C Derivationsfor Examplesin Section 5
This appendix lists the derivations omitted in Section 5.

C.1 Derivation for [LetRef]
We can derive [LetRef] as follows. Below i is fresh.

1. {C} M :m {Co} (premise)
2. {Co[!x/m] Ax#E} N :y {C'} with x¢ fpn(€) (premise)
3. {C}l ref(M) ix {vy.(Co[Ix/m| Ax#iAX=Y)} (1,Ref)

4. {C} ref(M) ix {Vy.(Co[!Ix/m] Ax#EAX =Y)} (Subs n-times)

5. {Co[!x/m] Ax#EAX =Yy} Ny {C'Ax =Yy} (2, Invariance)

6. {C} let x=ref(M) in N :y {w.(C'Ax=Yy)} (4,5LetOpen)

7.{C} let x= ref(M) in N :, {vx.C'} (Conseq)

The last line uses a standard logical law (discussed below). Lines 4 and 6 use the following
derived/admissible proof rules:

(CIM = {C'} udfon(e) (CYM 5 {v.Co} {Co} N :u{C’}
[Subs] = e [LetOpen] S XL A

[LetOpen] opens the “scope” of § to N. The crucial step is Line 5, which turns stronger “#” into
“v” (by definition), using the consequence rule.

C.2 Derivation for mutualParity and safeEven
Let us define:
My ® An.if y =0 then f else not((ly)(n—1))
My ® An.if y =0then t else not((Ix)(n—1))
We also use:

1sOdd’(u,gh,n,xy) = 1s0dd(u,gh,n,xy)AIx=gAly=h
IsEven’(u,gh,n,xy) = IsEven(u,gh,n,xy)A!x=gAly=h

We use the following derived rules and one standard structure rule appeared in [14].

{Cre}M;1:y {C'} {CA—e}My:y {C'}
{C}if e then Mj else My, {C'}

CiM y {C CIM :y {C
[A-Post] {C} {C}:{Ml:}; {él/};Cz}{ 2}

Figure 2 lists the derivation for MutualParity. In Line 4, h in the evaluation formula can be
replaced by !y and vice versa because of !y = h and the universal quatification of h.

[Simple] {C[e/u]};e:u{C} [IfH]

vh.ly=hA{Clhen=z{C'}) = Vh.(ly=hA{C}(ly)en=2z{C'})
In Line 5, we use the following axiom for the evaluation formula from [14]:

{CAA}eree;=2{C'} = A D {Clejee,=12{C'}
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Fig.2 mutualParity derivations

1. {(n>1>IsEven’(ly,gh,n—1xy)) A n=0} £ :; {z=0dd(n) A Ix=gA ly=h}@0
(Const)

2. {(n>1>1sEven'(ly,gh,n—1,xy)) A n>1}
not((ly)(n—1)) :z {z=0dd(n) A Ix=g A ly=h}@0 (Simple, App)

3. {n>1>IsEven'(ly,gh,n—1,xy)}
if n=0then f else not((ly)(n—1)) im {z=0dd(n) A Ix=gAly=h}@0 (IfH)

4. {T} An.if n=0then f else not((ly)(n—1)) :y
{vgh,n> 1.{IsEver' (h,gh,n—1,xy) jJuen=2{z = Odd(n) A !Ix=g A !ly=h}@0} @0
(Abs, V, Conseq)

{T} My :y { Ygh,n > 1.(IsEven(h,gh,n—1,xy) D 1sO0dd(u,gh, n,xy)) } @0 (Conseq)

{T} x:=Mx{ Ygh,n > 1.(IsEven(h,gh,n— 1,xy) D 1sOdd(!x,gh,n,xy)) A !x= g}(@x )
Assign

{T} y:=My{Vgh,n>1.(1s0dd(g,gh,n—1,xy) D IsEven(ly,gh,n,xy)) Aly=h}@y
{T} mutualParity

{vgh.n> 1.((IsEven(h, , —1,xy) A1sOdd(g,gh,n—1,xy)) D
(isEven(ly, gh, n,xy) A 1sOdd(1x, gh, n,xy) Alx = gAly = h) } @xy (A\-Post)
9. {T}mutualParity
{Vnzlgh.((IsEven(ngh, 1,xy) A1sOdd(g 7gh7n—17xy)/\!x:g/\!y:h) >
(IsEven(!y,gh, n,xy) A1sOdd(!x, gh, n, xy) Alx = gAly = h) t@xy (Conseq)

10. {T} mutualParity
{V¥n> 1gh.((IsEven(ly,gh,n—1,xy) A1sOdd(!x,gh,n—1,xy)Alx = gAly =h) D
(IsEven(ly, gh, n,xy) A 1sOdd(!x, gh, n,xy)A!x = gAly = h) } @xy (Conseq)

11. {T} mutualParity
{¥n>1.(3gh.(1sEven(!x,gh,n— 1,xy) A1sOdd(!y,gh,n— 1,xy)Alx = gAly=h) D
Jgh.(IsEven(!y,gh,n,xy) A1sOdd(!x,gh,n,xy)Alx = gAly = h) }@xy (Conseq)

12. {T} mutualParity{3gh.IsOddEven(gh,!x!y,xy,n)}@xy

where A is stateless and we set A = IsEven(h,gh,n—1,xy). Line 9 is derived as Line 4 by
replacing h and g by ly and !x, respectively. Line 11 is the standard logical implication (Vx.(C1 D
C2) D (3x.C1 D I.Cy)). Now we derive for safeEven. Let us define:

ValEven(u) = Vn.{T}uen=z{z=Even(n)}@0
Co=Ix=gAly=h A 1sOdd(g,gh,n,xy) A x#i A y#]
Eveng = Co A Vn.{Cp}uen=z{Co}@xy
Evenp = Vn.{Cp}uen=z{z=Even(n)}@xy

The derivation is given as follows.

1L{TIAn.t :m {T}@0

2.{T}mutualParity; !y :y {3gh.IsOddEven(gh,gu,xy,n)}@xy

3.{T}mutualParity; ly:y {3gh.(Evenay A Evenp)}@xy

4. {xy#ij}mutualParity; !y :, {3gh.(xy#ij A Evena A Evenp)}@xy

5.{T}safeEven:, {vxy.3gh.(xy#ij A Evena A Eveny)}@0

6.{T}me()=u{vxy3gh.(xy#ij A EvenaAEveny)} D> {T}me()=u{ValEven(u)} (by (AIH))
7.{T}safeEven:, {ValEven(u)}@0
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C.3 Derivation for profile
We derive:
{Vvy.{C}fey=2z{C'}@W} profile:, {Vy.{C}uey=z{C'}@W} (C1)

which says: if f satisfies the specification Vy.{C} f ey = z{C’} and moreover if it is total, then
profile satisfies the same specification. First we derive:

E =W.{Clfey=2z{C'}@W
D Eg=Wi.{C A x#i}fey=2z{C'}@Wx Axiom (e8) in [14]
D E1 =Wi.{C A x#i}fey=z{x#zWi}@Wx Proposition 11
D Ey; =Wi.{C A x#i}fey=2z{C’' A x#i}@Wx Axiom (e8) in [14]

We also let E3 = Vi # x.{[IX]C A x#i}fey=2z{C' A x#i}@Wx. The inference follows.

L{Tx:=Ix+1{T}@x (Assign)
2{[XICAEAX#IAX£Y} X=X+ 1 {CAE AX#IAX £ Yy}@X (Inv-#, Conseq)
3{CAEAx#iAX#Y} Ty, {CAXH#IAX#£ Y@WK (App, Conseq)
A{[X|[CAEAX#IAXAY}X:=Xx+1; fy 1 {C AXH#IAX # Yy} @XW (2, 3, Seq)
S5{E} Ay.(x:=x+1;fy):y {E2} @0 (4, Abs, Inv)
6.{E} Ay.(x:=x+1; fy) iy {Inv(u,x#i,%)} @0 (Abs, Inv)
7.{E}profile{vx.(Inv(u,x#i,X) A E3)}@0 (LetRef)
8.{Etme () = u{vx.(Inv(u,x#i,X) A E3)} D {E}me()=u{E} (%)
9.{E}profile:, {E}@0 (7,8,ConsEval)

Above Line 2 uses: for any C,x we have [!X][IX]C = [IX]C. Also by [IX]E = E and by [!X]x#i = x#i
(by Proposition 7 (3)-5), [Inv] becomes applicable. Line 6 is inferred by Proposition 13.

C.4 Derivation for Meyer-Sieber
For the derivation of (5.5) we use:
E=Vf.({T}fe(){T}@0 > {C}gef{C'})
We use the following [LetRef] which is derived by [Ref] where C’ is replaced by [!x|C’.
{CIM:m{Co} {[X|CoAlx=mAXx#E} Ny {C'} x¢ fpn(€)
{C} let x= ref(M) in N :y {vx.C'}
The derivation follows. Below My » is the body of the first/second lets, respectively.

[LetRef]

1.{Even(!x) A ['X]C'} if even(!x) then () else Q() {[!X|C'} @0 (1)
2.{['x|C} gf {[!X|C'} (cf. §5)
3.{Even(Ix) A[!X]C} gf {Even(Ix) A['X|C"} (2, Inv)

4 {EA[IX]IC AEven(Ix) Ax#gitlet f =...in (gf;...){['X|C’ Ax#i} (3, Seq, Let)

5.{E AC} MeyerSieber {Vx.([IX]C’ Ax#i)} (4, LetRef)

6.{E AC} MeyerSieber {C'} (9, Prop. 14)
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