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Binary Relations

A binary relation betweenrarbitrarysetsA and B is asubset
of thebinaryproductA x B.

If R C A x A, weoftensaythat R is abinaryrelationon A.

Notation

loves(JohnMary) or ‘JohnlovesMary’ ratherthan
(John Mary) € loves

2 <5
a ‘f‘ binHaslkell




/7 404

o|dwex3

~
5
S
br—’
~—
2
M
=
),
Q
-
M
28
X
—
D
D
>
=)
>
Q
-
<
=
@
Q
—,
o
g
>
o




4 Diagram -

Let A = AQTQ\MT B = AQyT@MQ @wuw and
R = {(a1,b1),(az,b1), (a2,b2)}.

RelationR is illustratedby thediagram

A B
ai > b1
az L\m bo
b3

Thisrepresentatiowill beusedin this course.




4 Dir ectedGraph -

Let R beabinaryrelationon A = {a, as, asz, a4} with
R = {(a1,a2), (a2,a1), (a3, a2), (a3, as)}. Thedirectedgraph
of thisrelationis

Noticethatthedirectionof thearroavs matters.This
representatiowill beusedin Discretemaths2.




Specialrepresentation

TherelationR definedby = Ry if andonly if z + y < 7 canbe
representetdy




Let A = ﬁ@f@ww_ B = ﬁ@f bs, @ww and
R = AAQ\T @uvv Agwu @wvu AQwu @wvw asbefore. The matrix
representatioof R is

TFF
TTF

whereT standdor True andF for False.

Thisrepresentatiosanbe generalisedo arbitraryfinite setsA
andB, asdiscussean thenotes.

You do not needto remembethis representation.




4>o__.mom:o< List -

We canstorearelationusinganarray

With asparserelation,we caninsteaduseanadjacencylist.

ConsidetthebinaryrelationR = {(1,1), (1,3),(2,1)} onset
{1,2,3}. Theadjaceny list representatiors

1 —| 1 = | 3

1

You do not needto remembethis representation.




n-ary relation

A n-ary relation betweersetsA,, ..., A, Isasubsebf a
n-ary productd; x ... x A,,.

Thedefinitionof a 2-aryrelationis the sameasthatof a binary
relation.

A unary relation,or predicate oversetA is a 1l-aryrelation:
thatis, a subsebf A.
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1. Theset{z € N : z is prime} is aunaryrelationon \V.

2. Theset{(z,y,2) € R®: /z2 +y? + 22 =1}isa3-ary
relationon therealnumberswhich describeshe surface
of theunaryspherewith centre(0, 0, 0).




BasicRelation Operators

Let R, S C A; x As. DefinetherelationsRU S, RN .S andR,
all with type A; x As, by

Relation Union

(a1,a9) € R U S'iff (a1,a2) € Ror(ay,az) € 5

Relation Intersection

(a1,a2) € RN S if andonlyif (a1,a2) € Rand(ay,az) € S;
Relation Complement

(a1,a2) € Riff (a1,a2) € A1 x Ay and(ay,a2) € R.

Contrasthedifferencebetweertherelationandsetoperators.
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Let R and.S bebinaryrelationson {1, 2, 3,4} suchthat

R = {(1,2),(2,3),(3,4),(4,1)}
S = 1(1,2),(2,1),(3,4),(4,3)}




Mor e Operators

ldentity Relation

Givenary setS, theidentityon A, writtenid 4, is abinary
relationon A definedbyid4 = {(a,a) : a € A}.

Inverserelation

Let R € A x B denoteanarbitrarybinaryrelation. Theinverse
of R, written R—!, is definedby ¢ R~! b if andonlyif b R a.
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Let R beabinaryrelationon{1, 2, 3,4} suchthat
R=1(1,2),(2,3),(3,4),(4,1)}.

R~ = AAMQ Cu A uwvu Tf wvu ﬁu RCHV
(R-1)-! = R.

Noticethedifferencebetweenk~! andR givenearlier




Composition of Relations

GivenR C A x BandS C B x C, thenthecompositionof R
with S, written R o S, is defined(for arbitrarya andc) by

a RoS cif andonlyif 3b € B.(a RbAbS ¢)

ThenotationR o S maybereadas' R composedvith S” or ‘R
circle S".

TherelationR o S is only definedif thetypesof R andS
match.

Contrastwith the Haslell notationfor functionalcomposition:

(g.f) x =g ( f x) Very confusing!




4 mxmBU_m-

Let R and.S bebinaryrelationson {1, 2, 3,4} suchthat

);(3,4),(4,1)}
):(3,4),(4,3)}

R {(1,2),(2,3
(2,1

S {(1,2), (2




Equalities betweenRelations

1. f RCAx B,thenildgy o R=R = Rolidg.

2. o Is associatie: thatis, for arbitraryrelationskR C A x B
andS C B x C'andT C C x D, then

Ro(SoT)=(RoS)oT.
Theproofof partlis left to you.

Notation

x Ry S zIsshorthandor x Ry andy S z.




Proof of part 2

Let (z,u) beanarbitrarymemberof (Ro S) o T.

z(RoS)oTu iff
iff
iff
iff
iff
iff
iff

Jdz. 2 (RoS)zTu

dz. (Jy. x Ry Sz) AN zT u)
dz,y. (x RySzNzTu)
dz,y. (t RyANySzTu)
Jy. (x Ry AN3dz.ySzT u)
dy. (t Ry ANy SoTu)
rRo(SoT)u

We have shovnthat(Ro S)oT = Ro (SoT).




Negatve Results

Let R beabinaryrelationon A. Then
1. R+ R *;
2. composition's notcommutatve;
3. RoR 1 £idy.

Proof Theway to prove thata propertydoesnot holdis to
provide a counter-example

A counterexampleto partlis R = {(a,b)} C {a, b} x {a,b}.

A counterexampleto part2is R = {(a,a)} andS = {(a, b)}
whereA = {a, b}. Part 3 is left asanexercise.




Application to Relational Database

Herearetwo exampledatabases:

name address number number grade

Brown,B  5Lawn Rd.
JacksonB. 1 0OakDr.

Smith,J. 9 Elm St.
Walker, S. 4 AshGr.




fo_: ocm:ﬁoﬂ-

name address number grade

Brown,B 5 Lawn Rd. 105
Smith,J 9 Elm St. 156
Walker, S 4 Ash Gr. 189

Noticethatcandidatel 67 did not sit theexam,andsotherefore
doesnotappeain thejoin.




Projection operator

name address grade

Brown,B 5 Lawn Rd. A
Smith,J O Elm St. A
Walker, S 4 Ash Gr. C




Selectoperator

name address grade

Brown,B 5 Lawn Rd. A
Smith,J O Elm St. A




4 Ocmmzo:-

Whatis the connectiorbetweerrelationalcompositionandthe
operatordor relationaldatabases?




EquivalenceRelations: Moti vation

Two Haslell functionsf : A — Bandg : A — B are
equvalent,writtenf = g, if andonly If, for all terms
a In typeA, thenif £ a terminategheng a terminates
andf a = ga, andif £ a doesnotterminatethenga
doesnotterminate.

Thefollowing propertiesaresatisfied:
o reflexvity V. £ = f;
e symmetryVfy, fy. £1 = £ = f5 = £4;
e ftransitivity Vfq, fq, f3. £f1 = fo Afy = f3 = f; = fa.




Propertiesof Relations

Let R beabinaryrelationon A. Then
1. Risreflexivelf andonlyif Vx € A. z R x;
2. Rissymmetricif andonlyif Vz,y € A.x Ry < y Rz,

3. Ristransitiveiff Vz,y,z€ A.x RyAyRz= xR z.
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1. Theequalityrelationon setsis reflexive, symmetricand
transitve.

2. Therelations< andC arereflexive andtransitve, but not
symmetric.

3. Therelation< onnumbergs transitve, but not reflexive
or symmetric.




Proposition

Let R beabinaryrelationon A.
1. TherelationR is reflexiveif andonlyif id4 C R.
2. TherelationR is symmetricif andonlyif R = R~1.
3. TherelationR is transitve if andonlyif Ro R C R.

Theproofis easyandis left asanexercise.




EquivalenceRelations

An equvalencerelationis abit like aweakequality:a R b
meanghata andb arein somesensandistinguishable.

Let A beasetand R abinaryrelationon A.

TherelationR is anequivalencerelation if andonly if R is
reflexive, symmetricandtransitve.

We sometimesgust saythat R Is anequivalence




Examplesof EquivalenceRelations

. Givenn € N for n # 0, thebinaryrelationR on Z
definedby a R b iff n dividesinto (b — a).

. ThebinaryrelationS onthesetZ x N definedby
ANTB\HV S Aquﬁwv Iff 21 X Ng = Z9 X N1.

. Theidentityrelationid, : A x A.

. GivenasetStudent andamapage : Student — N, the
relation‘s; sameage s- iff age(s;) = age(ss)’.

. Thelogical equvalencebetweerformulae,givenby
A= Bif andonlyif - A+ B.




Equivalenceclasse

Let R beanequvalencerelationon A. Forary a € A, the
equivalenceclassof a with respecto R, denoteda|g, is

definedas
lalr ={r € A:aRx}.

We write [a] insteadof [a| g whentherelation R is apparent.

Thesetof equivalenceclassess calledthequotient set A/ R.




4 mXQBU_mm-

1. Givenn € N for n # 0, thebinaryrelationR on Z
definedby a R b iff n dividesinto (b — a). ThesetZ/R
representgheintegersmodulon.

2. ThebinaryrelationS onthesetZ x N definedby
(z1,m1) S (22,n2) Iff 21 X no = 29 X ny. Theset
(Z x N)/S istheusualway of representingherational
numbers.




Proposition

Thesetof equivalenceclassed |a] : a € A} formsapartition
of A: thatis,

e each|a] is non-empty;

o theclassesover A: thatis, A =, 4[al;

e theclassesredisjoint:
Va,b € A.[a] N [b] # 0 = [a] = [b].




4 _u_ﬁoodﬂ-

Givena € A, thena R a by reflexivity andsoa € [a].

a € J,c4la], andhencetheclassezover A.

Supposeéa] N [b] # 0, andletx € [a] N [b].
Thismeandhata R x andb R x, andhencex R b by symmetry

Givenary v € [b], obsenethatb Rv. Now a Rz, x Rb and
b Rv, soa Rv by transitvity. Hencev € [a] and[b] C [a].

la] C [b] usinga similarargumentso|a] = [b].




Transitive Closure: Example

Definea setCity of citiesandabinaryrelation R on City such
thata R b Iff thereis adirectflight from a to b. For example

Manchester Edinburgh

Knock / \\

/ London
ocg:\\ /

Paris

\ /l'/ Rome

Madrid

DefinetherelationR™ by a R™ b if andonly if thereis atrip
from a to b. We would like to calculateR™ from R.




Transitive Closure: Example continued

a R b iff thereis a pathof lengthn from a to b, for some
n > 1.

a R™ b If andonly if thereis a pathof lengthn from a to b.
An equvalentdefinitionisa R b iff a R* b for somen > 1.
Therelationis calledthetransiti ve closure of R.

It Is the smallestiransitve relationcontainingR.




Transitive Closure: Example continued (again)

Anotherway of definingR™ Is
R'=R
R°=RoR

R3=RoR?>=R?0R, sinceo isassociatie

R*=RoR"!=Ro...0R, ntimes

R*=RUR’U...UR"U... =, R"




4 mxmB_o_m-

Programmodulescanimport othermodules.
You have seenthis alreadyin the Haslell course.

They canalsodependndirectly on modulesvia somechainof
Importation:

M dependon M’ if M importsM” andM" importsM’.

Therelation‘dependsiis thetransitve closureof therelation
‘imports’.




4 mxmB_o_m-

Two peoplearerelatediff
1. eitheroneis the parentof the other;or
2. they aremarried;or
3. thereis achainof suchrelationshipgoining themdirectly.

Considera universalsetPeople, andthreerelationsMarried,
Parent andRelative.

TherelationRelative is definedusingthetransitve closure:

Relative = ((ParentU Parent ') U Married) ™




Transitive Closure

Definition

Let R beabinaryrelationon A. Thetransiti ve closure of R,

writtent(R) or R*,isJ,,», R™: thatis,

RUR’UR’>UR*U...

Thetransitve closureof a binaryrelationalwaysexists.




Back to the Example

Manchester Edinburgh

/ ocg:\\ /

Paris

\ /4’/ Rome

Madrid
Exercise

Constructhetransitve closure.




Computing the Transitive Closure

To calculateR™, computesuccessiely

R, RUR? RUR*UR’,...
TherelationR U R? U ... U R" representsll pathsof length
betweenl andn.
If R isfinite, theprocesswill cometo anend.
Supposéhesetonwhich R is definedhasn elements.
ThenRT™ = RUR?U...UR".
Exercise FindsuchanR with RT < RUR?*U...UR" 1,




‘Algorithm I

We maydescribeour procedureoy the
following Kerya-like algorithm:
Input R
S:=R
T:=R
S:=RolS
while not S C 7' do
T:=TUS
S:=RoS
od
Output T

Therearemary waysof improving the
algorithm.

SeeWarshall’'s algorithm describedn
DiscreteMaths?2.




