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Abstract. Communication is becoming one of the central elements in software
development. As a potential typed foundation for structured communication-centred
programming, session types have been studied over the last decade for a wide
range of process calculi and programming languages, focussing on binary (two-
party) sessions. This work extends the foregoing theories of binary session types
to multiparty, asynchronous sessions, which often arise inpractical communication-
centred applications. Presented as a typed calculus for mobile processes, the the-
ory introduces a new notion of types in which interactions involving multiple
peers are directly abstracted as a global scenario. Global types retain a friendly
type syntax of binary session types while specifying dependencies and capturing
complex causal chains of multiparty asynchronous interactions. A global type
plays the role of a shared agreement among communication peers, and is used
as a basis of efficient type checking through its projection onto individualpeers.
The fundamental properties of the session type discipline such as communica-
tion safety, progress and session fidelity are established for generaln-party asyn-
chronous interactions.
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1 Introduction

Backgrounds Communication is becoming one of the central elements in software
development, ranging from web services to business protocols to parallel scientific
computing to multi-core programming. As a potential typed foundation for structured
communication-centred programming, session types have been studied in many con-
texts over the last decade, including calculi of mobile processes [5, 9, 14, 18, 19, 24,
33, 49, 56], higher-order processes [34], Ambients [17], multi-threaded ML [20, 51],
Haskell [38, 44, 45], F# [13], operating systems [16], Java [12, 15, 27] and Web Ser-
vices [8, 10, 25, 48, 53]. A basic observation underlying session types is that a communication-
centred application often exhibits a highly structured sequence of interactions involv-
ing, for example, branching and recursion, which as a whole form a natural unit of
conversation, orsession. The structure of a conversation is abstracted as a type through
an intuitive syntax, which is then used as a basis of validating protocols or programs
through an associated type discipline.

As an example, the following session type describes a simplebusiness protocol
between Buyer and Seller from Buyer’s viewpoint: Buyer sends the title of a book (a
string), Seller sends a quote (an integer). If Buyer is satisfied by the quote, then sends
his address (a string) and Seller sends back the delivery date (a date); otherwise it quits
the conversation.

!string; ?int;⊕{ok :!string; ?date; end, quit : end} (1)

Above !t denotes an output of a value of typet, ?t denotes an input of a value of type t;⊕
denotes a choice of the options; andend represents the termination of the conversation.

Such explicit representation of conversation structures helps us deal with one of
the most common bugs in programming with communication, thesynchronisation bug.
A programmer expects that communicating programs should together realise a con-
sistent conversation, but they easily fail to handle a specific incoming message or to
send a message at the correct timing, with no way to detect such errors before run-
time. An explicit specification as in (1) guides principled programming of communi-
cation behaviour and enables automatic protocol validation [27, 50, 53]. In addition, a
clean separation between abstraction and implementation given by type-based abstrac-
tion and associated primitives leads to intelligible programs and flexible implementa-
tions [27]. Underlying these merits are the following central properties guaranteed by
session types.

1. Interactions within a session never incur a communication error (communication
safety).

2. Channels for a session are used linearly (linearity) and are deadlock-free in a single
session (progress).

3. The communication sequence in a session follows the scenario declared in the ses-
sion type (session fidelity, predictability).

Thus at each step in a session, a single input and a single output or a single selection
and a single branching take place via a session channel, moving to the next step.
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Multiparty Asynchronous Sessions The foregoing studies on session types have fo-
cussed on binary (two-party) sessions. While many conversation patterns can be cap-
tured through a composition of binary sessions, there are cases where binary session
types are not powerful enough for describing and validatinginteractions which involve
more than two parties.

As an example, let us consider a simple refinement of the aboveBuyer-Seller pro-
tocol: consider two buyers, Buyer1 and Buyer2, wish to buy anexpensive book from
Seller by combining their money. Buyer1 sends the title of the book to Seller, Seller
sends to both Buyer1 and Buyer2 its quote, Buyer1 tells Buyer2 how much she can
pay, and Buyer2 either accepts the quote or rejects the quoteby notifying Seller. It is
extremely awkward (if logically possible) to decompose this scenario into three binary
sessions, between Buyer1 and Seller, between Buyer2 and Seller, and between Buyer1
and Buyer2. Abstracting this protocol as three separate session types also means that
our type abstraction loses essential sequencing information in this interaction scenario.
For validating this conversation scenario as a whole, therefore, the conversation struc-
ture should be represented as asingle session.

Many existing business protocols including financial protocols are written as a col-
laboration of several peers. Typical message-passing parallel algorithms also frequently
demand distribution of a request to, and collection of the results from, many peers. All
these usecases are most naturally abstracted as a single session. Furthermore, many of
these applications are implemented with an asynchronous transport where the senders
send the messages without being blocked (but often preserving their order), to avoid
the heavy overhead of synchronisation. The widely used network transport, such as
TCP, provides this mechanism through familiar APIs to alleviate the latency problem.
Thus we ask: can we generalise the foregoing binary session types to multiparty asyn-
chronous sessions preserving clarity and their key formal properties? This question was
repeatedly posed by not only researchers but also the members of a W3C working group
[53] through our collaboration as invited experts [8, 10, 25], because of urgent need for
a theoretical basis to validate a wide range of business protocols.

Challenges of Multiparty Asynchronous SessionsTo answer this open question, we
face two major technical difficulties. First, simplicity and tractability of the theory of
binary sessions come from a notion ofduality in interactions [21]. Consider the bi-
nary session type given in (1) for Buyer. Not only Buyer’s behaviour can be checked
against the session type, but also the whole conversation structure is already repre-
sented in this single type, since the interaction pattern ofSeller is fully given as this
type’s dual (exchanging input and output and branching and selection in the original
type). When composing two parties, we only have to check theyhave mutually dual
types. This framework based on duality is no longer effective in multiparty sessions
where the whole conversation cannot be constructed from only single behaviour. We
need an effective means to abstract as a type a global scenario which a programmer
wishes to realise through interacting programs (hence against which she would wish to
check their correctness), and establish an effective method to ensure composability.

Second, linearity analysis of channels, which is the key to ensure safety and progress,
becomes highly involved under a combination of asynchrony and multiparty since a
conflict of actions can arise more easily. A linearity property holds if a communication
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via the same channel of a global type does not break the order of messages as it is
specified in the global description. This demands a precise causal analysis for correct
sequencing of interactions distributed among multi-peers.

This Work. This paper presents a generalisation of binary session types to multiparty
sessions for theπ-calculus. We overcome the aforementioned challenges withthe fol-
lowing three technical apparatus:

1. A new notion of types which can directly abstract intendedconversation structure
amongn-parties asglobal scenarios, retaining intuitive type syntax.

2. Consistency criteria for a conversation structure with respect to the protocol specifi-
cation given as a causality analysis of actions in global types, modularly articulating
different kinds of dependency.

3. A type discipline for individual processes (programs) which uses a global type
through itsprojectiononto individual end-point participants: the resulting end-point
types are directly associated with individual processes for efficient type checking.

The idea of type abstraction based on a global view (Point 1) comes from an abstract
version of “choreography” developed in a W3C web services working group [10, 53].
Causality structures in asynchronous interactions are precisely and modularly captured
in the abstract setting of global types, offering a foundation for the type discipline (Point
2). Through the use of global types, we can stipulate a new effective method for design-
ing and type-checking multiparty sessions (Point 3).

First, we design a global typeG as an intended scenario. A team of programmers
then develop code, one for each participant, incrementallyvalidating its conformance
to (the projection of)G. When programs are executed, their interactions automatically
follow the stipulated scenario. The projection can also be used as a hint for modelling
and designing local behaviours of participants. After the development, a global type
will serve as a basis of documentation for maintenance and upgrade. For materialising
this design framework, we propose a type discipline which can validate whether a pro-
gram is typable or not, givenG (as shared agreement) and an individual program (as its
end-point realiser). The resulting type discipline guarantees all the original key prop-
erties, such as communication error freedom, progress and fidelity in a session among
multiparty.

This paper is a full version of [26], with detailed definitions and full proofs. It is
also expanded with more examples and comparisons with recent related work. In the
remainder, Section 2 gives the syntax and semantics of the calculus, and motivates the
key ideas through business and streaming protocol examples. Section 3 explains the
global types. Section 4 describes the typing system. Section 5 establishes the main
results. Section 6 gives extensions and related works. Section 7 concludes with future
issues. Appendix gives the proofs of the propositions, lemmas and theorems stated in
the main sections.
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2 Multiparty Asynchronous Sessions

2.1 Syntax for Multiparty Sessions

Several versions of theπ-calculi with session types are proposed in the literature;the
paper [56] offers detailed discussions and analysis of their typing systems. We use a
simple extension of the original language in [24, 49] to multiparty sessions.

Informally, asessionis a series of interactions which serve as a unit of conversation.
A session is established among multiple parties via ashared name, which represents a
public interaction point. Then freshsession channelsare generated and shared through
which a series of communication actions are performed.

We use the following base sets:shared namesornames, ranged over bya, b, x, y, z, . . . ;
session channelsor channels, ranged over bys, t, ...; labels, ranged over byl, l′, . . . ; and
process variables, ranged over byX,Y, . . . . In the syntax for hiding, we usen for either
a single shared name or a vector of session channels. Thenprocesses, ranged over by
P,Q . . . , andexpressions, ranged over bye, e′, . . . , are given by the grammar in Fig-
ure 1.

Fig. 1 Syntax

P ::= a[2..n] (s̃).P multicast session request

| a[p] (s̃).P session acceptance

| s!〈ẽ〉; P value sending

| s?(x̃); P value reception

| s!〈〈s̃〉〉; P session delegation

| s?((s̃)); P session reception

| s� l; P label selection

| s� {l i : Pi}i∈I label branching

| if e then P else Q conditional branch

| P | Q parallel composition

| 0 inaction

| (νn)P hiding

| def D in P recursion

| X〈ẽs̃〉 process call

| s: h̃ message queue

e ::= v | e and e′ | not e ... expressions

v ::= a | true | false values

h ::= l | ṽ | s̃ messages-in-transit

D ::= {Xi(x̃i s̃i) = Pi}i∈I declaration for recursion
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Except for the first two primitives for session initiation and the final message queue,
all constructs are from the binary session calculi [24]. Forthe primitives for session ini-
tiation, the prefix processa[2..n] (s̃).P initiates a new session through a shared interaction
pointa, by distributing a vector of freshly generated session channelss̃ to the remaining
n − 1 participants, each of shapea[p] (s̃).Qp for 2 ≤ p ≤ n. All receive s̃, over which the
actual session communications can now take place among then parties.p, q,... range
over natural numbers calledparticipantsof a session.

Session communications are performed using the next three pairs of primitives:
the sending and receiving, the session delegation and reception (the former delegates
to the latter the capability to participate in a session by passing the whole channels
associated with the session), and the selection and branching (the former chooses one of
the branches offered by the latter). The next three (the conditional, parallel and inaction)
are standard. (νa)P makesa local toP while (νs̃)P makes ˜s local toP. The recursion and
process call realise recursive behaviour.s : h̃ is amessage queuerepresenting ordered
messages in transith̃ with destinations (which may be considered as a network pipe in
a TCP-like transport). (νs̃)P ands: h̃ only appear at runtime. We often omit trailing0
and writes! ands?.P, omitting the arguments if unnecessary.

Binders are ˜s in a[2..n] (s̃).P, a[p] (s̃).P ands?((s̃)); P, x̃ in s?(x̃); P, x̃s̃ in X(x̃s̃) = P, n
in (νn)P and process variables indef D in P. The notions of bound and free identifiers,
channels, alpha equivalence≡α and substitution are standard.fpv(P) andfn(P), respec-
tively denote the sets offree process variablesandfree identifiersin P. dpv({Xi(x̃i s̃i) =
Pi}i∈I ) denotes the set ofprocess variables{Xi}i∈I introduced in{Xi(x̃i s̃i) = Pi}i∈I . A
sequence of parallel composition is writtenΠiPi .

2.2 Operational Semantics

Structural congruence≡ over processes is the smallest congruence relation on processes
that includes the equations in Figure 2. These are standard except we are treating a vec-
tor of session channels as one chunk in hiding, which is convenient for some proofs on
the typing system (no substantial difference arises regarding the nature of the calculus
by hiding channels one by one).

Fig. 2 Structural congruence.

P | 0 ≡ P P | Q ≡ Q | P (P | Q) | R≡ P | (Q | R)

(ν n)P | Q ≡ (ν n)(P | Q) if n < fn(Q)

(ν nn′)P ≡ (ν n′n)P (ν n)0 ≡ 0 def D in 0 ≡ 0

def D in (ν n)P ≡ (ν n)def D in P if n < fn(D)

(def D in P) | Q ≡ def D in (P | Q) if dpv(D) ∩ fpv(Q) = ∅

def D in (def D′ in P) ≡ def D and D′ in P if dpv(D) ∩ dpv(D′) = ∅
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Using≡, the operational semantics is given by thereduction relation, denotedP→
Q, which is the smallest relation on processes generated by the rules in Figure 3. In the
figure,e ↓ v says that expressione evaluates to valuesv. We illustrate each rule one by
one.

Rule [L] describes a session initiation amongn-parties throughn-party synchro-
nisation, generatingm fresh session channels and the associatedm empty queues (∅
denotes the empty string). Each fresh channel is given a new empty queue. As a result
n participants now share the newly generatedm channels, hence their queues. Note the
number of participants (n) can be different from that of session channels (m), giving
flexibility in channel usage. The use of then-party synchronisation in this rule captures,
albeit abstractly, ann-party handshake which would be necessary for establishingan
n-party link in real-world protocols.

Fig. 3 Reduction

a[2..n] (s̃).P1 | a[2] (s̃).P2 | · · · | a[n] (s̃).Pn → (ν s̃)(P1 | P2 | ... | Pn | s1 :∅ | · · · | sm :∅) [L ]

s!〈ẽ〉; P | s: h̃ → P | s: h̃ · ṽ (ẽ ↓ ṽ) [S]

s!〈〈t̃〉〉; P | s: h̃ → P | s: h̃ · t̃ [D]

s� l; P | s: h̃ → P | s: h̃ · l [L]

s?(x̃); P | s: ṽ · h̃ → P[ṽ/x̃] | s: h̃ [R]

s?((t̃)); P | s: t̃ · h̃ → P | s: h̃ [SR]

s� {l i : Pi}i∈I | s: l j · h̃ → Pj | s: h̃ ( j ∈ I ) [B]

if e then P else Q → P (e ↓ true) [IT]

if e then P else Q → Q (e ↓ false) [IF]

def D in (X〈ẽs̃〉 | Q) → def D in (P[ṽ/x̃] | Q) (ẽ ↓ ṽ,X(x̃s̃) = P ∈ D) [D]

P → P′ ⇒ (ν n)P → (νn)P′ [S]

P → P′ ⇒ P | Q → P′ | Q [P]

P → P′ ⇒ def D in P → def D in P′ [D]

P ≡ P′ andP′ → Q′ andQ′ ≡ Q ⇒ P → Q [S]

Rules [S], [D] and [L] respectively enqueue values, channels and a la-
bel at the tail of the queue fors. Symmetrically rules [R], [SR] and [B] de-
queue, at the head of the queue, values, channels and a label.Rules [R] and [B]
respectively further instantiates the value in the body andselects the corresponding
branch.

In these communication rules, sending and receiving are mediated by a queue: only
when a message sent by (say) Alice is received by (say) Bob by going through a queue,

6



we can say that an interaction between Alice and Bob has takenplace. Since [L]
generates a queue for each channel, these rules entail that:

1. A sending action is never blocked (communication asynchrony); and that
2. two messages from the same sender to the same channel arrive in the sending order

(message order preservation).

As we discussed in Introduction, these are among the characteristics of well-known
transport mechanisms such as TCP.

All other rules are standard: for reference we briefly illustrate them. The two rules
for conditional, [IT] and [IF], reduce to one of the branches depending on the result
of evaluating the conditional guard. Rule [D] performs unfolding of recursion. Rules
[S], [P] and [D] close the reduction under hiding, parallel composition and
definition. Finally Rule [S] says that the reduction is defined over processes up to≡.

Remark 2.1 This delegation rule (from [24]) is chosen over the more liberal one in [19,
20, 56] (which uses substitution as in [R]) for simpler presentation. The technical
development does not depend on this choice, see§6.2.

2.3 Examples

Two Buyer Protocol We describe the two-buyers-protocol from the Introductionfirst
by a sequence diagram, then by processes.B u y e r 1 S e l l e r B u y e r 2[ L i n k ] [ L i n k ]t i t l e q u o t eq u o t eq u o t e d i v 2 o kq u i ta d d r e s sd a t e b r a n c h
First Buyer1 sends a book title to Seller, then Seller sends back a quote to Buyer1/2;
Buyer1 now tells Buyer2 how much she can contribute, and Buyer2 notifies Seller if it
accepts the quote or not. We now describe the behaviour of Buyer1 as a process:

Buyer1
def
= a[2, 3] (b1, b2, b

′
2, s). s!〈“War and Peace”〉;

b1?(quote); b′2!〈quotediv 2〉; P1

Channelb1 is for Buyer1 to receive messages:b2 andb′2 for Buyer2 ands for Seller (we
discuss soon why Buyer2 needs two receiving channels). Buyer1 above is willing to

7



contribute to half of the quote. InP1, Buyer1 may perform the remaining transactions
with Seller and Buyer2. The remaining participants follow.

Buyer2
def
= a[2] (b1, b2, b

′
2, s). b2?(quote); b′2?(contrib);

if (quote− contrib ≤ 99)

then s� ok; s! 〈address〉; b2?(x); P2

else s� quit; 0

Seller
def
= a[3] (b1, b2, b

′
2, s). s?(title); b1, b2!〈quote〉;

s� {ok : s?(x); b2! 〈date〉; Q , quit : 0}

Aboves1..sm!〈v〉; P stands fors1!〈v〉; ..sm!〈v〉; P, assumings1..sm are pairwise distinct.3

We can now explain why Buyer2 needs to use two input channels,b2 andb′2. The first
input (for quote) is from Seller, while the second one (forcontrib) is from Buyer1.
Hence there is no guarantee that they arrive in a fixed order, as can be easily seen by
analysing reduction paths (this is Lamport’s principle [30]). Thus if we were to useb2

for both actions, the two messages can be confused, losing linear usage of a channel.
The problem becomes visible after the fifth step of the following reduction. Ifb2 and
b2’ were the same then the contribution of the Buyer1 could be queued before the price
of the book and therefore received before at Buyer2. Later weshall show our type
discipline can detect such an error.

We show an example of the reduction. Let us define:

P , if (quote− contrib ≤ 99)
then s� ok; s! 〈address〉; b2?(x); P2

else s� quit; 0

S , s� {ok : s?(x); b2! 〈date〉; Q , quit : 0}.

Below a tag denotes a name of the applied rule defined in Figure3. After the second
reduction, we omit [P] and [S] for simplicity.

3 Due to asynchrony there is in effect no order among the sending actions ats1..sm.
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Buyer1| Buyer2| Seller

→ [L ] (νb1, b2, b′2, s)( s!〈“War and Peace”〉; b1?(quote); b′2!〈quotediv 2〉; P1

| b2?(quote); b′2?(contrib); P
| s?(title); b1, b2!〈quote〉; S
| b1 :∅ | b2 :∅ | b′2 :∅ | s:∅)

→ [S],[P],[S] (νb1, b2, b′2, s)( b′2!〈quotediv 2〉; P1

| b2?(quote); b′2?(contrib); P
| s?(title); b1, b2!〈quote〉; S
| b1 :∅ | b2 :∅ | b′2 :∅ | s: “War and Peace”)

→ [R] (νb1, b2, b′2, s)( b1?(quote); b′2!〈quotediv 2〉; P1

| b2?(quote); b′2?(contrib); P
| b1, b2!〈quote〉; S
| b1 :∅ | b2 :∅ | b′2 :∅ | s:∅)

→ [S] (νb1, b2, b′2, s)( b1?(quote); b′2!〈quotediv 2〉; P1

| b2?(quote); b′2?(contrib); P
| b2!〈quote〉; S
| b1 :quote| b2 :∅ | b′2 :∅ | s:∅)

→ [R] (νb1, b2, b′2, s)( b′2!〈quotediv 2〉; P1

| b2?(quote); b′2?(contrib); P
| b2!〈quote〉; S
| b1 :∅ | b2 :∅ | b′2 :∅ | s:∅)

...

A Streaming Protocol We next consider a simple protocol for the standard stream
cipher [46]. k e r n e l c o n s u m e rd a t ak e y

Data Producer and Key Producer continuously send a data stream and a key stream
respectively to Kernel. Kernel calculates their XOR and sends the result to Consumer.

Assuming streams are sent block by block (say as large arrays), we can realise this
protocol as communicating processes. We only focus on communication behaviour. The
kernel initiates a session:

Kernel
def
= def K(d, k, c) = d?(x); k?(y); c!〈x xor y〉; K〈d, k, c〉

in a[2, 3, 4] (d, k, c).K〈d, k, c〉

The channelsd andk are used for Kernel to receive data and keys from Data Producer
and Key Producer, respectively, whilec is used for Consumer to receive the encrypted
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data from Kernel. Data Producer and Consumer can be given as:4

DataProducer
def
= def P(d, k, c) = d!〈data〉; P〈d, k, c〉 in a[2] (d, k, c).P〈d, k, c〉

Consumer
def
= def C(d, k, c) = c?(data); C〈d, k, c〉 in a[3] (d, k, c).C〈d, k, c〉

Key Producer is identical to Data Producer except it outputsat k instead ofd. When
three processes are composed, we can verify that, although processes repeatedly send
and receive data using the same channels, messages are always consumed in the order
they are produced, an essential requirement for correctness of the protocol. This is be-
cause each channel is used by exactly one sender. We shall show how this argument
can be cleanly represented and validated through session types in the subsequent two
sections.

3 Global Types and Causal Analysis

Fig. 4 Syntax of Global Types

Global G ::= p→ p′ : k 〈U〉.G′ values
| p→ p′ : k {l j : G j} j∈J branching
| G,G′ parallel
| µt.G recursive
| t variable
| end end

Value U ::= S̃ sorts
| T@p located session

Sort S ::= bool | nat | ... | 〈G〉

Developing programs for multiparty sessions demands a clear formal design as to
how multiple participants communicate and synchronise with each other. To program
individual participants without such a design and hope theysomehow realise a mean-
ingful and error-free conversation is hardly practical, especially for team programming.
In binary session types the type for an endpoint also served as the description of the
whole conversation, but this is no longer possible for multiparty sessions. This is why
we need the type abstraction which describes global conversation scenarios of multi-
party sessions: global types introduced this section extend binary session types in the
sense that they not only can ensure communication-error freedom but also they express
dependencies between communications between multiple peers.

4 For simplicity our description lets both Data Producer and Consumer repeatedly send the same
data: practically this is not the case but this simplified form is enough for our current concern,
i.e. validation of communication behaviour.
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3.1 Session Types from a Global Viewpoint

The grammar ofglobal session type, or global type, denotedG,G′, . . ., is given in Fig-
ure 4. Typep→ p′ : k〈U〉.G′ says that participantp sends a message of typeU through
channelk (represented as a finite natural number) to participantp′: and interactions de-
scribed inG′ takes place.U, ... range overvalue types, denoting types for message val-
ues. Each value type is a vector of types for shared names calledsorts, writtenS,S′, . . .,
or of those for session channels. Both of these types are discussed in detail in§ 4.2.
For understanding this section, it suffices to considerU as a single base type. In the
value types,T@p means communication delegating a behavior typed byT of partici-
pantp. In the sorts,〈G〉means a delivery of a shared name typed by〈G〉. We often write
p→ p′ : k.G′ for p→ p′ : k 〈〉.G′ (i.e.U is empty).

Typep → p′ : k {l j : G j} j∈J says participantp sends one of the labels on channelk
to participantp′. If l j is sent fromp, interactions described inG j take place atp′.

TypeG,G′ represents concurrent run of interactions specified byG andG′. Type
µt.G is a recursive type for recurring conversation structures,assuming type variables
(t, t′, . . . ) are guarded in the standard way, i.e. type variables only appear under the pre-
fixes (hence contractive). We take anequi-recursiveview, not distinguishing between
µt.G and its unfoldingG[µt.G/t] [41]. We assume that〈G〉 in the grammar of sorts is
closed, i.e. without type variables.5 Typeend represents the termination of the session
and is often omitted. We identify “G, end” and “end,G” with G.

Definition 3.1 (prefix) We say the initial “p → p′ : k” in p → p′ : k 〈U〉.G′ and
p → p′ : k {l j : G j} j∈J is a prefix fromp to p′ at k over G′ where in the formerU is a
carried type. If U is a carried type in a prefix inG thenU is also a carried type inG.

Conventions 3.2We assume that in each prefix fromp to p′ we havep , p′, i.e. we
prohibit reflexive interaction.

Henceforth we often regard a global typeG as the acyclic directed graph given by its
standard regular tree presentation [41]. A basic ordering on its nodes is induced by
prefixes.

Definition 3.3 (prefix ordering) Write n, n′, .. for prefixes occurring in a global type,
sayG (but not in its carried types), seen as nodes ofG as a graph. We writen ∈ G when
n occurs inG. Then we writen1 ≺ n2 ∈ G whenn1 directly or indirectly prefixesn2 in
G. Formally≺ is the least partial order including:

n1 ≺ n2 ∈ p→ p
′ : k 〈U〉.G′ if n1 = p→ p

′ : k, n2∈G′

n1 ≺ n2 ∈ p→ p
′ : k {l j : G j} j∈J if n1 = p→ p

′ : k, ∃i ∈ J. n2∈Gi

as well set settingn1 ≺ n2 ∈ G if n1 ≺ n2 ∈ G′ andG′ occurs inG but not in its carried
types.

5 In the presence of the standard recursive sorts [24], which we omit for simpler presentation,
we allow sort variables to occur in〈G〉.
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The prefix ordering allows us to express intended sequencingin global types. To clarify
its meaning is essential for its proper usage. Consider a global type:

A→ B : s 〈U〉. A→ C : t 〈U ′〉. end (2)

The two prefixes are ordered by≺. In a “synchronous” interpretation, this ordering
would mean: “only after the first sending and receiving take place, the second send-
ing and receiving take place”. This is a suitable reading when sending and receiving
constitute a single atomic action, as in synchronous calculi, but not with asynchronous
communication, where it is hard to impose this ordering on (2), since messages to dis-
tinct channels may not arrive in order.

Thus the present theory takes the more liberal interpretation of ≺, imposing se-
quencingonly on the actions of the same participant in ordered prefixes. For example,
in (2), A’s two sending actions are ordered, butB’s andC’s receiving actions are not.
The remaining causal ordering comes from communicationà la Lamport [30]. Let us
further illustrate this idea with examples.

3.2 Examples of Global Types

The following is a global type of the two-buyer-protocol in§2.3. We write participants
and channels with legible symbols though they are actually numbers:Bi = i, S = 3,
b1= 1, b2= 2, b′2= 3 ands= 4.

1 B1→ S : s〈string〉.
2 S→ B1 : b1〈int〉.
3 S→ B2 : b2〈int〉.
4 B1→ B2 : b′2〈int〉.
5 B2→ S : s{ok : B2→ S : s〈string〉.S→ B2 : b2 〈date〉.end,

quit : end}

The type gives a vantage view of the whole conversation scenario. We show several
salient points in the interpretation of this type.

– Consider Lines 3 and 4. Since they have different senders, the sending actions are
unordered in spite of their≺-ordering.Hence if b2 = b′2 two messages have a
conflict at s(i.e. loose the ordering). Note that this analysis echoes our operational
argument in§ 2.3.

– Next we consider the following causal chain of actions from Line 1 to Line 3 to
Line 5:

B1 → S ≺ S → B2 ≺ B2→ S

Above→ denotes the ordering given by message delivery, while≺ is the prefix
ordering. Note in particular two sending actions byB1 (Line 1) and byB2 (Line 5),
both done ats, are causally ordered. By focussing on≺ from the firstS (of Line 1) to
the lastS (of Line 5), the receiving actions in Lines 1 and 5 are also ordered. Since
both sending and receiving take place in strict temporal order, no conflict occurs
between these two communications in spite of their use of a common channels.

12



Next we present the global type of the simple streaming protocol in §2.3. Below we
unfold its recursion once, and set:d = 1, k = 2, c = 3,K = 1,DP = 2,C = 3 andKP = 4.

1 µt. DP→ K : d 〈bool〉.
2 KP→ K : k 〈bool〉.
3 K→ C : c 〈bool〉.

4 DP→ K : d 〈bool〉.
5 KP→ K : k 〈bool〉.
6 K→ C : c 〈bool〉.t

The following arguments hold for anyn-fold unfoldings.

– Lines 1 and 2 are temporally unordered in sending: but this does not cause conflict
since channelsd andk are distinct.

– Line 1 and its unfolding, Line 4, shared. But the two use the same sender and the
same receiver, so each pair of actions are≺-ordered, hence safe. Similarly for other
unfolded actions.

3.3 Safety Principle for Global Types: Linearity of Channels

For a conversation in a session to proceed properly, it is desirable that there is no conflict
(racing) at session channels. To ensure this, when acommonchannel is used in two
communications, their sending actions and their receivingactions should respectively
be ordered temporally, so that no confusion arises at neither sending nor receiving. If a
global type satisfies this principle, then it specifies an ordering of interactions, and can
be used as a basis of guaranteeing process behaviours through type checking.

Fig. 5 Causality Analysis

(II) Good (II) Bad (IO) Good (IO) Bad (OO, II) Good (OI) Bad

A→ B : s
C→ B : t

s! | s?;t? | t!

A→ B : s
C→ B : s

s! | s?;s? | s!

A→ B : s
B→ C : t

s! | s?;t! | t?

A→ B : s
B→ C : s

s! | s?;s! | s?

A→ B : s
A→ B : s

s!; s! | s?;s?

A→ B : s
C→ A : t

s!; t? | s? | t!

Causality is induced in several ways in the present asynchronous model. We sum-
marise all essential cases in Figure 5, with concrete process instances for illustration.IO
denotes the causal ordering by≺ is from input (receiving) to output (sending), similarly
for II, OO andOI. In (II)-Bad, we demandA , C. We observe:

– The “good” and “bad” cases forII shows thatII alone is safe only when two channels
differ. Similarly forIO.

– In OO,II (the fifth case), two outputs have the same sender and the samechannel,
so (bymessage order-preservation) outputs are ordered. Inputs are also ordered by
≺ hence they are safe.

– There is no ordering from output to input (due to asynchrony), soOI gives us no
dependency.

These observations lead to the following “effective” causal relations on global types.
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Definition 3.4 (dependency relations) FixG. The relation≺φ, with φ ∈ {II, IO,OO},
over its prefixes is generated from:

n1 ≺II n2 if n1 ≺ n2 andni = pi → p : ki (i = 1, 2)
n1 ≺IO n2 if n1 ≺ n2, n1 = p1 → p : k1 andn2 = p→ p2 : k2.
n1 ≺OO n2 if n1 ≺ n2, ni = p→ pi : k (i = 1, 2)

– An input dependency fromn1 to n2 is a chain of the formn1 ≺φ1 · · · ≺φn n2 (n ≥ 0)
such thatφi ∈ {I0} for 1 ≤ i ≤ n− 1 andφn = II.

– An output dependency fromn1 to n2 is a chainn1 ≺φ1 · · · ≺φn n2 (n ≥ 1) such that
φi ∈ {OO, IO}.

In the input dependency, the lastII-ordering is needed since if it ends with anIO-edge
an input atn2 may not be suppressed.

Definition 3.5 (linearity) G is linear if, wheneverni = pi → p
′
i

: k (i = 1, 2) are in
G for somek and do not occur in different branches of a branching and, both input and
output dependencies exist fromni to n j (i , j, i, j ∈ {1, 2}). If G carries other global
types, we inductively demand the same.

We illustrate the condition on branching by an example:

1. A→ B : t{ok : C→ D : s.end A→ B : t.(C→ D : s.end,
2. quit : C→ D : s.end } C→ D : s.end)

(a) branching (b) parallel

The type (a) represents branching: since only one of two branches is selected, there is
no conflict between the two prefixesC→ D : s in Lines 1 and 2. On the other hand, (b)
means a concurrent execution of two independentC → D : s, so an input conflict atD
exists.

Note that we do not require the ordering betweenni ∈ |Gk| andn j ∈ |Gh| in p →
p′ : k {l j : G j} j∈J such thath, k ∈ J, h , k since only one of branches is performed.

Linearity and its violation can be detected algorithmically, without infinite unfold-
ings. First we observe we do need to unfold once.

µt.(A→ B : s.end, B→ A : t.t)

This is linear in its 0-th unfolding (i.e. we replaceX with end): but when unfolded once,
it becomes non-linear, as follows:

A→ B : s.end, B→ A : t.µt.(A→ B : s.end, B→ A : t.t)

since the two prefixesA→ B : sappear in parallel. This is witnessed by:

def X(st) = ((s! | t?.s!.X〈ts〉) | s?.t!) in X〈ts〉

where (s! | t?.s!.X〈ts〉) belongs toA ands?.t! belongs toB. Unfolding once is necessary
also in global types that do not contain parallel global types. The example below shows
a global type which satisfies the linearity condition:

µt.A→ B : s.B→ C : s′.A→ C : s.t
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However, when unfolded once, it is no longer linear as:

A→ B : s.B→ C : s′.A→ C : s.µt.A→ B : s.B→ C : s′.A→ C : s.t

since there is no input and output dependencies betweenA→ C : sandA→ B : s.
But in fact unfolding once turns out to be enough. TakingG as a syntax, let us call

the one-time unfolding of Gthe result of unfolding once for each recursion inG (but
never in carried types), and replacing the remaining variable with end.

Proposition 3.6 1. The one-time unfolding of a global type is linear if and only if its
n-th unfolding is linear.

2. The linearity of a global type is decidable.

Proof. For (1), the if-direction is obvious. The only if-directionis proved by induction
onn. See Appendix A for the full proofs. (2) is an immediate corollary of (1).6

4 Type Discipline for Multiparty Sessions

4.1 Programming Methodology for Multiparty Interactions

Once given global types as a description of global interactions, we can consider the
following development steps for programs with multiparty sessions.

Step 1 A programmer describes an intended interaction scenario asglobal typeG, and
checks that it is linear.

Step 2 She develops code, one for each participant, incrementallyvalidating its con-
formance to the projection ofG onto each participant by efficient type-checking.

When programs are executed, their interactions are guaranteed to follow the stipulated
scenario. The type specification also serves as a basis for maintenance and upgrade.
This section introduces the type discipline which materialises this framework.

Fig. 6 Syntax of End-point Session Types

Value U ::= S̃ | T@p

Sort S ::= bool | ... | 〈G〉

End-point T ::= k! 〈U〉; T send
| k?〈U〉; T receive
| k⊕ {l i : Ti}i∈I selection
| k& {l i : Ti}i∈I branching
| µt.T | t | end

6 We also examine the compuational complexity in [36].
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4.2 End-point Types

Syntax End-point session typesorend-point types, ranged over byT,T′, .., are types for
end-point behaviour of processes, acting as a link between global types and processes
in Section 3, which give intended conversation structures of multiparty sessions, and
processes in Section 2. The grammar is given in Figure 6 (the grammars forU andS
are repeated from Figure 4). All constructs come from the binary session types [24]
except for the following major changes for multiparty interactions.

– Since a process now uses multiple channels for addressing multiple parties, a ses-
sion type records the identity (number) of a session channelit uses at each action
type.

– Since a type is used for type-checking each participant, we use a notationT@p
(calledlocated type) representing an end-point typeT assigned to participantp. A
located type is also used for delegation.

The rest stays identical with the original session types. Type k?〈U〉; T represents the
behaviour of inputting values of typeU at sk (assumes1...sn is shared at initialisation),
then performing the actions represented byT. Similarly k! 〈U〉; T is for sending.

Type k& {l i : Ti}i∈I describes a branching: it waits withn options atk, and behave
as typeTi if i-th label is selected; typek ⊕ {l i : Ti}i∈I represents the behaviour which
selects one of the labels sayl i at k then behaves asTi . These four areaction prefixes
in end-point types. The rest is the same as the global types, demanding type variables
occur guarded by a prefix and taking an equi-recursive approach for recursive types. We
often omitend. Note that end-point typeT does not contain parallel composition as the
original session types, retaining simplicity.

In addition to the folding/unfolding of recursive types, end-point types are consid-
ered up to the following isomorphism (closed under all type constructors).

k! 〈U〉; k′! 〈U ′〉; T ≈ k′! 〈U ′〉; k! 〈U〉; T (k , k′) (3)

k⊕ {l i :k′ ⊕ {l′j :Ti j } j∈J}i∈I ≈ k′ ⊕ {l′j :k⊕ {l i :Ti j }i∈I } j∈J (k , k′) (4)

The equations permute two consecutive outputs with different subjects, capturing asyn-
chrony in communication. The equation (4) specialises to permutation between selec-
tion and output by settingI or J a singleton: and to (3) when both are singletons.

Projection and Coherence The following defines the projection of a global type to
end-point types at each participant.

Definition 4.1 (projection) Let G be linear. Then theprojection of G ontop, written
G↾p, is inductively given as:

– (p1 → p2 : k 〈U〉.G′)↾p =


























k! 〈U〉; (G′ ↾p) if p = p1 , p2

k?〈U〉; (G′ ↾p) if p = p2 , p1

(G′ ↾p) if p , p2 andp , p1
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– (p1 → p2 : k {l j : G j} j∈J)↾p =






































k⊕ {l j : (G j ↾p)} j∈J if p = p1 , p2

k& {l j : (G j ↾p)} j∈J if p = p2 , p1

(G1↾p) if p , p2 andp , p1

and∀i, j ∈ J.Gi ↾p = G j ↾p
– (G1,G2)↾p =















Gi ↾p if p ∈ Gi andp < G j , i , j ∈ {1, 2}

end if p < G1 andp < G2

– (µt.G)↾p = µt.(G↾p), t ↾p = t, andend ↾p = end.

When a side condition does not hold the map is undefined.

The mapping is intuitive. We regard the map to act on the syntax of global types. In the
branching, all projections of participants that behavior does not depend on the branch-
ing should generate an identical end-point type (otherwiseundefined); and in parallel
composition,p should be contained in at most a single type, ensuring each type is
single-threaded. Belowpid(G) denotes the set of participant numbers occurring inG
(but not in carried types). In (2)Tp@p appeared at the beginning of§4.2.

Definition 4.2 (coherence)(1) We sayG is coherentif it is linear andG ↾ p is well-
defined for eachp ∈ pid(G), similarly for each carried global type inductively. (2)
{Tp@p}p∈I is coherentif for some coherentG s.t. I = pid(G), we haveG ↾ p = Tp for
eachp ∈ I .

Theorem 4.3 Coherence of G is decidable.

Proof. By Proposition 3.6 (2) (note the projection is only applied to a given global type
without unholding).7 2

Without projectability, a global type is not consistent. Linearity guarantees linear
channel usage including message-order preservation. The next examples demonstrate
the need of these conditions.

Examples of CoherenceThe following global type is linear butnot coherent because
the projection is undefined.

A→ B : k{ok : C→ D : k′〈bool〉, quit : C→ D : k′〈nat〉}

Intuitively, when we project this type ontoC or D, regardless of the choice made by
A, they should behave in the same way: participantsC andD should be independent
threads. If we change the abovenat to bool as:A → B : k{ok : C → D : k′〈bool〉, quit :
C→ D : k′〈bool〉}, we can define the coherent projection as follows:

{ k⊕ {ok : end, quit : end}@A, k& {ok : end, quit : end}@B
k′!〈bool〉@C, k′?〈bool〉@D }

7 [36] gives a complexity analysis.
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As examples of end-point types which are not coherent, consider processes in the sec-
ond case of Figure 5:

(II) Bad {s!〈〉@A, s?〈〉; s?〈〉@B, s!〈〉@C}

This process is not coherent since the corresponding globaltypeA→ B : s.C→ B : s is
not linear.

4.3 Typing System

The purpose of the typing system introduced below is to efficiently type behaviours
which are built by programmershence which do not include runtime elements such as
queues.

Definition 4.4 (program phrase and program) A processP is aprogram phraseif P
has no queues and noν-bound session channels.P is aprogramif P is a program phrase
in which no free session channels and process variables occur.

All of Buyer1, Buyer2, Seller, Data Producer, etc. in§2.3 are programs, hence are also
program phrases.

Environments and Type Algebra The typing system uses a map from shared names
to their sorts (S,S′, ..). As given in Figure 6, other than atomic types, a sort has the
shape〈G〉 assumingG is coherent. Using these sorts, we define:

Γ ::= ∅ | Γ, u : S | Γ,X : S̃T̃ ∆ ::= ∅ | ∆, s̃ : {T@p}p∈I

A sorting (Γ, Γ′, ..) is a finite map from names to sorts and from process variablesto
sequences of sorts and types.Typing(∆, ∆′, ..) records linear usage of session channels.
In the binary sessions, it assigned a type to a single channel; now it assigns a family of
located types to a vector of session channels.

Notations 4.5 – sid(G) stands for the set of session channel numbers inG.
– We write∆, ∆′ to denote a typing made from the disjoint union of∆ and∆′ always

assuming their domains contain disjoint sets of session channels.
– We write s̃ : T@p for a singleton typing ˜s : {T@p}.

Typing System The type assignment system for processes is given in Figure 7. We use
the judgement for the process and expression as:

Γ ⊢ P ⊲ ∆ Γ ⊢ e : S

which read: “under the environmentΓ, processP has typing∆” and “under the environ-
mentΓ, expressionehas typeS”. If we set |s̃| = 1 andn = 2, and deletep from located
type, the shape of rules is essentially identical with the original binary session typing
[56]. Below we only illustrate the rules.

[N],[B],[O] are the rules for the expressions and identical with [56].
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Fig. 7 Typing System for Expressions and Processes

Γ,a: S ⊢ a: S Γ ⊢ true, false : bool
Γ ⊢ ei ⊲ bool
Γ ⊢ e1or e2 : bool

[N], [B], [O]

Γ ⊢ a: 〈G〉 Γ ⊢ P ⊲ ∆, s̃: (G↾1)@1 |s̃| = |sid(G)|
Γ ⊢ a[2..n] (s̃).P ⊲ ∆

[M]

Γ ⊢ a: 〈G〉 Γ ⊢ P ⊲ ∆, s̃: (G↾p)@p |s̃| = |sid(G)|
Γ ⊢ a[p] (s̃).P ⊲ ∆

[M]

∀ j. Γ ⊢ ej : S j Γ ⊢ P ⊲ ∆, s̃: T@p

Γ ⊢ s[k]! 〈ẽ〉; P ⊲ ∆, s̃: k! 〈S̃〉; T@p
[S]

Γ, x: S̃ ⊢ P ⊲ ∆, s̃: T@p

Γ ⊢ s[k]?(x̃); P ⊲ ∆, s̃: k?〈S̃〉; T@p
[R]

Γ ⊢ P ⊲ ∆, s̃: T@p
Γ ⊢ s[k]! 〈〈t̃〉〉; P ⊲ ∆, s̃: k! 〈T ′@p′〉; T@p, t̃ : T ′@p′

[D]

Γ ⊢ P ⊲ ∆, s̃: T@p, t̃ : T ′@p′

Γ ⊢ s[k]?((t̃)); P ⊲ ∆, s̃: k?〈T ′@p′〉; T@p
[SR]

Γ ⊢ P ⊲ ∆, s̃: T j@p j ∈ I

Γ ⊢ s[k] � l j ; P ⊲ ∆, s̃ : k⊕ {l i : Ti}i∈I@p
[S]

Γ ⊢ Pi ⊲ ∆, s̃: Ti@p ∀i ∈ I
Γ ⊢ s[k] � {l i : Pi}i∈I ⊲ ∆, s̃: k & {l i : Ti}i∈I @p

[B]

Γ ⊢ P ⊲ ∆ Γ ⊢ Q ⊲ ∆′

Γ ⊢ P | Q ⊲ ∆, ∆′
[C]

Γ ⊢ e⊲ bool Γ ⊢ P ⊲ ∆ Γ ⊢ Q ⊲ ∆
Γ ⊢ if e then P else Q ⊲ ∆

[I]

∆ end only
Γ ⊢ 0 ⊲ ∆

Γ,a: 〈G〉 ⊢ P ⊲ ∆
Γ ⊢ (ν a)P ⊲ ∆

[I],[NR]

Γ ⊢ ẽ: S̃ ∆ end only

Γ,X : S̃T̃ ⊢ X〈ẽs̃1..s̃n〉 ⊲ ∆, s̃1 : T1@p1, .., s̃n : Tn@pn

[V]

Γ,X : S̃T̃, x̃: S̃ ⊢ P ⊲ s̃1 : T1@p1..s̃n : Tn@pn Γ,X : S̃T̃ ⊢ Q ⊲ ∆

Γ ⊢ def X(x̃s̃1..s̃n) = P in Q ⊲ ∆
[D]

[M] is the rule for the session request. The type for ˜s is the first projection
of the declared global type fora in Γ. [M] is for the session accept, taking thep-th
projection. The end-point type (G↾p)@pmeans that the participantp hasG↾p, which is
the projection ofG ontop, as its end-point type. The condition|s̃| = |sid(G)| ensures the
number of session channels meets those inG. The typings̃ : T@p (stands for ˜s : {T@p})
means that each prefix does not contain parallel threads which share ˜s.
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[S] and [R] are the rules for sending and receiving values. Since thek-th name
s[k] of s̃ is used as the subject, we record the numberk. In both rules, “p” in T@p
ensures thatP is (being inferred as) the behaviour for participantp, and its domain
should be ˜s. Then the relevant type prefixes (k!〈S̃〉 for the output andk?〈S̃〉 for the
input) are composed in the conclusion’s session environment.

[D] and [SR] are the rules for delegation of a session and its dual. Delegation
of a multiparty session passes the whole remaining capability to participate in a mul-
tiparty session: thus operationally we send the whole vector of session channels. The
carried typeT′ is located, making sure that the behaviour by the receiver atthe passed
channels takes the role of a specific participant (herep′) in the delegated multiparty
session. The rest follows the standard delegation rule [56], observing [D] says that
t̃ : T′@p′ does not appear inP symmetrically to [SR] which uses the channels inP.

[S] and [B] are the rules for selection and branching, and identical with
[56].

[C] composes two processes if their end-point types are disjoint.
[I], [I], [V], and [D] are standard. [NR] is the restriction rule for shared

namea. In [I] and [V], “ end only” means∆ only containsend as session types.

4.4 Typing Examples

Two Buyer Protocol Write Buyer1 asa[2, 3] (b1, b2, b′2, s).Q1 and Buyer2 asa[2] (b1, b2, b′2, s).Q2,
both from§2.3. ThenQ1 andQ2 have the following typing underΓ = {a : 〈G〉} where
G is given in the corresponding example in§ 3.2, lettingBi = i, S = 3, b1 = 1, b2 = 2,
b′2 = 3 ands= 4 and assumingP1,P2,Q are0:

Γ ⊢ Q1 ⊲ s̃ : s! 〈string〉; b1?〈int〉; b′2! 〈int〉@B1

Γ ⊢ Q2 ⊲ s̃ : b2?〈int〉; b′2?〈int〉; s⊕ {ok : s! 〈string〉; b2?〈date〉; end, quit : end}@B2

Similarly for Seller. After prefixing ata, we can compose all three by [C].

A Streaming Protocol We letΓ = {a : 〈G′〉} whereG′ is given in the corresponding
example in§ 3.2. Letd = 1, k = 2, c = 3, K = 1, DP = 2, C = 3 andKP = 4. WriteR1,
R2, R3 andR4 for the processes which are under the initial prefix (at the shared name)
of Kernel, DataProducer, Consumer and KeyProducer, respectively. Then we can type
each agent as:

Γ ⊢ R1 ⊲ dkc : µt.d?〈bool〉; k?〈bool〉; c! 〈bool〉; t@K
Γ ⊢ R2 ⊲ dkc : µt.d! 〈bool〉; t@DP Γ ⊢ R4 ⊲ dkc : µt.c?〈bool〉; t@C

(R4 is similar asR2). Note these types correspond to the projection ofG′ onto respec-
tive participants: thus Kernel, DataProducer, Consumer and KeyProducer are typable
programs underΓ, which can be composed to make the initial configuration.

Delegation One source of the expressiveness of the session types comes from a facility
of delegation(often calledhigher-order session passing). We will type and see the
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relationship with global and end-point types. Consider thefollowing three participants:

Alice
def
= a[2] (t1, t2).b[2, 3] (s1, s2).t1!〈〈s1, s2〉〉;0

Bob
def
= a[2] (t1, t2).b[1] (s1, s2).t1?((s1, s2)); s1! 〈1〉; 0

Carol
def
= b[2] (s1, s2).s1?(x); P

where Alice delegates its capability to Bob. Since there aretwo multicasting, there are
two global specifications, one fora and another forb as follows:

Ga = A→ B : t1 〈s1! 〈int〉@A〉.end

Gb = A→ C : s1 〈int〉.end

where the types1! 〈int〉@A means the capability to send an integer from participantA

via channels1. This capability is passed toB so thatB behaves asA. However, since two
specifications are independent,C does not have to know who would pass the capability.

Let (Alice | Bob | Carol)→ (νt̃ s̃)(A | B | C | R) whereA, B,C are the processes
of Alice, Bob and Carol after initial multicasting andR are the generated queues. Let
s1 = 1, t1 = 1, A = 1, B = 2, C = 3. These processes have the following typings underΓ

with P ≡ 0:
Γ ⊢ A ⊲ t̃ : t1! 〈s1! 〈int〉@A〉@A, s̃ : s1! 〈int〉@A

Γ ⊢ B ⊲ t̃ : t1?〈s1! 〈int〉@A〉@B

Γ ⊢ C ⊲ s̃ : s1?〈int〉@C

where each end-point type reflects the original global specifications (e.g. Carol does not
know Alice passed the capability to Bob and Bob behaves as Alice). These types give
projections ofGa andGb.

5 Safety and Progress

This section establishes the fundamental behavioural properties of typed processes. We
follow three technical steps:

1. We extend the typing rules to include those for runtime processes which involve
message queues.

2. We define reduction over session typings which eliminatesa pair of minimal com-
plementary actions from end-point types.

3. We then relate the reduction of processes and that of typings: showing the latter
follows the former gives ussubject reduction(Theorem 5.22),safety(Theorem
5.24) andsession fidelity(Corollary 5.25), while showing the former follows the
latter under a certain condition gives usprogress(Theorem 5.32).

By the correspondence between end-point types and global types, these results guaran-
tee that interactions between typed processes exactly follow the conversation scenario
specified in a global type.

Note that the typing system for runtime we shall introduce inthis section is used
solely for establishing the behavioural properties of typed processes, tracing how typa-
bility is preserved during reduction. This is in contrast tothe simple typing system in
§ 4 which is for typing programs and program phrases.
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5.1 Typing Runtime

How to Type a Queue We first illustrate a key idea underlying our runtime typing
using the following example.

s!〈3〉; s!〈true〉; 0 | s:∅ | s?(x); s?(y); 0 (5)

We type the two processes withs : 1! 〈nat〉; 1! 〈bool〉; end@p ands : 1?〈nat〉; 1?〈bool〉; end@q.
After a reduction, (5) changes into:

s!〈true〉; 0 | s:3 | s?(x); s?(y); 0 (6)

Note that (6) is identical with (5) except that an output prefix in (5) changes its place to
the queue. Thus we can go back from (6) to (5) by placing this message on the top of the
process. A key idea in our runtime typing isto carry out this “rollback of a message”
in typing, using an end-point type with a hole (a type context) for typing a queue. For
example we type the queue in (6) as:

s : { 1! 〈nat〉; [ ]@p, [ ]@q } (7)

where [ ] indicates a hole. Now we cover the type 1!〈bool〉; end with the type context
for p given above, 1!〈nat〉; [ ], obtaining the type 1!〈nat〉; 1! 〈bool〉; end for p, restoring
the original typing.

Labels in a queue are also typed using a type context. For example k : l1 · true · l2
can be typed with

k⊕ l1 : k!〈bool〉; k⊕ l2 : [ ] , (8)

omitting braces for a singleton selection. Now consider reduction

si � ok; P | si : ∅ → P | si : ok. (9)

Assume we type the left-hand side as

s̃ : k⊕ {ok : T, quit : T′}@p. (10)

After the reduction, we obtain the type forP as

s̃ : T@p. (11)

and the type for the queue as:

s̃ : k⊕ {ok : [ ] }@p. (12)

By combining (11) and (12) as before, we obtain

s̃ : k⊕ {ok : T}@p. (13)

We now observe that the located type in (13) is asubtypeof the located type in (10) in
the standard session subtyping [8, 19], which is formally defined as:
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Definition 5.1 Thesubtypingover end-point types, denoted≤sub, is the maximal fixed
point of the function S that maps each binary relationR on end-point types as regular
trees to S(R) given as:

– If TRT′ then k! 〈U〉TS(R)k! 〈U〉T′ and k?〈U〉TS(R)k?〈U〉T′.
– If T iRT′i for each i∈ I ⊂ J then⊕{l i : Ti}i∈I S(R) ⊕ {l j : T′j} j∈J and

& {l j : T j}i∈J S(R) & {l i : T′i }i∈I .

If T ≤sub T′ then T is asubtypeof T′ whereas T′ is a supertypeof T.

Sincek⊕ {ok : T} ≤sub k⊕ {ok : T, quit : T′}, we can type the reductum in (9) using the
located type given in (10), which is a supertype of the located type in (13), through the
standard subsumption, achieving the required rollback.

Type Contexts The type contexts (T,T′, ...) and the extended session typing (∆, ∆′, ...
as before) are given as:

T ::= [ ] | k! 〈U〉; T | k⊕ l i : T

H ::= T | T

∆ ::= ∅ | ∆, s̃: {Hp}p∈I

Thus a type context represents a sequence of outputs and singleton selections which
ends with a hole. As before, the notation “∆, ∆′” denotes the union assuming the do-
mains should not include a common channel name. Theisomorphism≈ on type contexts
is generated from permutations given in§ 4.2 (3, 4). Each assignment in∆may contain
both end-point types and type contexts. We define the partialcommutative algebra◦ as
follows (sid(T) denotes the channel numbers inT).

T ◦ T = T ◦ T = T[T]
T ◦ T′ = T[T′] (sid(T) ∩ sid(T′) = ∅)

In the first rule, we place the output types of message queues on that of a process. In
the second, we compose the type contexts for two sets of messages from the mutually
disjoint sets of queues. NoteT ◦ T′ is defined iff T′ ◦ T is defined and in which case we
haveT[T′] ≈ T′[T]. Note alsoT ◦ T′ is never defined. Composition of{Hp@p}p∈I by ◦
is given point-wise.

Below we define a simple algebra of environments for runtime processes.

Definition 5.2 (type algebra) A partial operator◦ is defined as:

{Hp@p}p∈I ◦ {H
′
p′@p

′}p′∈J = {(Hp ◦ H′p)@p}p∈I∩J ∪ {Hp@p}p∈I\J ∪ {H
′
p′@p

′}p′∈J\I

assuming each◦ on the right-hand side is defined. Otherwise the operation isundefined.
Then we say∆1 and∆2 arecompatible, written∆1 ≍ ∆2, if for all s̃i ∈ dom(∆i) such that
s̃1 ∩ s̃2 , ∅, s̃= s̃1 = s̃2 and∆1(s̃) ◦ ∆2(s̃) is defined. When∆1 ≍ ∆2, thecomposition of
∆1 and∆2, written∆1 ◦ ∆2, is given as:

∆1 ◦ ∆2 = {∆1(s̃) ◦ ∆2(s̃) | s̃ ∈ dom(∆1) ∩ dom(∆2) } ∪ ∆1 \ dom(∆2) ∪ ∆2 \ dom(∆1)

The operation∆ ◦ ∆′ is undefined if∆ ≍ ∆′ does not hold.
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Fig. 8 Selected Typing Rules for Runtime Processes

Γ ⊢ P ⊲t̃ ∆ ∆ ≤ ∆′

Γ ⊢ P ⊲t̃ ∆′
∆ end only

Γ ⊢ s[k] : ∅ ⊲s[k] s̃: {[ ]@p}p ◦ ∆
[S],[Q]

Γ ⊢ vi : Si Γ ⊢ s[k] : h̃⊲s[k]∆, s̃: ({T@q} ∪ R) R= {Hp@p}p∈I
Γ ⊢ s[k] : h̃ · ṽ ⊲s[k] ∆, s̃: (T[k! 〈S̃〉; [ ]]@q} ∪ R)

[Q]

Γ ⊢ s[k] : h̃ ⊲s[k] ∆, s̃: {T@q} ∪ R R= {Hp@p}p∈I
Γ ⊢ s[k] : h̃ · t̃′ ⊲s[k]∆, s̃: (T[k! 〈T ′@p′〉; [ ]]@q} ∪ R, t̃′:T ′@p′

[Q]

Γ ⊢ s[k] : h̃ ⊲s[k] ∆, s̃ : {T@q} ∪ R R= {Hp@p}p∈I
Γ ⊢ s[k] : h̃ · l ⊲s[k] ∆, s̃: (T[k⊕ l : [ ]]@q} ∪ R

[Q]

Γ ⊢ P ⊲t̃1 ∆ Γ ⊢ Q ⊲t̃2 ∆
′ t̃1 ∩ t̃2 = ∅ ∆ ≍ ∆′

Γ ⊢ P | Q ⊲t̃1·t̃2 ∆ ◦ ∆
′

[C]

Γ ⊢ P ⊲t̃ ∆, s̃: {Tp@p}p∈I s̃ ∈ t̃ {Tp@p}p∈I coherent
Γ ⊢ (ν s̃)P ⊲t̃\s̃ ∆

[CR]

5.2 Typing Rules for Runtime

To guarantee that there is at most one queue for each channel,we use the typing judge-
ment refined as:

Γ ⊢ P ⊲s̃ ∆

where s̃ (regarded as a set) records the session channels associatedwith the message
queues. The typing rules for runtime are given in Figure 8. [S] allows subsumption
(≤sub is extended pointwise from types). [Q] starts from the empty hole for each par-
ticipant, recording the session channel in the judgement. [Q] says when we enqueue
ṽ, the type for ˜v is added at the tail. [Q] and [Q] are the corresponding rules for
delegated channels and a label.

[I] allows weakening for empty queue types, while [C] is refined to prohibit
duplicated message queues. The rule does not use coherence (cf. Def.4.2 (2)) since
coherence is meaningful only when all participants and queues are ready.

In [CR], since we are hiding session channels, we now know no other partici-
pants can be added. Hence we check all message queues are composed and the given
configuration at ˜s is coherent.

For the rest, we refine the original typing rules in Figure 7 not appearing in Figure
8 as follows (the full typing rules are listed in Appendix B).

– For [M],[M],[R],[SR],[B] and [D], we replaceΓ ⊢ P ⊲ ∆ with
Γ ⊢ P ⊲∅ ∆.

– [V] is similar to [I] (so that a queue can never occur in processes realising
participants).

– For both [D] and [NR], we replaceΓ ⊢ P ⊲ ∆ by Γ ⊢ P ⊲s̃ ∆.
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Using these typing rules, we can check that the configurations at the beginning of this
section, (5) and (6), are given an identical typing by “rolling back” the type of the
message in the queues; similarly for the next redex and reductum pair in the same page,
(10) and (11).

The typability in the original system in§4 and the one in this system coincide for
processes without runtime elements.

Proposition 5.3 Let P be a program phrase and∆ be without a type context. Then
Γ ⊢ P⊲ ∆ in the typing system in§ 4 iff Γ ⊢ P⊲∅ ∆ is derived without using [S] in the
typing system in this section.

Proof. See Appendix B.

Proposition 5.4 If Γ ⊢ P ⊲s[1..m] ∆ then P has a unique queue at s[i] (1 ≤ i ≤ m), no
other queue at a free channel occurs in P, and no queue in P is under any prefix.

Proof. By mechanical rule induction, see Appendix B.2. 2

5.3 Type Reduction

Next we introduce reduction over session typings and globaltypes, which abstractly
represents interaction in processes at session channels. Below we assume well-formedness
of types and typing.

Definition 5.5 (type reduction) We generate∆→ ∆′ by the following rule:

k! 〈U〉; H@p, k?〈U〉; T@q
k
→ H@p,T@q [TR-C]

k⊕ {l : H, ...}@p, k& {l : T, ...}@q
k
→ H@p,T@q [TR-B]

H1@p1,H2@p2

k
→ H′1@p1,H′2@p2 p1, p2 ∈ I

s̃: {H1@p1,H2@p2, ...}i∈I , ∆
s[k]
→ s̃: {H′1@p1,H′2@p2, ...}i∈I , ∆

[TR-C]

∆ ≈ ∆0 ∆0
s[k]
→ ∆′0 ∆′0 ≈ ∆

′

∆
s[k]
→ ∆′

[TR-I]

For analysing properties of type reduction, in particular with respect to causality in
coherent global types, we introduce several ideas.

Definition 5.6 1. (full projection) AssumeG is coherent. Thenfull projection of G,
denoted by [[G]] is defined as the family{(G↾p)@p | p ∈ pid(G)}.

2. (causal edges on [[G]]) For [[G]] given above, regarding each type in [[G]] as the
corresponding regular tree, we define the causal edges≺II, ≺IO and≺OO among its
prefixes precisely we have done inG.

Proposition 5.7 Each causal edge in G is preserved through the projection onto [[G]] .
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Proof. A casual edge between two nodes of a global type is eitherII, IO or OO. For
example, the shortest path that contains anII-dependency takes a form of:p′ →
p : k.p′′ → p : k′.G. and the projection of this path on participants is{k! 〈〉; G ↾
p′@p′, k?〈〉; k′?〈〉; G↾p@p, k′! 〈〉; G↾p′′@p′′}. The order of receiving two messages by
p in the end-point types is the same as in the path. We can also prove that the projection
preserves the order of messages received by each participant for other dependencies.2

Definition 5.8 We defineG
k
→ G′ if [[ G]]

k
→ [[G′]]. In G

k
→ G′, we take off a prefix atk

in G not suppressed by≺II, ≺IO or≺OO, to obtainG′.

Definition 5.9 (merge set) Assume G is coherent. Then we say two prefixes in G in
different branches of a branching prefix aremergeablewith each other when they are
collapsed in its projection. A prefix is always mergeable with itself. Given a prefixn, its
merge setis the set of prefixes mergeable withn.

Proposition 5.10 Two prefixes in G are mergeable iff they are related to one common
input prefix and one common output prefix in[[G]] through projection.

Proof. This is because, in the defining clauses of projection, thereare no other cases
than the one for branching which collapse two prefixes. 2

Corollary 5.11 There is a bijection between the merge sets in G and the set of input
prefixes in[[G]] . Similarly for resp. the set of output prefixes in[[G]] .

Proof. This is immediate from Proposition 5.10, taking the map induced by the projec-
tion as the required bijection. 2

Definition 5.12 If a merge set of G is related to an input prefix and an output prefix in
[[G]] by the bijection noted in Corollary 5.11 above, we say the former is theprojection
preimageor simplypreimageof the latter, or the latter is theprojection imageor image
of the former.

The following result links the linearity in global types to the causal properties in end-
point types.

Proposition 5.13

(1) If a pair of prefixes in[[G]] (taken up to the type isomorphism≈) form a redex with
respect to→ then they are not suppressed by any of≺II, ≺IO and≺OO.

(2) Given coherent G, let G′ be the result of taking off the merge set of a prefix from G
which is not suppressed by any of≺II, ≺IO and≺OO. Then G′ is again coherent.

(3) Let G be coherent. Then the causal edges are preserved and reflected between the
two merge sets in G and their images in[[G]] . Further each redex pair in[[G]] is the
image of some prefix in G.

Proof. See Appendix B.3. 2
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Proposition 5.13 (1), (2) and (3) together say that the “redexes” in a global type (in
the sense that they are not under any non-trivialIO, OO or II-dependency) is exactly
reflected onto those in its projection.

We can now clarify the relationship between reduction of typings and coherence,
after a definition.

Definition 5.14 (coherence and partial coherence of typings) (1) We say∆ is coher-
entif ∆(s̃) is coherent for each ˜s ∈ dom(∆). (2)∆ is partially coherentif for some∆′ we
have∆ ≍ ∆′ and∆ ◦ ∆′ is coherent.

Proposition 5.15

1. ∆1
s
→ ∆′1 and∆1 ≍ ∆2 imply∆′1 ≍ ∆2 and∆1 ◦ ∆2

s
→ ∆′1 ◦ ∆2.

2. Let∆ be coherent. Then∆
s
→ ∆′ implies∆′ is coherent.

3. Let∆ be partial coherent. Then∆
s
→ ∆′ implies∆′ is partial coherent.

4. Let∆ be coherent and∆(s̃) = [[G]] . Then∆
s[k]
→ ∆′ iffG

k
→ G′ with ∆′(s̃) = [[G′]] .

Proof. For (1) suppose∆1
s
→ ∆′1 and∆1 ≍ ∆2. Note∆1 ≍ ∆2 means that each pair

of vectors of channels from∆1,2 either coincide or are disjoint, and that, if they coin-
cide, their image are participant-wise composable by◦. Since no typed reduction rule
invalidate either condition we conclude∆′1 ≍ ∆2.

For (2), suppose∆ is coherent and∆
s
→ ∆′. Suppose the associated redex is in∆(s̃).

By coherence we can write∆(s̃) as [[G]] for some coherentG. Now consider the preim-
age of the associated redex in [[G]], whose existence is guaranteed by Proposition 5.13
(3). This preimage is not suppressed by causal edges by Proposition 5.13 (1,3). Reduc-
ing [[G]] corresponds to eliminating its preimage fromG, sayG′, whose projection [[G′]]
precisely gives the result of reducing [[G]]. SinceG′ is coherent by Proposition 5.13 (2)
we are done.

Implication (3) is immediate from (1) and (2).
Finally the only if-direction of (4) follows directly from Definition 5.8 and that

∆
s[k]
→ ∆′ implies∆(s̃)

s[k]
→ ∆′(s̃). For the if-direction, by Proposition 5.13(3), the casual

edges ofG are preserved in the images of [[G]] and by Corollary 5.11, there is a bijection

between prefixes inG and the set of input-output prefixes in [[G]]. Hence [[G]]
s[k]
→ [[G′]]

where∆(s̃) = [[G]] and∆′(s̃) = [[G′]]. Then we apply [TR-C]. 2

5.4 Subject Reduction and Communication Safety

For subject reduction we use the following lemmas. In the first lemma below, we say
that two typings,∆1 and∆2, share a common target channel in their type contextswhen,
for somes̃andk, we have: (1)T1@p ∈ ∆1(s̃) andT2@p ∈ ∆2(s̃); and (2)k! 〈U〉 or k⊕ l
occurs inT1 andk! 〈U ′〉 or k⊕ l′ occurs inT2 (i.e. they have an output/selection type at
a shared channel).8

8 Whenever we compose two processes, their typings never share a common target channel in
their type contexts in this sense because, by the disjointness of mentioned channels for queues,
target channels in type contexts can never coincide.
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Lemma 5.16 (partial commutativity and associativity of◦) ◦ on typings is partially
commutative and associative with identity∅ under the condition that, whenever we
compose two typings, they never share a target channel in their type contexts (in the
above sense).

Proof. See Appendix B.4.

Lemma 5.17 AssumeΓ ⊢ P ⊲s̃ ∆. Then all free names and free variables in P occur in
Γ and all free channels in P occur in∆.

Proof. Mechanical. 2

Below aderivation ofΓ ⊢ P ⊲s̃ ∆ is a derivation tree of the typing rules for runtime
processes (fully listed in Appendix B) whose conclusion isΓ ⊢ P ⊲s̃ ∆.

Lemma 5.18 (permutation) (1) Assume given a derivation ofΓ ⊢ P ⊲s̃ ∆ which uses
[S] at its last two steps. ThenΓ ⊢ P ⊲s̃∆ has a derivation identical with the original
one except its last two steps are replaced by a single application of [S]. (2) Assume
given a derivation ofΓ ⊢ P ⊲s̃ ∆ which uses [S] as its last rule and another rule
which is not one of [S], [ S] and [B]. ThenΓ ⊢ P⊲s̃∆ has a derivation which
is identical with the original one except that the last two rules used are permuted.

Proof. (1) is immediate from the transitivity of [S]. (2) is mechanical. 2

Lemma 5.19 (queue)The following rules are admissible in the typing system for run-
time processes. Below lets̃ = s[1..k..n] and assume in each rule◦ in the premise is
well-defined.

Γ ⊢ s[k] : h̃ ⊲s̃′ ∆ ◦ s̃ : {T@p} Γ ⊢ ṽ ⊲ S̃

Γ ⊢ s[k] : h̃ · ṽ ⊲s̃′ ∆ ◦ s̃ : {T[k! 〈S̃〉; [ ]]@p}
[Q]

Γ ⊢ s[k] : h̃ ⊲s̃′ ∆ ◦ s̃ : {T@p} {t̃} fresh

Γ ⊢ s: h̃ · t̃ ⊲s̃′ ∆ ◦ s̃ : {T[k! 〈T@p′〉; [ ]]@}, t̃ : {T@p′}
[Q]

Γ ⊢ s: h̃ ⊲s̃′ ∆ ◦ s̃ : {T@p}

Γ ⊢ s: h̃ · l ⊲s̃′ ∆ ◦ s̃ : {T[k⊕ {.. , l : [ ] , ..}]@p}.
[Q]

Γ ⊢ s: ṽ · h̃ ⊲s̃′ ∆ ◦ s̃ : {k! 〈S̃〉; T@p}@p

Γ ⊢ s: h̃ ⊲s̃′ ∆ ◦ s̃ : {T@p}.
[Q]

Γ ⊢ s: t̃ · h̃ ⊲s̃′ ∆ ◦ s̃ : {k! 〈T@p′〉; T@p}, t̃ : {T@p′}@p′

Γ ⊢ s: h̃ ⊲s̃′ ∆ ◦ s̃ : {T@p}.
[Q]

Γ ⊢ s: l · h̃ ⊲s̃′ ∆ ◦ s̃ : {k⊕ l : T@p}

Γ ⊢ s: h̃ ⊲s̃′ ∆ ◦ s̃ : {T@p}
[Q]
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Proof. See Appendix B.2. 2

Below we do not require the substitution lemmas for session channels and process vari-
ables, cf. [56].

Lemma 5.20 (substitution and weakening) (1) (substitution)Γ, x : S ⊢ P ⊲s̃ ∆ and
Γ ⊢ v:S implyΓ ⊢ P[v/x] ⊲s̃ ∆. (2) (weakening) WheneverΓ ⊢ P ⊲s̃ ∆ is derivable then
its weakening,Γ ⊢ P ⊲s̃ ∆, ∆′ for disjoint∆′ where∆′ contains only empty type contexts
and for typesend, is also derivable.

Proof. Standard, see [56]. 2

Among the lemmas above, the lemmas for queues are needed for treating reduction
involving queues in the present asynchronous operational semantics. We can now es-
tablish subject reduction.

Remark 5.21 Theorem 5.22 (3) and the subsequent results (in particular Theorems
5.24 and 5.32 below) tell us, through Proposition 5.3, that the typing system in§ 4,
which is for programs and program phrases, guarantees type safety and other significant
behavioural properties for typable programs.

Subject Reduction, Communication Safety and Session Fidelity By the above propo-
sition and the substitution lemma, we obtain:

Theorem 5.22 (subject congruence and reduction)

1. Γ ⊢ P ⊲s̃ ∆ and P≡ P′ implyΓ ⊢ P′ ⊲s̃ ∆.
2. Γ ⊢ P ⊲s̃ ∆ such that∆ is coherent and P→ P′ implyΓ ⊢ P′ ⊲s̃ ∆′ where∆ = ∆′ or

∆
s′
→ ∆′ for some s′.

3. Γ ⊢ P ⊲∅ ∅ and P→ P′ implyΓ ⊢ P′ ⊲∅ ∅.

Proof. See Appendix B.5.

Theorem 5.22 immediately entails the lack of the standard type errors in expressions
(such astrue + 3). The type discipline also satisfies, as in the preceding session type
disciplines [24], communication error freedom, includinglinear usage of channels. We
first introduce the reduction contextE as follows:

E ::= E |P | P|E | (νn)E | def D in E

We also say and write:

– A prefix is at s (resp.at a) if its subject (i.e. its initial channel) iss (resp.a).
Further a prefix isemittingif it is request, output, delegation or selection, otherwise
it is receiving.

– A prefix is activeif it is not under a prefix or anif branch, after any unfoldings by
[D]. We write P〈〈s〉〉 if P contains an active subject ats after applying [D], and
P〈〈s!〉〉 (resp.P〈〈s?〉〉) if P contains an emitting (resp. receiving) active prefix ats.
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– P has aredex at sif it has an active prefix atsamong its redexes.

Below and henceforth we safely confuse a channel (as a number) in a typing and
the corresponding free session channel of a process.

Lemma 5.23 AssumeΓ ⊢ P ⊲∅ ∆ s.t.∆ ◦ ∆0 is coherent for some∆0.

1. If P〈〈s〉〉 then P contains either a unique active prefix at s or a unique active emitting
prefix and a unique active receiving prefix at s.

2. If P contains an active emitting (resp. receiving) prefix at s then∆ contains an
emitting (resp. receiving) minimal prefix at s.

Proof. By easy rule induction, see Appendix B.7.

The following result decomposes the standard property for synchronous session types [24,
49, 56] into the sending side and the receiving side, due to the existence of queues. We
assume the standard bound name convention.

Theorem 5.24 (communication safety)SupposeΓ ⊢ P ⊲t̃ ∆ s.t.∆ is coherent and P
has a redex at free s. Then:

1. (linearity) P≡ E[s: h̃] such that either
(a) P〈〈s?〉〉, s occurs exactly once inE andh̃ , ∅; or
(b) P〈〈s!〉〉 and s occurs exactly once inE; or
(c) P〈〈s?〉〉, P〈〈s!〉〉, and s occurs exactly twice inE.

2. (error-freedom) if P≡ E[R] with R〈〈s?〉〉 being a redex:
(a) If R≡ s?(ỹ); Q then P≡ E′[s : ṽ · h̃] for someE′ and |ṽ| = |ỹ|.
(b) If R≡ s?((s̃)); Q then P≡ E′[s : t̃ · h̃] for someE′ and |s̃| = |t̃|.
(c) If R≡ s� {l i : Qi}i∈I then P≡E

′[s: l j ·h̃] for someE′and j∈ I.

Proof. For (1), letP ≡ (νñ)(P0|s : h̃|Q) whereP0 does not contain a queue andQ only
contains queues (by Proposition 5.4). By Lemma 5.23 we knowP0 has either a single
active prefix or a pair of a receiving active prefix and an emitting active prefix. So we
have three cases:

– P0〈〈s?〉〉 and there is no other active prefixes ats: if so because there is a redex inP
the queue cannot be empty.

– P0〈〈s!〉〉 and there is no other active prefixes ats: then this gives us a redex.
– P0〈〈s!〉〉 andP0〈〈s?〉〉. Then at least the former gives a redex but the latter can alsogive

a redex.

Hence as required.
For (2), if P satisfies the stated condition then we can writeP ≡ E′[s : h̃|R] and

S
def
= s : h̃|R form a redex, with the same typing by Theorem 5.7 (1). Since this should

have a partially coherent typing it in particular means the pair of active prefixes ats
in the tying ofS should be complementary. The rest is by the direct correspondence
between the type constructors and the prefixes. 2
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By Theorems 5.22 and 5.24, a typed process “never goes wrong”in the sense that its
interaction at a multiparty session channel is always one-to-one and that each deliv-
ered value matches the receiving prefix. By Lemma 5.23 (2) andby the typing of the
associated queue, this delivery precisely corresponds to aredex in the session typing.

As the corollary of Theorem 5.22(2) and Proposition 5.15(4), we obtainsession
fidelity: the interactions of a typable process exactly follow the specification described
by its global type.

Corollary 5.25 (session fidelity) AssumeΓ ⊢ P⊲t̃∆ such that∆ is coherent and∆(s̃) =
[[G]] . If

1. P〈〈s[k]?〉〉 → P′ at the redex of s[k], thenΓ ⊢ P′ ⊲t̃∆′ with G
k
→ G′ and[[G′]] = ∆′(s̃),

or
2. P〈〈s[k]! 〉〉 → P′ at the redex of s[k], thenΓ ⊢ P′ ⊲t̃ ∆.

Proof. In (1), the conclusionΓ ⊢ P′ ⊲t̃ ∆′ where∆ = ∆′ or ∆
s[k]
→ ∆′ follows directly

from the subject reduction theorem 5.22(2). Then second conclusionsG
k
→ G′ and

[[G′]] = ∆′(s̃) follow directly from Proposition 5.15 (4). If not, a senderputs some value
in the queue. Hence (2) obviously holds. 2

5.5 Progress

Communication safety says that if a process ever does a reduction, it conforms to the
typing and it is linear. If interactions within a session arenot hindered by initialisation
and communication ofdifferentsessions, then the converse holds: the reduction pre-
dicted by the typing surely takes place, the standard progress property in binary session
types [15, 24]. First we define:

Definition 5.26 Let Γ ⊢ P ⊲s̃ ∆. ThenP is queue-fullwhen{s̃} coincide with the set of
session channels occurring in∆.

A process is queue-full when it has a queue for each session channel. The following
precludes interleaving of other sessions (including initialisations and communications)
which can introduce deadlock. For example, two session initialisationsa[2](s).b[2](t).s?;t!
anda[2](s).b[2](t).t?;s! cause deadlock. Observe, because we have multiparty sessions,
there is less need to use interleaved sessions.

Definition 5.27 (simple) A processP is simplewhen it is typable with a type derivation
where the session typing in the premise and the conclusion ofeach prefix rule in Figure
7 is restricted to at most a singleton.

Thus each prefixed subterm in a simple process has only a unique session.

Proposition 5.28 Let P0 be simple and P0 →∗ P. Then no delegation prefix (input or
output) occurs in P and for each prefix with a shared name in P, say a[i]( s̃).P′ or
a[2..n]( s̃).P′, there is no free session channels in P′ excepts̃.
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Proof. See Appendix B.8.

Another element which can hinder progress is when interactions at shared names cannot
proceed.

Definition 5.29 (well-linked) We sayP is well-linkedwhen for eachP →∗ Q, when-
everQ has an active prefix whose subject is a (free or bound) shared name, then it is
always part of a redex.

Thus, in a simple well-linkedP, each session is never hindered by other sessions nor
by a name prefixing. The key lemma for simple processes follows. Below we safely
confuse a channel in a typing and the corresponding free session channel of a process.

Lemma 5.30 LetΓ ⊢ P⊲s̃∆ and P is simple. If there is an active receiving (resp. active
emitting) prefix in∆ at s and none of prefixes at s in P is under a prefix at a shared name
or under anif-branch, then P〈〈s?〉〉 (resp. either P〈〈s!〉〉 or the queue at s is not empty).

Proof. By rule induction using Proposition 5.28, see Appendix B.9. 2

Proposition 5.31 LetΓ ⊢ P⊲s̃∆, ∆ is coherent, P is simple, well-linked and queue-full.
Then:

1. If P 6≡ 0 then P→ P′ for some P′.

2. If ∆(t̃) = [[G]] and G
k
→ G′, then P→+ P′ at the redex at tk s. t.Γ ⊢ P′ ⊲s̃ ∆′ with

∆′(t̃) = [[G′]] .

Proof. Let P be simple, queue-full and well-linked, andΓ ⊢ P ⊲s̃ ∆ such that∆ is
coherent. Without loss of generality we can assumeP does not have hidings (we can
just take off and the result is again simple, queue-full, well-linked andcoherent). Since
∆ is coherent, if∆ contains any prefix then, by Proposition 5.28, it should forma redex
(together with another prefix to form the image of a merge set). By Lemma 5.30 and
Theorem 5.24 (1,2) and by the well-linkedness, either thereis an if-branch above the
prefix orP has an active prefix (or prefixes) ats in P. For the former, this if-branch itself
cannot be under any prefix since that violates the activenessat s in ∆. So this if-branch
can reduce hence done.

If not then by Lemma 5.30 there are the following cases:

(a) P ≡ E[Q〈〈s!〉〉|s : h̃|R〈〈s?〉〉], in which case there is at least one redex inP between the
emitting prefix and the queue.

(b) P ≡ E[s : h̃|R〈〈s?〉〉] with h̃ non-empty, in which case there is a redex between the
non-empty queue and the receiving redex.

(c) P ≡ E[Q〈〈s!〉〉|s : h̃], in which case there is a redex as in (a).

In each case there is a reduction hence done. 2

(2) above gives the converse of Corollary 5.25: if the globaltype has a reduction, then
the process can always realise it.
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Theorem 5.32 (progress)Let P be a simple and well-linked program. ThenP has the
progress propertyin the sense thatP→∗ P′ implies eitherP′ ≡ 0 or P′ → P′′ for some
P′′.

Proof. Immediate from Proposition 5.28, Lemma 5.30 and Theorem 5.31. 2

A simple application of Theorems 5.22 (3), 5.24 and 5.32 for processes from§2.3 fol-
low. Belowcommunication mismatchstands for the violation of the conditions given in
Theorem 5.24 (2).

Proposition 5.33 (properties of two protocols)

1. Let Buyer1|Buyer2|Seller→∗ P. Then P is well-typed, simple and well-linked, P
has no communication mismatch, and either P≡ 0 or P→ P′ for some P′.

2. Similarly for DataProducer|KeyProducer|Kernel|Consumer.

Proof. Immediate from Theorem 5.32 because these two configurations are typable
programs each of which loses its shared name in the initial reduction (at which point all
the occurrences of the shared name are used). 2

The progress property is stated for simple, well-linked processes. The practical sig-
nificance of the progress result under these constraints is that, if a typable program ever
gets stuck during reduction, then its causes are other than the structure of individual
typed conversations: thus we are ensured that the causes of deadlock (if any) in typed in-
teractions do not lie in each conversation structure itself, allowing their well-articulated
analysis.

6 Extensions and Related Work

We discuss several extensions and directly related works.

6.1 Extensions

Existing Extensions of Session TypesIn the literature, several extensions of binary
session type disciplines have been proposed, including subtyping [19], bounded poly-
morphism [18], integration with security annotations to guarantee authentication prop-
erties [4], and integration with higher-orderπ-calculus [34]. We believe that integrations
with these extensions should be possible and will enrich expressive power and applica-
bility of the theory.

Multithreaded Participant Another straightforward extension is to allow a multi-
threaded participant, so that a single participant can perform parallel conversations with
others during a session. For this extension we add the parallel composition (T1,T2) to
the grammar of end-point types, equipped with the followingisomorphism (using type
contexts in§5): T[T1],T2 ≈ T[T1,T2] if for no k there is an output atk in bothT andT2

(such a prefix adds falseOO-dependency), as well as commutativity and associativity.
Linearity betweenT1 andT2 in T1,T2 is given by coherence via projection.
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Graph-Based Global Types The syntax of global types uses the standard abstract
syntax tree. We can further generalise this tree-based syntax to graph structures to obtain
a strictly more expressive type language, enlarging typability. Consider the two end-
point processesP ≡ s!.t? andQ ≡ t!.s?: their parallel composition does not introduce
conflict hence it is linear and safe. This situation however cannot be represented in
the current global types since two “prefixes” criss-cross each other. Interestingly, our
linearity conditions in§ 3.3, based on input/output dependencies, can directly capture
the safety of this configuration. All we need to do is to take the graphs of prefixes and
II, IO andOO-edges (cf. Figure 5) under the linearity condition (precisely following
§3.3) as global types, augmented with an acyclicity condition on chains of these causal
edges. All other definitions and results stay the same. Our recent work [35] studies a
generation of graph-based global types from end-point types.

Synchrony and Asynchrony Most of the session types currently studied are binary
and synchronous [24]. In some computing environments (e.g.tightly coupled SMP),
synchrony would be more suitable. Adding synchrony means wehave more causality:
OO-dependency between different names as well as theOI-dependency (i.e. the depen-
dency from output to input, cf. Figure 5), which in asynchrony never arises§ 3.2. Our
subsequent work [2] studies a synchronous multiparty session type.

A different direction is to consider asynchronous message passing without order-
preservation [23] which are also used in some computing environments (though in many
environments we have efficient order-preserving transport such as TCP). Again we can
use our modular articulation, by taking off OO-edges to obtain a consistent theory for
pure asynchrony.

Multicast Primitives for Sessions Communication Two Buyer Protocol uses a mul-
ticasting prefix notations, t! 〈V〉. The present work treats it as a macro fors! 〈V〉; t! 〈W〉
which has an essentially identical abstract semantics. Having proper multicasting prim-
itives for session communication is however useful especially in the case of sessions
involving a large number of participants, using multicast protocols such as IP-multicast
through APIs. It also enriches the type structures: we extend p → p′ : k in the pre-
fix of global types top → p1, .., pn : {k1, ..., kn} (with a practical adaptation such as
group addressing), representing the multicast of a messageto p1, .., pn via channels
k1, ..., kn by participantp, similarly we extend end-point session types tok̃!〈U〉 from
k!〈U〉. Causality analysis remains the same by decomposing each multicasting prefix
into its unicasting elements and considering causality foreach of them. Our subsequent
work [2, 3] use multicasting and prove the subject reductiontheorems in asynchronous
and synchronous multiparty sessions.

6.2 Related Work

There is a large literature on session types for both processcalculi (in particularπ-
calculi) and programming languages. Below we discuss some of the most closely re-
lated works.
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Asynchronous Session TypesOur multiparty session types are based on message-
order preserving asynchronous communication. Operational semantics of binary ses-
sions based on asynchronous communication was first considered by [39]. Recently
[20] studies the asynchronous version of binary sessions for an ML-like language based
on [51]. In [20], a message queue is given two endpoint channels and a direction.

The work [12] studies the asynchronous binary session typesfor Java, extending the
previous work in [15], and prove the progress by introducingan effect system. The re-
sulting system does not allow interleaving sessions so thatinteractions involving more
than two parties such as examples in§ 2.3 cannot be represented. Our theorem es-
tablishes the progress property on multiple session channels, significantly enlarging
the framework in [12]. Recently [14] propose a typing systemfor progress in binary
synchronous interleaving sessions. Typable processes there obey the partial orders of
shared and session channels inferred during type-checking. Because of a use of the
global types, processes typed by our multiparty session typing do not have to follow
such ordering; on the other hand, the system in [14] does not require the simpleness
condition (Definition 5.27). A combination of these two typing systems will enlarge
typability, guaranteeing the progress in many situations:recent work [3] published after
the extended abstract of this paper [26] develops a progresstyping system for multiparty
sessions based on the technique in [14].

The concurrent work done by [5], which is independently conceived and developed,
studies a multiparty session typing for asynchronous communication. While treating the
common topic, the technical direction of their work is different from that of the present
work. Instead of global types, they solely use what we call (recursion-free) end-point
types. In type checking, end-point types are projected to each binary session, so that
type safety can be ensured using duality. Since we lose sequencing information in this
way, the progress property is not guaranteed. The use of global types in the present
work leads to transparent treatment of type structures suchas recursion, the guarantee
of stronger behavioural properties such as progress, and (arguably) more intelligible
description of multiparty interaction structures.

Global Description of Session TypesThere are two recent works which studied global
descriptions of sessions in the context of Web services and business protocols, by the
present authors [8] and by [13]. [8] presented anexecutable languagefor directly de-
scribing Web interactions from a global viewpoint and provided the framework for
projecting a description in the language to end-point processes. The use of global de-
scription fortypesand its associated theories have not been developed in [8]. The type
disciplines for the two (global and end-point) calculi studied in [8] are based on binary
synchronous session types, hence safety and progress for multiparty interactions are not
considered.

[13] investigates approaches to cryptographically protecting session execution from
both external attackers in networks and malicious session principals. Their session spec-
ification models an interaction sequence between two or moreconstituentroles, an ab-
straction of network peers. The description is given as a graph whose node represents
a specific state of a role in a session, and whose edge denotes adyadic communica-
tion and control flow. The purpose of the message flow graphs in[13] is more to serve
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as a model for systems and programs than to offer a type discipline for programming
languages.

First their work does not (aim to) present compositional typing rules for processes.
Secondly their flow graphs do not (try to) represent such elements as local control
flow (e.g. prefixing), channel-based communication and delegation. Third their opera-
tional structures may not be oriented towards type abstractions: for example their choice
structures are based on transitions of flow graphs than additive structures realisable by
branching and selection.

Integration of their and our approaches is an interesting further topic: for example,
we may consider developing a runtime validation method for multiparty sessions using
flow models induced by our global types.

Semantics of DelegationThe present work uses, for a simpler presentation, the op-
erational semantics of delegation from [24] which demands that delegated channels do
not occur in the receiver. This prevents a process from acting as two or more partic-
ipants in the same session, which usually deadlock. The duplication check is easily
implementable in a way analogous to the standard mechanism of firewalls. The more
generous rule [19, 56] allows substitution of session channels as in [R], which also
satisfies type safety and progress through annotations on channels and types. This anno-
tation extends the method in [19, 56]: instead of polaritieswe use indices by participants
to annotate each usage of channels. With this change the whole theories remain intact
with exactly the same operational semantics and typing for programs. We study this
delegation in [2, 3].

Linear and Behavioural Types for Mobile ProcessesAmong many works on types
for mobile processes, session type disciplines in general and the present work in partic-
ular are most closely related with linear/IO-typedπ-calculi with causality information.
The session type disciplines are related with linear and IO-typedπ-calculi with causality
information. The causality analysis in global types is partly inspired by the graph-based
linear types developed in [54, 55] where ordering among multiple linear names (which
correspond to session channels) guarantees deadlock-freedom of typed processes. Sev-
eral work [28, 29] study generalised forms of linear typing for guaranteeing different
kinds of deadlock-freedom, incorporating synchronisations and locking.

A main difference of session type disciplines from these and other preceding works
in this field is a notion of rigorously structured conversations and their direct type
abstraction. See [1, 14] for detailed discussions, including comparisons between the
session-based and the behavoural-based ones [29, 54, 55]; in [1, 3, 14], structured ses-
sion primitives help to give simpler typing systems for progress for binary sessions.

By raising the level of abstraction through the use of structured primitives such as
separate session initiation, branching and recursion, session types can describe com-
plex interaction structures more intelligibly and enable efficient type checking. These
features would have direct applicability for the design of programming languages with
communication [8, 25, 27, 44, 45, 47].

One of the novelties of the present work is the introduction of global description as
types and a use of their projection for type-checking. They offer a modular and system-
atic causality analysis rather than directly working on individual syntax and operational
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semantics, with adaptations to asynchronous and synchronous communications. Com-
posability of multiple programs is transparent through projection of a common global
type while complex syntax of types and typing are required inthe traditional approach.
To our knowledge, this method has not been investigated so far in the types of mobile
processes.

Advanced Process Calculi and TypesSeveral process calculi for broadcasting have
been investigated to model and analyse broadcasting networks including (recently) mo-
bile ad-hoc networks, starting from Prasad’s thesis [42]. Recent works focus on be-
havioural equivalences with lts [31, 32, 43] and static analysis [37] to investigate a
number of different broadcasting. None of them studied the typing system and pro-
vided a strong progress guarantee as ensured by our session types. Our session types
use a static participant information in the syntax and types. Recent advanced typing
systems for location-based distributed processes [22] usethe similar notion for types
T@p, allowing dynamically instantiate locations into the capabilities using dependent
type techniques. Since our aim is to prove the simplest extension of the original session
types to multiparty, the static participants are enough even for delegations. It is a valu-
able further study to investigate a dynamic change of participant numbers when session
initialisation (without explicitly declaringp in the syntax) by using channel dependent
types [34] or polymorphism.

Other Recent Service-Oriented Calculi Different approaches to the description of
service-oriented multiparty communications are taken in [6, 7]. In [6], the global and
local views of protocols are described using a synchronous CCS-based calculus as a
contract language, and testing-preorders to check subcontract compliance; [7] proposes
a distributed calculus which provides communications either inside sessions or inside
locations, modelling merging running sessions. Another recent work [52] presents a
calculus for service orientations by extending theπ-calculus with context-sensitive in-
teractions, equipped with service and request primitives and local exceptions. The study
of formal theories of contracts are studied in [11, 40] usingCCS-like processes as a type
representation. These recent works do not treat a frameworkin the present work – a pre-
scription of protocols by the global types, their end-pointprojections, backed-up by the
efficient projection and type-checking, ensuring strong safety properties based on the
session type discipline. Our subsequent work on synchronous multiparty session types
[2], advanced progress [3] and asynchronous commutative multiparty session types for
a refinament [35] demonstrate generality and applicabilityof the framework developed
in this paper.

7 Conclusion

One of the main open problems of the session types is whether binary sessions can
be extended ton-party sessions and, if they can, what is their additional expressive-
ness and benefits. This paper answers the question affirmatively. The present theory
can guarantee stronger conformance to stipulated conversation structures than binary
sessions when a protocol involves more than two parties. We proposed a new efficient
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type checking system and proved type safety and progress, extended to multiparty in-
teractions. The central technical underpinning of the present work is the introduction
of global types, which offer an intuitive syntax for describing multiparty conversation
structures from a global viewpoint; and the use of their projection for efficient type-
checking, proposing a new effective methodology for programming multiparty interac-
tions in distributed environments. Global types also offer a basis of a clean modular
causal analysis systematically applicable to both synchronous and asynchronous com-
munications, ensuring the progress and session fidelity.

There are several significant future topics on the theory andapplications of the pro-
posed theory. We are currently starting to use this generalised session type structure
as one of the formal foundations of the next version of a web service description lan-
guage, WS-CDL from W3C [53] and a message scheme for financialprotocols, UNIFI
from ISO [50]. We are currently designing and implementing amodelling and specifi-
cation language with multiparty session types [47] for these standards with our industry
collaborators. This consists of three layers: the first layer is a global type which cor-
responds to a signature of class models in UML; the second oneis for conversation
models where signatures and variables for multiple conversations are integrated; and
the third layer includes extensions of the existing languages (such as Java [27]) which
implement conversation models. Others future topics include tools assistance for the de-
sign and elaboration of global types; incorporation of typed exceptions to sessions; and
integration of the type discipline with diverse specification concerns including security
and assertional methods.
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A Proof of Proposition 3.6

Below the proofs of both (1) and (2) induce concrete algorithms. Global types are gen-
erally treated as regular trees (except e.g. when we consider substitution). We first in-
troduce the following notation.
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Notations A.1 (i) In the following we writeG(0), G(1), ...,G(n), ... for the result of
n-times unfolding of each recursion inG. For example ifG is µt.G′ and this is the
only recursion inG, thenG(0) is given asG′[end/t], G(1) is given asG′[G(0)/t]
and, for eachn, G(n + 1) is given asG′[G(n)/t]. If G contains more than one re-
cursion we perform the unfolding of each of its recursions. For convenience we set
G(−1) to be the empty graph.

(ii) Observing eachG(n+ 1) is the result of adding zero or more unfoldings toG(n),
so thatG(n+ 1) contains the exact copy ofG(n), we writeG(n+ 1)\G(n) to denote
the newly added (unfolded) part ofG(n+ 1).

(iii) Given a noden in G(m+ 1)\G(m), we can jump back fromn once to reach its
“original” in G(m)\G(m− 1) (which isG(0) if m= 0). This exact copy ofn which
was created “one unfolding ago”, is called theone-time folding ofn, or simply the
folding ofn. In the same way we definethe i-th folding ofn which is inG(m− i +
1)\G(m− i) (which isG(0) if i = m+ 1). Note there arem+ 1 such “foldings” ofn
in G(m+ 1)\G(m).

Proof of (1) Below we say there are input/output dependencies fromn1 to n2 when
there is an input dependencyandan output dependency fromn1 to n2.

Claim. (A) Supposen1,2 and their respectivei-th foldingsn′1,2 are inG(m). Then there
are both input/output dependencies fromn1 to n2 iff there are both input/output depen-
dencies fromn′1 to n′2. (B) Let n′ be the folding ofn. Then there is always both input
and output dependencies fromn′ to n.

Proof (of Claim).(A) is immediate since the graph structure of the foldings isidentical
to that of the originals (i.e. we can simply “fold” the original two onto their foldings
and all prefix relations coincide). (B) is obvious since there always exist bothII andOO
dependencies by the definition of linearity. 2

We now prove the statement. Fix a global typeG and assumeG(1) is linear. We show by
induction onn (n ≥ 1) that eachG(n) is linear. Henceforth we ignore nodes in carried
types.

Base step.This is linearity ofG(1) which is the assumption itself.

Induction Step. SupposeG(n) is linear. Then take two nodesn1 andn2 in G(n + 1)
(but not in carried types) which happen to share a common channel. We show there are
input/output dependencies fromn1 to n2, or the same holds in the reverse direction. We
say suchn1,2 areconflict-freefor brevity. We do case analysis depending on the position
of these nodes inG(m+ 1).

(i) If n1,2 are inG(n) then they already have input/output dependencies by induction
hypothesis.

(ii) If n1 is in G(n)\G(n− 1) andn2 is in G(n + 1)\G(n) then take their two foldings
sayn′1 andn′2 respectively. By induction hypothesis they are conflict-free by a pair of
dependency chains. By Claim A we are done.
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(iii) If n1 is in G(n− i) (i ≥ 1) andn2 is in G(n+ 1)\G(n) then take the folding ofn2 say
n′2 which is inG(n). By induction we known1 andn′2 are conflict-free.

By Claim B, there are both input and output dependencies fromn2 to n′2. Thus we
have both input and output dependencies fromn1 to n′2 andn′2 to n2 (hencen1 to n2).
Now we connect these chains and we are done. 2

B Full Typing Rules for Runtime Processes

This appendix first presents the full typing rules except those for expressions.

Γ ⊢ a: 〈G〉 Γ ⊢∅ P ⊲ ∆, s̃: (G↾1)@1 |s̃| = |sid(G)|
Γ ⊢∅ a[2..n] (s̃).P ⊲ ∆

[M]

Γ ⊢ a: 〈G〉 Γ ⊢∅ P ⊲ ∆, s̃: (G↾p)@p |s̃| = |sid(G)|
Γ ⊢∅ a[p] (s̃).P ⊲ ∆

[M]

Γ ⊢ ej : S j Γ ⊢∅ P ⊲ ∆, s̃: T@p

Γ ⊢∅ s[k]! 〈ẽ〉; P ⊲ ∆, s̃: k! 〈S̃〉; T@p

Γ, x̃: S̃ ⊢ P∅ ⊲ ∆, s̃: T@p

Γ ⊢∅ s[k]?(x̃); P ⊲ ∆, s̃: k?〈S̃〉; T@p
[S], [R]

Γ ⊢∅ P ⊲ ∆, s̃: T@p
Γ ⊢∅ s[k]! 〈〈t̃〉〉; P ⊲ ∆, s̃: k! 〈T ′@p′〉; T@p, t̃ : T ′@p′

Γ ⊢∅ P ⊲ ∆, s̃: T@p, t̃ : T ′@p′

Γ ⊢∅ s[k]?((t̃)); P ⊲ ∆, s̃: k?〈T ′@p′〉; T@p
[D],[SR]

Γ ⊢∅ P ⊲ ∆, s̃: T j@p j ∈ I

Γ ⊢∅ s[k] � l; P ⊲ ∆, s̃ : k⊕ {l i : Ti}i∈I@p
Γ ⊢∅ Pi ⊲ ∆, s̃: Ti@p ∀i ∈ I

Γ ⊢∅ s[k] � {l i : Pi}i∈I ⊲ ∆, s̃: k & {l i : Ti}i∈I @p
[S],[B]

Γ ⊢∅ e⊲ bool Γ ⊢ P ⊲ ∆ Γ ⊢ Q ⊲ ∆
Γ ⊢∅ if e then P else Q ⊲ ∆

[I]

Γ ⊢ P ⊲t̃1 ∆ Γ ⊢t̃2 Q ⊲ ∆′ t̃1 ∩ t̃2 = ∅ ∆ ≍ ∆′

Γ ⊢t̃1·t̃2 P | Q ⊲t̃1·t̃2 ∆ ◦ ∆
′

[C]

∆ end only ∆′ [ ] only
Γ ⊢ 0 ⊲∅ ∆, ∆′

Γ ⊢ P ⊲t̃ ∆ ∆ ≤ ∆′

Γ ⊢ P ⊲t̃ ∆′
[I],[S]

Γ,a: 〈G〉 ⊢t̃ P ⊲ ∆
Γ ⊢t̃ (ν a)P ⊲ ∆

Γ ⊢ P ⊲t̃ ∆, s̃: {Tp@p}p∈I s̃ ∈ t̃ {Tp@p}p∈I coherent

Γ ⊢t̃\s̃ (ν s̃)P ⊲ ∆
[NR],[CR]

Γ ⊢ ẽ: S̃ ∆ end only

Γ,X : S̃T̃ ⊢∅ X〈ẽs̃1..s̃n〉 ⊲ ∆, s̃1 : T1@p1, .., s̃n : Tn@pn
[V]

Γ,X : S̃T̃, x̃: S̃ ⊢∅ P ⊲ s̃1 : T1@p1..s̃n : Tn@pn Γ,X : S̃T̃ ⊢t̃ Q ⊲ ∆
Γ ⊢t̃ def X(x̃s̃1..s̃n) = P in Q ⊲ ∆

[D]

The typing rules for queues are from Figure 8.
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B.1 Proof of Proposition 5.3

SupposeP is a program phrase. By definition,P is without queues and without bound
channels. We show two implications.

(1) Γ ⊢ P ⊲ ∆ impliesΓ ⊢ P ⊲∅ ∆: SupposeP is typable in the original typing rules (for
program phrases). Since the typing rules for runtime processes subsume the original
rules, they can typeP with the same derivation.

(2) Γ ⊢ P ⊲∅ ∆ without [S] implies Γ ⊢ P ⊲ ∆: SupposeP is typable in the refined
system asΓ ⊢ P⊲∅∆ without type contexts in∆ and without using [S]. By the lack of
[S] in the derivation, the derivation precisely follows the structure ofP. We inspect
the potential differences between the original rules and the refined rules.

– (Use of Type Contexts in Derivation) Suppose the derivationuses a type context.
The only place it can be taken off is [C]. Since there is no queue inP this means
the type context has been empty as the result of weakening by [I]. Hence its
use can be taken off from the derivations.

– (Use of Refined Constraints on Queue Channels in Judgements)Since the only rule
which decreases the number of mentioned queue channels in the judgement (as in
⊲s̃) is [CR] we know each judgement in the derivation has the∅ as its mentioned
queue channels. Hence the constraint on queue channels in [C] and other rules
are never used.

Thus this derivation forP in the refined rules offers the derivation in the original rules
as is, hence done. 2

B.2 Proof of Proposition 5.4

AssumeΓ ⊢ P ⊲s[1..m] ∆. We call s1...sm in Γ ⊢ P ⊲s[1..m] ∆, the judgement’smentioned
queue channelsor simplyqueue channels.

We first show there is one-to-one correspondence between thefree queues inP and
the mentioned queue channels by inspecting each rule.

Case[I]: Zero queue channel to zero queue.

Case[Q]: It connects precisely one channel to one queue.

Case[Q], [Q], [Q]: These “enqueue” rules leave the number of channels one
assigned to the unique queue channel.

Case[M], [M], [S], [R], [D], [SR], [S] and [B], [I ], [V],
[D]: Each of these process construction rules leaves the queuechannels unchanged
(empty).

Case [C]: in the premise, assumeΓ ⊢ P ⊲t̃1 ∆ andΓ ⊢t̃2 Q ⊲ ∆′ the free queues
in P have channels̃t1 while the free queues inQ have channels̃t2. Since we assume
t̃1 ∩ t̃2 = ∅ andP|Q have exactly the sum of their respective queues.

Case[NR]: The rule leaves both the queues and the queue channels unchanged.

Case[CR]: The rule precisely takes off those channels whose channels become bound.
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Case[S]: No change in the process and no change in the queue. This exhausts all
cases.

By the case analysis above, we conclude that free queues and mentioned queue
channels precisely correspond to each other. Further the case analysis also shows that
each prefix rule assumes the process has no free queue before prefixing (in the premise).
Further a program phrase cannot have channel restriction sothat all of its existing
queues should be recorded in queue channels. We can now conclude that no queue
can be under a prefix. 2

B.3 Proof of Proposition 5.13

For (1), observe that redexes in the base rules in Definition 5.5, [TR-C] and [TR-B],
are in the minimal positions: thus we have only to validate the statement when a redex
syntactically occurs below another prefix but gets permutedup by the type isomor-
phism, reflected in reduction by [TR-I]. We consider each kind of the causal edges.

Case(a): If a prefix suppresses another prefix (which is a redex, similarly in the follow-
ing) through≺II, then the latter has no chance to get permuted up.

Case(b): If a prefix suppresses another in≺IO, then this is an input suppressing an out-
put, so there is again no hope of permutation.

Case(c): If a prefix suppresses another in≺OO, then this is precisely the case which does
not allow permutation in the isomorphism so again there is noway that the suppressed
can be permuted to a minimal node. This exhausts all cases.

For (2), first, for linearity, supposen1,2 are inG′ sharing a channel. Then they are
also inG and causal edges between them do not differ so they have the same dependen-
cies as inG. Second, the coherence in projection is immediate since we lose one prefix
from the projection of each branch.

For (3), the first part is immediate from the construction. For the second point as-
sume there is a redex pair in [[G]] whose two parts have different pre-images. Then we
have co-occurring prefixes inG which are not related by the two dependencies, by (1)
and the first part of (3), a contradiction. 2

B.4 Proof of Lemma 5.16

By the definition of◦ on ∆, it suffices to show the commutativity and associativity at
the level of types and type contexts, assuming that combinedtype contexts never share
a target channel (in the sense defined just before Lemma 5.16,page 27).

We first show the commutativity. We writeH1 ≍ H2 (which we read: “H1 andH2

are coherent”) whenH1 ◦ H2 is defined. NoteH1 ◦ H2 means either:

– both ofH1,2 are type contexts and they do not share a target channel; or
– one ofH1,2 is a type context and the other is a type.

Below the designation “context-context” below means the case when we compose two
contexts, similarly for others.
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CaseContext-Context: We consider the composition ofT1,2 which are disjoint in targets
(by our assumption). Then we always have:

T1 ≍ T2 (14)

T1 ◦ T2 = T1[T2] (15)

By the symmetry of≍ (or equivalently by the assumption on target channels) we have:

T2 ≍ T1 (16)

T2 ◦ T1 = T2[T1] (17)

Because of the isomorphism by the permutation equivalence for target-disjoint type
contexts (cf. Section 5.1, paragraphType contexts: recall≈ is extended to type con-
texts unlike≤sub) we haveT1[T2] ≈ T2[T1] hence we are done.

CaseType-Context: Immediate since, by definition,T ≍ T and T ≍ T always and
T ◦ T = T ◦ T = T[T].

CaseContext-Type: Symmetric to the case above.

CaseType-Type: Never defined hence vacuous.

This exhausts all cases.

Next we show associativity.

CaseContext-Context-Context: We consider the composition ofT1,2,3, showing (T1 ◦

T2)◦T3 andT1◦(T2◦T3) coincide in definedness and their resulting values. AssumeT1,2

are mutually disjoint in target channels, similarly forT1[T2] andT3. Then automatically:

T1 ≍ T2 (18)

T1[T2] ≍ T3 (19)

T1[T2] ◦ T3 = T1[T2][T3] (20)

By (19) we have:

T2 ≍ T3 (21)

T1 ≍ T2[T3] (22)

T1 ◦ T2[T3] = T1[T2[T3]] (23)

SinceT1[T2][T3] = T1[T2[T3]] we are done. The other direction is symmetric.

CaseContext-Context-Type: We consider the composition ofT1,2 andT, showing that
the definedness and the resulting value of (T1 ◦ T2) ◦ T andT1 ◦ (T2 ◦ T) coincide.
This case is not symmetric hence we show both directions. First if T1,2 are disjoint then
automatically:

T1 ≍ T2 (24)

T1[T2] ≍ T (25)

T1[T2] ◦ T = T1[T2][T] (26)
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We also always have:

T2 ≍ T (27)

T1 ≍ T2[T] (28)

T1 ◦ T2[T] = T1[T2[T]] (29)

SinceT1[T2][T] = T1[T2[T]] we are done. For the other direction, we first composeT2

andT then composeT1. As noted we always have

T2 ≍ T (30)

T1 ≍ T2[T] (31)

T1 ◦ T2[T] = T1[T2[T]] (32)

By our assumptionT1 andT2 do not share a target channel. Hence:

T1 ≍ T2 (33)

T1[T2] ≍ T (34)

T1[T2] ◦ T = T1[T2][T] (35)

Again we noteT1[T2[T]] = T1[T2][T] = hence we are done.

CaseType-Context-Context, Context-Type-Context: By the caseContext-Context-Type
above and commutativity.

Since we can never combine two types this exhausts all cases. 2

B.5 Proof of Subject Reduction Theorem (Theorem 5.22)

(1) is by rule induction on≡ showing, in both ways, that if one side has a typing then
the other side has the same typing. In the following we safelyignore uninteresting (per-
mutable) final applications of [S] in derivations by way of Lemma 5.18.

CaseP | 0 ≡ P: First assumeΓ ⊢ P ⊲s̃ ∆. By Γ ⊢ 0 ⊲∅ ∅ and by applying [C] to these
two sequents we immediately obtainΓ ⊢ P|0⊲s̃∆, as required. For the converse direction
assumeΓ ⊢ P|0 ⊲s̃ ∆. We can safely assume (via Lemma 5.18) that the last rule applied
is [C]. Thus we can setΓ ⊢ P ⊲s̃ ∆1 andΓ ⊢ 0 ⊲∅ ∆2 such that∆1 ◦ ∆2 = ∆. Note
we can safely regardΓ ⊢ 0 ⊲ ∆2 as being inferred by the axiom [I] since applying
[S] to empty types and empty type contexts again lead to the empty types and empty
type contexts: thus∆2 consists of only empty types and empty type contexts. Thus, in
the composition∆1 ◦ ∆2, the empty types and some of the empty type contexts from∆2

are added to∆1 to generate∆. Let this added part be∆′2. Since we can weaken∆1 in the
first sequent with∆′2 using Lemma 5.20 (2) we are done.

CaseP | Q ≡ Q | P: By symmetry of the rule we have only to show one direction.
SupposeΓ ⊢ P|Q ⊲s̃ ∆. We can safely assume the last rule applied is [C]. We can
thus setΓ ⊢ P ⊲t̃ ∆1 andΓ ⊢ Q ⊲r̃ ∆2 such that∆1 ≍ ∆2, ∆1 ◦ ∆2 = ∆ and t̃ ⊎ r̃ = s̃.
By Lemma 5.16 we know∆2 ≍ ∆1 and∆2 ◦ ∆1 = ∆ hence by applying [C] with the
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premises reversed we are done.

Case(P | Q) | R ≡ P | (Q | R): By the establishment of the previous case again we
have only to show one direction. SupposeΓ ⊢ (P | Q) | R ⊲s̃ ∆. We can safely assume:
Γ ⊢ P ⊲t̃ ∆1, Γ ⊢ P ⊲r̃ ∆2 andΓ ⊢ P ⊲q̃ ∆3 such that∆1 ≍ ∆2, (∆1 ◦ ∆2) ≍ ∆3 and
(∆1 ◦ ∆2) ◦ ∆3 = ∆, as well as̃t ⊎ r̃ ⊎ q̃ = s̃. By the last condition, no two of∆1, ∆2 and
∆3 share a common target channel in their type contexts (in the sense given just before
Lemma 5.16, page 27) because if the queue for a certain channel does not exist in a
sequent then it cannot be used as a target channel in a type context in its typing. Thus
we can apply Lemma 5.16 to know∆2 ≍ ∆3, ∆1 ≍ (∆2 ◦ ∆3) and∆1 ◦ (∆2 ◦ ∆3) = ∆. By
applying [C] in an appropriate order we are done.

The remaining rules are reasoned exactly as in [56] (note thearguments for congruence
rules are direct from the compositionality of the typing rules). This concludes the proof
of (1).

For (2), we establish the following stronger claim by rule induction.

Claim. SupposeΓ ⊢ P ⊲s̃ ∆ and∆ is partially coherent (cf. Def. 5.14). ThenP → P′

impliesΓ ⊢ P ⊲s̃ ∆′ such that either∆→ ∆′ or ∆ = ∆′.

All results on reduction on coherent typing is immediately applicable to partially coher-
ent typing by Proposition 5.15 (1). Further by Proposition 5.15 (2),∆′ above is again
partially coherent. Below we again ignore irrelevant final application of [S] through
Lemma 5.18. All rule names are those of the typing rules .

Case[L ]: Let R
def
= a[2..n] (s̃).P1 | a[2] (s̃).P2 | · · · | a[n] (s̃).Pn which is a redex of

[L ]. We writeR1 for a[2..n] (s̃).P1 andRi for a[i] (s̃).Pi (2 ≤ i ≤ n). Assume:

Γ ⊢ R ⊲ ∆ (36)

By Lemma 5.17 we knowa ∈ dom(Γ). LetΓ(a) = G. Since (36) can only be inferred by
the sequence of [C] (up to permutable [S], similarly in the following), we know
Γ ⊢ Ri ⊲ ∆i (1 ≤ i ≤ n) such that∆1 ◦ ... ◦∆n = ∆. By [M] and [M] this means:

Γ ⊢ Pi ⊲ ∆i , s̃ : {(G↾ i)@i} (37)

for each 1≤ i ≤ n. Hence by the successive applications of [C] we reach:

Γ ⊢ (ΠiPi) | (Πi si :∅) ⊲s̃ ∆, s̃ : {(G↾ i)@i}1≤i≤n (38)

Since{(G↾ i)@i}i collects all projections ofG we can apply [CR] to obtain:

Γ ⊢ (νs̃)( (ΠiPi) | (Πi si :∅) ) ⊲ ∆ (39)

for a reductum of [L]. Note the typing does not change.

Case[S]: We use the first rule of Lemma 5.19 for “rolling back” a message. Suppose
we have:

Γ ⊢ s!〈ẽ〉; P | s: h̃ ⊲s ∆ (40)

Since [C] is the only rule to derive this process we can set

Γ ⊢ s!〈ẽ〉; P ⊲∅ ∆1 (41)
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and
Γ ⊢ s: h̃ ⊲s ∆2 (42)

such that∆1 ◦ ∆2 = ∆. Since (41) can only be inferred from [S] we know, first:

Γ ⊢ ej : S j (43)

for eachej in ẽ; and, second, for somep and for some ˜swhich includess,

∆1 = ∆
′
1 ◦ s̃ : k! 〈S̃〉; T@p (44)

and moreover
Γ ⊢ P ⊲∅ ∆

′
1 ◦ s̃: T@p. (45)

On the other hand by∆1 ≍ ∆2 and (42) we know:

∆2 = ∆
′
2 ◦ s̃ : T@p (46)

Now assume ˜e ↓ ṽ. Notice by (43) we haveΓ ⊢ v j : S j for eachv j in ṽ. Thus by Lemma
5.19, [Q], we infer:

Γ ⊢ s: h̃ · ṽ ⊲ ∆′2 ◦ s̃ : T[k! 〈S̃〉; [ ]] @p. (47)

By the algebra of located types and type contexts:

(∆′1 ◦ s̃: T@p) ◦ (∆′2 ◦ s̃ :T[k! 〈S̃〉; [ ]] @p)

= (∆′1 ◦ s̃: k! 〈S̃〉; T@p) ◦ (∆′2 ◦ s̃ :T[ ]@p)

= ∆

Thus by applying [C] to (41) and (42) we obtain:

Γ ⊢ P | s: h̃ · ṽ ⊲ ∆ (48)

which gives the expected typing for the reductum of [S], with no type change.

Case[D]: Similar to [S] using the second rule of Lemma 5.19, see Appendix
B.6.

Case[L]: We use the third rule of Lemma 5.19 together with the subtyping ≤sub.
Suppose we have:

Γ ⊢ s� l; P | s: h̃ ⊲s ∆ (49)

which is the redex of [L]. Since [C] is the only rule to derive this process we
can set, without loss of generality:

Γ ⊢ s� l; P ⊲∅ ∆1 (50)

and
Γ ⊢ s: h̃ ⊲s ∆2 (51)
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such that∆1 ◦ ∆2 = ∆. Since (50) can only be inferred from [S] as the last rule (up to
permutable applications of [S]), we know, for somep and for some ˜swhich includes
sand for some{l i} which includesl,

∆1 = ∆
′
1 ◦ s̃ : k⊕ {l i : Ti}i∈I @p (52)

and moreover
Γ ⊢ P ⊲∅ ∆

′
1 ◦ s̃: Ti@p, for i ∈ I . (53)

On the other hand we can write:

∆2 = ∆
′
2 ◦ s̃ : T@p (54)

By (51), (54) and Lemma 5.19, [Q], we infer:

Γ ⊢ s: h̃ · l ⊲ ∆′2 ◦ s̃ : T[k⊕ l : [ ]] @p. (55)

By the algebra of located types and type contexts together with subtyping:

(∆′1 ◦ s̃: Ti@p) ◦ (∆′2 ◦ s̃ : T[k⊕ l : [ ]] @p)

= ∆′1 ◦ ∆
′
2 ◦ s̃ :T[k⊕ l : Ti ]@p

≤sub ∆′1 ◦ ∆
′
2 ◦ s̃ :T[k⊕ {l i : Ti}i∈I ]@p

= (∆′1 ◦ s̃: k⊕ {l i : Ti}i∈I @p) ◦ (∆′2 ◦ s̃ :T@p)

= ∆

Thus we obtain, by applying [C] to (53), (55) then applying [S] (the subsumption
rule):

Γ ⊢ P | s: h̃ · l ⊲ ∆ (56)

which gives the expected typing for the reductum of [S], with no type change.

Case[R]: By the first of the latter three rules of Lemma 5.19 togetherwith Lemma
5.20. Suppose

Γ ⊢ s?(x̃); P | s: ṽ · h̃ ⊲s ∆ (57)

Since [C] is the only possible last rule (up to permutable [S]) we can set

Γ ⊢ s?(x̃); P ⊲∅ ∆1 (58)

and
Γ ⊢ s: ṽ · h̃ ⊲s ∆2 (59)

such that∆1 ◦ ∆2 = ∆. Since (58) can only be inferred from [R] we know, for somep
and for some ˜swhich includess,

∆1 = ∆
′
1 ◦ s̃ : k?〈S̃〉; T@p (60)

and moreover
Γ, x̃: S̃ ⊢ P ⊲∅ ∆

′
1 ◦ s̃: T@p. (61)
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By Lemma 5.20, we obtain:

Γ ⊢ P[ṽ/x̃] ⊲∅ ∆′1 ◦ s̃: T@p. (62)

Further by∆1 ≍ ∆2 and (59) we know:

∆2 = ∆
′
2 ◦ s̃ : k! 〈S̃〉.T@p (63)

By Lemma 5.19, [Q], we infer:

Γ ⊢ s: h̃ ⊲ ∆′2 ◦ s̃ : T@p. (64)

Using Proposition 5.15 we obtain:

∆
def
= (∆′1 ◦ s̃ : k?〈S̃〉.T@p) ◦ (∆′2 ◦ s̃ : k! 〈S̃〉.T@p)

→ (∆′1, s̃: T@p) ◦ (∆′2 ◦ s̃ : T@p) (
def
= ∆′)

Thus by applying [C] to (58) and (59) we obtain:

Γ ⊢ P[ṽ/x̃] | s: h̃ ⊲ ∆′ (65)

such that∆→ ∆′, as required. Note this case demands reduction of typings.

Case[SR], [B]: Similar to [R], using the latter two rules of Lemma 5.19,
see Appendix B.6.

Case[IT], [I F], [D], [D]: Standard, cf. [56]. No difference in the typing.

Case[S]: When a shared name is hidden, assume

Γ ⊢ (νa)P ⊲s̃ ∆ (66)

andP→ P′. Then we can set

Γ, a : 〈G〉 ⊢ P ⊲s̃ ∆. (67)

By induction hypothesis we know

Γ, a : 〈G〉 ⊢ P′ ⊲s̃ ∆
′ (68)

such that either∆→0,1 ∆′. Hence by [NR] we have

Γ ⊢ (νa)P′ ⊲s̃ ∆
′ (69)

as required. When session channels are hidden, suppose

Γ ⊢ (νs̃)P ⊲t̃\s̃ ∆ (70)

andP→ P′. We can set:

Γ ⊢ P ⊲t̃ ∆, {s} : {Tp@p}p∈I (71)
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where{Tp@p}p∈I is coherent. By induction hypothesis

Γ ⊢ P′ ⊲t̃ ∆
′, {s} : {T′p@p}p∈I (72)

where either∆ →0,1 ∆′ or {s} : {Tp@p}p∈I →0,1 {s} : {T′p@p}p∈I . By Lemma 5.15 (1)
{T′p@p}p∈I is again coherent. Hence by [CR] we obtain

Γ ⊢ (νs̃)P′ ⊲t̃\s̃ ∆
′ (73)

as required.

Case[P]: Suppose we haveΓ ⊢ P|Q ⊲t̃1·t̃2 ∆ andP → P′. By [C] we have
Γ ⊢ P ⊲t̃1 ∆1 andΓ ⊢ Q ⊲t̃2 ∆2 such that∆1 ◦ ∆2 = ∆. By induction hypothesis
we haveΓ ⊢ P′ ⊲t̃1 ∆

′
1 such that∆1 →

0,1 ∆′1. By Proposition 5.15 (1) we have
∆′1 ≍ ∆2 henceΓ ⊢ P′|Q ⊲t̃1·t̃2 ∆

′
1 ◦ ∆2. Noting Proposition 5.15 (1) also says that

(∆1 ◦ ∆2)→0,1 (∆′1 ◦ ∆2) we are done.

Case[S]: Immediate from Subject Congruence (the first clause of this theorem). This
exhausts all cases for (2).

(3) is because the empty typing∅ is always coherent. 2

B.6 Remaining Cases of Theorem 5.22

Case[D]: We use the second rule of Lemma 5.19. Suppose we have:

Γ ⊢ s!〈〈t̃〉〉; P | s: h̃ ⊲s ∆ (74)

Since [C] is the only rule to derive this process we can set

Γ ⊢ s!〈〈t̃〉〉; P ⊲∅ ∆1 (75)

and
Γ ⊢ s: h̃ ⊲s ∆2 (76)

such that∆1 ◦ ∆2 = ∆. Since (75) can only be inferred from [D] we know, for some
p and for some ˜swhich includess,

∆1 = ∆
′
1 ◦ (s̃ : k! 〈T′@p′〉.T@p, t̃ : T′@p′) (77)

and moreover
Γ ⊢ P ⊲∅ ∆

′
1, s̃: T@p. (78)

On the other hand by∆1 ≍ ∆2 and (42) we know:

∆2 = ∆
′
2 ◦ s̃ : T[ ]@p (79)

By Lemma 5.19, [Q], we infer:

Γ ⊢ s: h̃ · t̃ ⊲s̃′ ∆′2 ◦ s̃ : {T[k! 〈T@p′〉.[ ]]@}, t̃ : {T@p′}. (80)
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By the algebra of located types and type contexts:

(∆′1, s̃: T@p) ◦ (∆′2 ◦ s̃ : {T[k! 〈T@p′〉.[ ]]@}, t̃ : {T@p′})

= (∆′1 ◦ (s̃ : k! 〈T′@p′〉.T@p, t̃ : T′@p′)) ◦ (∆′2 ◦ s̃ : T[ ]@p)

= ∆

Thus by applying [C] to (75) and (76) we obtain:

Γ ⊢ P | s: h̃ · t̃ ⊲ ∆ (81)

which gives the expected typing for the reductum of [D], with no type change.

Case[SR]: By the second to the last rule of Lemma 5.19. Suppose

Γ ⊢ s?((t̃)); P | s: t̃ · h̃ ⊲s ∆ (82)

Since [C] is the only possible last rule (up to permutable [S]) we can set

Γ ⊢ s?((t̃)); P ⊲∅ ∆1 (83)

and
Γ ⊢ s: t̃ · h̃ ⊲s ∆2 (84)

such that∆1 ◦ ∆2 = ∆. Since (83) can only be inferred from [SR] we know, for some
p and for some ˜swhich includess,

∆1 = ∆
′
1 ◦ s̃ : k?〈T′@p′〉.T@p (85)

and moreover
Γ ⊢ P ⊲∅ ∆

′
1 ◦ s̃: T@p, t̃ : T′@p′ (86)

By ∆1 ≍ ∆2 and (84) we know:

∆2 = ∆
′
2 ◦ s̃ : k! 〈T′@p′〉.T@p, t̃ : T′@p′ (87)

By Lemma 5.19, [Q], we infer:

Γ ⊢ s: h̃ ⊲ ∆′2 ◦ s̃ : T@p. (88)

Using Proposition 5.15 we obtain:

∆
def
= (∆′1 ◦ s̃ : k?〈T′@p′〉.T@p) ◦ (∆′2 ◦ s̃ : k! 〈T′@p′〉.T@p, t̃ : T′@p′)

→ (∆′1 ◦ s̃: T@p, t̃ : T′@p′) ◦ (∆′2 ◦ s̃ : T@p) (
def
= ∆′)

Thus by applying [C] to (83) and (84) we obtain:

Γ ⊢ P | s: h̃ ⊲ ∆′ (89)

such that∆→ ∆′, as required. Note this case again demands reduction of typings.
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Case[B]: By the last rule of Lemma 5.19. Suppose

Γ ⊢ s� {l i : Pi}i∈I | s: l j · h̃ ⊲s ∆ (90)

where we assumej ∈ I . Since [C] is the only possible last rule (up to permutable
[S]) we can set

Γ ⊢ s� {l i : Pi}i∈I ⊲∅ ∆1 (91)

and
Γ ⊢ s: l j · h̃ ⊲s ∆2 (92)

such that∆1 ◦ ∆2 = ∆. First for∆2 we know, for somep and for some ˜s which includes
s:

∆2 = ∆
′
2 ◦ s̃ : k⊕ l j : T@p (93)

where by assumption we havej ∈ I . Since (91) can only be inferred from [B] and
by ∆1 ≍ ∆2, we also know:

∆1 = ∆
′
1 ◦ s̃: k & l j : T j@p (94)

(where &l j : T j is the singleton notation as in selection) and moreover

Γ ⊢ Pi ⊲∅ ∆
′
1 ◦ s̃: Ti@p (95)

for eachi ∈ I (so (94) is inferred using [S]). By Lemma 5.19, [Q], we infer:

Γ ⊢ s: h̃ ⊲ ∆′2 ◦ s̃ : T@p. (96)

Using Proposition 5.15 we obtain:

∆
def
= (∆′1 ◦ s̃: k & l j : T j@p) ◦ (∆′2 ◦ s̃ : k⊕ l j : T@p)

→ (∆′1, s̃: T j@p) ◦ (∆′2 ◦ s̃ : T@p) (
def
= ∆′)

Thus by applying [C] to (91) and (92) we obtain:

Γ ⊢ P | s: h̃ ⊲ ∆′ (97)

such that∆→ ∆′, as required. Again we need a reduction of typings. 2

B.7 Proof of Lemma 5.23

Proof of (1) and (2) We prove the following claim which implies both (1) and (2) by
rule induction on the typing rules. Below and henceforth we are confusing a free ses-
sion channel and its numeric representation in the typing. Recall∆ is partially coherent
when for some∆0 we have∆ ≍ ∆0 and∆ ◦ ∆0 is coherent.

Claim. AssumeΓ ⊢ P⊲t̃∆ s.t.∆ is partially coherent and there is no queue ats. Assume
P〈〈s〉〉. Then one of the following conditions holds.
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(a) P contains a unique active receiving (resp. emitting) prefix at s and∆ contains a
unique minimal receiving (resp. emitting) prefix ats (∆may contain another mini-
mal prefix ats).

(b) P contains a unique minimal receiving prefix ats and a unique minimal emitting
prefix ats. Moreover∆ contains a unique minimal receiving prefix atsand a unique
minimal emitting prefix ats.

Case[M], [M]: Vacuous since in this case the unique active prefix in the process
is at a shared name.

Case[S], [R], [D], [SR], [S] and [B]: Immediate since there can
only be a unique active channel name which is by the given prefixing.

Case[I], [I ], [V], [D], [Q], [Q], [Q], [Q]: Vacuous.

Case[C]: Suppose
Γ ⊢ P ⊲t̃1 ∆, Γ ⊢t̃2 Q ⊲ ∆′ (98)

such thatt̃1 ∩ t̃2 = ∅ and∆ ≍ ∆′. Observe if∆ ◦ ∆′ is partially coherent then∆ and
∆′ respectively are partially coherent by definition. By induction hypothesis we can
assumeP andQ satisfy the required condition.

1. If only one party has an active prefix ats there is nothing to prove.
2. If both are active ats, suppose both processes, hence∆ and∆′, have receiving ac-

tive prefixes ats. Then this cannot be partially coherent since if so then the assumed
completion of∆ ◦ ∆′ to a coherent typing should also contain two minimal receiv-
ing prefixes which are impossible by Proposition 5.13 (2, 3).Similarly when two
include active emitting prefixes ats, hence as required

Note that this pair maynot be a redex: we do not (have to) validate coherence until we
hide channels, however it is important that there is one output and one input since if not
there will be a conflict ats.

Case[NR]: Vacuous since there is no change either in the process nor in the typing.

Case[CR]: Vacuous since there is no difference in the typing fors nor in the active-
ness in prefixes.

Case[S]: Vacuous again. 2

B.8 Proof of Proposition 5.28

We show the following logically equivalent result:

Claim. (1) If P is simple then

(1-a) no delegation prefix (input or output) occurs inP and
(1-b) for each prefix with a shared name inP, saya[i]( s̃).P′ or a[2..n]( s̃).P′, there is no

free session channels inP′ excepts̃.
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(2) If P is simple andP→ P′ thenP′ is again simple.

We first show (1) by rule induction on typing rules.

Case[M]: The rule reads:

Γ ⊢ a: 〈G〉 Γ ⊢∅ P ⊲ ∆, s̃: (G↾1)@1 |s̃| = |sid(G)|
Γ ⊢∅ a[2..n] (s̃).P ⊲ ∆

First by simplicity we know∆ = ∅ (since if not the premise has at least a doubleton
typing). (1-a) is immediate from the induction hypothesis since the rule does not add
a delegation prefix: For (1-b) ifP′ in a[i](s̃).P′ (resp.a[2..n]( s̃).P′) has free session
channels then we cannot have∆ = ∅ , violating simplicity.

Case[M]: The rule reads:

Γ ⊢ a: 〈G〉 Γ ⊢∅ P ⊲ ∆, s̃: (G↾p)@p |s̃| = |sid(G)|
Γ ⊢∅ a[p] (s̃).P ⊲ ∆

Again∆ = ∅, and the remaining reasoning is precisely the same as [M].

Case[S]: The rule reads:

Γ ⊢ ej : S j Γ ⊢∅ P ⊲ ∆, s̃: T@p

Γ ⊢∅ s[k]! 〈ẽ〉; P ⊲ ∆, s̃: k! 〈S̃〉; T@p

Again∆ = ∅. (1-a) is immediate from the induction hypothesis since therule does not
add any delegation prefix. (1-b) is again immediate from the induction hypothesis since
the rule doe not add a shared-name prefix.

Case[R]: The rule reads:

Γ, x̃: S̃ ⊢ P∅ ⊲ ∆, s̃: T@p

Γ ⊢∅ s[k]?(x̃); P ⊲ ∆, s̃: k?〈S̃〉; T@p

Precisely the same as in [S] above.

Case[D]: The rule reads:

Γ ⊢∅ P ⊲ ∆, s̃: T@p

Γ ⊢∅ s[k]! 〈〈t̃〉〉; P ⊲ ∆, s̃: k! 〈T′@p′〉; T@p, t̃ : T′@p′

Even if ∆ = ∅ the conclusion’s typing becomes a doubleton hence this rulecannot be
applied.

Case[SR]: The rule reads:

Γ ⊢∅ P ⊲ ∆, s̃: T@p, t̃ : T′@p′

Γ ⊢∅ s[k]?((t̃)); P ⊲ ∆, s̃: k?〈T′@p′〉; T@p

which is again impossible to apply (the premise’s typing becomes a doubleton).

Case[S],[B]: Similar with [S] and [R].
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Case[I], [C], [CR], [NR], [S], [D]: By the shape of these rules, in each
rule, there is no addition or removal of a prefix from the premise to the conclusion.
Hence both (1-a/b) are immediate from the induction hypothesis.

Case[I], [V], [Q], [Q], [Q], [Q]: Vacuous since no prefixes are in-
volved.

Hence as required.

For (2) suppose a derivation ofP is simple. By the proof of Theorem 5.22, ifP→ P′

then we have essentially the same derivation for bothP andP′ except:

– taking off the lost pair of prefixes from that ofP (three pair of prefix rules);
– one of the branches is chosen (conditional)
– copying some part from the derivation forP to that ofP′ (for recursion)

In each case clearly the simplicity of the derivation forP implies that ofP′, as required.2

B.9 Proof of Lemma 5.30

Suppose:

(C1) Γ ⊢ P ⊲ ∆.
(C2) P is simple
(C3) ∆ has a minimal receiving (resp. emitting) prefix ats.
(C4) none of the prefixes ats in P are under a shared name
(C5) none of the prefixes ats in P are under a conditional branch.

Under these conditions, we show thatP has an active receiving prefix (resp. has an
active emitting prefix or a non-empty queue). We use rule induction on typing rules.

Case[M], [M]: By Proposition 5.28 there can be no free session channels hence
vacuous (since (C3) is not satisfied).

Case[S]: The “simple” rule reads:

Γ ⊢ ej : S j Γ ⊢∅ P ⊲ s̃: T@p

Γ ⊢∅ s[k]! 〈ẽ〉; P ⊲ s̃: k! 〈S̃〉; T@p

Observe that there can be no other minimal prefix in the typingin the conclusion than
the newly introduced prefix itself: this corresponds to the unique minimal prefix in the
typing.

Case[R]: The “simple” rule reads:

Γ, x̃: S̃ ⊢ P∅ ⊲ ∆, s̃: T@p

Γ ⊢∅ s[k]?(x̃); P ⊲ ∆, s̃: k?〈S̃〉; T@p

Same as [S].

Case[SR], [D]: By Proposition 5.28 these rules are not used in derivationof a
simple process, hence vacuous.
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Case[S],[B]: Similar with [S],[R].

Case[I]: Vacuous since (C5) does not hold.

Case[C]: The rule reads:

Γ ⊢ P ⊲t̃1 ∆ Γ ⊢t̃2 Q ⊲ ∆′ t̃1 ∩ t̃2 = ∅ ∆ ≍ ∆′

Γ ⊢t̃1·t̃2 P | Q ⊲t̃1·t̃2 ∆ ◦ ∆
′

We first observe:

Claim A1. If the result of the operation◦ on typings (when defined) has a minimal
input prefix then one of the original typings also has the same.

This is because, direct from the definition of◦, if ◦ results in an input minimal input
prefix then it cannot come from a type context (which containsonly an output prefix)
hence it can come only from the same in the premise. Further:

Claim A2. If the result of the operation◦ on typings (when defined) has a minimal
output prefix then one of the premises also has the same in the form of either the cor-
responding non-empty type context or the corresponding type (“corresponding” means
that the minimal prefix coincides).

Above the details of the shape of a typing is in fact unnecessary.
Claim B. The composition| preserves activeness of each prefix.

This is immediate from the definition.
Now we reason by induction. In the case of an input prefix in thetyping, by Claim

A1 we know one of the premises also contains an input prefix in the typing. Hence the
corresponding process has an active input prefix by induction hypothesis. By Claim B
we are done.

On the other hand in the case of an output prefix in the typing, by Claim A2 we know
one of the premises also contains the same (either as the corresponding type context
or the corresponding output prefix) in the typing. Hence by induction hypothesis the
corresponding process has an active output prefix or a non-empty queue. Hence by
induction hypothesis we are done. By Claim B we are done.

Case[I], [V]: Vacuous since in this case the typing does not contain any active
channel hence violating (C3).

Case[S], : The subsumption does not add any new active prefix in the typing hence
by induction hypothesis we are done.

Case[D]: As [S] above.

Case[Q], [Q], [Q]: In these cases we have a minimal emitting prefix in the
typing; and we have a corresponding non-empty queue, as required.

Case[Q]: Vacuous since (C3) is violated.
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Case[NR]: This reads:
Γ, a: 〈G〉 ⊢t̃ P ⊲ ∆
Γ ⊢t̃ (νa)P ⊲ ∆

which shows there is no change in the typing and in the processwith respect to (free)
active/minimal prefixes hence immediate by induction hypothesis.

Case[CR]: This reads:

Γ ⊢ P ⊲t̃ ∆, s̃: {Tp@p}p∈I s̃ ∈ t̃ {Tp@p}p∈I coherent

Γ ⊢t̃\s̃ (ν s̃)P ⊲ ∆

Suppose in the conclusion there is a minimal prefix ats in ∆. Then it is also minimal in
the premise hence by induction hypothesis we are done.

This exhausts all cases. 2
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