe
requiredamount;only requiredif gradualunderflow is supported.

Stage( ����� ): providesthenormalisationshift, andif round-
ing is requiredthentheroundandsticky bitsareupdatedto reflect
the effect of the normalisationshift; only requiredif gradualun-
derflow is supported.

Stage( ����
���� ): performsrounding;only requiredif rounding
is supported.

Stage( ����
�������� ): writestheresultto thedestinationregister.
If gradualunderflow is not supported,thena right-shift mustbe
performedif thereis a carry-outfrom themultiplier.

A floating-pointmultiplier basedon the above pipelinestage
divisionwill haveat least3 stages,whenthemultiplicationtakesa
singlecycleandgradualunderflow androundingarenot included.

3. IMPLEMENTATION

The designsshown in Table 1, except ours, were producedus-
ing the VHDL language. We have consideredthree languages
for developing our parameterisedFPUs: VHDL, Pebble[7] and
Handel-C[2],[10]. VHDL andPebblesupportstructuralhardware
description,while Handel-Ccapturesdesignssimilar in style to
the C language.Handel-Cis chosenbecause:(a) we wish to fo-
cus on algorithmic level parameterisationand optimisation,and
a software-stylelanguageappearsbest for this purpose;(b) the
Handel-Ccompilercontainsinterfacelibrariesfor theRC1000-PP
FPGAsystem[2] whichsimplifiedour implementation.

TheFPUsimplementedhave thecharacteristicsshown in Ta-
ble 1. The implementationaddressesall the issuesdiscussedin
theprecedingsection.They canbefully pipelinedandcansupport
bothcustomformatsandthestandardIEEE formats.

Thearithmeticoperationsin theFPUshavebeenimplemented
usingthestandardHandel-Caddersandmultipliers. Our floating-

point adderis implementedas a multi-stageaddition, with the
width of addersandhencethenumberof cyclesinvolvedasparam-
eters. Our multiplier includesa parameterisablemultiplier-adder
treefor computingtheproductof themantissas.Weadoptthisap-
proachmainly for performance[9], andalso it would have been
cumbersometo implement,for instancea pipelinedmultiplier ar-
ray, in a non-structurallanguagelike Handel-C.

A comparisonof costandperformancefor differentparame-
terisationshasbeenconductedto gainaninsight into: (i) thecost
of the different featuresthat canbe includedoptionally, and (ii)
their effect on performance.For this purposethe following con-
figurationsfor eachFPUareconsidered.(a) Basicconfiguration:
denormalsare set to zero. (b) Overflow configuration: the Ba-
sicconfigurationplusoverflow protection.(c) GradualUnderflow:
theBasicconfigurationplusgradualunderflow. (d) Round:theBa-
sic configurationplus IEEE roundto nearestrounding. (e) Com-
plete: the Basic configurationplus overflow protection,gradual
underflow andIEEEroundto nearestrounding.

Different configurationsof the arithmeticoperationof each
FPUhave alsobeenconsidered,usingtheBasicconfigurationand
theIEEE singleprecisionformat. Implementationcostsaregiven
by: (a) device independentfiguresfrom the Handel-Ccompiler,
and (b) device specificfiguresfrom the Xilinx tools which pro-
duceanFPGAconfigurationfile from theoutputof theHandel-C
compiler. TheHandel-Ccompilerprovidestwo usefulfiguresfor
resourceusage:thenumberof gatesandlatches.TheXilinx tools
provide thenumberof 4-inputlookuptables(LUTs) andflip-flops
(Figure1) as well as the numberof Slices(Figure2) usedby a
designin a Xilinx XCV1000FPGA.Standardsettingshave been
usedin boththeHandel-CcompilerandtheXilinx tools.

Fig. 1. Thecostin numberof LUTsandflip-flopsfor floating-point
multiplicationusingtheBasicconfiguration,from Xilinx tools.



Thecostof implementinga floating-pointmultiplier with dif-
ferent floating-pointbit-size formatsis shown in Figure 1. The
16-bit format usesa 4-bit exponentandan 11-bit fraction,while
the32-bit formatis equivalentto theIEEEsingleprecisionformat,
namely8-bit exponentand23-bit fraction.The40-bit formatuses
a 10-bit exponentanda 29-bit fraction.

Thecostsof differentoptionalfeaturesfor floating-pointmul-
tipliers areshown in Figure2. Thereis significantcostfor adding
gradualunderflow, sincea shifter is requiredfor normalisingthe
product. The normalisationunits contribute significantly to the
costof theadderwhich usesa barrel-shifter, anda cheaperimple-
mentationshouldbesought.Moreover, inclusionof properround-
ing adds10–15%to thecost,which is similar to thecostof adding
roundingin theadderimplementation.

Fig. 2. Floating-pointmultiplier implementation:thecostof sup-
portfor overflow isnegligible,while supportfor gradualunderflow
nearlydoublesits size.Notethata logarithmicscaleis used.

As with adders,differentmultiplier configurationshave been
observed to have similar longestdelaypaths.Variousparameter-
isationsof the arithmeticoperationhave beentried. We divide
eachinput into � partitionsandusea multiplier-addertree with
��� multipliers and ���! 

 adders,whereeachmultiplier hastwo" �#� -bit inputsandone � " ��� -bit output.Theimplementationcost
risesrapidlywith � , however: sixty-four3-bit multipliersareabout
75%morecostlythanfour 12-bitmultipliers.This increasein cost
is partly dueto anincreasein thenumberof latchesneededasthe
numberof pipelinestagesincreasedfrom 5 to 9.

Our current implementationsdo not involve FPGA-specific
optimisations,makingthemportableacrossdifferentdevices.Such
optimisations,while likely to be tediousanderror-prone,should
improve performanceanddevice utilisation. For instance,it has
beenreportedthat4-2addersanddelayedadditiontechniqueswork
well for FPGAs,achieving a clock speedof 97 MHz on a Xilinx
XCV100Edevicefor 32-bitfloating-pointaccumulationwith over-
flow detectionandhandling[8].

4. CASE STUDY: 2D FAST HARTLEY TRANSFORM

Thissectiondescribestheuseof ourfloating-pointbuilding blocks
for implementingtheFastHartley Transform(FHT)onaXCV1000
FPGAin anRC1000-PPsystem[2]. TheFHT canbeconsidered
anoptimisationof theFFTwhenonly realvaluesarerequired[3].
Our FHT processorachievesa significantreductionin thenumber
of clock cycles by acceleratingthe updatingof the control vari-
ables,andby fusingthetranspose,permutationandthefirst stage
of theFHT. Its performanceis comparedto variousdedicatedand

programmableFFTprocessors,andtheresultsareencouraging.
Thetargetfor ourimplementationis aXilinx XCV1000FPGA

in anRC1000-PPsystem,containingfour banksof 2MB SRAM.
Due to the costof settingup DMA channelsbetweenthe FPGA
boardand the host PC, it hasbeendecidedthat the entire FHT
wouldbeimplementedin hardware.Thismeansthatto processthe
dataset,theFPGAwould needto have accessto all four memory
bankswhile computingtheFHT, not allowing the interleaving of
computationanddatatransfer.

The first stageis split from the subsequentstagesas it only
usestheadd/subtractunit. Dueto memoryaccessconstraints,we
are limited to readingoneoperandfrom eachmemorybankper
cycle; it would be inefficient to processa singlerow of dataat a
timewith theFPUs.Oursolutionis to interleave theprocessingof
two rows from two memorybanks,readinga pair of operandsand
writing a pair of resultsevery cycle.

An elegantsolutionhasbeenfound which allows us to fuse
thetranspose,permutationandthefirst stageof theFHT. Wehave
observed that a specialtransposeoperationis not required,since
thesameeffectcanbeobtainedby addressingtherowsascolumns
andvice versain the memoryspace.Examinationof the permu-
tationtablerevealsthatthefirst stage,whichalwayscomputesthe
additionandsubtractionof two adjacentpairsof operands,does
not have to be performedinterleaved if combinedwith both the
transposeandthepermutation.The permutationfunction always
replacesthe pairsof operandsneededby the add/subtractopera-
tion in thefirst stagewith oneoperandfrom the lower half of the
row, andtheotheroperandfrom theupperhalf. By combiningthe
first stagewith both the transposeandthepermutationoperation,
theseaccessesto thetwo halvesof a row becomeaccessesto two
differenthalvesof a column,involving two memorybanks.

Anotherimprovementhasbeenachievedby iteratingover all
the rows for eachstateof the control variablesratherthancom-
puting theFHT of two rows at a time. This optimisationreduces
thenumberof cyclesspentupdatingcontrolvariables,halvingthe
numberof cyclesrequiredto computetheFHT.

A further optimisationconcerningmemoryaccesshasbeen
applied. We have observed that the innermostloop containstwo
operationswhich usean identicalpair of operands.Oneof these
operationsisconditionalupontwo controlvariablesbeingunequal.
During theiterationswherebothareexecuted,which is themajor-
ity, thetwo operationscouldbeinterleavedsuchthattheoperands
arenot readfrom memorytwice. This enablesus to reada third
operandrequiredby theoperation.

Weemploy aDoubleLoopapproachinsteadof usingshift reg-
istersto delaycontrol dataspecifyingthe destinationaddressof
resultsof computationscarriedout by the FPUs. This approach
involvestwo similar implementationsof thesameloop construct,
onestartingexecutiondelayedby the numberof cyclesgiven by
the latency of the FPU, from which it readsthe results. Oneof
the loops then issuesoperandsto the FPU, using the stateof its
control variablesto index RAM reads,andthe otherreceivesthe
resultsfrom the FPU andwrites them into two RAMs using its
local controlvariablesto index RAM writes.

Our FHT implementationprovidesa casestudyfor analysing
thesuitability of FPGAsfor floating-pointarithmetic.Thecostof
theimplementationvarieswith thesizeof thedataset,asthewidth
of thecontrolvariableschangesanddifferentamountsof on-chip
RAM is neededto storethetrigonometricandpermutationtables.

We have found that the implementationsscalewell in terms
of logic andflip-flop requirements.For theIEEE singleprecision



formatwith 32-bitdata,theFHT compiledfor 1024� elementdata
setsusesaround59% of Slicesin a Xilinx XCV1000. The on-
chip RAM requirementsareaffectedby the sizeof the dataset,
as they are usedto store the trigonometricand permutationta-
bles,An $%� -elementdatasetwill requiretwo $���� word & -bit
of RAMs to storethetrigonometrictables,where& is thewidth of
thefloating-pointformatused,andone $ word ')(�*+$ -bit RAM
for the permutationtable. As thereare131,072Block RAM bits
in the Xilinx XCV1000, FHT implementationswith up to ��,�-#.��
elementsrequiring115Kbits canbeaccommodatedin thechip.

As expected,the numberof cycles that our processortakes
to computethe 2D FHT is roughly proportionalto /102�	')(�*3�54 ,
the numberof operationsrequiredto performthe calculation. In
calculatingthe 2D FHT of small datasets,more cycles are lost
relative to thesizeof thedatasetthanin thelargerdatasets.This
is dueto theimplementationwaitingfor theFPUpipelineto empty
beforemoving on to thenext stateof controlvariables.

Our designis scalable,sincemorerows canbe processedin
parallel.Computationtime canbereducedby 45–50%by having
eight1MB RAMs ratherthanfour 2MB RAMs, andinstantiating
anothersetof FPUs.Suchsystematichalvingcanbecontinuedas
long assufficient logic is availablefor theadditionalFPUs.

Thecurrentimplementationcanbeclockedataround22MHz,
producingthe2D FHT of a 
6,����7� -elementdatasetin around0.52
second.Table2 comparesit againstothersystemsfrom [1] and
a lab PC.Our 2D designperforms20481D FHT transformsof a
1024-pointdatasetandadatatransposein 520ms,sothefigureof
254 8 s (=520ms/2048)is anoverestimateof thetimefor each1K-
point transform.However, theothersystems(exceptthePentium)
computetheFFT, which involvestwice asmany computationsas
the FHT. DedicatedFFT processors,however, may not be able
to take advantageof thereducedcomputationsin theFHT unless
designedto do so.We have not includedtheFHT processorin [3]
sinceit is basedonfixed-pointarithmeticwith block-floating-point
scaling.

We observe thefollowing from Table2. (a) Our FHT proces-
sor hasthe lowest clock speed,while it is fasterthan mostpro-
grammableDSPandsupercomputerimplementations.Moreover,
unlike someFPGA implementations[5], our designis compliant
with IEEE754format.(b) Handel-Chasprovedusefulparticularly
for algorithmiclevel optimisations.Thecombinationof Handel-C

Table 2. Performancecomparisonof our FHT processorwith
other systemsin [1], which computethe FFT. The first two are
dedicatedFFTdevices,while therestareprogrammableDSPpro-
cessorsor supercomputers.ThePentium,in aPC,runs2D FHT.

Processor Time for 1K-point Clock
transform( 8:9 ) Speed(MHz)

DoubleBWpowerFFT 10 128
TexasMemSysTM-66 65 50
Our FHT Processor 254 22
SharcADSP-21061 460 40
Pentium-III 469 800
CrayY-MP (1-CPU) 600 159
Cray2 (1-CPU) 1000 244
TMS 320C40 1298 60
LucentDSP16000 2110 80

andtheRC-1000PPsystemprovidesa powerful vehiclefor rapid
prototypinghardwaredesigns;it enables,for instance,final-year
undergraduateprojectssuchasthisprojectto involve complex cir-
cuit implementations.(c) Thereis muchscopefor improving our
design,suchasusinga fasterFPGA,includingdevice-specificop-
timisations[8], andhaving multiple FHT processorsandcustom
externalinterfaceson thesamechip if desired.

5. CONCLUSION

Wehavepresentedanapproachfor developingparameterisedFPUs
for hardwareimplementation.Our designscanbe usedasbuild-
ing blocksfor floating-pointapplicationscustomisedto meetuser
constraints,for instanceby varyingtheprecision,roundingmodes,
or thenumberof pipelinestages.Currentandfuturework includes
optimisingourhardwareimplementationto exploit FPGA-specific
features,and developing tools which can automaticallyproduce
designsthat meetgiven numericalcharacteristicsaswell asper-
formance,sizeandpower consumptionrequirements.
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