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B
inary

R
elations

A
binary

relation
betw

eenarbitrarysets�

and�

is
a

subset

ofthe
binary

product � ��

.

If�� � ��
,w

e
often

saythat�

is
a

binary
relation

on �

.

N
otation

loves(John,M
ary)or‘John

lovesM
ary’ratherthan

� John� M
ary�	�

loves


� �

a
‘
f
‘
b

in
H

askell
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E
xam

ple

For � 
������� ,thereare
sixteenbinary

relationson �

:
�

�� ����� �� �� ���

�� �� ���

�� ����� �� ������

�� ������

�� �� �� �� ������

�� �� ���

�� �� �� �� ����� �� �� ���

�� ������

�� �� �� �� ����� �� ������

�� �� �� �� ������

�� �� �� �� �� �� �� ������

�� �� �� �� �� ���

�� ����� �� �� �� �� ������

�� �� �� �� ������

�� �� �� �� ����� �� �� �� �� ������
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D
iagram

Let � 
� ��� ��� , � 
�� �����������

and

� 
�� ������� �� ������� �� �������� .
R

elation�
is

illustratedby
the

diagram

A
B

������

����

T
his

representationw
ill

be
usedin

this
course.
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D
irected

G
raph

Let�
be

a
binary

relation
on � 
� ��� ��� ��� ���

w
ith

� 
�� ��� ��� �� ��� ��� �� ��� ��� �� ��� ���� .
T

he
directedgraph

ofthis
relation

is
A

��
�� ��

��
N

otice
thatthe

direction
ofthe

arrow
s

m
atters.T

his
representationw

ill
be

usedin
D

iscretem
aths2.
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S
pecialrepresentation

T
he

relation�
definedby���

if
and

only
if� � !

"

can
be

representedby

"
"

#

$
6



M
atrix

R
epresentation

Let � 
� ��� ��� , � 
� �����������

and

� 
�� ������� �� ������� �� ��������

asbefore.T
he

m
atrix

representationof�
is

T
F

F

T
T

F

w
hereT

standsfor
True

and
F

for
False.

T
his

representationcan
be

generalisedto
arbitraryfinite

sets �

and�

,asdiscussedin
the

notes.

Y
ou

do
notneedto

rem
em

berthis
representation.
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A
djacency

List

W
e

can
storea

relation
using

an
array.

W
ith

a
sparserelation,w

e
can

insteadusean
adjacencylist.

C
onsiderthe

binary
relation� 
��&%� %� ��&%�('� �� 
� %��

on
set

� %� 
� '� .
T

he
adjacency

listrepresentationis

3
11

3 2 1

Y
ou

do
notneedto

rem
em

berthis
representation.
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) -ary
relation

A
n-ary

relation
betw

eensets ���+***� �,

is
a

subsetofa

-

-ary
product�� �*** ��, .

T
he

definition
ofa

2-ary
relation

is
the

sam
easthatofa

binary

relation.

A
unary

relation,orpredicate,overset�

is
a

1-ary
relation:

thatis,a
subsetof�

.
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E
xam

ples

1.
T

he
set� ��

.�
is

prim
e�

is
a

unaryrelation
on

.

2.
T

he
set�� ��� ��/� �

0 �.
� � � � / �
%�

is
a'

-ary

relation
on

the
realnum

bers,w
hich

describesthe
surface

ofthe
unaryspherew

ith
centre�21� 1� 1� .
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B
asic

R
elation

O
perators

Let��(3
� �� ��� .D

efine
the

relations�4
3

,�5
3

and�

,
allw

ith
type �� ��� ,by

R
elation

U
nion

� ��� ���	�
�4
3
iff� ��� ��� �
�

or� ��� ��� �
3

;

R
elation

Intersection

� ��� ���	�
�5
3

if
and

only
if� ��� ���	�

�

and� ��� ���	�
3

;

R
elation

C
om

plem
ent

� ��� ���	�
�

iff� ��� ��� �
�� ���

and� ��� ��� 6 �
�

.

C
ontrastthe

differencebetw
eenthe

relation
and

setoperators.
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E
xam

ple

Let�
and3

be
binary

relationson� %� 
� '�+7�

suchthat

�



��&%� 
� �� 
� '� �� '� 7� �� 7� %��

3



��&%� 
� �� 
� %� �� '� 7� �� 7� '��

�4
3



��&%� 
� �� 
� '� �� '� 7� �� 7� %� �� 
� %� �� 7� '��

�5
3



��&%� 
� �� '�+7��

�



��&%� %� ��&%� '� ��&%� 7� �� 
� %� �� 
� 
� �� 
� 7� �� '� %� �

� '� 
� �� '�('� �� 7� 
� �� 7� '� �� 7� 7��
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M
ore

O
perators

Identity
R

elation

G
iven

any
set3

,the
identity

on�

,w
ritten

id8

,is
a

binary

relation
on�

definedby
id8 
�� �� �� .��

�� .
In

verse
relation

Let��
� ��

denotean
arbitrarybinary

relation.T
he

inverse

of�

,w
ritten�:9

�,is
definedby�� 9

��
if

and
only

if�� �

.
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E
xam

ple

Let�

be
a

binary
relation

on� %� 
� '� 7�

suchthat

� 
��&%� 
� �� 
� '� �� '� 7� �� 7� %�� .

� 9
�
�� 
� %� �� '� 
� �� 7�('� �� %� 7�� .

� � 9
�� 9
�
�

.

N
otice

the
differencebetw

een� 9
�

and�
given

earlier.
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C
om

position
ofR

elations

G
iven�� � ��

and3
� � �;

,then
the

com
positionof�

w
ith3

,w
ritten� <

3

,is
defined(for

arbitrary�

and= )
by

�� <3
=

if
and

only
if>��

�*� �� �? �3
=�

T
he

notation� <
3

m
ay

be
readas‘�

com
posedw

ith3

’
or‘�

circle3

’.

T
he

relation� <
3

is
only

definedif
the

typesof�

and3

m
atch.

C
ontrastw

ith
the

H
askellnotationfor

functionalcom
position:

(
g
.
f
)
x

=
g

(
f

x
)

V
ery

confusing!
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E
xam

ple

Let�
and3

be
binary

relationson� %� 
� '�+7�

suchthat

�



��&%� 
� �� 
� '� �� '� 7� �� 7� %��

3



��&%� 
� �� 
� %� �� '� 7� �� 7� '��

� <
3



��&%� %� �� 
�+7� �� '�('� �� 7� 
��

3 <
�



��&%� '� �� 
� 
� �� '� %� �� 7� 7��
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E
qualities

betw
eenR

elations

1.
If�� � ��

,then
id8 <

� 
� 
� <

id@

.

2. <

is
associative:thatis,for

arbitraryrelations�� � ��

and3
� � �;

andA� ; �B

,then
� <
� 3 <
A� 
� � <
3� <
A*

T
he

proofofpart1
is

leftto
you.

N
otation

��� 3 /

is
shorthandfor���

and� 3 /
.
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P
roofofpart

2

Let� ���C�
be

an
arbitrarym

em
berof� � <

3� <
A

.
�� � <
3� <
AC

iff >/ *�� � <
3� / AC

iff>/ *�� >� *��� 3 /� ? / AC�

iff>/�� *� ��� 3 /? / AC�

iff >/�� *� ��� ?� 3 / AC�

iff>� *� ��� ? >/ *� 3 / AC�

iff >� *� ��� ?� 3 <
AC�

iff�� <
� 3 <
A� C

W
e

have
show

n
that� � <

3� <
A 
� <

� 3 <
A� .
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N
egative

R
esults

Let�
be

a
binary

relation
on �

.
T

hen

1.�6 
� 9
�;

2.
com

positionis
notcom

m
utative;

3.� <
� 9
�6 


id8
.

P
roofT

he
w

ay
to

prove
thata

propertydoesnothold
is

to
provide

a
counter-exam

ple.

A
counter-exam

pleto
part1

is� 
�� ������ ����� �� �� ����� .
A

counter-exam
pleto

part2
is� 
�� �� ���

and3

�� �� ���

w
here� 
������� .

Part3
is

leftasan
exercise.
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A
pplication

to
R

elationalD
atabases

H
ere

are
tw

o
exam

pledatabases:

nam
e

address
num

ber
num

ber
grade

...
...

...
...

...

B
row

n,B
5

Law
n

R
d.

105
105

A

Jackson,B
.

1
O

ak
D

r.
167

S
m

ith,J.
9

E
lm

S
t.

156
156

A

W
alker,S

.
4

A
sh

G
r.

189
189

C

...
...

...
...

...
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Join
operator

nam
e

address
num

ber
grade

...
...

...
...

B
row

n,B
5

Law
n

R
d.

105
A

S
m

ith,J
9

E
lm

S
t.

156
A

W
alker,S

4
A

sh
G

r.
189

C

...
...

...
...

N
otice

thatcandidate167
did

notsitthe
exam

,and
so

therefore

doesnotappearin
the

join.
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P
rojection

operator

nam
e

address
grade

...
...

...

B
row

n,B
5

Law
n

R
d.

A

S
m

ith,J
9

E
lm

S
t.

A

W
alker,S

4
A

sh
G

r.
C

...
...

...
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S
electoperator

nam
e

address
grade

...
...

...

B
row

n,B
5

Law
n

R
d.

A

S
m

ith,J
9

E
lm

S
t.

A

...
...

...
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Q
uestion

W
hatis

the
connectionbetw

eenrelationalcom
positionand

the

operatorsfor
relationaldatabases?
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E
quivalenceR

elations:M
otivation

Tw
o

H
askellfunctionsD.E

F
G

andH .E
F
G

are

equivalent,w
rittenD 
H ,if

and
only

if,
for

allterm
s

I

in
typeE

,then
ifDI

term
inatesthenH I

term
inates

andDI 
H I ,and
ifDI

doesnotterm
inatethenH I

doesnotterm
inate.

T
he

follo
w

ing
propertiesare

satisfied:

J

reflexivityK D*D 
D;

J

sym
m

etryK DL� DM *DL 
DMON
DM 
DL ;

J

transitivityK DL� DM� DP *DL 
DM ? DM 
DP N
DL 
DP .
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P
roperties

ofR
elations

Let�

be
a

binary
relation

on �

.
T

hen

1.�

is
reflexive

if
and

only
ifK ��

�*�� � ;
2.�

is
sym

m
etric

if
and

only
ifK ��� �

�*���RQ
� � � ;

3.�

is
transitive

iffK ��� ��/�
�*��� ?� � /N
�� /

.

26



E
xam

ples

1.
T

he
equalityrelation

on
setsis

reflexive,sym
m

etricand

transitive.

2.
T

he
relations!

and�
are

reflexive
and

transitive,butnot

sym
m

etric.

3.
T

he
relation�

on
num

bersis
transitive,butnotreflexive

orsym
m

etric.
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P
roposition

Let�

be
a

binary
relation

on �

.

1.
T

he
relation�

is
reflexive

if
and

only
if

id8� �

.

2.
T

he
relation�

is
sym

m
etricif

and
only

if� 
� 9
�.

3.
T

he
relation�

is
transitive

if
and

only
if� <

�� �

.

T
he

proofis
easyand

is
leftasan

exercise.
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E
quivalenceR

elations

A
n

equivalencerelation
is

a
bitlik

e
a

w
eakequality:�� �

m
eansthat�

and�
are

in
som

esenseindistinguishable.

Let�

be
a

setand�
a

binary
relation

on�

.

T
he

relation�

is
an

equivalencerelation
if

and
only

if�

is

reflexive,sym
m

etricand
transitive.

W
e

som
etim

esjustsaythat�

is
an

equivalence.
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E
xam

plesofE
quivalenceR

elations

1.
G

iven-�
for-6 
1

,the
binary

relation�

onS

definedby�� �

iff-

dividesinto� �UT
�� .

2.
T

he
binary

relation3

on
the

setS �

definedby

� /�� -�� 3
� /�� -��

iff/� �-� 
/� �-� .
3.

T
he

identity
relation

id8 .� ��

.

4.
G

iven
a

setS
tudentand

a
m

ap
age. S

tudentF

,the
relation

‘V�

sam
eageV�

iff
age� V�� 


age� V�� ’.
5.

T
he

logicalequivalencebetw
eenform

ulae,given
by

� W
�

if
and

only
if X�Y

�
.
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E
quivalenceclasses

Let�

be
an

equivalencerelation
on �

.Forany��
�

,the

equivalenceclassof�
w

ith
respectto�

,denotedZ �[ \

,is

definedas
Z �[ \

� ��
�.�� �� *

W
e

w
riteZ �[ insteadofZ �[ \

w
hen

the
relation�

is
apparent.

T
he

setofequivalenceclassesis
called

the
quotientset�] �

.
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E
xam

ples

1.
G

iven-�
for-6 
1

,the
binary

relation�

onS

definedby�� �
iff-

dividesinto� �UT
�� .

T
he

set S] �

representsthe
integersm

odulo-

.

2.
T

he
binary

relation3
on

the
setS �

definedby

� /�� -�� 3
� /�� -��

iff/� �-� 
/� �-� .
T

he
set

� S �
�] 3

is
the

usualw
ay

ofrepresentingthe
rational

num
bers.
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P
roposition

T
he

setofequivalenceclasses�Z �[ .��
��

form
s

a
partition

of�

:
thatis,

J

eachZ �[ is
non-em

pty;

J

the
classescover �

:
thatis, � 


^_ 8 Z �[ ;

J

the
classesare

disjoint:

K �����
�*Z �[ 5

Z �[ 6 
� N
Z �[ 
Z �[ .
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P
roof

G
iven��

�
,then�� �

by
reflexivity

and
so��

Z �[ .

��
^_ 8 Z �[ ,and

hencethe
classescover �

.

S
upposeZ �[ 5

Z �[ 6 
� ,and
let��

Z �[ 5
Z �[ .

T
his

m
eansthat�� �

and�� � ,and
hence�� �

by
sym

m
etry.

G
iven

any`�
Z �[ ,observe

that�� ` .
N

ow�� � ,�� �

and

�� ` ,so�� `

by
transitivity.

H
ence`�

Z �[ andZ �[ �Z �[ .

Z �[ �Z �[ using
a

sim
ilarargum

ent,soZ �[ 
Z �[ .

34



T
ransitive

C
losure:E

xam
ple

D
efine

a
setC

ity
ofcities

and
a

binary
relation�

on
C

ity
such

that�� �
iff

thereis
a

directflightfrom�

to�

.F
or

exam
ple

London

E
dinburgh

M
anchester

D
ubin 

K
nock

P
aris

R
om

e

M
adrid

D
efine

the
relation�ba

by��ba
�

if
and

only
if

thereis
a

trip

from�

to�

.W
e

w
ould

lik
e

to
calculate�ba

from�

.
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T
ransitive

C
losure:E

xam
ple

continued

��ba
�

iff
thereis

a
path

oflength-

from�

to�

,for
som

e

-c %

.

�� ,�

if
and

only
if

thereis
a

path
oflength-

from�

to�

.

A
n

equivalentdefinition
is�� a

�
iff�� ,�

for
som

e-c %

.

T
he

relation
is

called
the

transitive
closure

of�

.

It
is

the
sm

allesttransitive
relation

containing�

.
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T
ransitive

C
losure:E

xam
ple

continued
(again)

A
notherw

ay
ofdefining� ,

is
� �
�

� �
� <
�

� �
� <
� �
� �<
��

since <

is
associative

***� ,
� <
� , 9�
� <
*** <
��
-

tim
es

***� a

�4
� �4
***4
� ,4
*** 


,d � � ,
37



E
xam

ple

P
rogram

m
odulescan

im
portotherm

odules.

Y
ou

have
seenthis

alreadyin
the

H
askellcourse.

T
hey

can
also

dependindirectly
on

m
odulesvia

som
echain

of

im
portation:

dependson

eif
im

ports

eeand

eeim
ports

e.
T

he
relation

‘depends’is
the

transitive
closureofthe

relation

‘im
ports’.
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E
xam

ple

Tw
o

peopleare
relatediff

1.
eitherone

is
the

parentofthe
other;or

2.
they

are
m

arried;or

3.
thereis

a
chain

ofsuchrelationshipsjoining
them

directly.

C
onsidera

universalsetP
eople

,and
threerelationsM

arried
,

P
arentand

R
elative.

T
he

relation
R

elative
is

definedusing
the

transitive
closure:

R
elative 
�� P

arent4

P
arent 9

�� 4
M

arried� a
39



T
ransitive

C
losure

D
efinition

Let�

be
a

binary
relation

on �

.
T

he
transitive

closure
of�

,

w
rittenf� ��

or�ga
,is

,d � � ,:
thatis,

�4
� �4
� �4
� �4
***

T
he

transitive
closureofa

binary
relation

alw
aysexists.
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B
ack

to
the

E
xam

ple

London

E
dinburgh

M
anchester

D
ubin 

K
nock

P
aris

R
om

e

M
adrid

E
xercise

C
onstructthe

transitive
closure.41



C
om

puting
the

T
ransitive

C
losure

To
calculate�ba

,com
putesuccessively

�� �4
� �� �4
� �4
� ��+***

T
he

relation�4
� �4
***4
� ,

representsallpathsoflength
betw

een %

and-
.

If�

is
finite

,the
processw

ill
com

eto
an

end.

S
upposethe

seton
w

hich�
is

definedhas-

elem
ents.

T
hen�ba


�4
� �4
***4
� ,.

E
xercise

F
ind

suchan�

w
ith�ba6 
�4

� �4
***4
� , 9�.
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Algorithm

We maydescribeourprocedureby the
following Kenya-like algorithm:

Input hi jlk hm jlk hi jlk h n i
while not

i o m
dom j2k m p i

i jlk h n i
od

Output
m

Therearemany waysof improving the
algorithm.

SeeWarshall’s algorithm describedin
DiscreteMaths2.
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