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ABSTRACT
Similarity assessment is one of the core tasks in hyperlink
analysis. Recently, with the proliferation of applications,
e.g., web search and collaborative filtering, SimRank has
been a well-studied measure of similarity between two nodes
in a graph. It recursively follows the philosophy that “two
nodes are similar if they are referenced (have incoming edges)
from similar nodes”, which can be viewed as an aggregation
of similarities based on incoming paths. Despite its pop-
ularity, SimRank has an undesirable property, i.e., “zero-
similarity”: It only accommodates paths with equal length
from a common “center” node. Thus, a large portion of
other paths are fully ignored. This paper attempts to rem-
edy this issue. (1) We propose and rigorously justify Sim-
Rank*, a revised version of SimRank, which resolves such
counter-intuitive “zero-similarity” issues while inheriting mer-
its of the basic SimRank philosophy. (2) We show that
the series form of SimRank* can be reduced to a fairly
succinct and elegant closed form, which looks even sim-
pler than SimRank, yet enriches semantics without suffering
from increased computational cost. This leads to a fixed-
point iterative paradigm of SimRank* in O(Knm) time on
a graph of n nodes and m edges for K iterations, which is
comparable to SimRank. (3) To further optimize SimRank*
computation, we leverage a novel clustering strategy via
edge concentration. Due to its NP-hardness, we devise an ef-
ficient and effective heuristic to speed up SimRank* compu-
tation to O(Knm̃) time, where m̃ is generally much smaller
than m. (4) Using real and synthetic data, we empirically
verify the rich semantics of SimRank*, and demonstrate its
high computation efficiency.

1. INTRODUCTION
The task of assessing similarity between two nodes based

on hyperlinks is a long-standing problem in information search.
This type of similarity, also known as link-based similarity, is
one of the fundamental primitives for hyperlink analysis in a
graph, with a broad range of applications, e.g., collaborative
filtering [1], web page ranking [10], and graph clustering [24].
Intuitively, link-based similarity assessment aims to assign
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Figure 1: Similarities on Citation Graph

a relevance score to each node-pair based purely on the
structure of a network, in contrast to text-based similarity
that relies on the content of the Web. However, it is a
complex challenge to find an appropriate link-based scor-
ing function since a satisfactory general-purpose similarity
measure should better simulate human judgement behavior,
with simple and elegant formulations [17].

Recently, SimRank [9] has received growing interest as
a widely-accepted measure of similarity between two nodes.
The triumph of SimRank is largely attributed to its succinct
yet elegant philosophy: Two nodes are similar if they are
referenced by similar nodes. The base case for this recursion
is that each node is maximally similar to itself. SimRank was
proposed by Jeh and Widom [9], and has gained tremendous
popularity in many vibrant communities, e.g., recommender
systems [1], citation analysis [8], and k-nearest neighbor
search [12]. Due to its self-referentiality, conventional meth-
ods for computing SimRank are iterative in nature. The
state-of-the-art algorithm [17] needs O(Knm) time on a
graph of n nodes and m edges for K iterations.

While significant efforts have been devoted to optimizing
SimRank computation (e.g., [7,8,14,17]), the semantic issues
of SimRank have attracted little attention. We observe
that SimRank has an undesirable property, namely, “zero-
similarity”: SimRank score s(i, j) only accommodates the
paths with equal length from a common “source” node to
both i and j. Thus, other paths for node-pair (i, j) are fully
ignored by SimRank. as shown in Example 1.

Example 1. Consider a citation network G in Figure 1,
where each node represents a paper, and an edge a citation.
Using the damping factor C = 0.8 1, we compute SimRank
similarity of node-pairs in G. It can be noticed that many
node-pairs in G have zero SimRank when they have no in-
coming paths of equal length from a common “source” node,
as partly depicted in Column ‘SR’ of the table. For instance,
s(h, d) = 0 as the in-link “source” a is not in the center of

1As suggested in [9], C is empirically set around 0.6–0.8,
which gives the rate of decay as similarity flows across edges.
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ABSTRACT
Random Walk with Restart (RWR) has become an appeal-
ing measure of node proximities in emerging applications
e.g., recommender systems and automatic image captioning.
In practice, a real graph is typically large, and is frequently
updated with small changes. It is often cost-inhibitive to re-
compute proximities from scratch via batch algorithms when
the graph is updated. This paper focuses on the incremental
computations of RWR in a dynamic graph, whose edges
often change over time. The prior attempt of RWR [1]
deploys k-dash to find top-k highest proximity nodes for
a given query, which involves a strategy to incrementally
estimate upper proximity bounds. However, due to its aim
to prune needless calculation, such an incremental strategy
is approximate: in O(1) time for each node. The main
contribution of this paper is to devise an exact and fast
incremental algorithm of RWR for edge updates. Our solu-
tion, IRWR , can incrementally compute any node proximity
in O(1) time for each edge update without loss of exact-
ness. The empirical evaluations show the high efficiency and
exactness of IRWR for computing proximities on dynamic
networks against its batch counterparts.

Categories and Subject Descriptors
H.3.3 [Information Search and Retrieval]: Information
Storage and Retrieval

Keywords
Random Walk with Restart; Proximity; Dynamic graph

1. INTRODUCTION
Measuring node proximities in graphs is a key task of web

search. Due to various applications in recommender systems
and social networks, many proximity metrics have come into
play. For instance, Brin and Page [2] invented PageRank
to determine the ranking of web pages. Jeh and Widom
[3] proposed SimRank to assess node-to-node proximities.
Random Walk with Restart (RWR) [4] is one of such useful
proximity metrics for ranking nodes in order of relevance to
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Figure 1: Computing RWR Incrementally

a query node. In RWR, the proximity of node u w.r.t. query
node q is defined as the limiting probability that a random
surfer, starting from q, and then iteratively either moving
to one of its out-neighbors with probability weighted by the
edge weights, or restarting from q with probability c, will
eventually arrive at node u. Recently, RWR has received
increasing attention (e.g., for collaborative filtering [1] and
image labeling [5]) since it can fairly capture the global
structure of graphs, and relations in interlinked networks [6].

Prior RWR computing methods are based on static graphs,
which is costly: Given a graph G(V,E), and a query q ∈ V ,

k-dash [1] yields, in the worse case, O(|V |2) time and space,
which, in practice, can be bounded by O(|E|+ |V |), to find
top-k highest proximity nodes. B LIN and NB LIN [4] need

O(|V |2) time and space for computing all node proximities.
In general, real graphs are often constantly updated with
small changes. This calls for the need for incremental algo-
rithms to compute proximities. We state the problem below:
Problem (Incremental Update for RWR)
Given a graph G, proximities P for G, changes ∆G to G,

a query node q, and a restarting probability c ∈ (0, 1).
Compute changes to the proximities w.r.t. q exactly.
Here, P is a proximity matrix whose entry [P]i,j denotes the
proximity of node i w.r.t. query j, and ∆G is comprised of
a set of edges to be inserted into or deleted from G.

In contrast with the existing batch algorithms [1, 4] that
recompute the updated proximities from scratch, our incre-
mental algorithm can exploit the dynamic nature of graphs
by pre-computing proximities only once on the entire graph
via a batch algorithm, and then incrementally computing
their changes in response to updates. The response time of
RWR can be greatly improved by maximal use of previous
computation, as shown in Example 1.

Example 1. Figure 1 depicts a graph G, taken from [1].
Given the query u2, the old proximities P for G, and c =
0.2, we want to compute new proximities w.r.t. u2 when
there is an edge (u1, u5) inserted into G, denoted by ∆G.
The existing methods, k-dash and B LIN, have to recompute
the new proximities in G ∪∆G from scratch, without using
the previously computed proximities in G, which is costly.
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Abstract—SimRank is an arresting measure of node-pair sim-
ilarity based on hyperlinks. It iteratively follows the philosophy
that 2 nodes are similar if they are referenced by similar nodes.
Real graphs are often large, and links constantly evolve with
small changes over time. This paper considers fast incremental
computations of SimRank on link-evolving graphs. The prior ap-
proach [1] to this issue factorizes the graph via the singular value
decomposition (SVD) first, and then incrementally maintains
this factorization for link updates at the expense of exactness.
Consequently, all node-pair similarities are estimated in O(r4n2)
time on a graph of n nodes, where r is the target rank of the
low-rank approximation, which is not negligibly small in practice.

In this paper, we propose a novel fast incremental paradigm.
(1) We characterize the SimRank update matrix ∆S, in response
to every link update, via a rank-one Sylvester matrix equation. By
virtue of this, we devise a fast incremental algorithm computing
similarities of n2 node-pairs in O(Kn2) time for K iterations.
(2) We also propose an effective pruning technique capturing the
“affected areas” of ∆S to skip unnecessary computations, with-
out loss of exactness. This can further accelerate the incremental
SimRank computation to O(K(nd+ |AFF|)) time, where d is the
average in-degree of the old graph, and |AFF| (≤ n2) is the size
of “affected areas” in ∆S, and in practice, |AFF| ≪ n2. Our
empirical evaluations verify that our algorithm (a) outperforms
the best known link-update algorithm [1], and (b) runs much
faster than its batch counterpart when link updates are small.

I. INTRODUCTION

With many recent eye-catching advances of the Internet,
link analysis has become a common and important tool for
web data management. Due to the proliferative applications
(e.g., link prediction, recommender systems, citation analysis),
a surge of link-based similarity measures have come into play.
For instance, Brin and Page [2] proposed a very successful
relevance metric called Google PageRank to rank web pages.
Jeh and Widom [3] introduced a novel measure, SimRank, to
assess structural similarity between nodes based on hyperlinks.
Sun et al. [4] invented PathSim to quantify node proximity for
heterogeneous graphs. In these emerging similarity measures,
SimRank has stood out as an arresting one over the last decade,
due to its succinct and iterative philosophy that “two nodes are
similar if they are referenced by similar nodes”, coupled with
the base case that “every node is maximally similar to itself”.
This recursion not only allows SimRank to capture the global
structure of the graph, but also equips SimRank with appealing
mathematical insight that has inspired research in recent years.
For example, Fogaras and Rácz [5] interpreted SimRank as the
first meeting time of the coalescing path-pair random walks.
Li et al. [1] harnessed an elegant matrix equation to depict the
closed form of SimRank.

Nevertheless, the batch computation of SimRank is costly:
O(Kd′n2) time for all node-pairs [6], where K is the number

of iterations, and d′ ≤ d (d is the average graph in-degree).
In general, real graphs are often large, with links constantly
evolving with minor changes. This is particularly evident in
e.g., co-citation networks, web graphs, and social networks.
As a statistical example [7], there are 5%–10% links updated
every week in a web graph. It is rather expensive to reassess
similarities for all pairs of nodes from scratch when the graph
is updated. Fortunately, we observe that when link updates are
small, the affected areas for SimRank updates are often small
as well. With this comes the need for incremental algorithms
computing changes to SimRank in response to link updates,
to skip unnecessary recomputations. Hence, we investigate the
following problem in this paper.
Problem (INCREMENTAL SIMRANK COMPUTATION)
Given a graph G, the similarities S for G, the link changes

∆G 1 to G, and the damping factor C ∈ (0, 1).
Compute the changes ∆S to the similarities S.

In contrast with the work on batch SimRank computation,
the study on incremental SimRank for link updates is limited.
Indeed, due to the recursive nature of SimRank, it is hard to
identify “affected areas” for incrementally updating SimRank.
To the best of our knowledge, there is only one work [1] by Li
et al. who gave an interesting method for finding the SimRank
changes in response to link updates. Their idea is to factorize
the backward transition matrix Q 2 of the original graph into
U ·Σ ·VT 3 via the singular value decomposition (SVD) first,
and then incrementally estimate the updated matrices of U, Σ,
VT for link changes at the expense of exactness. As a result,
updating the similarities of all node-pairs entails O(r4n2) time
without guaranteed accuracy, where r (≤ n) is the target rank
of the low-rank approximation4, which is not always negligibly
small in practice, as illustrated in the following example.

Example 1. Fig. 1 is a citation graph G (a fraction of DBLP)
where each edge depicts a reference from one paper to another.
Assume G is updated by adding an edge (i, j), denoted by ∆G
(see the dash arrow). Using the damping factor C = 0.8 5, we
want to compute SimRank scores in the new graph G ∪∆G.
The existing method by Li et al. (see Algorithm 3 in [1]) first
decomposes the old Q = U ·Σ ·VT as a precomputation step,
then, when edge (i, j) is added, it incrementally updates the
old U,Σ,VT , and utilizes their updated versions to obtain

1∆G consists of a sequence of edges to be inserted/deleted.
2In the notation of [1], the backward transition matrix Q is denoted as W̃,

which is the row-normalized transpose of the adjacency matrix.
3We use XT (instead of X̃ in [1]) to denote the transpose of matrix X.
4According to [1], using our notations, r ≤ rank(Σ + UT ·∆Q · V),

where ∆Q is the changes to Q for link updates.
5According to [3], the damping factor C is empirically set around 0.6–0.8,

which indicates the rate of decay as similarity flows across edges.
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Abstract—SimRank has been a powerful model for assessing
the similarity of pairs of vertices in a graph. It is based on
the concept that two vertices are similar if they are referenced
by similar vertices. Due to its self-referentiality, fast SimRank
computation on large graphs poses significant challenges. The
state-of-the-art work [16] exploits partial sums memorization
for computing SimRank in O(Kmn) time on a graph with n
vertices and m edges, where K is the number of iterations.
Partial sums memorizing can reduce repeated calculations by
caching part of similarity summations for later reuse. However,
we observe that computations among different partial sums may
have duplicate redundancy. Besides, for a desired accuracy ϵ, the
existing SimRank model requires K = ⌈logC ϵ⌉ iterations [16],
where C is a damping factor. Nevertheless, such a geometric rate
of convergence is slow in practice if a high accuracy is desirable.

In this paper, we address these gaps. (1) We propose an
adaptive clustering strategy to eliminate partial sums redundancy
(i.e., duplicate computations occurring in partial sums), and
devise an efficient algorithm for speeding up the computation
of SimRank to O(Kd′n2) time, where d′ is typically much
smaller than the average in-degree of a graph. (2) We also
present a new notion of SimRank that is based on a differential
equation and can be represented as an exponential sum of
transition matrices, as opposed to the geometric sum of the
conventional counterpart. This leads to a further speedup in
the convergence rate of SimRank iterations. (3) Using real and
synthetic data, we empirically verify that our approach of partial
sums sharing outperforms the best known algorithm by up to
one order of magnitude, and that our revised notion of SimRank
further achieves a 5X speedup on large graphs while also fairly
preserving the relative order of original SimRank scores.

I. INTRODUCTION

Identifying similar objects based on hyperlink structure is a
fundamental operation for many web mining tasks. Examples
include web page ranking [3], hypertext classification (KNN)
[13], graph clustering (K-means) [5], and collaborative filter-
ing [11], [17]. In the last decade, with the overwhelming num-
ber of objects on the Web, there is a growing need to be able
to automatically and efficiently assess the similarity of these
objects on large graphs. Indeed, the Web has huge dimensions
and continues to grow rapidly— more than 5% of new objects
are created per week [4]. As a result, similarity assessment on
web objects is apt to become obsolete very shortly. In light
of this, it is imperative for similarity assessment to get a fast
computational speed on large graphs.

Amid the existing similarity metrics, SimRank [11] has
emerged as a powerful tool for assessing structural similarities
between objects. Similar to the well-known PageRank [3],
SimRank scores depend merely on the link structure of the

Web, independent of the textual content of objects. The main
difference between the two models is the scoring mechanism.
PageRank assigns an authority weight for each object, whereas
SimRank assigns a similarity score between two objects.
SimRank was first proposed by Jeh and Widom [11], and has
gained enormous popularity for its success in many areas such
as bibliometrics [14], top-K search [13], and recommender
systems [1]. This reveals the importance of SimRank as an
effective measure. The intuition underlying SimRank is a
subtle recursion that “two vertices are similar if their incoming
neighbors are similar”, together with the base case that “every
vertex is maximally similar to itself” [11]. Due to this self-
referential concept, conventional algorithms for computing
SimRank have an iterative nature. The sheer size of the Web
has presented striking challenges to fast SimRank computing.
The best known algorithm proposed by Lizorkin et al. [16]
(hereafter referred to as psum-SR) requires O(Kmn) time
(O(Kn3) in the worst case) for K iterations, where n and m
denote the number of vertices and edges, respectively.

The beauty of psum-SR algorithm [16] resides in the
following three observations. (1) Essential nodes selection may
eliminate the computation of a fraction of node pairs with a-
priori zero scores. (2) Partial sums memorizing can effectively
reduce repeated calculations of the similarity among different
node pairs by caching part of similarity summations for later
reuse. (3) A threshold setting on the similarity enables a further
reduction in the number of node pairs to be computed. Par-
ticularly, the second observation of partial sums memorizing
plays a paramount role in greatly speeding up the computation
of SimRank from the naive O(Kd2n2) [11] to O(Kdn2), 1

where d is the number of average in-degrees in a graph.
Before shedding light on the limitations of psum-SR [16],

let us first revisit the central idea of partial sums memorizing,
as illustrated in the following example.

Example 1. Consider a paper citation network G in Fig. 1a,
where each vertex represents a paper, and an edge a citation.
For any vertex a, we denote by I(a) the set of in-neighbors of
a. Individual element in I(a) is denoted as Ii(a). Let s(a, b)
be the SimRank similarity between vertices a and b. In what
follows, we want to compute s(a, b) and s(a, d) in G.

Before partial sums memorizing is introduced, a naive way
is to sum up the similarities of all in-neighbors (Ii(a), Ij(b))
of (a, b) for computing s(a, b), and to sum up the similarities

1The degree sum formula n · d = m implies that O(Kmn) time in [16]
is equivalent to O(Kdn2).
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ABSTRACT
SimFusion has become a captivating measure of similarity between
objects in a web graph. It is iteratively distilled from the notion
that “the similarity between two objects is reinforced by the simi-
larity of their related objects”. The existing SimFusion model usu-
ally exploits the Unified Relationship Matrix (URM) to represent
latent relationships among heterogeneous data, and adopts an iter-
ative paradigm for SimFusion computation. However, due to the
row normalization of URM, the traditional SimFusion model may
produce the trivial solution; worse still, the iterative computation
of SimFusion may not ensure the global convergence of the solu-
tion. This paper studies the revision of this model, providing a full
treatment from complexity to algorithms. (1) We propose SimFu-
sion+ based on a notion of the Unified Adjacency Matrix (UAM), a
modification of the URM, to prevent the trivial solution and the di-
vergence issue of SimFusion. (2) We show that for any vertex-pair,
SimFusion+ can be performed in O(1) time and O(n) space with
an O(km)-time precomputation done only once, as opposed to the
O(kn3

) time and O(n2
) space of its traditional counterpart, where

n, m, and k denote the number of vertices, edges, and iterations
respectively. (3) We also devise an incremental algorithm for fur-
ther improving the computation of SimFusion+ when networks are
dynamically updated, with performance guarantees for similarity
estimation. We experimentally verify that these algorithms scale
well, and the revised notion of SimFusion is able to converge to a
non-trivial solution, and allows us to identify more sensible struc-
ture information in large real-world networks.

Categories and Subject Descriptors
H.3.3 [Information Search and Retrieval]: Information Storage
and Retrieval; G.2.2 [Graph Theory]: Discrete Mathematics

Keywords
Similarity Computation, SimFusion, Web Ranking Algorithm

1. INTRODUCTION
The conundrum of measuring similarity between objects based

on hyperlinks in a graph has fueled a growing interest in the field-
s of information retrieval. This problem is also known as “link-
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Figure 1: Trivial SimFusion on Heterogeneous Domain

based analysis” or “structural similarity search”, and it has been
extensively studied by different communities with a proliferation
of emerging applications. Examples include collaborative filter-
ing, hyper-text classification, graph clustering and proximity query
processing. Recently, while the scale of the Web has dramatical-
ly increased our need to produce large graphs, the study of effi-
ciently computing object similarity on such large graphs becomes
a desideratum. In practice, an effective similarity measure should
not only correlate well with human intuition but also scale well for
large amounts of data.

Among the existing metrics, SimFusion [1] can be regarded as
one of the attractive ones on account of the following reasons. (i)
Similar to PageRank [2] and SimRank [3], SimFusion is based on
hyperlinks and follows the reinforcement assumption that “the sim-
ilarity between objects is reinforced by the similarity of their relat-
ed objects”, which is fairly intuitive and conforms to our basic un-
derstandings. (ii) Unlike other measures (e.g., PageRank and Sim-
Rank) that explore the linkage patterns merely from a single data
space [2–4], SimFusion has the extra benefits of incorporating both
inter- and intra-relationships from multiple data spaces in a unified
manner to measure the similarity of heterogeneous data objects.
(iii) SimFusion offers more intuitive and flexible ways of assign-
ing weighting factors to each data space that reflects their relative
importance, as opposed to the PageRank and SimRank measures
that need to determine a damping factor. (iv) SimFusion provides
a general-purpose framework for measuring structural similarity
in a recursive fashion; other well-known measures, such as Co-
Citation [5] and Coupling [6] are just special cases of SimFusion.

However, existing work on SimFusion has the following prob-
lems. Firstly, although the basic intuition behind the SimFusion
model is appealing, it seems inappropriate to use the Unified Rela-
tionship Matrix (URM) to represent the relationships of heteroge-
neous objects. The main problem is that, according to the definition
of URM L in [1], the sum of each row of L is always equal to 1.
Since the product of L and the matrix 1 whose entries are all ones
is equal to the matrix 1 of all ones, there always exists a trivial so-
lution S = 1 to the original SimFusion formula S = L ·S ·LT [1],
as illustrated in Example 1. The same phenomena of yielding such
a trivial solution may occur in our experimental results in Section 6.
To address this issue, we shall revise the original SimFusion model.

EXAMPLE 1 (TRIVIAL SOLUTION). Figure 1 depicts a graph
G1 partly extracted from Cornell CS Department. Each vertex Pi
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Abstract SimRank has become an important similarity measure to rank web docu-
ments based on a graph model on hyperlinks. The existing approaches for conducting
SimRank computation adopt an iteration paradigm. The most efficient deterministic
technique yields O

(
n3

)
worst-case time per iteration with the space requirement

O
(
n2

)
, where n is the number of nodes (web documents). In this paper, we propose

novel optimization techniques such that each iteration takes O (min {n · m, nr}) time
and O (n + m) space, where m is the number of edges in a web-graph model
and r ≤ log2 7. In addition, we extend the similarity transition matrix to prevent
random surfers getting stuck, and devise a pruning technique to eliminate impractical
similarities for each iteration. Moreover, we also develop a reordering technique
combined with an over-relaxation method, not only speeding up the convergence
rate of the existing techniques, but achieving I/O efficiency as well. We conduct
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Abstract. P-Rank (Penetrating Rank) has been suggested as a useful measure
of structural similarity that takes account of both incoming and outgoing edges
in ubiquitous networks. Existing work often utilizes memoization to compute P-
Rank similarity in an iterative fashion, which requires cubic time in the worst
case. Besides, previous methods mainly focus on the deterministic computation
of P-Rank, but lack the probabilistic framework that scales well for large graphs.
In this paper, we propose two efficient algorithms for computing P-Rank on large
graphs. The first observation is that a large body of objects in a real graph usually
share similar neighborhood structures. By merging such objects with an explicit
low-rank factorization, we devise a deterministic algorithm to compute P-Rank
in quadratic time. The second observation is that by converting the iterative form
of P-Rank into a matrix power series form, we can leverage the random sam-
pling approach to probabilistically compute P-Rank in linear time with provable
accuracy guarantees. The empirical results on both real and synthetic datasets
show that our approaches achieve high time efficiency with controlled error and
outperform the baseline algorithms by at least one order of magnitude.

1 Introduction

Structural similarity search that ranks objects based on graph hyperlinks is a major tool
in the fields of data mining. This problem is also known as link-based analysis, and it has
become popularized in a plethora of applications, such as nearest neighbor search [26],
graph clustering [27], and collaborative filtering [9]. For example, Figure 1 depicts a
recommender system, in which person (A) and (B) purchase itemsets {egg, pancake,
sugar} and {egg, pancake, flour}, respectively. We want to identify similar users and
similar items.

Existing link-based approaches usually take advantage of graph structures to mea-
sure similarity between vertices. Each object (e.g., person, or item) can be regarded as a
vertex, and a hyperlink (e.g., purchase relationship) as a directed edge in a graph. Then a
scoring rule is defined to compute similarity between vertices. Consider the well-known
SimRank scoring rule [18] “two vertices are similar if they are referenced (have incom-
ing edges) from similar vertices” in Figure 1. We can see that the items sugar and egg
are similar as they are purchased by the same person (A). In spite of its worldwide pop-
ularity [1, 4, 6, 18, 24, 27], SimRank has the “limited information problem” — it only
takes incoming edges into account while ignoring outgoing links [26]. For instance,
person (A) and (B) have the SimRank score zero as they have no incoming edges. This

A. Ailamaki and S. Bowers (Eds.): SSDBM 2012, LNCS 7338, pp. 231–249, 2012.
c© Springer-Verlag Berlin Heidelberg 2012
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Abstract—SimRank has been proposed to rank web documents based
on a graph model on hyperlinks. The existing techniques for conducting
SimRank computation adopt an iteration computation paradigm. The
most efficient technique has the time complexity O

(
n3

)
with the space

requirement O
(
n2

)
in the worst case for each iteration where n is

the number of nodes (web documents). In this paper, we propose
novel optimization techniques such that each iteration takes the time
O (min {n ·m,nr}) and requires space O (n+m) where m is the
number of edges in a web-graph model and r ≤ log2 7. We also show
that our algorithm accelerates the convergence rate of the existing
techniques. Moreover, our algorithm not only reduces the time and
space complexity of the existing techniques but is also I/O efficient.
We conduct extensive experiments on both synthetic and real data
sets to demonstrate the efficiency and effectiveness of our iteration
techniques.

Keywords-Graph Similarity; SimRank; Link-based Analysis; Opti-
mal Algorithms;

I. INTRODUCTION

Recently, the complex hyperlink-based similarity search has
attracted considerable attention in the field of Information Retrieval.
One of the promising measures is the SimRank similarity with
applications to search engine ranking and document corpora clus-
tering. SimRank is a recursive refinement of co-citation measure
that computes similarity by common neighbours alone [1]. The
intuitive model for SimRank measure is based on random walk
over a web-graph like Google PageRank [2]. The SimRank sim-
ilarity between two pages is defined recursively as the average
similarity between their neighbours, along with the base case that
a page is maximally similar to itself. Unlike many other domain-
specific measures that require human-built hierarchies, SimRank
can be used in any domain in combination with traditional textual
similarity to produce an overall similarity measure [3], [4].

Motivations: For the efficient SimRank computation, it is de-
sirable to have optimization techniques that improve the time
and space complexity of the SimRank algorithm. The idea of
approximating SimRank scores has been studied in [3] based
on Monte Carlo method. This computation model is inherently
stochastic. However, with respect to the non-probabilistic SimRank
iterative computation, little work has been done to establish a
theoretical foundation of the optimization. The straightforward
iterative SimRank computation has the time complexity O

(
Kn4

)
in the worst case and requires the space O

(
n2

)
[1]. The bottleneck

mainly lies in high computational complexity. To the best of our
knowledge, there is only one research work in [5] concerning
deterministic methods for SimRank optimization. In that work
SimRank computation takes the time O

(
n3

)
per iteration in the

worst case with the space requirement O
(
n2

)
, which has yet

been regarded as the most efficient technique in non-probabilistic
SimRank iteration.

Contributions: In this paper, we investigate the optimal al-
gorithms that can further improve the efficiency of SimRank
computation. We provide theoretical guarantee for our methods and

present experimental results. The main contributions of this paper
are summarized below:

• We introduce a matrix representation and storage schemes
for SimRank model to reduce space requirement from
O
(
n2

)
to O (m+ n) with time complexity from O

(
n3

)
to

O (min {n ·m,nr}) in the worst case, where r ≤ log27.
• We develop optimization techniques for minimizing the max-

trix bandwidth for SimRank computation, which may improve
the I/O efficiency of SimRank iteration.

• We show a successive over-relaxation method for SimRank
computation to significantly accelerate the convergence rate
of the existing technique.

Organizations: The rest of the paper is organized as follows. In
the next section, the problem definition for SimRank is formally
introduced. In Sect. III, a solution framework for SimRank opti-
mization techniques is established. In Sect. IV, three optimization
techniques for SimRank computation are suggested; the time and
space complexity of the proposed algorithm is analyzed. In Sect.
V, the experimental results are reported on the efficiency of our
methods over synthetic and real-life data sets. The related work
appears in Sect. VI and Sect. VII concludes the paper.

II. PRELIMINARIES

In this section, the formal definition of SimRank is given and
some notations are presented. The material in this section recalls
Jeh’s previous work [1].

A. Problem Definition
Given a directed graph G = (V,E) , where each node in V

represents a web page and a directed edge ⟨a, b⟩ in E corresponds
to a hyperlink from page a to b, we can derive a node-pair graph
G2 ,

(
V 2, E2

)
, where

(i) ∀ (a, b) ∈ V 2 if a, b ∈ V ;
(ii) ∀ ⟨(a1, b1) , (a2, b2)⟩ ∈ E2 if ⟨a1, a2⟩ , ⟨b1, b2⟩ ∈ E.

On a node-pair graph G2, we formally define a similarity
function measured by SimRank score.

Definition 1 (SimRank similarity): Let s : V 2 → [0, 1] ⊂ R be
a real-valued function on G2 defined by

s (a, b) =


1, a = b;

c
|I(a)||I(b)|

|I(b)|∑
j=1

|I(a)|∑
i=1

s (Ii (a) , Ij (b)), I (a) , I (b) ̸= ∅;

0, otherwise.

(1)

where c ∈ (0, 1) is a constant decay factor , I (a) denotes all in-
neighbours of node a , |I (a)| is the cardinality of I (a), an indi-
vidual member of I (a) is referred to as Ii (a) (1 ≤ i ≤ |I (a)|),
then s (a, b) is called SimRank similarity score between node a and
b.

The underlying intuition behind SimRank definition is that “two
pages are similar if they are referenced by similar pages”. Figure 1
visualizes the propagation of SimRank similarity in G2 from node
to node, which corresponds to the propagation from pair to pair in
G, starting with the singleton node {4, 4}. Since a unique solution
to the SimRank recursive equation (1) is reached by iteration to a
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Abstract. SimRank has been considered as one of the promising link-based
ranking algorithms to evaluate similarities of web documents in many modern
search engines. In this paper, we investigate the optimization problem of Sim-
Rank similarity computation on undirected web graphs. We first present a novel
algorithm to estimate the SimRank between vertices in O

(
n3 +K · n2

)
time,

where n is the number of vertices, and K is the number of iterations. In com-
parison, the most efficient implementation of SimRank algorithm in [1] takes
O

(
K · n3

)
time in the worst case. To efficiently handle large-scale computa-

tions, we also propose a parallel implementation of the SimRank algorithm on
multiple processors. The experimental evaluations on both synthetic and real-life
data sets demonstrate the better computational time and parallel efficiency of our
proposed techniques.

1 Introduction

SimRank is a useful and important similarity measure exploiting the relationships be-
tween vertices (web documents) on web graphs. It has been widely studied in the lit-
erature [2,3,4,1,5,6,7]. As a multi-step generalization of co-citation [8,9], SimRank
similarity is based on the recursive concept that two different vertices are similar if
their neighbors are similar. SimRank has broad applications involving “find-similar-
document” query, search engine optimization, graph clustering, etc.

Existing techniques for SimRank computation can be distinguished into two cate-
gories: (i) probabilistic method [3,4] that estimates SimRank by the expected value
s (a, b) = E (cτ(a,b)), where τ(a,b) is a random variable denoting the first meeting time
for vertices a and b, and c ∈ (0, 1) is a decay factor; (ii) deterministic method [1,5,6,7]
that computes SimRank iteratively for finding a fixed point of the SimRank function
s (a, b). Since the latter approach produces better accuracy with high time complexity
compared to the probabilistic method, there has been a growing interest in SimRank
deterministic optimization over the recent years. To the best of our knowledge, there
are several interesting pieces of work which can efficiently reduce the time complexity
of SimRank deterministic computation. One work [1] is mainly based on a partial sums
function reducing the computational time from O

(
Kn4

)
to O

(
Kn3

)
in the worst case.

Another work [7] oriented on matrix representations takes O (K min (mn, nr)) time,
where m is the number of edges, and r ∈ (2, log2 7] is a positive constant. Li et al.

L. Chen et al. (Eds.): WAIM 2010, LNCS 6184, pp. 280–296, 2010.
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Abstract. Pervasive web applications increasingly require a measure of simi-
larity among objects. Penetrating-Rank (P-Rank) has been one of the promising
link-based similarity metrics as it provides a comprehensive way of jointly encod-
ing both incoming and outgoing links into computation for emerging applications.
In this paper, we investigate P-Rank efficiency problem that encompasses its ac-
curacy, stability and computational time. (1) We provide an accuracy estimate for
iteratively computing P-Rank. A symmetric problem is to find the iteration num-
ber K needed for achieving a given accuracy ε. (2) We also analyze the stability
of P-Rank, by showing that small choices of the damping factors would make
P-Rank more stable and well-conditioned. (3) For undirected graphs, we also
explicitly characterize the P-Rank solution in terms of matrices. This results in a
novel non-iterative algorithm, termed ASAP , for efficiently computing P-Rank,
which improves the CPU time from O(n4) to O

(
n3

)
. Using real and synthetic

data, we empirically verify the effectiveness and efficiency of our approaches.

1 Introduction

The study of quantifying structural similarity between vertices in ubiquitous networks
has attracted considerable attention over the past decade. Typical structural similar-
ity metrics include Google PageRank, Hyperlink-Induced Topic Search (HITS), Co-
citation, Bibliographic Coupling, SimRank and SimFusion (e.g., [1,2,3,4,5,6]).

P-Rank (Penetrating-Rank) is a new similarity measure of this kind, which was ini-
tially proposed by Zhao et al. [7]. The similarity scores flowing from in-link neighbors
of entities are penetrated through their out-link neighbors. Emerging real-world applica-
tions of P-Rank include biological networks, collaborative filtering, graph classification,
web document ranking, and outlier detection (e.g., [8,9,4,10,5,6]).

In contrast to other similarity measures, P-Rank has become one of the important
metrics owing to the following two reasons. (i) P-Rank provides a comprehensive way
to jointly explore both in- and out-link relationships with semantic completeness. In
comparison, other similarity measures, say SimRank, have the “limited information
problem” [5], in which only in-link relationships can be partially exploited. (ii) P-Rank
transcends other similarity measures in its most general form. Other measures such as
SimRank [5], Amsler [1] can be regarded as just special cases of P-Rank [7].

H. Wang et al. (Eds.): WAIM 2011, LNCS 6897, pp. 415–429, 2011.
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