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Dependent Function Types for Higher-Order
Interaction

Alceste Scalas
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—— Abstract
We develop a typing discipline for higher-order programs that interact by exchanging values,
channels, and mobile code. The key ingredients are channel and process types, subtyping, and
a form of dependent function types where parameter variables can appear in return types. The
main novelty is that, by combining these ingredients, we can accurately describe the behaviour
of typed programs. The main result is that we can statically decide safety and liveness properties
of programs, by inspecting the labelled transition system of types. Moreover, the key ingredients
above are all available (or can be defined) in the type system of the Scala/Dotty programming
language: we show that this leads to a direct embedding and implementation of our theory.

Keywords and phrases dependent types, behaviroual types, higher-order 7-calculus, temporal
logic

1 Introduction

Concurrent and distributed applications are widespread, and their correct design is often
elusive. Concurrency theory has addressed this challenge by developing various models for
concurrent and distributed systems, and various forms of analysis to ensure that a model
enjoys run-time safety or liveness properties — guaranteeing that unwanted events will never
occur, or that desired events will eventually occur [17].

These properties are more difficult to check when dealing with higher-order concurrent
programs that can exchange communication channels and mobile code. These features have
practical uses in modern applications, and are made available in programming languages
and software development toolkits [18, 9, 20]. As a simple example, consider a data analysis
server that allows its clients to send custom code for on-the-fly data processing and filtering.
The intended behaviour of the client code is:

Ky 2 Wy

1. take the channels “iy”7, “is”, and “o” provided by the server;

2. read an integer value z from channel “iy”;

3. read an integer value y from channel iy”; (%)
4. choose one between = and y, and forward it through channel “0”;

5. continue from point 2.

The server, in the notation of the higher-order m-calculus (HOw) [23], might look like:

(viy, ia, 0)( em?(p).plit, iz, 0] | =) (1)

i.e., the server has three internal channels #, i3, o (restricted by v), and a client-facing channel
cm. The server uses c¢m to receive some mobile code p, and then runs p by passing 41, 72, 0 as
arguments; thus, p can use such channels to interact with the rest of the system (omitted with
“..."). To avoid communication errors, the code in (1) can be checked against simple channel
types: e.g., if we type-check the server under type assignments :¢'°[int], i:c'®[int], o:c®[int],
then we ensure that 41, i and o have channel types, and are only used to input/output
integers. The type of cm, instead, has the form c'[T']: a channel allowing to input (not
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output) values of type T', where T is an abstract process type, and is also the type of p. The
form of T" depends on how process terms are typed, and tells “how much we know” about
the unknown mobile code p. In previous works, T' can have forms like:

T’ = c'[int] - c°[int] - c°[int] — proc (2)
T" = H(i:c'[int]) (4:c®[int]) II(0:c®[int]) (d1:¢’ [int], fp:c’ [int], o:c°[int]) (3)

The type (2) says that p is a function that takes three typed channels, and returns a term
of type proc — which is inhabited by all type-safe process [23]. The type (3) (proposed
in [33, 34, 32]) is a form of dependent function types: it says that p takes three named
arguments iy, i, o (with the given channel types), and returns a type-safe process term of
type (#i:..., é2:...): it is inhabited by processes that can use the listed channels, only. Clearly,
(3) is more informative than (2): it statically limits the resources that p could access at
run-time. However, (2) and (3) cannot ensure the intended behaviour of p described in
(%) above: e.g., they include processes that terminate instead of looping, or write random
integers on o instead of forwarding those received from 4; /4y, or discard received values, or
spawn a large number of threads (forkbombs). Symmetrically, the client-side programmer
who writes the actual code of p has no guidance, besides the informal description in (x):
more informative types can help both the server in enforcing its intended policies, and the
programmer in producing the intended implementation.

Proposal We develop a type discipline for higher-order concurrent programs, that can
enforce detailed run-time behaviours. For example, we can give to p in (1) a type like:

T, = T(d:c'[int]) H(dp:c'[int]) TI( 0:c®[int]) pt. i[ 2, TT(2:int )i[ 4, TI(3:int)o[ 0, (zVvy), t]] ]

that accurately formalises the description in (*): i[4, [I(z:int)7T'] is the type of a process that
inputs z from channel 7; and continues as T', where x can occur as reference to the received
value; v is the union type, and denotes a choice; and o[ o, U, t] is the type of a process that
outputs on o a value of type U and continues by looping on the recursion variable t.

Our theory leverages: (i) subtyping, that we crucially exploit to type internal communica-
tion and restricted channels; and (7)) a form of dependent function type II(z:U)T, where
the return type T can refer to the parameter z (of type U). We develop our theory by
formalising a higher-order, concurrent functional calculus, called )\QD; moreover, we take
both (i) and (7) above from a fragment of the Scala/Dotty programming language [1]. The
payoffs of these choices are that (1) )\QD consistently and naturally uses abstract processes
and dependent functions, for both local and mobile code; and (2) /\QD is remarkably close
to an implementation language, easily embedded in Scala: see Fig. 1. Yet, )\QD supports a
simple encoding of HOm: hence, our theory is also applicable in its canonical setting.

The fine-grained type information shown in 73, above means that we can use types as
behavioural models [14, 7], by equipping them with a semantics that (over-)approximates
the run-time behaviour of programs. The key novelty is that, by using dependent functions
types, we can precisely track how values and channels are exchanged.

Contributions and outline We present the )\QD calculus in §2. Its type system is illustrated
in §3, where we establish basic type safety (Thm. 11). In §4, we equip our types with a
labelled transition system (LTS) semantics, and, with Thm. 14 and Thm. 15, we show the
correspondence between the transitions of types and processes. Then, we use such theorems
to transfer linear-time p-calculus judgements from types (where they are decidable, by
Lemma 17) to )\QD processes; as a result, we obtain a method to verify safety and liveness
properties of higher-order programs (Thm. 19).

Due to space limits, proofs and additional materials are in the on-line technical report [25].
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let f = \ip.Nig. No.( let f = \ip.\ia. Mo.( def f£(il, i2, o) = {
recv (i, Az. ( 77(z).( recv(il) { x =>
recv (i, \y. ( i ?(y).( recv(i2) { y =>
if z+y<42 then if z+y <42 then if (x+y < 42) {
send (o, 7, \_. ol{z).( semdl@, =)
firizo) Firizo) f(in, out, log) }
i 2 i T2 } else {
else else

send (o, y) {

send (o, y,A_. ol{y).( £(in, out, log) }}}}}

fii20)))) fiizo0))))

Figure 1 An implemention of the specification (*) in §1, in three flavours: a /\QD program
typed by T3, in §1 (left); its higher-order m-calculus version (middle); and the equivalent embedded
Scala/Dotty syntax (right). The latter uses syntactic sugar to partially hide the A-terms explicitly
visible in the /\20 code: e.g., recv(il) {x=>...} is desugared into recv(il, A(x)=>...).

B = {tt,ff} C = {a,b,c,...} X = {z,9,2,...} V3 uv,...

B| C |Azt|()]err

T > ¢t t",... = X|V P> pgq,r,... = end
—t ‘ if ¢ then ¢; else ¢, send(¢,t',t")
let z=tint' | t¢ recv(t,t')
chan() ‘ P t|t

Figure 2 Syntax of )\7<\TD terms. The elements of C (highlighted) are part of the run-time syntax.

2 The /\QD-CaIcqus

We now present a A-calculus extended with channels, input/output, and parallel composition.

» Definition 1. The syntax of )\QD is shown in Fig. 2. Elements of C are run-time syntax.
Free/bound variables fv(t)/bv(t) are defined as usual. We write A .t for Az.t, when z¢fv(t).

The set of values V includes booleans B, channel instances C, function abstraction, the unit
(), and error. The terms (in T) can be variables (from X), values (from V), various standard
constructs (negation —t, if /then/else, let binding, function application), and also channel
creation chan(), and process terms (from P). The primitive chan() evaluates by returning a
fresh channel instance from C — whose elements are part of the run-time syntax, and cannot
be written by programmers. Process terms include the terminated process end, the output
primitive send(¢,t',t") (meaning: send ¢’ through ¢, and continue as ¢"), the input primitive
recv(t,t’) (meaning: receive a value from ¢, and continue as t'), and the parallel composition
t|t' (meaning: ¢ and ¢’ run concurrently, and can interact). The calculus can be routinely
extended with, e.g., integers, strings, and their operators: we will use them in examples.

» Example 2. The example below instantiates and interconnects three parallel processes:
let sender = Ay.send(y, "Hello", A .end) in
let receiver = Az.recv(z, A\z’.end) in
let fwd = Xi.\o.recv(i,\z'.send (0,2’ \_.fwdio0)) in
let sys = )\y’.)\z’.( sendery’ | fwdy' 2" | receiver z’) in
let y = chan() in let z=chan() in sysy z
sender is an abstract process that takes a channel y, uses it to send "Hello", and ends;
recetver takes a channel z, uses it to receive a value z’, and terminates;
fwd takes two channels 7 and o, recursively reads a message from 4, and writes it in o;
sys takes channels 3/, 2/, and uses them to instantiate sender, fwd and receiver in parallel;
in the last line, sys is instantiated with y and z, that contain channel instances.

Note that, in Ex. 2 and Fig. 1, the last argument of send/recv is always an abstract
process term: this is expected by the semantics (Def. 3), and enforced via typing (§3).

23:3
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E:x=[]|-E|if Ethentyelsets |letz=Cint|letz=winé | £t | wé
send(€,t,t') | send(w,&,t') | send(w,w’,€) | recv(€,t) | recv(w,&) | £t (w,w’ e VUX)

th=ty ti—ty ta=th P
R-= —— [RE€ —  [Ratt] ————— [R—fF
1y > t5 = E[t] = &[] el e = ]
—  [R-A R-if-tt R-if-ff
(Az.t)v > t{v/x} [R-A if tt then ¢ else to — [R-if-tt] if ff then t1 else t2 — t» [R-if-ff]
weVuX : R-let]
let z=w in &[z] - let z=w in E[w]
a fresh R-chan()] [R-Comm]
chan() > a send(a,u,v1) |recv(a,v2) — vi()|v2u
viB ug {Az.t| zeX, teT} vEB
—v - err UV — err if v then t’ else t” — err
u¢C u¢C teV or t'eV
recv(u,v) - err send(u,v1,v2) — err t|t' - err

Figure 3 Semantics of )\QD: evaluation contexts, reduction rules, and error rules.

us  » Definition 3 (Semantics of /\zD). Evaluation contexts € and reduction — are illustrated in
us  Fig. 3, where congruence = is defined as ¢ | t2 = t2 |t and ¢ | end = ¢, plus a-conversion. We
us  write »* for the reflexive/transitive closure of —. We say “t has an error” iff t=E[err] (for
us  some £). We say “t is safe” iff V¢’ :t -* ¢ implies t' has no error.

17 Def. 3 formalises a standard call-by-value semantics, and two rules for concurrency: [R-
us chan()] says that chan() reduces by returning a fresh channel instance; [R-Comu) says that the
uo parallel composition send(a,u,v1) |recv(a,vs), where both sides operate on a same channel
1o instance a, reduces by transferring the value u on the receiver side, obtaining vy () | ve u:
= hence, if v; and v are function values, the process can keep running by applying v to ()
122 and vy to u — i.e. the sent value is substituted inside vy. The error rules formalise how
23 terms can “go wrong”: they include usual type mismatches (e.g., it is an error to apply a
e non-function value u to any v), and three rules for concurrency: it is an error to receive/send
15 data using a value u that is not a channel instance, and it is an error to put a value in a
s parallel composition (i.e., only process terms from P in Fig. 2 can be safely composed by |).

i » Example 4 (Higher-order m-calculus [33]). HO7 is easily encoded in )\QD: below, we render
s replication *u?(y).P by spawning a replica z, () at every input. The rest is straightforward.
[[zﬂ =T [[a] = a P P2 = [[Plﬂ ﬂ:PQ]
_ DaP] = Al [P] [P.| 2] = [P]I[P]
[ul{v).P] = send([u],[v],A_.[P]) [(vz)P] = let [z] = chan() in [P]
[u?(z).P] = recv([u],A\[z].[P]) [*u?(y).P] = let z. = A_.recv([u], A\[y].-([P]] 2 ())) in z()

w 3 Type System

1 We now introduce the type system of )\QD. Our design is based on F.. (System F with
132 subtyping [5]) equipped with equi-recursive types [16], except that (1) we do not include
13 polymorphism (it is orthogonal to our aims), (2) we include union types, (3) we add types
e for channels and processes, and (/) we allow types to contain variables from the term syntax
s (inspired by [1]). The syntax of types is in Def. 5; however, point (4) implies that a type T is
s only valid if its variables exist in the typing environment — which, in turn, must contain
17 valid types. A similar situation arises in F.., where polymorphic types can depend on type
18 variables in the environment; indeed, we use mutually-defined judgements, similar to those
1o of F.., to assess the validity of environments, types, subtyping, and typed terms (Def. 6).
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» Definition 5 (Syntax of types). Types are inductively defined by the following productions:

S,T,U = bool |e|T|L|TvU |I(zT)U | pz.T | z
c[T;,T,] | proc | mil | o[S,T,U] | i[S,T] | p[T,U]
Free/bound variables are defined as usual. We write U{S/z} for the type obtained from U

by replacing its free occurrences of z with S. If T=II(z:U")U, then T S stands for U{S/z}.

We write II()U for II(x:e)T if z¢fv(T), and visually distinguish recursion variables as
t,t',... (i.e., we write ut.T"). We write T for a sequence of types T1,...,T,, and T €U when

T syntactically occurs in U. Abbreviations: c'[U]=c[U, 1], c°[U]=c[T,U], c°[U]=c[U,U].

The first row of productions in Def. 5 includes booleans, the unit type e, top/bottom types
T/L, the union type T v U, the dependent function type I(z:T)U and the recursive type pz.T
(they both bind z with scope T'), and variables z (from the set X in Def. 1): the underlining
helps distinguishing z in a type context from z in a )\gD term context.

The second row of Def. 5 contains concurrency-related types. The channel type c[T;,T,]
describes a channel that can be used to receive values of type T;, or send values of type
T,. The generic process type proc describes any process term; nil describes a terminated
process; the output process type o[ S, T, U] describes a process that sends a T-typed value on
an S-typed channel, and continues as U; the input process type i[S,T] describes a process
that receives a value from an S-typed channel and continues as T'; the parallel type p[T,U]
describes the parallel composition of a T-typed process and an U-typed process.

» Definition 6 (Judgements). The following judgements are formalised in Fig. 4:

T env I' is a valid typing environment

I'+T type T is a valid type in T'. We write '+ T type iff VUeT : T+ U type

I'-T m-type T is a valid 7m-type in I'. We write T+ T m-type iff VUET :T+U m-type
I'+T *type when either I'+T type or I'+T 7-type holds

reT<U T is subtype of U in I' — provided that ' - T, U *-type holds

-t:T t has type T in I’

A valid typing environment I' is a mapping from variables (from X in Def. 1) to types.

All judgements in Fig. 4 are inductive, except for subtyping, that is coinductive (hence the
double inference lines). Crucially, Fig. 4 has two judgements for valid types: I' = T type and
I'+ T w-type. The former is standard (except for rule [7-c], discussed later) while the latter
distinguishes process types. Importantly, a typing environment I can map a variable to a type

(rule [r-z]), but not to a m-type; this also means that function arguments cannot be m-typed.

Still, in a function type I(z:T)U, the return type U can be a w-type (rule [T=-11]): hence, it
is possible to define abstract process types, like T,, in §1. Rules [T-u] and [r-u] are based on
[16, §2], and require valid recursive types to be contractive: e.g., pty.puts....ut, . (t1v U) is
not a type; clause “z¢fv- (T')” means that the bound variable z is not in negative position in
T (details: §A). Recursive terms and types are supported by rule [t-let]: in let z =t in ¢/, ¢
can refer to z. Rule [<-1] is based on [6], to ensure decidability of subtyping [16, §1]: this is
often needed in practice, and we need it in §4. The rest of Fig. 4 is mostly standard; we now
discuss the main judgements, and their use.

Variables, types, subtyping, and dependencies The environment I' = 2:T says that the
)\gD variable = has type T. Hence, by rule [7-z], the type z is valid in I'; and indeed, by
rule [t-z], we can infer I' - z : z, i.e., the term z has type z. Intuitively, this means that
type z is the “most precise” type for term z; this is formally supported by the subtyping
rule [t-z], that says: since I' maps term z to T, type z is smaller than 7. To retrieve from
I the information that term z has (also) type 7', we use subtyping and subsumption (rule [¢-<]),

23:5
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T'+T type x¢dom(T)

r-2l FI 2T env e

I env —
e =g env

FIl env T e {bool,e T, 1} I, 2T env I zT + U type
[T-BASE] _— _z . T— _

T'+T type I, z:T+z type ~ I'+1I(z:T)U type
D,o:T+=T type z¢fv (T) T¢{z Uvz zvU | zeX} .
I'+ px.T type oo I'+-TvU type

I'+T; type T'+1T, type T'+T,<T;
'+ c[T;,T,] type

I'tT type T'+U type .
. T-V]

I'+T type

[T-c]

+I env T e {nil proc} [ ] 'rS<c[T;,T,] T+T<LT, T+U mtype
T-BASE

T - T n-type T+ o[S,T,1I()U] n-type el

I S< T, T,] T+T;<T T,x:T+U m-type - T'+~T n-type TI'+U m-type
-1 T-P|

I'+T m-type I+i[S, I(z:T)U] 7-type '+ p[T,U] w-type

U,z:T+=T m-type z¢fv (T)

I, 2T+ U 7-type o T¢{z, Uvz, 2vU | zeX} I'+T m-type T+ U 7-type
I'+1I(z:T)U type i T+ pz. T m-type o I'-TvU 7m-type

-]

'-7T<S I'eULS T-T<T Tr~U<vU’
=—————— [{-REFL] [<-vL] :, [<-VR1] :’ [<-VR2]
'eT<T I'-TvU<S 'e-T<T'vU I'-U<TVvU

D-T{mTh} <U D'+ T <U{ptUlt} PrI(z)<T
————— cul] ——————— [<pR] ————— (<1
Trut.T<U TrT<ut.U Tra<T
T,o:TrU<U . TrTKU; TrULTy

<11
T+ UzT)U <W@D)U " Trlnly]<clUsUs]

<

I'e-T<U

Fi—Tﬂ-type[ ] r=S<S T'-TLT THULKU
= [<-proc

I'-T < proc I'+o[S, T, U] <o[S",T',U’]

[S-0]

T'-T<T" TrULU' TFS<S TwTLT
<i
Drill,U]<ill’,U0] ' Trp.Ul<pll’,U]

[<-p]

~Lzleny - rTenv veB | o Flenv Irt:bool .
TaTvraz:z I' = v : bool F'r():e I'+ =t : bool

ToUrt:T (2] 'et:T Fn—T<U,t<]
T+ XUt T (z:U)T Fet:U o

P-TvU *type I'+t:bool T'+t1:T T+ity:U

-if
I'+if t then t, else to : T'VU i

et T Trt:I(z:U)T Trig:U' F»—U'gU[ | Do:Urt:U T,wUrt:T THU KU
=T t-APP
T rtyty: T{U )z} Trlet 2V =t in t': T{U')z}

[t-let]

T 7% T7 T 105,70,
"C[ s o] type [t-C) '_C[ v 0] type [t-chan] w [t-end]

T+ aoTo : [Ty, T,] I' ~ chan()™T : [T}, T, ] '+ end : nil

Tro[S,T,U] m-type Trt1:S Trityg:T Triz:U

-send
I+ send(ty,t2,t3) : 0[S, T,U] E ]

I'i[S,T] m-type I'+1t1:S FI—tQ:T[t ] Lrp[T,U] n-type T'rt1:T Trity:U
-recv

T +recv(ty,ts) :i[S,T] I+t |t2:p[T,U] -

Figure 4 Judgements of the )\20 type system (Def. 6). Concurrency-related parts are highlighted.
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as shown on the left. Since z is the smallest type for

=—————— [<-REFL]
Flenv |, I-T()<T <ez] term z, the judgement I' + ¢ : £ can only hold if ¢
Frz:z F-z<T <] N is “something that evaluates to z”7, e.g., t =2 or t =
Pra:T if tt then z else z; similarly, the dependent function

type II(z:bool)z is inhabited by terms like Az.x or Az.(Ay.y)z. Hence, we can roughly
say: if a type T mentions z, then T-typed terms must correspondingly use variable z. This
is key to track channel usage in process types, as we will see shortly.

Channels, processes, and their types By rule [t-chan], a (type-annotated) term chan()?" 7

has type c[T;,T,], provided that the latter is a valid type: this means, by rule [7-c], that T,
must be subtype of T; — e.g., c[int,real] is not a valid type, as it would describe an unsafe
channel that could be used to send real values, but receive them as integers. Rule [t-C] is
similar, but for channel instances. By rule [t-end], the terminated process end has type nil.
By [t-send], send(t1,ts,t3) has type o[S,T,U], which is only well-formed under the
constraints of rule [r-o]. Hence, t; must be a channel type that allows to send values of type
T, and correspondingly, o (the term being sent) must have type T'; further, t3 must have
type U =TI()U’ (for some 7m-type U’), hence is a process thunk that runs by applying ¢3 ().
By [t-recv], recv(t1,t2) has type i[5, T], which is well-formed under rule [-i]. Hence, the
sub-term t; must have a channel type with input U, while ¢35 must be an abstract process of
type T=II(z:U")T’, with T" m-type. Crucially, by rule (=i, we have T'+U <U’: hence, it is
safe to receive a value v from ¢;, and apply t2v to get a continuation process that uses v.
Finally, rule [¢-]] types t1 | t2, by ensuring that both sub-terms ¢; and ¢y are 7-typed.
We now show some examples, and then discuss the remaining part of Fig. 4 (subtyping).

» Example 7. Take Ex. 2. We have the following type assignments:
sender : Ty,q = II(y:c®[str]) o[y,str,II()nil]
recetver : Tye, = I(z:c'[str])i[z, II(z":str)nil]
fwd : Tppq = (i [str]) T(o:c®[str]) pt.i[4, TI(2"str)ol o, 2/, TI()t]]

T (y"c [str]) (2 [str]) P[P[(Tona ¥'), (Tjwa y' 2) ], (Tren 2)]
Therefore, by expanding the type instantiations in T, above, we get:

p[o[yf', str, H()nil] , ,ut.i[l’, I(a:str)o[ 2, z, H()t]]],
i[2, TI(z":str)nil]

where we can observe how ¢ and 2’ are used, and how z is received from ', and sent on 2’.

SYs - Tsys

Toys = H(z:ci[str])ﬂ(i:co[str])p

» Example 8 (Mobile code). We now reprise the example of §1, and its type T),:

T, = I (iy:c'[int]) H(d:c’[int]) IT( 0:c°[int]) ,ut.i[iﬁ, H(&:int)i[g7 H(y:int)o[g (zvy), H()t] ] ]

Like f in Fig. 1, the terms below implement T},,: m; always sends z received from ¢;, then

recursively calls itself by swapping ¢; and 4p; mg sends the maximum value between z and y.

let m; = \j; .)\ig.)\o.(recv(il7 Az.recv(iz, A\__.send(o,z,\_.my iz iy 0))))

let mg = /\il.)\ig.)\o.(recv(ih)\x.recv(ig7)\y.send(0, (if 2>y then z else y),\_.my 4 72 0))) )
The following term represents a server that uses channels ¢m and out. It creates two

internal channels z; and 2z, uses channel c¢m to receive and abstract process p, and runs it,
in parallel with two producer processes (definitions omitted) that send values on z and z:
let srv = Acem.dout.

let z; = chan() in let 2 = chan() in recv(cm,Ap. ( p2z 2z out | prod, z | prody 2 ) )
The system works correctly if the received code p is f, m; or ms above — or any other
instance of T,,. To ensure that srv receives a suitable process on c¢m, we check its type:

@+ srv: Ty, = I(emci[T),]) I out:c°[int]) proc
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and this ensures that, e.g., the parallel composition send(z,t,\__.end)|srv z out is typable
in I only if T'+ z:c°[T,,] holds, which implies that T'+¢: 7T}, holds. We can be more
detailed. If Uy /U, are the types of prod,/prodsy, the recv(...,...) sub-term of srv has type:

T.., = i[em, I(p:To)p[ [ Tm 2 2 0ut , Uy 21], Uz 22 ] |
i.e., the server uses cm to receive a T,,-typed abstract process p, and then behaves as T},
(applied to z, 2, out) composed in parallel with U; /U, (applied to z1/2).

» Example 9 (Channel passing). Below, T}, describes an abstract process that uses channel
x to receive a channel y, then either replies on y (sending a string), or forwards y through z:
T, = M(z:c'[c[str]]) M(z:c[c®[str]]) i[z, TI(y:c°[str]) o[y, str,TI()nil] v oz, y, TI()nil] |
Two processes of type T, are t; = Az.Az.recv(z, \y.send(z, y, A _.end)) (always forwards)
and t3 = Az.A__.send(y, "Hi", A__.end) (always replies). Their types can be more precise:

t1 2 Ty = I(zc[cO[str]]) M(z:c®[c°[str]]) i[z, TI(y:c®[str]) o[z, y, T(nil] | < T,
ty + Tpo = H(z:c'[c®[str]]) TT(z:c°[c[str]]) i[g, I (y:c®[str]) o[g, str,H()nil]] < T,
If a term ¢;2 interconnects instances of ¢; and ¢y, this is reflected in its type T}12:

z:c©[c[str]], zc®[cO[str]] - tia: Tp1a where tio=tiz2|tazz Tpo=p[Tpzz,Tpzz]

Subtyping, subsumption, and private channels The subtyping rules in Fig. 4 are standard
(based on those of F.. [5, 16]) except for the highlighted ones. Rule [<-c] says that subtyping
for channel types is covariant on input capabilities, and contravariant on output capabilities,
as expected [22]: intuitively, channels with smaller types can be used more liberally. Rule [<-
proc] says that proc is the top type for m-types. Rules [<-0]/[<-i]/[<-p] say that the types
describing input/output/parallel processes are covariant in all their parameters.

As usual, supertyping and subsumption (rule t-<]) enlarge the type of a term, providing
flexibility according to the Liskov & Wing’s substitution principle [19] (a smaller object can
be used when a larger one is required). But in our framework, supertyping also allows to
drop information when typing private channel, as illustrated in Ex. 10.

» Example 10 (Subtyping, private channels, and precision loss). Consider the terms and types:

t; = send(z,42,\_.end) | recv(z,\_.end)

ty = (let z =chan() in send(z,42,)\7.end)) | recv(z,A_.end)
T = p[o[g7 int, II()nil], i[g,H(y:int)nil]]

T, = p[o[cio[int], int, H()nil] , i[@, H(g:int)nil]]

Letting T'=2:c°[int], we have I' = 2 < ¢°[int] and T' + T} < T,. For term ¢;, we have
both I'+¢; : Ty and T' + 1 : T (by [t-<]). In the first judgement, T} precisely captures that x
is used to send/receive an integer; instead, in the second judgement, T5 is less accurate: it
says that some term with type c'°[int] is used to send, while  is used to receive.

We also have I' + t5 : T5; and notably, since z is bound in the “let...” sub-processes, it
cannot appear in the type: i.e., we cannot write a more detailed type for ¢5. This is because:

I' - c°[int] < c°[int]
', z2c®[int] - chan() : ¢°[int] T, z:c'[int] - send(z,42,\_.end) : o[ z, int, II()nil]
'+ let z = chan() in send(z,42,\__.end) : o[z, int, H()nil]{ci”[inﬂ/g}

Hence, rule [t-let] ensures that, if z occurs in the type of send(...), then it is replaced by a

[t-let]

(super-)type that is suitable for both 2 and chan() — in this case, ¢'°[int].

Ex. 10 shows that the type system cannot precisely track how a term uses its internal
channels. This information loss is key to type Turing-powerful /\zD terms with a non-Turing-
complete type language, and will lead to the decidable results presented in §4.

Def. 6 is sufficient to prove that well-typed terms never go wrong.
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» Theorem 11 (Type safety). If T'+t:T, thent is safe (Def. 3).

Theorem 11 follows by the inductive property: I'=¢:T and ¢ —t¢' implies 3t : T +¢: T —
i.e., typed terms only reduce to typed terms, that cannot contain (untypable) err subterms.
This is expected, as we combine System F..-style typing rules, and typed I/O channels. In
§4, we study how T and T” are related, and how their relation constraints ¢’s behaviour.

4 Type-Based Analysis and Behavioural Properties

We now show how behavioural properties of types reflect on typed processes. Ex. 10 reveals
that the most precise types require open terms in their typing environment — but Def. 3
works on closed terms. So, by observing how 77 in Ex. 10 uses z, we can sense that ¢; should
communicate via £ — but by Def. 3, ¢; is stuck. We can trigger communication by replacing
z in t; with a channel instance, e.g., with ¢] = let z = chan() in ¢; — but the type of ]
cannot mention the bound z, hence does not precisely convey which channel(s) t] uses.
With this insight, we develop a type-based analysis in four steps: (1) we define a labelled
transition semantics for typed /\QD terms with free variables (Def. 12); (2) we define a labelled
semantics for types (Def. 13); (3) we formalise subject transition and type fidelity (Thm. 14,
15); (4) we use them to show how temporal logic judgements on types transfer to processes.

» Definition 12 (Labelled semantics of open typed terms). When I' ¢ : T' (for some T'), the
judgements '+t =t and T ~¢—=*t' are inductively defined as:

- T[-z 7 [if 4
£t by base rule [SR-—] 'z il tt '+ if z then ¢ else ¢’ [ifz) t
TR, ' r[-z] r[if z]
Fet—1t Tz ff '+ if z then t else ' —— t/
w,w’,w” e XuV ) w,w i w” eXuV Trw:c[T;,T,] Trw:T;
— [SR-send| — [SR-recv]
'+ send(w,w’,w") o). w” () '+ recv(w,w") ) w” w'
w(w') w(w’) ). .
Tt t 1’[‘ ,; il I F'rzw:T we X[U\g Tro{w/y}:T SR-20)]
T ] e 2 e e ow 200 )
«@
=5 [SRAQ)] It —t" fv(a)nbv(€)=2 s
L'+ (\y.t) s —= t{z/y} I+ E[t] = &[]
Pt 2t Trt 54" ae{r[-z],7[if 2], 7[20)], 7[AO], 710 | £€X, 1 #[R-Connn}
Trtlrt Drtlrt”

Unlike Def. 3, Def. 12 lets an open term like -z reduce, by non-deterministically instantiating
z to tt or ff; the assumption I' - -z : T ensures that z is a boolean. Rule [SR--] inherits
“concrete” reductions from Def. 3: if ¢t — ¢’ is induced by base rule [r], the transition label
is 7[r]. Rules [SR-send]/[SR-recv] send/receive a value/variable w’ using a (channel-typed)
value/variable w. Note that in [SR-recv], w' is any value/variable of type T;, which is the
input type of z (in m-calculus jargon, it is an early semantics). Rule [SR-Comu] lets processes
exchange a payload w’ via a channel/variable w, recording w in the transition label. Rule [sk-
z()] “applies” z by instantiating it with any suitably-typed v (i.e., v must be a function),
and recording z in the transition label. Rule [SrR-A()] applies a function to a variable y, with
the expected substitution. Rule [sr-£] propagates transitions through contexts, unless labels
refer to bound variables. Finally, I' - t —* ' holds when t reaches ¢’ via a finite sequence of

internal moves ezcluding interaction: labels w(w"), w(w'), T[w], and 7[R-Comy] are forbidden.

Using Def. 12 on ¢; from Ex. 10, we obtain T'+ ¢; %) end |end, as desired.

We now introduce a labelled transition semantics for types (Def. 13 below). We want
type transitions to abstract the possible interactions of typed processes: therefore, a type
like p[o[z,...],i[z,...]] should reduce with a communication on z. This intuition applies,

23:9
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e.g., to T in Ex. 10, and mimics the term reduction I" + t; ﬂ, end | end. But consider T

in Ex. 10: since it also types t; in I', it should also mimic ¢;’s reduction — hence, a type
like p[o[c[int],...],i[z,...]] should reduce, too. In general, we want p[o[S,...],i[T’,...]]
to reduce whenever S and T “might interact”, in the sense that they could type a same
channel /variable: we formalise this idea as the judgement T'+ S <t T in Def. 13 below.

» Definition 13 (Type semantics). Let Snr7T and SurT be the greatest subtype / least
supertype of S and 7" in I". The judgement I'+S><T (“S and T might interact”) is:
F'z<T T'z<S Prc[SinrT;, Sour T, ] type
Trooa? 7 Trssas ™™ TTd[S, 8] 0 o[ 1,1
The type congruence = is the smallest relation such that:
TvU=UvT p[T,U]l=p[U,T] p[S,p[T,U]]=p[p[S,T],U] p[T,nil]=T
A type reduction context £ is inductively defined as follows:
£ :=[]]o[&T,U]|o[S,E,U] | o[S,T,E] |il€,T] | i[S.€] | p[E.T]
The judgements I'+T 5T’ and '+ T —— vl

[><1-c]

*T" are inductively defined as:

77 T=T T+T%U U=U
rervo 257 et 2 ety T[T S [T N7
TeT'<T T-=Tor T'eX _
S(T) el S(T") el
I'eols,7,10U] 22 ¢ T[S, (2] 252 ur')s)
rev 22 g reor 2D g res a8 o
1 p[v, 0] 225 o u
rev 2y reur 2 g s ba s TRT<T TX o
F [ p[U U’/] M r)[U/7 U’//]
A A I A I Ay
e e p L7 2

By Def. 13, T'+ S < S” holds when S and S” are channel types (or channel-typed
variables) that might type a same term in T, via rule [t-<]. When either S or S’ is a variable z
(rules [>«-2z1)/[><-2R]), we just check whether the other is a supertype. Otherwise, rule [p<-c]
checks whether S and S’ have a common valid channel subtype, whose input capabilities are
smaller than both, and output capabilities larger than both (cf. rule [<-c}, Fig. 4); if such a
type exists, then communication might occur, via rules [R-Comu]/[SR-Comm]. E.g., S=c[int,int]
and S’ =c[real,real] cannot interact: letting U; =intmrreal=int and U, =inturreal =real, we get
' U, <U;, hence Tt c[U;, U, ] type (cf. rule [7-¢], Fig. 4), and conclude T't£.S <1 .S’. Instead,
S=c[T,int] and S"=c[real, L] might interact: letting U;=Tnrreal=real and U,=intUr L =int,
we get I'+U, <Uj;, hence T'+c[U;, U, ] type, and conclude T'FS <1 5"

The judgement T' T T says that T'v U can reduce to either 7" or U; recursive types
reduce by unfolding; type contexts £ allow, e.g., S=put.S’ to unfold inside p[S, U], exposing
the prefix needed by other rules; reductions are up-to congruence =, that can swap v branches,
and reorganise p[...,...] as a commutative monoid, with unit nil. Rule [T-o] reduces an
output type, recording the used channel type S and the payload T in the transition label.
Rule [7-i] works similarly for input types, and records the received payload type T"; but
since T is not syntactically part of the type, the rule uses I' to “guess” it, by accepting:

(a) T' =T, where T is taken from the continuation type II(z:T)U; or
(b) T = z, for any zeX. In this case, clause I'+T" < T requires type z to be compatible with
the argument type of the continuation; moreover, it implicitly ensures that zedom(T).
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When the rule fires, 7’ is substituted in the continuation type; hence, case (a) gives a
(safe) approximation for the continuation, while case (b) faithfully propagates z through
the dependent function type II(2:T)U. Crucially, (a) and (b) imply that rule [7-i] is
finite-branching (unlike rule [SR-recv] in Def. 12). There are two communication rules:

: 4 §<£> 4 44 ( ) /N 4
[T—ioz] fires when, in p[U,U’], we have T+U —— U’ and T'+U" —=> U"" and S, S
might interact. In this case, the type reduces to p[U’,U"’"]. Note that, by [T—i], the
payload z sent by U is substituted in U"’, hence it can appear in its future transitions.
The rule produces a transition label 7[S,S’] that records which channel types were used;
[T—io] is similar, but fires if the output payload T is not a type variable. Note that clause

'S <1 5" ensures that U” has a S'(T")-transition with I'=7'< 7", and the rule fires it.

T[z.z T[c'[int],z]
_—

E.g., by rule [T—ioq], in Ex. 10 we have I' - T} ES N p[nil, nil{int/y}] and T+ T3
p[nil, nil{int/y}] — and the transition of T} shows that precisely channel z is used. Note

that if a type p[o[S,...],i[.9’,...]] reduces via label 7[.S,S5], then it enables either [T—ioz]

or [T—io], but not both rules. Finally, ' -T —— i T’ holds when T reaches T” through a

finite sequence of internal transitions 7[v] and 7[u], thus ezcluding interaction.

Subject transition and type fidelity Using the labelled semantics presented of Def. 12, we
can prove a subject transition result that yields Thm. 11 as a corollary.

» Theorem 14 (Subject transition). Assume T'+t:T. If '+ T type, then Tt = t' implies
T'+~t':T. Otherwise, when I' = T m-type, we have:

1. D+t =t with ae{r[~z], 7[if z], 7[2()], 7[NO], 7x] | z€X, 1% [R-Conn} implies D—t':T';
2. T+t =t with a € {Z(w), z(w), 7[z], T[R-Comu] | zeX, weVUX} implies either:

a. I'+¢:T and proceT; B
Tlvu] . S(U)

b. a=%(w) and IS, U, T": T+z:S,w:U,t":T" and T+T — T';
c. a=o(w) and 3S,U,T': Trz:8,w:U,¢":T" and T+ T 9 2O, 7.
d. a=r[c] and 35,5, T :Tra:S,z: 5T and T+ T % 185 v,
e. a=7RCon and 35,81 : {S,5)V¢X, T+t :T' and T+ T 224 TS

Assume I' - ¢ : T, with ¢ reducing to ¢'. Thm 14 says that when the reduction is caused
by the functional fragment of /\gD (hypothesis T' + T type, or case 1), then ¢’ has the same
type T. Instead, if the reduction is caused by input, output or interaction events (which
means that ¢ is a process term, and I' + T w-type), then we can observe a corresponding
labelled transition in the type, possibly after some 7[Vv]/7[p] moves (cases 2b—2e); the only
exception is case 2a: if ¢’ keeps the same type T', it means that T syntactically contains proc,
which types a reducing sub-term of ¢ both before and after its reduction (via rule [+-<]).

We can also prove the opposite direction of Thm. 14: if type T interacts, then a typed
term t interacts accordingly. This intuition holds under two conditions, leading to Thm. 15:
1. we only use productive )\QD terms, i.e., all functions must be total (always return a value or

process when applied). This means that, e.g., if ' + ¢ : o[z, int, T"], then ¢ will output on x;

cases like ¢ = if w then send(z,42,t") else send(z,43,t") (where w = (A\y.yy) (Az.22))

are excluded. Productivity is obtained with many methods from literature (e.g., [11, 26]);
2. the input/output/interaction transitions of 7" must operate on type variables: this allows

to precisely relate them to occurrences of (open) variables in ¢.

» Theorem 15 (Type fidelity). Within a productive fragment of)\ ,assume I'+=t:T. Then:

(U T
1.F|—T£>T’ implies 3w,t': Trw:U,t":T" and T+t = <>t’
z(w)

2. '+ TLT' implies Yw: if D-w:U, then 3" : Tt :T" and T+t =% —= ¢';

23:11
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3. FD—T%T' implies It': Tt : T and Fl—tlr*ﬂt';
4. T }—Tﬂ implies either: a. 3T : I‘I—TﬂT' and T+t:T'; or,b. W' : Drt=t
with ae {r[-z], 7[if ], 7[2()], 7[A()], 7x] | X, [R]#[R-Comv]} and T +¢t':T;

5. T+T 57 implies T—t:T'.

Ttems 1-3 of Thm. 15 say that if T can input/output/interact, then ¢ can do the same,
possibly after a sequence of T-steps (without communication, cf. Def. 12); the 7-sequence
is finite, since ¢ is productive by hypothesis. By item 4, if T can make a choice (Vv), then ¢
could have already chosen one option (case 4a), or could choose later (case 4b); productivity
implies that t will choose, after a finite number 7-steps. Item 5 unfolds recursive types.

From type verification to process verification We now show that, by exploiting the
correspondence between process and type reductions of Thm. 14 and 15, we can transfer
(decidable) verification results from types to processes. To this purpose, we analyse the
labelled transition systems (LTSs) of both types and processes using the linear-time p-calculus
[10, §3] — chosen because it leads to Lemma 17 without relevant restrictions on our types.

» Definition 16 (Linear-time u-calculus). Given a set of actions Act ranged over by «, the
linear-time p-calculus formulas are defined as follows (where A is a subset of Act):

Basic formulas: TlL|divee | d1=02 | nZ.¢ Derived
¢ =2|-¢|d1ndy]| ()o|vZ.¢ (M) | (-A)o | ¢1 U | O¢ | 0o [ formulas

In Def. 16, a formula ¢ describes accepted sequences of actions; ¢ can be a variable Z,
negation, conjunction, prefixing (a)¢ (“accept a sequence if it starts with «, and then ¢
holds”), or greatest fixed point vZ.¢. Basic formulas are enough [27, 3] to derive true/false
(i.e., accept any/no sequence of actions), disjunction, implication, least fixed points pZ.o;
(A)¢ accepts sequences that start with any ae A, then satisfy ¢; (=A)¢ is dual, as it requires
aeActNA. We also derive usual temporal formulas ¢1 U ¢o (“¢1 holds, until ¢ eventually
holds”), ¢ (“¢ is always true”), and O¢ (“¢ is eventually true”). Given a process p with
LTS semantics and labels Act, a run of p is a finite or infinite sequence of labels fired along
a complete execution of p; we write pk ¢ when ¢ accepts all runs of p. (Details: §B)

Now, we would like to check whether a term ¢t (with the LTS of Def. 12) satisfies a
property ¢, that could be, e.g., a safety property [1(-¢") (“¢’ is never true while ¢ runs”)
or a liveness property O¢' (“t will eventually satisfy ¢’”); however, the judgement t £ ¢ is
generally undecidable, since ¢ has least/greatest fixpoints, and )\QD is Turing-complete (even
in its productive fragment, due to recursion and channel creation [4]). Luckily, we can decide
¢ on a guarded type T, as shown in Lemma 17 below. To this purpose, we instantiate Act
in Def. 16 as Ap(T'), which is the set of labels fired along T’s transitions in I, by Def. 13;
notably, Ar(T) is finite and can be determined syntactically. (Details: §B.2)

» Lemma 17. Given I', we say that T is guarded iff, for all w-type subterms pt.U of T, t
can occur in U only as subterm of i[...] or o[...]; then, if T is guarded, T = ¢ is decidable.

Lemma 17 holds because guarded m-types are encodable in Petri nets (similarly to [12, §4.1]),
for which linear-time p-calculus is decidable [10]. Notably, Lemma 17 covers infinite-state
types (with p[...,...] under put....), that type )\QD terms with unbounded parallel components.
We now show that, when I' ¢ : T, we can decide a linear-time p-calculus formula ¢ on
T, and ensure that a related formula holds for ¢t. This requires to take into account the loss
of precision of type semantics w.r.t. process semantics, with the following intuitions:
(i1) if we do not want ¢t to ever perform some action on channel z, we must check that T’
never performs a potential use of type variable z;
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(i2) if we want t to eventually perform some action on channel z, we need t productive, and

we check that T" eventually uses £ — without performing some “imprecise” actions before.
We formalise such intuitions in three cases, in Thm. 19; but first, we need the tools of Def. 18.

» Definition 18. The input / output uses of z by T in T, written U}, 1(z) / UR 1 (z), are:
Ubp(2) ={S'(U) e Ar(T) | Trz< S8} URyp(z)={S(U) eAr(T) | T2z <5}
Given a set of type (resp. term) variables Y, the Y-limited transitions of T (resp. t) in T are:
F-T35T ae{z(-),z(-) | zeY} P-t=t ae{z(-),7(-) | zeY}
TirY S T'1p Y tirY & #1pY

» Theorem 19. Within productive )\QD, assume I' +t: T, with T+ T w-type, proc¢ T. For

p-calculus judgements on T, let Act=Ap(T), and A, ={7[S, S ]eAr(T)|{S, 5"} ¢dom(T")}.

1. (Non-usage) The judgement t1r {zi},oq ,, F O(=(Vier. , {Ti{w) | we VUX})T)) holds
Zf TTF {ﬁ}zeln = D(—‘(\/iel..n (U?‘,T(&))T))

2. (Eventual usage) The judgement t 11 {z;},oq , & O(Vier n {Ti{w) | we VUX})T) holds
Zf TTF {&}zeln = (_AT)T U <\/i€l.4n ({@<U> | @<U> € U?‘T(&)})T)

3. (Forwarding) ¢t 1r {z,y,z} £ O((2(2))T = ((-{z(w) | weVUX})T U (7(2))T)) holds if
Trr{z,y,2} £ O(({S(2) | S(2) €Uk 1(2) )T = ((—(A-0Uf 1(2)))T U (5(2))T))

Ttem 1 of Thm. 19 can be seen as a case of intuition (il) above: if T never fires a label
(E)(~...)) that is a potential output use of x; (i€l..n), then ¢ never uses z; for output. The
“potential output use”, by Def. 18, is any label S’(U’) fired by T where S’ is a supertype
of z: this accounts for “imprecise typing”, discussed in Ex. 10. Note that item 1 limits the
observed inputs/outputs of T'/t to z;, using 1r {z;}
ignored, and can only reduce by synchronising. Item 2 of Thm. 19 is a case of intuition (i2):

(Def. 18): other (open) channels are

i€l..n

to ensure that ¢ eventually outputs on ; (i€l..n), we check that T eventually fires a label

z(U); moreover, we check T' does not fire any label in A, until (U) the output Z(U) occurs.

The set A, contains all “imprecise” synchronisation labels 7[5, S’] where either S or S’
is not a type variable: we exclude such labels because, if T fires one, then we cannot use
Thm. 15(3) to ensure that ¢ reduces accordingly; i.e., if we do not exclude A, then ¢ might
deadlock and never perform Z;(w). Finally, item 3 combines the intuitions of both previous
cases: we want to ensure that whenever ¢ receives z on channel z, then it eventually forwards
z through channel y, without doing other inputs on z before; to this purpose, we check that
whenever T inputs z on a channel S (representing a potential use of z), then T eventually
fires y(z) — without doing potential inputs on z, nor firing any label in A, before.

» Example 20. We can use Thm. 19 to verify that a typed /\gD function implements a
desired behaviour. Take Ty, (Ex. 7): letting I'=d:c'[str], 0:c°[str], z:str, we apply Thm. 19(3)
to: (1) verify that the “body” of Tyq, T'=pt.i[i, II(2":str)o[ o, 2/, II()t]], forwards z through
0, when received on f; and (2) conclude that all functions of type Tj,q yield a T-typed
process with the desired forwarding behaviour; one such functions is fwd in Ex. 2. Also, with
small variations of the formulas of Thm. 19(3), we can decide that all T,,-typed functions
(§1, Ex. 8) yield processes that eventually forward “with a choice”; hence, all typed mobile
code received via channel ¢m has this property. Similarly, in Ex. 9 we can prove that any

Tp12-typed term (including ¢12) eventually outputs on a channel 2/, after 2’ is received via z.

» Example 21 (Channel aliasing). The verification approach above assumes that distinct
channel-typed variables represent distinct channel instances. F.g., assume ' + ¢t : T with
t=send(z,42,t1) | recv(y,t2) and T:p[o[g, int,Tﬂ,i[g, Tg]]: Def. 12 and 13 do not let ¢
and T reduce by synchronising, since z+#y; hence, the p-calculus analysis of t and T does
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not “see” any communication. However, in the well-typed term ¢’ = (let y = z in t), term
t does communicate, because y becomes an alias of z. Still, we can correctly analyse t',
because t and ¢’ have different types: the latter has type T'=p[o[z,int, T"],i[z,T"]]. This is
because rule [t-let] reflects aliasing through the type-level substitution 7" :T{z/g} (also seen
in Ex. 10): hence, we correctly detect the communication in ¢' and 7”. The same type-level
substitution occurs in rule [t-arp], and thus, terms ¢y zz and ¢y vy have different types; and
the same mechanism tracks aliased channels across communications (since send(z,z,...) /
send(z,y, ...) have different types, and z/y are substituted in the receiver’s type).

5 Conclusion and Related Work

We presented a typing discipline for higher-order concurrent programs, allowing to decide
safety/liveness properties of processes by checking the LTS of types. The cornerstones are
behavioural process types leveraging channel types, subtyping, and dependent function types.

Implementation Our theory relies on subtyping and dependent function types, chosen to
closely correspond to (a fragment of) Scala/Dotty, and their foundation System D.. [1]. A
payoff of this choice is that we can implement )\QD as a deeply-embedded domain-specific
language, by reusing the existing Scala syntax and type system, defining new functions for
the concurrency primitives (send, recv, |, end), and new classes for their types (of...], i[...],
pl...], nil) — with the well-formedness and subtyping constraints in Fig. 4. The resulting
programs look like Fig. 1; the types are isomorphic, with type z rendered as x.type — e.g.,
H(Q:T)o[g, z, T'] becomes (x:T) => Outl[y.type, x.type, T’]. Thus, the Scala compiler
can check the syntax and types of programs (§2 and §3), ensuring type safety (Thm. 11).
With this strategy, we implemented a working prototype, available in [24]. A next step is
implementing the type-based analysis in §4: it requires writing a compiler plugin.

Related work [28] introduced value dependencies for session types, based on their lin-
ear logical foundations; their types can state properties of exchanged data values. [31]
extends the theory, combining processes and higher-order functions, through a contex-
tual monad introduced in [29]. All of the above calculi are inherently deterministic and
strongly normalising; instead, typed )\zD processeses can be non-deterministic; e.g., our
type T:p[p[o[g,y, T],o[g, 2, T’]],i[g,H(i’:ciO[int])U]] types parallel processes with two
concurrent outputs on z, and the LTS semantics of T' captures that either y or z could
replace 2’ in the U-typed continuation. [2] studies a non-conservative extension of linear
logic-based session types with sharing, allowing non-determinism. Their work includes
dependent quantification with shared channels, but their type syntax does not include free
type variables, so the actual type dependencies do not arise (see [2, 37:8]).

Multiparty indexed session types are studied in [8], and implemented as a protocol
description language in [21]: indexed types can represent an arbitrary number of session
participants. [30] extends [28] to multiparty sessions, treating value dependency across
participants. None of [8, 30] considers higher-order processes.

[34] studies a dependent type system where the type of processes is a mapping A from
channels = to channel types T. The dependency is specified as II(z:T")A, representing a
channel abstraction of the environment. This notion is extended to an existential channel
dependency type X(x:T)A to address fresh name creation [32, 13]. As discussed in §1,
[34, 32, 13] study channel dependencies from resources in the environment; instead, our
dependent types model process behaviour and channel usage. The behavioural nature of our
types reminds [15], that also uses LTS-based type analysis; but unlike our work, [15] does
not track type-level dependencies on received values, nor addresses higher-order interaction.
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A \TP-Calculus and Type System
The definition below is reprised from [16, §2].

» Definition 22 (Positive/negative position of a type variable). We define the polarised free
variables of T, written fv*(T) and fv (T, as follows:

V(1) = @
V(L) = @
fvt(bool) = @
fvt(e) = @
tvE(c[T,U]) = tv*(T)utv:(U)
fvE(nil) = @

ftv=(i[S,T]) = ftv*(S)uftv¥(T)
ftvE(o[S,T,U]) = tv*(S)utv*(T)ufv*(U)
tvE(p[T,U]) = v (T)utv*(U)
VE(TvU) = tvE(T)utv:(U)
tvE*(I(z=T)U) = T (T)u(tv:(U)~Nz)
vE(uz.T) = tv*(T)\z
fvi(z) = {z}

v (2) %

B Linear-time p-calculus and type/process verification

This appendix contains additional definitions complementing §4.

B.1 Linear-time p-calculus
The definitions and notation below are mainly reprised from [10, §3], and [27, 3].

» Definition 23 (Words over a set). Given a set Y, we define Y* and Y* as the sets of
finite and infinite words over Y, respectively; we also define Y*° = Y* u Y. Given a word
o=ajaaz... € Y®, we define hd(o) = ay, and tl(0) = asas . . .; we denote the empty word
as ¢, and leave hd(¢) and tl(¢) undefined.

» Definition 24 (Semantics). Given a set of actions Act, a valuation V is a partial mapping
from propositional variables to sets of words over Act — i.e., if Z € dom(V), then V(Z) € Act™;
given a set of words W ¢ Act™, let V{W/z} be the valuation such that V{(W/z}(Z) =W and
WV(W/z}(Z") = V(Z') (when Z' # Z). The denotation of a linear-time p-calculus formula ¢
under valuation V, written |¢|,,, is the set of words of Act™ inductively defined as:

Izly, = V()
l~oly = Act™~ oy
[¢1 Al = lorly nldaly
I(a)ol,, = {oeAct™|hd(c)=a and tl(o) €]}

vZ-6ly = U{WeAct™[We o]y, )

Given a labelled transition system T with initial state sg and labels in Act, we say that T

satisfies ¢, written T & ¢, iff every run' of 7 belongs to || .

1 A run of 7 is a (finite or infinite) sequence of transition labels obtained by starting from the initial
state sg, until a state without outgoing transitions is reached.
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» Definition 25 (Extended constructs). Using the basic linear-time p-calculus productions
(left-hand side of Def. 16), we define the following extended formulas (right-hand side of

Def. 16),
Formula Definition Description
T vZ.Z true (denotation is Act™)
1 -T false (denotation is @)
D1V P =(=p1 A =¢p2) ¢1 holds, or ¢5 holds
b1 = Py =1 V ¢g if ¢1 holds, then ¢, holds
nZ.¢ -vZ.-p{-Z[z} least fixed point (denotation is a set of words of finite length)
(A)g Veaen (@)@ after some action « in A, ¢ holds
(-A)o¢ Vae(actaa) () after some action o not in A, ¢ holds
o1 U ¢ uZ.po v (61 A (Act)Z) ¢y holds (for a finite number of actions), until ¢, holds
1020 TU ¢ eventually holds, after a finite number of actions
Oo =0 (=) ¢ always holds

B.2 Actions of a type
The following is the definition of the set of actions Ar(T"), that completes Def. 18.

» Definition 26 (Actions of a m-type). The basic actions of a w-type in T are defined as:

Br(ail) =Br(t) =5 Br(ut.T) = {r[u]} UBr(T)  Br(p[T,U]) = Br(T) UBp(D)
Br(TvU) = {7[V]} UBR(T) UBR(U)  Br(o[S, T,TIOU]) = {(B{T)} uBr (V)
I'~T'<T and }

Br(i[S, (&:T)U]) = {S(T") | T'eY} U {Bp(U{T')s}) | T'eY} where Y = {T’ (/=T ot T7¢X)

The (complete) actions of a w-type in I' are defined as:
Ar(T) = Br(T) u {7[S,S8'] | S(U) eBr(T) and S'(U')eBr(T) and T'+S b1 5"}
Intuitively, Def. 26 computes the possible actions of a m-type T' in two steps:

1. first, it computes the set of basic actions Br(7"), by performing a simple syntactic traversal
of T. Some care is required to compute the actions of an input type Tj, = i[5, I(z:T)U],
that by Def. 13, could take different paths by firing different actions S(7”) for various
payload types T". For this reason,

a. all possible payload types T”, according to the premises of rule [7-i], are collected in
the set Y. Note that Y is always finite: it can contain at most T and all variables in T’

b. then, for each 7" € Y, the action S(T") is added to Br(T;,), together with the basic
actions of the continuation U{7"/z};

2. then, it computes the (complete) set of actions Ar(7") by combining:

a. Br(T), and
b. all possible communication actions 7[5, S’] obtainined by pairing the actions in Br(T),
whenever they involve channel types that might communicate (“T' = .S <1 5”7, Def. 13).

Notably, to compute Ar(7") we need to compare types via subtyping, and thus, we need
the judgement I' - U < U’ to be decidable (hence the remark about rule [<-11] in §3).
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