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Abstract. Communication is becoming one of the central elements itwsoé
development. As a potential typed foundation for struaiwemmunication-centred
programming, session types have been studied over thedaadd for a wide
range of process calculi and programming languages, foaiss binary (two-
party) sessions. This work extends the foregoing theorfi®ésnary session types
to multiparty, asynchronous sessions, which often arigedntical communication-
centred applications. Presented as a typed calculus foilenmiocesses, the the-
ory introduces a new notion of types in which interactiongolming multiple
peers are directly abstracted as a global scenario. Glgpaktretain a friendly
type syntax of binary session types while specifying depanis and capturing
complex causal chains of multiparty asynchronous inteast A global type
plays the role of a shared agreement among communicatias, el is used
as a basis offéicient type checking through its projection onto individpakrs.
The fundamental properties of the session type discipliugh s communica-
tion safety, progress and session fidelity are establistregeinerah-party asyn-
chronous interactions.
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1 Introduction

Backgrounds Communication is becoming one of the central elements itwsoé
development, ranging from web services to business prtdadooparallel scientific
computing to multi-core programming. As a potential typedridation for structured
communication-centred programming, session types haga btidied in many con-
texts over the last decade, including calculi of mobile psses [5,9, 14,18, 19, 24,
33,49, 56], higher-order processes [34], Ambients [17])ththreaded ML [20, 51],
Haskell [38,44,45], F# [13], operating systems [16], Jal/2, |5,27] and Web Ser-
vices [8, 10, 25, 48, 53]. A basic observation underlyinggastypes is that a communication-
centred application often exhibits a highly structuredusete of interactions involv-
ing, for example, branching and recursion, which as a whotenfa natural unit of
conversation, osessionThe structure of a conversation is abstracted as a typaghro
an intuitive syntax, which is then used as a basis of valggtirotocols or programs
through an associated type discipline.

As an example, the following session type describes a sitpéiness protocol
between Buyer and Seller from Buyer’s viewpoint: Buyer st title of a book (a
string), Seller sends a quote (an integer). If Buyer is Satisby the quote, then sends
his address (a string) and Seller sends back the deliveey(datate); otherwise it quits
the conversation.

Istring; 2int; &{ok :!string; ?date; end,  quit : end} Q)

Above  denotes an output of a value of typ& denotes an input of a value of typet;
denotes a choice of the options; asd represents the termination of the conversation.

Such explicit representation of conversation structurgpsius deal with one of
the most common bugs in programming with communicationsgfmehronisation bug.
A programmer expects that communicating programs showgdther realise a con-
sistent conversation, but they easily fail to handle a $jeiticoming message or to
send a message at the correct timing, with no way to detett suors before run-
time. An explicit specification as in (1) guides principlesgramming of communi-
cation behaviour and enables automatic protocol validg®d, 50, 53]. In addition, a
clean separation between abstraction and implementaitten gy type-based abstrac-
tion and associated primitives leads to intelligible pargs and flexible implementa-
tions [27]. Underlying these merits are the following cahproperties guaranteed by
session types.

1. Interactions within a session never incur a communicagisor (communication
safety).

2. Channels for a session are used linearly (linearity) aedieaadlock-free in a single
session (progress).

3. The communication sequence in a session follows the soateclared in the ses-
sion type (session fidelity, predictability).

Thus at each step in a session, a single input and a singlatautp single selection
and a single branching take place via a session channelpgitvihe next step.



Multiparty Asynchronous Sessions The foregoing studies on session types have fo-
cussed on binary (two-party) sessions. While many contierspatterns can be cap-
tured through a composition of binary sessions, there asescawhere binary session
types are not powerful enough for describing and validaitmeractions which involve
more than two parties.

As an example, let us consider a simple refinement of the aBayer-Seller pro-
tocol: consider two buyers, Buyerl and Buyer2, wish to buyegpensive book from
Seller by combining their money. Buyerl sends the title &f tlook to Seller, Seller
sends to both Buyerl and Buyer? its quote, Buyerl tells Buyww much she can
pay, and Buyer?2 either accepts the quote or rejects the duyotetifying Seller. It is
extremely awkward (if logically possible) to decompose thienario into three binary
sessions, between Buyerl and Seller, between Buyer2 alet, &eld between Buyerl
and Buyer2. Abstracting this protocol as three separatg@esypes also means that
our type abstraction loses essential sequencing infoomatithis interaction scenario.
For validating this conversation scenario as a whole, foezethe conversation struc-
ture should be represented asiagle session

Many existing business protocols including financial pools are written as a col-
laboration of several peers. Typical message-passindlglaigorithms also frequently
demand distribution of a request to, and collection of trsailts from, many peers. All
these usecases are most naturally abstracted as a sirgjlns€sirthermore, many of
these applications are implemented with an asynchronaansgort where the senders
send the messages without being blocked (but often preggtlieir order), to avoid
the heavy overhead of synchronisation. The widely used ortivansport, such as
TCP, provides this mechanism through familiar APIs to a#lee the latency problem.
Thus we ask: can we generalise the foregoing binary sesgi@s to multiparty asyn-
chronous sessions preserving clarity and their key forma@erties? This question was
repeatedly posed by not only researchers but also the merb&iV3C working group
[53] through our collaboration as invited experts [8, 10, ®cause of urgent need for
a theoretical basis to validate a wide range of busines®pots.

Challenges of Multiparty Asynchronous SessionsTo answer this open question, we
face two major technical fliculties. First, simplicity and tractability of the theory o
binary sessions come from a notion adiality in interactions [21]. Consider the bi-
nary session type given in (1) for Buyer. Not only Buyer's &elour can be checked
against the session type, but also the whole conversatiantste is already repre-
sented in this single type, since the interaction patterBeifer is fully given as this
type’s dual (exchanging input and output and branching atetton in the original
type). When composing two parties, we only have to check trese mutually dual
types. This framework based on duality is no longfeetive in multiparty sessions
where the whole conversation cannot be constructed from singjle behaviour. We
need an ffective means to abstract as a type a global scenario whicbgrgmmer
wishes to realise through interacting programs (hencenagaihich she would wish to
check their correctness), and establish fiaaive method to ensure composability.
Second, linearity analysis of channels, which is the keyguee safety and progress,
becomes highly involved under a combination of asynchramy multiparty since a
conflict of actions can arise more easily. A linearity prdgéolds if a communication



via the same channel of a global type does not break the ofdmessages as it is
specified in the global description. This demands a pre@ssal analysis for correct
sequencing of interactions distributed among multi-peers

This Work. This paper presents a generalisation of binary sessiors typeultiparty
sessions for the-calculus. We overcome the aforementioned challengestivitol-
lowing three technical apparatus:

1. A new notion of types which can directly abstract intendedversation structure
amongn-parties aglobal scenariogretaining intuitive type syntax.

2. Consistency criteria for a conversation structure wétbprect to the protocol specifi-
cation given as a causality analysis of actions in globas$ymodularly articulating
different kinds of dependency.

3. A type discipline for individual processes (programs)ichhuses a global type
through itsprojectiononto individual end-point participants: the resulting gpaint
types are directly associated with individual processesfticient type checking.

The idea of type abstraction based on a global view (Poinbi)es from an abstract
version of “choreography” developed in a W3C web serviceskimg group [10, 53].
Causality structures in asynchronous interactions areiggly and modularly captured
in the abstract setting of global typegtaring a foundation for the type discipline (Point
2). Through the use of global types, we can stipulate a rfesetive method for design-
ing and type-checking multiparty sessions (Point 3).

First, we design a global typ® as an intended scenario. A team of programmers
then develop code, one for each participant, incrementalliglating its conformance
to (the projection of5. When programs are executed, their interactions autoaibtic
follow the stipulated scenario. The projection can also seduas a hint for modelling
and designing local behaviours of participants. After teeelopment, a global type
will serve as a basis of documentation for maintenance agdagie. For materialising
this design framework, we propose a type discipline whiahwaidate whether a pro-
gram is typable or not, give@ (as shared agreement) and an individual program (as its
end-point realiser). The resulting type discipline guéeas all the original key prop-
erties, such as communication error freedom, progress datityi in a session among
multiparty.

This paper is a full version of [26], with detailed definit®and full proofs. It is
also expanded with more examples and comparisons with tregkesbed work. In the
remainder, Section 2 gives the syntax and semantics of tbelaa, and motivates the
key ideas through business and streaming protocol exampéetion 3 explains the
global types. Section 4 describes the typing system. Se&iestablishes the main
results. Section 6 gives extensions and related worksiddettconcludes with future
issues. Appendix gives the proofs of the propositions, lasend theorems stated in
the main sections.



2 Multiparty Asynchronous Sessions

2.1 Syntax for Multiparty Sessions

Several versions of the-calculi with session types are proposed in the literattive;
paper [56] dfers detailed discussions and analysis of their typing syst&Ve use a
simple extension of the original language in [24, 49] to npaitty sessions.

Informally, asessions a series of interactions which serve as a unit of conviersat
A session is established among multiple parties waaed namewhich represents a
public interaction point. Then fresdession channelre generated and shared through
which a series of communication actions are performed.

We use the following base sethiared namesrnamesranged over by, b, x,y,z . . .;

session channets channelsranged over by, t, ...; labels ranged over by, I, . ..; and
process variableganged over by, Y, . ... In the syntax for hiding, we usefor either
a single shared name or a vector of session channels. fibeassesranged over by
P,Q..., andexpressionsranged over by, €, ..., are given by the grammar in Fig-
ure 1.
Fig. 1 Syntax
P :=a[2.n (3.P multicast session request
| ap] (3).P session acceptance
| si(&); P value sending
| s?(X); P value reception
| SI(8); P session delegation
| s?(9); P session reception
|s<l; P label selection
| s> {li: Pilie label branching
| if ethen P else Q conditional branch
IP1Q parallel composition
|0 inaction
| (vn)P hiding
|def Din P recursion
| X(&%) process call
| s:h message queue
e :=v|eand€ | note .. expressions
v :=a | true | false values
ha=1]|V] 5§ messages-in-transit
D = {Xi(%3) = Pi}ia declaration for recursion




Except for the first two primitives for session initiationdate final message queue,
all constructs are from the binary session calculi [24]. fherprimitives for session ini-
tiation, the prefix procesz.n] (8).P initiates a new session through a shared interaction
pointa, by distributing a vector of freshly generated session okéssto the remaining
n — 1 participants, each of shapg] (5).Q, for 2 < p < n. All receives, over which the
actual session communications can now take place among pheties.p, q,... range
over natural numbers callgzhrticipantsof a session.

Session communications are performed using the next thaes pf primitives:
the sending and receiving, the session delegation andtiendthe former delegates
to the latter the capability to participate in a session bgspay the whole channels
associated with the session), and the selection and bram(thie former chooses one of
the branchesftered by the latter). The next three (the conditional, patalhd inaction)
are standardy@)P makesalocal toP while (v3)P makesslocal toP. The recursion and
process call realise recursive behaviairh is amessage queuepresenting ordered
messages in tranditwith destinatiors (which may be considered as a network pipe in
a TCP-like transport)@)P ands: h only appear at runtime. We often omit trailifig
and writes! and s?.P, omitting the arguments if unnecessary.

Binders aresn az.q (3).P, ap) (8).P ands?(§); P, Xin s?(X); P, X3in X(X8) = P, n
in (vn)P and process variables #fef D in P. The notions of bound and free identifiers,
channels, alpha equivaleneg and substitution are standafgv(P) andfn(P), respec-
tively denote the sets dfee process variableandfree identifierdn P. dpv({X;(X%§) =
PiJic)) denotes the set gfrocess variable$X;lic; introduced in{Xi(%35) = Pilici- A
sequence of parallel composition is writt&iP;.

2.2 Operational Semantics

Structural congruence over processes is the smallest congruence relation ongsese
that includes the equations in Figure 2. These are standaepewe are treating a vec-
tor of session channels as one chunk in hiding, which is auiewe for some proofs on
the typing system (no substantiatiégrence arises regarding the nature of the calculus
by hiding channels one by one).

Fig. 2 Structural congruence.

PlO=P PIQ=QIP (PIQIR=P|(QIR)
(vnPIQ=(wn(P|Q) ifngfn(Q)
(vnn)P = (vn'n)P (yvm0=0 defDin0=0
defDin(vn)P = (vn)def Din P if n¢ fn(D)
(def DinP) | Q=def Din(P| Q) if dpv(D) nfpv(Q) =0
def Din (def D’ in P) = def Dand D" in P if dpv(D) ndpv(D’) =0




Using=, the operational semantics is given by teduction relation denoted® —

Q, which is the smallest relation on processes generateddoutbs in Figure 3. In the
figure,e | v says that expressianevaluates to values We illustrate each rule one by
one.

Rule [Link] describes a session initiation amamgarties througm-party synchro-
nisation, generatingn fresh session channels and the associatempty queues
denotes the empty string). Each fresh channel is given a ngutyequeue. As a result
n participants now share the newly generatedhannels, hence their queues. Note the
number of participantsn] can be diferent from that of session channets){ giving
flexibility in channel usage. The use of thgparty synchronisation in this rule captures,
albeit abstractly, am-party handshake which would be necessary for establishing
n-party link in real-world protocols.

Fig. 3 Reduction

a2.0] (8).P| a2 (8).Pz |- [&m (§.Pn = (v(PrIP2|..[Pals:0f---|sn:0) [Ling]

si@;P|s:h - P|s:h-¥ (81 7) [Senp]
sify;P|s:h - P|s:h-f [DELEG]
s<l;P|s:th - P|s:h-I [L ABEL]
S?®);P|s:V-h — P/ |s:h [Recv]
s20);P|s:f-h - P|sh [SRec]
s> {li: Py I s:lj-h - Pj|s:h (jel [BraNCH]
ifethenPelseQ —» P (e | true) [1FT]
ifethen PelseQ — Q (e false) [1eF]
def D in (X(&8) | Q) — def Din (P[V/X] | Q) (Bl Y, X(X8) =PeD) [DeH|
P—-P = (vnNP - (vnP [Scor]
P->PFP = PIQ- F|Q [Par]

P—-> P = defDinP — defDinP [DEriN]
P=PandP - QandQ =Q = P - Q [Str]

Rules [$n~p], [DEeLeg] and [LageL] respectively enqueue values, channels and a la-
bel at the tail of the queue fa@ Symmetrically rules [Rcv], [SRec] and [Branch] de-
gueue, at the head of the queue, values, channels and eRaled.[Ricv] and [BrancH]
respectively further instantiates the value in the body selécts the corresponding
branch.

In these communication rules, sending and receiving ardateztby a queue: only
when a message sent by (say) Alice is received by (say) Boleimg ghrough a queue,



we can say that an interaction between Alice and Bob has tplkae. Since [ink]
generates a queue for each channel, these rules entail that:

1. A sending action is never blocked (communication asyoayl;, and that
2. two messages from the same sender to the same channeiattie sending order
(message order preservation).

As we discussed in Introduction, these are among the clemistats of well-known
transport mechanisms such as TCP.

All other rules are standard: for reference we briefly illagt them. The two rules
for conditional, [FT] and [IrF], reduce to one of the branches depending on the result
of evaluating the conditional guard. Ruledf) performs unfolding of recursion. Rules
[Scor], [Par] and [Derin] close the reduction under hiding, parallel compositiond an
definition. Finally Rule [Sr] says that the reduction is defined over processes &p to

Remark 2.1 This delegation rule (from [24]) is chosen over the morer#bene in [19,
20, 56] (which uses substitution as inddR]) for simpler presentation. The technical
development does not depend on this choice §6e2

2.3 Examples

Two Buyer Protocol We describe the two-buyers-protocol from the Introducfiost
by a sequence diagram, then by processes.

Buyer1 Seller Buyer2

<4— — - [Link] — — 9> — - [Link] — — >

title ————
[&—— quote quote ———»|
quote div2 —P—————p|
|- ok -----e--

date > branch

First Buyerl sends a book title to Seller, then Seller seradk la quote to Buyey2;
Buyerl now tells Buyer2 how much she can contribute, and Bugetifies Seller if it
accepts the quote or not. We now describe the behaviour ofBws a process:

Buyerld:efé{z, 31 (b1, by, b, 5). sl(“War and Peace;
bi?(Quotg; b,!(quotediv 2); Py

Channeb; is for Buyerl to receive messagés:andb), for Buyer2 andsfor Seller (we
discuss soon why Buyer2 needs two receiving channels). Buglgove is willing to



contribute to half of the quote. IR;, Buyerl may perform the remaining transactions
with Seller and Buyer2. The remaining participants follow.

Buyer2d=Gf arz) (by, by, b5, 5). b?(quotg; bs?(contrib);
if (quote— contrib < 99)
then s<ok; sl (address$; b?(X); P2
else s<quit;0

Seller™ as) (by, by, by, ). itle); by, by!(quote;
s> {ok: 2(X); bo! (date); Q, quit: 0}

Aboves;..syl(v); P stands fors; | (v); ..sn!(V); P, assumingg;..s, are pairwise distinct.
We can now explain why Buyer2 needs to use two input chanbgkmdby,. The first
input (for quotg is from Seller, while the second one (foontrib) is from Buyerl.
Hence there is no guarantee that they arrive in a fixed orderaa be easily seen by
analysing reduction paths (this is Lamport’s principle]j3Thus if we were to usé,
for both actions, the two messages can be confused, losiagriusage of a channel.
The problem becomes visible after the fifth step of the follgweduction. Ifb, and
b,’ were the same then the contribution of the Buyerl could beued before the price
of the book and therefore received before at Buyer2. Latershadl show our type
discipline can detect such an error.

We show an example of the reduction. Let us define:

P £ if (quote— contrib < 99)
then s<ok; gl (address; bz?(x); P2
else s<quit;0

S £ s> {ok: 2(X); by! (date); Q, quit: 0}.

Below a tag denotes a name of the applied rule defined in Figuidter the second
reduction, we omit [kR] and [Sop] for simplicity.

3 Due to asynchrony there is iffect no order among the sending actions;ats,.



Buyerl| Buyer2| Seller

— [Lnx] (v by, by, b),, s)( sl(“War and Peace); bi?(quots); b,!(quotediv 2); P;
| bz?(quotg; bi?(contrib); P
| 2(title); by, byl{quote; S
[b1:0 [ b2:0|b,:0]s:0)
— [Sevl[Parl(Seor] (3 by oy, by, 5)( by !(quotediv 2); Py
| bz?(quotg; b?(contrib); P
| 2(title); by, byl{quote; S
[b1:0|b2:0|Db:0 | s:“War and Peace”)
— [Ray (v by, by, b}, s)( bi?(quote); b,!(quotediv 2); Py
| bz?(quotg; b?(contrib); P
| by, bo!{quote; S
[b1:0 | b2:0 b0 s:0)
— [Seno] (v by, by, b}, s)( bi?(quote); b,!(quotediv 2); Py
| bz?(quotg; b?(contrib); P
| b2!{quote; S
| br:quote| bz:0 | b,:0 | s:0)
— [Ra] (v by, by, b, S)( by (quotediv 2); Py
| bz?(quotg; by?(contrib); P
| b2!{quote; S
[b1:0 | b2:0 b0 s:0)

A Streaming Protocol We next consider a simple protocol for the standard stream

cipher [46].

key

consumer

Data Producer and Key Producer continuously send a datnstiad a key stream
respectively to Kernel. Kernel calculates their XOR andisahe result to Consumer.

Assuming streams are sent block by block (say as large grragscan realise this
protocol as communicating processes. We only focus on camation behaviour. The
kernel initiates a session:

Kernel®' def K(d, k,c) = d?(x); K2y); c!{x xor y); K(d,k, )
in a2,3,4] (d, k, ).K(d, k, ¢)

The channelsl andk are used for Kernel to receive data and keys from Data Praduce
and Key Producer, respectively, whies used for Consumer to receive the encrypted



data from Kernel. Data Producer and Consumer can be givén as:

DataProduce® def P(d, k, ¢) = d!(data); P(d, k, ¢) in a1 (d, k, c).P(d, k, ¢)

Consumef®' def C(d, k, ¢) = @(data); C(d, k, c) in a1 (d, k, ©).C(d, k, ©)

Key Producer is identical to Data Producer except it outptitsinstead ofd. When
three processes are composed, we can verify that, althowglegses repeatedly send
and receive data using the same channels, messages ars abwaymed in the order
they are produced, an essential requirement for corresifetbie protocol. This is be-
cause each channel is used by exactly one sender. We shallhgive this argument
can be cleanly represented and validated through sesgies ty the subsequent two
sections.

3 Global Types and Causal Analysis

Fig. 4 Syntax of Global Types

GlobalG = p-r7p:k{U).G values
| p - p': Kk{lj: Gj}jes branching
| G,G parallel
| utG recursive
| t variable
| end end
Value U 1= § sorts
| T@p located session
Sort S &= bool | nat | ... | (G)

Developing programs for multiparty sessions demands a &emal design as to
how multiple participants communicate and synchronisé wich other. To program
individual participants without such a design and hope tmyehow realise a mean-
ingful and error-free conversation is hardly practicah@sally for team programming.
In binary session types the type for an endpoint also sersdatie@description of the
whole conversation, but this is no longer possible for npaitly sessions. This is why
we need the type abstraction which describes global coatiersscenarios of multi-
party sessions: global types introduced this section eXi@mary session types in the
sense that they not only can ensure communication-erredfne but also they express
dependencies between communications between multipts.pee

4 For simplicity our description lets both Data Producer amth€limer repeatedly send the same
data: practically this is not the case but this simplifiedrfas enough for our current concern,
i.e. validation of communication behaviour.

10



3.1 Session Types from a Global Viewpoint

The grammar oflobal session typer global type denoteds, G/, . . ., is given in Fig-
ure 4. Typep — p’: k(U).G’ says that participamt sends a message of typethrough
channek (represented as a finite natural number) to participardand interactions de-
scribed inG’ takes placel, ... range ovewralue typesdenoting types for message val-
ues. Each value type is a vector of types for shared namesisalits writtenS, S/, . . .,

or of those for session channels. Both of these types arestisd in detail ir§ 4.2.
For understanding this section, itfEues to consided as a single base type. In the
value typesT @p means communication delegating a behavior typed lof partici-
pantp. In the sorts{G) means a delivery of a shared name typed®Y. We often write
p—op kG forp — p': k(.G (i.e.U is empty).

Typep — p’: k{lj: Gj}jes says participanp sends one of the labels on chankel
to participantp’. If |; is sent fromp, interactions described i@; take place ap’.

Type G, G’ represents concurrent run of interactions specifiedGlgndG’. Type
ut.G is a recursive type for recurring conversation structuassuming type variables
(t,t’,...) are guarded in the standard way, i.e. type variables orggapunder the pre-
fixes (hence contractive). We take aqui-recursiveview, not distinguishing between
ut.G and its unfoldingG[ut.G/t] [41]. We assume thaiG) in the grammar of sorts is
closed, i.e. without type variabl@sTypeend represents the termination of the session
and is often omitted. We identifyG, end” and “end, G” with G.

Definition 3.1 (prefix) We say the initial p — p’ : K'in p —» p’: k(U).G’ and
p — p': k{lj: Gjl}jes is aprefix fromp to p” at k over G where in the formetJ is a
carried type If U is a carried type in a prefix i thenU is also a carried type 6.

Conventions 3.2 We assume that in each prefix frgmto p’ we havep # p’, i.e. we
prohibit reflexive interaction.

Henceforth we often regard a global ty@eas the acyclic directed graph given by its
standard regular tree presentation [41]. A basic orderingt® nodes is induced by
prefixes.

Definition 3.3 (prefix ordering) Write n,n’, .. for prefixes occurring in a global type,
sayG (but notin its carried types), seen as node&afs a graph. We write € G when

n occurs inG. Then we writen; < n, € G whenn; directly or indirectly prefixes, in
G. Formally< is the least partial order including:

nn<nyep—-p:kU.G ifni=p—p :kneG
ng<naep—p kilj:Gjljes ifni=p—-p :k JiedneG

as well set setting; < n; € Gif n; < ny € G’ andG’ occurs inG but not in its carried
types.

5In the presence of the standard recursive sorts [24], whielomit for simpler presentation,
we allow sort variables to occur KG).

11



The prefix ordering allows us to express intended sequentigipbal types. To clarify
its meaning is essential for its proper usage. Considerlzagitype:

A—B:s(U). A— C:t(U’). end (2)

The two prefixes are ordered by. In a “synchronous” interpretation, this ordering
would mean: “only after the first sending and receiving talece, the second send-
ing and receiving take place”. This is a suitable readingmbending and receiving
constitute a single atomic action, as in synchronous dalou not with asynchronous
communication, where it is hard to impose this ordering gn¢hce messages to dis-
tinct channels may not arrive in order.

Thus the present theory takes the more liberal interpoetatf <, imposing se-
quencingonly on the actions of the same participant in ordered prefiker example,
in (2), A’s two sending actions are ordered, & and(C’s receiving actions are not.
The remaining causal ordering comes from communicadidenLamport [30]. Let us
further illustrate this idea with examples.

3.2 Examples of Global Types

The following is a global type of the two-buyer-protocol§@.3. We write participants
and channels with legible symbols though they are actualmlersBi = i, S = 3,
b1=1,bp=2,b,=3 ands= 4.

Bl — S: <string).

S — B1l: by(int).

S — B2 : byint).

B1 — B2 : bi(int).

B2 —» S: s{ok:B2 — S: s{string).S — B2: b, (date).end,
quit : end}

gabhwnN -

The type gives a vantage view of the whole conversation send/e show several
salient points in the interpretation of this type.

— Consider Lines 3 and 4. Since they havfeatent senders, the sending actions are
unordered in spite of theix-ordering.Hence if b = b, two messages have a
conflict at s(i.e. loose the ordering). Note that this analysis echoe®perational
argumenting 2.3.

— Next we consider the following causal chain of actions froimeL1 to Line 3 to
Line 5:

Bl > S<S —> B2<B2-—>S

Above — denotes the ordering given by message delivery, while the prefix
ordering. Note in particular two sending actionsBiy(Line 1) and byB2 (Line 5),
both done as, are causally ordered. By focussing-ifrom the firstS (of Line 1) to
the lasts (of Line 5), the receiving actions in Lines 1 and 5 are alseoed. Since
both sending and receiving take place in strict tempora¢gndo conflict occurs
between these two communications in spite of their use ofieneon channes.
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Next we present the global type of the simple streaming patm §2.3. Below we
unfold its recursion once, and set= 1,k =2,c=3,K=1,DP = 2,C = 3 andKP = 4.

1 ut.DP —K:d(bool). 4 DP — K: d<bool).
2 KP — K: k(bool). 5 KP — K: k{bool).
3 K — C: c{bool). 6 K — C: c{bool).t

The following arguments hold for anyfold unfoldings.

— Lines 1 and 2 are temporally unordered in sending: but thesdmt cause conflict
since channeld andk are distinct.

— Line 1 and its unfolding, Line 4, shark But the two use the same sender and the
same receiver, so each pair of actions-arerdered, hence safe. Similarly for other
unfolded actions.

3.3 Safety Principle for Global Types: Linearity of Channek

For a conversation in a session to proceed properly, it isalde that there is no conflict
(racing) at session channels. To ensure this, wheanramonchannel is used in two
communications, their sending actions and their receigictipns should respectively
be ordered temporally, so that no confusion arises at reserading nor receiving. If a
global type satisfies this principle, then it specifies aredrd) of interactions, and can
be used as a basis of guaranteeing process behaviourslthymegchecking.

Fig. 5 Causality Analysis

(1) Good (1) Bad (0) Good (O) Bad ©0, 1) Good (I) Bad
A—>B:s A—>B:s A—>B:s A—>B:s A—>B:s A—>B:s
C—->B:t C—>B:s B—->C:t B—>C:s A—->B:s C—oA:t

sl | s?;t? | t! sl | s?;s?| s sl s?;th|[t? S| s?;sl|s? 8l 8l|s?;s? & t?]s?t!

Causality is induced in several ways in the present asymchu® model. We sum-
marise all essential cases in Figure 5, with concrete psiostances for illustrationO
denotes the causal ordering kys from input (receiving) to output (sending), similarly
for 11, OO andOl. In (Il)-Bad, we demand # C. We observe:

— The“good” and “bad” cases fdrshows thatl alone is safe only when two channels
differ. Similarly forlO.

— In OO, Il (the fifth case), two outputs have the same sender and thedzmeel,
so (bymessage order-preservatipoutputs are ordered. Inputs are also ordered by
< hence they are safe.

— There is no ordering from output to input (due to asynchrpeg)Ol gives us no
dependency.

These observations lead to the followingtéxtive” causal relations on global types.
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Definition 3.4 (dependency relations) Fi®. The relation<,, with ¢ € {lI,10, 00},
over its prefixes is generated from:

Ny <z N2 ifng<nzandni=p; -»p:k(i=12)
N1 <10 N2 ifn1<n2,n1=p1—>p:k1andn2=p—>p2:kz.
N1 <eoh2 ifni<ngn=p-op;:k(i=12)

— An input dependency fromy to n; is a chain of the forrmy <y, - -+ <4, n2 (N> 0)
such thaw; € {I0} for 1 <i < n-1andg, = Il.

— An output dependency from to n is a chaimi <4, -+ <4, N2 (N > 1) such that
$i € {00, 10}.

In the input dependency, the ldsbrdering is needed since if it ends with BBredge
an input aih, may not be suppressed.

Definition 3.5 (linearity) G is linear if, whenevem; = p; — p} : k(i = 1,2) are in

G for somek and do not occur in diierent branches of a branching and, both input and
output dependencies exist fromto n; (i # j, i, ] € {1,2}). If G carries other global
types, we inductively demand the same.

We illustrate the condition on branching by an example:

1.A—B:tlok:C—D: send A—-B:t(C—D:send,
2. quit:C > D: send} C—> D: send)

(a) branching (b) parallel

The type (@) represents branching: since only one of twodirasis selected, there is
no conflict between the two prefix€s— D : sin Lines 1 and 2. On the other hand, (b)
means a concurrent execution of two independent D : s, so an input conflict ab
exists.

Note that we do not require the ordering betweere |G| andn;j € |Gyl inp —
p’: k{lj: Gj}jes such thah, k € J, h # k since only one of branches is performed.

Linearity and its violation can be detected algorithmigaliithout infinite unfold-
ings. First we observe we do need to unfold once.

ut.(A > B:send, B— A:tt)

This is linear in its 0-th unfolding (i.e. we repla&ewith end): but when unfolded once,
it becomes non-linear, as follows:

A—B:send, B—> A:tut.(A—B:send, B— A:tt)
since the two prefixes — B : sappear in parallel. This is witnessed by:
def X(st) = ((¢! | t2.81.X(ts)) | S2t!) in X(tS)

where @ | t?.91.X(ts)) belongs taA ands?.t! belongs taB. Unfolding once is necessary
also in global types that do not contain parallel global s/fene example below shows
a global type which satisfies the linearity condition:

utA—>B:sB—>C:S.A—>C(C:st

14



However, when unfolded once, it is no longer linear as:
A—-B:sB->C:SA—->C:suytA—->B:sB—-C:S.A—-C:st

since there is no input and output dependencies betweerC : sandA —» B: s.

But in fact unfolding once turns out to be enough. Takihgs a syntax, let us call
the one-time unfolding of Ghe result of unfolding once for each recursionGn(but
never in carried types), and replacing the remaining véeialith end.

Proposition 3.6 1. The one-time unfolding of a global type is linear if andyoifits
n-th unfolding is linear.
2. The linearity of a global type is decidable.

Proof. For (1), the if-direction is obvious. The only if-directios proved by induction
onn. See Appendix A for the full proofs. (2) is an immediate ctant of (1)°

4 Type Discipline for Multiparty Sessions

4.1 Programming Methodology for Multiparty Interactions

Once given global types as a description of global inteoasti we can consider the
following development steps for programs with multiparggsions.

Step 1 A programmer describes an intended interaction scenaigtobsl typeG, and
checks that it is linear.

Step 2 She develops code, one for each participant, incrementallglating its con-
formance to the projection @ onto each participant byfigcient type-checking.

When programs are executed, their interactions are gusedrio follow the stipulated
scenario. The type specification also serves as a basis fimtanance and upgrade.
This section introduces the type discipline which matesés this framework.

Fig. 6 Syntax of End-point Session Types
Value U == § | T@p

Sort S = bool | ... | (G)
End-pointT ::= KI(U);T send
k?2U), T receive

|
| ke {|| : Titiar selection
| k&{li: Tilia branching
| wtT |t ] end

6 We also examine the compuational complexity in [36].
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4.2 End-point Types

Syntax End-point session typesend-pointtypesanged over by, T’, .., are types for
end-point behaviour of processes, acting as a link betwesyabtypes and processes
in Section 3, which give intended conversation structufesialtiparty sessions, and
processes in Section 2. The grammar is given in Figure 6 (theugars fold andS
are repeated from Figure 4). All constructs come from thehjirsession types [24]
except for the following major changes for multiparty irgtetions.

— Since a process now uses multiple channels for addressittplayparties, a ses-
sion type records the identity (number) of a session chaihugks at each action
type.

— Since a type is used for type-checking each participant, sesaunotatiorT @p
(calledlocated typgrepresenting an end-point tyfeassigned to participamt A
located type is also used for delegation.

The rest stays identical with the original session typepel?(U); T represents the
behaviour of inputting values of typge at 5 (assumes;...s, is shared at initialisation),
then performing the actions representedibySimilarly k! (U); T is for sending.
Typek&{l;: Ti}icr describes a branching: it waits withoptions atk, and behave
as typeT; if i-th label is selected; typke® {l;: Ti}ic represents the behaviour which
selects one of the labels shyat k then behaves aF. These four araction prefixes
in end-point types. The rest is the same as the global tygesadding type variables
occur guarded by a prefix and taking an equi-recursive afgprfma recursive types. We
often omitend. Note that end-point typ€& does not contain parallel composition as the
original session types, retaining simplicity.
In addition to the foldingunfolding of recursive types, end-point types are consid-
ered up to the following isomorphism (closed under all typastructors).

Q

KUY KUy, T KUY KUY, T (k# k) 3)
ke {li:K & {l}:Tij}jealie = K @{lj:ke {li:Tijliel}jes (k#K) (4)
The equations permute two consecutive outputs wiifedént subjects, capturing asyn-

chrony in communication. The equation (4) specialises tonpéation between selec-
tion and output by settingor J a singleton: and to (3) when both are singletons.

Projection and Coherence The following defines the projection of a global type to
end-point types at each participant.

Definition 4.1 (projection) Let G be linear. Then therojection of G ont, written
G p, is inductively given as:

— (p1 = p2: kK(U).G') Ip =
KI(U);(G'[p) ifp=p1#p2
k?2¢U);(G'[p) ifp=p2#p1
(G Ip) if p# p2andp # p;
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— (p1 = p2: k{lj: Gjljes) Ip =

koflj: (GjIp)jes ifp=p1#p2

K&{lj: (GjIp)jes ifp=p2#p1

(G11p) if p# pz2andp # p;

andvi, je JGi[p=Gj[p

= (G1,Gy) [p =

Gi|p ifpegG; andpﬁGj,i #]e{l,2}

end if p¢ Gyandp ¢ G,
— (ut.G) [p=put.(Glp),t[p =t,andend [ p = end.

When a side condition does not hold the map is undefined.

The mapping is intuitive. We regard the map to act on the syotglobal types. In the
branching, all projections of participants that behavioesl not depend on the branch-
ing should generate an identical end-point type (otherwisgefined); and in parallel
composition,p should be contained in at most a single type, ensuring eguo ity
single-threaded. Belowid(G) denotes the set of participant numbers occurrinin
(but not in carried types). In (), @p appeared at the beginning $4.2.

Definition 4.2 (coherence)(1) We sayG is coherentif it is linear andG [ p is well-
defined for eaclp € pid(G), similarly for each carried global type inductively. (2)
{To@plper is coherentif for some coherenG s.t.1 = pid(G), we haveG [p = T, for
eachp e I.

Theorem 4.3 Coherence of G is decidable.

Proof. By Proposition 3.6 (2) (note the projection is only appliectgiven global type
without unholding)’ m]

Without projectability, a global type is not consistentnkarity guarantees linear
channel usage including message-order preservation. &ieexamples demonstrate
the need of these conditions.

Examples of CoherenceThe following global type is linear butot coherent because
the projection is undefined.

A — B : k{ok : C - D : K(bool), quit: C — D : k'{nat)}

Intuitively, when we project this type ontd or D, regardless of the choice made by
A, they should behave in the same way: participangdD should be independent
threads. If we change the abowa to bool as:A — B : k{ok : C — D : k’(bool), quit :

C — D : kK'<bool)}, we can define the coherent projection as follows:

{ ke {ok : end, quit : end}@A, k&{ok : end, quit : end}@B
k'{bool)@C, k' %bool)@D }

7 [36] gives a complexity analysis.
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As examples of end-point types which are not coherent, dengirocesses in the sec-
ond case of Figure 5:

(I Bad{sl()@a, sX); sX)@s, sl()@c}

This process is not coherent since the corresponding gitgpah — B: sC — B: sis
not linear.

4.3 Typing System

The purpose of the typing system introduced below isffwiently type behaviours
which are built by programmersence which do not include runtime elements such as
queues.

Definition 4.4 (program phrase and program) A processP is aprogram phraseéf P
has no queues and mebound session channeBis aprogramif P is a program phrase
in which no free session channels and process variables.occu

All of Buyerl, Buyer2, Seller, Data Producer, etc§i.3 are programs, hence are also
program phrases.

Environments and Type Algebra The typing system uses a map from shared names
to their sorts §,S’,..). As given in Figure 6, other than atomic types, a sort has the
shapgG) assumings is coherent. Using these sorts, we define:

r:=0|rLu:S|,X:8T A= 0| 4,5 {T@p)pe

A sorting (I, I, ..) is a finite map from names to sorts and from process varidbles
sequences of sorts and typ&gping(4, 4’, ..) records linear usage of session channels.
In the binary sessions, it assigned a type to a single chamowelit assigns a family of
located types to a vector of session channels.

Notations 4.5 —sid(G) stands for the set of session channel numbe& in
— We write4, 4’ to denote a typing made from the disjoint uniondodnd4’ always
assuming their domains contain disjoint sets of sessionratla.
— We write $': T@p for a singleton typing”~ {T @p}.

Typing System The type assignment system for processes is given in Figikke Tise
the judgement for the process and expression as:

I'rP»>Aa I're:S

which read: “under the environmenhit process has typingd” and “under the environ-
mentl”, expressiore has typeS”. If we set|§ = 1 andn = 2, and deletg from located
type, the shape of rules is essentially identical with thgioal binary session typing
[56]. Below we only illustrate the rules.

[Name],[Boor],[Or] are the rules for the expressions and identical with [56].
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Fig. 7 Typing System for Expressions and Processes

La:Sra:S  I'rtuefaise: bool  ——97P00L iy [Bood, [OR]
I' + eor e: bool
rra:(Gy I'rPs4,8(GI1)@1 |§=]sid(G)|
I'+a2.n0](5).P>4 [Meast]
I'ra:(G)y I'rP>4,8.(G[p)@p |3 =|sid(G)| Macc]
T+ app] (3-P> 4 “
Vi.I'+g:S; I'tPrA4,8:T@p [Sexn]
I'r 9K1®); P> 4,5 K (3); T@p BN
Ix:S+Px4,5T@p (Rev]
'+ gK?2(R); P> 4,3:k2(S); T@p

I'rPrA4,5:T@p D !
'+ IKID; P> 4,5 K (T'@p'); T@p, t. T @p’ FLEG
T'rPs>4,8:T@p, {:T'@p’ [SReq]
T+ 9K?0); P> 4,5 kXT'@p'); T@p ¢

I'rP>»4,5:Ti@p jel S
Fl—S[k]<]|j;Pl>A,§:k@{|i:Ti}i€|@p [ EL]
I'+Pi>4,5:Ti@p Vi el ® ,
RANCH

I'+ 9K > {li: Pilie »4,8:k&{li: Ti}ie @p

r'+Pe4a r'-Q»s4 [Conc]

T'+P|QodA

I' + e bool r'+Ps4a I'rQ»4
I'+ifethen Pelse Q>4

[1¥]

A end only Ia:(G)rP>4

[InacT],[NRES]

I'+0»4 Ir'r(vaPs4
r-&8 dendonly
] — — — [Var]
I X ST + X(88,..5))» 4,5 : T1@py, .., & Ta@pn,
IX:8T,%:8+ P> & :T1@p...5: Tn@p, X:STHQ»4 D
EF

I+ def X(X5,..5) =PinQ»4

[McasT] is the rule for the session request. The type $ds thefirst projection
of the declared global type farin I'. [Macc] is for the session accept, taking theh
projection. The end-point typ&(| p) @p means that the participaphasG [ p, which is
the projection of5 ontop, as its end-point type. The conditigBh= |sid(G)| ensures the
number of session channels meets those ifihe typings”: T @p (stands fois™ {T @p})
means that each prefix does not contain parallel threaddwghiares”
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[Senp] and [Rev] are the rules for sending and receiving values. Sincédtiename
gk] of Sis used as the subject, we record the nunmbdn both rules, p” in T@p
ensures thaP is (being inferred as) the behaviour for participantand its domain
should bes” Then the relevant type prefixek!(S) for the output anckS) for the
input) are composed in the conclusion’s session enviromen

[DeLea] and [SRec] are the rules for delegation of a session and its dual. Reieg
of a multiparty session passes the whole remaining capahiliparticipate in a mul-
tiparty session: thus operationally we send the whole vemftgession channels. The
carried typeT”’ is located, making sure that the behaviour by the receivédreapassed
channels takes the role of a specific participant (l¢yen the delegated multiparty
session. The rest follows the standard delegation rule f&erving [BLeG] says that
f: T’@p’ does not appear iR symmetrically to [SRc] which uses the channels i

[SeL] and [Branch] are the rules for selection and branching, and identicah wi
[56].

[Conc] composes two processes if their end-point types are disjoi

[1€], [InacT], [VAR], and [Der] are standard. [NE] is the restriction rule for shared
namea. In [Inact] and [Var], “end only” means4 only containgend as session types.

4.4 Typing Examples

Two Buyer Protocol Write Buyerl ag2, 3] (by, by, b}, 5).Qq and Buyer2 asz] (by, b, b), 5).Q,
both from§2.3. ThenQ; andQ, have the following typing under = {a : (G)} where

G is given in the corresponding example§ir8.2, lettingBi =i,S = 3,b; = 1,by = 2,

b, = 3 ands = 4 and assumingy, P, Q are0:

I+ Q> 8 8l (string); by ?(int); b}! (int)@B1
'+ Q2> 8 bp?(int); by?(int); S& {ok : 8! (string); by?(date); end, quit : end}@B2

Similarly for Seller. After prefixing ag, we can compose all three by fx].

A Streaming Protocol We letI" = {a : (G’)} whereG’ is given in the corresponding
examplein§ 3.2. Letd =1,k=2,c=3,K=1,DP = 2,C = 3 andKP = 4. Write Ry,
Rz, Rs andR, for the processes which are under the initial prefix (at thereth name)
of Kernel, DataProducer, Consumer and KeyProducer, régpbc Then we can type
each agent as:

I' + Ry > dkc: ut.d?(bool); k?{bool); ! (bool); t@K
I' + Ry»dke: ut.d! {bool); t @DP I' + Ry>dke: ut.c?{bool); t@c

(R4 is similar asR;). Note these types correspond to the projectioobnto respec-

tive participants: thus Kernel, DataProducer, ConsumdrkaeyProducer are typable
programs undeF, which can be composed to make the initial configuration.

Delegation One source of the expressiveness of the session types cameas facility
of delegation(often calledhigher-order session passipgiWe will type and see the
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relationship with global and end-point types. Considerftlewing three participants:

Alice €'apz (t1, t2).br2,31 (81, ) -t11(S1, );0
Bob ' apz) (ty, th).br1l (S1. )11 (S0, S2); su! (1; 0
Carol £ by (s1, ). 51.2(); P

where Alice delegates its capability to Bob. Since thereh@emulticasting, there are
two global specifications, one farand another fob as follows:

Ga = A - B: t1 (5! (int)@A).end
Gp=A — C: s (int).end

where the types;! (int)y@A means the capability to send an integer from participant
via channeb;. This capability is passed ®so thaB behaves as. However, since two
specifications are independe@tloes not have to know who would pass the capability.
Let (Alice | Bob | Carol) - (»%)(A | B | C | R) whereA, B,C are the processes

of Alice, Bob and Carol after initial multicasting arRlare the generated queues. Let
s1=1t=1A=1B=20C= 3. These processes have the following typings uider
with P = O: .

't Avs t: 11 (s (inh@A)Y@A, §: ! (int)@A

I'+B» {:t,?2(s! (int)@a)@B

I'tC > §: 52(int)@c
where each end-point type reflects the original global djpetions (e.g. Carol does not
know Alice passed the capability to Bob and Bob behaves agplirhese types give
projections oG, andGy,.

5 Safety and Progress

This section establishes the fundamental behaviouralgpties of typed processes. We
follow three technical steps:

1. We extend the typing rules to include those for runtimecpsses which involve
message queues.

2. We define reduction over session typings which eliminateair of minimal com-
plementary actions from end-point types.

3. We then relate the reduction of processes and that of ggpshowing the latter
follows the former gives usubject reductioTheorem 5.22)safety(Theorem
5.24) andsession fidelitfCorollary 5.25), while showing the former follows the
latter under a certain condition gives pigressTheorem 5.32).

By the correspondence between end-point types and glopestyhese results guaran-
tee that interactions between typed processes exacttyfalie conversation scenario
specified in a global type.

Note that the typing system for runtime we shall introducéhiis section is used
solely for establishing the behavioural properties of typeocesses, tracing how typa-
bility is preserved during reduction. This is in contrasthe simple typing system in
§ 4 which is for typing programs and program phrases.
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5.1 Typing Runtime

How to Type a Queue We first illustrate a key idea underlying our runtime typing
using the following example.

sl(3); sl(true); 0 | s:0 | 2(X); 24);0 (5)

We type the two processes wih 1! (nat); 1! (bool); end@p ands : 1?(nat); 1?{bool); end@q.
After a reduction, (5) changes into:

sl(true); 0 | s:3 | 2(X); ();0 (6)

Note that (6) is identical with (5) except that an output préfi(5) changes its place to
the queue. Thus we can go back from (6) to (5) by placing thissaige on the top of the
process. A key idea in our runtime typingtis carry out this “rollback of a message”
in typing, using an end-point type with a hole (a type context) formgpa queue. For
example we type the queue in (6) as:

s:{1nat);[ ]@p, [ 1@q } (7)

where [ ] indicates a hole. Now we cover the typgtdol); end with the type context
for p given above, Unat);[ ], obtaining the type 1dnat); 1! (bool); end for p, restoring
the original typing.
Labels in a queue are also typed using a type context. For@edm | - true - |,
can be typed with
kel : ki{bool); kel :[], (8)

omitting braces for a singleton selection. Now consideuction
s<ok;P|s:0 — P|s:ok. 9
Assume we type the left-hand side as
§: ke {ok:T,quit: T'}@p. (20)
After the reduction, we obtain the type fBras
5: T@p. (11)
and the type for the queue as:
S: ke {ok:[ ]}@p. (12)
By combining (11) and (12) as before, we obtain
S:ko{ok: Ti@p. (13)

We now observe that the located type in (13) subtypeof the located type in (10) in
the standard session subtyping [8, 19], which is formalljreel as:
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Definition 5.1 Thesubtypingover end-point types, denoted,, is the maximal fixed
point of the function S that maps each binary relat®n end-point types as regular
trees to §R) given as:

— FTRT’ then K (U)T S(R)k! (U)T” and K (U)T S(R)k?(U)T".
— If TiRT/ foreachie | c J thens{l; : Ti}ic S(R) & {l;: ij}jej and
&{lj : Tikics S(R) &{li : T/}iar-

If T <eup T’ then T is asubtypeof T” whereas Tis asupertypef T.
Sincek® {ok : T} <sup k& {ok : T, quit : T’}, we can type the reductum in (9) using the

located type given in (10), which is a supertype of the logaype in (13), through the
standard subsumption, achieving the required rollback.

Type Contexts The type contextsX, 77, ...) and the extended session typinty{’, ...
as before) are given as:

To=1]11KWULT | kel :T
H:=T]7
4 = 0| 4,8 {Hplpel

Thus a type context represents a sequence of outputs aridteimgelections which
ends with a hole. As before, the notatiam, 21”” denotes the union assuming the do-
mains should notinclude a common channel name igdraorphismr on type contexts
is generated from permutations given§id.2 (3, 4). Each assignmentihmay contain
both end-point types and type contexts. We define the padramutative algebra as
follows (sid(T) denotes the channel numbersin

ToT=ToT=7[T]
ToT =T[T] (sid(T)Nsid(T") = 0)

In the first rule, we place the output types of message quendisad of a process. In
the second, we compose the type contexts for two sets of gesd@m the mutually
disjoint sets of queues. Nofeo 7" is defined ff 77 o T is defined and in which case we
haveTJ[7’] ~ T’[T]. Note alsoT o T’ is never defined. Composition fl, @p}pe by o
is given point-wise.

Below we define a simple algebra of environments for runtimeesses.

Definition 5.2 (type algebra) A partial operatop is defined as:
{Hp@plpel o (H, @p'lyes = {(Hp o H))@plpeing U {Hpy@plpeng U {H,, @p'}pen

assuming eachon the right-hand side is defined. Otherwise the operatiandefined.
Then we sayl; and4, arecompatiblewritten4, < 4, if for all § € dom(4;) such that
SN #0,5=5 =5 and41(5) o 4,(5) is defined. Whent; < 45, thecomposition of
Ay and4s,, written4; o 45, is given as:

Arody; = {41(8) 0 42(8) | §€ dom(4y) Nndom(4y)} U Ay \ dom(4z) U 4, \ dom(4;)

The operationt o 4’ is undefined i1 < 4’ does not hold.
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Fig. 8 Selected Typing Rules for Runtime Processes

TF'+Pogd A< A 4 end only
Tr Poc T+ SK:0 »gq & 1@pl, o 4 [Sues].[Qxn]
Frvi:S T'r gK:hega,8:(1T@q) UR)  R={H,@p}x Q]
Fregk:h-7egq 4,5 T (S);[@q UR
v gK:heqy 4,8:{T@q) UR  R={H,@p}w [Osess]
v gK:h-egqa, 8 (T (T'@p'); [ ]@q} UR T:T' @p’ ‘
rrgK: hegq4,3:(T@q UR  R={H,@p)per [Ose]
regk:h-legq4,8@kel: [J@q UR
TvPeyd T'rQepd finh=0 A4xa c
IF'rP|Qrygdod [Conc]
TP 4,8 {T,@plpa Sei {T,@p}ya coherent [CRes]

I't (v¥Prs4

5.2 Typing Rules for Runtime

To guarantee that there is at most one queue for each chareese the typing judge-
ment refined as:

I'+Prz4a

wheres’(regarded as a set) records the session channels assogititéle message
queues. The typing rules for runtime are given in Figure 8s§pallows subsumption
(Zsub is extended pointwise from types). §@] starts from the empty hole for each par-
ticipant, recording the session channel in the judgem@nil]] says when we enqueue
¥, the type forvis added at the tail. [Q@ss] and [seL] are the corresponding rules for
delegated channels and a label.

[InacT] allows weakening for empty queue types, while{C] is refined to prohibit
duplicated message queues. The rule does not use coheoénbef(4.2 (2)) since
coherence is meaningful only when all participants and gaeue ready.

In [CRes], since we are hiding session channels, we now know no otakicp
pants can be added. Hence we check all message queues amesednapd the given
configuration asfis coherent.

For the rest, we refine the original typing rules in Figure T ayppearing in Figure
8 as follows (the full typing rules are listed in Appendix B).

— For [Mcast],[M acc],[Rcv],[SRec],[Brancu] and [Der], we replacel” + P> 4 with
I'tPryd.

— [Var] is similar to [Inact] (so that a queue can never occur in processes realising
participants).

— For both [Der] and [NRes], we replace” + P>A by I' + PogA.

24



Using these typing rules, we can check that the configuratidnhe beginning of this
section, (5) and (6), are given an identical typing by “rajliback” the type of the
message in the queues; similarly for the next redex and tadugair in the same page,
(10) and (11).

The typability in the original system i§4 and the one in this system coincide for
processes without runtime elements.

Proposition 5.3 Let P be a program phrase ardl be without a type context. Then
I' + P>4in the typing system ifl4 iff I’ + P>y 4 is derived without usingJuss] in the
typing system in this section.

Proof. See Appendix B.

Proposition 5.4 If I' + P >q1 1y 4 then P has a unique queue di]1 < i < m), no
other queue at a free channel occurs in P, and no queue in Pdenany prefix.

Proof. By mechanical rule induction, see Appendix B.2. m|

5.3 Type Reduction
Next we introduce reduction over session typings and glojges, which abstractly
represents interaction in processes at session chanedtsv e assume well-formedness
of types and typing.
Definition 5.5 (type reduction) We generatel — 4’ by the following rule:
kI (U); H@p. k?(U); T@q — H@p, T@q [TR-Con]
ke (l : H,..)@p k&{l : T,..}@q ~ H@p, T@q [TR-Bra]

k
Hl@ph H2@p2 - Hi@pl, Hé@pZ pl’ p2 € I

- W
§:{H1@p,, H2@p,, ...}ie1, 4 = 5:{H{@p:, H;@p,, ... Jie1, 4

[TR-ContexT]

K
Axdo doBay sy~a

K
AS[—JA’

[TR-1s0]

For analysing properties of type reduction, in particul&hwespect to causality in
coherent global types, we introduce several ideas.

Definition 5.6 1. (full projection) Assumés is coherent. Theifull projection of G
denoted by 5] is defined as the famil{(G [p)@p | p € pid(G)}.
2. (causal edges ord]) For [G] given above, regarding each type iG] as the
corresponding regular tree, we define the causal edges<;o and<y, among its
prefixes precisely we have done@

Proposition 5.7 Each causal edge in G is preserved through the projection pGi .
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Proof. A casual edge between two nodes of a global type is eithiefO or 00. For
example, the shortest path that containsIardependency takes a form af! —

p : kp” — p : K.G. and the projection of this path on participants{ks(); G |
p'@p’,k?(); K?(); G p@p,K'!();G[p”’@p”}. The order of receiving two messages by
p in the end-point types is the same as in the path. We can ajse firat the projection
preserves the order of messages received by each partiéiparther dependencies.

Definition 5.8 We defineG LY G if[G] LY [G].InG LY G’, we take @ a prefix atk
in G not suppressed by, <0 Or <o, to obtainG’.

Definition 5.9 (merge set) Assume G is coherent. Then we say two prefixes in G in
different branches of a branching prefix amergeablavith each other when they are
collapsed in its projection. A prefix is always mergeabldwitgelf. Given a prefix, its
merge seis the set of prefixes mergeable with

Proposition 5.10 Two prefixes in G are mergeabl they are related to one common
input prefix and one common output prefif @] through projection.

Proof. This is because, in the defining clauses of projection, thezeno other cases
than the one for branching which collapse two prefixes. a

Corollary 5.11 There is a bijection between the merge sets in G and the sapof i
prefixes iN[G] . Similarly for resp. the set of output prefixeqiB] .

Proof. This is immediate from Proposition 5.10, taking the map oetliby the projec-
tion as the required bijection. a

Definition 5.12 If a merge set of G is related to an input prefix and an outputipra
[G] by the bijection noted in Corollary 5.11 above, we say thenfaris theprojection
preimageor simplypreimageof the latter, or the latter is thprojection imager image
of the former.

The following result links the linearity in global types the causal properties in end-
point types.

Proposition 5.13

(1) If a pair of prefixes i G] (taken up to the type isomorphisg) form a redex with
respect to— then they are not suppressed by anyef, <1o and<gp.

(2) Given coherent G, let Gbe the result of takingffithe merge set of a prefix from G
which is not suppressed by any-of, <o and<go. Then G is again coherent.

(3) Let G be coherent. Then the causal edges are preserved aadtegflbetween the
two merge sets in G and their imageq @] . Further each redex pair ifiG] is the
image of some prefix in G.

Proof. See Appendix B.3. ]
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Proposition 5.13 (1), (2) and (3) together say that the “xed&in a global type (in
the sense that they are not under any non-trit@l00 or II-dependency) is exactly
reflected onto those in its projection.

We can now clarify the relationship between reduction ofirtgs and coherence,
after a definition.

Definition 5.14 (coherence and partial coherence of typings(1) We say4 is coher-
entif 4(3) is coherent for each € dom(4). (2) 4 is partially coherenif for some4’ we
haved =< A4’ and4 o 4’ is coherent.

Proposition 5.15

1. A1 > A and Ay < Ay imply 4], = Az and Ay o 4y > A 0 4.
2. Let4 be coherent. Then - A’ implies4’ is coherent.
3. Let4 be partial coherent. Thed S implies4’ is partial coherent.

4. Let4 be coherentand(8) = [G]. Thera Wy iff G X & with 48 =[G1.

Proof. For (1) supposel; 5 4} and4; = 4. Noted; < 4 means that each pair
of vectors of channels from; , either coincide or are disjoint, and that, if they coin-
cide, their image are participant-wise composable b8ince no typed reduction rule
invalidate either condition we concludg = 4.

For (2), supposd is coherent and S Suppose the associated redex ig(8).
By coherence we can writ#(8) as [G] for some coheren®. Now consider the preim-
age of the associated redex iB], whose existence is guaranteed by Proposition 5.13
(3). This preimage is not suppressed by causal edges by $tiopdb.13 (1,3). Reduc-
ing [G] corresponds to eliminating its preimage fr@nsayG’, whose projection’]
precisely gives the result of reducin@]. SinceG’ is coherent by Proposition 5.13 (2)
we are done.

Implication (3) is immediate from (1) and (2).

Finally the only if-direction of (4) follows directly from Bfinition 5.8 and that
4 Yy implies4(3) X A’(8). For the if-direction, by Proposition 5.13(3), the casual
edges ofs are preserved in the images @] and by Corollary 5.11, there is a bijection
between prefixes i and the set of input-output prefixes iG]. Hence [G] e [G1
where4(8) = [G] and4’(8) = [G']. Then we apply [TR-GNTEXT]. ]

5.4 Subject Reduction and Communication Safety

For subject reduction we use the following lemmas. In the fesima below, we say
that two typings4; and4,, share a common target channel in their type contesten,
for somesandk, we have: (1y1@p € 41(5) andTo@p € 42(5); and (2)k! (U) orkea |
occurs inT1 andk! (U’) orke® I’ occurs inT (i.e. they have an outpiselection type at
a shared channéf).

8 Whenever we compose two processes, their typings neves shewmmon target channel in
their type contexts in this sense because, by the disjaatoEmentioned channels for queues,
target channels in type contexts can never coincide.
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Lemma 5.16 (partial commutativity and associativity ofo) o on typings is partially
commutative and associative with identityunder the condition that, whenever we
compose two typings, they never share a target channel intipe contexts (in the
above sense).

Proof. See Appendix B.4.

Lemma 5.17 Assumd” + Pz 4. Then all free names and free variables in P occur in
I’ and all free channels in P occur i,

Proof. Mechanical. O

Below aderivation of " + P>z 4 is a derivation tree of the typing rules for runtime
processes (fully listed in Appendix B) whose conclusioR'is P >z 4.

Lemma 5.18 (permutation) (1) Assume given a derivation &f+ P »z 4 which uses
[Sugs] at its last two steps. Theh + P>z 4 has a derivation identical with the original
one except its last two steps are replaced by a single apgpicaf [Suss]. (2) Assume
given a derivation of" + P »5 4 which uses $uss] as its last rule and another rule
which is not one of$uss], [ SeL] and [Branch]. ThenI” + P»zA4 has a derivation which
is identical with the original one except that the last twéesiused are permuted.

Proof. (1) is immediate from the transitivity of [Bs]. (2) is mechanical. ]

Lemma 5.19 (queue)The following rules are admissible in the typing system €or-r
time processes. Below |8t= g1..k..n] and assume in each rulkein the premise is
well-defined.

rr9K:heg 408:(T@p} I'r>$

— _ < [Qvat]
I'rgKl:h-Veg 408: (T (S);[]]@p}
I+ gK:heg 4038: (T@p} {f} fresh
- . _ [QsEss]
F'rs:h-teg 405 {TJK(T@p');[]]@}, t: {T@p’}
't s:hes 408 {T@p}
_ — [QsEr]
I'rs:h-lvg 4085 {T[ka{.,I:[],.}]@p}.
rs:-hey408: (K(S); T@p}@p
& - [QvaLpq]
I'ts:hey 408 {T@p}.
I'+s:if-heg 405 (K(T@p); T@p). {: (T@p'}@p'
S Z [QsEsspq]
I'ts:heg 408 {T@p}.
I'rs:l-heg 405 {kel: T@p) [QsELpg]

'+ sheg 408:{T@p)
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Proof. See Appendix B.2. =]

Below we do not require the substitution lemmas for sesdi@mmoels and process vari-
ables, cf. [56].

Lemma 5.20 (substitution and weakening) (1) (substitution)/,x: S + P>z 4 and
I'+v:S implyl™ + P[v/X] »s4. (2) (weakening) Whenevért+ P>z is derivable then
its weakeningl” + P>z 4, 4’ for disjoint4” where4” contains only empty type contexts
and for typesnd, is also derivable.

Proof. Standard, see [56]. m]

Among the lemmas above, the lemmas for queues are needeedting reduction
involving queues in the present asynchronous operatiamahstics. We can now es-
tablish subject reduction.

Remark 5.21 Theorem 5.22 (3) and the subsequent results (in particdi@orems
5.24 and 5.32 below) tell us, through Proposition 5.3, thattyping system ir§ 4,
which is for programs and program phrases, guarantees &fpgysind other significant
behavioural properties for typable programs.

Subject Reduction, Communication Safety and Session Fidgl By the above propo-
sition and the substitution lemma, we obtain:

Theorem 5.22 (subject congruence and reduction)

1. 'r Prgdand P= P implyl+ P’ »54.
2. I' + Prg4 such thatd is coherent and P> P imply I' + P’ »5 A" whered = A4’ or

A iA' for some &
3. I'+Pry0and P— P implyI" + P’ »¢ 0.

Proof. See Appendix B.5.

Theorem 5.22 immediately entails the lack of the standape Brrors in expressions
(such agrue + 3). The type discipline also satisfies, as in the precedisgise type
disciplines [24], communication error freedom, includiivgear usage of channels. We
first introduce the reduction conte&tas follows:

g = &P | P& | (vn€ | defDiné
We also say and write:

— A prefix is at s (resp.at a) if its subject (i.e. its initial channel) is (resp.a).
Further a prefix iemittingif it is request, output, delegation or selection, otheewis
it is receiving

— A prefix isactiveif it is not under a prefix or ai £ branch, after any unfoldings by
[Der]. We write P(s) if P contains an active subject aafter applying [F], and
P(sl) (resp.P(s?)) if P contains an emitting (resp. receiving) active prefis.at
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— P has aredex at sf it has an active prefix a among its redexes.

Below and henceforth we safely confuse a channel (as a nQrnmbartyping and
the corresponding free session channel of a process.

Lemma5.23 Assumd + P>y 4 s.t.4 0 Ag is coherent for somé.

1. If P(s) then P contains either a unique active prefix at s or a uniquraemitting
prefix and a unique active receiving prefix at s.

2. If P contains an active emitting (resp. receiving) prefixsahen4 contains an
emitting (resp. receiving) minimal prefix at s.

Proof. By easy rule induction, see Appendix B.7.

The following result decomposes the standard propertyfocisronous session types [24,
49, 56] into the sending side and the receiving side, dueg@xistence of queues. We
assume the standard bound name convention.

Theorem 5.24 (communication safety)Supposd” + P ¢ 4 s.t. 4 is coherent and P
has a redex at free s. Then:

1. (linearity) P= &[s:h] such that either
(a) P(s?), s occurs exactly once idandh # 0; or
(b) P(s!y and s occurs exactly once &) or
(c) P(s?), P(gl), and s occurs exactly twice th

2. (error-freedom) if P= E[R] with R(s?) being a redex:
(a) If R= s?(§); Q then P= &'[s: V- h] for somee’ and[¥] = [§i.
(b) If R=s?(9); Q then P= &'[s: - h] for somee’ and|§ = |il.
(c) IfR=s> {l;: Qilia then Pz&{s:lj-ﬁ] for some€’and jel.

Proof. For (1), letP = (vi)(Pols : hiQ) whereP, does not contain a queue a@bnly
contains queues (by Proposition 5.4). By Lemma 5.23 we kRgWas either a single
active prefix or a pair of a receiving active prefix and an @ngtiactive prefix. So we
have three cases:

— Po(s?) and there is no other active prefixessaif so because there is a redexfn
the queue cannot be empty.

— Po(d!) and there is no other active prefixessathen this gives us a redex.

— Po(s!)y andPy(s?). Then at least the former gives a redex but the latter cangiso
a redex.

Hence as required.

For (2), if P satisfies the stated condition then we can wHtes &’[s : F1|R] and

s%s: hIR form a redex, with the same typing by Theorem 5.7 (1). Sinishould

have a partially coherent typing it in particular means tlé pf active prefixes as
in the tying of S should be complementary. The rest is by the direct corredpoce
between the type constructors and the prefixes. a
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By Theorems 5.22 and 5.24, a typed process “never goes wiarthé sense that its
interaction at a multiparty session channel is always arerte and that each deliv-
ered value matches the receiving prefix. By Lemma 5.23 (2)gntthe typing of the
associated queue, this delivery precisely correspondsddex in the session typing.

As the corollary of Theorem 5.22(2) and Proposition 5.15¢49 obtainsession
fidelity: the interactions of a typable process exactly follow thecsjication described
by its global type.

Corollary 5.25 (session fidelity) Assumd™ + P>;4 such thatt is coherent and/(8) =
[G].If

1. (gK]?) — P’ at the redex of[&], thenT" - P’s¢4’ with G -5 G and[G'] = 4/(3),
or
2. gK]!'Y — P’ atthe redex of[&], thenl" + P’ > 4.

. K .
Proof. In (1), the conclusiod” + P’ »¢ A" whered = A’ or 4 et A’ follows directly

from the subject reduction theorem 5.22(2). Then secondalosionsG LY G’ and
[G'] = 4'(5) follow directly from Proposition 5.15 (4). If not, a sendarts some value
in the queue. Hence (2) obviously holds. a

5.5 Progress

Communication safety says that if a process ever does atieduit conforms to the
typing and it is linear. If interactions within a session amd hindered by initialisation
and communication oflifferentsessions, then the converse holds: the reduction pre-
dicted by the typing surely takes place, the standard pesgreoperty in binary session
types [15, 24]. First we define:

Definition 5.26 LetI' + P>z 4. ThenP is queue-fullwhen{s} coincide with the set of
session channels occurring4n

A process is queue-full when it has a queue for each sessimmneh The following
precludes interleaving of other sessions (includingatigations and communications)
which can introduce deadlock. For example, two sessiomlisiationsa[ 2](s).b[ 2](t).s?;t!
anda[2](s).b[2](1).t?;s! cause deadlock. Observe, because we have multipartpssssi
there is less need to use interleaved sessions.

Definition 5.27 (simple) A process is simplewhen it is typable with a type derivation
where the session typing in the premise and the conclusieadf prefix rule in Figure
7 is restricted to at most a singleton.

Thus each prefixed subterm in a simple process has only a@is&gsion.
Proposition 5.28 Let Py be simple and P —* P. Then no delegation prefix (input or

output) occurs in P and for each prefix with a shared name inay, #i](%).P’ or
a[2..n](%).P’, there is no free session channels ineRceptS.
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Proof. See Appendix B.8.

Another element which can hinder progress is when intesastat shared names cannot
proceed.

Definition 5.29 (well-linked) We sayP is well-linkedwhen for eacl®? —* Q, when-
everQ has an active prefix whose subject is a (free or bound) shametnthen it is
always part of a redex.

Thus, in a simple well-linkedP, each session is never hindered by other sessions nor
by a name prefixing. The key lemma for simple processes fall®elow we safely
confuse a channel in a typing and the corresponding freéoseslsannel of a process.

Lemma 5.30 LetI" + P>s4 and P is simple. If there is an active receiving (resp. active
emitting) prefix ind at s and none of prefixes at s in P is under a prefix at a shared name
or under anif-branch, then RPs?) (resp. either Rs!) or the queue at s is hot empty).

Proof. By rule induction using Proposition 5.28, see Appendix B.9. |

Proposition 5.31 LetI" + P>s4, 4 is coherent, P is simple, well-linked and queue-full.
Then:

1. If P £ 0then P— P’ for some P.

2. 1fA(®) = [G] and G—k> G’, then P—* P’ at the redex atis. t.I" + P’ >z 4’ with
4'® =161

Proof. Let P be simple, queue-full and well-linked, ard + P »z 4 such that is
coherent. Without loss of generality we can assuPoes not have hidings (we can
just take d¢f and the result is again simple, queue-full, well-linked anterent). Since
A is coherent, i1 contains any prefix then, by Proposition 5.28, it should farnedex
(together with another prefix to form the image of a merge. &#f)Lemma 5.30 and
Theorem 5.24 (1,2) and by the well-linkedness, either thigesmn if-branch above the
prefix orP has an active prefix (or prefixes)sin P. For the former, this if-branch itself
cannot be under any prefix since that violates the activestessim 4. So this if-branch
can reduce hence done.

If not then by Lemma 5.30 there are the following cases:

(@) P=E[Q(gl)s: ﬁlR(s’?)], in which case there is at least one redeRibetween the
emitting prefix and the queue.

(b) P = &[s: hIR(s?)] with h non-empty, in which case there is a redex between the
non-empty queue and the receiving redex.

(c) P=E[Q(gl)s: ﬁ], in which case there is aredex as in (a).

In each case there is a reduction hence done. O

(2) above gives the converse of Corollary 5.25: if the gldippe has a reduction, then
the process can always realise it.
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Theorem 5.32 (progress)Let P be a simple and well-linked program. ThErhas the
progress propertyn the sense thd& —* P’ implies eithe = 0 or P — P” for some
P”.

Proof. Immediate from Proposition 5.28, Lemma 5.30 and Theorerh.5.3 o

A simple application of Theorems 5.22 (3), 5.24 and 5.32 focpsses fron§2.3 fol-
low. Belowcommunication mismatgtands for the violation of the conditions given in
Theorem 5.24 (2).

Proposition 5.33 (properties of two protocols)

1. Let BuyerBuyer2Seller »* P. Then P is well-typed, simple and well-linked, P
has no communication mismatch, and eithex B or P — P’ for some P.
2. Similarly for DataProducéKeyProducgKerne|Consumer.

Proof. Immediate from Theorem 5.32 because these two configusatom typable
programs each of which loses its shared name in the initielgon (at which point all
the occurrences of the shared name are used). a

The progress property is stated for simple, well-linkedgesses. The practical sig-
nificance of the progress result under these constrairttaisif a typable program ever
gets stuck during reduction, then its causes are other timasttucture of individual
typed conversations: thus we are ensured that the causeadibak (if any) in typed in-
teractions do not lie in each conversation structure itsdlbwing their well-articulated
analysis.

6 Extensions and Related Work

We discuss several extensions and directly related works.

6.1 Extensions

Existing Extensions of Session Typesn the literature, several extensions of binary
session type disciplines have been proposed, includintygimg [19], bounded poly-
morphism [18], integration with security annotations t@tantee authentication prop-
erties [4], and integration with higher-ordercalculus [34]. We believe that integrations
with these extensions should be possible and will enricliesgive power and applica-
bility of the theory.

Multithreaded Participant Another straightforward extension is to allow a multi-
threaded participant, so that a single participant caroperparallel conversations with
others during a session. For this extension we add the phecalinposition Ty, T,) to

the grammar of end-point types, equipped with the followsgmorphism (using type
contextsir§s): TJ[T1], T2 =~ J[T4,To]if forno kthere is an output &in bothT andT,
(such a prefix adds falg80O-dependency), as well as commutativity and associativity.
Linearity betweenT; andT, in T4, T, is given by coherence via projection.
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Graph-Based Global Types The syntax of global types uses the standard abstract
syntax tree. We can further generalise this tree-basedsymgraph structures to obtain
a strictly more expressive type language, enlarging tyjggbConsider the two end-
point processeP = gl.t? andQ = t!.s?: their parallel composition does not introduce
conflict hence it is linear and safe. This situation howewanmot be represented in
the current global types since two “prefixes” criss-crossheather. Interestingly, our
linearity conditions in§ 3.3, based on inpfdutput dependencies, can directly capture
the safety of this configuration. All we need to do is to take ginaphs of prefixes and
II, 10 and OO-edges (cf. Figure 5) under the linearity condition (prebisfollowing
§3.3) as global types, augmented with an acyclicity conditio chains of these causal
edges. All other definitions and results stay the same. Qrantework [35] studies a
generation of graph-based global types from end-pointtype

Synchrony and Asynchrony Most of the session types currently studied are binary
and synchronous [24]. In some computing environments (&ltly coupled SMP),
synchrony would be more suitable. Adding synchrony meankawe more causality:
00-dependency betweenttérent names as well as td-dependency (i.e. the depen-
dency from output to input, cf. Figure 5), which in asynchyomver ariseg§ 3.2. Our
subsequent work [2] studies a synchronous multiparty sesgpe.

A different direction is to consider asynchronous message jgagdinout order-
preservation [23] which are also used in some computingenkients (though in many
environments we haveficient order-preserving transport such as TCP). Again we can
use our modular articulation, by takingf@O-edges to obtain a consistent theory for
pure asynchrony.

Multicast Primitives for Sessions Communication Two Buyer Protocol uses a mul-
ticasting prefix notatiors, t! (V). The present work treats it as a macro $b¢V); t! (W)
which has an essentially identical abstract semanticsinggroper multicasting prim-
itives for session communication is however useful espigdiathe case of sessions
involving a large number of participants, using multicasttpcols such as IP-multicast
through APIs. It also enriches the type structures: we ekter» p’ : Kk in the pre-
fix of global types top — pi,...,pn : {Ki,....Kn} (wWith a practical adaptation such as
group addressing), representing the multicast of a message .., p, via channels
ki, ..., Ky by participantp, similarly we extend end-point session typesl?toU) from
kl(U). Causality analysis remains the same by decomposing ealtltasting prefix
into its unicasting elements and considering causalitgémh of them. Our subsequent
work [2, 3] use multicasting and prove the subject reductimorems in asynchronous
and synchronous multiparty sessions.

6.2 Related Work

There is a large literature on session types for both procakwli (in particulars-
calculi) and programming languages. Below we discuss sdntieeomost closely re-
lated works.
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Asynchronous Session TypesOur multiparty session types are based on message-
order preserving asynchronous communication. Operdtggraantics of binary ses-
sions based on asynchronous communication was first coadidy [39]. Recently
[20] studies the asynchronous version of binary sessiarefd/L-like language based
on [51]. In [20], a message queue is given two endpoint cHaramal a direction.

The work [12] studies the asynchronous binary session tigrelava, extending the
previous work in [15], and prove the progress by introduanggtect system. The re-
sulting system does not allow interleaving sessions saititetactions involving more
than two parties such as examples§ir2.3 cannot be represented. Our theorem es-
tablishes the progress property on multiple session chHgnhsignificantly enlarging
the framework in [12]. Recently [14] propose a typing systiemprogress in binary
synchronous interleaving sessions. Typable processes ey the partial orders of
shared and session channels inferred during type-checBiecpuse of a use of the
global types, processes typed by our multiparty sessioimgygo not have to follow
such ordering; on the other hand, the system in [14] doeseutire the simpleness
condition (Definition 5.27). A combination of these two tygisystems will enlarge
typability, guaranteeing the progress in many situatioesent work [3] published after
the extended abstract of this paper [26] develops a protyeisgy system for multiparty
sessions based on the technique in [14].

The concurrent work done by [5], which is independently @wed and developed,
studies a multiparty session typing for asynchronous conication. While treating the
common topic, the technical direction of their work isfdrent from that of the present
work. Instead of global types, they solely use what we caltiirsion-free) end-point
types. In type checking, end-point types are projected th denary session, so that
type safety can be ensured using duality. Since we lose sempgeinformation in this
way, the progress property is not guaranteed. The use ofbtgpes in the present
work leads to transparent treatment of type structures asafecursion, the guarantee
of stronger behavioural properties such as progress, agdighly) more intelligible
description of multiparty interaction structures.

Global Description of Session TypesThere are two recent works which studied global
descriptions of sessions in the context of Web services asthess protocols, by the
present authors [8] and by [13]. [8] presentedexecutable languag®r directly de-
scribing Web interactions from a global viewpoint and pded the framework for
projecting a description in the language to end-point psses. The use of global de-
scription fortypesand its associated theories have not been developed inH8]type
disciplines for the two (global and end-point) calculi sadlin [8] are based on binary
synchronous session types, hence safety and progress ltipamty interactions are not
considered.

[13] investigates approaches to cryptographically pringcsession execution from
both external attackers in networks and malicious sessianipals. Their session spec-
ification models an interaction sequence between two or wamstituentoles, an ab-
straction of network peers. The description is given as algm@hose node represents
a specific state of a role in a session, and whose edge dendieglec communica-
tion and control flow. The purpose of the message flow grapfE3his more to serve
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as a model for systems and programs thanffera type discipline for programming
languages.

First their work does not (aim to) present compositionalrigprules for processes.
Secondly their flow graphs do not (try to) represent such etgmas local control
flow (e.qg. prefixing), channel-based communication andgigien. Third their opera-
tional structures may not be oriented towards type abstrastfor example their choice
structures are based on transitions of flow graphs thaniagditructures realisable by
branching and selection.

Integration of their and our approaches is an interestimtnéu topic: for example,
we may consider developing a runtime validation method faltiparty sessions using
flow models induced by our global types.

Semantics of DelegationThe present work uses, for a simpler presentation, the op-
erational semantics of delegation from [24] which demahds dlelegated channels do
not occur in the receiver. This prevents a process from gamtwo or more partic-
ipants in the same session, which usually deadlock. Theightigh check is easily
implementable in a way analogous to the standard mecharfif§inewalls. The more
generous rule [19, 56] allows substitution of session ceénas in [Rcv], which also
satisfies type safety and progress through annotationsaomelts and types. This anno-
tation extends the method in [19, 56]: instead of polarittesise indices by participants
to annotate each usage of channels. With this change theswhwdries remain intact
with exactly the same operational semantics and typing fogams. We study this
delegationin [2, 3].

Linear and Behavioural Types for Mobile ProcessesAmong many works on types
for mobile processes, session type disciplines in genarhtlze present work in partic-
ular are most closely related with ling®-typedn-calculi with causality information.
The session type disciplines are related with linear antyé@dr-calculi with causality
information. The causality analysis in global types is lyarspired by the graph-based
linear types developed in [54, 55] where ordering among ipleltinear names (which
correspond to session channels) guarantees deadloaloefreaf typed processes. Sev-
eral work [28, 29] study generalised forms of linear typirg fjluaranteeing dierent
kinds of deadlock-freedom, incorporating synchronisatiand locking.

A main difference of session type disciplines from these and otheegieg works
in this field is a notion of rigorously structured conversas and their direct type
abstraction. See [1, 14] for detailed discussions, indgdiomparisons between the
session-based and the behavoural-based ones [29, 54)55]3i, 14], structured ses-
sion primitives help to give simpler typing systems for pregs for binary sessions.

By raising the level of abstraction through the use of streed primitives such as
separate session initiation, branching and recursiosj@esypes can describe com-
plex interaction structures more intelligibly and enabfiegcéent type checking. These
features would have direct applicability for the designh migramming languages with
communication [8, 25, 27,44, 45, 47].

One of the novelties of the present work is the introductibglobal description as
types and a use of their projection for type-checking. Thgra modular and system-
atic causality analysis rather than directly working onidblial syntax and operational

36



semantics, with adaptations to asynchronous and syncasacmmmunications. Com-
posability of multiple programs is transparent throughjgction of a common global
type while complex syntax of types and typing are requiretthentraditional approach.
To our knowledge, this method has not been investigatedrdn fae types of mobile
processes.

Advanced Process Calculi and TypesSeveral process calculi for broadcasting have
been investigated to model and analyse broadcasting netwaluding (recently) mo-
bile ad-hoc networks, starting from Prasad’s thesis [4&8céht works focus on be-
havioural equivalences with Its [31,32,43] and static gsial [37] to investigate a
number of diferent broadcasting. None of them studied the typing systednpao-
vided a strong progress guarantee as ensured by our segs&s Our session types
use a static participant information in the syntax and tyfRecent advanced typing
systems for location-based distributed processes [22thessimilar notion for types

T @p, allowing dynamically instantiate locations into the chitiies using dependent
type techniques. Since our aim is to prove the simplest sidarof the original session
types to multiparty, the static participants are enougmdeedelegations. It is a valu-
able further study to investigate a dynamic change of gpgetit numbers when session
initialisation (without explicitly declaring in the syntax) by using channel dependent
types [34] or polymorphism.

Other Recent Service-Oriented Calculi Different approaches to the description of
service-oriented multiparty communications are taker6ir?]. In [6], the global and
local views of protocols are described using a synchronddS-Based calculus as a
contract language, and testing-preorders to check sutamtigompliance; [7] proposes
a distributed calculus which provides communicationsegithside sessions or inside
locations, modelling merging running sessions. Anotheeng work [52] presents a
calculus for service orientations by extending thealculus with context-sensitive in-
teractions, equipped with service and request primitiveslacal exceptions. The study
of formal theories of contracts are studied in [11, 40] usd@fS-like processes as a type
representation. These recent works do not treat a framewainle present work — a pre-
scription of protocols by the global types, their end-p@irgjections, backed-up by the
efficient projection and type-checking, ensuring strong ggfedperties based on the
session type discipline. Our subsequent work on synchmmautiparty session types
[2], advanced progress [3] and asynchronous commutatilarty session types for
a refinament [35] demonstrate generality and applicabilithe framework developed
in this paper.

7 Conclusion

One of the main open problems of the session types is whethanfpsessions can
be extended to-party sessions and, if they can, what is their additionplressive-
ness and benefits. This paper answers the quesfiomatively. The present theory
can guarantee stronger conformance to stipulated cori@rsstructures than binary
sessions when a protocol involves more than two parties. Mjegsed a newficient
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type checking system and proved type safety and progrenaed to multiparty in-
teractions. The central technical underpinning of the gmesvork is the introduction
of global types, which fier an intuitive syntax for describing multiparty conversat
structures from a global viewpoint; and the use of their @ctipn for dficient type-
checking, proposing a newfective methodology for programming multiparty interac-
tions in distributed environments. Global types aldteoa basis of a clean modular
causal analysis systematically applicable to both symadue and asynchronous com-
munications, ensuring the progress and session fidelity.

There are several significant future topics on the theoryaqpdications of the pro-
posed theory. We are currently starting to use this gersgmlsession type structure
as one of the formal foundations of the next version of a webiee description lan-
guage, WS-CDL from W3C [53] and a message scheme for fingpi@#dcols, UNIFI
from 1SO [50]. We are currently designing and implementing@delling and specifi-
cation language with multiparty session types [47] for h&sndards with our industry
collaborators. This consists of three layers: the first ldgea global type which cor-
responds to a signature of class models in UML; the secondsfw@ conversation
models where signatures and variables for multiple comtinss are integrated; and
the third layer includes extensions of the existing langsa@uch as Java [27]) which
implement conversation models. Others future topics tehools assistance for the de-
sign and elaboration of global types; incorporation of typ&ceptions to sessions; and
integration of the type discipline with diverse specifioatconcerns including security
and assertional methods.
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Proof of Proposition 3.6

Below the proofs of both (1) and (2) induce concrete algamghGlobal types are gen-
erally treated as regular trees (except e.g. when we cansidiestitution). We first in-
troduce the following notation.

40



Notations A.1 (i) In the following we writeG(0), G(1), ...,G(n), ... for the result of
n-times unfolding of each recursion . For example ifG is ut.G” and this is the
only recursion inG, thenG(0) is given asG’[end/t], G(1) is given asG’[G(0)/t]
and, for eac, G(n + 1) is given asG’[G(n)/t]. If G contains more than one re-
cursion we perform the unfolding of each of its recursions. ¢onvenience we set
G(-1) to be the empty graph.

(ii) Observing eactG(n + 1) is the result of adding zero or more unfolding<Gm),
so thatG(n + 1) contains the exact copy &f(n), we writeG(n + 1)\G(n) to denote
the newly added (unfolded) part &{n + 1).

(i) Given a noden in G(m + 1)\ G(m), we can jump back fronm once to reach its
“original” in G(m)\G(m - 1) (which isG(0) if m = 0). This exact copy oh which
was created “one unfolding ago”, is called thiee-time folding oh, or simply the
folding ofn. In the same way we defirike i-th folding ofn which is inG(m—-i +
1\G(m- i) (which isG(0) if i = m+ 1). Note there aren+ 1 such “foldings” ofn
in G(m+ 1)\G(m).

Proof of (1) Below we say there are ingoutput dependencies from to n, when
there is an input dependenapdan output dependency from to n,.

Claim. (A) Supposen, and their respectiveth foldingsn’ , are inG(m). Then there
are both inpybutput dependencies from to n; iff there are both inpgadutput depen-
dencies frorm’ to n,. (B) Let n’ be the folding ofn. Then there is always both input
and output dependencies frarhto n.

Proof (of Claim).(A) is immediate since the graph structure of the foldingdéntical
to that of the originals (i.e. we can simply “fold” the origihtwo onto their foldings
and all prefix relations coincide). (B) is obvious since thakwvays exist bot@I andoo
dependencies by the definition of linearity. ]

We now prove the statement. Fix a global typand assum&(1) is linear. We show by
induction onn (n > 1) that eacls(n) is linear. Henceforth we ignore nodes in carried
types.

Base stepThis is linearity ofG(1) which is the assumption itself.

Induction Step. Supposes(n) is linear. Then take two nodes andn; in G(n + 1)
(but not in carried types) which happen to share a commonraiawe show there are
inpuyoutput dependencies from to n, or the same holds in the reverse direction. We
say such; » areconflict-freefor brevity. We do case analysis depending on the position
of these nodes iG(m+ 1).

(i) If ny» are inG(n) then they already have ingatutput dependencies by induction
hypothesis.

(i) If nqis in G(N)\G(n — 1) andn; is in G(n + 1)\ G(n) then take their two foldings
sayn; andn, respectively. By induction hypothesis they are conflietefby a pair of
dependency chains. By Claim A we are done.
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(i) If nyisinG(n—i) (i > 1) andn; is in G(n+ 1)\G(n) then take the folding af, say
n, which is inG(n). By induction we known; andn’, are conflict-free.

By Claim B, there are both input and output dependencies froto n;. Thus we
have both input and output dependencies franto n’, andn;, to n, (hencen; to ny).
Now we connect these chains and we are done. a

B Full Typing Rules for Runtime Processes

This appendix first presents the full typing rules excepséhfor expressions.

I'ra:(G) TI'ryP>4,8(G[1)@1 |§ =|sid(G)]
I+ Q2.1 (§)PI>A

[McasT]

TF'ra:(G) T'kyP>4,5(Glp)@p |3 =]sidG)|
I +¢ ap] (3.P>4

[Macc]

rre:S; T+ Psa,8T@p [%S+Py»4,5T@p
T+ SK]1(@®); P> 4,5kl (S); T@p T o K?2(R); P> 4, 5:k2(S); T@p

[Senb], [Rev]

Ty Pr4,5:T@p T'rg Pod,3:T@p, T: T'@p’

Ty JKHD; Pe 4,5 K(T'@p' ), T@p, T:T'@p’ I +y JK?2@E); P> 4,5:k?(T'@p’); T @p
[DeLeq],[SRec]

'ty Prd4,8:Ti@p jel I'ty Pix4,5:T,@p Viel

I'ro IK <P 4,8 ko {li: Tilia@p 'k K D {li: Pilicr >4, 8k &{l;: Ti}ie @p
[SEL],[BrANCH]

I ¢ e>bool I'+Pvs4a I'rQ»4
I' vy ifethen Pelse Q» 4

[1¥]

I'rPeogyd T, QoA tintb=0 ax<a
Iy, Pl Qe dod

[Conc]

Adendonly A4’ []only FrPoid A< A
I'rO0vgd, 4 '+ P A

[InacT],[Suss]

ILa:(GyriPrd TI'+Poid,8{T,@plpa 3€f {T,@p}pa coherent
't (va)Pea I'tas (V3P4

[NREs],[CREes]

r-&$ dendonly
IX:ST o X(851..5) > 4,8 T1@p1, -, & Ta@Pn

[VaR]

IX:ST,%S+ Pr&:T1@p1..5: Tn@pn L X:ST H Q»4
T ri def X(%&...5) = Pin Q» 4

[Der]

The typing rules for queues are from Figure 8.
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B.1 Proof of Proposition 5.3

SupposeP is a program phrase. By definitioR,is without queues and without bound
channels. We show two implications.

(1) I + P>4impliesI” + P>y 4: SupposeP is typable in the original typing rules (for
program phrases). Since the typing rules for runtime preegsubsume the original
rules, they can typ® with the same derivation.

(2) I' + P>y 4 without [Suss] impliesI” + P> A4: SupposeP is typable in the refined
system ag™ + P>y 4 without type contexts id and without using [8gs]. By the lack of

[Suss] in the derivation, the derivation precisely follows theusture ofP. We inspect
the potential dferences between the original rules and the refined rules.

— (Use of Type Contexts in Derivation) Suppose the derivatis@s a type context.
The only place it can be takefffds [Conc]. Since there is no queue ithis means
the type context has been empty as the result of weakeningvkyr]. Hence its
use can be takernfiofrom the derivations.

— (Use of Refined Constraints on Queue Channels in Judgeng&ints the only rule
which decreases the number of mentioned queue channels jadhgement (as in
»>z) is [CRes] we know each judgement in the derivation hasees its mentioned
gueue channels. Hence the constraint on queue channelsnt] [@hd other rules
are never used.

Thus this derivation foP in the refined rules fders the derivation in the original rules
as is, hence done. m]

B.2 Proof of Proposition 5.4

Assumel” + Pegy m 4. We callsy...snin I' F Peg1 . 4, the judgement’snentioned
gqueue channelgr simplyqueue channels

We first show there is one-to-one correspondence betwedrethgueues if? and
the mentioned queue channels by inspecting each rule.

Case[lnact]: Zero queue channel to zero queue.
Case[Qni]: It connects precisely one channel to one queue.

Case[QvaL], [QsEss], [QsEL]: These “enqueue” rules leave the number of channels one
assigned to the unique queue channel.

Case[Mcast], [M acc], [Senp], [Rev], [DeLeG], [SRec], [SeL] and [BrancH], [I ], [VAR],
[Der]: Each of these process construction rules leaves the gulearnels unchanged
(empty).

Case[Conc]: in the premise, assumg + P»; 4 andI” +;, Q» 4’ the free queues
in P have channel§ while the free queues i@ have channel&. Since we assume
f1 N, = 0 andP|Q have exactly the sum of their respective queues.

Case[NREes]: The rule leaves both the queues and the queue channelangmgxh

Case[CRes]: The rule precisely takedtthose channels whose channels become bound.
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Case[Suss]: No change in the process and no change in the queue. Théustehall
cases.

By the case analysis above, we conclude that free queues antiomed queue
channels precisely correspond to each other. Further the @aalysis also shows that
each prefix rule assumes the process has no free queue bedffixeng (in the premise).
Further a program phrase cannot have channel restrictiahatoall of its existing
queues should be recorded in queue channels. We can nowderttiat no queue
can be under a prefix. ]

B.3 Proof of Proposition 5.13

For (1), observe that redexes in the base rules in Definitioy{bR-Com] and [TR-Bra],
are in the minimal positions: thus we have only to validagedtatement when a redex
syntactically occurs below another prefix but gets permutedy the type isomor-
phism, reflected in reduction by [TRéd]. We consider each kind of the causal edges.

Case(a): If a prefix suppresses another prefix (which is a redexi)aily in the follow-
ing) through<;z, then the latter has no chance to get permuted up.

Case(b): If a prefix suppresses another<iy, then this is an input suppressing an out-
put, so there is again no hope of permutation.

Case(c): If a prefix suppresses anothergy, then this is precisely the case which does
not allow permutation in the isomorphism so again there isvap that the suppressed
can be permuted to a minimal node. This exhausts all cases.

For (2), first, for linearity, suppose; » are inG’ sharing a channel. Then they are
also inG and causal edges between them do nffedso they have the same dependen-
cies as inG. Second, the coherence in projection is immediate sincesedne prefix
from the projection of each branch.

For (3), the first part is immediate from the constructiont ffee second point as-
sume there is a redex pair ilS]] whose two parts have fferent pre-images. Then we
have co-occurring prefixes i@ which are not related by the two dependencies, by (1)
and the first part of (3), a contradiction. =]

B.4 Proof of Lemma5.16

By the definition ofo on 4, it suffices to show the commutativity and associativity at
the level of types and type contexts, assuming that comhypEicontexts never share
a target channel (in the sense defined just before Lemmamat@,27).

We first show the commutativity. We writd; < H, (which we read: H; andH,
are coherent”) whehl; o Hy is defined. Notéd; o H, means either:

— both ofH; » are type contexts and they do not share a target channel; or
— one ofH3 7 is a type context and the other is a type.

Below the designation “context-context” below means theecshen we compose two
contexts, similarly for others.
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CaseContext-Context: We consider the compositiofT@$ which are disjoint in targets
(by our assumption). Then we always have:

T1=xTo (14)
T10 T2 = T1[T2] (15)
By the symmetry ok (or equivalently by the assumption on target channels) we:ha
T = T1 (16)
T20T1 = To[T1] (17)

Because of the isomorphism by the permutation equivaleacéafget-disjoint type
contexts (cf. Section 5.1, paragrapype contexts recall ~ is extended to type con-
texts unlike<g,p) we haveT1[T2] ~ T5[T1] hence we are done.

Case Type-Context: Immediate since, by definitidh,< T andT =< T always and
ToT=ToT =7T[T].

CaseContext-Type: Symmetric to the case above.
CaseType-Type: Never defined hence vacuous.

This exhausts all cases.
Next we show associativity.
CaseContext-Context-Context: We consider the compositiofgfs, showing 1 o

T2) o T3 andT10(T20T3) coincide in definedness and their resulting values. AssTipe
are mutually disjoint in target channels, similarly foi{ 75] andT3. Then automatically:

T1=<T> (18)
T1[T2] < T3 (19)
T1[T2] 0 Tz = T1[T2][ T3] (20)
By (19) we have:
Tz = 73 (21)
Ty =< To[T3] (22)
T1 0 T2[T3] = T1[T2[T3]] (23)

SinceT1[T2][ T3] = T1[T2[T3]] we are done. The other direction is symmetric.

CaseContext-Context-Type: We consider the compositioffpf andT, showing that
the definedness and the resulting value®f € 72) o T and T3 o (T2 o T) coincide.
This case is not symmetric hence we show both directionst ¥iF; » are disjoint then
automatically:

Tl = 72 (24)
T[T < T (25)
Ta[T2] o T = T4[T2][T] (26)
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We also always have:

To=xT 27)
T1 =< To[T] (28)
J10T[T] = Ta[T[T]] (29)

SinceT1[T2][T] = T1[T2[T]] we are done. For the other direction, we first compdse
andT then compos&;. As noted we always have

To=xT (30)
T1 =< To[T] (32)
T10T[T] = T1[T[T]] (32)

By our assumptioff; and7>, do not share a target channel. Hence:

T =T (33)
T[T =T (34)
T[T o T = T4[T2][ T] (35)

Again we noteT1[T2[T]] = T1[T2][T] = hence we are done.

CaseType-Context-Context, Context-Type-Context: By the cagatext-Context-Type
above and commutativity.

Since we can never combine two types this exhausts all cases. a

B.5 Proof of Subject Reduction Theorem (Theorem 5.22)

(1) is by rule induction ore showing, in both ways, that if one side has a typing then
the other side has the same typing. In the following we safgigre uninteresting (per-
mutable) final applications of [Bs] in derivations by way of Lemma 5.18.

CaseP | 0 = P: Firstassumé + P>s 4. By I' + 0>y 0 and by applying [Gnc] to these
two sequents we immediately obtdin- P|0>s4, as required. For the converse direction
assumd” + P|0>z 4. We can safely assume (via Lemma 5.18) that the last ruleegppl
is [Conc]. Thus we can sef + P>g4; andI” + 0>y 4, such that1; o 4, = 4. Note
we can safely regarfl + 0> 4, as being inferred by the axiomNAct] since applying
[Suss] to empty types and empty type contexts again lead to theyetypés and empty
type contexts: thud, consists of only empty types and empty type contexts. Thus, i
the compositiont; o 45, the empty types and some of the empty type contexts ffom
are added tal; to generatel. Let this added part be,. Since we can weakefy in the
first sequent witht’, using Lemma 5.20 (2) we are done.

CaseP | Q = Q| P: By symmetry of the rule we have only to show one direction.
Supposd” + P|Q»z 4. We can safely assume the last rule applied isNg§: We can
thus setl” + Pry 41 andI” + Qv 45 such thatdy =< Ap, A1 04> = A andfw i = &
By Lemma 5.16 we know, < 4; and4, o 4; = 4 hence by applying [@xc] with the
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premises reversed we are done.

Case(P| Q) | R= P | (Q| R): By the establishment of the previous case again we
have only to show one direction. Suppdse (P | Q) | R>s4. We can safely assume:
I'v Pegdy, I' v Poydy andl” + Prgds such thatdy < A3, (41 0 42) < 43 and
(dro04) 043 =4,aswelladw v § = 8 By the last condition, no two af4, 4, and

A3 share a common target channel in their type contexts (inghsesgiven just before
Lemma 5.16, page 27) because if the queue for a certain chdoeg not exist in a
sequent then it cannot be used as a target channel in a typextonits typing. Thus
we can apply Lemma 5.16 to knatg < A3, 41 < (42 o 43) and4y o (4, 0 43) = 4. By
applying [Gonc] in an appropriate order we are done.

The remaining rules are reasoned exactly as in [56] (notariipements for congruence
rules are direct from the compositionality of the typingasil. This concludes the proof
of ().

For (2), we establish the following stronger claim by rulduection.

Claim. Supposd” + P»z 4 and4 is partially coherent (cf. Def. 5.14). Théh — P’
impliesI” + P>z A’ such that eithedt — 4" ord = A'.

All results on reduction on coherent typing is immediatgiplcable to partially coher-
ent typing by Proposition 5.15 (1). Further by Propositioh%(2),4” above is again
partially coherent. Below we again ignore irrelevant fingpkcation of [Ssss] through

Lemma 5.18. All rule names are those of the typing rules .
def —

Case[Link]: Let R = @2.n(5).P1 | a21(8).P2 | --- | an](%).Pn which is a redex of
[Link]. We write R; for @j2.n) (8).P; andR,; for aji] (8).P; (2 <i < n). Assume:
I'-R»4 (36)

By Lemma5.17 we know € dom(I). LetI"(a) = G. Since (36) can only be inferred by
the sequence of [&c] (up to permutable [Gss], similarly in the following), we know
I' v+ R >4 (1<i<n)suchthaid;o...od, = 4. By [Mcast] and [Macc] this means:

I+ P> 4,5 {(Gli)@i} (37)
for each 1< i < n. Hence by the successive applications asj€ we reach:
I' v (IIP) | (I5i5:0) »s 4,5:{(Gl1)@i}<i<n (38)
Since{(G i)@i}; collects all projections o we can apply [CRs] to obtain:
I+ 3(ULP) | (1s:0)) » 4 (39)
for a reductum of [lnk]. Note the typing does not change.

Case[Senp]: We use the first rule of Lemma 5.19 for “rolling back” a megsaSuppose
we have: .
I' + H&;P|s:hwsg 4 (40)

Since [Gnc] is the only rule to derive this process we can set

I+ si&;P vy 41 (41)
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and
I' v+ ssheg A5 (42)

such thatd; o 4, = 4. Since (41) can only be inferred fromg&®] we know, first:
I'+g:S; (43)
for eache; in & and, second, for somgand for somesWhich includess,
A = Ay 05 K(S);T@p (44)

and moreover
'+ Py 4708 T@p. (45)

On the other hand by, < 4, and (42) we know:
Ay = Ay o 8:T@p (46)

Now assume ] V. Notice by (43) we havé + v;: S; for eachv; in V. Thus by Lemma
5.19, [QuaL], we infer:

v s:h-¥s 45 0 5Tk (S);[]] @p. (47)
By the algebra of located types and type contexts:
(A 08 T@p) o (4505: Tk (S);[]] @p)

= (4y08:K(5);T@p) o (450 3:T[]@p)
= 4

Thus by applying [Gnc¢] to (41) and (42) we obtain:
'+ P|sh-V»4 (48)

which gives the expected typing for the reductum aiNig, with no type change.

Case[DeLeg]: Similar to [Senp] using the second rule of Lemma 5.19, see Appendix
B.6.

Case[L aBeL]: We use the third rule of Lemma 5.19 together with the sullypss,p.
Suppose we have:
I+ s<l;P|s:heg 4 (49)

which is the redex of [keeL]. Since [Gnc] is the only rule to derive this process we
can set, without loss of generality:

I v s«al;P >g A1 (50)

and
I' + s:hsg 45 (51)
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such that1; o 4, = 4. Since (50) can only be inferred fromgg as the last rule (up to
permutable applications of {8s]), we know, for some and for somesiwhich includes
sand for somegl;} which included,

A1 = A'logik@{hi-ri}ia@p (52)
and moreover
'+ Py 4708 Ti@p, foriel. (53)
On the other hand we can write:
4y = 45, o 8:T@p (54)
By (51), (54) and Lemma 5.19, L], we infer:
'+ sh-ls 4,03 Jkel:[]]@p. (55)
By the algebra of located types and type contexts togetharsubtyping:
(4108:Ti@p) o (4503: Tkel:[]] @p)
= A1045085:Tkel: Ti]@p
Ssup  Ayody 05 Tk {li: Ti}ial@p
= (4108 ke {li: Tilic@p) o (430 5:T@p)
= Y|

Thus we obtain, by applying [&@ic] to (53), (55) then applying [S&s] (the subsumption
rule):
I'r P|s:h-1v4 (56)

which gives the expected typing for the reductum aiNig, with no type change.

Case[Recv]: By the first of the latter three rules of Lemma 5.19 togetiéh Lemma
5.20. Suppose .
v s?X);P|s:V-h s 4 (57)

Since [Gnc] is the only possible last rule (up to permutablegs) we can set
'+ S?2(X);P > 41 (58)

and .
I+ s:V-hweg 4o (59)

such thatt; o 4, = 4. Since (58) can only be inferred from ¢ we know, for somep
and for somesWwhich includess,

A1 = A0 8:k2(S); T@p (60)

and moreover N
[,X:S F P>y 4708 T@p. (61)
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By Lemma 5.20, we obtain:
I v P/ o 4,05 T@p. (62)
Further by4; < 4, and (59) we know:
Ay = Ay o §: K (S).T@p (63)
By Lemma 5.19, [@ALbq], we infer:
r+ she 4,0 8:T@p. (64)
Using Proposition 5.15 we obtain:

A LU 0 5:k2(8).T@p) o (4 o §: ki (3).T@p)
- (4, 8T@) oy o §:T@p) (£4)
Thus by applying [Gxc¢] to (58) and (59) we obtain:
rv P[V/%]|s:h»> 4 (65)
such thaut — 4’, as required. Note this case demands reduction of typings.

Case[SRec], [Branch]: Similar to [Recv], using the latter two rules of Lemma 5.19,
see Appendix B.6.

Case[lT], [I¥F], [Der], [DerN]: Standard, cf. [56]. No dference in the typing.

Case[Scor]: When a shared name is hidden, assume
'+ (va)P »g 4 (66)
andP — P’. Then we can set
ra:(G) v Pz 4. (67)
By induction hypothesis we know
ra:(Gy v+ P og A (68)
such that eithed —%! 4’. Hence by [NRs] we have
I+ (vaP vg A (69)
as required. When session channels are hidden, suppose
'+ (VP vpys 4 (70)
andP — P’. We can set:

I' v Pop 4,48} {T,@p}per (71)
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where{T,@p}pel iS coherent. By induction hypothesis
I+ P oop A {sh  {T,@p}pel (72)

where eithert —%1 4" or {s} : {T,@p}pa =% (s} : {T,@p}pei - By Lemma 5.15 (1)
{Tp@p}per is again coherent. Hence by [E§}we obtain

I+ (vP vy A (73)
as required.

Case[Par]: Suppose we havE + P|Q »; 4 andP — P’. By [Conc] we have

I' v+ Py dpandl’ + Q » 43 such thatd; o 4, = 4. By induction hypothesis
we havel’ + P’ »; 4 such thatd; —%! 4;. By Proposition 5.15 (1) we have
47 = 4z hencel” + P'|Q vy, 47 o 42. Noting Proposition 5.15 (1) also says that
(41 0 45) »%1 (4 0 45) we are done.

Case[Str]: Immediate from Subject Congruence (the first clause aftiieorem). This
exhausts all cases for (2).
(3) is because the empty typildds always coherent. a
B.6 Remaining Cases of Theorem 5.22
Case[DeLeg]: We use the second rule of Lemma 5.19. Suppose we have:
I+ sii);P|s:h »s 4 (74)
Since [Gnc] is the only rule to derive this process we can set
I r i), P vy 41 (75)

and N
I' + s:shsg 45 (76)

such thatd; o 4, = 4. Since (75) can only be inferred from ftkc] we know, for some
p and for somesWhich includess,

A1 = Ao (3:K(T'@p).T@p, I:T'@p) (77)

and moreover
'+t Py A, §:T@p. (78)

On the other hand byt; < 4, and (42) we know:
Ay = Ay 0 §:T[]@p (79)
By Lemma 5.19, [QEss], we infer:

I+ sth-Tey 4,08 (TK(T@p)[]@), T: (T@p'). (80)
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By the algebra of located types and type contexts:

(4}, 3:T@p) o (4508 {TkI(T@p).[]I@}, T:{T@p"})
= (o3 k(T'@p).T@p, t:T'@p’)) o (45 o 5:T[]@p)
= 4

Thus by applying [Gn¢] to (75) and (76) we obtain:

I P|s:h-fs 4 (81)
which gives the expected typing for the reductum ofil], with no type change.
Case[SRec]: By the second to the last rule of Lemma 5.19. Suppose

r v s20);P|s:f-hvs 4 (82)
Since [Gnc] is the only possible last rule (up to permutablegs) we can set
I+ s?€);P ey 41 (83)

and .
rr sit-heg 4, (84)

such that1; o 4, = 4. Since (83) can only be inferred from [8&§ we know, for some
p and for somesWhich includess,

A1 = Ay 0 8: k2(T'@p').T@p (85)

and moreover
'+ Py A108T@p, I:T'@p (86)

By 41 < 4, and (84) we know:
Ay = Ay o §:KI(T'@p').T@p, {: T'@’ (87)
By Lemma 5.19, [@esspg], we infer:
I+ she 4y 0 8:T@p. (88)

Using Proposition 5.15 we obtain:

AL U055 kAT @p).T@p) o (4 o §:KI(T'@p).T@p, t: T'@p)
- (o &T@p T:T'@)o () o 5:T@p) (£'4)
Thus by applying [Gxc] to (83) and (84) we obtain:
r'vPlshs a4 (89)

such thatt — 4’, as required. Note this case again demands reduction afggpi
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Case[BrancH]: By the last rule of Lemma 5.19. Suppose
rr se{li:Plialslj-hss 4 (90)

where we assumg € |. Since [@nc] is the only possible last rule (up to permutable
[Suss]) we can set
I+ s> {li: Pilia >0 41 (91)

and 3
I' v silj-heg a (92)
such that1; o 4, = 4. First for4, we know, for somep and for somesWhich includes
s
Ay = 45 o §:kelj: T@p (93)

where by assumption we haye |. Since (91) can only be inferred from ggncu] and
by 41 =< 45, we also know:

41 = A708:k&lj: Tj@p (94)
(where & : T; is the singleton notation as in selection) and moreover
I' v+ Pirgdy08:Ti@p (95)
for eachi € | (so (94) is inferred using [@&s]). By Lemma 5.19, [QeLbq], we infer:
I+ s:hs 4y 0 8:T@p. (96)
Using Proposition 5.15 we obtain:

A4 E (408 K&I I Ti@) o (4 o §:kel;: T@p)

Sy ETi@p) o () 0 3:T@p) (Ea)
Thus by applying [Gnc¢] to (91) and (92) we obtain:
I'r P|s:hs A (97)

such thatt — 4’, as required. Again we need a reduction of typings. |

B.7 Proof of Lemma 5.23

Proof of (1) and (2) We prove the following claim which implies both (1) and (2) by
rule induction on the typing rules. Below and henceforth we@nfusing a free ses-
sion channel and its numeric representation in the typiregaR4 is partially coherent
when for somely we haved < 4y and4 o 4q is coherent.

Claim. Assumel” + Pr¢4 s.t.4 is partially coherent and there is no queus.gissume
P(s). Then one of the following conditions holds.
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(a) P contains a unique active receiving (resp. emitting) prefis and4 contains a
unique minimal receiving (resp. emitting) prefix@f4 may contain another mini-
mal prefix ats).

(b) P contains a unique minimal receiving prefix@aand a unique minimal emitting
prefix ats. Moreover contains a unique minimal receiving prefixsnd a unique
minimal emitting prefix as.

Case[Mcasrt], [M acc]: Vacuous since in this case the unique active prefix in thegss
is at a shared name.

Case[Senp], [Rev], [DeLeG], [SRec], [SEL] and [Branch]: Immediate since there can
only be a unique active channel name which is by the givenxanefi

Case[lnact], [I¥], [VaRr], [Der], [QN], [QvaL], [QsEss], [QsEL]: Vacuous.

Case[Conc]: Suppose
'+ Pog 4, T, QoA (98)

such thati; N, = 0 and4 = 4’. Observe if4 o 4’ is partially coherent thed and
A’ respectively are partially coherent by definition. By intdan hypothesis we can
assume? andQ satisfy the required condition.

1. If only one party has an active prefixsthere is nothing to prove.

2. If both are active as$, suppose both processes, herdand4’, have receiving ac-
tive prefixes as. Then this cannot be partially coherent since if so then ssemed
completion of4 o 4’ to a coherent typing should also contain two minimal receiv-
ing prefixes which are impossible by Proposition 5.13 (2, S3nilarly when two
include active emitting prefixes at hence as required

Note that this pair mayotbe a redex: we do not (have to) validate coherence until we
hide channels, however it is important that there is onewtgpd one input since if not
there will be a conflict as.

Case[NRes]: Vacuous since there is no change either in the processiribeityping.

Case[CRes]: Vacuous since there is noftirence in the typing fos nor in the active-
ness in prefixes.

Case[Suss]: Vacuous again. m]

B.8 Proof of Proposition 5.28
We show the following logically equivalent result:

Claim. (1) If Pis simple then

(1-a) no delegation prefix (input or output) occurdmnd
(1-b) for each prefix with a shared nameRnsaya[i](%).P’ ora[2..n](%).P’, there is no
free session channels i excepts’
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(2) If Pis simple and® — P’ thenP’ is again simple.

We first show (1) by rule induction on typing rules.
Case[Mcast]: The rule reads:

I'ra:(G) I'kyPra,8(Gl1)@1 |3 =|sid(G)|
r Fo é[ZA.n] (§).PI>A

First by simplicity we knowd = 0 (since if not the premise has at least a doubleton
typing). (1-a) is immediate from the induction hypothesiee the rule does not add
a delegation prefix: For (1-b) iP’ in a[i](8).P’ (resp.a[2..n](%).P’) has free session
channels then we cannot haye- 0, violating simplicity.

Case[M acc]: The rule reads:

'ra:(G)y kg Pr4,5:(Glp)@p |§ =|sid(G)|
Fl—q) a[p](S).P>A

Again4 = 0, and the remaining reasoning is precisely the same as{iyl
Case[Senp]: The rule reads:

I'+eg:S; Ity P>A,5:T@p

I o SK]1(@®); P> 4,8 K (S); T@p

Again4 = 0. (1-a) is immediate from the induction hypothesis sincertie does not
add any delegation prefix. (1-b) is again immediate from tigeiction hypothesis since
the rule doe not add a shared-name prefix.

Case[Rcv]: The rule reads:

I%SrPy>4,8T@p
I+ K2(R); P> 4,3:k2(S); T@p

Precisely the same as ing®] above.
Case[DeLeg]: The rule reads:

I P>4,5:T@p
I o SKII(EY; P> 4,8 kI (T'@p'); T@p, T: T'@p'

Even if 4 = 0 the conclusion’s typing becomes a doubleton hence thiscaa@ot be
applied.

Case[SRec]: The rule reads:

Tty Prd,8:T@p, I:T'@p’
I +o gK2(); P> 4,5:k2(T’@p’); T@p

which is again impossible to apply (the premise’s typingdmees a doubleton).

Case[SeL],[BrancH]: Similar with [Senp] and [Rev].
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Case[l¥], [Conc], [CRes], [NREes], [Suss], [Der]: By the shape of these rules, in each
rule, there is no addition or removal of a prefix from the preenio the conclusion.
Hence both (1+) are immediate from the induction hypothesis.

Case[lnacT], [VaRr], [Qn1], [QvaL], [QsEss], [QsEL]: Vacuous since no prefixes are in-
volved.
Hence as required.

For (2) suppose a derivation Bfis simple. By the proof of Theorem 5.22 Rf —» P’
then we have essentially the same derivation for lBomdP’ except:

— taking df the lost pair of prefixes from that &t (three pair of prefix rules);
— one of the branches is chosen (conditional)
— copying some part from the derivation fBrto that of P’ (for recursion)

In each case clearly the simplicity of the derivationfamplies that of?’, as required]

B.9 Proof of Lemma 5.30
Suppose:

(C1) I'+ P» 4.

(C2) Pissimple

(C3) 4 has a minimal receiving (resp. emitting) prefixsat

(C4) none of the prefixes ain P are under a shared name

(C5) none of the prefixes &in P are under a conditional branch.

Under these conditions, we show tHthas an active receiving prefix (resp. has an
active emitting prefix or a non-empty queue). We use rule étida on typing rules.

Case[Mcasrt], [M acc]: By Proposition 5.28 there can be no free session chaneealsch
vacuous (since (C3) is not satisfied).

Case[Senp]: The “simple” rule reads:
I'rg:S;j 'y P>8:T@p
I+ gK]1(@®); P> 3:kl (S); T@p

Observe that there can be no other minimal prefix in the typinge conclusion than
the newly introduced prefix itself: this corresponds to théue minimal prefix in the

typing.
Case[Rcv]: The “simple” rule reads:
[%S+Py>4,8T@p
I ro IKI?2(R); P> 4, 5: k2(S); T@p

Same as [&o].

Case[SRec], [DeLeg]: By Proposition 5.28 these rules are not used in derivadiba
simple process, hence vacuous.

56



Case[SeL],[BrancH]: Similar with [Senp],[Rcv].
Case|[l¥]: Vacuous since (C5) does not hold.

Case[Conc]: The rule reads:

F'ePogd Tr, Qed” Hinh=0 axa
I'tig, PI Qe dod

We first observe:

Claim Al. If the result of the operation on typings (when defined) has a minimal
input prefix then one of the original typings also has the same

This is because, direct from the definition @fif o results in an input minimal input
prefix then it cannot come from a type context (which containly an output prefix)
hence it can come only from the same in the premise. Further:

Claim A2. If the result of the operation on typings (when defined) has a minimal
output prefix then one of the premises also has the same irothedf either the cor-
responding non-empty type context or the corresponding ({gorresponding” means
that the minimal prefix coincides).

Above the details of the shape of a typing is in fact unnecgssa
Claim B. The composition preserves activeness of each prefix.

This is immediate from the definition.

Now we reason by induction. In the case of an input prefix intyipéng, by Claim
Al we know one of the premises also contains an input prefirértyping. Hence the
corresponding process has an active input prefix by indadtigpothesis. By Claim B
we are done.

On the other hand in the case of an output prefix in the typip@laim A2 we know
one of the premises also contains the same (either as thesporrding type context
or the corresponding output prefix) in the typing. Hence tyuiction hypothesis the
corresponding process has an active output prefix or a n@iyequeue. Hence by
induction hypothesis we are done. By Claim B we are done.

Case[InacT], [Var]: Vacuous since in this case the typing does not contain atiyea
channel hence violating (C3).

Case[Suss], : The subsumption does not add any new active prefix in thimtyhence
by induction hypothesis we are done.

Case[Der]: As [Suss] above.

Case[QvaL], [Qsess], [QsEL]: In these cases we have a minimal emitting prefix in the
typing; and we have a corresponding non-empty queue, ageequ

Case[Qni]: Vacuous since (C3) is violated.
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Case[NREes]: This reads:
Ia.(G)ri Pr4a

I+ (va)P»4
which shows there is no change in the typing and in the prosébsrespect to (free)
activegminimal prefixes hence immediate by induction hypothesis.
Case[CRes]: This reads:

T'FProiA,8(Ty@plper Sef (T,@plpe coherent
I'tis (v§P>4

Suppose in the conclusion there is a minimal prefigiat4. Then it is also minimal in
the premise hence by induction hypothesis we are done.

This exhausts all cases. O
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