\Funcﬂons'



‘ Introducing Functions I

A function f from a setA to a setB, writtenf : A — B, isa

relationf C A x B such thatvery element ofA Is related to
oneelement ofB; in logical notation

1. (CL,bl) Ef/\(a,bg) Ef:>b1 — b9
2. Va € A.3b € B.(a,b) € f.

The setA is called thedomain and B theco-domainof f.

If a € A, thenf(a) denotes the uniquec B st. (a,b) € f.




\ Comments'

If the domainA is then-ary product4d; x ... x A,,, then we
often write f(aq, ..., a,) instead off ((a1,...,ay)).

The intended meaning should be clear from the context.

Recall the difference between the following two Haskell
functions:

f :m. A->B->C->D
f :: (ABC ->D

Our definition of function is not curried.




‘ Image Se’

Let f : A — B. ForanyX C A, define themageof X under

f to be
def

fIX] = 1f(a):a e X}

The setf|A] is called themage setof f.




‘ Example'

Let A ={1,2,3} andB = {a, b, c}.
Let f C A x B be defined byf = {(1,a),(2,0),(3,a)}.
A B

The image set of is {a, b}.
The image of 1,3} underf is {a}.




‘ Example'

Let A ={1,2,3} andB = {a, b}. Let f C A x B be defined
by f = {(1,a),(1,b),(2,b),(3,a)}.

This f is not a well-defined function.




‘ Examples'

The following are examples of functions with infinite donsin
and co-domains:

1. the functionf : N x N — N defined byf(x,y) = = + y;

2. the functionf : N' — N defined byf(z) = 22

3. the functionf : R — R defined byf(x) = = + 3.

The binary relation® on the reals defined by R y if and only
if = = y? is not a function




‘ Cardinality I

Let A — B denote the set of all functions frorhto B, where
A andB are finite sets. IfA| = m and|B| = n, then
A — B|=n".

Sketch proof

For each element od, there are: independent ways of
mapping it toBs.

You do not need to remember this proof.




\ Partial Functions'

A partial function f from a setA to a setB, written
f: A— B,isarelationf C A x B such that jussome
elements of4 are related tainique elements ofb:

(a,bl) Ef/\(a,bg) Efibl = bo.

The partial functionf is regarded asndefinedon those
elements which do not have an image unfler

We call this undefined valué (pronouncedottom).

A partial function fromA to B is a function fromA to
(B+{L}).




‘ Examples of Partial Functionsl

1. Haskell functions which return run-time errors on some {or
all) arguments.

2. Therelationk = {(1,a),(3,a)} C {1,2,3} x {a, b}:
A

Not every element ild maps to an element IB.

3. The binary relatio? onR defined byx Ry iff /x = y.
It is not defined whem is negative.

10



‘ Properties of Functions.

Let f : A — B be afunction.

1. fisontoif and only if every element oB Is in the image
of f:
Vbe B.da € A. f(a) =b.

2. fisone-to-oneif and only if for eachh € B there is at
most onex € A with f(a) = b:

Va,a' € A. f(a) = f(a') impliesa = d'.

3. fis abijection iff f isboth one-to-one and onto.
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‘ Example'

Let A = {1,2,3} andB = {a, b}. The function
f=1{1,a),(2,b),(3,a)} is onto, butnot one-to-one:

We cannot define a one-to-one function frehto B. There are
too many elements id for them to map uniquely té.




‘ Example'

Let A = {a,b} andB = {1, 2, 3}. The function
f=4(a,3),(b,1)} is one-to-one, but not onto:

>

It is not possible to define an onto function frofnto B. There
are not enough elements_hto map to all the elements @.




‘ Example'

Let A = {a,b,c} andB = {1,2,3}. The function
f=1{(a,1),(b,3),¢c,2)} is bijective:




‘ Example'

The functionf on natural numbers defined yx,y) =z +y
IS onto but not one-to-one.

To prove thatf is onto, take an arbitrary € A/. Then
f(n,0) =n+0=n.

To show thatf is not one-to-one, we need to produce a
counter-example: that is, fin@n, ms), (n1, no) such that

(m1,ma) # (n1,n2), but f(mi,ma) = f(n1,n2).

For example(1,0) and(0, 1).




‘ Examples.

1. The functionf on natural numbers defined fyz) = 22
IS one-to-one. The similar functiofion integers is not.

2. The functionf on integers defined by(x) =z + 1 is

onto. The similar function on natural numbers is not.

3. The functionf on the real numbers given by
f(x) = 4x 4 3 is a bijective function.

The proof is given in the notes.




‘The Pigeonhole Principlﬂ

Pigeonhole Principle

Let f : A — B be afunction, wherel andB arefinite. If
|A| > | B|, thenf cannot be a one-to-one function.

Example

Let A ={1,2,3} andB = {a,b}. Afunctionf : A — B
cannot be one-to-one, singeis too big.

It IS not possible to prove this property directly.

The pigeonhole principle states that we assume that the
property is true.
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‘ Proposition'

Let A andB be finite sets, lef : A — B and letX C A. Then
fIX]] < [X].

Proof Suppose for contradiction that| X|| > | X|. Define a
functionp : f[X] — X by

p(b) = somea € X such thatf(a) = b.

There is such an by definition of f| X'|. We are placing the
members off | X| in the pigeonholeX . By the pigeonhole
principle, there is some € X andb, b’ € f[X] with

p(b) = p(b') = a. Butthenf(a) =bandf(a) =1'.
Contradiction.




‘ Proposition'

Let A and B befinite sets, and let
f:A— B.

1. If fis one-to-one, thepd| < |Bj.
2. If fisonto, thenA| > |Bj.

3. If f is a bijection, thenA| = | B|.

Proof

Part (a) is the contrapositive of the
pigeonhole principle.

For (b), notice that iff is onto then
flA] = B. Hence | f[A]| = |B|. Also
|A| > | f|A]| by previous proposition.
Therefore|A| > | B| as required.

Part (c) follows from parts (a) and (b).




‘ Composition I

Let A, B andC be arbitrary sets, and l¢t: A — B and
g : B — (' be functions.

Thecompositionof f with g, writtengo f : A — C,Is a
function defined by

def

go fla) = g(f(a))

for every element € A. In Haskell notation, we would write

(g.f) a =9 (f a)
It is easy to check thato f is indeed a function.

The co-domain off must be the same as the domaingof




‘ Example'

Let A ={1,2,3}, B={a,b,c}, f ={(1,a),(2,b),(3,a)}
andg = {(a,3), (b,1)}.

Thengo f ={(1,3),(2,1),(3,3)}.




Associativity'

letf: A— B,g: B— Candh:C — D be arbitrary
functions. Therh o (go f) = (hog) o f.

Proof Leta € A be arbitrary. Then

(ho(gof))a) =




‘ Proposition'

Letf: A— Bandg: B — (' be arbitrary
bijections. Thery o f is a bijection.

Proof It Is enough to show that
1. if f,g are ontothensoigo f;
2. If f, g are one-to-one then sog¢s f.

Assumef andg are onto. Let € C. Since
g Is onto, we can find € B such that

g(b) = c. Sincef is onto, we can find

a € A such thatf(a) = b. Hence

go fla) =g(f(a)) =g(b) =c

Assumef andg are one-to-one. Let
ai,as € Asuchthayo f(a1) = go f(as).
Theng(f(a1)) = g(f(az)). Sinceg is
one-to-onef(ai) = f(az). Sincef is also
one-to-onegq; = as.




‘ ldentity I

Let A be a set. Define the@entity function onA, denoted
idy : A — A,byids(a) =aforalla € A.

In Haskell, we would declare the function

1d :: A->A
1d X = X




\ Inverse'

Let f : A — B be an arbitrary function. The function
g: B — Aisaninverseof f if and only if

foralla e A, g¢g(f(a)) = a
forallb € B, f(g(b)) = b

Another way of stating the same property is that f = id4
andf 0g = IdB




Examples'

1. The inverse relation of the functigh: {1,2} — {1, 2}
defined byf (1) = f(2) = 1 is not a function.

When an inverse function exists, it corresponds to the

Inverse relation.

2. LetA ={a,b,c}, B=11,2,3},
J = {(CL, 1)7 (bv 3)7 (C7 2)} andg = {(17 CL), (27 C)7 (37 b)}
Theng is an inverse off.




| Proposition'

Let f : A — B be a bijection, and defing~! : B — A by

f~1(b) = a wheneverf(a) = b

The relationf ! is a well-defined function.
It Is the inverse off (as shown in next proposition).
Proof

Letb € B. Sincef is onto, there is an such thatf(a) = b.
Sincef is one-to-one, this is unique. Thus —! is a function.
It satisfies the conditions for beiram inverse off.




‘ Proposition'

Let f : A — B. If f has an inverse, thenf must be a
bijection and the inverse is unigue.

Proof To show thatf is onto, letb € B. Sincef(g(b)) = b, it
follows thatb must be in the image of.

To show thatf is one-to-one, let;, as € A. Suppose

fla1) = f(az2). Theng(f(a1)) = g(f(az)). Since

go f =1dy, it follows thata; = as.

To show that the inverse is unique, suppose ¢hat are both
inverses off. Letb € B. Thenf(g(b)) = f(¢’(b)) sinceg, ¢’
are inverses. Henggb) = ¢’(b) sincef is one-to-one.




‘ Example'

Consider the functiorf : ' — N defined by

f(z) =xz+1, « odd

=x—1, x even

It is easy to check thdtf o f)(x) = x, considering the cases
whenzx is odd and even separately. Therefgns its own
Inverse, and we can deduce that it is a bijection.




‘ Cardinality of Sets I

Definition

For any setsA, B, defineA ~ B if and only if there is bijection
from A to B.

Proposition Relation~ is reflexive, symmetric and transitive.

Proof Relation~ Is reflexive , asd4 : A — A Is a bijection.

To show that it is symmetricd ~ B implies that there is a
bijection f : A — B. By previous proposition, it follows that
has an invers¢ —! which is also a bijection. HencB ~ A.

The fact that the relatior is transitive follows from previous
proposition.




‘ Example'

Let A, B, C be arbitrary sets, and consider the products
(Ax B) x CandA x (B x C).

There is a natural bijectiofi: (A x B) x C — A x (B x C):

f:((a;b),¢) = (a, (b;c))
Also define the functiog : A x (B x C') — (A x B) x C".
g+ (a,(b;c)) = ((a,0),c)

Functiong is the inverse off.




‘ Example'

Consider the sdtven of even natural numbers.
There is a bijection betwedfven and N given by f(n) = 2n.

Not all functions fromEven to N\ are bijections.

The functiong : Even — N given byg(n) = n is one-to-one
but not onto.

To show thaEven ~ N, it is enough to show thexistenceof
such a bijection.




‘ Example'

Recall that the cardinality of fnite set is the number of
elements in that set. Lé#| = n. There is a bijection

ca:4{1,2,...,n} — A.

Let A andB be two finite sets. IfA and B have the same
number of elements, we can define a bijectfonA — B by

Two finite sets have the same number of elements if and onlj

there is a bijection between then.

If



‘ Cardinality I

Given twoarbitrary setsA andB, thenA has the same

cardinality asB, written|A| = |B|, ifand only if A ~ B.

Notice that this definition is foall sets.




‘ Exploring Infinite Sets'

The set of natural numbers is one of the simplest infinite set$
We can build it up by stages:

0
0,1
0,1,2

Infinite sets which can be built up in finite portions by stages
are particularly nice for computing.




\ Countable.

A set A is countableif and only if A is finite or4 ~ N.

The elements of a countable sétan be listed as a finite or
infinite sequence of distinct termd: = {a1, a2, as, .. .}.




‘ Example'

The integerszZ are countable, since they can be listed as:
0,—1,1,-2,2,-3.3....

This ‘counting’ bijectiong : Z — N is defined formally by

g(x) = 2z, x>0

—1 -2z, x<0

The set of integerg is like two copies of the natural numbers




‘ Example'

The set\/? is countable:

Comment

The rational numbers are also countable.




\ Uncountable Sets

Cantor showed that there aracountable sets.

An important example is the set of redts

Another example is the power SBtN).

We cannot manipulate reals in the way we can natural numbgrs.

Instead, we use approximations: for example, the floatingtpq
decimals of typ&loat in Haskell.

For more information, see Truss, section 2.4.




