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Abstract. We introduce an extension of Hoare logic for call-by-value higher-
order functions with ML-like local reference generation. Local references may
be generated dynamically and exported outside their scope, may store higher-
order functions, and may be used to construct complex mutable data structures.
This primitive can be fully captured by a predicate which asserts reachability of
a reference name from a possibly higher-order datum. The logic enjoys a strong
match with the semantics of programs, in the sense that valid assertions char-
acterise the standard contextual congruence. We explore the logic’s descriptive
and reasoning power with non-trivial programming examples combining higher-
order procedures and dynamically generated local state. Axioms for reachability
and local invariant play a central role for reasoning about the examples.

1 Introduction

Reference Generation in Higher-Order Programming. This paper proposes an ex-
tension of Hoare Logic [15] for call-by-value higher-order functions with ML-like new
reference generation [3, 4], and demonstrates its use through non-trivial reasoning ex-
amples. The new reference generation,ste-construct in ML, is a highly expressive
programming primitive. The first and central significance of this construct is that it
induces a local state by generating a fresh reference inaccessible from the outside. Con-
sider the following program:

Inc £'et x = ref(0) in A().(x:=1x+1; IX) (1.1)

We use the standard notation [38]: in particularef(M)” returns a fresh reference
whose content is the value to whidh evaluates. X" is the dereferencing of an im-
perative variable. ;" is a sequential composition. In (1.1), a reference with content

0 is newly created and is never exported to the outside, so that it is hidden from the
outside (i.e. it can never be directly read/written from the outside). When the anony-
mous function inInc is invoked, it increments the content of a local variaklend
returns the new content. From an outside observer, the procedure returns a different re-
sult at each call, whose source is hidden from external observers. This is different from
A().(x:=Ix+1; x) wherex s globally accessible.

Second, local references thus generated may be exported outside of its original
scope and shared, contributing to expressibility of significant imperative idioms. The
next example shows how stored procedures interact with new reference generation and
its sharing. We consider the following program from [42, § 6]:



1 a = Inc; * 'x =0%
2 b =1 a; * I'x =0%
3 z1 = (! a)(); * I'x =1%
4 z2 = (I b)(); * 'x =2%
5 (" z1)+( z2)

This program, which we hereafter cathcShared, first assigns, in Line 1I(1), the
programInc to a; then, inl.2, assigns the content afto b; and invokes, irl.3, the
content ofa; then does the same for thatlofn 1.4; and finally inl.5 adds up the two
numbers returned from these two invocations. By tracing the reduction of this program,
we can check that if the initial value ofis 0 (atl.1 andl.2), then the return value

of this program is 3. To specify and understand the behavio@nofhared, it is es-
sential to capture the sharing xbetween two procedures assigne@tandb, whose
scope is originally (ak.1) restricted to& but gets (at.2) extruded to and shared bly. !
Controlling sharing by combining scope extrusion and local reference also allows us to
write concise algorithms that dynamically manipulate mutable data structures such as
linked lists and graphs which may possibly store higher-order values [38]. Difficulties
in formal reasoning about shared (possibly higher-order) local store, both axiomatic and
otherwise, have been well-known since [16, 30, 32].

Thirdly, and related to the previous two points, local references can be used for effi-
cient implementation of highly regular observable behaviour, for example purely func-
tional behaviour, through information hiding. The following program is a simplification
of the standard memoised function, taken from [42, § 1].

memFact &' let a= ref(0), b=ref(1) in
AX.if x=!athen !belse (a:=x;b:=fact(x);!b)

Above fact is the standard factorial function. The program shows a simple case of
memoisation whememFact is called with a stored argument & it immediately re-
turns the stored return valué.!lf the argument differs from the stored argument, it
calculates the factoridix, and stores the new pair. The reason wkyFact behaves
indistinguishably from the pure factorial is tantamount to the followowaal invariant
property[42].

Throughout all possible invocations of this procedure, the content of b is the
factorial of the content of a.

Such local invariants capture one of the basic patterns in programming with local state,
and play a key role in the preceding studies on operational reasoning of program equiva-
lence with local state [22, 40, 42, 46]. Can we distill this principle axiomatically and use

it for effectively validating properties of higher-order programs with local state, such as
memFact?

As a further example of local invariant, but this time involving a higher-order store,
the following is yet another implementation of the factorial function using local state.
We start from the following program which realises a recursion by circular references
[24]:

circFact £'x ;= A\zif z=0then 1 else zx (X)(z—1)



This program calculates the factorialfBut sincex is free incircFact, if a program
reads fromx and stores it in another variable, sgyassigns a diverging function tq
and feeds the content gfwith 3, then the program diverges rather than returning 6.
With local reference, we can hidegto avoid unexpected interference.

safeFact = let x = ref (AY.y) in (circFact;!X)

(aboveAy.y can be any initialising value). The program evaluates to a function which
also calculates the factorial: butis now invisible and inaccessible from the outside,

so thatsafeFact behaves as the pure factorial function. In this case, the invariant says
that x always stores the factorial — but notice the reason this stored procedure can
calculate the factorial is precisely becausores this very behaviour. We shall show a
general reasoning principle for local invariants which can verify properties of these two
and many other examples [22, 26, 27, 30, 40, 42], including mutually recursive multiple
stored functions.

Program Logic for Imperative Higher-Order Functions. Starting from their ori-
gins in theA-calculus, typed higher-order functional programming languages such as
Haskell and ML, has been extensively studied, making them an ideal target for formal
validation of programs’ properties on a rigorous semantic basis. Further, given expres-
sive power of imperative higher-order functions (attested by encodability of objects
[10, 38, 39] and of low-level idioms [1]), a study of logics for these languages may have
wide repercussions on logics of programming languages in general.

These languages combine higher-order functions and imperative features including
new reference generation. Extending Hoare logic to these languages leads to technical
difficulties due to their three fundamental features:

e Higher-order functions, including stored ones.
e General forms of aliasing induced by nested reference types.
e Dynamically generated local references and scope exclusion.

In our preceding studies, we presented Hoare logics for the core parts of ML which
capture the first two features [6, 18, 20, 21]. On the basis of these works, the present
work introduces an extension of Hoare logic for ML-like local reference generation.
As noted above, this construct radically enriches programs’ behaviour, and has defied
its clean axiomatic treatment so far. A central challenge is to identify a simple but
expressive logical primitive, equipped with proof rules (for Hoare triples) and axioms
(for assertions), enabling tractable assertions and verification.

The program logic proposed in the present paper introduces a predicate representing
(un)reachability of a reference from an arbitrary datum in order to capture new reference
generation. Since we are working with higher-order programs, a datum and a reference
may as well be, or store, a higher-order function. We shall show that this predicate is
fully axiomatisable using (in)equality when it only involves first-order data types (the
result is closely related with known axiomatisations of reachability [35]). However we
shall also show that the predicate becomes undecidable in itself when higher-order types
are involved, indicating its inherent intractability.



A good news is, however, this predicate enables us to obtain a simple compositional
proof rule for new reference generation, preserving all the proof rules for the remaining
constructs from our foregoing program logics. At the level of assertions, we can find a
set of useful axioms for (un)reachability, which are effectively combined with logical
primitives and associated axioms for higher-order functions and aliasing, which were
studied in our preceding works [6, 21]. These axioms for reachability are closely related
with reasoning principles studied in existing semantic studies on local state, such as the
principle of local invariant. Some of the non-trivial reasoning examples are presented
in later sections, which include those involving local invariants and those involving
higher-order mutable data structures with circular pointers.

Outline. Section 2 presents the programming language, the assertion language and
proof rules. Section 3 outlines the semantics of the logic and its properties. Section
4 explores axioms of the assertion language. Sections 5 and 6 discuss the use of the
logic through non-trivial reasoning examples. Section 7 gives comparisons with related
works and concludes with further topics. Appendix lists auxiliary definitions and omit-
ted derivations.

2 Assertions for Local State

2.1 A Programming Language

As our target programming language, we use call-by-value PCF with unit, sums and
products, augmented with imperative constructs. )}, gt... range over an infinite set

of variables, ani,Y ... over an infinite set of type variables. Then types, values and
programs are given by the following grammar.

o,B = Unit|Bool | Nat |a=B|axB|a+B|Ref(a) | X |pX.a
VW = c [ X3 | DM | ufa=B Ay M | (VW) | inj®TB(Vv)
M,N =V |[MN |M:=N | ref(M) | M

| op(K) | T5(M) | (M,N) | inj{"P(M)

| if M then Mj else My | case M of {in; ()qqi).Mi}ie{lﬁz}

We use the standard notations [38]. We use constafusit (), booleang, £, numbers

n and locations,l’,...) and fist-order operationsp (+, —, x, =, -, A, ...). Locations

only appear at runtime when references are genertstexc. denotes a vector andhe

empty vector. A program islosedif it has no free variables. We freely use shorthands
like M;N, A().M, andlet x= M in N. Typing is standard: we take the equi-isomorphic
approach [38] for recursive typdsat, Bool andUnit atomic typesWe leave illustration

of each construct to standard textbooks [38], except for the focus of the present study,
the reference generatiarf (M), which behaves as: fird of typea is evaluated and
becomes a valu¥; then afreshreference of typeRef(a) with initial contentV is
generated. This behaviour is formalised by the following reduction rule:

(ret(V), 0) — (vI)(I, ow[l —V]) (I fresh



Above o is a store, a finite map from locations to closed values, denoting the initial
state; whereas [l — V] is the result of disjointly adding a pa(ir,V) to o. The result-

ing configuration uses a binder (the use of theinding simplifies the correspondence
with models discussed in 83). Its general fornfus$)(M, o) wherel is a vector of dis-
tinct locations occurring iw (the order is irrelevant). We writéM, o) for (ve)(M, o).

The one-step reduction— over configurations is defined using the standard rules [38]
except for the above rule and for closing it ungdrindings. The full rules are listed in
Appendix A.1.

A basisT;A is a pair of finite maps, one from variables to non-reference types
(r,r’,...), the other from locations and variables to reference type&'(...). ©,@', ...
combine two kinds of bases. The typing rules are standard [38], which is left to Ap-
pendix A.2. The sequent has the fofifA - M : a which readsM has typea under
IM;A. We omitl” or Aif it is empty. A storeo is typed unden, written A+ o, when, for
eachl in its domain,o(l) is a closed value which is typedunderA, where we assume
A(l) = Ref(a). A configuration(M, o) is well-typedif for somel";A anda we have
NAFM:aandA o. The standard type safety holds for well-typed configurations.
Henceforth we only consider well-typed programs and configurations.

2.2 AlLogical Language

The logical language we shall use is that of standard first-order logic with equality [29,
§ 2.8], extended with assertions for evaluation [20, 21] (for imperative higher-order
functions) and quantifications over store content [6] (for aliasing). On this basis we add
a binary predicate which asserts reachability of a reference name from a datum and its
dual. The grammar follows, lettinge {A,V, >} andQ € {V,3}.

e i=x|c|op(® | (e€) | (o) | inji(e) | te
Ci=e=¢€|-C|CxC'|QxC|QX.C
| {Cleed =x{C'}|[leC|(!e)C|e— ¢ |ete

The first set of expressiong €, .. .) aretermswhile the second sébrmulae(A,B,C,C'...).
Terms include variables, constantgunit (), numbersn, booleang, f and locations
I,1’,...), pairing, projection, injection and standard first-order operaticaaehotes the
dereference of a referenee

Formulae include the standard logical connectives and quantification [29]. Quanti-
fied reference variables, exjin ¥x?¢f(@) C, range over both free and hidden locations
(for the alternative formulation, see Appendix C.3). We include, following [6, 20], quan-
tifications over type variablex(Y,...). We also use truti (definable as & 1) and
falsity F (which is—T). x # y stands for~(x =y).

The remaining formulae are those specifically introduced for describing program
behaviour. Their use will be illustrated using concrete examples soon: here we infor-
mally outline their ideas{C} ee € = x {C'} is calledevaluation formulaintroduced in
[21], which intuitively saysif we apply a function e to an argumeritstarting from an
initial state satisfying C, then it terminates with a resulting value (name it X) and a final
state together satisfying’C



['e]C and (le)C are universal/existential content quantificationstroduced in [6]
for treating general aliasing'e|C (with e of a reference type) say$vhatever value
we may store in a reference denoted by e, the assertion C is Y@ is interpreted
dually.

Finally, e1 — & (with & of a reference type), callegachability predicateplays
an essential role in the present logic. It says tkié:can reach the reference named by
e from a datum denoted by .eAs an example, ik denotes a starting point of a linked
list, x — y says a referencgoccurs in one of the cells reachable fromy#x [14, 43]
is the negation ok — y, which saysOne can never reach a reference y starting from a
datum denoted by x.

Convention. Logical connectives are used with standard precedence/association, using
parentheses as necessary to resolve ambiguitigs) (resp.fl(C)) denotes the set of

free variables (resp. locations)@ Note thatx in [!x]C and(!x)C occurs free, while in

{C} ee € = x {C'} it occurs bound with scop€'. With € = e;..e,, we often write &

for ley..!ey; and[!€|C for ['e]..[!en]C. C1 = C, stands for(Cy D Cp) A (C2 D Cy). We

write X#y for A #y; similarly for x#y. We write{C}e; e e:{C'} for {C}ejee, =z{z=

()AC'} with z¢ fv(C'). Terms are typed starting from variables. A formula is well-typed

if all occurring terms are well-typeddereafter we assume all terms and formulae we
use are well-typedlype annotations are often omitted in concrete assertions.

2.3 Assertions for Local State
We explain assertions for local state with examples.

1. Considex:=vy,;y:=zw:= 1. After its run, we can reachby dereferencing, and
y by dereferencing. Hencez is reachable frony, y from x, hencez from x. So the
final state satisfiegs— yAy — zZAX— z

2. Next, assumingv is newly generated, we may wish to says unreachablegrom
X, to ensure freshness of. For this we assemv#x, which, as noted, stands for
—(X— w). x#y always implies< # y. Note thatx < x=x —!x=T andx#x=F.
But !x — x may or may not hold (since there may be a cycle betwéenontent
andx in the presence of recursive types).

3. The assertiom = 6 saysx of typeNat is equal to 6. Assuminghas typeRef(Nat),
IX =2 means stores 2. Thewi.{Ix=i}ue () =z{!Ix = zAlx =i + 1} asserts that
the functionu, upon receiving unif), increments the content fand returns it. For
example forA().(x :=!x+ 1;!x) namedu satisfies it. For a stronger specification,
we may refine this assertion by also specifying which references a program may
write to. The followinglocated assertiof6] is used for this purpose.

inc(u,x) = Vi.{Ix=lilue() =z{Ix=zAlx=i+1} @x

Above “@x”, called write set indicates that the evaluation alters at madieav-
ing content of other references unchanged. Intuitively, this formula stands for the
following assertion withr andh fresh.

VX, PREF) WX x i {Ix=i AT #xAlr=h}ue ()=2z{Ix =i+ 1AIx=2zAlr=h}



The assertion says: “for anyof any reference type distinct from its contenth
stays invariant after the run,” that is at mass modified during the run. The exact
semantic account of located assertions is given in Appendix C.

4. We consider reachability in (higher-order) functions. Assif)e(x := 1) is named
fw andA().!x is namedf,. Since fy, can write tox, we havef,, — Xx. Similarly
fr < x. Next supposeet X=ref(z) in A().xhas naméd; andz's type isRef(Nat).
Thenf; — z (for example, consider f.()) := 1). Howeverx is notreachable from
AQ)-((AY.())(A().x)) since semantically it never touches/uses

5. The programhn2t.ref(n), namedu, meets the following specification. Lebe
fresh.

VX Vi% vnNet (Tluen=2z{z#i Alz=n}@0

Sincei is universally quantified from the outside, it represents an arbitrary datum
in theinitial state. The assertion says a referegaghich is created by applying
to n, is disjoint from any such, i.e.zis fresh, unreachable from any other datum.

We list convenient abbreviations for evaluation formulae for representing “freshness”.
Below leti be fresh.

o {Cleed=2{vxC'} = VX,i*.{Clee€=2{Ix.(x£iINC)}

o {Cleed =Z{v#ixC'} = VX,i*.{Clee€&=2{3x.(x#i AC')}

o {Cleed=2{#2C'} = VX,i*.{Clee€ =2{z#i NC'}
In the first line,vx saysx is distinct from any names in the initial state, giving the
weakest form of freshness (nay be replaced by a vectogandx are distinct by the

binding condition. In the second, # is used instead of inequality. The third is when the
return value is unreachably fresh. Its use for 5 above yields:

Vn.{T}uen=2z{#z!z=n}@0

2.4 Proof Rules

This subsection summarises judgements and proof rules for local reference generation.
The judgement consists of a program and a pair of formulae following Hoare [15],
augmented with a fresh name callekchor[18, 20, 21].

{CtM {C}
which says:

If we evaluate M in the initial state satisfying C, then it terminates with a value,
name it u, and a final state, which together satisfy C

As this reading indicates, our judgements are about total correctness. They have iden-
tical shape as those in [6, 21], even though described computational situations can be
quite different, with bottC andC’ possibly specifying behaviours and data structures
with local state.

The same sequent is used for both validity and provability. If we wish to be specific,
we prefix it with eithet- (for provability) or = (for validity). LetI"; A be the minimum



basis ofM. In {C} M :, {C'}, uis theanchorof the judgement, which shouttbtbe in
dom(I",A) Ufv(C); andC is thepre-conditionandC’ is thepost-condition Theprimary
namesaredom(I,A) U {u}, while theauxiliary namegranged over by, j,k;,...) are
those free names i@ andC’ which are not primary. An anchor is used for naming the
value fromM and for specifying its behaviour.

We also use the following abbreviation similar to those with evaluation formulae.
Below leti be fresh.

e {C}M{C'} stands fo{C} M :, {u= () AC'} with u & fv(C').

e {CIM : {C'}@Xintuitively means{C Ay#XAly=i}M :, {C'Aly=i} with y fresh
(for the exact semantics, see Appendix Cx4$.a write set as for located assertions
(cf. §2.3)

e {C} My {vx.C'} stands fo{C} M : {Ix.(X £ i AC')}.
e {C} My {v#x.C'} stands fo{C} M i {3Ix.(x#i AC')}.
e {C} My {#m.C'} stands fo{C} M :y {m#i AC'}.
The full compositional proof rules are given in Figure 2 in Appendix B. In spite of the

semantic enrichment, all compositional proof rules in the base logic [6] stay as they
were, except for adding the following rule for reference generation.

{C}M:m{C}

Rl (e ret (M) s {(#UCTIU/m)

The rule says that the newly generated cell is unreachable from any datum in the initial
state: then the result of evaluatiM is stored in that cell which is namad All the
so-called structural rules (i.e. those rules which only manipulate assertions) in [6] also
remain valid except for an additional condition in one rule, see Appendix B.

Invariant rules are useful for modular reasoning. Their use with (un)reachability
needs some care. Supposé unreachable frony; after runningy := X, x becomes
reachable frony. Hence the following simple invariant rule for unreachability is un-

sound. ,
{C}M:m{C'}
#€} M i {C' Ne#e}
However the general invariant rule introduced in our preceding study [6] works in har-
mony with the (un)reachability predicate.

{CIM:m{Cr@F  [W]Co=Co
{CACo} M {C'ACo}@W

The soundness of this rule is established in Appendix C.6. The side condicn=
Co says that the asserti@y is invariant under any possible contents of the variables in
the write set oM, thus ensuring that the writing byl does not alte€y. We then have:

(C}V im {C
Inv-Val e R oV o {C A Col

{C} M :;, {C"}@x no dereference occursé ~
{CAX#E} M {C' Ax#E @X

[Unsoundinv_with_#] [Che

[Inv]

[Inv-#]

8



which are direct instances o] (for the former we observ¢C} V :r, {C'} implies
{C}V :m {C'} @0 for anyV; for the latter we not!x|x#€& = x#€&is always valid under
the side conditior},cf. Proposition 7, clause 3-(5) later).

Another useful structural rule is the following variation of the standard consequence
rule. -
{Co} M:m {Cp}  xfresh; I auxiliary
Vi.{Co}xe ()=m{C{} D Vi.{C}xe ()=m{C'}

{C}M:m{C'}

This rule subsumes the standard consequence rule. In the present logic, the rule further
enables non-trivial reasoning on fresh references, as we shall discuss later.

[ConsEvd]

3 Models and Soundness

3.1 Models

We introduce operationally-based semantics of the logic, based on term models. For
capturing local state, models incorporate hidden locations usingiader [33]. We
illustrate the key idea using the Introduction’sc (in (1.1)). We modellnc hamedu

as:
WHEUAQ.( =1 +1; 10}, {l—0}) (3.1)

(3.1) says that there is a behaviour nanoeahd a reference nameégthat this refer-
ence stores 0, and thhis hidden. By augmenting (3.1) with freghmapped to any
location/datum from the initial state (hence disjoint froywe may assert:

IX(Ix=0 A Vi{lx=itue ()=z{Ix=2AIXx=14+1}@X A X# )
which corresponds to the freshness assertioC”.

Definition 1. (models) Anopen model of typ® =TI"; A, with A closed, is a tupl€€, o)
where:

— &, calledenvironmentis a finite map frondom(©) to closed values such that, for
eachx € dom(I"), &(x) is typed a®(x) underA, i.e. A &(X) : O(X).

— 0, calledstore is a finite map from labels to closed values such that for éach
dom(o), if A(l) has typeRef(a), thena(l) has typenx under4, i.e. A+ o(l) : a.

A modelof typel’; A is a structurgvl) (&, 0) with (§,0) being an open model of type
I;A-A with dom(4A') = {I}. (vl) act as binders, inducing the standarebquality.
M,M,... range over models.

An open model maps variables and locations to closed values: a model then specifies
part of the locations as “hidden”. An environment also maps type variables to closed
types as needed, whose treatment is left to Appendix C.

1 This side condition is indispensable: considdr}x := x{T}@x, for which it is wrong to
conclude{x# Ix}x := x{x#Ix} @x.



Models in the above sense are very concrete. Since assertions in the present logic
are intended to capture observable behaviour of programs, the semantics of the logic
uses models quotiented by an observationally sound equivalence. Beﬂ}(\M,o) U
meangvl)(M,o) —" (vI')(V,0’) for somen.

Definition 2. AssumeM; def (vINi)(X : \7i,0i) typable undef ;A. Then we writeM =
Mg if the following clause holds for each closing typed contekt | which is typable
underA and in which no labels frorh > occur:

(VI1)(C[(Va)),00) 4 iff (vi2)(C[(V2)], 02) U
where(V) is then-fold pairings of a vector of values.

Definition 2 in effect takes models up to the standard contextual congruence. We could
have used a different program equivalence (for example call-by-\Bxjusonvertibil-
ity), as far as it is observationally adequate. Note we have

(V) (E-X:V1,0-1 —Wy) &~ (V) (E-X:Vo,0-1 — W)

wheneveV; =V, andW, = W, where2 is the standard contextual congruence on
programs [38] (for reference Appendix C.1 lists the definitioa=pf

3.2 Semantics of Reachability.

Let o be a store an® C dom(o). Then thdabel closure of S i, written ncl(S,0), is
the minimum se§ of locations such that: (I3 S and (2) Ifl € S thenfl(a(l)) C S.

Lemma 3. For all o, we have:

1. SCncl(S0); S C S impliesncl(S;,0) C ncl(S,0); andncl(S,0) = ncl(ncl(S,0),0)
2. ncl(S1,0) Uncl(S,0) = ncl(S US, 0)

3. S Cnd(S,0) and $ C ncl(S3,0), then § C ncl(S3, 0)

4. there exist®’ C o such thaincl(S o) = fl(0’) = dom(d’).

Proof. (1-4) are direct from the definition. (5, 6) immediately follow from (1-4).0

We now set:

MEe —e if [e]sqcnc(fl(fels 5),0) foreach(vl)(E,o) ~M (3.2

Above [ ] ; is the obvious interpretation @ in the open model (see Appendix C).

The clause says that the set of hereditarily reachable namesfromoludese, up to

~. For programs in § 2.3 (4), we can chetk— x, f; — x and f; <— z hold under

fw:A().(x:=1), fr :A().IX, fc:let x=ref(2) in A().X (regardless of the store part).
The following characterisation of # is often useful for justifying axioms for fresh

names. Belows = 01 W07 indicateso is the union ofo; ando; such thatdlom(ay) N

dom(oy) = 0.

10



Proposition 4 (partition). M = x#u if and only if for somé, V, | and 012, We have
M= (VI)(&-u:V-x:1, 01W02) such thancl(fl(V),01w02) = fl(01) = dom(o1) and
| € dom(02).

Proof. For the only-if direction, assunf¥ = x#u. By the definition of (un)reachability,

we can set (up tez) M der (V") (E-u:V-x:1, o) such thatl & ncl(fl(V),0). Now

takeo; such thancl(fl(V),0) = ncl(fl(V),01) = fl(01) = dom(01) by Lemma 3. Note
by definition| ¢ dom(o1). Now let o7 d:efo\dom(ol). Sincel € dom(o), we know
| € dom(02), hence done. The if-direction is obvious by definition of reachability

The characterisation says thakifs unreachable from then, up to, the store can be
partitioned into one covering all reachable names ftommd another containing

3.3 Soundness and observational completeness.

The definitions of satisfiabilitt = C other than reachability is given in Appendix C
(logical connectives are interpreted classically: type variables are treated syntactically

[20]). Let M be a mode(Vl)(&,0) of typel';A, andl'; A+ M : a with u fresh. Then the
validity = {C}M :, {C'} is given by:

[=X
=

e

E{CIM {C1 £ vYWMMEC = Mu:M] M =C)

where we writéM[u:N] |} M’ when(NE, o) | (vi")(V,d’) andM’ = (vil")(E-u:V, o).
Above we demand, for well-definedness, thétincludes all variables i, C andC’
exceptu. The soundness result follows.

Theorem 5 (soundness)t- {C}M :, {C'} impliesi= {C}M 1, {C'}.
Proof. See Appendix C.5. O

Another basic property of the logic is that its judgements distinguish programs just as
the observational congruence does (observational completeness [6, 21]) W dte

the standard contextual congruence [38] for the programsiart: M, : a when we
havel= {C}M3 ;y {C'} iff = {C}My:, {C'}.

Theorem 6 (observational completeness)For eachl"; A+ M; : a (i = 1,2), we have
M1 =2, My iff M1 = Mo.

Proof. (outline) LetV; andV, be closed an¥; % V,. Then there exists an finite canon-
ical form U in the sense of [6, §8.4] (in the language without local state)Jd/.|
andUV; 1+ with i # j. This is intuitively because a finite computation needed for con-
vergence can be realised by finitely many “fresh” names: Then we translate away all
“new” constructs to calls to finite reference generators using relatively fresh names.
The rest is precisely as in [21, 86] and [6, 88], translatihgbove to a characteristic
formula then to a differentiating assertion. O
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4 Axioms for Reachability

This section studies axioms for assertions involving (un)reachability. We start from
basic axioms. The proofs use Lemma 3. Note our types include recursive types (taken
up to tree unfolding [38]).

Proposition 7 (axioms for reachability). The following assertions are valid (we as-
sume appropriate typing).

1. (Dx—=X;, (2QX—>YyAYy—2Z D X—Z

2. (1) y#x® with a € {Unit,Nat,Bool}; (2) x#y = X#Y;
(3) X#BWAW — U D X#u.

3. () (X, %) =Y = X1 = YyVXo =y,
(2) inji(x) =y = x=y; (3) x> Y@ 5 xly;
(4) XRef@ S yAX £y DXy,
B) Xy —x = y—Xx = (IX)y— X.

Proof. (1-4) are direct from the definition (e.g. for (2) we obselneefl(inj;(V)) iff

| € fl(V)). For (5), suppos@ =y — X, and takeéM’ which only differ fromM in the
stored value at (the reference denotedby§inceM =y — x holds, there is a shortest
sequence of connected references fyaimx which, by definition, does not includeas
its intermediate node. Hence this sequence also exidt& ine. M’ =y — X, proving
[IXy — X = y< x. This also meang!x)[!Xly — x = (IX)y < X. By the axiom of
content quantification we havé&)[!xly — x = [IX)y — X, hence done. O

3-(5) says that altering the contenbofloes not affect reachabilitp x. Note[!x]x — y
is not valid at all. The dual of 3-(5):

[IX]x#y = x#y = (IX)x#y

was already used for deriviftnv-#] in §2.4 (we cannot substitute for y in [!x]x#y
to avoid name capture, cf. [6, 85.2 (long version)]).

Let us say is finiteif it does not contains an arrow type or a type variable. We say
e — € isfiniteif e has a finite type.

Theorem 8 (elimination). Suppose all reachability predicates in C are finite. Then
there exists Csuch that C= C’ and no reachability predicate occurs if.C

Proof. By Proposition 7 (3). ad

A straightforward coinductive extension of the above axioms (see [2]) gives a complete
axiomatisation when the types also contain recursive types, but not function types.

For analysing reachability, it is useful to define the following “one-step” reachability
predicate. Belove, is of a reference type.

MEere if [e:<fi(fedts) foreach(vl)(E,0) ~M 4.1

12



We can show(Vl)(&,0) = x> 1" is equivalent td’ € N{fl(V) | V = &(x)}, (the latter
saysl’ is in the support off in the sense of [14, 41, 46]). Now define:

x>ly = x>y
x>y = Jz(x>zA 1ze"y)  (n>1)

We also sek>y = x =Y. By definition we have:
Proposition 9. x—y = dn.(x>"y) = (Xx=y V X>yV FZ(X>ZAZ£YAZ—Y)).

Proposition 9, combined with Theorem 8, suggests if we can clarify one-step reachabil-
ity at function types then we will be able to clarify the reachability relation as a whole.
Unfortunately this relation is inherently intractable.

Proposition 10 (undecidability of > and —). (1) M |= f®# > x is undecidable. (2)
M = f%# — xis undecidable.

Proof. For (1), letV d:ef)\().if M = () then | else Ref(0) with a closed PCFv-terri

of type Unit. Thenf :V, x: | = f>xiff M |, reducing the satisfiability to the halting
problem of PCFv-terms. For (2), take the savhgo that the type dfandxis Ref(Nat)
in which case> and— coincide. O

The proof above indicates that the same result holds even if we take call-byBralue
equality as the underlying equality. Further the result also implies that the validity of
vf,x.(AD f>X) is undecidable, since we can represent any PCFv-term as a formula
using the method [19].

Proposition 10 does not imply we cannot obtain useful axioms for (un)reachability
involving function types. We discuss a collection of basic axioms in the following.

Proposition 11 (unreachable function).The following assertion is valid:
{C}fey=2{C'}@W D {CAX# fyW}fey=2{C Ax#2W}@W .

Proof. See Appendix D. ad

Proposition 11 says that ¥ is unreachable from a functiofy its argumenty and its
write setw], then the execution of this function does not return or wtite

When we do need to reason about a function with a local state, its behaviour often
crucially relies on a invariant on its local store. Let us first consider a function from
a base type to a base type which writes to local references of a base type. Even pro-
grams of this kind pose fundamental difficulties in reasoning, as show in [30]. Take the
following program:

compHide % et x= ref(7) in Ay.(y >!X) (4.2)

The program behaves as a pure funciigrty > 7). For this purpose it keeps the obvious
local invariant, k = 7. We demand this assertion to survive under arbitrary invocations
of this function: thus (naming the functian we arrive at the following invariant;

Co = IX=7 A VY {Ix=Tluey=2{Ix=7}@0 (4.3)

13



The assertion (4.3) says that: (1) the invariant!7 holds now; and that (2) once the
invariant holds, it continues to hold for ever (notean never be exported due to the
type ofy andz, so that onlyu will touch x). We then observe:

Ci = VW{lx=Tluey=2z{z=(y>7)}@0 (4.4)
The prograntompHide is easily given the following judgement:
{T}compHide :y {V#X.(Co A C1)} (4.5)

(for the notationv#x see 8§ 2.4.) Thus, notinGp is only about the content of, we
concludeCy continues to hold automatically. Hence we cari@&gtogether withx:

{T}compHide 1y {Vy{T}uey=2{z=(y > 7)}} (4.6)

which describes a purely functional behaviour. We now show the underlying reasoning
principle as an axiom. First we introduce a notation for invariant. Below we asgume
andw are fresh and have atomic typén(t, Bool or Nat) or their products/sums.

Inva(u,Co, X, W) = Cy A VY.{Co}luey=z{Co}@XW 4.7)

Inva(u,Co, X, W) says: (1)Co holds now; and (2) whenev€y holds then the application
converges and aga(y holds.

Definition 12. (stateless formulae) We s&yis stateless excep iff: (1) each deref-
erence ¥ for y ¢ {X} occurs either in pre/post conditions of evaluation formulae or
under[ly)/{ly); (2) (un)reachability predicates occur in pre/post conditions of evalua-
tion formulae; and (3) evaluation formulae never occur negatively nor under content
quantifications. We sa is statelessf it is stateless excep (whereg is the empty
string).A, B, ... range over stateless formulae.

Above a formulaC occursnegativelyif it occurs inCy of C; D Cp or in C of —-C. The
property of stateless formulae is studied in Appendix D.2.

Proposition 13 (axiom for information hiding (1)). Assume gis stateless except
and x¢ fv(C,C’',E’) for each xe {X}. Then the assertion:

(AlHA) {E}me () =u{v#X.(ELAE")} D {E}me ()=u{E2AE'}
is valid, where with m fresh and

— E1 = (Inva(u,Co, %, W) A Vy.{Co A [IXC}uey=2{C'} @WK
- E2=Vy.{Cluey=2(C'}@W

Proof. See Appendix D.4. O

The axiom(AlHa) is used together withJonsEvd] in order to reache, from E; within
the proof derivation. Its validity is proved using Proposition 4. The axiom says:

if a function u with a fresh referenceis generated, and if it has a local invari-
ant G on the content ofixthen we can cancelg3ogether with x

14



We note:

— Cp being stateless exceptensures that satisfiability @ is not affected by state
change except at(See Appendix D.2 for properties of stateless formulae).

— [IX|C says that whethe® holds or does not depend anliterally it means that for
each content af We haveC holds.

Coming back tocompHide, we can takeéCy to be X = 7, W to be the empty string;
andE’ to beT andC' to bez= (y > 7).

We now extend the axiom to higher-order functions, after refining the invariant no-
tation.

Inv(u,Co, X, F,W) = Co AVY.{Co AX#Fy}uey = Z{Co A X# 2N} @WK

where{fWyz} N (fv(Cp) U {X}) = 0 and we assumgis of a base type, its product/sum
or its combinatior?. This time, sinceu may take an arbitrary higher-order function as
argumenty and return arbitrary higher-order function as reguive cannot guarantee
thatx is never exported. Thus we directly demand it, sayifigl is to be written, then
the content of¥ and a return value z should never reahunder the unreachability
assumptionx#fy (herertindicate those values whose disjointness fooim ieeded for
the invariant).

Proposition 14 (axiom for information hiding (2)). Let (AIH) be an axiom given by
replacinglnva(u,Co, X, W) with Inv(u,Co, X, F,W) in Proposition 13. ThegAlH) is valid.

Proof. See Appendix D.4. a0

(AIHa) and (AIH) assume that the invaria@y only talks about the content af This
does not have to be so. We consider the extensioflefa) in this regard:(AlH) is
similarly generalised.

Proposition 15 (axiom for information hiding (3)). Let(AlHaZ) be an axiom given by
replacing, in(AlHa), v#X with v#%.3§, whered only occur in @. Then(AlHa3) is valid.

Proof. See Appendix D.4. ad

Another simple extension, which we do not discuss here, allows a return value to be a
composite one. Next, the following axiom stipulates how an invariamaisferredby
functional applications.

Proposition 16 (invariant by application). Suppose gis stateless excegt Then the
following is valid.

(Inv(f,Co, X, F,W) A {T}gef =2{T}) D {CoAR#gr}ge f =Z{X#zACp}.
Proof. See Appendix D.5. O

The axiom says that the result of applying a functipdisjoint from a local reference
X, to the argument which satisfies the local invariant, again keeps the local invariant.

2 The type ofy is not an essential part of this axiom scheme: our current proof is however done
under this restriction.
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5 Reasoning Examples (1): Functions and Local State

5.1 Shared Stored Function

This section demonstrates the usage of the proposed logic through concrete examples.
Some of the lengthy derivations are omitted but key ideas are provided.

We first treatIncShared from Introduction, a simple example of shared local state
with stored functions. We use a proof rule for the combination of “let” and new refer-
ence generation, easily derivable from the proof rules in Section 2 through the standard
decomposition of “let” into application and abstraction (see the derivation in Appendix
E.1).

LetRef {CIM i {Co} {Co['x/m Ax#€E} N:y {C'} x¢ fpn(€)
{C} 1et x= ref(M) in N :, {vx.C'}
Above fpn(e) denotes the set dfee plain name®f e which are reference names in
e that does not occur in dereference, definedfas(x) = {x}, fpn(c) = fpn(le) = 0,
fpn({e,€)) = fpn(e) Ufpn(€), fpn(ti(e)) = fpn(e) andfpn(inji(e)) = fpn(e). The rule
reads:

Assume(1) running M from C leads to & with the resulting value named
m; and (2) running N from @ with m as the content of x together with the
assumption x is unreachable from eaghleads to Cwith the resulting value
named u. Then running the letref command from C leads tel®se x is fresh
and hidden.

We note:

e The side conditiox ¢ fpn(g) is essential for consistency (e.g. without it, we could
assume#x, i.e. F).
e VX.C' cannot be strengthened tx.€’ sinceN may storex in an existing reference.
One may note the rule directly gives a proof rule for general new reference declaration
[30,40, 44],new X := M in N, which has the same operational behavioul & x =
ref(M) in N.
We can now treafncShared from Introduction:

IncShared & a:=Inc;b:i=la; ci:=('a)();c2:=('b)(); (lea+!c)
Naming itu, the assertioinc’(u, x,n) below captures its behaviour:

inc(x,u) =Vj{Ix=jlue()=j+LIx=j+1}@x
inc’(u,x,n) = Ix=nAinc(x,u).

The following derivation forincShared sheds light on how shared higher-order lo-
cal state can be transparently reasoned in the present logic. For brevity we work with
the implicit global assumption that b,c;,c, are pairwise distinct and safely omit an
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anchor from the judgement when the return value is a unit type.

1{T} Inc:y {vxinc’(u,x,0)}

2{T}a:=Inc {vx.inc(la,x,0)} (1, Assign)

3.{ind'(la,x,0)} b:=la{inc'('a,x,0) Ainc’(!b,x,0)}  (Assign)

4.{inc'(!a,x,0)} c1 := (1a)() {ind'(!a,x,1)Alcy =1}  (Assign)

5.{inc'(!b,x,1)} ¢z := ('b)() {inc'('b,x,2)Alc; =2} (App etc.)

6.{lcy =1Alca =2} (Ier) + (c2) 1w {u=3} (Deref etc.)
7.{T} IncShared :, {vx.u= 3} (2—6, LetOpen)
8.{T} IncShared:, {u=3} (Conseq)

Line 1 is by [LetRe}. Line 7 uses the following derived rule (noting sequential compo-
sition is a special case of “let”):

{C} M 5 {v.Co} {Co} N:u{C)}
{C} 1let x= M in N, {v§y.C'}

[LetOpen

Line 8 usesix.C O C whenC contains neither evaluation formulae or occurrences of
(this restriction comes from the quantified variable ranging over not only free locations
but also hidden ones, see Appendix C.3 for further discussions). To shed light on how
the difference in sharing is captured in inferences, Appendix E.2 lists the inference for
a program which assigrdistinctcopies ofInc to a andb.

5.2 Information Hiding (1): Memoisation

Next we treat a memoised factorial [42] from Introduction.

memFact &' let a= ref(0), b=ref(1) in
Ax.if x=!athen !belse (a:=x; b:=fact(x);!b)

Our target assertion specifies the behaviour of a pure factorial.
Fact(u) = Vx.{T}uex=y{y=x}@0.
The following inference starts from the body of the “let”, which we navheNe set:

Eia = Co A ¥X.{Co}uex=y{Cp}@ab, andE;, = ¥x.{Co AC}uex=y{C'}@abwhere
we letCp be b= (!a)!, C be T andC’ bey = xl. Note thatCy is stateless excepb (in
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the sense of Definition 12, page 14).
L{T}V iy {"x{!b=(1a)l juex=y{y=x A Ib=(!a)!} @ab}

2{T}V :y{E1a A Ep} (1, Conseq)
3{ab#i}V :y {ab#i A Eia A Epp} (2, Inv-Val)
4.{T} memFact :y {v#ab.(E1aA E1p)} (3, LetRef)

5{T}me()=u{v#ab.(EjaAEi)} D {T}me()=u{Fact(u)} (x)

6.{T} memFact :, {Fact(u)} (4,5, ConsEval)
Line 2 used{C} f e x=y{C1AC2} @W D Ai=12{C} f e x = y{C;} @W (from [6, 21]). (%)
in Line 5 is by(AlHp) in Proposition 13.

5.3 Information Hiding (2): Stored Circular Procedures

We next considetircFact from Introduction, which uses a self-recursive higher-order
local store.

circFact ©'x ;= A\zif z=0then 1 else zx (IX)(z—1)
safeFact & 1et x = ref(Ay.y) in (circFact;!X)

In [21], we have derived the following judgement.
{T}eircFact :y {CircFact(u,X)} @x (5.1)
where
CircFact(u,x) = Vn.{Ix=u}!'xen=2z{z=nlAlx=u}@0 A !x=u
which says:

After executing the program, x stores a procedure which would calculate a
factorial if x stores that behaviour, and that x does store the behaviour.

We now showsafeFact hamedu satisfiesFact(u). Below we useCF; = !X =uUA
vn.{Ix=u}!xen=2z{Ix=u}@0 as well aCk, = ¥n.{Ix=u}!xen=z{z=n!}@0.

L{TIANYY m{T}@0
2{T}circFact; !x:y {CircFact(u,x) }@x

3{T}circFact; !x:y {CR A CR}@x (2, Conseq)
4.{x#i}circFact; !Xy {x#i ACRRACR}@Xx (3, Inv-#)
5{T}safeFact y {V#X.(CRRACR,) } @0 (4, LetRef)

6.{Time()=u{v#x.(CRAACR,)} D {T}me()=u{Fact(u)} (x)

7.{T}safeFact :y {Fact(u)} @0 (5, 6, ConsEval)
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Line 1 is immediate. Line 2 is (5.1). Line 6x) is by (AIHp), Proposition 13, setting
Cop=!x=u,C=FE'=T andC' = y=x. Note this example can again ugeHa) since
the behaviour in question is indeed first-order.

The reasoning easily extends to programs which use multiple locally stored, and
mutually recursive, procedures. Consider:

mutualParity el = An.if y=0then f else not((ly)(n—1));
y:=An.if y=0then t else not((!x)(n—1))

After these two assignments, the applicatibgn, with n a natural number, returns true
if nis odd, false if not; whilg!y)n acts dually. Informally the state of affairs may be
described thus:

X stores a procedure which checks if its argument is odd, if y stores a procedure
which does the dual; whereas y stores a procedure which checks whether its
argument is even or not if X stores a procedure which does the dual.

Observe mutual circularity of this description. As before, we can avoid unexpected
interference ax andy using local references.

safe0dd &' 1et X,y =ref(An.t) in (mutualParity;!X)

safeEven & let X,y =ref(An.t) in (mutualParity;!y)
Above An.t can be any initialising value. Now thaty are inaccessible, the programs
behave as pure functions, esg.fe0dd(3) always returns true without any side effects,

similarly safe0dd(16) always returns false, To formally validate these behaviours, we
can first verify the body of the “let” satisfies the following assertions.

{T}mutualParity :, {3gh.IsOddEvefgh,!xly,xy,n)} (5.2)
where, withEver(n) = 3x.(n=2 x x) andOdd(n) = Ever(n+1):
IsOddEveigh,wu,xy,n) = (1IsOdd(w,gh,n,xy) A IsEverfu,gh,n,xy) AIx=gAly=h)
IsOdd(u,gh,n,xy) = {Ix=g A ly=h}uen=2z{z=0dd(n) A Ix=g A ly=h}@xy
IsEverfu,gh,n,xy) = {Ix=g A ly=h}uen=2z{z=Ever(n) A Ix=g A ly=h}@xy
Our aim is to derive the following judgements starting from (5.2).

{T}safe0dd :, {Vn.{T}uen=2z{z= Odd(n)} @0} (5.3

{T}safeEven :y {Vn.{T}uen=2z{z= Ever(n)} @0} (5.4)

We reason forsafe0dd (the case forsafeEven is symmetric). We first identify the
local invariant:
Co = Ix=gA !y=h A IsEverih,gh n,xy)

The free variabldn suggests the use ¢hlHa3). SinceCy only talks aboug, h and the
content ofx andy, we knowCy is stateless excepy. We now observesOddEveigh, Ix!y, xy, n)
is the conjunction of:

Oddy = Cg A Vn.{Coluen=2z{Co}@xy
Odd, = Vn.{Cp}ue n=2z{z=0dd(n) }@xy
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We can now applyAlHa3) to obtain (5.3). Full inferences can be found in Appendix
E.3.

5.4 Information Hiding (3): Higher-Order Invariant

We move to a local invariant with higher-order functions, taking a program which in-
struments an original program with a simple profiling, counting the number of times of
invocation [46, p.104].

profile 2 let x = ref(0) in Ay.(x:=Ix+ 1; fy)

where we restricy to a base type or a sum/product of base types (cf. (4.8), page 15).
Sincex is never exposed, this program should behave precisdly@isicef can return

a higher-order value, we need to ygdH). We use the following assertions, assuming

x ¢ fv(C,C').

E=V{T}fey=2{T}@W A Vy.{C}fey=2z{C'}@W
Ex = Wy.{Cluey=2{C'} @W.
Our aim is to derive the following assertion.
{E} profile:y {Ez} (5.5)
which says:

if f satisfies the specificatiory.{C} f ey = zZ{C'} and moreover if it is total,
thenprofile satisfies the same specification.

The derivation uses the following auxiliary assertions.

Eo = Vy.{C A x#fyW}f ey =z{x#tzal A C'}@W
E1 =W {T}fey=2{T}@W A Vy.{[\X|C A x# fyW}uey=2z{C' Ax#2W}@xW

The inference follows.

L{Tx:=Ix+1{T}@x (Assign)
2{[IXICAEAX#fyW} x:=Ix+ 1 {CAE AX# fyW} @x (Inv, Conseq)
3{CAEAEqAXx#TYW} fy:, {C' Ax#2l} @W (App, Conseq)
4{CNEAX# Ty} fy:; {C Ax#H2NV} @W (3, Conseq)
5{[IXCAEAX#fyW}x:=x+1;fy :; {C Ax#t2W}@xW (2,4, Seq)
6.{E} Ay.(x:=x+1;fy) :y {E1} @0 (5, Abs, Inv)
7.{Elprofile{v#x.E;} @0 (LetRef)
8.{E}me () = u{v#x.E1} D {E}me () = u{Ex} *)
9.{E}profile:, {E>}@0 (7, 8, ConsEval)
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Above Line 2 uses: for ang,x we have[!x|[!x|C = [!X|C. Also by [IX|E = E and by
[IX|x# fyw = x# fyw (by Proposition 7 (3)-5),Ifiv] becomes applicable. Line 4 uses
E D Ep by the reachability axiom in Proposition 11 (setting="f). Line 8 (x) uses
(AIH), Proposition 13, settinGg to beT.

5.5 Information Hiding (4): Nested Local Invariant

The next example, which is from [22, 30], uses a function with local state as an argu-
ment to another function.

MeyerSieber ®fM et x= ref(0) in
let f = A().x:=Ix+2in (gf; if ever{!x) then () else Q())

whereQ d:Efuf.)\().(f()) (noteQ() immediately diverges) argver{n) tests evenness of

n. Sincex is local, and becauggwill have no way to accessexcept by callingf, the
local invariant thai stores an even number is maintained. HelegerSieber may
as well satisfy the following judgement.

{E AC} MeyerSieber {C'}@W (5.6)
where we set, witlkx, m¢ fv(C,C’):

E = V. (AD ({T}ge f{T} A{C}ge f{C'}@W))
A= {T}fe()=2ZT}@0
(Above the omission of an anchor Bhit type inE follows Conventionin §2.2). The
judgement (5.6) says thaf: feeding g with the observable behaviour of f as an ar-
gument always terminates and further satisfi€gge f{C'}@W, thenMeyerSieber
starting from C also terminates with the final stateadd the write se.
For the derivation of (5.6) we use the following assertianis the empty string).
| = Inv(f,Even(!x),x¢,¢)
Go = {Ever(!x) Ax#g}ge f{Ever(!x)}
G1 = {Tige f{T}
The derivation of (5.6) requires
{Ever(!IX) Al AG1} ge f {Ever(!X)} D {Even(!x) AGp} ge f {Ever(!X)}

for which we apply the axiom in Proposition 16. The full derivation is given in Ap-
pendix E.4.

5.6 Information Hiding (5): Object

As a final example of this section, we treat information hiding for a program with state,
a small object encoded in imperative higher-order functions, taken from [22] (cf.[10,
38, 39]). The following program generates a simple object each time it is invoked.

let Xp1 = ref(z) inlet y= ref(0) in
cellGen 2z A().if everfly) then Ixg else !Xy,
AW.(y:=ly+1; X1 :=W
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The object has a getter and a setter. Instead of having one local variable, it uses two with
the same content, of which one is read at each odd-turn of the “read” requests, another
at each even-turn. When writing, it writes the same value to both. Since having two
variables in this way does not differ from having only one observationally, we expect
the following judgement to holdel1Gen:

{T} cellGen:, {CellGer(u)} (5.7)
where we set:

CellGen(u) = Vz{T}uez=o{v#x.(Cell(0,X)AlIX = 2) } @D
Cell(o,x) = VW.{Ix=v}my(0) e () = z{z=v =IX}@0 AVW.{T}12(0) e W{!X = W}@X

Cell(o,x) says thatm (0), the getter ofo, returns the content of a local variable
and(0), the setter ob, writes the received value ta ThenCellGer(u) says that,
whenu is invoked with a value, say, an object is returned with its initial fresh local
state initialised ta. Note both specifications only mention a single local variable. A
straightforward derivation of (5.7) useg!=!x; as the invariant to erasq: then we
a-convertsxg to X to obtain the required asserti@ell(o,x). See Appendix E.5 for full
inferences.

6 Reasoning Examples (2): Higher-Order Mutable Data
Structures

6.1 Circular Lists

This section introduces a reasoning method applicable to a general class of higher-order
mutable data types through examples. The method uses a predicate on navigating paths
over a network of data nodes for asserting on such a network; and the (un)reachability
for their dynamic generation. Types play a prominent role.

We first consider the following program, which stores the constant O function at all
nodes of a cyclic list [23, §1]. Let:

List(ar) = pX.(Unit + (Ref(at) x Ref(X))).

which describes a mutable list using a sum (nil or cons) and a product (two cons cells,
the first storing a value of type and the second the next node of the list). The program
then reads:

. def
cyclesimple =
lJ1:')\XRef(Lis’[(Nat::Nat))
ing(()): ()
inp({y1,Y¥2)) : (y1:=AxN?t0; if yo# zthen fy, else ())

.case !X of

cyclesimple receives a node in a cyclic list. By its type, the content of the node is either
ini(()), anilnode, otinz({y1,Y2)), a cons cell. If the argument is the latter, the program
stores the zero function in its first field, and via its second field moves to the next cell
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and processes it, until coming back to the initial @eMe can check that, as far ags
part of a cycle, the evaluation ofclesimplez zeroes all the nodes reachable fram

An assertion for this program should specify the expected shape of the argument
(i.e. it is a cycle) and how it is transformed into exactly the same cycle except for all
of its fields storing the zero functions. We start from defining easy-to-read notations for
the data types of the two components of a list, the nil and the cons.

nilluy = u=1inj;(())
cons(U,y1,y2) = U=1inj,((y1,¥2))

Below we introduce the key building blocks of the proposed method, adaptable to a
wide range of higher-order mutable data structures.

path(g,0.9) = g=d
path(g,p+1,g) = 3yy(cons(!g,y,y)Apath(y.p,q))
path(g, p,d’) indicates that traversingth-nodes fromg leads tog'. Its semantics is

transparently given from that of the original logical language. The following two pred-
icates, defined from the path predicate, is useful for assertingyftasimple.

isCycle(g) = 3p # 0. path(g, p,9)
distance(g, p,g’) = path(g, p.g’) AVa.(path(g.9,9') O p<q)
isCycle(g) says the nodg is part of a cycle (its negation is linearity of a list); whereas
distance(g, p,g’) says the distance (minimum path) betweeandd' is p-steps, which

is useful when carrying out inductive reasoning on a cyclic list. We can now write down
the expected judgement foyclesimple:

{T} cyclesimple :y {cycleSimple(u)} (6.1)
with the following main assertiogycleSimple(u):
{isCycle(z)} ue z{allZeros(z) } @{w/|valnode(z,w)} (6.2)
where we set:

valnode(z,y) = 3pgy.(path(z p,g) Acons(lg,y.y))
allZeros(z) = Vy.(valnode(zy) D iszero(ly))

iszero(f) = Vx{T}fex=y{y=0}@0

(6.2) also uses an evaluation formula which uses a generalised write set, described by
a predicate. This generalised located asser@jpxey = z{C'}@{w|E(w)} roughly
corresponds to

YWi.{CA—E(W)Alw=i}xey=z{C'ANlw=i},

saying that all references that may be updated by this evaluation are within the set
{W|E(w)}, allowing us to specify an unbounded number of references as a write set (for
the precise semantics of the generalised located assertions, see C.2ycld8isple(u)

says:
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If the program u receives z as an argument and if it is a node of a cyclic list,
then the program fills all the data fields of this list with the zero function, and
does nothing else

precisely capturing the behaviour @fclesimple.
The derivation of (6.1) uses the predicdistance given above for recursion. We
first set, withx, y andz of typeList(a):

X<,y = 3p,p.(distance(z, p,x) Adistance(y,p’,X) Ap > p) (6.3)

That is,x < y iff the distance fronx up to, but not includingz is strictly smaller than

that fromy. Thus<; combined with equality is a well-founded partial order (which is
enough for carrying out induction [13]). The reasoning uses the following judgement for
induction, writingcyclesimple’ for the prograntyclesimple minus the initial recursion:

{vm <, 1.B(f,m)}cyclesimple’ 1y {B(u,1)} (6.4)
where we set, witheach(z1) standing for3p.path(z, p,!):
B(u,l) = {isCycle(z) A reach(z1)}uel{allZerosUpto(l,z) } @{w|valnodeUpto(l,w,z)}.

AboveallZerosUpto(X, 2) is the variant obllZeros(x) which says all are zeroed from
up to, but not includingz (i.e. just reaching the last node in the cycle, takitg the
initial node). Similarly forvalnodeUpto(x,w,z). The inference for (6.4) is easy, noting
we have(reach(z, 1) Acons(l,v,I") Al #£2) D I"<;l. Finally we apply[Reg¢ (to be
precise, its refinement to well-founded partial order [13], cf. Appendix B) to obtain:

{T}cyclesimple :y {VI.B(u,l)} (6.5)

By instantiating to zvia the consequence rule, we arrive at (6.1).

6.2 Trees

We now treat a program which dynamically generate data structuresdyud¢eimple
alters, but not generates, a list). We use a slightly more complex data type:
Treg(a) £ px. (Ref(a + (X x X)))
A network of nodes of this type can form a tree, a dag, or a graph. The following
program is intended to work only for trees of this type, creating an isomorphic copy of
an original tree (cf. [44, §6]).
treeCopy d:efpf.)\XTree(G).case IX of
ini(n) : ref(injq(n))
inp((y1,Y2)) : ref(inj,((fy1, fy2)))

NotetreeCopy has typeTrega)=Trega). The program carries out an inductive copy
for the tree structure, but does a direct copy at stored data, possibly inducing a sharing.
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To assert and validate fatreeCopy, we again use the path predicate. Since a one-step
traversal can take either the left branch or the right one, the notion of a path becomes
slightly more complex, for which we use the following expressions (added as terms to
our logical language).
p:=¢|l.p|rp
Abovel andr mean left and right branches. Using these terms we can now define the
path predicate. First let us set, for brevity:
atom(UuP,x%) = u=inj,(x)
branch(U,y8,15) = u=injp((y1.y2)) (B =Tree(a))

We can now define the path predicate. We use the same nopatib(g, p,g’) (which
is henceforth exclusively aboliteg o )-typed data, withg andg’ of type Trega)).
path(g,e.9) =g=¢
path(g,1.p,g) = yryz.(branch(!g,y1,Y2) A path(ys, P.¢))
path(g,r.p,g’) = 3y1y2.(branch(!g,y1,y2) A path(yz, p,g'))

The first clause says that the empty path leads fydog; the second says that the path
|.p leads fromg to ¢ iff we go left from g and, from therep leads tog'. The third is
the symmetric case.
As for linked lists, the path predicate allows us to shape the assertions useful for
specifying the behaviour afreeCopy.

match(g, p1, p2) = 3y.(path(g, p1,Y) A path(g, p2,y))
leaf(g, p,X) = 3y.(path(g, p,y) Aatom(ly,X))
is0(0,d') = Vp1p2.(match(g, p1, p2) = match(g’, p1, p2))
A Vpx(leaf(g, p,x) = leaf(d’, p,X))
As before,match(g, p1, p2) asserts two pathp;» from g lead to an identical node;
leaf(g, p,x) says we reach a leaf storing(of type a) from g following p. iso(g,d’)
asserts two collections of nodes, respectively reachabledrantg’, form isomorphic
labelled directed graphs. Further we set:
tree (g) = Vpy, P2.(P1 # P2 O ~match(g, p1, p2))
distance(g, p,g') = path(g, p,g') A Va.(path(9,0,9') O P Ciex )

tree (g) saysg is a tree iff it has no sharinglistance(g, p,d’) defines the shortest path
from gto ¢, where paths are ordered by the lexicographic ordeFigg(with the “left”
smaller than the “right”, and the empty string being the least). This gives a basis for in-
ductive reasoning. Notefis a tree thewistance(g, p,d’) is equivalent tpath(g, p,d').

The predicateree (g) also has an equivalent inductive formulation:

disjoint(x,y) = —3p.(path(x,p,y) V path(y,p,X)).
tree(g) = 3Ixatom(u,x) V
391.2.(branch(u,g1,02) A disjoint(g1,g2) A
/\ (tree (@) Adisjoint(g;,u))
i=12
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which is close to Reynolds
for further comparisons).

As afinal preparation, we need a notation for a generation of an unbounded number
of fresh references. We extend the notatj@}ee € = z{v#x.C'} in §2.3 as follows.

{Cleee =z{v#t{x|E(X)}.C'} (6.6)

separation”-based inductive definition [44] (see Section 7

which roughly means, withfresh:
VX, i%.{Cleed =2{(VX.(E(X) D x#i)) AC)} (6.7)

indicating the sefx | E(x)} of references are newly generated (for the exact semantics,
see Appendix C.2). We can now assertfeeeCopy with the following judgement.

{T} treeCopy :y {treecopy(u)} (6.8)
where we set, witly typedTreg(a):

treecopy[a](u) =
{tree (g)}ueg=g'{v#{h|reach(d,h)}.iso(g,q') } @0

Abovereach(d',h) stand for3p.path(d’, p,h). The assertiomreecopy|a](u) reads:

(6.9)

Whenever u is invoked with a tree g of type Tteeit creates a tree ‘gwhose
reachable nodes are fresh and are isomorphic to those of the original, with no
write effects.

Note a may as well be a higher-order type. Note also the newly generated nodes may
share a—-reachable references with the original tree at data whénhigher-order,

so that we cannot ugg — hinstead ofreach(g’, h) based on the path predicate. As far

as its argument is restricted to proper trees, (6.9) is the full specificatioreeCopy.

As such, it entails other assertions the program satisfies. For example it implies the
following assertion stating a relative disjointness between two trees, close to [44, § 6]:

treesep[a](u) = {tree (X)}uex=y{iso(X,y) Adisjoint(X,y)} (6.10)

The derivation of (6.8) can be done in several ways depending on how a recursion
is inferred. One of the methods is to use the size (the number of the nodes) of the
tree. Another method uses, as in §86.1, the order inducelistynce, which we discuss
below. Definex <, y (all of typeTreé as:

X<,y = 3p,p.(distance(z p,x) Adistance(y,p’,X) AP Ciex PAP# P) (6.11)

Note if X is a proper subtree gf which in turn is a subtree ofthen we havex <, .
Writing treeCopy’ for treeCopy without the initial recursion, we have:

{Vd <,9.B'(f,d')}etreeCopy v {B'(u,0)} (6.12)

where we set:

B'(u,g) = {tree(2) A reach(z,g)jueg= g {v#{mjreach(d’,m)}.iso(g,g)}
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For deriving (6.12), we use the inductive reformulationret (g) given before, as well
as simple entailments such @see (z) A reach(zg)) D tree(g).

We can then apply the proof rule for recursion (with well-founded ordering, cf. Ap-
pendix B) to (6.12) to obtain:

{T}treeCopy iy {B'(U,0)} (6.13)

By notingreach(g,g) = T we arrive at (6.8).

{T} treeCopy iy {{tree (X)}ueg=g {v#{h|reach(d’,h)}.iso(g,q')} @0} (6.14)
Remark. As has been observed, we can also use the ordering based on size of trees:

x<y = 3n,m(size(x,n) A size(x,m) A n<m)
wheresize(x,n) says thak is a tree such that the number of its nodes (glefined by
the obvious inductive definition). Using instead of<,, and
B"(ug) = ({tree(g)}ueg=g{v#{mreach(¢g’,m)}.iso(g.g)}

instead ofB'(u,g), we can derive (6.8) directly from the recursion rule. The predicate
<z has the merit in that it applies to data structures of fiygewhich are not trees, as
we shall discuss in the next subsection.

6.3 Dags and Graphs

When trees become dags, we allow sharing but not circularity.

isCycle(g) = Jp.(path(g,p,9) AP #¢)
dag(g) = Vh.(reach(g,h) D —isCycle(h))

dag (g) saysgis a dag iff it has no circularity. SindeCycle(g) D 3p.match(g, p, p- p),
we havetree (g) D dag (g). As for trees, there is an inductive characterisation:

dag(g) = 3Ixatom(u,x) V

3g1.2.( branch(u,g1,82) A /\ (dag(gi) A —reach(g;,u)) )
i=1,2

which says a dag is either an atom or consists of a root with two sub-dags from which
there is no upward link to the root node.

A simple extension ofreeCopy to create a fresh duplicate of an original dag, called
dagCopy, is given below:

dagCopy® oot Ag™¥ et x = ref(0) in Maing
Main &' pf.Ag.if dom(!x,g) then get(!X, Q) else
case !gof

ini(n) : new(inj4(n),0)
inp(y1,Y2) new(inj,((fy1, fy2)),0)
def

new = A(y,9).let g’ =ref(y) in (x:=put(!X,(9,9)):d)
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When this program is called with the root of a dag, it first creates an empty table stored
in a local variablex. The table remembers those nodes in the original dag which have
already been processed, associating them with the corresponding nodes in the fresh dag.
Before creating a new node, the program checks if the original nodegjsalyeady
exists in the table. If not, a new node (sgiyis created, ana now stores the new table
which adds a tuplég,d’) to the original.

The program above assumes, for brevity, a pre-defined data type for a table (real-
isable as, say, lists), with associated proceduges(t,g) to get the image o§ in t;
put(t,{(g,qd')) to add a new tuple whegis not in the domaindom(t,g) andcod(t, g) to
judge ifgis in the pre/post-image of and the constari for the empty table.

The program satisfies

{T}dagCopy :u {dagcopy[a](u)}, (6.15)
wheredagcopy|a](u) is given as, withy typed asTreg(a):
vg"ee®). {dag (x)lue g=g'{v#{h|reach(g, h)}.iso(g,¢')} @0

The derivation of (6.15) centres on its treatment of recursion, for which we use the same
orderx <,y as used in the previous subsection, based on lexicographic ordering. Write
Main’ for Main without its initial recursion. Then we have:

{vh <gh.DC(u,h’)} Main":;, {DC(u,h)} (6.16)
where we set:
DC(u,h) def Yorg.
{dag(g) A reach(g,h) Alx=o0rg A con(org)}
ueh="H

{v{z|reach(N,z) A z¢ cod(org) }(con(!x) Alx=o0rgu(h,h’)*)} @x
which says, notinglag (g) A reach(g, h) entailsdag (h):

Suppose h is a dag and x contains a table org which is consistent (i.e. only
relates isomorphic nodes). Then invocation of u with h terminates with the
return value hand, moreover: (1) references names reachable fromihus
those in the codomain of org are freshly generated; and (2) x stores a table
which is consistent and which adds to org the set of co-reachable nodes from
(h,h’). Further the invocation only modifies x.

(h,H)* denotes an isomorphism from those nodes reachabletirand those fronf’.
The set-based-notation is understood as the correspondifignotation (cf. (6.6, 6.7)).
The invariantcon(t) (“tablet is consistent”) is given by:

con(t) = Vg,0.((9,9) €t Diso(g,9)) A
V0, 01-(gdo € dom(t) Areach(go,g1) D g1 € dom(t))
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con(t) sayst only associates isomorphic graphs, and that its domain (hence co-domain,
by isomorphism) is closed under reachability. The derivation of (6.16) uses the inductive
characterisation afag (g) as well as the above invariant for induction.

From (6.16) we obtain, bjRed (cf. Appendix B):

{T} Main:, {DC(u,h)} (6.17)
We instantiatén to g to obtain:

{T}Main:, {DC(u,g)} (6.18)
The application rule then give us:

{Ix=0Adag(9)} (Maing) g {v{z|reach(N,2)}.iso(g,d')} @x (6.19)

By hiding x:
{dag(g)} let x=ref(0) in (Maing) ;¢ {v#{z|reach(N,2)}.is0(g,d')} @0 (6.20)
where the change fromto v# is by the following structural rule:

{C} M y{wxCl@0

V-tovH] < vExC] @0

which is valid since if a newly created reference is not stored anywhere, then it cannot
be reachable from any initial store, hence any initial datum. Finally by abstraction we
arrive at (6.16).

If we further allow a datum ofreeto have circular edges, then we have arbitrary
graphs. The programraphCopy given below operates on just such datum, creating a
fresh duplicate of an arbitrary datum of typeega).

graphCopy® def Ag"™8% 1et x = ref(0) in GMaing
GMain %' pf.Ag.if dom(!X,Q) then get(!x, Q) else
case !gof
iny(n) : new(inj4(n),0)
ina(y1,Yy2) !

let g = new(tmp,Q)
ing = injp({fy1, fy2));df

wheretmp = inj,(0). graphCopy? is essentially identical withagCopy® except when

it processes a branch node, gpysince its subgraphs can have a circular linlgtor

above, we should first registgrand its corresponding fresh node, gaythe latter with

a temporary content), before processing two subgraphs. Registering thg,gairis
necessary since two subgraphs may as well refer up to a node nearer to the root (more
precisely, this registering becomes necessary when, segitmbe the original root,

the minimum path frong to a subgraph, sdy, happens to be a prefix of the minimum

path fromgp to g itself). The program satisfies the judgement

{T}graphCopy :u {graphcopy|a](u)} (6.21)
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where we set, witly typed asTreg(a):

raphcopy(a](u) =
: p{T}I’)&/'gzg/{V#{hlreach(g’,h)},iso(g’g/)}@o (6.22)

The assertiographcopy[a](u) says:

When fed with any graph of type T(eg, u creates its fresh duplicate, and does
nothing else.

This is the simplest of the three assertions for copy algorithms we have seen so far, and
is also the strongest. In the following comparisons of assertions, we use, assuming a
polymorphic extension of the programming language [38] (type abstracting only values)
and that of the logic [20] (treating types syntactically):

graphcopyPoly(u) = VX.graphcopy[X](ue X) (6.23)

whereuoa (with u having a type of the shapéX.) is a term denoting the type appli-
cation ofu to a [20].

Proposition 17. Fix a. Then each of the following equivalence and implications is
valid, with implications strict.

3w, (graphcopyPoly(W) Au=woa) = graphcopy[a](u) D dagcopy[a](u)
D treecopy[a](u) D treesep[a](u).

Proof. Direct from the definition. For the first logical equivalence, note the presented
graphcopy program already works generically, i.e. duplicates graphs ofitgge] for
anya, taken as an untyped program. TH\DS.graphCopyX gives the desired polymor-
phic program? witnessinggraphcopyPoly (w). ad

The derivation of (6.21) refines that of (6.15), especially in induction step. When we
apply f to a node in a grapljagCopy can assume that the table storedkioontains

pairs of isomorphic nodes. This is no longer so geaphCopy since it now contains

fresh nodes with temporary content. Thus we need to identify the portion of the table
which contain the pairs whose codomain have already been processed. For this purpose
we use the following predicates.

below(91,02,2) = 3p12,0.( /\distance(z,pi,gi) A p2=p1-q A P1 # P2)
i=12

above(glagLZ) = below(927917z)

before(g1,02,2) = 01<:92 A —below(g1,02,2)

Thusbelow(g1,0z,2), or equivalentlyabove(gy,01,2), asserts that, starting fromthe
minimum path tag; goes viag, (note that, if we look the graph with the root at the top,
this does visually meagy is belowgy). Using these predicates, the content of the table
before and after processing a node, gaig described as, withbeing the root:

3 If we are to use the implicit (a la Curry) typing for programs as in [5], we would assert for the
untyped version ofgraphCopy simply by VX.graphcopy[X](u), in which case we have the
(strict) implicationvVX.graphcopy[X](u) D graphcopy[a](u).
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(before processingy) Each noddrsuch thabefore(h,g,z) has already been processed,
i.e. the paths between these nodes in the domain are faithfully reproduced in the
corresponding nodes in the codomain. The table also contains thoseatmiesg
(i.e.h such thatibove(h, g, 2)) in their domain.

(after processingg) The table inherits the same pairs of nodes without changing them,
and, in addition, each node below g with respect to the root, i.eh such that
below(h,g,z), has now been processed and added to the table, togethey itsiehf
whose corresponding fresh nodefisNote this automatically entails that no change
in the table content takes placegifs already in the domain of the table.

Note that these properties are “chained” through the two invocatiorisimthe pro-

gram, hence through the main invocation. Respectively writing the first and second con-
ditionsconPre(t,g,z) andconPost(t,g,d', ) with tablet and rootz, (whose definitions
using path predicates are easy), we arrive at the following assertion for induction:

GC(f) = {conPre(!x,0,2)}
feg=¢d
{v{l | below(l,g’,2) A | &€ dom(org)}. conPost(!x,g,9',2) ) ) }@x
Note f still touches onlyx (except creating new names) since those temporary new
nodes abovg are not modified wheg is processed.
Using this predicate, we can reach the following judgement for the main procedure
before we apply recursion, writir@ain’ for the result of taking off the initial recursion

from GMain.
{vn’ <gh.GC(f, h')} GMain’ :y, {GC(u,h)} (6.24)

Note each subgraph ¢f is either <g-smaller thanh; or, if not, it is aboveh hence,
by conPre(!x,h,g), is in the table. Thus the inductive hypotheg$ <4 h.GC(f,h') is
enough for inferring for the two invocations &f From (6.24) we obtain, by the rule
for recursionRed (cf. Appendix B):

{T} GMain :y {Vh.GC(u,h)} (6.25)
The rest is as fodagCopy, first inferring:
{Ix=0} (GMain @) :y { V{l | below(l,g,2)}. conPost(!x,9,0’,)} @x  (6.26)

Since all nodes reachable frayare also belowg or gitself, conPost(!x, g, g) means the
table only contains isomorphic nodes. In particular it enfailéy, g'). Thus we obtain,
from (6.26) by way of the consequence rule:

{Ix=0} (GMain @) :y { v{l | below(l,d,2)}. iso(g,d)} @ x (6.27)
From (6.27) we obtain, as we have reasonediyCopy:
{T} let x= ref(0) in (GMain @) :y { v#{l | below(l,d,2)}. iso(g,d')} @0 (6.28)

By applying the rule for abstraction, to (6.28), we finally arrivé@p1).
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7 Related Work and Conclusion

This paper proposed a Hoare-like program logic for imperative higher-order functions
with dynamic reference generation, a core part of ML-like languages [3, 4]. Target pro-
gramming languages of our preceding logics [6, 18, 20, 21] do not include local state.
As is well-known [22, 26, 27, 30, 40, 42], local state in higher-order functions radically
adds semantic complexity. To our knowledge, the present work proposed the first Hoare-
like program logic for this class of languages: nor do we know the preceding Hoare-like
logics which can assert and verify the demonstrated reasoning examples. In the follow-
ing we discuss related works and conclude with further topics.

7.1 Related Works

Reasoning Principles for Functions with Local State. There are many studies of
equivalences over higher-order programs with local state. An early work by Meyer and
Sieber [30] presents many interesting examples and reasoning principles based on de-
notational semantics. Mason and Talcott [26,27] give a series of detailed studies on
equational axioms for an untyped version of the language treated in the present paper,
including those involving local invariants. Pitts and Stark [40, 42, 46] present power-
ful operationally-based reasoning principles for the same language as the present work
treats, with the reasoning principle for local invariants for higher-order types [42]. Sumii
and Pierce [47] present a fully abstract bisimulation technique for equational reasoning
on higher-order functions with dynamic sealing and type abstraction. Their bisimula-
tions are parameterised by related seals, which are close to parameterisation by related
stores in Pitts-Stark’s principle. Building on [47], Koutavas and Wand [22] propose a
fully abstract bisimulation technique for the untyped version of the language we treat,
and apply the techniques for reasoning about several non-trivial programs with local
store. They use denotational technique in relaxing a condition for bisimulations.

Our axioms for information hiding in § 4, which capture the basic patterns of pro-
gramming with local state, are closely related with these reasoning principles. The
proposed logic differs in that its aim is to offer a method for describing and validat-
ing diverse properties of programs beyond program equivalence, represented as logical
assertions. The equivalence-based approach for program validation and the assertion-
based one are complimentary, to which Theorem 6 would offer a basis of integrated
usage. For example, we may consider deriving a property of the optimised vistsion
of M: if we can easily verify{ C}M :, {C'} and if we knowM = M’, we can conclude
{C}M’:y {C'}, which is useful ifM is better structured thav’. Such a link can be fur-
ther substantiated through a mechanised logic for semantics of higher-order behaviour
along the line of Longley and Pollack’s recent work [25].

Hoare Logics (1): Local Variables and ML-like Languages. To our knowledge,
Hoare and Wirth [17] is the first to present a rule for local variable declaration (given
for Pascal). In our notation, a version of their rule may be written as follows.

{CAx#§}P{C} xgZiv(C)U{y}

[Hoare—WirtH {C[e/_lx]} newX:=einP {C/}
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Because this rule assumes references are never exported outside of their original scope,
there is no need to havein C'. Since aliasing is not permitted in [17] either, we can
further dispense witlx # § in the premise[LetRef in § 5.1 differs from this rule in
that it can treat new references generation exported beyond their original scope; aliased
references; and higher-order procedures (both as programs and as stored values). We
can checkiHoare-WirtH] is derivable from/LetRef and[Assign.

Among the studies on verification methods for ML-like languages [4,B4gnded
ML [45] is a formal development framework for Standard ML. A specification is given
by combining a module’ signature and algebraic axioms on them. Correctness of an
implementation w.r.t. a specification is verified by incremental syntactic transforma-
tions.Larch/ML [48] is a design proposal of a Larch-based interface language for ML.
Integration of typing and interface specification is the main focus of the proposal in
[48]. These two works do not (aim to) offer a program logic with compositional proof
rules; nor do either of these works treat specifications for functions with dynamically
generated references.

Hoare Logics (2): Reachability. A seminal work by Nelson [35] first presented the
use of reachability predicates for reasoning about linked lists. Based on [35], Lahiri and
Qadeer [23] study a tractable axiomatisation of cyclic lists and apply the resulting ax-
iomatisation to the development of a VC generator/checker for a first-order procedural
language. The key idea in their axiomatisation is to identify a head cell (or cells) of a
cycle and use it for a straightforward inductive definition of reachability and associated
invariant. For example, an invariant for the example program in 86.1 (which is from
[23]) can be written as follows:

[(x,h) = B(x,h) AVg.(R(h,9) D ((X£hAR(X,0)) Viszero(X)))

whereB(x, h) saysx reaches (is blocked by) a hehdR(x,y) says we can reachfrom
x; andiszero(X) says the datum in the comss zero. Thusd (x, h) saysx reaches a head
h; and all cells starting fronm reachingx are zeroed. We can then shdyx,z) is an
invariant of the body command efbody. This can be used for validatingclesimple
zeroes all fields in a cyclic list w.r.t. partial correctness.

As noted, the interest and significance of their method lies in simple inductive ax-
iomatisations amenable to mechanical validation. Assertions and reasoning for higher-
order behaviour with dynamic reference generation, including a general class of data
structures and their dynamic generation, are not among their concerns and are not con-
sidered in their work. An interesting question is whether we can apply their ideas on ef-
fective axiomatisation to a large class of mutable data structures treatable in our method.

Hoare Logics (3): Separation Reynolds, O’Hearn and others [9, 37, 44] study a rea-
soning method for dynamically generated and deallocated mutable data structures using
a spacial conjunctiorG x C'. Taking the tree copy in § 6.2 (which is from [44]), they
start from a predicate— x which is roughly equivalent talloc(r)A !'r = xin our no-

tation, withalloc(r) indicating a referenceis allocated. To compare with their logic,
considert which is thestructural description of a treefor example,t = ((1,(2,3)))
indicates a tree whose leaves stor@,8 from left to right. ThenTregT)(u) asserts
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allocation of ar-tree with the root, in the way:

Tre€((1,(2,3))(u) = 3Ixy.(u— xyxx— LxTreg(2,3))(y)

whereC; xC; indicates the conjunction @h » together with all thealloc-declared refer-
ences of2; and those o€; are disjoint. We can then prove, writingeeCopyImp(X,Y)

for

an imperative version dfreeCopy which stores the result of copy in

{Treg1)(X)} treeCopyImp(X,y) {TreqT)(x) « TregT)(y)} (7.1)

In comparison with the proposed logic, we observe:

@)

&)

®)

The use ofx demands all concerned references are explicitly declared in asser-
tions, made possible by the use of structural descriptiasf Tre€(T)(u) in (7.1)
above). The shape of the description usable for reasoning becomes highly com-
plex [9] when data structures involve non-trivial sharing (as in dags and graphs).
In contrast, § 6 has shown that our approach not only dispenses with the need for
structural description but also allows concise and uniform assertions and reasoning
for data structures with different degrees of sharing.

Asin (7.1), Reynolds’s approach represents fresh data generation by relative spatial
disjointness from the original datum, using the separating conjunction. This method
does capture a significant part of the program’s properties. The proposed logic rep-
resents freshness as temporal disjointness through the generic (un)reachability from
arbitrary datum in the initial state. Proposition 17 demonstrates that this approach
leads to strictly stronger (more informative) assertion, from which the assertion
equivalent to the other approach can be derived.

The presented approach enables uniform treatment of known data types in verifica-
tion, including product, sum, reference, list, tree, closure, etc., through the use of
anchors. This is a simple and general method which allows us to assert and compo-
sitionally verify trees, graphs, dags, lists, stored procedures, higher-order functions
with local state and other data types on a uniform basis, with precise match with
observational semantics.

See [6] for further comparisons. Reynolds [44] criticises the use of reachability for
describing data structure, taking the in-place reversal of a linear list as an example.
Following the method in Section 6, a tractable reasoning is possible for such an example
using reachability combined withriv].

gol

Birkedal et al. [8] present a “separation logic typing” for a variant of Idealised Al-
where types are constructed from formulae of disjunction-free separation logic. The

typing system uses the subtyping calculated via categorical semantics, on which their
study focusses. In [7], they extend the original separation logic with higher-order pred-
icates, and demonstrate how the extension helps modular reasoning on priority queues.
Both of these works treat neither exportable fresh reference generation nor higher-
order/stored procedures in full generality, so that it would be difficult to assert and
validate examples treated in § 5 and § 6. It is an interesting future topic to examine the
use of higher-order predicate abstraction in the present logic.
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Meta-logical Study on Freshness.Freshness of names is recently studied from the
viewpoint of formalising binding relations in programming languages and computa-
tional calculi. Pitts and Gabbay [14, 41] extend First-Order Logic with constructs to
reason about freshness of names based on the theory of permutations. The key syntac-
tic additions are the (interdefinable) “fresh” quantifiéand the freshness predicate #,
mediated by the swapping (finite permutation) predicate. Miller and Tiu [31] are moti-
vated by the significance of generic (or eigen-) variables and quantifiers at the level of
both formulae and sequents, and splits universal quantification in two, introduce a self-
dual freshness quantifiér and develop the corresponding sequent calculus of Generic
Judgements. While these logics are not program logics, their logical machinery may
well be usable in the present context. As noted in Proposition 9, reasoning-about

# is tantamount to reasoning abaewt which denotes the support (the semantic notion

of freely occurring locations) of a datum/program. A characterisation of the support by
the swapping operation may lead to deeper understanding of axiomatisations of reach-
ability.

There are mechanisation of Hoare logics in higher-order logics, including [12, 28,
36]. While these works do discuss some aspects of imperative programs the proposed
logic treats (such as pointer-based data structures), none so far may offer a general
assertion method and compositional proof rules for ML-like reference generation or
their combination with higher-order functions.

7.2 Further Topics

The present work is intended to be but a modest initial step in logically capturing the
richness of the universe of behaviours of higher-order functions with local state. Many
challenges remain before we reach a mature engineering basis for using the logical
method studied in this paper. Some of the significant future topics incrudther de-
velopment of reasoning principles as axioms, including those on local invariants (are
there a basic set of axioms capturing most of the reasoning principles?); Partial correct-
ness logic; Coverage of the whole of SML/CAML,; Extensions of the proposed method
to higher-order languages with monadic encapsulation of imperative features such as
Haskell and untyped higher-order languages such as Scheme (we strongly believe both
are feasible and rewarding); Exploration of effective reasoning/validation methods for
general mutable data structure, including semi-automatic verificatimdintegration

with program development method

Acknowledgement We thank Andrew Pitts for his comments on an early version of

this paper. The example of the mutual recursion in § 5 was given by Bernhard Reus. We
thank him for his e-mail discussions on this example.
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A Appendix: Reductions and Typing Rules

A.1 Reductions

A reduction relation or oftenreductionfor short, is a binary relation between configu-
rations, written _ B
(vh)(M,a1) — (VI")(N,02)
The relation is generated by the following rules. First, we have the standard rules for
the call-by-value PCF:
AXMV  — MV/X]
T[1(<V1,V2>) — Vl
if t then M1 else My, — My
(LTAGNW — NW/g|[uf.Ag.N/f]
case in3(W) of {inj(X).Mi}icq12) — M1[W/xq]
The induced reduction becomes that for open configurations (hence for configurations
with empty binder) by stipulating:
M— M
(M,C) - (M/70)
Then we have the reduction rules for imperative constructs, i.e. assignment, dereference
and new-name generation.

(M, 0) — (a(l), o)
(1:=V, 0) — (0. ol =V])
(ref(V), 0) — (v)(I, ou[l —V])
(newx:=V in N,0) — (VI)(N[I/X],00 [l — V]) (I fresh)

Finally we close— under evaluation contexts amebinders.

(Vi1)(M, ) — (vio)(M', )
(V1) (E[M],0) — (vII2)(E[M'],0")

wherel are disjoint from botti; andfy, €[-] is the left-to-right evaluation context (with
eager evaluation), inductively given by:

€] = (M) | (VEL-D) | (VELD) | LYY | m(El]) | ini(€]-])
| op(V,€[-][,M) | if -] thenM elseN | case &[-] of {inj(X)-Mi}ic(1,2)
| Y] | €]=M | V:i=¢:] | ref(g-]) | newx:=¢[-]in M

A.2 Typing Rules

The typing rules are standard [38], which we list in Figure 1 for reference (from first-
order operations we only list two basic ones). In the first rule of Figue& Indicates

a constant has a base typ€. We also use the typing sequent of the fo@:- M : a
where® mixes these two kinds of maps.
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Fig. 1 Typing Rules

[Var] m [Constan}tm

A Mj_’zZNat r;A}—Mlﬁzi Nat
(Add =AM, Nat (B9 AT My =My Bool

r MAFM:Bool T;AFN:aj(i=12)
[If] AR if M then Nj else Np i Q

O,xakFM:B MNAFM:a=p IN;AFN:a
AbS SN M amp AP FAFMN: B

rxoa=p;AFAM:a=p
AR WEBAY M a=p

I AFM:Ref(a)

OFM:a axB
OFrM:pB

[Iso)

[Reg

MNAFM:Ref(a) T;AEN:a

[Derefl =AM [Assign AFM:=N:Unit
MAFV:a MNAFM:a T;Ax:Ref(a) EN:B
[Refr;Ak ref (V) : Ref(a) [New MAFnewx :=MinN:f

(Inj] AFEM:qQj [Casé MAFM:og+0, A X:ai ENi:B
AR ini(M) Cap+0ap Al case M of {ini (X?i)'Ni}ie{l,Z} : B

MAFM; ;i (i=1,2)
MAF <M17M2> 101 X002

MAFM:ag xdsp
MHARE®(M) 0 (i=1,2)

[Pair] [Proj|

B Appendix: Proof Rules

Figure 2 presents all compositional proof rules (at the end we briefly discuss struc-
tural rules). We assume that judgements are well-typed in the sense thag M :,
{C'}with;AFM:a, MAOFCandu:a,lAO+FC for some® s.t.dom(©) N
(dom(I,A) U {u}) = 0. In the rules,C* indicatesfv(C) N {X} = 0. Symbolsi, j,...

range over auxiliary names.

In [Abs,Re}; A, B denotestatelesgormulae, in the sense of Definition 12.

In [Red, < in the precondition of the premise can be replaced by (or interpreted
as) an arbitrary well-founded, and possibly partial, order on closed values of some type
[13]. In this case, the universal abstractionidollows the rule[Aux;] discussed later.
Including this point, Req is best considered as being derived from the following rule
for recursion:

{A*} Ay.M 3y {B}

{A™} uxAy.M :y {BJu/x]}
and the following rule for moving a stateless formula from the precondition to the post-
condition [6, §7.3]

[Rec-Reh

{AAB}V 3 {C)
SR CIEICES)
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Fig. 2 Proof Rules

Vel e er CoMSt ey e (o
{C} My (Climiy /U)oy {C} M {Cma(m) )
{C} injy(M) 0 {C'} U e (M) W (C)
{C*I M im S {Colinii(x)/m]} Mi w {C ™}
[Cas¢ {C} case M of {ini(%).Mi}ic12) u {C'}
Add {CHMaim (o} {Co} My iy (C'lmy -+ mp/ui}
(CTML+ Mz 1 [C)
[CAAX} M i {C'}
[ADS AT AXM = {{Cluex=m{C]

g LCIMim (Co}{Co} Nin {C1 1 {Cy) men=u(C}}
[CIMN 4 {C]}

(i) {CIM:p {Co} {Colt/b]} M1 :u{C"} {Colf/b]} Mz :u{C'}
{C} if M then M; else M :y {C'}
[Pair] {C} Ml my {CO} {CO} MZ ‘mp {C/[<ml>m2>/u]}
{C} (M1, M2) :, {C'}
{C} M :m {C'['m/u]} :a {C}M:m {Co} {Co} N:n {C'{n/!m}}
[Derell = v, oy Assian [CIM =N {C}
X AviNet < i B(j)x/ul} Ay:M 1 {B(I)*} Ref {C}M:m{C}
{A} uxAy.M 3y {viNat B(i)} {C} ref(M) :y {#u.C'[lu/m]}

[In4]

Reg 1A

combined with an induction principle at the level of assertions. The use of less general
[Reg still gives a useful articulation in inferences.

[Assign useslogical substitutionwhich uses content quantification to represent a
substitution of content of a possibly aliased reference [6].

def
Cle/!er) = Im((le)(CAler=m) A m=ey).

with mfresh. IntuitivelyC{e,/!e;[} describes the situation where a model satisfying
is updated at a memory cell referred today(of a reference type) with a vale (of its
content type), witte; » interpreted in the current model. The proof rules for the located
judgement is given just as [6], adding the following rule for the reference.

Rei {C} M {C'}@EX x¢ fpn(E) Ufv(E)
{C} ref(M) :y {#xC' I @€

For the structural rules (i.e. those proof rules which only manipulate assertions in pre/-
post conditions), the structural rules given in [6, §7.3] for the base logic stay valid
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except that the universal abstraction r{Aeix;] in [6, §7.3] needs be weakened:

{C}V y {C'} igw(C)Ufv(V) inotofareference type
{C}V iy {ViC}

[Aux-Val]

Above the condition i not of a reference type” is needed only wh&hcontains an
evaluation formulae. This comes from the nature of semantics of quantification over ref-
erence variables. An alternative formulation can take off this restriction, see Appendix
C.3.

The restriction to values can be taken off if we restrict the typie of

{C} My {C'}@€E i¢gv(C)Ufv(M)Ufv(&) iis ofabase type
{C} My, {ViC' @&
where the second side conditidrid of a base type) is not present in [6].

We observe the original structural rule, which does not have this condition, is not
valid in the presence of new reference generation. For example we can take:

[Aux;]

{T} ref(3) :y {u#inlu=3}@0 (B.1)

which is surely valid. But without the side condition, we can infer the following from
(B.1).
{T} ref(3) .y {Vi.(u#inlu=3)}@0

which does not make sense (just substitutr i). This is because of a new name
generation for which cannot range over: such an interplay with new name generation
is not possible if the target program is a value, arigf of a base type.

C Appendix: Models

C.1 Observational Congruence

Programs. Define:

VDM, 0) 4 (vI)(V,0") = (v)(M,0) =" (vI')(V, ")

Further set:

Q.
=

~ e

vhM,o) 4 = (v)(M,0) § (v')(V,d’) for some(vi’)(V,d").
Assumel ;A My o :a. Then we write
FAF (Vi) (My,01) 2 (Vi) (Mg, 02)

if, for each typed contexg| - | which produces a closed program which is typed/as
underA and in which no labels frorh » occur, the following holds:

(Vi1)(CMy], o1) I iff  (VI2)(C[My], 02) I

which we often write(vi1) (M1, 01) 2 (Vi) (M., 02) leaving type information implicit.
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Models. Given modelsv; = (vﬁ)({yi Vi, .., Yi : Vin},0i) fori = 1,2, we set:

def ~ ~
FAFMiaM, = (Vi) (Vg .., Van), 01) 22 (i2)((Var, .., Van), 02).

C.2 Semantics

Setl;At-e:a, M AFMandM = (&, 0). Then thanterpretation of e undeM, denoted
[€]¢ o is inductively given by:

[Mle.o = &(x) ('€, £,

[0leo =0 [nlleo=n [blec=b [llec=!
[op(&)le.c = op([&eo)  [(&€)]eo = ([€leo: [€k0)
[Mi(&)]ec=Ti([eleo)  [indi(®)leo = ini([eleo)

The semantics of the assertions follows. All omitted cases are by de Morgan duality.

MEe =eif Mu:e]r~Mu:e].
.M |:C1/\C2 if M ':Cl andM |:C2.
. M E-Cifnot M =C.
. M EWE.CIf(1) Ve (M[x: € EC) andwV.(M[x: V] =C) whena is any type; and
(2) M. (V1) (M’ /x) = M D M’ = C) s.t. M'(x) = | whena is a reference type.
M = VX.Cif for all closed typea, M-X:a |=C.
|
M = [IXICif VIW.(M % M 5 M = C).
M |= e1 — e if for each(vl)(§,0) =~ M, [[e]s ¢ € ncl(fl([e1]s 5),0)-
. M | {C}ee & =x{C'} if M[u:N] | Mg for someN andMp/u = C implies
M[x: L] M =C' with L% etu=einu =€ inlet U’ = N inuu.
9. M = {C}ee € =x{C'} @w;..w, iff it satisfies the the defining clause in (8) above

['wy..wp)

aswellasM =~ M.
10. M |= {C}ee € =x{C'}@{Z|E(2)} iff it satisfies the defining clause of (8) above as

well as the following, lettingVlo &' (v (€, 00) andM’ ~ (viT)(€,0):
W.((VI) (€, 00[l1 — V1)) = (viT') 8, 0'[i1 — V/])) (C.1)
wherel € {I1} iff (vI)(E-z:1,00) =E.
In the defining clauses above, we use the following notations. In each item below, we

assumevt &' (vi)(&,0), fv(e) C fv(M), fl(e) C fI(M), fv(N) C fv(M), fI(N) C fI(M),
V closed{l(V) C fl()M), and leave the appropriate typability implicit.

rwNP

©oNo O

(@) MJu:e] with u fresh and the variables and labelseifree in M, denotes a model

(V)(€-u: [e]e,5,0). .
(b) M/u=(vl)(&,0) if M = (vI)(&-u:V,0); otherwiseM/u= M (whenu & fv(M))
(c) We write M[u:N] | M" when(NE, o) |} (vI)(V,0’) andM’ = (VIlI")(& - u:V, o)
with M = (vI)(&, o) (this already appeared in §3.3).

(d) We write M~ M’ for M{[u: €] |} Mg such thatv’ &ef Mg/ u. with u fresh.
(e) We writeM[e— V] for (vI)(&, o[l — V]) with M = (vI)(§,0) and[e]s ; =1.

W

(f) ForM; of the same typeM; 2 Mo whenW . (M1 [W — V] &~ Ma[W — V]).
We illustrate some of the defining clauses for satisfaction.
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Quantification. In the satisfaction of universal quantificatiorx®.C, we consider the
case thak is hidden whero is a reference type. For this reason such quantifications
over assertions including evaluation formulae need be treated with care: In particular,
the law:

IXCDOC x¢gfv(C)

doesnot generally hold if evaluation formulae occur @ similarly for the dual law

for the universal quantification. In this case, however, the axiiin) and its variants

can be used to take off quantifiers. Other standard laws, such as distribution over con-
nectives, do hold. There is an alternative formulation which treats the case of hidden
references separately, as discussed in the subsequent Appendix C.3.

|
Content Quantification. My [é"} My says, intuitively,M; and M, only differ at the
content of the location denoted by Thus[!w|C says that, iC holds in)M, thenC still

!
holds for any model which only differs at the contentwofThe relationw satisfies the
following properties:

('w]
(@ M= M,
['wa][twy ] . . ('wq]
(b) M1 = =~ My impliesM; ~ My, and

Twy[Iw; wo]['w;
© My [%1][;?42] M impliesM; [zzl[%l] Mo
From these and other laws we can check content quantifications as defined above satisfy
the same axioms as we presented in [6]. The reason why we cannot simply assign a
value to a reference may be seen by considering the following instance of the invariance

rule:
{C} M :m {C'}@x

{CA['X|Co} M :m {C' A ['X|Co} @X
SinceM may as well assign t& an arbitrary value including those which use hidden
stores in the pre-state, it does not suffice to €gys invariant under substitution of
values: if we however say the satisfiability@f does not rely on the content pft all,
surelyCp continues to hold in the poststate (in which only the content @juld have
differed). The soundness of the invariance rule uses this, as shown in Section C.6.

Evaluation Formulae. In the satisfaction of evaluation formulae, we use the conver-
genceM[u: N] | M'. which intuitively means thaM can reduce toM’ through an
arbitrary effects oriM by an external program: in other words(’ is a hypothetical
future state (or “possible world”) dil. Hence the defining clause for the satisfaction
of evaluation formulae says:

In any initial hypothetical state which is reachable from the present state and
which satisfies C, the application of & & terminates and both the result z
and the final state satisfy'C

The subsequent two clauses for satisfaction of located evaluation formulae in addition

delimit the set of locations which may be modified by the evaluation. The last clause

(10), which subsumes the preceding (9) by setkitg) def Viz=w;, says:
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The value stored in a mod®l evolved froniM at a location other than those
satisfying Ez) (in Mjp), does not differ irM'.

Otherwise the condition for its satisfaction is the same as the original evaluation for-
mulae. Note the predicat(z) is evaluated ifVo, the hypothetical initial state (this is
important for e.g. invariance rule, and also allows a natural reading). In the presence
of local state, precisely encoding located assertions into unlocated ones seems difficult.
As discussed in [6, 21], we need to consider hypothetical state in evaluation formulae
since a function can be invoked any time later, not only at the present state.

We further illustrate how the satisfaction for evaluation formulae, especially its no-
tion of hypothetical initial state, capture operational behaviour of applications. We first
observe:

— In[6, 21], the notion of “hypothetical state” means an arbitrary store under the same
typing (since the state is global and, in future when the function is invoked, the store
may have been changed in any way by other programs).

— In the presence of local state, we cannot change the content of references arbitrarily
since some locations may be inaccessible and, hence, remain constant. Thus we
only consider a store which can result from the current one by some external effects
as a hypothetical state.

Note the second “hypothetical state” subsumes the original notion, since when there is
no hiding, a program can arbitrarily update the state of the exposed references.
We now illustrate this idea by examples. First, consider the following model:

M T WU, 1 2) (C.2)

A hypothetical state starting from this state natinclude:

M E AN, 1 3) (C.3)

since if (C.3) is allowed, we have
ME-{T}lue()=2{z=2} (C.4)

which is absurd. Note (C.2) meal§~ (u: A().2, 0),i.e. this model is stateless: so it
is pointless to consider changing the state of this model.
As a more elaborate example, if we set:

M E Whui=A0M, wiAQ =+ 1, | 5) (C.5)

We can check the set of all legitimate hypothetical states from this staté/{i.such
thatM][z: N] § M, without insignificanz portion inM') can be enumerated by:

M E U= A0, WAL=+ 1 m) (C.6)

for eachm > 5 (since the only way an outside program can affect this model is to
increment the content ¢§. Thus we have, foM in (C.5):

ME{T}we () =2{z> 5} (C.7)
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which says in anyuture state wherev is invoked, it always returns something no less
than 5, which is operationally reasonable.
We can use this fact for semantically justifying:

{vg.(ge() 4> fegl)} L {z=1t} (C.8)
where we writege () |} to denote{T}ge (){T}, and we set:
L % 1etx= ref(5) in
e Li:t)\\/\g)%!);\?;x::!erlin (€9
(fw); if z>5thentelsef

When the applicatiorfw takes place, some unknown computation occurs which may
change the state: but we know, by assumptiorf ptinat fw terminates; and that, after
the two let’s, which corresponds to the model (C.5) above, we have (C.7). Thus we can
conclude that the program returggustifying (C.9).

Syntactically the judgement (C.9) is readily inferred using the axiom in Proposi-
tion 16, which says the invariant survives applications as far as certain condition (in
particular termination) is satisfied.

C.3 On Quantifiers over Reference Variables

In the present approach, universally/existentially quantified reference variables range
over both free and hidden references. In combination of (un)reachability predicate, this
economical approach allows us to logically express significant aspects of functions with
local state, as we have seen in the main sections.

At the same time, this does lead to certain strain in the interplay between such
quantifications and evaluation formulae. As we noted already in C.2, the standard laws
for quantifiers, such agRef(%).C = C and3x?ef(@)C = C with x ¢ fv(C) in both, do not
hold whenC contains evaluation formulae.

If we make ourselves avail an additional quantifier, thus dividing the semantics of
the current quantifiers over reference types into two, then we can mitigate this problem.
This quantifier, which is close to those studied in [11, 31], may be writt¢ix8%(®).C
(it only quantifiers over reference variables) and is given the following semantics:

Q

ef

MEHRD C = v (WM /X) =M A M ECAM (X =1)
or equivalently

de

MEHE@C = M~ ©Oil')Eo0) A (V)(E-x:I', o) =C.

=

That is,M = Hx.C iff for some hidden location itM, C holds, naming that location as
X. Note the defining clause is nothing but the existential quantifier version of the second
part of the defining clause for the satisfaction for quantifiers given in Appendix C.2.
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Accordingly, we narrow the satisfaction of standard quantifiers over reference variables

as follows. BelowM[x: | — V] indicategvi)(Z-[x:1],0- [l — V]) underv = (vi)(&, o).
MEWRI@c L yeRef@ \iix: g =C A
VEOMx:l'— e EC A WIMx:I"—V]EC

with I’ fresh. The second line says quantified locations can be fresh ones. This allows
the satisfaction closed under extensions of typings and the standard quantification laws.

With this division of quantification over reference variables, we first regain all the
standard laws for universal/existential quantifications/&t. The hiding operatdfix.C
satisfies the laws such as:

HxC = HyCly/X (yfresh
C D HxC (x & fv(C))
HxC > 3IxC (C w/o evaluation formulae
Hx. (Cl \Y Cz) = (HX.Cl) \Y (HX.Cz)
Hx. (Cl AN Cz) D (HX.Cl) A (HX.Cz)

Using this operator, we redefine the basic notations in our logic (cf. §2.3):

o {Cleee =2z{vx.C'} & VX,i* {Clee € =2Z{Hx.(XxAiAC')}

o [Cleed=2{v#xC} & vx,iX.{Cleed =z{Hx.(x#i AC)}

o {Cleee =2z{#z2C'} £ VX, X {Clee € =z{Hy.(z#i A z=y A C')}
Similarly for the abbreviations for the judgements. All the proof rules and axioms using
these derived logical operators we discussed in the main sections and in the appen-
dices (in particular the series of axioms for information hiding) remain valid with this
rephrasing. For proof rules, the rJkux,-Val] (cf. in B) can take off its side condition

{CHV:u {C} i¢gNC)UN(V)
{CIV 1, (Vi

[Aux;-Val|

Combined with this, we can make the convenient abstraction rule:

{CAA™MI M {C'}

[ADS {A} Ax.M :y {¥xi.{C}uex=m{C'}}

The other proof rules remain identical, including the derived ones we used in the rea-
soning in the main sections and the appendices such as Appendix E. Thanks to the
power of (un)reachability predicates, these two different methods still allows the same
syntactic reasoning principles.

The merits of this alternative approach are that quantifications over reference vari-
ables fully obey the standard laws, and that such axion{al& can be stated more
concisely. The drawbacks are that it needs an additional quantifier not too easy to handle
(for exampleC D Hx.C does not generally hold) and that we need to use e.g. axioms for
information hiding for taking ofHx from Hx.C whenC contains an evaluation formula.
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C.4 Semantics of Judgement

Below we fix typings appropriately (as we discuss soon, it suffices to take the minimum
typing covering the assertions and the program which always exists). First, the non-
located judgement:

F{CtM:y {C} (C.10)
means
VM.MEC > Mu:M] M EC) (C.11)
Note this is equivalent to saying:
VM, Mo.(M~Mo =C D M[u:M] | M =C) (C.12)

This in turn is equivalent to, with/ d:ef)\().M:

VM. (M[m:V] = {C}me () =u{C'}) (C.13)
Second, the semantics of the located judgement:
= {C} My {C}@x (C.14)

may most easily be given using the corresponding located assertion following (C.13)

above, withv £\ ().M:

VM.(M[m:V] = {C}me () =u{C'}@X (C.15)
. We can further generalise (C.14) to denote the set of references:
F{Ct My {C}@{zE(2)} (C.16)

where we assumeis fresh and3zE(z)) = T. 4 Then the meaning of (C.16) is given
as:
YM.(M[m: V] = {C}me () = u{C'}@{ZE(2)}) (C.17)

Note this subsumes (C.11) since if we BSE T in (C.17) the assertion. This concludes

the definition of the semantics of judgements.

C.5 Proofs of Soundness

We prove the soundness theorem. We start V][

M = C[x/u] impliesM[u:x] =C.
Similarly [Cons} is reasoned:

M E Clc/u] impliesMJu:c] |=C.

4 The condition(3zE(2)) = T prevents pathological cases: for exampleg (&) = F then the
statement becomes vacuous (under the given translation).
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Next, [Inj1] is reasoned:
MEC M[m:M] 4 M | C[ins (m) /]
[m:M] | M'st. M'[u:inj,(m)] =C.
[m:M][u:inj,(m)] =C.
= Mlu:inj (M) EC.
For [Proj] we reason as follows.
MEC = MmM]{M EC[m(m)/u,ie Mu:m(m)E=C
For [Caség, we reason:
MEC = MMM M = Co, if M = (Vi)(E,0) and(vi)(ME,o) |} (vI")(inj;(%)E,0")
= Mp[m:inj;(%)] ECoAm=inj;(%)
= Mp[m:inj;(x)][u:M1] 4 M’ =C'
=  M[u:case M of {in;j(%).Mi}icf12y] § M'/m=C
Now we reason for4bg. We note, ifAis stateless (cf. Definition 12) add = A, then:
1. M[u:M] | M’ with u fresh impliesM’ = A.
2. M= (VDM AM'[x:1] E A
Now assume, i have functional types.
M E A D M[u:AxM] = ¥xi.{C}uex=m{C'}
=M EAD M[u:AxM][x:V][i:W] = {C}uex=m{C'}
=M E=AD (M[u:AxM][x:V][I:W][k:N] § Mo A Mg = C)
D (Mo[m:ux § MuAMG =C)
= (M = AAM[u: AXM][x:V][I:W][k:N] § Mo A Mo = C)
D (Mo[m:ux | MoAMG =C)
= (M E AAM[U:AXM][x:V][[:W][k:N] | Mg AMo = AAC) (1) above
D (Mo[m:ux § MuAMG =C)
C Mo =EAAC D (Mo[m:M] | My AMG = C)
If x has a reference type, we use (2) instead of (1). Then reasoning is identical.
[App is reasoned as follows.

MEC = MmMM]IMoEC

M[n:N] |} M1 = C1 A {Ci}men=n{C'}
[m:M
[

R

M
M

M[m:M][n:N][u:men] | M' |=C;
M[u:MN] | M /mnE=C’

G4y

For [Deref], we infer:

MEC = MmM]{M =C['m/u
=  MMmIM] M /mEC

For [Assigr we first note that
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M = (1) (CAx = m) iff M[x— [eeo] = C
Assumeu is fresh.
MEC = Mm:M]{ Mok CoMp[n:NJ I M =C'{n/!m}
= M[m—n{M C
= M[u:M:=N] | M /mnu:()] =C
For [Red, we establish the result for the following variant (already mentioned in Ap-
pendix B):
{T} A My {A}
Rec-Reh
{ P{T} pfAXM iy {Alu/f]}
This variant and its relation wittReq is discussed below. Choose arbitrar® f:0=8,
ThenM = T and

(IH)

YMM[u:AXM] = A

YMM[F:pfAXMI[U:AXM] = A
YMM[u, f:pfAXM] = A
[
[

G4l

YMMu:pfAXM] EVE(f=aDA)

= YMMu:pf.AXM] E Alu/f]
[Red is easily derivable with Rec-Rehusing mathematical induction at the level of
assertions.

For [Ref], which shows the role of a fresh variable representing an arbitrary pre-
state datum, lat ¢ fpn(e). Then, withu fresh, for allM, we have:

Mlu:ref(M)] |} M impliesM’ =u#e (%)
[becauseM’ has shape:
(iDEY-u:l,07 [l —V])
with (vio)(ME,0o) | (vio)(V, ). Then one can chedlelle i o.1v| = [€]es  nel(l,0-
[l —V]) =ncl(l,[l — V]). ] We can now reason, using):
MEC = MmM|MEC
= M[m:M]{u:ref(M)] § Mo~ M'[u— m|
and M[u—m ECAlu=mAU#i (%)
=  Mluiref(M)] |} M"/m[ #u.Cl'u/m|

We complete all cases. ad

C.6 Soundness of Invariance Rule

Among the structural rules from the base logic [6] (most of which are sound in the
present logic), here we prove the soundness of the invariance rule.

{CIMm{C}@F  [W|Co=Co

IV = E AT M 1T A Col @
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We use the semantics of located judgements in C.4. We later discuss how we can extend
the proof to the case when the write set is defined by a predicate.

wi]  ['wn) ['wy ..o

Lemmal8. My ~ .. = M2iff M1~ Mo.
Proof. By definition. O
We now show the soundness &ifif]. Below we letu, v, Vv;, z etc. to be fresh.
M~»Mp =CACo. (C.18)
ImmediatelyMp |= C hence by the premise we have:
Mo[m: M] | M' =C (C.19)
as well as, by the definition of located assertions and Lemma 18,

['wp.wn]

Mo = M (C.20)
We also have, b{W|Cy = Co:

Mo [= [WW]Co (C.21)
By (C.20) and (C.21) we knoWw]Co, as required. O

D Appendix: Soundness of the Axioms

This appendix lists omitted proofs from Section 4. In D.1, we discuss the change needed
for the axiomatisation. In D.2 we establish basic lemmas. In D.4, we pronNg-
axioms.

D.1 Remark on Axioms for Content Quantification

The axiomatisation of content quantification in [6] uses the the well-known axioms
[29, 8§2.3] for standard quantifiers. In spite of presence of local state, the same axioms
are valid in the presence of local state, though complete axiomatisation remains to be
studied. Below we replace “syntacticfreedom” with its semantic counterpart since at
this point we do not know a formalisation of the former with enough reasoning power.
We first set(!x)C dﬁfﬁ[!x}(ﬂC), then set:

(CAL) ™X(['X]C1 D Cp) D (['IXC1 D ['XICy)

(CA2) [XC>C

(CA3) [IX|(Ix=mDC)=(IX)(CAlx=m)

Then we use an inference rule, which infé@s$C from C if all assumptions used arg-!
free, where we sa§ is semanticallyx-free when!x|C =C, or, equivalently{!x)C=C
(any assertion of the forfihx]C or (!x)C satisfy these equivalences). From this we obtain
such properties g$x] (Ix)C = (IX)C, [IX][IX|C = [!X|C = (IX)[!X|C, ['X]['y]C = ['Y][!X|C,
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[IX](C1 AC2) = ['X|C1 A [IX]C2 and [IX]Cy V [IX|C2 D [!X](C1 V Cz). We can then justify
the following axioms in [6], some of them being used in the present paper.

(L1) C>o (IxC (L2) () (IX)C D (Ix)C
(L3) (IX)Ix=e (L4) (IX)(CLVEC) = (IXCyV (IX)Cy)
(L5) 'XIC1 A {(IX)C2) D (IX)(CLACo) (LB) (IX)(CLAC2) =C1A(IX)Cy  (Cq Ix-free)

which are enough for the reasoning in the present paper.

.
The proof of soundness of these laws use the propertie[é].oks an example,

to prove a basic law!x)C D [!x](!X)C often used for validation of other laws, we first
1X

!
supposé\l = (!x)C. Then for somév’ [fwv] M we haveM’ = C. Now take anym” [fé] M.
! !
SinceM’ X M” by the transitivity otimx], we concludévl” = (!x)C.

D.2 Basic Lemmas

Lemma 19. SupposeC is stateless exceptahd M = C. SupposéVl ~» M’ such that
M andM’ coincide in their content &, T.e.

1. ML (i) (&, o).

2. W ' (vigh) (8 -%:T, o).
3. 0(&(x)) =0’(&(x)) for eachx; € {X},
Then we havév’ =C.

Proof. We first generate the sBtof stateless formulae and the &Sof strongly state-
less formulae as follows.

1. If Ce SSthenC e S

2. Equations and inequations areS%

3. Evaluation formulae of the forfC}ee € = z{C'} @W wheree ande' do not contain
Ix, are inS.

4. If Cr2 € S(resp. inCy2 € S thenCy +Cy € S(resp.CixCo € S for x € {A,V}.

5. If Ce S(resp. inC € S thenQy.C € S(resp.Qy.C € SS.

6. If C € SSthen[ly|C € SSand(!y)C € SS

We use induction on this generation rules to show:

(a) If C € SSandMj » coincide atthenM; = Ciff M |=C.
(b) If C e SandM and M’ satisfy the condition stated in Lemma 19, tHeh= C
impliesM’ |=C.

We start from(a). Equations and inequations are triviality. Similarly for conjunction
and disjunction. For quantification, ConsidatC € SSand assume

My = Wy.C (D.1)

and
My andM; coincide atx” (D.2)
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Let us writeP for eithere or V. From (D.2) and by definition we have
M[y: P] andMszly : P] coincide at” (D.3)
Take a logical term or value. Then from (D.1) we have
Mily: P] =C. (D.4)

SinceC € SS by (D.3) and (D.4) as well as by induction hypothesis, we oty :
P] = C, that isM; |= Vy.C, as required.
For content quantification, suppoflg|C € SS(notey ¢ {x}) and assumév; =

|
['y]C andM; andM; coincide aix” Now supposeM [%y] M. We can safely tak@t,
to be the result of putting a different valueyain M, (possibly with additional hidden

|

store). Let\; be the result of putting the same valug @t M. ThenM) [%] Mz hence
M} [=C. By notingM} andM, coincide aty hence by induction hypothesis we obtain
M, = C. HenceM |= [ly|C, as required.

For (b), first suppos€ € SS By (a) and we immediately knoW satisfiegb). For
evaluation formulae, if

ME {C}feg=h{C} (D.5)

and supposa( -~ M'. SupposeM’ ~» Mg = C. Then by definitiorM ~ My = C too.
Moreovere and € are identically interpreted itV and M’ because they coincide at
X (see the defining clause of interpretation of evaluation formulae in Appendix C.2),
hence as required. Note the argument extends to a generalised located a§S¢gwon
€ =zZ{C'}@{w|E(w)} since in this cas& of E(w) is interpreted ifV{o. Conjunction
and disjunction are immediate. For quantifications, suppdse= Vy.C and suppose
My~ Mz is witnessed by, i.e.: Mi[u: N] |} Mo and M def Mo/u, as well asM 2
coincide atx”Let My : P] || M5, andMq[y : P] || M. By assumption we have

I =C. (D.6)

Sincey is not inN andP does not alter any parts of the model (nBtdoes not contain
neither writes nor applications) we obtain:

Mi[u:NJ M5 st M5/ /u=Mp. (D.7)

Note M} , coincide atx” By (D.6) and induction hypothesis, we obtaift, = C, as
required. The existential quantification is similarly reasoned, hence done. O

Remark. Semantically speaking, the statelessness eceptw'may be characterised
by the following axiom:Ym.({C}me (){T}@W DO {C}me(){C}@W).

Lemma 20.

1. (narrowing)M = C andl & fI(C) imply (vI)M =C
2. (scope opening)(vI)M)[u:N] = (vI)(M[u:N]) with | & fI(N).

Proof. By definition. O
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Lemma 21. (expose)f we have

1. E{CIM y {v#x.C'},

2. ME' (i) (E, 0) andM = C and

3. M[u: M] § M,
then we havévl’ ~ (Vil"l”)(€-u:V, ¢’) such that(vil')(£-u:V-x:1”, ¢’) =C and
I” & ncl(§,a).

Proof. We first expandC}M :, {v#x.C'} into:

{CIM =y {3x.(x#ti A C')} (D.8)

with i fresh. Now assuma( |= C as well asM[u: M] | M/, so that we havé\l’ =
Ix.(x#i A C). LetW der (Vil")(g, o’). By the semantics af, we have two cases.

(VIT)(E-x:1", 0) = (x#i A C) (D.9)
such that either

A) 1 ¢ {I:’} (i.e.1” exists from the prestate) or
(B) 1 € {I'} (i.e.l” is newly created).

We show (A) is impossible. Suppose by contradiction (A) is the case. Nbisnig M,
let M~ be the result of assignif§ toi in M (otherwise leaving all data asiv). Since
i does not occur i, we still have:

My =C (D.10)
Hence we have
Mlu: M] 4 My = 3x(x#ti A C). (D.11)

whereMj,, is the result of assigning toi in M’, otherwise a3\’ (note this is possible
sincei is fresh). This immediately means (A) is impossible. Since this holds for each
free label inM, we conclude only (B) is the possibility. So we let:

M E WM E-u:v-x:1", 6-0) (D.12)
such that _
(I (E-u:V-x:1", o) =x#i A C. (D.13)

anddom(a’) = {Ii"}. We now showl” is not accessible frorg anda. Supposd” is
reachable from say € dom(§). Then we takéVly which is the result of assigning the
image ofy toi. By the same argument as before, we obtain:

My[u: M] 4 My |=3x.(x#i A C). (D.14)

Hence (Vi) (&y-u:V -x:1”, o) = x#i A C where&, comes fromMy, which is

impossible. Since the same argument holds for any hidienapped tox and any

variable/label idom(§ U o), we concludd” is unreachable from any prestate datum.
O
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D.3 Proof of Proposition 11

SupposeM |= {x#fywA C} fey=2z{C'} @w. The definition of the evaluation formula
says, withu fresh,

VYN, (M[u: N] § Mo AMp = x#tfywAC D IM . (Mo[z: fy] 4 M AM =C)).

We prove suctM’ always satisfied!’ = x#zw. Assume

M()% (Vr
with §(x) =1, &(y) =W, &(f) =V andg

ncl (fI(Vs Yy, lw),00W 0y) = fl(0p) = dom(0p)

~—

(E»OOH'JGX)

—~

w) =l such that

andly € dom(0oy). By this partition, during evaluation a: fy, oy is unchanged, i.e.
(VI)(E-z: fy,00W 0x) — (vr)(E-z:Vny,co&JoX) —— (V") (E-2: Vy, o) W Oy)
Then obviously there exists; such that; C oj and
ncl(fl(Vy, lw),0p W 0x) = fl(01) = dom(01)

Hence by Proposition 4, we ha®é, = x#wz, completing the proof. O

D.4 Proof of Propositions 13, 14 and 15

In the following we prove Proposition 14. Since Proposition 13 is its special case while
the proof of Proposition 15 is essentially identical (as noted at the end of the proof), this
suffices.

Proposition. AssumeCy is stateless except X & fv(C,C’,E’) for eachx; € {X}. Then
the following is valid.

(AIH) {E}me ()=u{v#X.(E1AE')} D {E}me ()=u{E2AE'}
where withm fresh and

— E1 = Inva(u,Co, X, W) A WY.{CoA[!X|Cluey=2{C'} @WX.
— E; =Wy {Cluey=2z{C'}@W

where each quantifieglis of a base type of a sum/product of base types.

Proof. We first set:

G = v#x.Gy (D.15)
Gp =CoAG1AGy (D.16)
G1 = W.{CoA[!X|Cluey=2{C'} @xW (D.17)
Gy = VY.{Co ARK#yIW}u e y=7z{Cy A XK# 2N} @WK (D.18)
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W.o.l.g. we assume all vectors are unary, settingr; W = w andX'= x. Since the
argument does not differ, we also &%'T. Thus we are to prove, for eadt andM:

Mo[u:M[UMEG > Mou:M] I M[GiAG (D.19)

By Lemma 21 we can set

M = (iE o[ —V]) =G (D.20)
such that .
M = ()& [x:1],0-[I =V]) ECoAGLAG (D.21)
as well as
| £fI(€,0). (D.22)
Now assume, for an appropriately typdand freshf:
M*[f:N]J Ma (D.23)
Then we have
M [f:N]J M5 suchthat (VI)M; =Ma. (D.24)

We now inferM} = Cp from M* = G, andCy being stateless exceptBy (D.21) and
by the satisfaction of conjunction, we obtaifr = Gy, i.e.

M* = Vy.{Co Ax#tyrw}iuey = z{Co A x#zW} @WX (D.25)

Observe
M*ECo A x#Hyrw (D.26)

Hence taking\ to beuV (an application ofitoV, whose shape is fixed by the assumed
type, i.e. the base type or its composite) for any appropriately typéshich, by the
definition ofN, cannot contaimh), we have, by (D.25):

M | Co A X#yrw. (D.27)

Note the condition thafy holds and thak is disjoint from all visible data is still in-
variant in the resulting state. Hence we can again inuokem M, to obtain the same
invariant.

In fact, for any appropriat®l such thatV([f : N] makes sense, it can only tough
through invokingu. Moreover by assumption we knoy stateless except so that,
by Lemma 19, no state change other tixaten change the satisfiability @p. Thus,
in M*[f : N], as far as zero or more invocationsiofesults in the above invarianty
continues to hold, that is:

MiEC (D.28)

By the previous argument we knaxv(or its denotation]) is disjoint from the other
visible references. That is, noting¢ fv(C), for each active dereferencg, we have
y # X, hence we have:

Mz E['XC (D.29)

5 For simplicity we assume onlyis newly added: the general case does not change the argument.
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Thus we have
M ECo A ['IXIC (D.30)

Hence we know:
Mi[z:uy] M =C (D.31)

Sincex is not used irC’, we conclude, settindy(y ot (VhM:
Ma(z:uy] § Mp =C' (D.32)
with the write setw. Thus we have
M = v#x.{Cluey=zZ{C'}@wx (D.33)

Sincexin (D.32) denotes the fresdhthis writing (if any) does not count if we start from
Ma, hence we obtain:
M | {Cluey=Z{C'}@w (D.34)

which is the required assertion.

For Proposition 13, we observe the condition for non-extrusion is guaranteed by
typing. For treating Proposition 15, we only add, throughout the arguments, the assign-
ment of values t@ Guaranteed by their existential quantification. O

D.5 Proof of Proposition 16
We show an outline. Assunt® is stateless exceptahd suppose:
M Inv(f,Co, X, T, W) A {T}ge f =2Z{T}). (D.35)
Further assuma{~ Mp and
Mo = Co AX#gI and Mp|z: fg] |} M. (D.36)

By Inv(f,Cp,X,F,W) we know that onc€y holds andf is invoked, it continues to hold.

By {T}ge f =2{T}, we know the applicatiog f always terminates. Now this applica-
tion invokesf zero or more times. First time it can only apgdlyo somexunreachable
datum. Similarly for the second time, since the context cannot oktaachable datum
(giveng itself isX-unreachable). By induction the same holds up to the last invocation.
In each invocationCy is invariant. Further, other computations fig never touch the
content ofX; hence because & being stateless exceptwe knowCy is again invari-

ant in such computations. Thus we conclude @yadtill holds in the postcondition, and
that the return value beingunreachable, i.e#z, as required. ad

E Derivations for Examples in Section 5

This appendix lists the derivations omitted in Section 5.
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E.1 Derivation for [LetRef

We can derivéLetRef as follows.

1 {C} M :n {Co} (premise)
2. {Co[!x/m Ax#&} N:y {C'} with x¢ fpn(&) (premise)
3. {C} ref (M) ix {#x.Co[!x/m|} (1,Ref)
4. {C} ref (M) x {#x.(Co[!x/m| Ax#E)} (Subsn-times)
5. {C} ref(M) ix {vy.(Co[!X/m AX#EAX=Y)} (Conseq)
6. {Co[!lx/m Ax#EAX=Y} Ny {C'Ax=Yy} (2, Invariance)

7.{C} let x=ref(M) in N:y {vy.(C'Ax=y)} (5,6,LetOpen)

8. {C} let x= ref(M) in N, {vx.C'} (Conseq)

Lines 5 and 8 use the standard logical law (discussed below). Lines 4 and 7 use the
following derived/admissible proof rules:

{C}M: {C} udfpn(e) {C} M {v§.Co} {Co}N:{C}
[Subd et M e eOP! i Tet x= Min Ny (v.C}
[LetOpemopens the “scope” of fo N. The crucial step is Line 5, which turns freshness
“#” into locality “v” through the standard law of equality and existenttaly 3y.(C A
x =y) with y fresh (see Appendix C.3 for discussions on quantifiers over reference
variables).

E.2 Derivation for IncUnShared
For illustration, we contrast the inferencelnfcShared with:
IncUnShared &' a:=1Inc;b:=1Inc;ci:=(1a)();cz2:=(1b)(); (lci+!co)

This program assigns t@ andb two separate instances dfic. This lack of sharing
betweera andb in IncUnShared is captured by the following derivation:

1{T} Inc iy {vx.inc'(u,x,0)}

2{T}a:=Inc {vx.inc'(!a,x,0)}
3.{ind'(!a,x,0)} b:= Inc {vy.inc"(0,0)}
4.{inc"(0,0)} c1 := (ta)() {inc"(1,0)Alcy = 1}
5{inc”(1,0)} cz := (b)() {inc"(1,1)Alcz = 1}
6.{!c1 =1Alco =1} (fer) + () Wy {u=2}

7.{T} IncUnShared :, {vXyu =2}

8.{T} IncUnShared:, {u=2}
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Aboveinc”(n,m) = inc’(1a,x,n) Ainc’(b,y,m) A x # y. Note x # y is guaranteed by
[LetRef. This is in contrast to the derivation fdncShared, where, in Line 3x is
automatically shared afteb“=!a” which leads to scope extrusion.

E.3 Derivation for mutualParity and safeEven

Let us define:

My % An.if y=0then f else not((ly)(n—1))

My IAn.if y=0then t else not((!x)(n—1))
We also use:

IsOdd(u,gh,n,xy) = I1sOddu,gh,n,xy)A!x=gAly=h
IsEven(u,gh,n,xy) = IsEverfu,gh,n,xy)A!x=gAly=h

We use the following derived rules and one standard structure rule appeared in [21].

[Simpid {Cle/dte (€
{CAe}M; 3y {C'} {CA-e}My 1 {C'}
{C}if ethen M; else My, {C'}

CiM y {C CiM  {C
[A-Post {C} {C}{Ml:]; {él/}\Cz}{ 2}

[IfH]

Figure 3 lists the derivation fatfutualParity. In Line 4,hin the evaluation formula
can be replaced byland vice vercer because gf+ h and the universal quatification
of h.

vh.ly=hA{C}hen=2{C'}) = Vh(ly=hA{C}(ly)en=2{C'})
In Line 5, we use the following axiom for the evaluation formula from [21]:
{CAA}eree,=2{C'} = A D {Cleeey=12{C'}

whereA s stateless in the sense of Definition 12 and wéset sEverth, gh,n—1,xy).
Line 9 is derived as Line 4 by replacifgandg by !y and &, respectively. Line 11 is
the standard logical implicatiorvk.(C; D Cp) D (3x.C1 D 3x.Cy)). Now we derive for
safeEven. Let us define:

ValEverfu) = Vn.{T}uen=2z{z= Ever(n)} @0
Co=!Xx=gA ly=h A IsOddg,gh,n,xy)

Even, = Cy A Vn.{Cp}uen=2z{Cy}@xy
Even, = Vn.{Co}ue n=2z{z=Ever(n) }@xy
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Fig. 3mutualParity derivations

1. {(n>1>IsEvei(ly,ghn—1,xy)) A n=0}£:;{z=0dd(n) A Ix=gAly=h}@0
(Const)

2. {(n>1>IsEveni(ly,ghn—1,xy)) A n>
not((ly)(n—1)) :z{z=0dd(n) A Ix=g

3. {n>1>IsEver(ly,ghn—1xy)}
if n=0then f else not(( y)(n—1)) :m{z=0dd(n) AIx=gAly=h}@0 (IfH)

4. {T}Mn.if n=0then f else not( (! )( 1)
{vgh,n> 1.{IsEveni(h,ghn—1,xy)}uen= z{z— Odd(n) A Ix=gAly=h}@0} @0
(Abs, V, Conseq)

{T} My 1y { Vgh,n > 1.(IsEverth,gh,n—1,xy) D IsOdd(u,gh, n, xy)) } @0 (Conseq)

{T} x:=My{ Vgh,n> 1.(IsEverth,gh,n—1,xy) D 1sOdd!x,gh,n,xy)) A Ix =g} @x
(Assign)

{T}y:=My{¥ghn>1(IsOddg,gh,n—1,xy) O IsEverily,gh n,xy)) Aly=h}@y

{T} mutualParity
{vgh.n > 1.((IsEverth,gh,n—1,xy) AlsOdd(g,gh,n— 1,xy)) D
(IsEver{ly,gh,n,xy) A1sOdd(!x,gh,n,xy)Alx = gAly = h) }@xy (A-Post)

9 ly = h}@0 (Simple, App)

9. {T} mutualParity
{¥n> 1gh.((IsEverth,gh,n—1,xy) A1sOddg,gh,n—1 xy)/\'x gAly=h) D>
(IsEverily,gh,n,xy) A IsOddlx gh,n,xy)Alx = gAly = h)} @xy (Conseq)

10. {T} mutualParity
{¥n > 1gh.((IsEverily,gh,n— 1,xy) AIsOdd!x,gh,n— 1,xy)AlIx= gAly =h) D
(IsEverly,gh,n,xy) AIsOdd(!x,gh,n,xy)Alx = gAly = h) } @xy (Conseq)

11 {T} mutualParity
{¥n> 1.(3gh.(IsEver{!x,gh,n—1,xy) A1sOddly,gh,n— 1,xy)Alx=gAly=h) D
Jgh.(IsEvert!ly, gh,n,xy) A 1sOdd(!x, gh, n,xy) Alx = gAly = h) }@xy (Conseq)

12, {T} mutualParity{3ghlsOddEvelgh, X!y, xy,n)}@xy

The derivation is similar teafeFact.

1{T}An.t :mn {T}@0

2.{T}mutualParity;!y:y {3ghIsOddEvefgh,gu,xy,n)}@xy

3{T}mutualParity;!y:, {3gh.(Even, A Even)}@xy

4.{xy#ij}mutualParity;!y:, {3gh.(xy#ij A Even, A Eveny)}@xy

5.{T}safeEven :; {v#xydgh.(Even, A Even)}@0

6.{T}me()=u{v#xyJgh.(EvennEven)} D {T}me()=u{ValEverju)} (by (AlHAZ))

7.{T}safeEven :, {ValEverju) }@0
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E.4 Derivation for Meyer-Seiber

For the derivation of (5.6) we use {s the empty string)l = Inv(f,Ever(!X),X,¢,¢€),
Go = {Even(!x) Ax#g}ge f{Ever(!x)}, andG; = {T}ge f{T}. The derivation fol-
lows. BelowM; 7 is the body of the first/second lets, respectively.

1{Ever(!x) AGo} gf {Ever(!x)} (App)
2{Ever(IX) Al AG1} gf {Ever(Ix)} (1, Conseq)
3{EA[IXCAI Ax#g} gf {C'}@Wx (App)

4{EA[XICAI AX#g} gf {Ever(IX) AC'}@Wx (2, 3, Conj)
5.{Ever(!x) AC'} if ever{!x) then () else Q() {C'}@0 (If)

6.{E A[IXC A1 Ax#gIMo{C Y @Wix (4,5, Seq)
7{Ever(IX)}A().x:=!Ix+2 ¢ {I } @0 (Abs etc.)
8{EA[IXCAEven(!x) Ax#g} M1 {C'}@#x (7, 6, LetRef)
9.{EAC} 0:n {EACAEverm)}@0 (Const)
10.{E AC} MeyerSieber {C'}@W (9, LetRef)

Line 2 uses the axiom in Proposition 16. Line 4 uses the standard structural rule. Line
10 canceld!x] from [!x]C which is possible sincendoes not occur K.

E.5 Derivation for Object

We need the following generalisation: The proceduiia (AlH) is of a function type

a = [3: when values of other types such@s 3 or a + 3 are returned, we can make
use of a generalisation. For simplicity we restrict our attention to the case when types
do not contain recursive or reference types.

Inv(uPB, Co, %, F, W)=Ai—1 2Inv(T5 (U), Co, %, F, W)
Inv(u+B Co, %, F, W)=Ai—1 2¥yi. (U = inji (yi) D Inv(yi,Co, % F,W))
Inv(u®,Co, X, F, W)=T (o € {Unit,Nat,Bool})

Using this extension, we can generaliaéH) so that the cancelling @ is possible for
all components ofi. For example, ifu is a pair of functions, those two functions need
to satisfy the same condition as (faIH). This is what we shall use farel1Gen. We
call the resulting generalised axiq@iH,).

Let cell be the internah-abstraction otellGen. First, it is easy to obtain:

{T}celli {lo A G1 A G2 A E'} (E.1)
where, withlg =!xg =!X; andE’ =!xg =z

G1 = {lp}mm(o)e () =v{v=IxAlo} @0
Gy = Yw.{lo} T (0) eW{!Xo = WA lg} @XoX1
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which will become, after taking off the invariaht

Gy = {T}m(o)e() = V{v=Ix} @0
G, = YW.{T}1m(0) e W{!Xg = W} @Xo.

Note lp is stateless excepy. In Gi, notice the empty write set means !does not

change from the pre to the postcondition. We now present the inference. vea 56
let y= ref(0) in cell below.

1.{T} cell:y {loAG1AGyAE'}

2{T} cell ;o {loAGIAGAE'} (LetRef)

3{T}let xy=2zincell :x {Vi#x1.(IoANG1AG2) AE'} (LetRef)

4{T} let x; = zincell’:;; {GAG,AE’'} (AIH., ConsEval)

5{T} let xo1 = zincell’ ;; {V#X.(G]AG,AE")} (LetRef)

6.{T} cellGen:, {CellGeru)} . (Abs)
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