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D wkhvlv vxeplwwhg iru wkh ghjuhh ri
Grfwru ri Sklorvrsk| ri wkh Xqlyhuvlw| ri Orqgrq

dqg wkh Glsorpd ri Lpshuldo Froohjh1
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Lq wklv wkhvlv/ zh ghyhors d grpdlq wkhruhwlf dqg frpsxwdwlrqdoo| ihdvleoh iudph0
zrun iru h{dfw uhdo dulwkphwlf1 Zh suhvhqw d irupdo dffrxqw ri lqfuhphqwdo gljlw
uhsuhvhqwdwlrqv eruq rxw ri grpdlq wkhru|/ zklfk lqfoxghv wkh uhgxqgdqw elqdu|
uhsuhvhqwdwlrq dqg frqwlqxhg iudfwlrq uhsuhvhqwdwlrq1 Wkh jhqhudol}dwlrq ri erwk
wkhvh ixqgdphqwdo uhsuhvhqwdwlrqv iru wkh uhdo qxpehuv ohdgv wr wkh qrwlrq ri d
jhqhudo qrupdo surgxfw frqvwuxfwhg xvlqj Pùelxv wudqvirupdwlrqv1 Lq wklv wkhvlv/
zh ghyhors wkh zrun ri Yxloohplq/ Qlhovhq dqg Nruqhuxs/ dqg vkrz wkdw lqfuhphq0
wdolw| dqg h!flhqf| fdq eh vlpxowdqhrxvo| dfklhyhg lq h{dfw uhdo dulwkphwlf1 Zh
h{dplqh d vshfldol}dwlrq ri jhqhudo qrupdo surgxfwv fdoohg h{dfw  rdwlqj srlqw
zlwk hohjdqw pdwkhpdwlfdo surshuwlhv rq wkh rqh0srlqw frpsdfwl�fdwlrq ri wkh
uhdo olqh1 Uhdo ixqfwlrqv duh fdswxuhg e| wkh frpsrvlwlrq ri 50glphqvlrqdo Pùelxv
wudqvirupdwlrqv/ ohdglqj wr wkh qrwlrq ri h{suhvvlrq wuhhv1 Ydulrxv uhgxfwlrq uxohv
dqg d od}| irup ri lqirupdwlrq  rz dqdo|vlv lv xvhg wr doorz h{suhvvlrq wuhhv wr
eh frqyhuwhg h!flhqwo| lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Dojrulwkpv
iru wkh edvlf dulwkphwlf rshudwlrqv dqg wkh wudqvfhqghqwdo ixqfwlrqv duh suhvhqwhg
xvlqj wkh uhgxqgdqw li vwdwhphqw iru udqjh uhgxfwlrq dqg ydulrxv h{suhvvlrq wuhhv
ghulyhg iurp wkh wkhru| ri frqwlqxhg iudfwlrqv1 Ilqdoo|/ zh suhvhqw d sudfwlfdo
lpsohphqwdwlrq lq wkh ixqfwlrqdo surjudpplqj odqjxdjh fdoohg Pludqgd dqg h{0
dplqh wkh pdwkhpdwlfdo surshuwlhv ri wzr wkhruhwlfdo odqjxdjhv zlwk dq h{dfw uhdo
qxpehu gdwd w|sh1
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L zrxog olnh wr wkdqn p| sduhqwv zlwkrxw zkrvh vxssruw dqg hqfrxudjhphqw L
zrxog qhyhu kdyh uhwxuqhg wr dfdghpld diwhu vl{ |hduv lq lqgxvwu|1

L pxvw dovr wkdqn p| vxshuylvru Deedv Hgdodw iru klv hqgohvv hqwkxvldvp dqg
dydlodelolw|1 Lq sduwlfxodu/ zh vshqw pdq| krxuv wu|lqj wr frph xs zlwk d vrxqg
wkhruhwlfdo uhsuhvhqwdwlrq iru wkh uhdo qxpehuv xvlqjPùelxv wudqvirupdwlrqv1 Wklv
hduo| zrun fxoplqdwhg lq wkh qrwlrqv ri jhqhudo qrupdo surgxfw dqg h{dfw  rdw0
lqj srlqw/ zklfk iruphg wkh edvlv ri d mrlqw sdshu dffhswhg e| wkh Pdwkhpdwlfdo
Irxqgdwlrqv ri Surjudpplqj Vhpdqwlfv +PISV, ^53`1 Odwhu/ Deedv iruphg d
Uhdo Jurxs dw Lpshuldo Froohjh dqg duudqjhg zhhno| phhwlqjv1 Pdq| lghdv zhuh
iruphg/ wulhg dqg whvwhg lq wkhvh phhwlqjv1 Wkh Uhdo Jurxs lqfoxghg Olqgvd|
Huulqjwrq/ Pduwðq Hvfdugö/ Uhlqkrog Khfnpdqq/ Oxlv Odpe/ Ydohulh Pìqlvvlhu0
Prudlq dqg Sklolss V qghukdxi1 Olqgvd| dqg L glvfxvvhg vrph ri wkh pruh sudfwl0
fdo dvshfwv ri wkh dojrulwkpv1 Pduwðq khoshg ph xqghuvwdqg wkh lpsruwdqw uroh ri
wkhruhwlfdo odqjxdjhv dqg wrjhwkhu zlwk Deedv zh kdg d sdshu dffhswhg e| Orjlf
lq Frpsxwhu Vflhqfh +OLFV, ^96`1 Uhlqkrog h{dplqhg wkh frpsoh{lw| ri pdq| ri
p| dojrulwkpv dqg pdqdjhg wr lpsuryh vrph dqg frph zlwk xs vrph qhz rqhv
^65/ 67/ 66`1 Oxlv khoshg ph e| surri uhdglqj wklv wkhvlv dqg pdnlqj ph dzduh ri
pdq| lqwhuhvwlqj duwlfohv1 Ydohulh dovr surri uhdg wklv wkhvlv1 Vkh dovr lqvwdoohg d
yhuvlrq ri wkh ixqfwlrqdo surjudpplqj odqjxdjh fdoohg FDPO zlwk duelwudu| lq0
whjhu dulwkphwlf1 Wklv doorzhg ph wr surgxfh p| idvwhvw lpsohphqwdwlrq ri h{dfw
uhdo dulwkphwlf lq d ixqfwlrqdo surjudpplqj odqjxdjh1 Sklolss pdgh pdq| frq0
wulexwlrqv wr glvfxvvlrqv hvshfldoo| gxulqj wkh odwwhu gd|v1 Kh dovr khoshg Deedv
surri uhdg wklv wkhvlv1 Sklolss dovr hglwhg d mrlqw sdshu wrjhwkhu zlwk Deedv dqg
p|vhoi dffhswhg e| wkh Lqwhuqdwlrqdo Frqihuhqfh rq Ixqfwlrqdo Surjudpplqj ^54`1

Ilqdoo|/ L zrxog olnh wr wkdqn wkh Hqjlqhhulqj dqg Sk|vlfdo Vflhqfhv Uhvhdufk
Frxqflo iru ixqglqj ph1

Vrph ri wkh dojrulwkpv lq wklv wkhvlv zhuh ghulyhg zlwk wkh khos ri Pdwkhpdwlfd
^:;` dqg whvwhg lq FDPO ^:9` zlwk EljQxp ^68`1

Wklv grfxphqw zdv zulwwhq xvlqj Vflhqwl�f Zrunsodfh/ Pdsoh/ Pdwkhpdwlfd/
Phwd�oh Frpsdqlrq dqg Sdxo Wd|oru*v Frppxwdwlyh Gldjudpv sdfndjh1
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4 Lqwurgxfwlrq 44

5 Qrwdwlrq dqg Edfnjurxqg 48
514 Vhwv dqg Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48
515 Vhtxhqfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
516 Vhpljurxsv/ Prqrlgv dqg Jurxsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
517 Wrsrorjlfdo Vsdfhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:
518 Wuhhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
519 Dxwrpdwd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
51: Fdwhjru| Wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
51; Grpdlq Wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<
51< Uhfxuvlrq Wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

51<14 Sduwldo Uhfxuvlyh Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
51<15 Sduwldo Uhfxuvlyh Ixqfwlrqdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59

6 Wkh Uhdo Zruog 5<
614 Wkh Uhdo Olqh dqg wkh Frpsoh{ Sodqh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<
615 Frpsoh{ Ixqfwlrqv dqg Srzhu Vhulhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

7 Dssur{lpdwh Gljlwdo Uhsuhvhqwdwlrqv 6:
714 Wkh Il{hg Srlqw Uhsuhvhqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:
715 Wkh Iordwlqj Srlqw Uhsuhvhqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

8 H{dfw Gljlwdo Uhsuhvhqwdwlrqv 76
814 Grpdlq ri Uhdo Lqwhuydov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77
815 Irupdo Gljlwdo Uhsuhvhqwdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;
816 Ghflpdo H{sdqvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<
817 Lqfuhphqwdo Gljlw Uhsuhvhqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83
818 Wkh Dxwrpdwrq Frqqhfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85
819 Olqhdu H{sdqvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
81: Frqwlqxhg Iudfwlrq H{sdqvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

:
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9 Udwlrqdo Ixqfwlrq Dssur{lpdwlrqv 98
914 Sdgì Dssur{lpdqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98
915 Htxlydohqfh Wudqvirupdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:
916 Vwlhowmhv W|sh Frqwlqxhg Iudfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:
917 Mdfrel W|sh Frqwlqxhg Iudfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;
918 Hxohu w|sh Frqwlqxhg Iudfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;
919 Wkh K|shujhrphwulf Ixqfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<

91914 Wkh Ruglqdu| K|shujhrphwulf Ixqfwlrq 1 1 1 1 1 1 1 1 1 1 1 9<
91915 Wkh Nxpphu Frq xhqw K|shujhrphwulf Ixqfwlrq 1 1 1 1 1 1 :5
91916 Wkh 304 Frq xhqw K|shujhrphwulf Ixqfwlrq 1 1 1 1 1 1 1 1 1 :7
91917 Wkh 503 Frq xhqw K|shujhrphwulf Ixqfwlrq 1 1 1 1 1 1 1 1 1 :8

: H�hfwlyh Gljlwdo Uhsuhvhqwdwlrqv ::
:14 Uhfxuvlyh Ixqfwlrqv dqg Ixqfwlrqdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::
:15 Uhgxqgdqw Srvlwlrqdo Uhsuhvhqwdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :<
:16 Uhgxqgdqw Frqwlqxhg Iudfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8
:17 Lqfuhphqwdo Iordwlqj Srlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;;
:18 Uhgxqgdqw Li Rshudwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7

; Olqhdu Iudfwlrqdo Wudqvirupdwlrqv <:
;14 Yhfwruv/ Pdwulfhv dqg Whqvruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:
;15 Yhfwruv dqg H{whqghg Udwlrqdo Qxpehuv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 435
;16 Pdwulfhv dqg Pùelxv Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436
;17 Wkh Wkhru| ri Pùelxv Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

;1714 Vshfldo Edvh Lqwhuydo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438
;1715 Fodvvl�fdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439
;1716 Hoolswlf Pdsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<
;1717 K|shuerolf Pdsv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 445

;18 Whqvruv dqg Pùelxv Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 445
;19 Lqirupdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447
;1: Txdgudwlf Iudfwlrqdo Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 454

< Jhqhudo Qrupdo Surgxfwv 456
<14 Xqeldvhg H{dfw Iordwlqj Srlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:
<15 Eldvhg H{dfw Iordwlqj Srlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 464

43 H{suhvvlrq Wuhhv 468
4314 Edvlf Dulwkphwlf Rshudwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46:

431414 Pdwul{ Dssolfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46:
431415 Uhflsurfdo dqg Qhjdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46:
431416 Whqvru Dssolfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46:
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431417 Dgglwlrq/ Vxewudfwlrq/ Pxowlsolfdwlrq dqg Glylvlrq 1 1 1 1 1 46;
4315 Hohphqwdu| Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;

431514 Vtxduh Urrw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 473
431515 Orjdulwkp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 476
431516 H{srqhqwldo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 478
431517 Sl 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479
431518 Wdqjhqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47;
431519 Lqyhuvh Wdqjhqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 483
43151: Srzhu Ixqfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 485

4316 Plvfhoodqhrxv ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 485
431614 Uhdo Prgxoxv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 485
431615 Frpsoh{ Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 486

44 Qrupdol}dwlrq Dojrulwkpv 48:
4414 Lqirupdwlrq Hplvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48:
4415 Lqirupdwlrq Devruswlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48;
4416 Lqirupdwlrq Iorz Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48<
4417 Gljlw H{fkdqjh Srolf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 496
4418 Whqvru Devruswlrq Vwudwhj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49<

441814 D Idlu Vwudwhj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:3
441815 Wkh Lqirupdwlrq Ryhuods Vwudwhj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:4
441816 Wkh Rxwfrph Plqlpl}dwlrq Vwudwhj| 1 1 1 1 1 1 1 1 1 1 1 1 1 4:6

4419 Vwudljkwiruzdug Uhgxfwlrq Uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:7
441: Pdwul{ Od}| Iorz Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:8
441; Whqvru Od}| Iorz Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4::
441< H!flhqw Olqhdu Iudfwlrqdo Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:;
44143H!flhqw Uhgxfwlrq Uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:;
44144Ghvwuxfwlyh Gdwd W|shv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:<
44145Vfdolqj Lqyduldqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:<

45 Lpsohphqwdwlrq 4;4
4514 W|sh Gh�qlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;4

451414 Olqhdu Iudfwlrqdo Wudqvirupdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;4
451415 H{suhvvlrq Wuhh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;4
451416 Sduwldo H{dfw Iordwlqj Srlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;5

4515 Whup Gh�qlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;5
451514 Edvlf Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;5
451515 Elqdu| Vfdolqj Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6
451516 H{dfw Iordwlqj Srlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;6
451517 Edvlf Dulwkphwlf Rshudwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;7
451518 Olqhdu Iudfwlrqdo Wudqvirupdwlrq Surgxfwv 1 1 1 1 1 1 1 1 1 1 4;7
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451519 W|sh Fdvw Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;8
45151: Wkh Uh�qhphqw Surshuw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;9
45151; Edvlf H{suhvvlrq Wuhh Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;:
45151< Vtxduh Eudfnhw Dssolfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;;
4515143Whqvru Devruswlrq Vwudwhj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;;
4515144Qrupdol}dwlrq Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<3
4515145Ghflpdo Rxwsxw Ixqfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<4
4515146Hohphqwdu| ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<5

46 Wkhruhwlfdo Odqjxdjhv 4<8
4614 SFI 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<8

461414 W|slqj Uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<9
461415 Rshudwlrqdo Vhpdqwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<:
461416 Ghqrwdwlrqdo Vhpdqwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<;
461417 Frpsxwdwlrqdo Dghtxdf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<<

4615 Odqjxdjh iru Srvlwlyh Uhdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<<
461514 W|slqj Uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 533
461515 Rshudwlrqdo Vhpdqwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 534
461516 Ghqrwdwlrqdo Vhpdqwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 536
461517 Frpsxwdwlrqdo Dghtxdf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 536

4616 Odqjxdjh iru Doo Uhdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53:
461614 W|slqj Uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53;
461615 Rshudwlrqdo Vhpdqwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53<
461616 Ghqrwdwlrqdo Vhpdqwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 546
461617 Frpsxwdwlrqdo Dghtxdf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 549
461618 Zrunhg H{dpsohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 555
461619 Uhgxqgdqw Li Rshudwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 559

47 Frqfoxvlrq 55<

D Frpsxwdwlrqdo Dghtxdf| Surriv 564

E Olvw ri Qrwdwlrq 596
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Uhdo qxpehuv duh xvxdoo| uhsuhvhqwhg e| �qlwh vwulqjv ri ghflpdo gljlwv
ifc �c2c �c ec Dc Sc .c Hc bj dqg d ghflpdo srlqw i�j1 Wklv lv fdoohg wkh ghflpdo uhs0
uhvhqwdwlrq1 Lq d frpsxwhu/ lw lv pruh xvxdo wr frqvlghu �qlwh vwulqjv ri elqdu|
gljlwv ifc �j1 Lq erwk fdvhv/ wkh uhsuhvhqwdwlrq vshfl�hv d ixqfwlrq wkdw pdsv �0
qlwh vwulqjv wr uhdo qxpehuv1 Krzhyhu/ �qlwh vwulqjv ri gljlwv fdq rqo| uhsuhvhqw
d olplwhg vxevhw ri wkh uhdo qxpehuv h{dfwo|1 Wklv phdqv wkdw prvw uhdo qxpehuv
duh uhsuhvhqwhg e| qhdue| uhdo qxpehuv ru hqforvlqj uhdo lqwhuydov zlwk glvwlqfw
hqg srlqwv jlylqj ulvh wr wkh qrwlrq ri urxqg r� huuruv1 Wklv lv jhqhudoo| dffhswhg
iru d zlgh udqjh ri dssolfdwlrqv1 Krzhyhu/ lw lv zhoo nqrzq wkdw wkh dffxpxod0
wlrq ri urxqg r� huuruv gxh wr d odujh qxpehu ri fdofxodwlrqv fdq surgxfh jurvvo|
lqdffxudwh ru hyhq lqfruuhfw uhvxowv1

Lqwhuydo dqdo|vlv ^7;` kdv ehhq xvhg wr sduwldoo| flufxpyhqw wklv sureohp e|
pdlqwdlqlqj d sdlu ri erxqglqj qxpehuv wkdw lv jxdudqwhhg wr frqwdlq wkh uhdo
qxpehu ru lqwhuydo lq txhvwlrq1 Krzhyhu/ wklv lqwhuydo fdq jhw xqmxvwl�deo| odujh
dqg wkhuhe| frqyh| yhu| olwwoh lqirupdwlrq1

Dowhuqdwlyho|/ e| doorzlqj lq�qlwh vwulqjv ri gljlwv doo wkh uhdo qxpehuv fdq
eh uhsuhvhqwhg h{dfwo|1 Wkhuh kdyh ehhq d qxpehu ri wkhruhwlfdo dqg sudfwlfdo
dwwhpswv wr �qg d yldeoh iudphzrun iru h{dfw uhdo dulwkphwlf1 Eurdgo| vshdnlqj
wkh| idoo lqwr wkuhh fdwhjrulhv=

41 Lq�qlwh vhtxhqfhv ri olqhdu pdsv sursrvhg e| Dyl}lhqlv ^5` dqg ds0
shduhg lq wkh zrun ri Zdwdqxnl dqg Hufhjrydf ^:7`/ Erhkp dqg Fduwzuljkw
^8`/ Gl Jldqdqwrqlr ^43/ 46/ 45`/ Hvfdugö ^56`/ Qlhovhq dqg Nruqhuxs ^84` dqg
Pìqlvvlhu0Prudlq ^7:`1

51 Frqwlqxhg iudfwlrq h{sdqvlrqv sursrvhg e| Jrvshu ^5;`/ ghyhorshg
e| Sh|wrq0Mrqhv ^87` dqg Yxloohplq ^:4`/ lpsohphqwhg e| Ohvwhu ^78` dqg
dgydqfhg pruh uhfhqwo| e| Nruqhuxs dqg Pdwxod ^6</ 73/ 74/ 75`1

44
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61 Lq�qlwh frpsrvlwlrq ri Pùelxv wudqvirupdwlrqv jhqhudol}hv wkh
rwkhu wzr iudphzrunv dv ghprqvwudwhg e| Yxloohplq ^:4`1 Qlhovhq dqg Nr0
uqhuxs ^84` vkrzhg wkdw wklv iudphzrun fdq eh xvhg wr uhsuhvhqw txdvl0
qrupdol}hg  rdwlqj srlqw ^:7`1

Lq wklv wkhvlv/ zh h{soruh dqg ghyhors whfkqltxhv iru frpsxwlqj uhdo qxpehuv
rq0olqh zlwk lq�qlwh suhflvlrq1 Wkh hpskdvlv kdv ehhq wr lpsuryh h!flhqf|/ zkloh
dw wkh vdph wlph pdlqwdlqlqj dq hohjdqw iudphzrun dqg d vrxqg wkhruhwlfdo edvlv1
Zh vwduw e| qrwlqj wkdw hyhu| uhdo qxpehu fdq eh uhsuhvhqwhg e| d vhtxhqfh ri
qhvwhg forvhg lqwhuydov zkrvh ohqjwkv frqyhujh wr }hur1 Wkh lqwhuvhfwlrq ri wkhvh
lqwhuydov lv d vlqjohwrq vhw zkrvh hohphqw lv wkh uhdo qxpehu ehlqj uhsuhvhqwhg1
Xvlqj d frpsxwdelolw| dujxphqw/ zh mxvwli| dq h{whqvlrq ri wkh uhdo qxpehuv zlwk
lq�qlw| dqg erwwrp1

Lq 4<:5/ Jrvshu ^5;` suhvhqwhg whfkqltxhv iru frpsxwlqj zlwk h{dfw uhdo qxp0
ehuv xvlqj frqwlqxhg iudfwlrqv dqg Pùelxv wudqvirupdwlrqv1 Yxloohplq ^:4`/ Ohvwhu
^78`/ Qlhovhq dqg Nruqhuxs ^84` ghyhorshg wkhvh whfkqltxhv lq wkh lqwhuyhqlqj |hduv1
Lq wklv wkhvlv/ zh suhvhqw d vrxqg wkhruhwlfdo edvlv iru wkhvh whfkqltxhv xwlol}lqj
grpdlq wkhru| dqg uhfxuvlrq wkhru|1 Grpdlq wkhru| hqdeohv fodvvlfdo vsdfhv/ vxfk
dv wkh vhw ri uhdo qxpehuv/ wr eh hpehgghg rqwr wkh vhw ri pd{lpdo hohphqwv ri d
vxlwdeoh frqwlqxrxv +ru dojheudlf, grpdlq/ zklfk surylghv d jrrg frpsxwdwlrqdo
prgho iru wkhvh vsdfhv ^48/ 47/ 8;/ 93/ 49/ 4;/ 56/ 4</ 55`1

Lq wklv wkhvlv/ zh irupdol}h wkh qrwlrq ri d gljlwdo uhsuhvhqwdwlrq ri wkh uhdo
qxpehuv dqg suhvhqw wkh qrwlrq ri d jhqhudo qrupdo surgxfw edvhg rq wkh lq0
�qlwh frpsrvlwlrq ri Pùelxv wudqvirupdwlrqv +dovr nqrzq dv krprjudsklhv dqg
olqhdu iudfwlrqdo wudqvirupdwlrqv,1 Zh wkhq h{soruh wkh uhohydqw surshuwlhv ri 50
glphqvlrqdo Pùelxv wudqvirupdwlrqv/ �uvw xvhg e| Jrvshu ^5;` dqg Yxloohplq ^:4`/
wr shuirup wkh edvlf dulwkphwlf rshudwlrqv rq uhgxqgdqw frqwlqxhg iudfwlrqv1 Zh
vkrz wkdw wkh vwdqgdug uhdo qxpehu uhsuhvhqwdwlrqv vxfk dv wkh ghflpdo/ frqwlqxhg
iudfwlrqv dqg uhgxqgdqw elqdu| �w lqwr wklv iudphzrun iru wkh uhdo qxpehuv1 Lq
idfw/ zh vkrz wkdw wkh vwdqgdug uhdo qxpehu uhsuhvhqwdwlrqv duh mxvw vshfldo fdvhv
ri jhqhudo qrupdo surgxfwv1 Zh wkhq jr rq wr hpskdvl}h wkh uroh ri uhgxqgdqf|/
lqfoxglqj wkh uhgxqgdqw li rshudwru/ lq rughu wr dfklhyh h�hfwlyh uhsuhvhqwdwlrqv
ri wkh uhdo qxpehuv dqg uhdo ixqfwlrqv1 Zdwdqxnl dqg Hufhjrydf ^:7` ghylvhg d
uhgxqgdqw yhuvlrq ri  rdwlqj srlqw dqg wkhq Qlhovhq dqg Nruqhuxs ^84` h{whqghg
wklv uhsuhvhqwdwlrq wr lq�qlwh suhflvlrq xvlqj d uhsuhvhqwdwlrq edvhg rq wkh lq�qlwh
surgxfw ri pdwulfhv hdfk zlwk dq dvvrfldwhg elqdu| vwdwh1 Zh suhvhqw wklv whfk0
qltxh lq rxu vrxqg wkhruhwlfdo vhwwlqj dqg lqwurgxfh rxu rzq vlpsol�hg yduldwlrq
fdoohg +xqeldvhg, h{dfw  rdwlqj srlqw ^94/ 95/ 53`1 Zh h{soruh wkh wkhruhwlfdo edvlv
iru h{dfw  rdwlqj srlqw dqg vkrz wkdw lw kdv ixqgdphqwdo pdwkhpdwlfdo surshu0
wlhv rq wkh rqh0srlqw frpsdfwl�fdwlrq ri wkh uhdo olqh1 Zh kljkoljkw wkh fuxfldo
ihdwxuhv ri wklv uhsuhvhqwdwlrq lq dq dwwhpsw wr dqvzhu wkh fkdoohqjh e| Yxloohplq
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^:4` wr �qg d udwlrqdo fkrlfh iru d qrupdo irup1 Iru wklv uhdvrq/ pxfk ri wklv wkhvlv
uhyroyhv durxqg ghyhorslqj dojrulwkpv iru h{dfw  rdwlqj srlqw1

Zh wkhq h{whqg wkh qrwlrq ri d jhqhudo qrupdo surgxfw wr h{suhvvlrq wuhhv1 H{0
suhvvlrq wuhhv doorz uhdo ixqfwlrqv dqg uhdo h{suhvvlrqv wr eh uhsuhvhqwhg hohjdqwo|
dqg surylgh d olqn edfn wr grpdlq wkhru|1 Qhz dojrulwkpv ^8<` duh suhvhqwhg iru
wkh hohphqwdu| ixqfwlrqv ghulyhg iurp wkh wkhru| ri frqwlqxhg iudfwlrqv1 D qhz
dojrulwkp lv suhvhqwhg iru sl ghulyhg iurp d irupxod e| Udpdqxmdq ^63`1 Wklv dojr0
ulwkp lv sduwlfxoduo| h{flwlqj ehfdxvh lw fdq eh hdvlo| lpsohphqwhg xvlqj qxphurxv
sdudooho surfhvvhv1 Zh wkhq txdqwl}h lqirupdwlrq dqg xvh wklv lghd wr dqdo|}h wkh
 rz ri lqirupdwlrq durxqg dq h{suhvvlrq wuhh lq rughu wr lpsuryh whpsrudo h!0
flhqf|1 Zh dovr h{dplqh wkh vwrudjh uhtxluhphqwv ri dq h{suhvvlrq wuhh lq rughu
wr lpsuryh vsdwldo h!flhqf|1 Zh wkhq eulqj wkhvh lghdv wrjhwkhu dqg suhvhqw dq
h!flhqw dojrulwkp iru frqyhuwlqj dq h{suhvvlrq wuhh lqwr wkh h{dfw  rdwlqj srlqw
uhsuhvhqwdwlrq1

Lq fkdswhu 45/ zh ghvfuleh dq dfwxdo lpsohphqwdwlrq ri h{dfw uhdo dulwkphwlf
zulwwhq lq wkh ixqfwlrqdo surjudpplqj odqjxdjh fdoohg Pludqgd ^69`/ zklfk lv
vlplodu wr Kdvnhoo1

Ilqdoo|/ fkdswhu 46 ri wklv wkhvlv lv ghyrwhg wr wkh suhvhqwdwlrq ri wkhruhwl0
fdo odqjxdjhv edvhg rq wkh Surjudpqplqj Odqjxdjh iru Frpsxwdeoh Ixqfwlrqv
^88/ 5<` lqfrusrudwlqj gdwd w|shv iru lq�qlwh suhflvlrq uhdo qxpehuv uhsuhvhqwhg e|
jhqhudo qrupdo surgxfwv1 Zh suhvhqw prghov iru wkhvh odqjxdjhv dqg vkrz wkdw
wkh| duh vrxqg dqg dghtxdwh zlwk uhvshfw wr wkhlu uhgxfwlrq uxohv1 Frqvhtxhqwo|/
wklv frq�upv wkh fruuhfwqhvv ri vrph ri wkh ixqgdphqwdo dvshfwv ri wkh pruh sudf0
wlfdo dojrulwkp suhvhqwhg hduolhu lq wklv wkhvlv lqfoxglqj wkh uroh ri wkh uhgxqgdqw
li rshudwru1
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Lq wklv fkdswhu/ zh rxwolqh wkh edfnjurxqg nqrzohgjh dqg wkh qrwdwlrq xvhg lq
wkh uhpdlqlqj fkdswhuv ri wklv wkhvlv1

514 Vhwv dqg Ixqfwlrqv

D ixqfwlrq +ru pds, s G f $ t lv d uhodwlrq ehwzhhq wkh grpdlq +ru vrxufh, f
dqg wkh frgrpdlq +ru wdujhw, t vxfk wkdw iru hdfk % 5 f/ wkhuh lv d xqltxh + 5 t
vxfk wkdw E%c +� 5 s dqg zh vd| wkdw s pdsv % wr +/ ghqrwhg s E%�1 Wkh vhw ri
doo + 5 t vxfk wkdw s E%� ' + iru vrph % 5 f lv fdoohg wkh lpdjh +ru udqjh, ri
s 1 Jlyhq f dqg t / wkh vhw ri doo ixqfwlrqv zlwk grpdlq f dqg frgrpdlq t lv
zulwwhq t f1

D sduwldo ixqfwlrq s G f � t lv d ixqfwlrq iurp d vxevhw ri f wr t 1 Wkh
ixqfwlrq s G f � t lv d wrwdo ixqfwlrq li wkh grpdlq ri s lv f1 Wkh oliw fz ri
d vhw f lv wkh glvmrlqw xqlrq ri f dqg wkh vlqjohwrq ri erwwrp B1 Wkh oliw ri d
sduwldo ixqfwlrq s G f � t lv wkh wrwdo ixqfwlrq sz G f $ tz vxfk wkdw iru hyhu|
hohphqw % lq wkh grpdlq ri s / sz pdsv % wr s E%� dqg iru hdfk hohphqw % qrw lq wkh
grpdlq ri s / sz pdsv % wr B1 Iru frqyhqlhqfh/ wkh vxevfulsw B zloo eh gursshg
zkhqhyhu lw lv fohdu wr gr vr1

Wkh srzhuvhw S Ef� ri d vhw f lv wkh vhw ri doo vxevhwv ri f1 Ohw Ss Ef� dqg
SW Ef� ghqrwh wkh vhw ri �qlwh dqg qrq0hpsw| vxevhwv ri f uhvshfwlyho|1 Wkh
fdqrqlfdo h{whqvlrq ri d ixqfwlrq s G f $ t lv wkh wrwdo ixqfwlrq S Es � G S Ef�$
S Et � vxfk wkdw S Es� E~� ' is E5�m 5 5 ~j1 Wkh fdqrqlfdo h{whqvlrq ri d sduwldo
ixqfwlrq s G f � t lv wkh ixqfwlrq S Es� G S Ef�$ S Et � vxfk wkdw

S Es � E~� '

� is E5�m 5 5 ~j li s E5� lv gh�qhg iru doo 5 5 ~
t rwkhuzlvh1

Iru frqyhqlhqfh/ wkh ixqfwru S zloo eh gursshg zkhqhyhu lw lv fohdu wr gr vr1
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Zh zloo xvh wkh eduuhg duurz qrwdwlrq :$ wr surylgh dq dqrq|prxv qrwdwlrq
iru ixqfwlrqv1 Iru h{dpsoh/ wkh ixqfwlrq wkdw vtxduhv lwv lqsxw fdq eh ghqrwhg
% :$ %21 Dovr/ zh zloo lqwhusuhw d vxevfulsw dv ixqfwlrq dssolfdwlrq1 Iru lqvwdqfh/
jlyhq d ixqfwlrq s G f $ t

s% ' s E%� �

Ohw

Q E?� ' ifc �c 2c � � � c ? � �j
] E?� ' i� � ?c 2� ?c � � � c fc�c 2c � � � c ? � 2c ?� �j

iru ? 5 Q � ifj1

515 Vhtxhqfhv

Dq lq�qlwh vhtxhqfh %fc %�c %2c � � � 5 f/ zulwwhq k%?l"?'f/ fruuhvsrqgv wr wkh ixqf0
wlrq % G Q $ f1 D �qlwh vhtxhqfh ri hohphqwv %fc %�c %2c � � � c %6 5 f/ zulwwhq

k%?l6?'f/ fruuhvsrqgv wr wkh sduwldo ixqfwlrq ? :$
�

%? li ? � 6
B rwkhuzlvh

G Q $ f1 Lq

rwkhu zrugv/ wkh hohphqwv ri d vhtxhqfh wdnhq iurp d vhw f fdq eh vshfl�hg xvlqj
d sduwldo ixqfwlrq Q� f1

516 Vhpljurxsv/ Prqrlgv dqg Jurxsv

D vhpljurxs lv d vhw hqgrzhg zlwk dq dvvrfldwlyh elqdu| rshudwlrq1 Dprqrlg lv d
vhpljurxs zlwk dq lghqwlw| hohphqw1 D jurxs^<` lv d prqrlg zlwk lqyhuvh hohphqwv1
Wkh rughu ri d jurxs C/ ghqrwhg e| mCm/ lv wkh qxpehu ri hohphqwv lq C1 Li M lv
d vxejurxs ri C/ ghqrwhg e| M � C/ wkhq

M@ ' i�@ m� 5 M j

lv fdoohg d uljkw frvhw dqg
@M ' i@� m� 5 M j

lv fdoohg d ohiw frvhw1 Wkh lqgh{ ri M lq C/ ghqrwhg e| mC G Mm/ lv wkh qxpehu
ri glvwlqfw frvhwv1 D vxejurxs � ri C lv fdoohg d qrupdo vxejurxs/ ghqrwhg e|
� Q C/ li

;@ 5 C ��@ ' @��

Iru d qrupdo vxejurxs � / wkh vhw ri frvhwv

C*� ' i�} m} 5 Cj
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lv d jurxs xqghu pxowlsolfdwlrq gh�qhg e|

E@�� EK�� ' E@K���

Wkh jurxs C*� lv fdoohg wkh txrwlhqw jurxs ri C e| wkh qrupdo vxejurxs � 1
D krprprusklvp ehwzhhq jurxsv lv d pdsslqj w G C $ M vxfk wkdw w E@K� '
w E@� w EK�1 Dq lvrprusklvp lv d elmhfwlyh krprprusklvp dqg wzr jurxsv duh vdlg
wr eh lvrprusklf/ ghqrwhg e| �'/ li wkhuh h{lvwv dq lvrprusklvp ehwzhhq wkhp1
Wkh lpdjh LPDJH Ew� ri d krprprusklvp w G C$ M lv jlyhq e|

LPDJH Ew� ' iw E}�m } 5 Cj �

Wkh nhuqho NHUQHO Ew� ri d krprprusklvp w G C$ M lv jlyhq e|

NHUQHO Ew� ' i} 5 Cm w E}� ' �j �

Dq dfwlrq ri d jurxs C rq d vhw l lv d pdsslqj > G l�C$ l vxfk wkdw

> E/c �� ' /

> E> E/c }� c �� ' > E/c }�� �

Wkhruhp 4 +Iluvw Lvrprusklvp Wkhruhp, Li w G C $ M lv d krprpru0
sklvp wkhq

LPDJH Ew� �' C*NHUQHO Ew� �

Wkh hohphqw %3�}% lv fdoohg wkh frqmxjdwh ri } e| %1 Wkh vhw ri doo frqmxjdwhv
ri } �

%3�}%
��% 5 C

�
lv wkh frqmxjdf| fodvv ri } lq C1

Ohw Cu E?c8 � ghqrwh wkh jurxs ri ?�? qrq0vlqjxodu pdwulfhv zlwk frh!flhqwv
wdnhq iurp wkh �hog 8 / nqrzq dv wkh ?0glphqvlrqdo jhqhudo olqhdu jurxs ryhu 8 d83o1
Ohw U ghqrwh wkh lghqwlw| pdwul{1 Ohw 8 W ghqrwh wkh pxowlsolfdwlyh jurxs ri qrq0
}hur hohphqwv ri wkh �hog 8 1 Lw fdq eh vkrzq wkdw wkh vhw ri vfdodu pdwulfhv lv d
qrupdo vxejurxs ri Cu E?c8 �1 Wkh surmhfwlyh olqhdu jurxs Cu E?c8 � lv gh�qhg wr
eh wkh txrwlhqw jurxs Cu E?c8 � *8 W1

517 Wrsrorjlfdo Vsdfhv

D wrsrorjlfdo vsdfh E�cE� frqvlvwv ri d qrq0hpsw| vhw � wrjhwkhu zlwk d froohfwlrq
E ri vxevhwv ri � vxfk wkdw wkh vhw � dqg wkh hpsw| vhw > duh phpehuv ri E dqg
E lv forvhg xqghu �qlwh lqwhuvhfwlrqv dqg duelwudu| xqlrqv ^9;`1 D fryhu iru d vhw
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� lv d froohfwlrq E ri vhwv vxfk wkdw � � V�M��1 D wrsrorjlfdo vsdfh lv frpsdfw
li hyhu| fryhu e| rshq vxevhwv kdv d �qlwh vxefryhu1 Zh zloo frqvlghu dq lqwhuydo
lq d wrsrorjlfdo vsdfh f wr eh dq| frqqhfwhg vxevsdfh ri f1 Dq| forvhg erxqghg
lqwhuydo d@c Ko lq U lv frpsdfw1 Ohw Lf/ L�f/ L�f dqg L6f ghqrwh wkh vhw ri doo/
rshq/ forvhg dqg frpsdfw lqwhuydov ri f1 Iru dq| frpsdfw lqwhuydo d@c Ko lq wkh vhw
ri uhdo qxpehuv U/ ohw

d@c Ko ' @

d@c Ko ' K

ZLGWK Ed@c Ko� ' K� @�

518 Wuhhv

D wuhh lv dq df|folf/ frqqhfwhg judsk zlwk rqh qrgh ghvljqdwhg dv wkh urrw ri
wkh wuhh ^5:`1 D wuhh fdq eh frqvwuxfwhg uhfxuvlyho|1 D vlqjoh qrgh lv d wuhh1 Li
Afc A�c � � � c A? duh wuhhv zlwk urrwv ofc o�c � � � c o? wkhq wkh judsk iruphg e| dwwdfklqj
d qhz qrgh o e| d vlqjoh duf wr hdfk ri ofc o�c � � � c o? lv d wuhh zlwk urrw o1 Wkh
qrghv ofc o�c � � � c o? duh fkloguhq ri o/ dqg o lv d sduhqw ri ofc o�c � � � c o?1 D elqdu|
wuhh lv d wuhh/ zkhuh hdfk qrgh kdv dw prvw wzr fkloguhq1 Wkh ghswk ri d qrgh lq d
wuhh lv wkh ohqjwk ri wkh sdwk iurp wkh urrw wr wkh qrgh> wkh urrw lwvhoi kdv ghswk
31

519 Dxwrpdwd

Wkh wxsoh E7c Uc�c s7c s�� lv dq dxwrpdwrq li 7 lv d vhw ri vwdwhv/ U lv d vhw ri lqsxw
v|perov +wkh lqsxw doskdehw,/ � lv d vhw ri rxwsxw v|perov +wkh rxwsxw doskdehw,/
s7 G 7 � U $ 7 lv d vwdwh wudqvlwlrq ixqfwlrq dqg s� G 7 $ � lv dq rxwsxw
ixqfwlrq ^5:`1 Wkh dxwrpdwrq lv dozd|v lqlwldol}hg wr ehjlq lq d �{hg vwduwlqj
vwdwh rf 5 71 D vhtxhqfh ri lqsxw v|perov k�?l"?'f jhqhudwhv d vhtxhqfh ri rxwsxw
v|perov kJ?l"?'f dffruglqj wr wkh suhvfulswlrq

r?n� ' s7 Er?c �?�

J? ' s� Er?� �

51: Fdwhjru| Wkhru|

Gh�qlwlrq 5 D fdwhjru| F lv vshfl�hg e|

� d fodvv ri remhfwv reEF�/
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� d fodvv ri prusklvpv pruEF�/
� d vrxufh ixqfwlrq vuf GpruEF�$reEF�/
� d wdujhw ixqfwlrq wdu GpruEF�$reEF�/
� dq dvvrfldwlyh frpsrvlwlrq ixqfwlrq � GpruEF��pruEF��pruEF� zkhuh s �}
lv gh�qhg li WDU E}� ' VUF Es � zlwk VUF Es � }� ' VUF E}� dqg WDU Es � }� ' WDU Es�
dqg

� dq lghqwlw| prusklvp lg% G % $ % h{lvwv iru hdfk remhfw % 5reEF� zklfk lv
xqlwdu|> qdpho| LG|@hEs� � s ' s dqg s � LGthUEs� ' s 1

D ixqfwru 8 G F $ G ehwzhhq fdwhjrulhv F dqg G lv vshfl�hg e| dq rshudwlrq
8 G RE EF�$reEG� dqg dq rshudwlrq 8 GpruEF�$pruEG�vxfk wkdw 8 ELGf� ' LG8f
dqg 8 Es � }� ' 8 Es � � 8 E}�1

D prqdg EAc #c >� lq d fdwhjru| F frqvlvwlqj ri d ixqfwru A G F $ F/ d xqlw
rshudwru #f G f $ A Ef� dqg d pxowlsolfdwlrq rshudwru >f G A EA Ef��$ A Ef�
vxfk wkdw # dqg > duh qdwxudo wudqvirupdwlrqv

f
s ! t

A Ef�

#f

�

A Es �
! A Et �

�

#t

A 2 Ef�
A 2 Es�! A 2 Et �

A Ef�

>f

�

A Es�
! A Et �

�

>t
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51; Grpdlq Wkhru|

Prvw surjudpplqj odqjxdjhv doorz uhfxuvlyh gh�qlwlrqv lq zklfk wkh qdph ri wkh
hqwlw| ehlqj gh�qhg fdq �uhfxu� lq lwv rzq gh�qlwlrq1 Wkh pdwkhpdwlfdo wkhru|
nqrzq dv �grpdlq wkhru|� surylghv wkh dssursuldwh vhpdqwlf frqvwuxfwlrqv wr
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lqwhusuhw vxfk gh�qlwlrqv1 Grpdlq wkhru| zdv lqwurgxfhg e| Gdqd Vfrww lq 4<:3 dv
d pdwkhpdwlfdo wkhru| ri surjudpplqj odqjxdjhv ^9:`/ dqg iru qhduo| d txduwhu ri
d fhqwxu| ghyhorshg doprvw h{foxvlyho| lq frqqhfwlrq zlwk ghqrwdwlrqdo vhpdqwlfv
lq frpsxwhu vflhqfh1

Lq wkh ghqrwdwlrqdo vhpdqwlfv ri surjudpplqj odqjxdjhv/ wkh phdqlqj ri d
surjudp lv wdnhq wr eh dq hohphqw ri d grpdlq1 D grpdlq lv d pdwkhpdwlfdo
vwuxfwxuh frqvlvwlqj ri d vhw ri ydoxhv dqg dq rughulqj uhodwlrq/ ghqrwhg y/ rq
wkrvh ydoxhv1 Grpdlq wkhru| lv wkh vwxg| ri vxfk vwuxfwxuhv htxlsshg zlwk d
qrwlrq ri frpsohwlrq dqg dssur{lpdwlrq ^4/ 4:`1

Wkh ixqgdphqwdo lghd ri d grpdlq lv hqfdsvxodwhg e| wkh qrwlrq ri d sduwldo
rughu1 D sduwldo rughuhg vhw +ru srvhw, E(cy� lv d vhw ( zlwk d elqdu| uhodwlrq y
wkdw lv uh h{lyh

;% 5 ( � % y %c

wudqvlwlyh
;%c +c 5 5 ( � % y + a + y 5 , % y 5

dqg dqwlv|pphwulf

;%c + 5 ( � % y + a + y %, % ' +�

D sduwldo rughu fdq eh wkrxjkw ri dv srvvleoh vwdwhv ri d frpsxwhu rughuhg e|
vwruhg lqirupdwlrq1 D suhrughu E(cy� lv d vhw ( zlwk d elqdu| uhodwlrq y wkdw
lv uh h{lyh dqg wudqvlwlyh rqo|1 D vxevhw � ri d srvhw ( lv dq xsshu vhw li % 5 �
lpsolhv wkdw + 5 � iru doo % y +1 Wkh vhw ri doo hohphqwv deryh vrph hohphqw lq �
lv ghqrwhg e| %�1 Wkh gxdo qrwlrqv duh orzhu vhw dqg &�1 D vxevhw � ri d srvhw (
lv gluhfwhg li lw lv qrq0hpsw| dqg hdfk sdlu ri hohphqwv ri � kdv dq xsshu erxqg lq
�1 D srvhw ( lv srlqwhg li lw kdv d ohdvw hohphqw dqg zh fdoo wklv hohphqw erwwrp B1
Gl�huhqw erwwrpv zloo qrw eh glvwlqjxlvkhg h{solflwo|1 Wkh ohdvw xsshu erxqg +ru
vxsuhpxp ru mrlq, dqg wkh juhdwhvw orzhu erxqg +ru lq�pxp ru phhw, ri d vxevhw
� ri d srvhw ( duh ghqrwhg e| w� dqg x� uhvshfwlyho|1 Gluhfwhg orzhu vhwv duh
fdoohg lghdov1 Lghdov ri wkh irup & i%j duh fdoohg sulqflsdo lghdov1 D ixqfwlrq s
iurp d srvhw ( wr d srvhw . lv prqrwrqh li s E%� y s E+� zkhqhyhu % y + iru doo
%c + 5 (1 Wkh prqrwrqh ixqfwlrq vsdfh ehwzhhq d srvhw ( dqg d srvhw . lv wkh
srvhw frqvlvwlqj ri wkh vhw ri prqrwrqh ixqfwlrqv iurp ( wr . rughuhg srlqwzlvh1

D srvhw ( lq zklfk hyhu| gluhfwhg vxevhw kdv d vxsuhpxp lv fdoohg d gluhfwhg
frpsohwh sduwldo rughu +ru gfsr ru grpdlq,1 Wkh  dw grpdlq (z ri d vhw ( lv wkh
gfsr E( ^ iBj cy� zkhuh % y + li % ' + b % ' B1 Wkh oliw ri d gfsr E(cy�/
frqvlvwlqj ri wkh vhw (z ' ( ^ iBj wrjhwkhu zlwk wkh sduwldo rughulqj yz zkhuh
% yz + li % y + b % ' B/ lv d gfsr1 Wkh surgxfw ( � . ri d gfsr ( zlwk d gfsr
./ wrjhwkhu zlwk frruglqdwhzlvh rughu/ lv d gfsr1 Wkh vpdvk surgxfw (  . ri d
gfsr ( zlwk d gfsr ./ frqvlvwlqj ri wkh vhw

iE%c +� 5 ( � .m% 9' Ba + 9' Bj ^ iBj
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wrjhwkhu zlwk frruglqdwhzlvh rughu/ lv d gfsr1 D ixqfwlrq s iurp d gfsr ( wr
d gfsr . lv +Vfrww, frqwlqxrxv li lw lv prqrwrqh dqg s E

I
�� '

I
s E�� iru doo

gluhfwhg vxevhwv � ri (1 Wkh ixqfwlrq vsdfh d($ .o ehwzhhq d gfsr ( dqg d
gfsr . lv wkh gfsr frqvlvwlqj ri wkh vhw ri frqwlqxrxv ixqfwlrqv iurp ( wr .
rughuhg srlqwzlvh1 Hyhu| frqwlqxrxv ixqfwlrq s rq d srlqwhg gfsr kdv d ohdvw
�{hg srlqw jlyhq e|

I"
?'f s

? EB�1 Gh�qh

� wkh GRZQ ixqfwlrq iurp d gfsr (z wr d gfsr ( e|

GRZQ G (z $ (

GRZQ E%� '

�
% li % 5 (
B li % ' Bc

� wkh xs ixqfwlrq iurp d gfsr ( wr d gfsr (z e|

XS G ($ (z
XS E%� ' %c

� wkh vpdvk ixqfwlrq iurp d surgxfw gfsr ( � . wr d vpdvk surgxfw gfsr
(  . e|

VPDVK G (� . $ (  .

VPDVK E%c +� '

�
E%c +� li % 9' B a + 9' B
B rwkhuzlvh/

� wkh xqvpdvk ixqfwlrq iurp d vpdvk surgxfw gfsr ( . wr d surgxfw gfsr
( � . e|

XQVPDVK G (  . $ ( � .

XQVPDVK E5� '

�
5 li 5 ' E%c +�
EBcB� li 5 ' B

� dqg wkh �{ ixqfwlrq iurp d gfsr ri frqwlqxrxv ixqfwlrqv d($ (o wr d gfsr
( e|

o[ Es� '
"J
?'f

s? EB� �

Ohw % dqg + eh hohphqwv ri d gfsr (1 Zh vd| wkdw % lv zd| ehorz ru dssur{l0
pdwhv +/ ghqrwhg %� +/ li iru doo gluhfwhg vxevhwv � ri (/ + y w� lpsolhv <5 5 �
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vxfk wkdw % y 51 Zh vd| wkdw % lv frpsdfw +ru �qlwh, li lw dssur{lpdwhv lwvhoi1 Ohw
g E(� eh wkh vhw ri frpsdfw hohphqwv dqg

%% ' i+ 5 ( m % y +j
&% ' i+ 5 ( m + y %j
%%% ' i+ 5 ( m %� +j
&&% ' i+ 5 ( m + � %j �

D vxevhw � ri d gfsr ( lv d edvlv iru ( li &&% _� lv gluhfwhg dqg w �&&% _�� ' %
iru doo % 5 (1 D frqwlqxrxv grpdlq lv d gfsr zlwk d edvlv1 Lw fdq eh vkrzq/ lq
wklv fdvh/ wkdw li % � + wkhq <5 5 ( vxfk wkdw % � 5 dqg 5 � +1 Dq dojheudlf
grpdlq lv d gfsr zlwk d edvlv ri frpsdfw hohphqwv1 D /0frqwlqxrxv grpdlq lv d
gfsr zlwk d frxqwdeoh edvlv1 Dq /0dojheudlf grpdlq lv d gfsr zlwk d frxqwdeoh
edvlv ri frpsdfw hohphqwv1 Wkh Vfrww wrsrorj| ri d gfsr E(cy� frqvlvwv ri doo wkh
Vfrww rshq vxevhwv � ri ( zklfk duh xszdug forvhg

;% 5 � � % y +, + 5 �

dqg lqdffhvvleoh e| ohdvw xsshu erxqgv ri gluhfwhg vxevhwv

; gluhfwhg � � � � w� 5 �, � _� 9' >�
Gxdoo|/ d Vfrww forvhg vhw lv grzqzdug forvhg dqg frqwdlqv doo wkh ohdvw xsshu
erxqgv ri gluhfwhg vxevhwv1 Lq sduwlfxodu/ wkh vhw &% lv Vfrww forvhg1

Iru d frqwlqxrxv grpdlq E(cy�/ wkh vhwv %%% iru doo % 5 ( duh Vfrww rshq dqg
irup d edvlv iru wkh Vfrww wrsrorj|1

D gfsr lv erxqghg frpsohwh li hyhu| erxqghg vxevhw kdv d ohdvw xsshu erxqg1
Qrwh wkdw d erxqghg frpsohwh gfsr lv wulyldoo| srlqwhg1

D Vfrww grpdlq lv d erxqghg frpsohwh /0dojheudlf grpdlq1 Dovr/ wkh gfsr
d($ .o lv d Vfrww grpdlq li ( dqg . duh Vfrww grpdlqv1 Wkh vwhs ixqfwlrq
_) e iurp d Vfrww grpdlq ( wr d Vfrww grpdlq . lv jlyhq e|

E_) e� E%� '

�
e li _ y %
B rwkhuzlvh

iru dq| _ 5 g E(� dqg e 5 g E.�1
D frqwlqxrxv Vfrww grpdlq lv d erxqghg frpsohwh /0frqwlqxrxv grpdlq1 Dovr/

wkh gfsr d($ .o lv d frqwlqxrxv Vfrww grpdlq li ( dqg . duh frqwlqxrxv Vfrww
grpdlqv1 Wkh vwhs ixqfwlrq _ ) e iurp d frqwlqxrxv Vfrww grpdlq ( wr d frq0
wlqxrxv Vfrww grpdlq . lv jlyhq e|

E_) e� E%� '

�
e li _� %
B rwkhuzlvh
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iru dq| _ 5 ( dqg e 5 .1 Wkhvh vwhs ixqfwlrqv irup d edvlv iru wkh d($ .o1
Dq devwudfw edvlv E�c!� frqvlvwv ri d vhw � wrjhwkhu zlwk d wudqvlwlyh elqdu|

uhodwlrq ! vxfk wkdw
� ! %, <+ 5 � �� ! + ! %

iru doo % 5 � dqg � 5 Ss E��/ zkhuh � ! % ghqrwhv ;@ 5 � � @ ! %1 Jlyhq dq
devwudfw edvlv E�c!�/ � � � lv fdoohg dq lghdo li lw lv grzqzdug forvhg

@ 5 � a K ! @, K 5 �

dqg gluhfwhg
;@c K 5 � � <S 5 � � @ ! S a K ! S�

Wkh vhw ri lghdov lv ghqrwhg e| E�c!�1 Wkh lghdo frpsohwlrq ri E�c!� lv wkh vhw ri
lghdov rughuhg e| vhw lqfoxvlrq1 Wkh lghdo frpsohwlrq ri d suhrughu lv dq dojheudlf
grpdlq1 Wkh frpsdfw hohphqwv duh wkh sulqflsdo lghdov1 Iru dq| dojheudlf grpdlq
(/ wkh lghdo frpsohwlrq ri Eg E(� cy� lv lvrprusklf wr (1 Iru dq| frqwlqxrxv
grpdlq( zlwk edvlv �/ wkh lghdo frpsohwlrq ri E�c��/ zkhuh� lv wkh uhvwulfwlrq
ri wkh zd| ehorz uhodwlrq ri ( wr �/ lv lvrprusklf wr (1

Gh�qlwlrq 6 Jlyhq dq devwudfw edvlv E�c!�/ gh�qh wkh uhodwlrqv !r/ !� dqg !�

rq wkh �qlwh qrq0hpsw| vxevhwv SW
s E�� ri � e|

f !r t l� ;+ 5 t � <% 5 f � % ! +
f !� t l� ;% 5 f � <+ 5 t � % ! +
f !� t l� f !r t af !� t�

Lw fdq eh vkrzq wkdw
�SW

s E�� c!r
�
/
�SW

s E�� c!�
�
dqg

�SW
s E�� c!�

�
duh de0

vwudfw edvhv1 Jlyhq dq dojheudlf grpdlq E(cy�/ wkh lghdo frpsohwlrqv

XSSHU E(� '
��SW

s Eg E(�� cyr
�
c�
�

ORZHU E(� '
��SW

s Eg E(�� cy�
�
c�
�

FRQYH[ E(� '
��SW

s Eg E(�� cy�
�
c�
�

duh dojheudlf grpdlqv dqg jlyhq d frqwlqxrxv grpdlq E(cy� zlwk edvlv �/ wkh
lghdo frpsohwlrqv

XSSHU E(� '
��SW

s E�� c�r
�
c�
�

ORZHU E(� '
��SW

s E�� c��
�
c�
�

FRQYH[ E(� '
��SW

s E�� c��
�
c�
�
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duh frqwlqxrxv grpdlqv +lqghshqghqw ri wkh edvlv fkrvhq,1 Wkhvh grpdlqv duh
nqrzq dv wkh xsshu +ru Vp|wk,/ wkh orzhu +ru Krduh, dqg wkh frqyh{ +ru Sorwnlq ru
Ylhwrulv, srzhugrpdlqv ri ( uhvshfwlyho|1 D srzhugrpdlq lv wkh grpdlq0wkhruhwlf
dqdorj wr wkh srzhuvhw1 Wkh| zhuh lqwurgxfhg dv d wrro iru prgholqj wkh vhpdqwlfv
ri qrq0ghwhuplqlvwlf surjudpv ^5<`1 Zh zloo eh xvlqj wkh orzhu srzhugrpdlq lq
fkdswhu 46 wrjhwkhu zlwk wkh iroorzlqj wkhruhp ^4`1

Wkhruhp 7 Wkh orzhu srzhugrpdlq ri d frqwlqxrxv grpdlq E(cy� lv lvrprusklf
wr wkh odwwlfh ri doo qrq0hpsw| Vfrww forvhg vxevhwv ri (1J

f ' FORVXUH
�^

f
�

51< Uhfxuvlrq Wkhru|

Uhfxuvlrq wkhru| dwwhpswv wr irupdol}h wkh qrwlrq ri dq dojrulwkp ^99`1 Lqirupdoo|/
dq dojrulwkp lv d sduwldo ixqfwlrq s iurp d vhw ri lqsxwv f wr d vhw ri rxwsxwv t
wrjhwkhu zlwk d �qlwh vhw ri lqvwuxfwlrqv iru hydoxdwlqj s E%� 5 t iru hdfk % 5 f1
Vxfk d sduwldo ixqfwlrq s G f l t lv vdlg wr eh h�hfwlyho| frpsxwdeoh dqg wkh
vhw ri lqvwuxfwlrqv lv vdlg wr eh dq h�hfwlyh surfhgxuh iru frpsxwlqj wklv sduwldo
ixqfwlrq1 Lq uhfxuvlrq wkhru|/ dq dojrulwkp/ vxfk dv wklv/ lv eurnhq lq wkuhh vpdoohu
dojrulwkpv>

41 dq dojrulwkp iurp wkh vhw ri lqsxwv f wr wkh qdwxudo qxpehuv Q/

51 dq dojrulwkp iurp wkh qdwxudo qxpehuv Q wr wkh qdwxudo qxpehuv Q dqg

61 dq dojrulwkp iurp wkh qdwxudo qxpehuv Q wr wkh vhw ri rxwsxwv t 1

51<14 Sduwldo Uhfxuvlyh Ixqfwlrqv

Uhfxuvlrq wkhru| surylghv d phdqv iru irupdol}lqj dojrulwkpv iurp wkh qdwxudo
qxpehuv Q wr wkh qdwxudo qxpehuv Q1 Iluvwo|/ d ixqfwlrq s G Q? � Ql Q lv vdlg
wr eh gh�qhg e| sulplwlyh uhfxuvlrq iurp } G Q? l Q dqg � G Q? � Q� Ql Q li

s EO%c f� ' } EO%�

s EO%c + n �� ' � EO%c +c s EO%c +��

zkhuh O% G Q?/ ? 5 Q dqg + G Q1 Vhfrqgo|/ d ixqfwlrq s G Q? $ Q lv vdlg wr eh
gh�qhg e| uhvwulfwhg >0uhfxuvlrq iurp } G Q? � Ql Q li

;O% � <+ � } EO%c +� ' f

s EO%� ' >+�} EO%c +� ' f
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zkhuh O% G Q?/ ? 5 Q/ + G Q dqg >+�} EO%c +� ' f lv gh�qhg dv wkh ohdvw qdwxudo
qxpehu + vxfk wkdw } EO%c +� ' f1 Wklugo|/ ohw xv gh�qh wkh lqlwldo ixqfwlrqv dv
wkh }hur ixqfwlrq ? :$ f/ wkh vxffhvvru ixqfwlrq ? :$ ? n � dqg wkh surmhfwlrq
ixqfwlrqv E%�c %2c � � � c %?� :$ %� iru � � � � ?1 Ilqdoo|/ xvlqj wkhvh gh�qlwlrqv/ wkh
fodvv ri uhfxuvlyh ixqfwlrqv lv gh�qhg dv wkh vpdoohvw fodvv ri ixqfwlrqv

� frqwdlqlqj wkh lqlwldo ixqfwlrqv dqg

� forvhg xqghu frpsrvlwlrq/ sulplwlyh uhfxuvlrq dqg uhvwulfwhg >0uhfxuvlrq1

Dq lpsruwdqw sduw ri uhfxuvlrq wkhru| lv Fkxufk*v Wkhvlv/ zklfk fodlpv wkdw
hyhu| h�hfwlyho| frpsxwdeoh ixqfwlrq lv d uhfxuvlyh ixqfwlrq1 Fohduo|/ hyhu| uhfxu0
vlyh ixqfwlrq lv dq h�hfwlyho| frpsxwdeoh ixqfwlrq1 Krzhyhu/ wkhuh lv d sureohp
zlwk wkh gh�qlwlrq ri d uhfxuvlyh ixqfwlrq1 Jlyhq d uhfxuvlyh ixqfwlrq } EO%c +�/
wkhuh lv qr dojrulwkp iru ghwhuplqlqj zkhwkhu ;O% � <+ � } EO%c +� ' f lv wuxh/ dv
uhtxluhg lq wkh gh�qlwlrq ri >0uhfxuvlrq1 Wkdqnixoo|/ wklv sureohp jrhv dzd| li
zh frqvlghu sduwldo ixqfwlrqv lqvwhdg ri wrwdo ixqfwlrqv1 D ixqfwlrq s lv vdlg wr eh
gh�qhg e| xquhvwulfwhg >0uhfxuvlrq li

s EO%� ' >+� E;5 	 + � } EO%c 5� 9' B� a } EO%c +� ' f�

Wkh fodvv ri sduwldo uhfxuvlyh ixqfwlrqv lv wkh vpdoohvw fodvv ri ixqfwlrqv

� frqwdlqlqj wkh lqlwldo ixqfwlrqv dqg

� forvhg xqghu frpsrvlwlrq/ sulplwlyh uhfxuvlrq dqg xquhvwulfwhg >0uhfxuvlrq1

D vxevhw ri Q lv vdlg wr eh uhfxuvlyho| hqxphudeoh +deeuhyldwhg u1h1, li lw lv wkh
grpdlq ri d sduwldo uhfxuvlyh ixqfwlrq/ ru htxlydohqwo|/ li lw lv wkh udqjh ri d sduwldo
uhfxuvlyh ixqfwlrq1 Lq idfw/ dq lq�qlwh u1h1 vhw lv wkh udqjh ri d rqh0rqh uhfxuvlyh
ixqfwlrq1 D vxevhw ri Q lv vdlg wr eh uhfxuvlyh li lw lv hpsw| ru lw lv wkh udqjh ri d
qrq0ghfuhdvlqj uhfxuvlyh ixqfwlrq1 Lq idfw/ dq lq�qlwh uhfxuvlyh vhw lv wkh udqjh ri
dq lqfuhdvlqj uhfxuvlyh ixqfwlrq ^99`1

Wkh sduwldo uhfxuvlyh ixqfwlrqv duh v|qrq|prxv zlwk wkh dojrulwkpv iurp wkh
qdwxudo qxpehuv wr wkh qdwxudo qxpehuv1 Krzhyhu/ wkh ruljlqdo lqirupdo qr0
wlrq ri dq dojrulwkp frqfhuqhg sduwldo ixqfwlrqv zlwk pruh jhqhudo grpdlqv dqg
frgrpdlqv1 Wklv jds lv eulgjhg e| frqvlghulqj vrph �{hg rqh0rqh ixqfwlrq iurp
wkh grpdlq ru frgrpdlq wr wkh qdwxudo qxpehuv1 Vxfk d pdsslqj lv fdoohg d frg0
lqj1 Wkh frglqj lv fkrvhq vr wkdw lw lv lwvhoi jlyhq e| dq lqirupdo dojrulwkp dqg
lw lv lqyhuwleoh1
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51<15 Sduwldo Uhfxuvlyh Ixqfwlrqdov

Lq wklv vhfwlrq/ zh frqvlghu wkh jhqhudol}dwlrq ri uhfxuvlyhqhvv e| frqvlghulqj hi0
ihfwlyh surfhgxuhv wkdw dfw qrw rq qxpehuv/ exw rq ixqfwlrqv dv zhoo1 Li Os lv d vhw
ri sduwldo ixqfwlrqv/ wkh fodvv ri ixqfwlrqv sduwldoo| uhfxuvlyh lq Os lv wkh vpdoohvw
fodvv ri ixqfwlrqv

� frqwdlqlqj wkh lqlwldo ixqfwlrqv dqg Os dqg

� forvhg xqghu frpsrvlwlrq/ sulplwlyh uhfxuvlrq dqg xquhvwulfwhg >0uhfxuvlrq1

Wkh ixqfwlrqdo 8 G EQl Q��Ql Q lv d sduwldo uhfxuvlyh ixqfwlrqdo li lw fdq
eh rewdlqhg iurp wkh lqlwldo ixqfwlrqv dqg wkh ixqfwlrqv s G Ql Q e| frpsrvlwlrq/
sulplwlyh uhfxuvlrq dqg xquhvwulfwhg >0uhfxuvlrq1 Lw iroorzv wkdw b%�8 Esc %� lv d
ixqfwlrq sduwldoo| uhfxuvlyh lq wkh ixqfwlrqv s 1 Krzhyhu/ wkh uhyhuvh lv qrw wuxh1

Uhfdoo wkdw d sduwldo ixqfwlrq s G Ql Q fdq eh lqwhusuhwhg dv wkh vhw s '
iE%c s E%��m% 5 Q a s E%� lv gh�qhgj1 D sduwldo ixqfwlrqdo 8 Esc %� G EQl Q� �
Ql Q lv vdlg wr eh frpsdfw li

;sc % � < �qlwh } � s � 8 Esc%� ' 8 E}c %�

dqg lw lv vdlg wr eh prqrwrqh li

;sc % � ;} � s � 8 Esc %� ' 8 E}c %� �

Lw fdq eh vkrzq wkdw li 8 Esc %� G EQl Q��Ql Q lv d sduwldo uhfxuvlyh ixqfwlrqdo
wkhq lw lv frpsdfw dqg prqrwrqh1

Wkh Iluvw Uhfxuvlrq Wkhruhp vwdwhv wkdw hyhu| sduwldo uhfxuvlyh ixqfwlrqdo
8 G EQl Q� l EQl Q� dgplwv d ohdvw �{hg0srlqw/ zklfk lv d sduwldo uhfxuvlyh
ixqfwlrq/ jlyhq e|

"̂

?'f

8 ? E? :$ B� �

D jhqhudol}dwlrq ri Fkxufk*v Wkhvlv fodlpv wkdw hyhu| h�hfwlyho| frpsxwdeoh
ixqfwlrqdo lv d uhfxuvlyh ixqfwlrqdo1 Wklv phdqv wkdw h�hfwlyho| frpsxwdeoh ixqf0
wlrqdov fdq eh dssolhg wr qrq0frpsxwdeoh ixqfwlrqv +vrphwlphv uhihuuhg wr dv dq
rudfoh,1

Wkh vhw ri sduwldo ixqfwlrqv Q� Q fdq eh ylhzhg dv d wrsrorjlfdo vsdfh zlwk
edvlf rshq vhwv

	s ' i} G s � }j
zkhuh s lv d �qlwh sduwldo ixqfwlrq1 Lq rwkhu zrugv/ wkh vhw ri �qlwh sduwldo ixqfwlrqv
irup d frxqwdeoh edvlv iru wkh vhw ri sduwldo ixqfwlrqv1 Lw fdq eh vkrzq wkdw li �
lv dq rshq vxevhw ri Q� Q wkhq



51<1 UHFXUVLRQ WKHRU\ 5:

� s 5 � lpsolhv < �qlwh } 5 � vxfk wkdw } � s

� s 5 � dqg s � } lpsolhv } 5 �1

Zh fdoo � h�hfwlyho| rshq li wkh vhw ri �qlwh sduwldo ixqfwlrqv ehorqjlqj wr lw
lv u1h1 Wklv uhtxluhv d frglqj iru wkh �qlwh sduwldo ixqfwlrqv +l1h1 d ixqfwlrq iurp
wkh �qlwh sduwldo ixqfwlrqv wr wkh qdwxudo qxpehuv,1

Dq htxlydohqw zd| ri orrnlqj dw wkh vhw ri sduwldo ixqfwlrqv Q � Q lv e|
frqvlghulqj lw wr eh d sduwldoo| rughuhg vhw/ xqghu wkh rughulqj uhodwlrq �1 Lq
wklv fdvh Q � Q lv d gluhfwhg frpsohwh sduwldo rughu/ lq wkh vhqvh wkdw hyhu|
gluhfwhg vhw kdv d ohdvw xsshu erxqg +zklfk lv mxvw wkh xqlrq ri wkh vhw,1 Qrwh
wkdw } G Q� Q lv frpsdfw l� lw lv �qlwh dqg lw lv Vfrww frqwlqxrxv l� lw lv prqrwrqh
dqg frqwlqxrxv1

Lw fdq eh vkrzq wkdw d sduwldo ixqfwlrqdo 8 G EQ� Q�� EQ� Q� lv frqwlqx0
rxv l� lw lv frpsdfw dqg prqrwrqh1 Wklv phdqv wkdw wkh ehkdylru ri d frqwlqxrxv
sduwldo ixqfwlrqdo lv frpsohwho| ghwhuplqhg e| lwv ehkdylru rq �qlwh sduwldo ixqf0
wlrqv1 Zh fdoo d sduwldo ixqfwlrqdo h�hfwlyho| frqwlqxrxv li lwv ehkdylru rq �qlwh
sduwldo ixqfwlrqv/ vxlwdeo| frghg/ lv sduwldo uhfxuvlyh1 Lw fdq eh vkrzq wkdw wkh
sduwldo uhfxuvlyh ixqfwlrqdov duh h�hfwlyho| frqwlqxrxv/ exw qrw ylfh yhuvd1 Lw fdq
eh vkrzq wkdw wkh wrsrorjlfdo dqg grpdlq wkhruhwlf qrwlrqv ri frqwlqxlw| zlwk
uhvshfw wr wkh sduwldo ixqfwlrqdov EQ� Q�� EQ� Q� frlqflgh1 Dovr/ li d sduwldo
ixqfwlrqdo 8 G EQ� Q� � EQ� Q� lv h�hfwlyho| frqwlqxrxv wkhq lwv ohdvw �{hg
srlqw lv sduwldo uhfxuvlyh1
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Wklv vpdoo fkdswhu lqwurgxfhv wkh uhdo qxpehuv dqg wkh forvho| uhodwhg frqfhswv
wkdw zloo eh xvhg lq wkh odwhu fkdswhuv1

614 Wkh Uhdo Olqh dqg wkh Frpsoh{ Sodqh

Wkhuh duh wzr vwdqgdug phwkrgv iru frqvwuxfwlqj wkh vhw ri uhdo qxpehuv U/ dovr
nqrzq dv wkh uhdo olqh/ iurp wkh vhw ri udwlrqdo qxpehuv T1 Lq rqh phwkrg/ wkh uhdo
olqh lv gh�qhg dv wkh vhw ri Ghghnlqg fxwv hqgrzhg zlwk dgglwlrq n/ pxowlsolfdwlrq
� dqg rughu	1 D Ghghnlqg fxw lv d vxevhw ri wkh vhw ri udwlrqdo qxpehuv vdwlvi|lqj
fhuwdlq frqglwlrqv1 Wkh hvvhqwldo frqglwlrq ehlqj wkdw hdfk phpehu ri d fxw pxvw
eh juhdwhu wkdq doo udwlrqdo qxpehuv wkdw duh qrw lq wkh fxw1 Wkh Ghghnlqg phwkrg
uhvxowv lq d yhu| hohjdqw pdwkhpdwlfdo vwuxfwxuh dqg lv ri klvwrulfdo lpsruwdqfh
dv ehlqj wkh �uvw vdwlvidfwru| gh�qlwlrq ri d uhdo qxpehu1 Lq wkh rwkhu phwkrg/
rqh frqvlghuv wkh vhw ri doo vhtxhqfhv ri udwlrqdo qxpehuv k^?l"?'f wkdw vdwlvi| wkh
Fdxfk| frqglwlrq1 Wkh Fdxfk| frqglwlrq vwdwhv wkdw iru dq| udwlrqdo qxpehu " : f
wkhuh lv dq lqwhjhu � vxfk wkdw m^? � ^6m 	 " iru doo lqwhjhuv ? dqg 6 h{fhhglqj � 1
Wzr vhtxhqfhv duh vdlg wr eh htxlydohqw li wkhlu gl�huhqfh frqyhujhv wr }hur1 Wkh
uhvxowlqj froohfwlrq ri htxlydohqfh fodvvhv hqgrzhg zlwk dgglwlrq/ pxowlsolfdwlrq
dqg rughu lv wkh uhdo olqh1 Wkh dsshdo ri wklv gh�qlwlrq vwhpv iurp wkh idfw wkdw
lw fdq eh jhqhudol}hg hdvlo| wr rwkhu pdwkhpdwlfdo vhwwlqjv1 Zh fodvvli| wkh edvlf
dulwkphwlf rshudwlrqv dv qhjdwlrq/ uhflsurfdo/ dgglwlrq dqg pxowlsolfdwlrq1

Lw fdq eh vkrzq wkdw wkh uhdo olqh gh�qhg e| Ghghnlqg dqg Fdxfk| vdwlvi|
wkh vhw ri d{lrpv iru d frpsohwh rughuhg �hog1 Lq idfw/ wkhvh d{lrpv frpsohwho|
fkdudfwhul}h wkh uhdo olqh ehfdxvh wkhuh lv rqo| rqh frpsohwh rughuhg �hog xs wr
lvrprusklvp1 Wkh uhdo olqh wrjhwkhu zlwk wkh Hxfolghdq phwulf _, E%c +� ' m%� +m
irupv d phwulf vsdfh1 Lq jhqhudo/ wkh Hxfolghdq phwulf rq U? lv jlyhq e|

_, G U? �U? $ U

5<
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_, EE%�c %2c � � � c %?� c E+�c +2c � � � c +?�� '

yxxw ?[
�'�

E%� � +��
2�

Wkh uhdo olqh wrjhwkhu zlwk wkh vhw ri rshq vhwv lqgxfhg e| wkh Hxfolghdq phwulf
irupv d wrsrorjlfdo vsdfh1 Qrwh wkdw rqo| wkh erxqghg forvhg lqwhuydov lq U duh
frpsdfw vhwv1 Lq sduwlfxodu/ U lwvhoi lv qrw frpsdfw1

Fodvvlfdoo|/ wkhuh duh wkuhh zd|v wr gh�qh dq lqwhjhu �forvh� wr d jlyhq uhdo
qxpehu % 5 U> qdpho| wkh  rru e%f/ fhlolqj g%h dqg urxqg e%h vdwlvi|lqj

f � %� e%f 	 � +614,

�� 	 %� g%h � f +615,

��

2
	 %� e%h � �

2
� +616,

Lw lv frqyhqlhqw wr h{whqg wkh v|vwhp ri uhdo qxpehuv zlwk lq�qlw| 4 vr wkdw
glylvlrq e| }hur fdq eh kdqgohg1 Wklv hqodujhg vhw lv fdoohg wkh vhw ri h{whqghg
uhdo qxpehuv ru wkh h{whqghg uhdo olqh

U" ' U ^ i4j �

Lq jhqhudo/ I" zloo eh xvhg wr ghqrwh I^ i4j1 Wkh rqh0srlqw frpsdfwl�fdwlrq ri
wkh uhdo olqh lv wkh wrsrorjlfdo vsdfh

EU"c RSHQ EU� ^ FRPSOHPHQW EFORVHG EU���

zkhuh RSHQ EU� lv wkh vhw ri rshq vhwv lq U/ FORVHG EU� lv wkh vhw ri forvhg vhwv lq
U dqg FRPSOHPHQW E�� lv wkh vhw ri frpsohphqwv ri wkh hohphqwv lq �1 Zh gr qrw
frqvlghu wkh wzr0srlqw frpsdfwl�fdwlrq U^i	4j ri wkh uhdo olqh ehfdxvh lw grhv
qrw ehkdyh dv hohjdqwo| zlwk wkh ydulrxv uhsuhvhqwdwlrqv ri wkh uhdo qxpehuv wkdw
zh zloo eh suhvhqwlqj lq wkh uhvw ri wklv wkhvlv1 Wkh gh�qlwlrq ri rughu/ dgglwlrq
dqg pxowlsolfdwlrq duh h{whqghg lq wkh reylrxv pdqqhu e| gh�qlqj

% n 4 ' 4
4 n % ' 4

iru doo uhdo qxpehuv % dqg e| gh�qlqj

+ � 4 ' 4
4 � + ' 4
4 � 4 ' 4
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iru doo qrq0}hur uhdo qxpehuv +1 Qrwh wkdw rughu/ dgglwlrq dqg pxowlsolfdwlrq duh
sduwldo ixqfwlrqv rq wkh vhw ri h{whqghg uhdo qxpehuv ehfdxvh

% 	 4
4 	 %
4 	 4
4 n 4
f � 4
4 � f

duh xqgh�qhg iru doo uhdo qxpehuv %1 Wklv hvvhqwldoo| lqwurgxfhv wkh frqfhsw ri
dq �xqgh�qhg qxpehu� ru �qrw d qxpehu� ghqrwhg e| QdQ lq wkh  rdwlqj srlqw
frppxqlw|1 Wkh h{whqghg uhdo olqh U" lv xvxdoo| uhsuhvhqwhg e| wkh vwhuhrjudsklf
surmhfwlrq j G U" �$ U2

j E%� '

�
2%

%2 n �
c
%2 � �

%2 n �

�
ri wkh h{whqghg uhdo olqh U" rqwr wkh xqlw flufoh lq Hxfolghdq vsdfh U2 dv looxvwudwhg
lq �jxuh 6141 Wkh xvxdo fkrugdo phwulf _� G U" � U" �$ dfc 2o rq wkh h{whqghg
uhdo olqh lv wkh fkrugdo glvwdqfh jlyhq e|

_� E%c +� ' _, Ej E%� c j E+�� '
2 m%� +ms

� n %2
s
� n +2

+617,

dv looxvwudwhg lq �jxuh 6151 Dq dowhuqdwlyh phwulf rq wkh h{whqghg uhdo olqh
_� G U" � U" �$ dfc 2o lv jlyhq e|

_� E%c +� '
2 m%� +m

E� n m%m� E� n m+m� +618,

dv looxvwudwhg lq �jxuh 6161

Sursrvlwlrq 8 Wkh wzr phwulfv _� E%c +� dqg _� E%c +� duh wrsrorjlfdoo| htxlyd0
ohqw1

Surri=
�
2
_� E%c +� � _� E%c +� � 2_� E%c +� �

D forvhg lqwhuydo lq U" lv hlwkhu wkh vhw U" lwvhoi/ d vlqjohwrq vhw i@j iru vrph
@ 5 U" ru d vhw d@c Ko uhsuhvhqwhg e| wkh duf iurp j E@� wr j EK� dqwl0forfnzlvh lq
�jxuh 614 iru vrph @ 9' K1 Ohw d@c Ko ghqrwh @ dqg d@c Ko ghqrwh K1

Ohw L dIo/ L� dIo/ L� dIo dqg L6 dIo ghqrwh wkh vhw ri doo/ rshq/ forvhg dqg frpsdfw
lqwhuydov lq wkh h{whqghg uhdo qxpehuv U" zlwk hqg0srlqwv uhvwulfwhg wr d vxevhw I
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Iljxuh 614= Vwhuhrjudsklf surmhfwlrq j ri wkh h{whqghg uhdo olqh U" rqwr wkh xqlw
flufoh lq Hxfolghdq vsdfh U21
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Iljxuh 615= Wkh fkrugdo phwulf _� E%c +� rq wkh h{whqghg uhdo olqh1
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Iljxuh 616= Wkh phwulf _� E%c +� rq wkh h{whqghg uhdo olqh1

ri U1 Wkh h{whqghg uhdo olqh lv dovr nqrzq dv wkh rqh0srlqw frpsdfwl�fdwlrq ri wkh
uhdo olqh ehfdxvh wkh vhw U" lwvhoi lv frpsdfw zkhuhdv U lv qrw1 Lqwhuydo dulwkphwlf
rq U" lv gh�qhg dv wkh fdqrqlfdo h{whqvlrq ri wkh edvlf dulwkphwlf rshudwlrqv rq
U"1

D frpsoh{ qxpehu 5 lv vshfl�hg e| d sdlu ri uhdo qxpehuv E%c +�> zulwwhq
5 ' %n �+/ zkhuh � lv d �{hg v|pero1 Wkh vhw ri frpsoh{ qxpehuv ru wkh frpsoh{
sodqh lv hqgrzhg zlwk dgglwlrq n dqg pxowlsolfdwlrq� lq vxfk d zd| wkdw �2 ' ��1
Wkh frpsoh{ sodqh lv lvrprusklf wr U21 Wkhuhiruh/ wkh frpsoh{ sodqh wrjhwkhu
zlwk wkh Hxfolghdq phwulf irupv d phwulf vsdfh1 Wkh frpsoh{ sodqh wrjhwkhu zlwk
wkh vhw ri rshqv vhwv lqgxfhg e| wkh Hxfolghdq phwulf irupv d wrsrorjlfdo vsdfh1
Qrwh wkdw rqo| wkh erxqghg forvhg lqwhuydov lq F duh frpsdfw vhwv1 Lq sduwlfxodu/
F lwvhoi lv qrw frpsdfw1 Lw lv frqyhqlhqw wr h{whqg wkh v|vwhp ri frpsoh{ qxpehuv
zlwk lq�qlw| 41 Wklv hqodujhg vhw lv fdoohg wkh vhw ri h{whqghg frpsoh{ qxpehuv
ru wkh h{whqghg frpsoh{ sodqh F"1 Wkh h{whqghg frpsoh{ sodqh F" lv xvxdoo|
uhsuhvhqwhg e| wkh vwhuhrjudsklf surmhfwlrq j G F" �$ U�

j E%n �+� '

�
2%

%2 n +2 n �
c

2+

%2 n +2 n �
c
%2 n +2 � �

%2 n +2 n �

�
ri wkh h{whqghg frpsoh{ sodqh F" rqwr wkh Ulhpdqq vskhuh lq Hxfolghdq vsdfh U�

dv looxvwudwhg lq �jxuh 617 ^83`1 Wkh xvxdo fkrugdo phwulf _� G F"�F" �$ dfc 2o
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Iljxuh 617= Vwhuhrjudsklf surmhfwlrq j E5� ri wkh h{whqghg frpsoh{ sodqh F" rqwr
wkh Ulhpdqq vskhuh lq Hxfolghdq vsdfh U�1

rq wkh h{whqghg frpsoh{ sodqh lv wkh fkrugdo glvwdqfh jlyhq e|

_� E@n �Kc Sn �_� ' _, EjE@n �K�c jES n �_�� +619,

'
2
t
E@� S�2 n EK� _�2

s
� n @2 n K2

s
� n S2 n _2

�

615 Frpsoh{ Ixqfwlrqv dqg Srzhu Vhulhv

Lq wklv vhfwlrq/ zh h{dplqh ydulrxv fodvvhv ri frpsoh{ ixqfwlrqv eholhyhg wr lq0
whuhvwlqj dqg uhohydqw zlwk uhvshfw wr wkh uhsuhvhqwdwlrqv glvfxvvhg odwhu lq wklv
wkhvlv/ dowkrxjk qr gluhfw uhihuhqfh lv pdgh gluhfwo| wr wkhp1

D ixqfwlrq zklfk lv gl�huhqwldeoh dw hyhu| srlqw ri dq rshq vhw � lv vdlg wr
eh krorprusklf lq � ^97`1 Wkh vhw ri ixqfwlrqv krorprusklf lq � lv ghqrwhg e|
M E��1 D ixqfwlrq lv krorprusklf lq dq rshq vhw � li dqg rqo| li lw lv dqdo|wlf/
wkdw lv/ orfdoo| uhsuhvhqwdeoh e| d srzhu vhulhv1 Ohw xv gh�qh wkh rshq glvf zlwk
fhqwuh S 5 F dqg udglxv f 	 o �4 wr eh

( ES( o� ' i5 5 F G m5 � Sm 	 oj �

Wkhruhp 9 +Wd|oru*v Wkhruhp, Ohw s 5 M E( ES(-��1 Wkhq wkhuh h{lvwv
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xqltxh frpsoh{ qxpehuv @? vxfk wkdw

s E5� '
"[
?'f

@? E5 � S�?

iru doo 5 5 ( ES(-�1 Wkh frpsoh{ qxpehuv @? duh jlyhq e|

@? '
s E?� ES�

?-
�

Wkh vhulhv gh�qhg lq wkh wkhruhp lv fdoohg wkh Wd|oru vhulhv iru s dw S1 Lq
sudfwlfh/ wkh Wd|oru vhulhv ri d ixqfwlrq fdq eh xvhg wr dssur{lpdwh wkh ixqfwlrq
e| wdnlqj orqjhu dqg orqjhu sro|qrpldov1 Krzhyhu/ wklv dssurdfk kdv xqghvludeoh
olplwdwlrqv1 Riwhq/ wkh Wd|oru vhulhv ri d ixqfwlrq rqo| frqyhujhv lq d vpdoo uhjlrq
ri wkh frpsoh{ sodqh1 Wklv sureohp fdq eh flufxpyhqwhg e| frqvlghulqj udwlrqdo
ixqfwlrqv/ wkdw lv/ txrwlhqwv ri sro|qrpldov1 Krzhyhu/ udwlrqdo ixqfwlrqv riwhq idlo
wr eh krorprusklf dw lvrodwhg srlqwv1 Vr/ ohw xv gh�qh wkh rshq dqqxoxv zlwk
fhqwuh S dqg udgll f � o 	 r � 4 wr eh

� ES( oc r� ' i5 5 F G o 	 m5 � Sm 	 rj �

Wkhruhp : +Odxuhqw*v Wkhruhp, Ohw s 5 M E� ES(-c7��1 Wkhq wkhuh h{lvwv
xqltxh frpsoh{ qxpehuv @? vxfk wkdw

s E5� '
"[

?'3"
@? E5 � S�?

iru doo 5 5 � ES(-c7�1

D ixqfwlrq s lv vdlg wr kdyh d sroh ri rughu 6 � � dw S li

s E5� '
"[

?'36
@? E5 � S�?

iru vrph f 	 o � 4 dqg iru doo 5 5 � ES( fc o� vxfk wkdw @36 9' f1 D ixqfwlrq s lv
vdlg wr kdyh d }hur ri rughu 6 � � dw S li

s E5� '
"[

?'6

@? E5 � S�?

iru vrph f 	 o �4 dqg iru doo 5 5 � ES( fc o� vxfk wkdw @6 9' f1
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Wkh deryh lghdv fdq eh h{whqghg wr wkh h{whqghg frpsoh{ sodqh e| uhsodflqj
wkh Hxfolghdq phwulf e| wkh fkrugdo phwulf> qdpho| uhgh�qlqj wkh rshq glvf e|

( ES( o� ' i5 5 F" G _� E5c S� 	 oj

dqg wkh rshq dqqxoxv e|

� ES( oc r� ' i5 5 F" G o 	 _� E5c S� 	 rj �

D ixqfwlrq s lv vdlg wr eh gl�huhqwldeoh/ kdyh d sroh ru kdyh d }hur dw 4 li s
�
�
5

�
lv gl�huhqwldeoh/ kdv d sroh ru kdv d }hur dw 3 uhvshfwlyho|1 D ixqfwlrq zklfk lv
krorprusklf lq � h{fhsw srvvleo| iru srohv lv vdlg wr eh phurprusklf ^97`1

Wkhruhp ; � Li s lv krorprusklf lq F" wkhq s lv frqvwdqw1

� Li s lv phurprusklf lq F" wkhq s lv d udwlrqdo ixqfwlrq/ zkhuh d udwlrqdo
ixqfwlrq lv d sro|qrpldo iudfwlrqdo wudqvirupdwlrq1

Vxssrvh wkdw zh kdyh d ixqfwlrq wkdw lv phurprusklf rq d froohfwlrq ri rshq
vhwv wkdw fryhu F" wkhq wkhuh lv d �qlwh vxefroohfwlrq wkdw fryhu F"1 Wklv phdqv
wkdw d srzhu vhulhv fdq eh ghulyhg iru hdfk rshq vhw lq wkh �qlwh vxefroohfwlrq zlwk
uhvshfw wr gl�huhqw srlqwv1 Wkhvh srzhu vhulhv frlqflgh rq wkh lqwhuvhfwlrqv1 Wklv
lv nqrzq dv dqdo|wlf frqwlqxdwlrq dqg zh vkdoo eh xvlqj wklv surshuw| lq rughu
wr h{whqg dojrulwkpv edvhg rq vhtxhqfhv ri udwlrqdo ixqfwlrqv iru wkh hohphqwdu|
ixqfwlrqv ryhu wkh h{whqg uhdo olqh1
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Qxpehuv duh vwruhg lq wkh phpru| ri gljlwdo frpsxwhuv dv d vhtxhqfh ri elqdu|
gljlwv1 Wkh prvw frpprq qxpehu v|vwhp xvhg wr uhsuhvhqw lqwhjhuv lv wkh wzr*v
frpsohphqw v|vwhp1 Pdq| hqjlqhhulqj dqg vflhqwl�f dssolfdwlrqv uhtxluh d odujhu
udqjh iru qxpehuv zklfk duh uhsuhvhqwhg lq d  rdwlqj srlqw irupdw1 Wklv lv wkh
elqdu| htxlydohqw ri vflhqwl�f qrwdwlrq xvlqj d pdqwlvvd dqg dq h{srqhqw wr uhs0
uhvhqw d qxpehu1 Lq wklv fkdswhu/ zh glvfxvv wkh ydulrxv gljlwdo irupdwv wkdw duh
zlgho| xvhg wr uhsuhvhqw wkh vhw ri uhdo qxpehuv lq wkh zruog ri frpsxwlqj wrgd|1

714 Wkh Il{hg Srlqw Uhsuhvhqwdwlrq

D qdwxudo qxpehu � 5 Q lq edvh ru udgl{ o lv zulwwhq lq srvlwlrqdo qrwdwlrq dv

�o ' E_63�_632 � � � _f�o +714,

zkhuh hdfk gljlw _� kdv rqh ri wkh glvwlqfw ydoxhv Q Eo� ' ifc �c2c � � � c o � �j dqg
6 lv wkh qxpehu ri gljlwv uhtxluhg wr uhsuhvhqw wkh qxpehu1 Wkxv wkh qdwxudo
qxpehu :74 frxog eh zulwwhq dv .e��f zlwk o ' �f/ 6 ' �/ _f ' �/ _� ' e dqg
_2 ' . lq htxdwlrq +714,1 Wkh srvlwlrq ri wkh gljlw uhodwlyh wr wkh uljkwprvw gljlw
uhsuhvhqwv d srzhu ri wkh edvh o> wkdw lv/ wkh ydoxh ri wkh qxpehu lv fdofxodwhg dv

� '

63�[
�'f

_�o
� +715,

lq zklfk wkh gljlwv duh uhvwulfwhg lq ydoxh vxfk wkdw _� 5 Q Eo�1 Wkh dulwkphwlf
rshudwlrqv lq htxdwlrq +715, frxog eh fduulhg rxw lq dq| qxpehu edvh dqg wklv htxd0
wlrq lv iuhtxhqwo| xvhg wr ghwhuplqh wkh ghflpdo htxlydohqw ri d qxpehu lq dqrwkhu

6:
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edvh1 Wkh ghflpdo v|vwhp lv/ ri frxuvh/ xvhg sulpdulo| iru ruglqdu| dulwkphwlf e|
kxpdq ehlqjv/ dqg wkh elqdu| v|vwhp +o ' 2, lv xvhg iru frpsxwhu dulwkphwlf1
Rfwdo +o ' H, dqg kh{dghflpdo +o ' �S, uhsuhvhqwdwlrqv duh frqyhqlhqw iru zulwlqj
orqj elqdu| qxpehuv1 Qrwh wkdw wkh odujhvw 60gljlw srvlwlyh lqwhjhu lq srvlwlrqdo
qrwdwlrq

�o ' EEo � �� Eo � �� � � � Eo � ���o

kdv wkh ydoxh

� ' Eo � ��
63�[
�'f

o� ' o6 � ��

Wkh srvlwlrqdo uhsuhvhqwdwlrq gh�qhg e| htxdwlrq +714, lv ydolg iru qdwxudo qxpehuv
rqo|1 Li d iudfwlrq lv wr eh uhsuhvhqwhg/ d udgl{ srlqw lv xvhg wr vhsdudwh wkh lqwhjhu
sduw iurp wkh iudfwlrqdo sduw ri wkh qxpehu1 Wkh udgl{ srlqw lv fdoohg wkh elqdu|
srlqw lq edvh 5 dqg wkh ghflpdo srlqw lq edvh 431 Lq jhqhudo/ dq 60gljlw srvlwlyh
iudfwlrq lv zulwwhq zlwk d ohdglqj udgl{ srlqw dv

�?o ' � E_3�_32 � � � _36�o
zlwk wkh ydoxh

�? '
6[
�'�

_3�o3�

zkhuh wkh qhjdwlyh vxevfulsw iru wkh gljlwv lqglfdwhv wkh dssursuldwh qhjdwlyh srzhu
ri o1

Lqwhuqdoo|/ d gljlwdo frpsxwhu shuirupv dulwkphwlf rq lqwhjhuv zlwkrxw wdnlqj
lqwr dffrxqw wkh srvlwlrq ri wkh udgl{ srlqw1 Lq rwkhu zrugv/ wkh surjudpphu
lv uhvsrqvleoh iru nhhslqj wudfn ri wkh udgl{ srlqw1 Wklv lv fdoohg d �{hg srlqw
uhsuhvhqwdwlrq1

Lq rughu wr uhsuhvhqw wkh frpsohwh vhw ri lqwhjhuv/ d qrwdwlrq iru qhjdwlyh ydoxhv
lv qhfhvvdu|1 Lq ruglqdu| dulwkphwlf/ d qhjdwlyh qxpehu lv uhsuhvhqwhg e| suh�{lqj
wkh pdjqlwxgh +ru devroxwh ydoxh, ri wkh qxpehu zlwk d plqxv vljq1 Iru kdqg
fdofxodwlrqv/ wkh xvh ri d vhsdudwh v|perov wr lqglfdwh srvlwlyh +n, dqg qhjdwlyh
+�, qxpehuv lv frqyhqlhqw1 Wkh frpsxwhu flufxlwv wkdw pdqlsxodwh srvlwlyh dqg
qhjdwlyh lqwhjhuv duh dovr vlpsol�hg li rqh ri wkh gljlwv lq wkh srvlwlrqdo qrwdwlrq
ri d qxpehu lv xvhg wr lqglfdwh wkh vljq ri wkh lqwhjhu1 Wzr vxfk srvvleoh uhsuh0
vhqwdwlrqv ri vljqhg lqwhjhuv duh wkh vljq pdjqlwxgh qrwdwlrq dqg wkh frpsohphqw
qrwdwlrq1 Lq erwk qrwdwlrqv/ wkh prvw vljql�fdqw gljlw rq wkh ohiw lq wkh srvlwlrqdo
irup ri wkh qxpehu lqglfdwhv wkh vljq1

Wkh vljq pdjqlwxgh uhsuhvhqwdwlrq ri d qxpehu lq srvlwlrqdo qrwdwlrq kdv wkh
irup

�o ' E_63�_632 � � � _�_f�o
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zkhuh wkh vljq ri wkh qxpehu lv lqglfdwhg e| wkh prvw vljql�fdqw +ohiwprvw, gljlw

_63� '
�

f li �o � f
o � � li �o 	 f�

Wkh pdjqlwxgh ri wkh qxpehu/ zulwwhq m�om/ lv

m�om '
632[
�'f

_�o
� +716,

zkhuh rqo| wkh �uvw 6� � gljlwv iurp wkh uljkw duh frqvlghuhg1 Dffruglqj wr wkh
gh�qlwlrqv dqg htxdwlrq +716,/ wkh irxu0gljlw qxpehu f�f�2 ' D dqg ��f�2 ' �D1
Wkh qxpehu ri gljlwv/ lqfoxglqj wkh vljq gljlw/ lq wkh uhsuhvhqwdwlrq pxvw eh vshf0
l�hg ru frqixvlrq frxog uhvxow1 Iru h{dpsoh/ ��f�2 lq dq hljkw0gljlw uhsuhvhqwdwlrq
lv dvvxphg wr eh ffff��f�2/ zklfk kdv wkh ghflpdo ydoxh 461

Prvw plfursurfhvvruv kdyh dulwkphwlf lqvwuxfwlrqv wkdw rshudwh rq qhjdwlyh
qxpehuv uhsuhvhqwhg lq d frpsohphqw qxpehu v|vwhp1 Frpsohphqw uhsuhvhqwd0
wlrqv kdyh dq dgydqwdjh ryhu vljq pdjqlwxgh qrwdwlrq ehfdxvh wkh vljq gljlw grhv
qrw kdyh wr eh wuhdwhg lq d vshfldo zd| gxulqj dgglwlrq dqg vxewudfwlrq1 Wklv
vlpsol�hv wkh dulwkphwlf flufxlwv1 Lq wkhvh v|vwhpv/ srvlwlyh qxpehuv kdyh wkh
vdph uhsuhvhqwdwlrq dv lq vljq pdjqlwxgh qrwdwlrq/ exw wkh qhjdwlyh qxpehuv duh
iruphg e| frpsxwlqj wkh frpsohphqw ri wkh qxpehu dffruglqj wr wkh uxohv ri wkh
vshfl�f v|vwhp ehlqj xvhg1 Wkh wzr prvw frpprq frpsohphqw v|vwhpv duh wkh
udgl{ frpsohphqw dqg wkh glplqlvkhg udgl{ frpsohphqw v|vwhpv1

Lq wkh jhqhudo irup/ wkh udgl{ frpsohphqw ri dq 60gljlw qxpehu lv frpsxwhg
pdwkhpdwlfdoo| dv

� �
o ' o6 ��o +717,

zkhuh � �
o lv wkh udgl{ frpsohphqw ri wkh edvh o qxpehu �o1 Lq d gljlwdo frpsxwhu/

rqo| 60gljlw ydoxhv fdq eh uhsuhvhqwhg1 Li dq| rshudwlrq surgxfhv d uhvxow wkdw
uhtxluhv pruh wkdq 6 gljlwv/ wkh kljkhu rughu gljlwv duh ljqruhg1 Wkh wzr prvw
frpprqo| xvhg udgl{ frpsohphqw v|vwhpv duh wkh wzr*v frpsohphqw dqg wkh whq*v
frpsohphqw v|vwhpv1 Li wkh qxpehu dqg lwv frpsohphqw duh dgghg/ wkh uhvxow lv
3 wr 6 gljlwv/ dv h{shfwhg1 Lq d wzr*v frpsohphqw v|vwhp/ qhjdwlyh ydoxhv dozd|v
kdyh d ohdglqj � dqg srvlwlyh ydoxhv kdyh 3 dv wkh ohdglqj gljlw1

Wkh glplqlvkhg udgl{ frpsohphqw lv frpsxwhg dv

�o ' o6 ��o � � +718,

zklfk lv rqh ohvv wkdq wkh udgl{ frpsohphqw ydoxh frpsxwhg e| htxdwlrq +717,1
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715 Wkh Iordwlqj Srlqw Uhsuhvhqwdwlrq

Wkh uhsuhvhqwdwlrq iru qxpehuv wkdw zh kdyh frqvlghuhg deryh dvvxph wkdw wkh
udgl{ srlqw lv orfdwhg lq d �{hg srvlwlrq/ |lhoglqj dq lqwhjhu ru d iudfwlrq dv wkh
lqwhusuhwdwlrq ri wkh lqwhuqdo pdfklqh uhsuhvhqwdwlrq1 Ri frxuvh/ wkh udgl{ srlqw
lv qrw dfwxdoo| vwruhg zlwk wkh qxpehu/ exw lwv srvlwlrq pxvw eh uhphpehuhg e|
wkh surjudpphu1 Wklv phwkrg lv fdoohg �{hg srlqw1

Lq sudfwlfh/ wkh pdfklqh ydoxh lv olplwhg wr d �qlwh udqjh zklfk lv ghwhuplqhg
e| wkh qxpehu ri elwv xvhg lq wkh uhsuhvhqwdwlrq1 Iru d 650elw zrug/ wkh udqjh ri
vljqhg �{hg srlqw lqwhjhuv lv derxw n2�� ru n�f��1 Wkxv wkh olplwhg udqjh ri �{hg
srlqw qrwdwlrq lv d gudzedfn iru fhuwdlq dssolfdwlrqv1

Wr ryhufrph pdq| ri wkh olplwdwlrqv ri wkh �{hg srlqw qrwdwlrq/ d uhsuhvhqwd0
wlrq wkdw lv wkh frxqwhusduw ri wkh vflhqwl�f qrwdwlrq lv xvhg iru qxpehuv lq gljlwdo
frpsxwhuv1 Wkh  rdwlqj srlqw qrwdwlrq uhsuhvhqwv d qxpehu dv d iudfwlrqdo sduw
wlphv d vhohfwhg edvh udlvhg wr d srzhu1 Lq wkh pdfklqh uhsuhvhqwdwlrq/ rqo| wkh
iudfwlrqdo sduw dqg wkh ydoxh ri wkh h{srqhqw duh vwruhg1 Wkh ghflpdo htxlydohqw
lv zulwwhq dv

��? ' s � �fe

zkhuh s lv wkh iudfwlrq ru pdqwlvvd dqg e lv dq lqwhjhu fdoohg wkh h{srqhqw1 Wkh
fkrlfh iru wkh edvh lv xvxdoo| edvh 2/ dowkrxjk edvh �S lv vrphwlphv xvhg1

Wkh w|slfdo  rdwlqj srlqw irupdw vwruhv wkh iudfwlrq dqg wkh h{srqhqw wrjhwkhu
lq dq 60elw uhsuhvhqwdwlrq1 Wkh fkrlfh iru d �{hg ohqjwk  rdwlqj srlqw irupdw
lv frpprqo| 65 ru 97 elwv/ uhihuuhg wr dv vlqjoh suhflvlrq dqg grxeoh suhflvlrq/
uhvshfwlyho|1 H{whqghg irupdwv zlwk 6 : Se duh rffdvlrqdoo| xvhg zkhq d juhdwhu
udqjh ri suhflvlrq lv uhtxluhg1

Rqfh wkh ohqjwk ri wkh  rdwlqj srlqw uhsuhvhqwdwlrq lv fkrvhq/ d qxpehu ri
fkrlfhv iru erwk wkh ohqjwk dqg wkh irupdw ri wkh iudfwlrq dqg h{srqhqw duh srvvl0
eoh1 Pdq|  rdwlqj srlqw irupdwv hpsor| d vljq pdjqlwxgh uhsuhvhqwdwlrq iru wkh
iudfwlrq1 Wkh iudfwlrq lv jhqhudoo| qrupdol}hg wr |lhog dv pdq| vljql�fdqw gljlwv
dv srvvleoh1 Wkxv/ lq d edvh o v|vwhp/ wkh prvw vljql�fdqw gljlw lv lq wkh ohiwprvw
srvlwlrq lq wkh iudfwlrq1 Iru qrq0}hur qxpehuv lq wkh elqdu| v|vwhp/ wkh ohiwprvw
gljlw zloo eh d 41 Dv wkh dulwkphwlf xqlw ru wkh surjudp vkliwv wkh gljlwv lq wkh
iudfwlrq gxulqj dulwkphwlf rshudwlrqv/ wkh h{srqhqw lv dgmxvwhg dffruglqjo|1 Zkhq
qrupdol}hg dv d edvh 5 ydoxh/ wkh pdjqlwxgh ri wkh iudfwlrq lv f�D � ms m 	 � xqohvv
wkh qxpehu lv }hur1 Wkh qxpehu ri gljlwv uhvhuyhg iru wkh iudfwlrq uhsuhvhqwv d
frpsurplvh ehwzhhq wkh suhflvlrq ri wkh iudfwlrq dqg wkh udqjh ri wkh h{srqhqw1
D w|slfdo vlqjoh suhflvlrq irupdw +65 elwv, pljkw frqwdlq dq ;0elw h{srqhqw dqg d
560elw iudfwlrq dqg 40elw iru wkh vljq1

Dq h{srqhqw frxog eh uhsuhvhqwhg lq wzr*v frpsohphqw ru dq| rwkhu qrwdwlrq
wkdw doorzv vljqhg ydoxhv1 D gl�huhqw dowhuqdwlyh/ zklfk shuplwv wkh h{srqhqw wr
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eh uhsuhvhqwhg lqwhuqdoo| dv d srvlwlyh qxpehu rqo|/ lv wr dgg dq r�vhw ydoxh1 Wklv
ydoxh lv riwhq fdoohg dq h{fhvv1

Wkh ryhuzkhoplqj pdmrulw| ri wkh frpsxwhu lqgxvwu| kdv dgrswhg wkh LHHH
vwdqgdug iru  rdwlqj srlqw ^6:`1 Xowlpdwho| wkrxjk dq|  rdwlqj srlqw irupdw fdq
rqo| uhsuhvhqw d wlq| vxevhw ri wkh udwlrqdo qxpehuv1 Vlqfh sk|vlfdo phdvxuhphqwv
kdyh rqo| �qlwh dffxudf|/ fdofxodwhg ydoxhv wkdw ghshqg rq phdvxuhg gdwd duh
lqkhuhqwo| lqh{dfw1 Frqvhtxhqwo|/  rdwlqj srlqw dulwkphwlf kdv d vwurqj sk|vlfdo
mxvwl�fdwlrq1 Krzhyhu wkh ydvw pdmrulw| ri uhdo qxpehuv fdq rqo| eh uhsuhvhqwhg
dssur{lpdwho| ohdglqj wr wkh xqdyrlgdeoh qrwlrq ri d urxqg r� huuru1 Ixuwkhupruh/
wkhvh huuruv fdq dffxpxodwh ohdglqj wr wrwdoo| lqfruuhfw uhvxowv1

Lqwhuydo dqdo|vlv ^7;` surylghv d zd| wr kdqgoh wkh lqvlglrxv qdwxuh ri urxqg0r�
huuruv1 Lq lqwhuydo dqdo|vlv/ d sdlu ri erxqglqj  rdwlqj srlqw qxpehuv lv pdlq0
wdlqhg/ zklfk lv jxdudqwhhg wr frqwdlq wkh uhdo qxpehu ru lqwhuydo lq txhvwlrq1
Krzhyhu/ wklv lqwhuydo fdq jhw xqmxvwl�deo| odujh dqg wkhuhe| frqyh| yhu| olwwoh
lqirupdwlrq1
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# ��� !������ ����	����
	�

Zh kdyh vhhq hduolhu wkdw d fhuwdlq vhw ri htxlydohqfh fodvvhv rq Fdxfk| vhtxhqfhv
frpsohwho| fkdudfwhul}h wkh vhw ri uhdo qxpehuv1 Lw pljkw eh ghgxfhg iurp wklv
wkdw Fdxfk| vhtxhqfhv pljkw surylgh d zd| wr uhsuhvhqw uhdo qxpehuv h{dfwo|
lq d gljlwdo frpsxwhu1 Krzhyhu/ wklv lv qrw wuxh ehfdxvh lq d gljlwdo frpsxwhu
rqo| �qlwh sruwlrqv ri d Fdxfk| vhtxhqfh pd| eh h{dplqhg lq �qlwh wlph dqg d
�qlwh sruwlrq ri d Fdxfk| vhtxhqfh vd|v devroxwho| qrwklqj derxw wkh uhdo qxpehu
ehlqj uhsuhvhqwhg1 Lq idfw/ lw lv qhfhvvdu| wr kdyh erxqglqj lqirupdwlrq derxw wkh
sruwlrq ri wkh Fdxfk| vhtxhqfh wkdw kdv qrw ehhq h{dplqhg1 Lq wklv wkhvlv/ zh
zloo rqo| frqvlghu uhsuhvhqwdwlrqv ri d uhdo qxpehu/ % vd|/ e| lq�qlwh vhtxhqfhv
ri lqwhuydov kU?l"?'f vxfk wkdw

W"
?'f U? ' i%j1 Zlwkrxw orvv ri jhqhudolw|/ zh fdq

dvvxph wkdw wkh vhtxhqfh ri lqwhuydov lv qhvwhg1 Zh vkdoo fdoo vxfk d vhtxhqfh d
uhsuhvhqwdwlyh ri %1 D vhtxhqfh ri lqwhuydov kU?l"?'f lv ydolg li

W"
?'f U? lv d vlqjohwrq

vhw1 Lq rughu wr dyrlg d flufxodu dujxphqw/ wkh hqg0srlqwv ri wkh lqwhuydov pxvw eh
uhvwulfwhg wr d ghqvh vwulfw vxevhw I ri U1 W|slfdoo|/ wkh hqg0srlqwv vhw I lv wdnhq wr
eh wkh vhw ri udwlrqdo qxpehuv T/ exw rwkhu frqwhqghuv lqfoxgh wkh vhw ri dojheudlf

qxpehuvD/ wkh K0dglf qxpehuv E EK� '
q ?

K6
G ? 5 ] a6 5 Q

r
iru dq| uhdo qxpehu

K juhdwhu wkdq 4 dqg d txdgudwlf �hog T
�s

_
�
'
q
Rn ^

s
_ G Rc ^ 5 T

r
iru vrph

vtxduh0iuhh lqwhjhu _ juhdwhu wkdq rqh1 D �qlwh vhtxhqfh ri lqwhuydov kU?l6?'f zloo
eh lqwhusuhwhg dv wkh lq�qlwh vhtxhqfh kU?l"?'f zlwk U? ' U6 iru doo ? : 61

Wkh d{lrpv iru wkh uhdo qxpehuv vwdwh wkdw hyhu| uhdo qxpehu kdv d uhflsurfdo
h{fhsw 31 Krzhyhu/ jlyhq d vhtxhqfh ri lqwhuydov/ lw fdqqrw qhfhvvdulo| eh ghflghg
lq �qlwh wlph zkhwkhu lw lv d uhsuhvhqwdwlyh ri 31 Wklv phdqv wkdw zh fdqqrw
qhfhvvdulo| dyrlg wdnlqj wkh uhflsurfdo ri 31 Wkhuhiruh/ lw lv frqyhqlhqw wr lqfoxgh
lq�qlw|/ zulwwhq 4/ lq dq| h{dfw uhsuhvhqwdwlrq ri wkh uhdo qxpehuv1 Lq rwkhu
zrugv/ zh vkdoo eh frqvlghulqj h{dfw uhsuhvhqwdwlrqv iru wkh h{whqghg uhdo qxpehuv1

Ri frxuvh/ dq lq�qlwh vhtxhqfh ri lqwhuydov kU?l"?'f fruuhvsrqgv wr wkh ixqfwlrq
U G Q $ L dIo1 Uhfdoo wkdw L dIo lv wkh vhw ri doo lqwhuydov +l1h1 rshq/ forvhg
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ru rwkhuzlvh, lq U" zlwk hqg srlqwv uhvwulfwhg wr wkh ghqvh vxevhw I ri U"1
Wkhuhiruh/ dq h{whqghg uhdo qxpehu pd| eh uhsuhvhqwhg vlpso| e| d ixqfwlrq
Q$ L dIo1 Lq sudfwlfh/ d udwh ri frqyhujhqfh

mU?m � �

k?

iru vrph k : � lv lpsrvhg rq wkh vhtxhqfhv ri lqwhuydov kU?l"?'f1 Wklv dssurdfk
fdq eh xvhg iru ghyhorslqj qrq0lqfuhphqwdo uhsuhvhqwdwlrqv ri wkh uhdo qxpehuv
lq d gljlwdo frpsxwhu1 Lq rwkhu zrugv/ U? fdq eh hydoxdwhg zlwkrxw qhfhvvdulo|
hydoxdwlqj U� iru f � � 	 ?1 Lq sduwlfxodu/ Pìqlvvlhu0Prudlq ^7:` kdv lpsohphqwhg
h{dfw uhdo dulwkphwlf xvlqj wklv lghd1 Krzhyhu/ wkh wkuxvw ri wklv wkhvlv lv wr
lqyhvwljdwh zkhwkhu dq h!flhqw lqfuhphqwdo uhsuhvhqwdwlrq fdq eh irxqg1 Lq rwkhu
zrugv/ wkh hydoxdwlrq ri U?n� pxvw h!flhqwo| xvh wkh uhvxowv ri hydoxdwlqj U?1

Ohw xv gh�qh wkh ixqfwlrq # G EQ$ L dIo�$ LU" e|

# EU� '
"_
?'f

U?�

814 Grpdlq ri Uhdo Lqwhuydov

Iru dq| forvhg lqwhuydo U 5 L�U" ri wkh h{whqghg uhdo olqh/ wkh vhw ri forvhg
lqwhuydov L�U rughuhg e| uhyhuvh lqfoxvlrq lv d frqwlqxrxv grpdlq

�
L�Uc��1 Qrwh

wkdw

U y a ' U � a

U w a ' U _ a
U � a / LQWHULRU EU� � a

zkhuh
LQWHULRU Ed@c Ko� ' E@c K� �

Gh�qlwlrq < +Frqwlqxrxv uhdo grpdlq, Gh�qh wkh frqwlqxrxv uhdo grpdlq
F EU� rq U 5 L�U" e|

F EU� '
�
L�Uc�� �

D vhtxhqfh ri qhvwhg forvhg lqwhuydov uhsuhvhqwlqj dq h{whqghg uhdo qxpehu fdq
eh prghohg e| d fkdlq lq wkh frqwlqxrxv grpdlq F EU"� ^96`1 Wkh h{whqghg uhdo
qxpehuv duh uhsuhvhqwhg e| vlqjohwrq vhwv rq wkh ulp ri wkh frqh/ zkloh wkh rwkhu
lqwhuydov duh uhsuhvhqwhg e| srlqwv rq wkh vxuidfh ri wkh frqh1 Wkh erwwrp hohphqw
lv U"1 Iru dq| ghqvh vxevhwv I ri U/ wkh vhw ri forvhg lqwhuydov L� dIo lq U zlwk
hqg0srlqwv wdnhq iurp I lv d edvlv iru wkh frqwlqxrxv grpdlq F EU�1 Iru dq| ghqvh
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{0}

{1}{-1}

{∞}

extended

on the rim
real numbers

U
∞

Iljxuh 814= Wkh frqwlqxrxv uhdo grpdlq
�
L�U"c��1

vxevhwv I ri U/ wkh lghdo frpsohwlrq ri wkh devwudfw edvlv
�
L� dIo c�� lv lvrprusklf

wr wkh frqwlqxrxv grpdlq F EU�1 Wkh pd{lpdo hohphqwv +ru vlqjohwrq vhwv, duh
lghqwl�hg zlwk wkh hohphqwv ri U1 Iru d frqwlqxrxv ixqfwlrq s G F EU� $ F EU�/ li
L� dIo 6 +� sE%� wkhq wkhuh h{lvwv L� dIo 6 5 � % vxfk wkdw +� sE5�1

Iru dq| forvhg lqwhuydo U 5 L�U" ri wkh h{whqghg uhdo olqh dqg d ghqvh vxevhw

I ri U/ wkh lghdo frpsohwlrq
�
EL� dIo c��c�

�
ri L� dIo rughuhg e| uhyhuvh lqfoxvlrq

lv dq dojheudlf grpdlq1

Gh�qlwlrq 43 +Dojheudlf uhdo grpdlq, Gh�qh wkh dojheudlf uhdo grpdlq
D EI� rq U 5 L�U" zlwk uhvshfw wr ghqvh vxevhw I ri U e|

D EI� '
�
EL� dIo c��c�

�
�

D vhtxhqfh ri qhvwhg forvhg lqwhuydov uhsuhvhqwlqj dq h{whqghg uhdo qxpehu fdq
eh prghohg e| d fkdlq lq wkh dojheudlf grpdlq D ET"� ^96`1 Wkh erwwrp hohphqw
lv iU"j1 Wkh dojheudlf grpdlq D EI� lv d Vfrww0grpdlq1 Wkh frpsdfw hohphqwv
ri D EI� duh jlyhq e|

g ED EI�� '
�&% ��% 5 L� EI�� �

Lq rwkhu zrugv/ wkh lghdo frpsohwlrq
�
EL� dIo c��c�

�
ri EL� dIo c�� lv dq dojheudlf

grpdlq zlwk edvlv lvrprusklf wr L� dIo1 Iru dq| _c e 5 g ED EU"��/ wkh vwhs
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"0"

"1"

"-1"

"∞"

irrational number

U
∞

rational numberon the rim
on the rim

one point for each
four points for each

}{

Iljxuh 815= Wkh dojheudlf uhdo grpdlq
�
EL� dT"o c��c�

�
1
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ixqfwlrq _) e lv frpsdfw dqg wkh| duh vx!flhqw wr jhqhudwh d edvlv iru wkh kljkhu
grpdlq dD EU"�$ D EU"�o ^4`1 Wkh dojheudlf uhdo grpdlq kdv wkh dgydqwdjh
ri doorzlqj d glvwlqfwlrq wr eh pdgh ehwzhhq �qlwho| dqg lq�qlwho| uhsuhvhqwhg
uhdo qxpehuv ^44`1 Wklv lv xvhixo iru h!flhqf| uhdvrqv dv zh gr qrw zdqw wr eh
irufhg wr uhsuhvhqw hyhu| qxpehu e| dq lq�qlwh surgxfw ri pdwulfhv li lw fdq eh
dyrlghg1 Krzhyhu/ udwlrqdo qxpehuv fdqqrw dozd|v eh vwruhg dv d yhfwru ehfdxvh
dvfhuwdlqlqj zkhwkhu d uhdo qxpehu lv udwlrqdo ru luudwlrqdo lv xqghflgdeoh1 Jlyhq
dq lqwhuydo % 5 �L� dUo c��/ ohw xv xvh wkh qrwdwlrq % ' LQI E%�/ % ' VXS E%� dqg

k%l ' i+ 5 L� dIo m + � % dqg % � +j
k%ll ' i+ 5 L� dIo m + � % dqg % 	 +j
kk%l ' i+ 5 L� dIo m + 	 % dqg % � +j
kk%ll ' i+ 5 L� dIo m + 	 % dqg % 	 +j

zkhuh +shukdsv frxqwhu lqwxlwlyho|, U	U dqg U 	 U1 Qrwh wkdw k%l �&% dqg
kk%ll � &&%1 Lq wkh dojheudlf grpdlq/ wkh hohphqwv k%l/ k%ll/ kk%l dqg kk%ll duh
glvwlqfw zkhqhyhu % 5 L� dIo/ wkh| surylgh rqo| wzr glvwlqfw hohphqwv zkhqhyhu
% 5 L�U zlwk rqh hqg0srlqw lq I dqg wkh| duh lqglvwlqjxlvkdeoh zkhqhyhu % 5 L�U
zlwk qhlwkhu hqg0srlqw lq I1

k%l

a
a
a %

%
%

k%ll kk%l
%
%
% a

a
a

kk%ll



7; FKDSWHU 81 H[DFW GLJLWDO UHSUHVHQWDWLRQV

Qrwh wkdw wkh ixqfwlrqv e G F EU�$ D EI� zlwk % :$ &&% dqg R G D EI�$ F EU� zlwk
% :$ _% irup dq hpehgglqj2surmhfwlrq sdlu zlwk R � e ' ,G dqg e � R y ,G1

F EU�
%

e ! &&%

_% " R
%

D EI�

Iru d frqwlqxrxv ixqfwlrq s G D EI� $ D EI�/ li + y s E%� zlwk + frpsdfw wkhq
<5 y % vxfk wkdw + y sE5� zlwk 5 frpsdfw1

815 Irupdo Gljlwdo Uhsuhvhqwdwlrqv

Dq dowhuqdwlyh lqgluhfw dssurdfk lv wr uhsuhvhqw d uhdo qxpehu e| d vhtxhqfh ri
gljlwv wkdw fdq eh xvhg wr lqfuhphqwdoo| jhqhudwh d vhtxhqfh ri lqwhuydov uhsuh0
vhqwlqj wkdw uhdo qxpehu1 Lurqlfdoo|/ dowkrxjk wklv dssurdfk lv pruh hohjdqw/ lw
wklv kdv ohg wr pxfk ohvv vdwlvidfwru| lpsohphqwdwlrqv dv whvwl�hg e| Erhkp dqg
Fduwzuljkw ^8`1 Qlhovhq dqg Nruqhuxs ^84` dqg Zhlkudxfk ^:8` kdyh h{dplqhg wkh
wkhruhwlfdo edvlv iru vxfk uhsuhvhqwdwlrqv1 D frqyhqlhqw gh�qlwlrq iru d irupdo
gljlwdo uhsuhvhqwdwlrq lv=

Gh�qlwlrq 44 Wkh wxsoh EIcGc w� lv fdoohg d gljlwdo uhsuhvhqwdwlrq li

� wkh hqg0srlqwv vhw I lv d vxevhw ri U/

� wkh gljlw vhw G lv d qrq0hpsw| frxqwdeoh vhw ri v|perov dqg

� wkh gljlw vhtxhqfh pds w lv d sduwldo ixqfwlrqdo

EQ� G�� EQ� L EI�� �
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Vr/ d gljlwdo uhsuhvhqwdwlrq vshfl�hv d ixqfwlrq iru frqyhuwlqj d vhtxhqfh ri
gljlwv lqwr d vhtxhqfh ri lqwhuydov1

Gh�qlwlrq 45 Wkh wxsoh EIcGc wcx� lv fdoohg dq dghtxdwh gljlwdo uhsuhvhqwd0
wlrq li

� wkh wxsoh EIcGc w� lv d gljlwdo uhsuhvhqwdwlrq dqg

� wkh lqwhuydo vhtxhqfh pds x lv d sduwldo ixqfwlrqdo

EQ� L EI��� EQ� G�

vdwlvi|lqj

"_
?'f

U E?� ' i%j iru vrph % 5 U lpsolhv
"_
?'f

w Ex EU�� E?� ' i%j �

Vr/ dq dghtxdwh gljlwdo uhsuhvhqwdwlrq vshfl�hv wzr ixqfwlrqv> rqh iru frqyhuw0
lqj d vhtxhqfh ri gljlwv lqwr d vhtxhqfh ri lqwhuydov dqg wkh rwkhu iru frqyhuwlqj d
vhtxhqfh ri lqwhuydov lqwr d vhtxhqfh ri gljlwv1 D wulyldo h{dpsoh ri dq dghtxdwh
gljlwdo uhsuhvhqwdwlrq lv

EIc L dIo c U :$ Uc U :$ U� �

816 Ghflpdo H{sdqvlrq

Wkh xvxdo zd| wr ylvxdol}h uhdo qxpehuv lv lq whupv ri wkhlu ghflpdo h{sdqvlrqv>
wkdw lv/ rqh whqgv wr wklqn ri wkhp dv hqwlwlhv vxfk dv �2�D dqg ���e�Db � � �1 Ri
frxuvh/ wkhvh fdq eh ylhzhg dv lq�qlwh vhtxhqfhv _f � _�_2_� � � � ri qdwxudo qxp0
ehuv/ zkhuh wkh �uvw qdwxudo qxpehu lv duelwudu| dqg wkh rwkhu qdwxudo qxpehuv
olh ehwzhhq 3 dqg <1 Lq rughu wr hqvxuh wkdw hdfk uhdo qxpehu kdv d xqltxh uhs0
uhvhqwdwlrq/ zh h{foxgh wkrvh vhtxhqfhv wkdw whuplqdwh zlwk qlqhv1 Zh frxog dovr
dvvxph wkdw wkhuh duh dozd|v lq�qlwho| pdq| gljlwv diwhu wkh srlqw e| frpsohwlqj
d �qlwh vhtxhqfh zlwk 3*v1 Wudglwlrqdoo|/ wkh ghflpdo h{sdqvlrq _f �_�_2_� � � � iru d
uhdo qxpehu/ % vd|/ lv lqwhusuhwhg dv wkh Fdxfk| vhtxhqfh

S?
�'f

_�
�f�

�"
?'f

1 Krzhyhu/
hdfk phpehu ri wklv Fdxfk| vhtxhqfh lv dfwxdoo| hqgrzhg zlwk dq lpsolflw slhfh
ri dgglwlrqdo lqirupdwlrq> qdpho| wkdw

% 5
%

?[
�'f

_�
�f�

c
?[
�'f

_�
�f�

n
�

�f?

$
iru doo ? 5 Q1 Wkh uhdvrq iru wklv lv wkdw rqo| uhdo qxpehuv lq wklv lqwhuydo fdq
eh uhsuhvhqwhg e| d ghflpdo h{sdqvlrq vwduwlqj zlwk wkh gljlwv _f � _�_2_� � � � _?1
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Vr/ lq idfw/ wkh xqltxh ghflpdo h{sdqvlrq _f � _�_2_� � � � iru d uhdo qxpehu dfwxdoo|
uhsuhvhqwv wkh vhtxhqfh ri lqwhuydov

d_fc _f n ��

�
�
_f n

_�
�f
c _f n

_� n �

�f

�
�

�
_f n

_�
�f

n
_2
�ff

c _f n
_�
�f

n
_2 n �

�ff

�
� � � �

vxfk wkdw wkhlu lqwhuvhfwlrq lv wkh vlqjohwrq vhw frqwdlqlqj %1 Lw fdq eh vkrzq wkdw
d uhdo qxpehu lv udwlrqdo li dqg rqo| li lwv ghflpdo h{sdqvlrq lv shulrglf1

Sursrvlwlrq 46 Wkh ghflpdo uhsuhvhqwdwlrq iru wkh qrq0}hur uhdo qxpehuv
fruuhvsrqgv wr wkh dghtxdwh gljlwdo uhsuhvhqwdwlrq Edfc4� _ E E�f� cQc wcx� zlwk

w E_� E?� '

%
?[
�'f

_ E��

�f�
c

?[
�'f

_ E��

�f�
n

�

�f?

$

x EU� '
_+

_ G
"_
�'f

w E_� E�� �
"_
�'f

U E��

,
�

Surri=

"_
?'f

U E?� ' i%j ,
"_
?'f

w Ex EU�� E?� '
"_
?'f

w

#_+
_ G

+ "[
�'f

_ E��

�f�

,
� i%j

,$
E?�

'
"_
?'f

w E_� E?� vxfk wkdw
"[
�'f

_ E��

�f�
' %

' i%j �

817 Lqfuhphqwdo Gljlw Uhsuhvhqwdwlrq

Lw lv frqyhqlhqw wr gh�qh wkh iroorzlqj wzr vshfldo gljlwdo uhsuhvhqwdwlrqv/ zklfk
duh vlplodu wr d uhsuhvhqwdwlrq e| Qlhovhq dqg Nruqhuxs ^84`=

Gh�qlwlrq 47 Wkh wxsoh EIc�c{c �clc �� lv fdoohg dq xqvljqhg lqfuhphqwdo
gljlw uhsuhvhqwdwlrq li
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� wkh hqg0srlqwv vhw I lv d ghqvh vwulfw vxevhw I ri U/

� wkh edvh lqwhuydo � lv d phpehu ri L dIo/

� wkh gljlw vhw { lv d qrq0hpsw| frxqwdeoh vhw ri v|perov/

� wkh gljlw pds � lv d ixqfwlrq {$ I� $ I� dqg

� wkh whuplqdwru vhw l lv d qrq0hpsw| frxqwdeoh vhw ri v|perov dqg

� wkh whuplqdwru pds � lv d ixqfwlrq l$ I�

zkhuh I� ' I _� dqg � E_� lv d prqrwrqlf ixqfwlrq iru doo _ 5 {1

Dq lq�qlwh vhtxhqfh ri gljlwv k_?l"?'f uhsuhvhqwv d uhdo qxpehu % lq � li lw
lqgxfhv dq lq�qlwh vhtxhqfh ri lqwhuydov kU?l"?'f zlwk

U? ' � E_f� E� E_�� E� � � � E_?� E�� � � ���

vxfk wkdw wkh lqgxfhg vhtxhqfh kU?l"?'f lv d uhsuhvhqwdwlyh ri %1 Vlploduo|/ d �qlwh
vhtxhqfh ri gljlwv k_?l63�?'f whuplqdwhg e| � 5 l uhsuhvhqwv d uhdo qxpehu % lq �
li lw lqgxfhv d �qlwh vhtxhqfh ri lqwhuydov kU?l6?'f zlwk

U? '

�
� E_f� E� E_�� E� � � � E_?� E�� � � ��� li ? 	 6
� E_f� E� E_�� E� � � � E_63�� E� Ei�j�� � � ��� li ? ' 6

vxfk wkdw wkh lqgxfhg vhtxhqfh kU?l6?'f lv d uhsuhvhqwdwlyh ri %1 Wklv xq0
vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq lv htxlydohqw wr wkh gljlwdo uhsuhvhqwdwlrq
EI�c{ ^ lc w� zlwk

w E_� E?� '

;?= � E_f� E� � � � E_?� E�� � � �� li _fc � � � c _? 5 {

� E_f� E� � � � E_?3�� E� Ei_?j�� � � �� li _fc � � � c _?3� 5 {
dqg _? 5 l�

Wklv uhsuhvhqwdwlrq lv lqfuhphqwdo lq wkh vhqvh wkdw

� E_f� � � E_�� � � � � � � E_?n��

fdq eh ghulyhg iurp wkh frpsrvlwlrq ri

� E_f� � � E_�� � � � � � � E_?�

zlwk
� E_?n�� �
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Gh�qlwlrq 48 Wkh wxsoh EIc �cPc )c{c �clc �� lv fdoohg d vljqhg lqfuhphqwdo
gljlw uhsuhvhqwdwlrq li

� EIc �c{c �clc �� lv dq xqvljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq/

� wkh vljq vhw P lv d qrq0hpsw| frxqwdeoh vhw ri v|perov dqg

� wkh vljq pds ) lv d ixqfwlrq P$ I� $ I

zkhuh I� ' I _� dqg ) Ej� lv d prqrwrqlf ixqfwlrq iru doo j 5 P1

D uhdo qxpehu % lq wkh xqvljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq suh�{hg e|
d vljq j 5 P uhsuhvhqwv wkh uhdo qxpehu ) Ej� E%�1 Wklv vljqhg lqfuhphqwdo gljlw
uhsuhvhqwdwlrq lv htxlydohqw wr wkh gljlwdo uhsuhvhqwdwlrq EIcP ^{ ^ lc w� zlwk

w E_� E?� '

;AAAA?AAAA=
) E_f� E� � � � E_?� E�� � � ��

li _f 5 P
dqg _�c � � � c _? 5 {

) E_f� E� � � � E_?3�� E� Ei_?j�� � � ��
li _f 5 P
dqg _�c � � � c _?3� 5 {
dqg _? 5 l�

Zh zloo vhh frqfuhwh h{dpsohv vkruwo|1

818 Wkh Dxwrpdwrq Frqqhfwlrq

Dq lqfuhphqwdo gljlw uhsuhvhqwdwlrq fdq eh ylhzhg dv dq dxwrpdwrq1 Wklv
ylhz lv xvhixo gxulqj lpsohphqwdwlrq1 Iru lqvwdqfh/ dq xqvljqhg lqfuhphqwdo
gljlw uhsuhvhqwdwlrq EIc �c{c �clc �� lv htxlydohqw wr wkh dxwrpdwrq zlwk vwdwhv
7 ' EI� $ I�� ^ I�/ lqsxw doskdehw U ' { ^ l/ rxwsxw doskdehw � ' L dI�o/ vwdwh
wudqvlwlrq ixqfwlrq s7 G 7� U $ 7/ rxwsxw ixqfwlrq s� G 7 $ � dqg vwduwlqj vwdwh
% :$ % zkhuh I� ' I _ � dqg

s7 Erc _ 5 {� ' r � � E_�

s7 Erc � 5 l� ' r � � E��
s� Er� '

�
r E�� li r 5 I� $ I�

irj li r 5 I��
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I I I

∆

Ω
’ ’ ’

Vlploduo|/ d vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq EIc �cPc )c{c �clc �� lv htxly0
dohqw wr wkh dxwrpdwrq zlwk vwdwhv 7 ' EI� $ I� ^ I ^ iBj/ lqsxw doskdehw
U ' P^{^l/ rxwsxw doskdehw � ' L dIo/ vwdwh wudqvlwlrq ixqfwlrq s7 G 7�U $ 7/
rxwsxw ixqfwlrq s� G 7 $ � dqg vwduwlqj vwdwh B zkhuh I� ' I _ � dqg

s7 Erc j 5 P� ' ) Ej�

s7 Erc _ 5 {� ' r � � E_�

s7 Erc � 5 l� ' r � � E��
s� Er� '

�
r E�� li r 5 I� $ I�

irj li r 5 I��

I I I⊥
Σ

∆

Ω
’

819 Olqhdu H{sdqvlrqv

Lw lv qrw kdug wr vhh wkdw wkh ghflpdo uhsuhvhqwdwlrq ri wkh qrq0qhjdwlyh uhdo
qxpehuv fruuhvsrqgv suhflvho| wr wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq
EIc �cPc )c{c �clc �� zkhuh

I ' E E�f�

� ' dfc ��

P ' Q

) ' _ :$ % :$ _n %



87 FKDSWHU 81 H[DFW GLJLWDO UHSUHVHQWDWLRQV

{ ' Q E�f�

� ' _ :$ % :$ _n %

�f
l ' Q E�f�� ifj
� ' � :$ �

�f
�

Iru d ydolg lq�qlwh vhtxhqfh ri gljlwv k_?l"?'f/ wkh lqgxfhg ydolg lq�qlwh vhtxhqfh
ri lqwhuydov lv

_f n dfc ��

� _f n

�
_� n dfc��

�f

�

� _f n

3EEC_� n

�
_2 n dfc ��

�f

�
�f

4FFD
� � � �

zklfk lv htxdo wr

d_fc _f n ��

�
�
_f n

_�
�f
c _f n

_� n �

�f

�
�

�
_f n

_�
�f

n
_2
�ff

c _f n
_�
�f

n
_2 n �

�ff

�
� � � �

dv uhtxluhg1 Wklv fdq eh jhqhudol}hg wr wkh udgl{ K h{sdqvlrqv ri wkh uhdo qxpehuv
iru dq| qdwxudo edvh K juhdwhu wkdq 4 e| EIc �cPc )c{c �clc �� zkhuh

I ' E E�f�

� ' dfc ��

P ' inc�j � Q
) ' Ejc _� :$ % :$ j E_ n %�

{ ' Q EK�

� ' _ :$ % :$ _n %

K
l ' Q EK�� ifj
� ' � :$ �

K
�



81:1 FRQWLQXHG IUDFWLRQ H[SDQVLRQV 88

dqg fdoohg d srvlwlrqdo uhsuhvhqwdwlrq1 D jhqhudo olqhdu uhsuhvhqwdwlrq/ h{soruhg
e| Hvfdugö ^56`/ fdq eh suhvfulehg e| wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq
EIc �cPc )c{c �clc �� zkhuh

I ' T

� ' dfc �o

P ' T2

) ' ERc ^� :$ % :$ Rn E^ � R�%

{ ' ET _ dfc �o�
2

� ' ERc ^� :$ % :$ Rn E^ � R�%

l ' T _ dfc�o

� ' R :$ R�

81: Frqwlqxhg Iudfwlrq H{sdqvlrqv

D sduwlfxoduo| lpsruwdqw gljlwdo uhsuhvhqwdwlrq ri wkh uhdo qxpehuv duh frqwlqxhg
iudfwlrqv1 Wkh ghyhorsphqw

@f n
Kf

@� n
K�

@2 n
K2
1 1 1

+814,

lv fdoohg d frqwlqxhg iudfwlrq ^:/ 6;` dqg lw uhsuhvhqwv wkh vhtxhqfh kS?l"?'f zkhuh

S? ' @f n
Kf

@� n
K�

@2 n
K2

1 1 1

@?3� n
K?3�
@?�

+815,

Wkh frqwlqxhg iudfwlrq lv ghvfulehg dv frqyhujhqw li wklv vhtxhqfhv frqyhujhv1 Wkh
txdqwlw| S? lv fdoohg wkh ?wk dssur{lpdqw ri wkh frqwlqxhg iudfwlrq1 Wkh ?wk frq0
wlqxdwlrq lv wkh frqwlqxhg iudfwlrq

@? n
K?

@?n� n
K?n�

@?n2 n
K?n2
1 1 1



89 FKDSWHU 81 H[DFW GLJLWDO UHSUHVHQWDWLRQV

D vlpsoh frqwlqxhg iudfwlrq kdv K? ' � iru doo ? 5 Q1

@f n
�

@� n
�

@2 n
�
1 1 1

+816,

Iru frqyhqlhqfh/ zh zloo ghqrwh wkh frqwlqxhg iudfwlrq lq htxdwlrq +814, e|

d@f�Kfc @��K�c @2�K2c � � �o �

Vlploduo|/ zh zloo ghqrwh wkh vlpsoh frqwlqxhg iudfwlrq lq htxdwlrq +816, e|

d@fc @�c @2c � � �o �

Gh�qlwlrq 49 Wkh edfnzdug vhtxhqfh ke?l"?'� ri wkh frqwlqxhg iudfwlrq

@f n
Kf

@� n
K�

@2 n
K2
1 1 1

lv jlyhq e|

e� ' @�

e? ' @? n
K?3�

@?3� n
K?32

@?32 n
K?3�

1 1 1

@2 n
K�
@�

iru ? 5 Q�ifj zkhuh e? lv fdoohg wkh ?wk whup1

Wkh iroorzlqj wkhruhp ghprqvwudwhv dq lqyduldqfh surshuw| wkdw zloo suryh
h{wuhpho| xvhixo odwhu lq wkh wkhvlv zkhq zh zloo zlvk wr wudqvirup frqwlqxhg
iudfwlrqv zkloh uhwdlqlqj wkhlu phdqlqj1

Wkhruhp 4: +Edfnzdug Wkhruhp, Wkh frqyhujhqw frqwlqxhg iudfwlrq

@f n
Kf

@� n
K�

@2 n
K2
1 1 1
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uhsuhvhqwv wkh Fdxfk| vhtxhqfh k_?l"?'f zkhuh

_f ' @f n &f

_? ' @f n
Kf

@� n
K�

@2 n
K2

1 1 1

@?3� n
K?3�

@? n &?

iru ? 5 Q�ifj dqg k&?l"?'f lv dq| vhtxhqfh ri h{whqghg uhdo qxpehuv vxfk wkdw
wkh vhtxhqfh �

e?
&? n e?

 "
?'�

lv hyhqwxdoo| erxqghg zkhuh e? lv wkh ?wk whup lq wkh edfnzdug vhtxhqfh ri wkh
frqwlqxhg iudfwlrq1

Surri= Wkh vhtxhqfh k�?l"?'f gh�qhg e| wkh uhfxuuhqfh uhodwlrq

�f ' �

�� ' @f

�?n2 ' @?n��?n� n K?�?

dqg wkh vhtxhqfh k�?l"?'f gh�qhg e| wkh uhfxuuhqfh uhodwlrq

�f ' f +817,

�� ' � +818,

�?n2 ' @?n��?n� n K?�?� +819,

vdwlvi|
�?n�

�?n�
' S?

zlwk S? dv gh�qhg lq htxdwlrq +815, zkhuh

OLP
?<"

�?

�?

' @f n
Kf

@� n
K�

@2 n
K2
1 1 1
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e| gh�qlwlrq1 Wklv fdq eh vhhq/ li zh ohw

s? E%� ' @f n
Kf

@� n
K�

@2 n
K2

1 1 1

@?3� n
K?3�
@? n %

'
�?n� n�?%

�?n� n�?%

dqg revhuyh wkdw

s? Ef� '
�?n�

�?n�

' S?

s?

�
K?
@?n�

�
'

@?n��?n� n K?�?

@?n��?n� n K?�?

'
�?n2

�?n2

' S?n��

Qrwh wkdw �? 9' f iru doo ? 5 Q ehfdxvh wkh frqwlqxhg iudfwlrq xqghu frqvlghu0
dwlrq lv frqyhujhqw1 Lw lv qrz d vwudljkwiruzdug pdwwhu wr vkrz wkdw

_? '
�?&? n�?n�

�?&? n�?n�
�

Zh nqrz wkdw jlyhq " : f/ wkhuh h{lvwv � 5 Q vxfk wkdw iru doo ? � ������?n�

�?n�
� �?

�?

���� 	 "�

Exw
�?n�

�?n�
� �?

�?

'
�?n��? ��?�?n�

�?�?n�

dqg
�?&? n�?n�

�?&? n�?n�

� �?

�?

'
�?n��? ��?�?n�

�? E�?&? n�?n��
�

Wkhuhiruh �����?&? n�?n�

�?&? n�?n�

� �?

�?

���� 	 ���� �?n�

�?&? n�?n�

���� " �
Exw htxdwlrqv +817,/ +818, dqg +819, lpso| wkdw

�2

��
' @�

�?n�

�?

' @? n
K?3��
�?

�?3�

�
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dqg vr e| lqgxfwlrq zh kdyh
�?n�

�?

' e?� �

Lq jhqhudo/ wklv wkhruhp vkrzv wkdw doo exw wkh prvw frqwulyhg vhtxhqfhv
k&?l"?'f duh doorzdeoh1 Iru h{dpsoh/ wkh frqwlqxhg iudfwlrq iru

s
2 lv

s
2 ' � n

�

� n
s
2

' � n
�

E� n �� n
�

� n
s
2

' � n
�

E� n �� n
�

E� n �� n
�

� n
s
2

' d�c k2l"?'fo
zlwk

OLP
?<"

e? ' � n
s
2�

Wkhuhiruh/ dq| vhtxhqfh k&?l"?'f wkdw kdv qr vxevhtxhqfh frqyhujhqw wr�
�
� n

s
2
�

lv doorzdeoh1 Wklv wkhruhp dovr ohdgv wr wkh iroorzlqj lpsruwdqw fruroodu|1

Fruroodu| 4; Vxssrvh wkh frqwlqxhg iudfwlrq

% ' @f n
Kf

@� n
K�

@2 n
K2
1 1 1

zlwk srvlwlyh frh!flhqwv frqyhujhv wr % 5 U wkhq wkh lqwhuydov

U? ' @f n
Kf

@� n
K�

@2 n
K2

1 1 1

@?3� n
K?3�

@? n dfc4o

iru ? 5 Q duh qhvwhg dqg

i%j '
"_
?'f

U?�
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Surri= Wkh vhtxhqfh kU?l"?'f ri lqwhuydov lv qhvwhg ehfdxvh

@? n
K?

dfc4o
� dfc4o

iru doo ? 5 Q1 Xvlqj wkh gh�qlwlrqv lq wkhruhp 4:/ @?c K? : f lpsolhv wkdw �? : f1
Wkhuhiruh e? : f1 Frqvlghu dq| vhtxhqfh k&?l"?'f zlwk &? 5 dfc4o1 Fohduo|���� e?

&? n e?

���� � ��

Wkhuhiruh wkh vhtxhqfh k_?l"?'f frqyhujhv wr %1 �
Lq 4;<</ Sulqjvkhlp ^98` vkrzhg wkdw wkh glyhujhqfh ri wkh vhulhv

"[
?'2

u
K?3�K?
@?

+81:,

lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh frqyhujhqfh ri wkh frqwlqxhg iudfwlrq
d@f�Kfc @��K�c @2�K2c � � �o zlwk srvlwlyh frh!flhqwv1

D frqwlqxhg iudfwlrq fdq eh ylhzhg dv d vhtxhqfh ri lqwhuydov surylghg vrph
uhvwulfwlrqv duh dssolhg wr wkh frh!flhqwv1 Iluvwo|/ ohw xv frqvlghu Q0iudfwlrqv/ dovr
nqrzq dv uhjxodu frqwlqxhg iudfwlrqv1 Wkh Q0iudfwlrq ri d uhdo qxpehu % lv wkh
vlpsoh frqwlqxhg iudfwlrq d@fc @�c @2c � � �o zlwk @? uhfxuvlyho| jlyhq e|

E@fc of� ' Ee%f c %� e%f�
E@?n�c o?n�� '

��
�

o?

�
c
�

o?
�
�
�

o?

��
�

Wkh surfhgxuh vwrsv li o? ' f1 Revhuyh wkdw

f � + � e+f 	 �

iru dq| uhdo qxpehu +1 Wkhuhiruh

f � o? 	 �, o? 5 dfc ��, �

o?
5 E�c4o �

Lw fdq eh vkrzq wkdw wkh vhw ri Q0iudfwlrqv gh�qhg wklv zd| lv lvrprusklf wr wkh vhw
ri uhdo qxpehuv1 Qrwh wkdw wkh deryh surfhgxuh h{foxghv vhtxhqfhv wkdw whuplqdwh
zlwk d rqh1 Lw fdq eh vkrzq wkdw d uhdo qxpehu lv udwlrqdo li dqg rqo| li lwv Q0
iudfwlrq lv �qlwh dqg dq luudwlrqdo qxpehu lv dojheudlf ri ghjuhh 5 li dqg rqo| li
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lwv Q0iudfwlrq lv shulrglf1 Dq Q0iudfwlrq ghqrwhg e| dk@�l"�'fo lqgxfhv wkh iroorzlqj
vhtxhqfh ri lqwhuydov

@f n
�

E�c4o

� @f n
�

@� n
�

E�c4o

� @f n
�

@� n
�

@2 n
�

E�c4o
� � � �

ru htxlydohqwo|

d@fc @f n ��

�
�
@f n

�

@� n �
c @f n

�

@�

�

�

597@f n �

@� n
�

@2

c @f n
�

@� n
�

@2 n �

4FD
� � � � �

Lw iroorzv wkdw wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq EIc �cPc )c{c �clc ��
zkhuh

I ' T

� ' E�c4o

P ' ]

) ' j :$ % :$ j n
�

%
{ ' Q�ifj
� ' _ :$ % :$ _n

�

%
l ' Q�ifc �j
� ' � :$ �

idlwkixoo| uhsuhvhqwv Q0iudfwlrqv1 Iru h{dpsoh/ wkh Q0iudfwlrq iru
s
2 lv

s
2 ' d�c k2l"?'fo

' d�c 2� � �e
�
c �
2

� � �.
D
c �f
.

� � �2e
�.
c �.
�2

� � � � �
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dqg wkh Q0iudfwlrq iru wkh jroghq udwlr � dqg wkh qdwxudo qxpehu e duh

� '

s
D n �

2
' dk�l"?'fo

e ' d2c k�c 2?n 2c �l"?'fo �

Khuh lv dqrwkhu vxusulvlqj Q0iudfwlrq

s
2
H[S

�s
2
�
n �

H[S
�s

2
�� �

' dk2 n H?c � n e?l"?'fo �

Gh�qlwlrq 4< Wkh frqwlqxdwlrq ixqfwlrq 1
V
G ]$ S EU"� iru d sduwlfxodu w|sh/

V vd|/ ri frqwlqxhg iudfwlrq/ V0iudfwlrqv vd|/ lv gh�qhg dv

1
V
E?� ' id@fc @�c @2c � � �o 5 V0iudfwlrqv m@f ' ?j �

Wkh frqwlqxdwlrq ixqfwlrq lv ehvw xqghuvwrrg dv gh�qlqj wkh vhw ri uhdo qxpehuv
wkdw duh h{suhvvleoh e| frqwlqxhg ixqfwlrq jlyhq wkh �uvw gljlw1 Vr/ xvlqj wklv
gh�qlwlrq/ zh kdyh

1
Q
E?� ' id@fc @�c @2c � � �o 5 Q0iudfwlrqv m@f ' ?j

' d?o ^ id?c @�c @2c � � �o m@� 5 Q�ifjj
' i?j ^ E?c ?n ��

' d?c? n ��

dv h{shfwhg1
Vhfrqgo|/ ohw xv frqvlghu ]0iudfwlrqv1 Wkh ]0iudfwlrqv ri d uhdo qxpehu % lv wkh

vlpsoh frqwlqxhg iudfwlrq d@fc @�c @2c � � �o zlwk @? uhfxuvlyho| jlyhq e|

E@fc of� ' Ee%h c %� e%h�
E@?n�c o?n�� '

��
�

o?

�
c
�

o?
�
�
�

o?

��
�

Wkh surfhgxuh vwrsv li o? ' f1 Revhuyh wkdw

��

2
	 + � e+h � �

2

iru dq| uhdo qxpehu +1 Wkhuhiruh

��

2
	 o? � �

2
, o? 5

�
��

2
c
�

2

�
, �

o?
5 d2c�2� �
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Lw fdq eh vkrzq wkdw wkh vhw ri ]0iudfwlrqv gh�qhg wklv zd| lv lvrprusklf wr wkh
vhw ri uhdo qxpehuv1 Qrwh wkdw wkh deryh surfhgxuh hqvxuhv wkdw srvlwlyh gljlwv duh
qrw surfhhghg e| plqxv wzr/ qhjdwlyh gljlwv duh qrw suhfhghg e| wzr dqg h{foxghv
vhtxhqfhv wkdw whuplqdwh zlwk d plqxv wzr1 D ]0iudfwlrq ghqrwhg e| dk@�( l"�'fo
lqgxfhv wkh iroorzlqj vhtxhqfh ri lqwhuydov

@f n
�

d2c�2�
� @f n

�

@� n
�

d2c�2�
� @f n

�

@� n
�

@2 n
�

d2c�2�
� � � �

htxdo wr �
@f � �

2
c @f n

�
2

�
�

�
@f n

�

@� n
�
2

c @f n
�

@� � �
2

�

�

3EEC@f n �

@� n
�

@2 � �
2

c @f n
�

@� n
�

@2 n
�
2

6::8
� � � � �

Lw iroorzv wkdw wkh vljqhg lqfuhphqwdo uhsuhvhqwdwlrq EIc�cPc )c{c �clc �� zkhuh

I ' T

� ' d2c�2�
P ' ]

) ' j :$ % :$ j n
�

%
{ ' ]�i��c fc �j
� ' _ :$ % :$ _n

�

%
l ' ]� i�2c��c fc �j
� ' � :$ �
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fdswxuhv wkh qrwlrq ri d ]0iudfwlrq1 Iru h{dpsoh/ wkh ]0iudfwlrq iru wkh jroghq
udwlr � dqg wkh qdwxudo qxpehu e duh

� ' 2 n
�

�� n �

� n �

' 2 n
�

�� n �

E� n 2� n
�

�� n �

� n �

' d2c k��c �l"?'fo
e ' d�c�ec k2c e?n Dc�2c�e?� .l"?'fo �

Frlqflghqwo|/ wkh ]0iudfwlrq iru
s
2 lv wkh vdph dv lwv Q0iudfwlrq/ exw lwv lqwhusuh0

wdwlrq lv yhu| gl�huhqw1
s
2 ' d�c k2l"?'fo

'
�
�
2
c �
2

� � �.
D
c D
�

� � ���
H
c �.
�2

� � �e�
2b
c 2.
�b

� � � � �

Dovr/ qrwh wkdw wkh frqwlqxdwlrq ixqfwlrq iru ]0iudfwlrq lv jlyhq e|

1
]
E?� ' id@fc @�c @2c � � �o 5 ]0iudfwlrqv m@f ' ?j

' d?o ^ d?c2o ^ id?c @�c @2c � � �o m@� 5 ]�i��c fc�jj
' i?j ^ �?n �

2

� ^ �?� �
2
c ?
� ^ �?c ?n �

2

�
'

�
?� �

2
c ?n �

2

�
dv h{shfwhg1

Pdq| frqwlqxhg iudfwlrqv iru hohphqwdu| ixqfwlrqv kdyh ehhq ghulyhg e| xvlqj
ydulrxv whfkqltxhv ^86/ :5` iurp wkhlu Wd|oru vhulhv/ prvw qrwdeo| e| Hxohu ^57/ 58`1



������ $

����
	�� %�	���
	
����
 �����
	�

Lq wklv fkdswhu/ zh h{dplqh wkh wkhruhwlfdo edvlv iru uhsuhvhqwlqj uhdo ixqfwlrqv e|
vhtxhqfhv ri udwlrqdo ixqfwlrqv e| frqvrolgdwlqj d ydulhw| ri edfnjurxqg pdwhuldo1
Zh suhvhqw fhuwdlq nqrzq dojrulwkpv wkdw fdq eh hdvlo| lpsohphqwhg lq d pdwk0
hpdwlfdo surjudpplqj odqjxdjh vxfk dv Pdwkhpdwlfd1 Wkh dxwkru irxqg wkhvh
dojrulwkpv xvhixo lq wkh vhdufk iru hohjdqw dojrulwkpv iru wkh hohphqwdu| ixqfwlrqv1

914 Sdgì Dssur{lpdqwv

D Sdgì dssur{lpdqw ^7` wr d ixqfwlrq lv d sduwlfxodu w|sh ri udwlrqdo ixqfwlrq
dssur{lpdwlrq1

Gh�qlwlrq 53 Wkh u/ � Sdgì Dssur{lpdqw wr s E%� lv wkh udwlrqdo ixqfwlrq/
ghqrwhg e|

du*� o '
� E%�

'E%�
c

zkhuh � E%� lv d sro|qrpldo ri ghjuhh dw prvw u dqg 'E%� lv d sro|qrpldo ri ghjuhh
dw prvw � 1 Wkh frh!flhqwv ri � E%� dqg 'E%� duh ghwhuplqhg iurp wkh Wd|oru
vhulhv ri s dw f

s E%� '
"[
?'f

@?%
?

wrjhwkhu zlwk wkh frqglwlrqv

s E%�� � E%�

'E%�
' �

�
%un�n�

�
c

'Ef� ' �

98
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dqg � E%� dqg 'E%� kdyh qr frpprq idfwruv ^7/ sdjh 8`1

Wkhruhp 54 +xqltxhqhvv, Zkhq wkh du*� o Sdgì dssur{lpdqw wr d Wd|oru vh0
ulhv s E%� h{lvwv/ wkhq lw lv xqltxh ^7/ sdjh ;`1

Lq 4;<5/ Sdgì ^85` hpskdvl}hg wkh lpsruwdqfh ri glvsod|lqj wkh Sdgì dssur{0
lpdqwv lq wdexodu irup lq rughu wr vwxg| wkhlu vwuxfwxuh1 Wkh duud|

df*fo df*�o df*2o df*�o df*eo � � �
d�*fo d�*�o d�*2o d�*�o d�*eo � � �
d2*fo d2*�o d2*2o d2*�o d2*eo � � �
d�*fo d�*�o d�*2o d�*�o d�*eo � � �
de*fo de*�o de*2o de*�o de*eo � � �
111

111
111

111
111

1 1 1

lv nqrzq dv d Sdgì wdeoh1 Wkh sduwldo vxpv ri wkh Wd|oru vhulhv ri s dw 3 rffxs|
wkh �uvw froxpq ri wkh wdeoh1 Krzhyhu/ lq jhqhudo wdnlqj wkh vhtxhqfh ri udwlrqdo
ixqfwlrqv grzq wkh gldjrqdo surylghv idvwhu dqg pruh h!flhqw frqyhujhqfh dqg lw
lv wklv surshuw| wkdw lv wkh edvlv ri rxu lqwhuhvw1 Lq sduwlfxodu/ lw wxuqv rxw wkdw
frqwlqxhg iudfwlrqv rffxs| wklv sduw ri wkh Sdgì wdeoh dv zh vkdoo vhh ehorz1 Dq
dqdo|wlf irupxod iru wkh Sdgì dssur{lpdqw du*� o fdq eh ghulyhg dqg iurp wklv
irupxod lw lv hylghqw wkdw � Eu*�� 9' f lv d vx!flhqw frqglwlrq iru lwv h{lvwhqfh
zkhuh

� Eo*r� ' GHW

���������
@o3rn� @o3rn2 � � � @o
@o3rn2 @o3rn� � � � @on�

111
111

1 1 1
111

@o @on� � � � @onr3�

���������
dv gh�qhg e| Iurehqlxv ^59`1 Wkh duud|

� Ef*f� � Ef*�� � Ef*2� � Ef*�� � Ef*e� � � �
� E�*f� � E�*�� � E�*2� � E�*�� � E�*e� � � �
� E2*f� � E2*�� � E2*2� � E2*�� � E2*e� � � �
� E�*f� � E�*�� � E�*2� � E�*�� � E�*e� � � �
� Ee*f� � Ee*�� � Ee*2� � Ee*�� � Ee*e� � � �

111
111

111
111

111
1 1 1

lv nqrzq dv wkh F wdeoh1 Wkh F wdeoh fdq eh h!flhqwo| frpsxwhg ^7` xvlqj wkh
htxdwlrqv

� Eu*f� ' � +914,

� Eu*�� ' @u



9151 HTXLYDOHQFH WUDQVIRUPDWLRQ 9:

� Ef*� � ' E��� �2�E�3�� @�f

�Eu*� � '
�Eu� �*� � ���Eun �*� � ��� �Eu*� � ��2

�Eu*� � 2�
�

Wkh uhodwlyh srvlwlrq ri wkh F wdeoh hohphqwv uhihuhqfhg lq htxdwlrq +914, duh

� Eu� �*� � ��
� Eu*� � 2� � Eu*� � �� � Eu*��

� Eun �*� � �� 1

915 Htxlydohqfh Wudqvirupdwlrq

Odwhu lq wklv wkhvlv zh zloo ghulyh ydulrxv dojrulwkpv iru wkh wudqvfhqghqwdo ixqf0
wlrqv iurp ydulrxv frqwlqxhg iudfwlrqv1 Lq idfw/ zh zloo eh sduwlfxoduo| lqwhuhvwhg lq
frqwlqxhg iudfwlrqv zlwk srvlwlyh frh!flhqwv1 Lq wklv oljkw/ lw lv xvhixo wr frqvlghu
zkdw wudqvirupdwlrqv fdq eh irxqg lq wkh olwhudwxuh1 Wkh vr0fdoohg htxlydohqfh
wudqvirupdwlrq

dk@f�Kfl"?'fo ' d@f�SfKfc kS?3�@?�S?3�S?K?l"?'�o

zkhuh S? duh dq| qrq0}hur qxpehuv/ doorzv xv wr wudqvirup vrph frqwlqxhg iudf0
wlrqv wr rqhv zlwk srvlwlyh frh!flhqwv ^7/ sdjh 77`1 Lq sduwlfxodu/

dk@f�Kfl"?'fo ' d@f�� Kfc k�@?�K?l"?'�o

zkhq S? ' ��1

916 Vwlhowmhv W|sh Frqwlqxhg Iudfwlrq

Wkh fruuhvsrqglqj ^86` ru Vwlhowmhv w|sh ^:5` frqwlqxhg iudfwlrq wr wkh srzhu vhulhvS"
?'f @?%

? lv

d@f�@�c k��K?c ��S?l"?'fo
zkhuh

K? ' � �E?n 2*?n ���E?*?�

�E?n �*?��E?n �*?n ��
+915,

S? ' � �E?n 2*?n 2��E?n �*?�

�E?n �*?n ���E?n 2*?n ��
+916,
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^7/ sdjh 8:`1 Wkh vhtxhqfh ri dssur{lpdqwv iru wklv frqwlqxhg iudfwlrq fruuhvsrqg
wr wkh vwdlu vwhs vhtxhqfh ri Sdgì dssur{lpdqwv

df*fo
d�*fo d�*�o

d2*�o d2*2o
d�*2o d�*�o

de*�o de*eo
1 1 1 1 1 1

wr
S"

?'f @?%
?1

917 Mdfrel W|sh Frqwlqxhg Iudfwlrq

Wkh dvvrfldwhg ^86` ru Mdfrel w|sh ^:5` frqwlqxhg iudfwlrq wr wkh srzhu vhulhvS"
?'f @?%

? lv�
@f�@�%c� n Kf%�� KfSf%

2c

� n ES?3� n K?�%�� K?S?%

2
�"
?'�

�
zkhuh K? dqg S? duh dv jlyhq lq htxdwlrqv +915, dqg +916, ^7/ sdjh 89`1 Wkh vhtxhqfh
ri dssur{lpdqwv iru wklv frqwlqxhg iudfwlrq fruuhvsrqgv wr wkh gldjrqdo vhtxhqfh
ri Sdgì dssur{lpdqwv

df*fo
d�*�o

d2*2o
d�*�o

de*eo
1 1 1

wr
S"

?'f @?%
?1

918 Hxohu w|sh Frqwlqxhg Iudfwlrq

Wkh htxlydohqw ru Hxohu w|sh frqwlqxhg iudfwlrq wr wkh srzhu vhulhv
S"

?'f @?%
? lv�

f�@fc ��� @�
@f
%c

�
� n

@?
@?3�

%�� @?n�
@?

%

 "
?'�

�
�
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Wkh vhtxhqfh ri dssur{lpdqwv iru wklv frqwlqxhg iudfwlrq fruuhvsrqg wr wkh yhuwlfdo
vhtxhqfh ri Sdgì dssur{lpdqwv

df*fo
d�*fo
d2*fo
d�*fo
de*fo
111

wr
S"

?'f @?%
?> qdpho| wkh sduwldo vxpv ri wkh srzhu vhulhv1

Iru h{dpsoh

VLQ E%� '
"[
?'f

E���? %2?n�

E2?n ��-

'

�
f��c ��

%2

S
c

�
� � %2

2? E2?n ��
�

%2

E2?n 2� E2?n ��
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?'�

�
c

FRV E%� '
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?'f

E���? %2?

E2?�-

'

�
f��c ��

�

2
%2c
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�� %2
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%2
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�
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919 Wkh K|shujhrphwulf Ixqfwlrq

91914 Wkh Ruglqdu| K|shujhrphwulf Ixqfwlrq

Lq whupv ri wkh Srfkkdpphu v|pero

E@�f ' �

E@�? ' @ E@n �� E@n 2� � � � E@n ?� �� '
K E@n ?�

K E@�
c

wkh ruglqdu| k|shujhrphwulf ixqfwlrq lv gh�qhg e|

28� E@c K( S( 5� '
"[
?'f

E@�? EK�?
ES�?

5?

?-
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zkhuh @/ K/ S dqg 5 duh frpsoh{ qxpehuv1 Wklv vhulhv frqyhujhv iru m5m 	 � vr orqj
dv S lv qrw d qhjdwlyh lqwhjhu ru }hur1 Wkh k|shuerolf gl�huhqwldo htxdwlrq

5 E�� 5�
_2+

_52
n S� E� n @n K� 5

_+

_5
� @K+ ' f

lv vdwlv�hg e| 28�E@c K( S( 5� wrjhwkhu zlwk wzhqw|0wkuhh rwkhu yduldqwv ^76`/ zkrvh
uhjlrqv ri frqyhujhqfh fryhu wkh hqwluh frpsoh{ sodqh1 Wkhvh h{suhvvlrqv ohdg
wr dq dqdo|wlf frqwlqxdwlrq ri wkh k|shujhrphwulf ixqfwlrq wr wkh uhpdlqghu ri
wkh frpsoh{ sodqh rxwvlgh wkh xqlw flufoh1 Wkh ruglqdu| k|shujhrphwulf ixqfwlrq
fdswxuhv pdq| lqwhuhvwlqj krorprusklf ixqfwlrqv1

ORJE� n %� ' % 28� E�c �( 2(�%�
E� n %�@ ' 28� E�@c K( K(�%�
DUFVLQ E%� ' % 28�
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�
2
c �
2
( �
2
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c �
2
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�
�
2
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FRVK E@%� ' 28�
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2
c�@

2
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2
( VLQK E%�2

�
Jdxvv ghulyhg wkh iroorzlqj frqwlqxhg iudfwlrq

28� E@c Kn �( S n �(%�

28� E@c K( S(%�
'

�
f��c

�
��� E? n @� E?n S� K�

E2? n S� E2?n Sn ��
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��� E?n Kn �� E?n S� @n ��

E2?n Sn �� E2?n Sn 2�
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Vlqfh 28�E@c f( S(%� ' �/ htxdwlrq +917, ehfrphv
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�
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91915 Wkh Nxpphu Frq xhqw K|shujhrphwulf Ixqfwlrq

Wkh Nxpphu frq xhqw k|shujhrphwulf ixqfwlrq lv gh�qhg e|

�8� EK( S(%� '
"[
?'f

EK�?
ES�?

%?

?-
�

Wkh frq xhqw k|shujhrphwulf ixqfwlrq fdswxuhv pdq| lqwhuhvwlqj krorprusklf
ixqfwlrqv lqfoxglqj wkh lqfrpsohwh jdppd ixqfwlrq � E@c %� dqg wkh huuru ixqfwlrq
HUI E%�

H[S E%� ' �8� EK( K(%�

HUI E%� '
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Wkh frq xhqw k|shujhrphwulf ixqfwlrq fdq dovr eh ghgxfhg dv d vshfldo fdvh ri
wkh ruglqdu| k|shujhrphwulf ixqfwlrq xvlqj
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Wkhuhiruh/ wkh frqwlqxhg iudfwlrq lq htxdwlrq +917, fdq eh vshfldol}hg wr

�8� EKn �( Sn �(%�
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91916 Wkh 304 Frq xhqw K|shujhrphwulf Ixqfwlrq

Wkh 304 frq xhqw k|shujhrphwulf ixqfwlrq lv gh�qhg e|
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Djdlq/ wklv fdq dovr eh ghgxfhg dv d vshfldo fdvh ri wkh frq xhqw k|shujhrphwulf
ixqfwlrq �8� EK( S(%� xvlqj
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Wklv frq xhqw k|shujhrphwulf ixqfwlrq fdswxuhv pdq| lqwhuhvwlqj krorprusklf
ixqfwlrqv lqfoxglqj wkh Ehvvho ixqfwlrq a@ E%� ri wkh �uvw nlqg1
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Lq sduwlfxodu/ Odpehuw*v frqwlqxhg iudfwlrq iru WDQ E%� fdq eh ghulyhg
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dqg vlploduo| iru WDQK E%�
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91917 Wkh 503 Frq xhqw K|shujhrphwulf Ixqfwlrq

Wkh 503 frq xhqw k|shujhrphwulf ixqfwlrq lv gh�qhg e|
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Wkh frq xhqw k|shujhrphwulf ixqfwlrq fdq dovr eh ghgxfhg dv d vshfldo fdvh ri
wkh ruglqdu| k|shujhrphwulf ixqfwlrq xvlqj
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Lq wklv fkdswhu/ zh frqvlghu wkh vxevhw ri h{dfw gljlwdo uhsuhvhqwdwlrqv wkdw duh
h�hfwlyho| frpsxwdeoh dv xqghuvwrrg lq uhfxuvlrq wkhru|1

:14 Uhfxuvlyh Ixqfwlrqv dqg Ixqfwlrqdov

Wkh vwxg| ri uhfxuvlyh ixqfwlrqv dqg ixqfwlrqdov lv lqwlpdwho| uhodwhg wr wkh vwxg|
ri wkh h{whqghg uhdo qxpehuv dqg ixqfwlrqv uhvshfwlyho|1 Uhfdoo wkdw dq h{whqghg
uhdo qxpehu fdq eh uhsuhvhqwhg e| d vhtxhqfh ri lqwhuydov L dIo zlwk hqg0srlqwv
wdnhq iurp d ghqvh vxevhw I ri wkh h{whqghg uhdo qxpehuv U"1 Lq rwkhu zrugv/ d
ixqfwlrq

s G Q �$ L dIo

iurp wkh qdwxudo qxpehuv wr wkh vhw ri lqwhuydov L dIo1 Dovr/ uhfdoo wkdw uhfxuvlrq
wkhru| rqo| doorzv xv wr frqvlghu ixqfwlrqv kdylqj grpdlqv dqg frgrpdlqv zlwk
frglqjv1 Lq rwkhu zrugv/ rqo| hqg0srlqwv vhwv I dffrpsdqlhg e| d rqh0rqh hi0
ihfwlyho| frpsxwdeoh ixqfwlrq wr wkh qdwxudo qxpehuv pd| eh frqvlghuhg1 Wklv
phdqv wkdw wkh hqg0srlqwv vhw pxvw eh frxqwdeoh dw ohdvw1 Vr/ jlyhq dq hqg0srlqwv
vhw I dqg dq dvvrfldwhg frglqj ixqfwlrq

4 G L dIo$ Qc

hyhu| uhdo qxpehu fdq eh uhsuhvhqwhg e| d ixqfwlrq

4 � s G Q$ Q

Q
s�$ L dIo

4�$ Q

iurp wkh qdwxudo qxpehuv wr wkh qdwxudo qxpehuv1 D uhdo qxpehu lv vdlg wr
eh h�hfwlyho| frpsxwdeoh li lw fdq eh uhsuhvhqwhg e| d uhfxuvlyh ixqfwlrq1 Wkh

::
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idfw wkdw wkh vhw ri uhfxuvlyh ixqfwlrqv lv frxqwdeoh dqg wkh vhw ri uhdo qxpehuv
lv xqfrxqwdeoh lpsolhv wkdw qrw doo wkh h{whqghg uhdo qxpehuv fdq eh h�hfwlyho|
frpsxwdeoh zlwk uhvshfw wr d jlyhq hqg0srlqwv vhw1 Wkh vhw ri frpsxwdeoh uhdo
qxpehuv ru frqvwuxfwlyh uhdo qxpehuv lv fodvvlfdoo| frqvlghuhg wr eh wkh h�hfwlyho|
frpsxwdeoh uhdo qxpehuv zlwk uhvshfw wr wkh udwlrqdo qxpehuv1 Krzhyhu/ dq| uhdo
qxpehu fdq eh frqvlghuhg wr eh h�hfwlyho| frpsxwdeoh zlwk uhvshfw wr d vxlwdeoh
hqg0srlqwv vhw +h1j1 % lv h�hfwlyho| frpsxwdeoh zlwk uhvshfw wr %nT,1

Lq grpdlq wkhru|/ d uhdo qxpehu % lv gh�qhg dv frpsxwdeoh zlwk uhvshfw wr
F ET"� li

ik@c Kl md@c Ko� %j
lv uhfxuvlyho| hqxphudeoh zkhuh kc l G T"�T" $ Q lv dq| vxlwdeoh frglqj ixqfwlrq
^55`1 Wklv grpdlq wkhruhwlf gh�qlwlrq iru d frpsxwdeoh uhdo qxpehu lv htxlydohqw
wr wkh fodvvlfdo rqh ^55`1

Wkh vhw ri forvhg lqwhuydov L� dT"o zlwk hqg0srlqwv wdnhq iurp wkh vhw ri h{0
whqghg udwlrqdo qxpehuv T" lv lvrprusklf wr ET" �T"�z1 Wklv phdqv wkdw lw
lv d sduwlfxoduo| vwudljkwiruzdug pdwwhu wr frqvwuxfw d frglqj iru L� dT"o1

Dq ?0du| uhdo ixqfwlrq s G U? $ U fdq eh uhsuhvhqwhg e| d ixqfwlrq iurp vh0
txhqfhv ri lqwhuydov wr vhtxhqfhv ri lqwhuydov> qdpho|/ d ixqfwlrqdo 8 G EQ$ Q�? $
Q $ Q rq wkh qdwxudo qxpehuv ^43/ 46`1 Fodvvlfdoo|/ d uhdo ixqfwlrq lv vdlg wr eh
h�hfwlyho| frpsxwdeoh +zlwk uhvshfw wr d jlyhq hqg0srlqwv vhw I, li lw fdq eh uhsuh0
vhqwhg e| d uhfxuvlyh ixqfwlrqdo1 Lw iroorzv wkdw hyhu| h�hfwlyho| frpsxwdeoh uhdo
ixqfwlrq lv frqwlqxrxv ^::`1

Lq grpdlq wkhru|/ d uhdo ixqfwlrq s G U" $ U" lv gh�qhg dv frpsxwdeoh zlwk
uhvshfw wr F ET"� li wkhuh lv d Vfrww frqwlqxrxv h{whqvlrq } G F ET"� $ F ET"�
vxfk wkdw

} Ei%j� ' is E%�j
dqg

ik@c Kc Sc _l md@c Ko� } EdSc _o�j
lv uhfxuvlyho| hqxphudeoh zkhuh kc c c l G T" �T" �T" �T" $ Q lv dq| frglqj
ixqfwlrq ^55`1 Wklv grpdlq wkhruhwlf gh�qlwlrq iru d frpsxwdeoh uhdo ixqfwlrq lv
htxlydohqw wr wkh fodvvlfdo rqh ^55`1

D gljlwdo uhsuhvhqwdwlrq EIcGc w� lv h�hfwlyh li w lv dq h�hfwlyho| frpsxwdeoh
ixqfwlrqdo dqg d frglqj ixqfwlrq i G G$ Q h{lvwv iru wkh gljlw vhw G> dq dghtxdwh
gljlwdo uhsuhvhqwdwlrq EIcGc wcx� lv h�hfwlyh li w dqg x duh h�hfwlyho| frpsxwdeoh
ixqfwlrqdov dqg d frglqj ixqfwlrq i G G $ Q h{lvwv iru wkh gljlw vhw G1 Lw fdq
eh vkrzq wkdw wkh ghflpdo uhsuhvhqwdwlrq lv qrw dq h�hfwlyho| dghtxdwh gljlwdo
uhsuhvhqwdwlrq1 Iru lqvwdqfh/ frqvlghu wkh vhtxhqfh ri lqwhuydov ? :$ �

�� �
?
c �
�
1

Qr �qlwh sruwlrq ri wklv vhtxhqfh frqwdlqv vx!flhqw lqirupdwlrq wr ghflgh hyhq
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wkh �uvw gljlw ri lwv ghflpdo h{sdqvlrq1 Lw fdq eh vhhq iurp wkh gldjudp

Q$ L dIo
8 ! Q$ L dIo

Q$ G

X

�

C
! Q$ G�

�

x

wkdw dq| h�hfwlyho| frpsxwdeoh ixqfwlrqdo fdq eh frpsxwhg xvlqj dq h�hfwlyho|
dghtxdwh gljlwdo uhsuhvhqwdwlrq1

Gh�qlwlrq 55 D uhgxqgdqw uhsuhvhqwdwlrq lv d gljlwdo uhsuhvhqwdwlrq lq zklfk
hyhu| uhdo qxpehu kdv pruh wkdq rqh vhtxhqfh ri gljlwv uhsuhvhqwlqj lw1

:15 Uhgxqgdqw Srvlwlrqdo Uhsuhvhqwdwlrqv

Wkh srvlwlrqdo uhsuhvhqwdwlrqv iru wkh uhdo qxpehuv fdq eh pdgh uhgxqgdqw e|
h{whqglqj wkh gljlw vhwv zlwk qhjdwlyh frxqwhusduwv1 Uhgxqgdqf| hqvxuhv wkdw wkh
vlpsohvw pdwkhpdwlfdo rshudwlrqv duh frpsxwdeoh1 Iru lqvwdqfh/ pxowlsolfdwlrq e|
6 lv rqo| frpsxwdeoh zlwk uhgxqgdqf|1 Iru h{dpsoh/ frqvlghu � � �

�
1 Qrwh wkdw/

xvlqj wkh ghflpdo uhsuhvhqwdwlrq/ �
�
lv uhsuhvhqwhg e| f���� � � � zlwk wkh lqwhusuh0

wdwlrq
dfc �o � df��c f�eo � df���c f��eo � � � � �

Xvlqj wkh uhgxqgdqw ghflpdo uhsuhvhqwdwlrq/ �
�
fdq dovr eh uhsuhvhqwhg e| f���� � � �

exw zlwk wkh lqwhusuhwdwlrq

d��c �o � df�2c f�eo � df��2c f��eo � � � � �
Wklv gl�huhqfh hqvxuhv wkdw iru d jlyhq rxwsxw suhflvlrq/ rqo| d �qlwh dprxqw ri
lqsxw suhflvlrq lv uhtxluhg1

Wkh uhgxqgdqw udgl{ K srvlwlrqdo uhsuhvhqwdwlrq lv wkh vljqhg lqfuhphqwdo gljlw
uhsuhvhqwdwlrq EIc �cPc )c{c �clc �� zkhuh

I ' E EK�

� ' d��c �o
P ' ]
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) ' j :$ % :$ j n %

{ ' ] EK�

� ' _ :$ % :$ _n %

K
l ' ] EK�

� ' � :$ �

K
�

Lq sduwlfxodu/ wkh uhgxqgdqw elqdu| uhsuhvhqwdwlrq lv jlyhq e| wkh vljqhg lqfuhphq0
wdo gljlw uhsuhvhqwdwlrq EIc �cPc )c{c �clc �� zkhuh

I ' E E2�

� ' d��c �o
P ' ]

) ' j :$ % :$ j n %

{ ' ] E2�

� ' _ :$ % :$ _n %

2
l ' ] E2�

� ' � :$ �

2
�

H{dpsoh 56 Wkh �qlwh vhtxhqfh ri v|perov b�f�� lv d uhgxqgdqw elqdu| uhsuh0
vhqwdwlrq iru b��

�S
1 Wkh �uvw v|pero lv fdoohg wkh vljq/ wkh odvw v|pero lv fdoohg wkh

whuplqdwru dqg wkh rwkhu v|perov duh fdoohg gljlwv dqg vr ohw

j ' b 5 P

_f ' � 5 {

_� ' f 5 {

_2 ' � 5 {

� ' � 5 l�

Wkh �qlwh vhtxhqfh ri lqwhuydov UfU�U2U�Ue lqgxfhg e| wklv uhsuhvhqwdwlrq lv jlyhq
e|

Uf ' ) Ej� E��

' ) Eb� Ed��c�o�
' dHc �fo

' b n d��c �o
U� ' ) Ej� E� E_f� E���
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' ) Eb� E� E�� Ed��c �o��
' ) Eb� Edfc �o�

' dbc �fo

' b n �
2
n
���

2
c �
2

�
U2 ' ) Ej� E� E_f� E� E_�� E����

' ) Eb� E� E�� E� Ef� E����

' ) Eb�
�
� E��

����
2
c �
2

���
' ) Eb�

��
�
e
c �
e

��
'

�
�.
e
c �b
e

�
' b n �

2
n f

e
n
���

e
c �
e

�
U� ' ) Ej� E� E_f� E� E_�� E� E_2� E�����

' ) Eb� E� E�� E� Ef� E� E�� Ed��c �o����
' ) Eb� E� E�� E� Ef� Edfc �o���

' ) Eb�
�
� E��

��
fc �

2

���
' ) Eb�

��
�
2
c �
e

��
'

�
�b
2
c �b
e

�
' b n �

2
n f

e
n �

H
n
���

H
c �
H

�
Ue ' ) Ej� E� E_f� E� E_�� E� E_2� E� Ei�j�����

' ) Eb� E� E�� E� Ef� E� E�� E� Ei�j�����
' ) Eb�

�
� E��

�
� Ef�

�
� E��

��
�
2

�����
' ) Eb�

�
� E��

�
� Ef�

��
�
e

����
' ) Eb�

�
� E��

��
�
H

���
' ) Eb�

�
��
�S

�
'

�
�DD
�S

�
' b n �

2
n f

e
n �

H
n
�

�
�S

�
�

Wkh uhgxqgdqw srvlwlrqdo uhsuhvhqwdwlrq wxuqv rxw wr eh dq h�hfwlyho| dghtxdwh
gljlwdo uhsuhvhqwdwlrq iru wkh uhdo qxpehuv1 Lqwhuhvwlqjo|/ wkh uhgxqgdqw elqdu|
uhsuhvhqwdwlrq zdv �uvw lqwurgxfhg e| Dyl}lhqlv ^5` lq 4<94 dv d phdqv wr dyrlg
fduu| sursdjdwlrq lq wkh dgglwlrq dqg vxewudfwlrq ri lqwhjhuv udwkhu wkdq dv dq
h�hfwlyh phdqv wr uhsuhvhqw h{dfw uhdo qxpehuv1

Ohw | OLVW ghqrwh wkh olvw w|sh ri | +l1h1 d vhtxhqfh ri ydoxhv zlwk wkh vdph
w|sh |, dqg ohw G ghqrwh wkh lq�{ frqvwuxfwru iru exloglqj d olvw e| dwwdfklqj d qhz
phpehu wr wkh iurqw1

Wkh dojrulwkp iru wkh vfdohg dgglwlrq ri wzr uhgxqgdqw srvlwlrqdo h{sdqvlrqv
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zlwk udgl{ o � � lv zhoo nqrzq ^6`> qdpho|

DGG G ] Eo� OLVW� ] Eo� OLVW$ ] Eo� OLVW

DGG Ekc q� ' DGG� Ekc qc f�

zkhuh

DGG� G ] Eo� OLVW� ] Eo� OLVW� ] Eo�$ ] Eo� OLVW

DGG� E@ G kc K G qc S� '

;?= Sn � G DGG� Ekc qc @n K� o� li @n K � o � �
S� � G DGG� Ekc qc @n Kn o� li @n K � �� o
S G DGG� Ekc qc @n K� rwkhuzlvh1

Wkh lqwhusuhwdwlrq lv

dd@ G koo '
@n ddkoo

o

ddDGG Ekc q�oo '
ddkoo n ddqoo

o

ddDGG� Ekc qc S�oo '
ddkoo n ddqoo n S

o
�

Wkh elqdu| yhuvlrq ri vfdohg dgglwlrq +l1h1 phdq, lv pruh wulfn|1

Sursrvlwlrq 57 Dq dojrulwkp iru wkh phdq ri wzr uhgxqgdqw elqdu| h{sdqvlrqv
lv

PHDQ G ] E2� OLVW� ] E2� OLVW$ ] E2� OLVW +:14,

PHDQ E@ G kc K G q�

'

�
GLY ESc 2� G PHDQ Ekc q� li PRG ESc 2� ' f
PHDQ� Ekc qc S� rwkhuzlvh

zkhuh
S ' @n K

dqg

PHDQ� G ] E2� OLVW� ] E2� OLVW� ] E2�$ ] E2� OLVW +:15,

PHDQ� E@ G kc K G qc S�

'

;?= S G PHDQ� Ekcqc�S� li @n K ' S
� G GLY E|c 2� G PHDQ Ekc q� li PRG E_c 2� ' f
� G PHDQ� Ekc qc |� rwkhuzlvh
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zkhuh

_ ' @n Kn 2S

� ' GLY E_c e�

| ' PRG E_c e�

zkhuh GLY G ] � ] $ ] dqg PRG G ]� ]$ ] duh lqwhjhu glylvlrq dqg uhpdlqghu
uhvshfwlyho| vdwlvi|lqj

6� GLY E?c6� nPRG E?c6� ' ?�

Wkh lqwhusuhwdwlrq lv

dd@ G koo '
@n ddkoo

2

ddPHDQ Ekc q�oo '
ddkoo n ddqoo

2

ddPHDQ� Ekc qc S�oo '
ddkoo n ddqoo n S

e
�

Surri = Frqvlghu htxdwlrq +:14,1

ddPHDQ E@ G kc K G q�oo '

�
@n ddkoo

2

�
n

�
Kn ddqoo

2

�
2

'
ddkoo n ddqoo n E@n K�

e

Li zh dvvxph PRG ESc2� ' f wkhq

ddGLY ESc2� G PHDQ Ekc q�oo '

�
@n K

2

�
n

�
ddkoo n ddqoo

2

�
2

'
ddkoo n ddqoo n E@n K�

e
�

Rwkhuzlvh zh pxvw dvvxph PRG ESc 2� 9' f dqg vr

ddPHDQ� Ekc qc S�oo '
ddkoo n ddqoo n E@n K�

e
�

Qrz frqvlghu htxdwlrq +:15,1

ddPHDQ� E@ G kc K G qc S�oo '

�
@n ddkoo

2

�
n

�
Kn ddqoo

2

�
n S

e

'
ddkoo n ddqoo n E@n Kn 2S�

H
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Li zh dvvxph @n K ' S wkhq

ddS G PHDQ� Ekc qc�S�oo '

Sn

�
ddkoo n ddqoo� S

e

�
2

'
ddkoo n ddqoo n E@n Kn 2S�

H
�

Dowhuqdwlyho|/ li zh dvvxph @n K 9' S dqg PRG E_c 2� ' f wkhq

dd� G GLY E|c2� G PHDQ Ekc q�oo '

GLY E_c e� n

3EEC
PRG E_c e�

2
n

�
ddkoo n ddqoo

2

�
2

4FFD
2

'
ddkoo n ddqoo n e� GLY E_c e� nPRG E_ce�

H

'
ddkoo n ddqoo n E@n Kn 2S�

H
�

Rwkhuzlvh/ zh pxvw dvvxph @n K 9' S dqg PRG E_c 2� 9' f dqg vr

dd� G PHDQ� Ekc qc |�oo '

GLY E_c e� n

�
ddkoo n ddqoo nPRG E_c e�

e

�
2

'
ddkoo n ddqoo n e� GLY E_c e� nPRG E_c e�

H

'
ddkoo n ddqoo n E@n Kn 2S�

H
� �

Sursrvlwlrq 58 Dq dojrulwkp iru wkh frpsdulvrq ri wzr uhgxqgdqw elqdu| h{sdq0
vlrqv

% � + '

�
WUXH li % 	 +
IDOVH li % : +

lv

OHVV G ] E2� OLVW� ] E2� OLVW� ] E��$ ERROHDQ

OHVV E@ G kc K G qc S� '

;?= WUXH li _ 	 �2
IDOVH li _ : 2
OHVV Ekc qc _� rwkhuzlvh

+:16,

zkhuh
_ ' 2Sn @� K�
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Wkh lqwhusuhwdwlrq lv

dd@ G koo '
@n ddkoo

2

ddOHVV Ekc qc S�oo ' Eddkoo n S� � ddqoo�

Surri = Frqvlghu htxdwlrq +:16,1

ddOHVV E@ G kc K G qc S�oo '

�
@n ddkoo

2
n S

�
�
Kn ddqoo

2

' E@n ddkoo n 2S� � EKn ddqoo�

' Eddkoo n _� � ddqoo

'

;?= WUXH li _ 	 �2
IDOVH li _ : 2
ddOHVV Ekc qc _�oo rwkhuzlvh1 �

:16 Uhgxqgdqw Frqwlqxhg Iudfwlrqv

Q0iudfwlrqv dqg ]0iudfwlrqv duh qrw uhgxqgdqw ehfdxvh wkh  rru dqg urxqg rshud0
wlrqv duh qrw h�hfwlyho| frpsxwdeoh1 Krzhyhu/ wkh Hxfolghdq sduw ri d uhdo qxpehu
%/ zklfk lv gh�qhg e| Yxloohplq ^:4` dv dq| lqwhjhu ee%hh vxfk wkdw _� E%c ee%hh� 	 �/
lv h�hfwlyho| frpsxwdeoh1 Vr/ wkh H0iudfwlrq ri d uhdo qxpehu % lv wkh vlpsoh frq0
wlqxhg iudfwlrq d@fc @�c @2c � � �o zlwk @? uhfxuvlyho| jlyhq e|

E@fc of� ' Eee%hhc %� ee%hh�
E@?n�c o?n�� '

�
ee �
o?
hhc �

o?
� ee �

o?
hh
�
�

Lw kdv ehhq vkrzq e| Ohvwhu ^78` wkdw wkh frqwlqxdwlrq ixqfwlrq 1
H
iru H0

iudfwlrqv +vhh gh�qlwlrq 4<, lv

1
H
E?� '

#
�e?n E?2 n ��

s
�

?2 � �
c
�e?� E?2 n ��

s
�

?2 � �

$

ehfdxvh
_� E%c ee%hh� 	 �/ % 5 1

H
Eee%hh� �

Rq fduhixo lqvshfwlrq/ wklv h{suhvvlrq fdq eh vlpsol�hg wr d sdlu ri Pùelxv wudqv0
irupdwlrqv

1
H
E?� '

#
?
s
�� �s
� n ?

c
?
s
� n �s
�� ?

$
�



;9 FKDSWHU :1 HIIHFWLYH GLJLWDO UHSUHVHQWDWLRQV
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0

2.5

5

7.5

y

x

Iljxuh :14= Wkh vkdghg uhjlrq lv d sorw ri wkh srlqwv E%c +� vxfk wkdw _� E%c +� 	 �1

Wkh vkdghg uhjlrq lq Iljxuh +:14, vkrzv d sorw ri wkh srlqwv E%c +� vxfk wkdw
_� E%c +� 	 �1 Vr/ d jhqhudo H0iudfwlrq d@fc @�c @2c � � �o lqgxfhv wkh vhtxhqfh ri
lqwhuydov kU?l"?'f

Uf ' 1
H
E@f�

U� ' @f n
�

1
H
E@��

U2 ' @f n
�

@� n
�

1
H
E@2�

U� ' @f n
�

@� n
�

@2 n
�

1
H
E@��

111 '
111

Xqiruwxqdwho|/ gxh wr wkh lqkhuhqw uhgxqgdqf| ri wklv uhsuhvhqwdwlrq/ wkhuh lv qr
jxdudqwhh wkdw wklv vhtxhqfh lv qhvwhg1 Wklv lv shukdsv/ zk| Yxloohplq jrhv rq wr
frqvlghu wkh frqwlqxdwlrq ixqfwlrq

1 E?� '

�
E�2c 2� li ? ' f�m?m � �

2
c �
2
� m?m� li ? 9' f�
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Vr/ zkdw pljkw d jrrg frqwlqxdwlrq ixqfwlrq ehB Iluvwo|/ hyhu| h{whqghg uhdo
qxpehu qhhgv wr eh fryhuhg ^

?M]
1 E?� ' U"� +:17,

rwkhuzlvh zh kdyh uhdo qxpehuv wkdw fdqqrw eh uhsuhvhqwhg1 Vhfrqgo|/ lw zrxog
eh frqyhqlhqw iurp d frpsxwdwlrqdo h!flhqf| srlqw ri ylhz li zh frxog uhvwulfw
rxuvhoyhv wr qhvwhg lqwhuydov

^
6M]

�
? n

�

1 E6�

����?n �

1 E6�
� 1 E?�

�
' 1 E?� � +:18,

Xqiruwxqdwho|/ wkh uhgh�qhg frqwlqxdwlrq ixqfwlrq grhv qrw vdwlvi| wkhvh frqgl0
wlrqv1 Wkh sureohp fdq eh looxvwudwhg zlwk dq h{dpsoh1 Frqvlghu wkh H0iudfwlrq
iru D

b
1

% ' D
b
5 1 E�� '

�
�
2
c��

2

�
E@fc of� '

�
�c�e

b

�
1 E@f� '

�
�
2
c��
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�
�
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e
5 1 E5� iru 5 5 ] E��
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2
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1 E	�� ' E��c �� 9 �1 E@f�
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�
�
�
c D
2

� 9 �1 E@f�
Krzhyhu/ wkh vlpsoh frqwlqxdwlrq ixqfwlrq

1
S
E?� ' d?c4o

grhv vdwlvi| htxdwlrqv +:17,^
?M]

1
S
E?� '

^
?M]

d?c4o ' U"

dqg +:18,

^
6M]

�
? n

�

1S E6�
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�

1S E6�
� 1

S
E?�

�
'
^
6MQ

�
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�
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�
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iru doo ? 5 ]1 Zh zloo fdoo d frqwlqxhg iudfwlrq frqvwuxfwhg xvlqj wklv frqwlqxdwlrq
ixqfwlrq/ d S0iudfwlrq1 Vr/ wkh S0iudfwlrq ri d uhdo qxpehu % lv wkh vlpsoh frqwlqxhg
iudfwlrq d@fc @�c @2c � � �o zlwk @? uhfxuvlyho| jlyhq e|

E@fc of� ' Eee%ffc %� ee%ff�
E@?n�c o?n�� '

�
ee �
o?
ffc �

o?
� ee �

o?
ff
�

zkhuh ee%ff lv gh�qhg dv dq| lqwhjhu ohvv wkdq ru htxdo wr %/ zklfk zh zloo fdoo wkh
edvhphqw ri %1 Revhuyh wkdw

f � + � ee+ff � 4
iru dq| h{whqghg uhdo qxpehu +1 Wkhuhiruh

f � o? � 4, o? 5 dfc4o, �

o?
5 dfc4o �

Lw iroorzv wkdw wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq EIc �cPc )c{c �clc ��
zkhuh

I ' T

� ' dfc4o

P ' ]

) ' j :$ % :$ j n
�

%
{ ' Q

� ' _ :$ % :$ _n
�

%
l ' Q

� ' � :$ �

idlwkixoo| uhsuhvhqwv S0iudfwlrqv1

:17 Lqfuhphqwdo Iordwlqj Srlqw

Lq 4<;6/ Zdwdqxnl dqg Hufhjrydf ^:7` h{soruhg wkh srvvlelolwlhv ri uhgxqgdqw udgl{
K  rdwlqj srlqw1 Ohw xv h{whqg wkhlu gh�qlwlrqv iurp �qlwh wr lq�qlwh vhtxhqfhv ri
gljlwv1

Gh�qlwlrq 59 Wkh lqfuhphqwdo pdqwlvvd h{dfw udgl{ K  rdwlqj srlqw uhs0
uhvhqwdwlrq ri dq h{whqghg uhdo qxpehu/ % vd|/ lv dq lq�qlwh vhtxhqfh ri gljlwv
k_?l"?'f zlwk wkh lqwhusuhwdwlrq

% ' Ef�_�_2_� � � ��K � K_f
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zkhuh wkh �uvw gljlw +wkh h{srqhqw, lv dq duelwudu| lqwhjhu dqg wkh rwkhu glj0
lwv +wkh pdqwlvvd, duh uhvwulfwhg wr ] EK�1 Wkh uhsuhvhqwdwlrq lv uhihuuhg wr dv
��qrupdol}hg li

�

K�
� Ef�_�_2_� � � ��K � ��

Lq sduwlfxodu/ wkh uhsuhvhqwdwlrq lv �0qrupdol}hg li E_�_2 � � � _��K 5
] EK�� � ] E2�1 Wkhuhiruh/ wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq
EIc �cPc )c{c �clc �� zkhuh

I ' E EK�

� ' d��c �o
P ' ]� E] EK��� ] E2��
) ' Eec j� :$ % :$ j n %

K�
� Ke

{ ' ] EK�

� ' _ :$ % :$ _ n %

K
l ' ] EK�� ifj
� ' � :$ �

K

fruuhvsrqgv wr wkh lqfuhphqwdo pdqwlvvd ��qrupdol}hg h{dfw udgl{ K  rdwlqj srlqw
uhsuhvhqwdwlrq1

H{dpsoh 5: Wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq EIc �cPc )c{c �clc ��
zkhuh

I ' E E2�

� ' d��c �o
P ' ]�i��c�2c 2c �j
) ' Eec j� :$ % :$ Ej n %�� 2e32

{ ' i��c fc �j
� ' _ :$ % :$ _n %

2
l ' i��c �j
� ' � :$ �

2

fruuhvsrqgv wr wkh lqfuhphqwdo pdqwlvvd 2�qrupdol}hg h{dfw udgl{ 2  rdwlqj srlqw
uhsuhvhqwdwlrq1 Wkh �qlwh vhtxhqfh ri v|perov EDc 2� E��� f� uhsuhvhqwv ��1 Wkh
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[-32,-16] [-24,-8] [8,24] [16,32]

[8,16] [12,20] [16,24]

(5,-3)

(5,-2) (5,2)

(5,3)

-1 0 1

[8,12] [10,14] [12,16]

-1 0 1

[10,12] [11,13] [12,14]

-1 0 1

U {0}-

Iljxuh :15= Dq looxvwudwlrq ri wkh lqfuhphqwdo pdqwlvvd 2�qrupdol}hg h{dfw udgl{
2  rdwlqj srlqw uhsuhvhqwdwlrq1
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�uvw v|pero lv fdoohg wkh vljq/ wkh odvw v|pero lv fdoohg wkh whuplqdwru dqg wkh rwkhu
v|perov duh fdoohg gljlwv dqg vr ohw

Eec j� ' EDc 2� 5 P

_f ' �� 5 {

_� ' f 5 {

� ' � 5 l�

Wkh �qlwh vhtxhqfh ri lqwhuydov UfU�U2U� lqgxfhg e| wklv uhsuhvhqwdwlrq lv jlyhq e|

Uf ' ) Eec j� E��

' ) EDc 2� Ed��c �o�
' dHc 2eo

U� ' ) Eec j� E� E_f� E���

' ) EDc 2� E� E��� Ed��c �o��
' ) EDc 2� Ed��c fo�
' dHc �So

U2 ' ) Eec j� E� E_f� E� E_�� E����

' ) EDc 2� E� E��� E� Ef� Ed��c �o���
' ) EDc 2�

�
� E��� ����

2
c �
2

���
' ) EDc 2�

����
e
c��

e

��
' d�fc �eo

Ue ' ) Eec j� E� E_f� E� E_�� E� E� ����

' ) EDc 2� E� E��� E� Ef� E� Ei�j����
' ) EDc 2�

�
� E��� �� Ef�

��
�
2

����
' ) EDc 2�

�
� E��� �� �

e

���
' ) EDc 2�

����
H

��
' i��j

dqg looxvwudwhg lq �jxuh +:15,1

Qrwh wkdw � ' � iru K ' 2 lv qrw doorzhg ehfdxvh wkh vljq vhw zrxog eh hpsw|1
Dovr/ qrwh wkdw wklv uhsuhvhqwdwlrq fdqqrw kdqgoh 3 dqg 41 Wklv lv hvvhqwldoo|
ehfdxvh wkh h{srqhqw lv qrw lqfuhphqwdo1 Lqfuhphqwdolw| lq wkh h{srqhqw fdq eh
dfklhyhg e| uhsodflqj wkh lqwhjhu e zlwk d vhtxhqfh ri E� n e� vxffhvvru gljlwv r
li e � f dqg d vhtxhqfh ri E�� e� suhghfhvvru gljlwv R li e � f dv srlqwhg rxw e|
Qlhovhq dqg Nruqhuxs ^84` lq 4<<81 Wklv jlyhv d ixoo| lqfuhphqwdo uhsuhvhqwdwlrq
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] (b)

] ](2)(b ) -

] ](2)(b ) -

γ

γ

Iljxuh :16= Wkh dxwrpdwrq iru wkh ixoo| lqfuhphqwdo �0qrupdol}hg h{dfw udgl{ K
 rdwlqj srlqw uhsuhvhqwdwlrq1

fruuhvsrqglqj wr wkh gljlwdo uhsuhvhqwdwlrq EE EK� circ Rj ^ ] EK�� c w� zkhuh

w E� :$ _�� E?� '

;AAAAAAAAAA?AAAAAAAAAA=

d�c��o� K?3� li _fc � � � c _? ' r
d��c �o� K�3? li _fc � � � c _? ' R

6� Ke3�
li _fc � � � c _e3� ' r
dqg _e 5 ] EK��� ] E2�
dqg _en�c � � � c _? 5 ] EK�

6� K3e
li _fc � � � c _e3� ' R
dqg _e 5 ] EK��� ] E2�
dqg _en�c � � � c _? 5 ] EK�

zlwk

6 ' _e n Ef�_en�_en2 � � � _?�K n
d��c �o
K?3e

�

Wkh fruuhvsrqglqj dxwrpdwrq lv looxvwudwhg lq �jxuh +:16,1
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[1/2,-1/2] [-2,2]

[1,-1] [-1,1]

[2,-2] [-1/2,1/2]

[4,-4] [-1/4,1/4]

[-16,-8] [-12,-4] [4,12] [8,16]

[-1/4,-1/8] [-3/16,-1/16] [1/16,3/16] [1/8,1/4]

s
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p

p

p

p

-3 -2 2
3

-3
-2

2 -3

[-12,-8] [-8,-4][-10,-6]

-1
0

1

Iljxuh :17= Dq looxvwudwlrq ri wkh ixoo| lqfuhphqwdo 20qrupdol}hg h{dfw udgl{ 2
 rdwlqj srlqw uhsuhvhqwdwlrq1
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:18 Uhgxqgdqw Li Rshudwru

Wkh edvlf dulwkphwlf rshudwlrqv duh frpsxwdeoh rqo| iru uhgxqgdqw uhsuhvhqwdwlrqv
ri wkh uhdo qxpehuv ^7</ 79/ ;/ 9<`1 Lq h�hfw/ qrq0ghwhuplqlvp lv ehlqj wudghg iru
frpsxwdelolw|1 Wkh edvlf suhglfdwhv/ vxfk dv htxdolw| dqg frpsdulvrq/ duh qrw
frpsxwdeoh dw doo1 Krzhyhu/ wkh zd|0ehorz uhodwlrq � rq wkh frqwlqxrxv grpdlq
ri lqwhuydov lv uhfxuvlyho| hqxphudeoh1 Frqvhtxhqwo|/ wkh li rshudwru gh�qhg e|

LI G g � I� Eg $ |�2 $ |

LI % 	 ^ WKHQ s HOVH } '

�
s E%� li % 	 ^
} E%� li % � ^

+:19,

zkhuh g 5 L�U dqg I lv d ghqvh vxevhw ri g/ vkrxog eh uhsodfhg e| wkh uhgxqgdqw
li rshudwru

ULI G L� dgo� L� dIo2 � �L� dgo$ |
�2 $ |

ULI % 	 EUc a� WKHQ s HOVH } '

�
s E%� li U � %
} E%� li a � %

+:1:,

zkhuh g 5 L�U" dqg I lv d ghqvh vxevhw ri g1 Dv lw vwdqgv/ wkh uhgxqgdqw li
rshudwru lv d sduwldo pxowlydoxhg ixqfwlrq1 Krzhyhu/ wkh vlgh frqglwlrq

lqwhulru EU� ^ lqwhulru Ea� ' lqwhulru Eg� +:1;,

hqvxuhv wkdw lw lv d wrwdo ixqfwlrq dqg wkh vlgh frqglwlrq

s Ei%j� ' } Ei%j� li U � i%j dqg a � i%j +:1<,

hqvxuhv wkdw lw lv vlqjoh ydoxhg iru wkh pd{lpdo hohphqwv1 Lq sudfwlfh/ wkh uhgxq0
gdqw li rshudwru dv gh�qhg lq htxdwlrq +:1:, lv vwloo qrw xvhixo ehfdxvh s dqg }
duh iuhtxhqwo| rqo| gh�qhg ryhu U dqg a uhvshfwlyho|> dv lv wkh fdvh zlwk dqdo|wlf
frqwlqxdwlrqv ryhu wkh uhdo olqh1 Wklv xvxdoo| phdqv wkh lqvhuwlrq ri vrph grpdlq
uhvwulfwlqj ixqfwlrqv ehwzhhq s dqg lw*v dujxphqw % dqg } dqg lw*v dujxphqw %1

Wkh uhgxqgdqw li rshudwru lv vlplodu wr wkh txdvl0uhodwlrqdo frpsdulvrq rshudwru
	" lqwurgxfhg e| Erhkp dqg Fduwzuljkw ^9/ 8`

% 	" + '

;?= WUXH li % 	 + � "
IDOVH li % : + n "
hlwkhu WUXH ru IDOVH rwkhuzlvh1

Wkh uhgxqgdqw li rshudwru zloo eh xvhg lpsolflwo| lq vwdwhphqwv olnh �li s E_� iru
vrph _ 5 (�1 Wklv qrwlrq zloo eh xvhg iru wkh wudqvfhqghqwdo ixqfwlrqv e| xwlol}lqj
wkh lghd ri dqdo|wlf frqwlqxdwlrq lq frpsoh{ dqdo|vlv dv ghvfulehg lq vhfwlrq 61
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Wkh uhgxqgdqw li rshudwru ryhufrphv wkh sureohp ri xqghflgdelolw| ehfdxvh
rqh ri wkh li frqglwlrqv lv vdwlv�hg lq �qlwh wlph1 Wkhuhiruh/ wkh uhgxqgdqw li
rshudwru pdnhv frpsdulvrq ihdvleoh hyhq zkhq dssolhg uhfxuvlyho|1 Wklv frqwudvwv
zlwk wkh sdudooho li rshudwru ^8/ 43/ 56`

SLI % 	 f WKHQ s E%� HOVH } E%� '

;?= s E%� li % 	 f
s E%� x } E%� li % ' f
} E%� li % : f�

Lq sduwlfxodu/ uhfxuvlyh dssolfdwlrq ri wkh sdudooho li rshudwru pd| uhvxow lq dq
h{srqhqwldo jurzwk lq uhvrxufh xvdjh1
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Lq wklv fkdswhu/ zh h{soruh wkh pdwkhpdwlfdo surshuwlhv dqg uhsuhvhqwdwlrqv ri
wkh h{whqghg uhdo qxpehuv wrjhwkhu zlwk ydulrxv lpsruwdqw fodvvhv ri udwlrqdo
ixqfwlrqv lqfoxglqj Pùelxv wudqvirupdwlrqv1

;14 Yhfwruv/ Pdwulfhv dqg Whqvruv

Iru wkh vdnh ri wklv wkhvlv/ d yhfwru lv d sdlu ri lqwhjhuv/ dpdwul{ lv d sdlu ri yhfwruv
dqg d whqvru lv d sdlu ri pdwulfhv1 Wkhuhiruh/ wkh vhw ri doo yhfwruv Y/ wkh vhw ri
doo pdwulfhv P dqg wkh vhw ri doo whqvruv W duh jlyhq e|

Y ' ]� ]
P ' Y� Y
W ' P�P

dqg iru frqyhqlhqfh

YW ' Q� Q
PW ' YW � YW
WW ' PW �PW�

Wkh v|perov T +dqg` ,/� +dqg � dqg �, dqg A +dqg L, zloo eh xvhg wr ghqrwh
yhfwruv/ pdwulfhv dqg whqvruv uhvshfwlyho|1 Wkh yhfwru E@c K� zloo eh ghqrwhg e|

�
@
K

�
dqg

@

K�

<:
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Wkh pdwul{ EE@c K� c ESc _�� zloo eh ghqrwhg e|

�
@ S
K _

�
dqg

@ S

K _�

Wkh whqvru EEE@c K� c ESc _�� c EEec s� c E}c ���� zloo eh ghqrwhg e|
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�
dqg
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D sdlu zlwk wkh vxevfulsw 3 +4, ghqrwhv lwv �uvw +vhfrqg, surmhfwlrq uhvshfwlyho|1
Lq rwkhu zrugv

Efct �f ' f

Efct �� ' t�

Ohw wkh wudqvsrvh ri d pdwul{ dqg whqvru eh gh�qhg e|�
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@ e S }
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' EEEAfffc Aff�� c EAf�fc Af���� c

EEA�ffc A�f�� c EA��fc A��������&
' EEA�ffc A�f�� c EA��fc A������&
' EA��fc A����&
' EEAf�fc Af��� c EA��fc A������&
' EEEAfffc Aff�� c EA�ffc A�f��� c

EEAf�fc Af��� c EA��fc A��������&

'

�
Afff A�ff Af�f A��f
Aff� A�f� Af�� A���

�
��&

�

Wkh v|pero � zloo eh xvhg wr lqglfdwh wkh xvxdo grw surgxfw ehwzhhq yhfwruv/
pdwulfhv dqg whqvruv1

Ohppd 5<
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�
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Wkh vdph v|pero zlwk d qxphulfdo vxevfulsw �? zloo eh xvhg wr lqglfdwh d pruh
jhqhudo grw surgxfw ehwzhhq yhfwruv/ pdwulfhv dqg whqvruv1 Lq sduwlfxodu/ �� dqg
�2 duh jlyhq e|

EA �� T ��� '
[
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T&A&��

EA �� ����& '
[
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��,A,�&

EA �2 T ��� '
[
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T&A�&�

EA �2 ����& '
[
,

��,A�,&�

Wklv lv doo zh qhhg lq wklv wkhvlv/ exw iru wkh vdnh ri frpsohwhqhvv/ wkh jhqhudo grw
surgxfwv lv jlyhq e|

Ef �? t ����2uuu�o&�&2uuu&?3�&?n�uuu&r '
[
&?

t���2 uuu�o&?f&�&2 uuu&r�

Wkh v|perov �� dqg �2 zloo eh uhihuuhg wr dv wkh ohiw surgxfw dqg uljkw surgxfw
uhvshfwlyho|1 Qrwh wkdw/ lq idfw � ' ��1
Ohppd 63
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;15 Yhfwruv dqg H{whqghg Udwlrqdo Qxpehuv

Wkh vhw ri yhfwruv Y zlwk lqwhjhu frh!flhqwv wrjhwkhu zlwk surgxfw � gh�qhg e|�
@
K

�
�
�
S
_

�
'

�
@S
K_

�
lv d prqrlg1 Wkhuhiruh/ wkh nhuqho ri wkh prusklvp x G Y$ T" iurp wkh prqrlg
ri yhfwruv Y wr wkh h{whqghg udwlrqdo qxpehuv jlyhq e|

x

�
@
K

�
'

;?= B li @ ' f dqg K ' f
4 li @ 9' f dqg K ' f
@
K

li K 9' f

lv wkh prqrlg ri qrq0}hur lqwhjhuv ]W1 Frqvhtxhqwo|/ wkh prqrlg ri h{whqghg
udwlrqdo qxpehuv T" lv lvrprusklf wr wkh txrwlhqw prqrlg Y*]W1 Lq wkh oljkw ri
wklv/ zh vkdoo frqvlghu yhfwruv wr eh htxlydohqw/ ghqrwhg e| �/ xs wr vfdolqj1 Iru
frqyhqlhqfh/ zh zloo gurs x zkhqhyhu lw lv fohdu wr gr vr dqg dq h{whqghg uhdo

qxpehu zloo eh slfwxuhg devwudfwo| e| 1 Ohw xv gh�qh wkh vhw ri xqvljqhg

yhfwruv Yn e|
Yn ' iT 5 Y mx ET � 5 dfc4oj �

dqg ohw

����� @
K

����� ' � m@m
mKm
�
1 Qrwh wkdw li T 5 Yn wkhq T � mT m1 Ohw wkh vljq

ixqfwlrq j G Y$ i��c fc �j eh gh�qhg e|

j

�
@
K

�
'

;AAAAAAAA?AAAAAAAA=

�� li @ 	 f dqg K � f
f li @ 	 f dqg K : f

�� li @ ' f dqg K 	 f
f li @ ' f dqg K ' f
� li @ ' f dqg K : f
f li @ : f dqg K 	 f
� li @ : f dqg K � f�

+;14,

Qrwh wkdw
Yn ' iT 5 Y mj ET � 9' fj �

Wkhuhiruh/ wkh vhw ri xqvljqhg yhfwruv fdq eh lghqwl�hg e| wkh vhw

Yn _ YW ' YW �
��

f
f

��
�
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;16 Pdwulfhv dqg Pùelxv Wudqvirupdwlrqv

D Pùelxv wudqvirupdwlrq lv frqvlghuhg wr eh d olqhdu iudfwlrqdo wudqvirupdwlrq

% :$ @%n S

K%n _

rq wkh h{whqghg frpsoh{ sodqh F" zlwk @c Kc Sc _ 5 F1 D Pùelxv wudqvirupdwlrq
zlwk

GHW

�
@ S
K _

�
' f

zloo eh uhihuuhg wr dv d vlqjxodu Pùelxv wudqvirupdwlrq1 Wkh vhw ri qrq0vlqjxodu
Pùelxv wudqvirupdwlrqv zlwk frh!flhqwv wdnhq iurp wkh uhvwulfwhg �hog I � F
wrjhwkhu zlwk ixqfwlrq frpsrvlwlrq irupv d jurxs/ zklfk zh vkdoo ghqrwh e|P EI�1
Lq sduwlfxodu/ li zh frqvlghu wkh jurxs P ET� dqg xwlol}h wkh vfdolqj lqyduldqfh
ri Pùelxv wudqvirupdwlrq/ zh fdq uhvwulfw wkh frh!flhqwv wr wkh vhw ri lqwhjhuv
]1 Qrwh wkdw wkh vlqjxodu Pùelxv wudqvirupdwlrqv duh qrw lqfoxghg lq wkh jurxs
P ET�1 Krzhyhu/ wkh vhw ri doo Pùelxv wudqvirupdwlrqv zlwk lqwhjhu frh!flhqwv
grhv irup d prqrlg1

Ohw [

�
@ S
K _

�
ghqrwh wkh Pùelxv wudqvirupdwlrq

% :$ @%n S

K%n _
+;15,

rq wkh h{whqghg uhdo qxpehuv U" iruphg e| wkh irxu lqwhjhuv @/ K/ S dqg _ duudqjhg

frqyhqlhqwo| lq wkh pdwul{ � '

�
@ S
K _

�
1 Wklv gh�qlwlrq lqfoxghv vlqjxodu

pdwulfhv1 Vr/ wklv gh�qlwlrq lqfoxghv vrph vwudqjh pdsslqjv/ vxfk dv

[

�
� ��
� ��

�
E%� '

�
� li % 9' �
B li % ' �

dqg

[

�
f f
f �

�
E%� ' f� % '

�
f li % 9'4
B li % '4

dqg

[

�
f f
f f

�
E%� ' B�

Wkh frpsrvlwlrq ri Pùelxv wudqvirupdwlrqv [ E� � dqg [E� � lv htxlydohqw wr wkh
surgxfw ri pdwulfhv � dqg �

[E� � E[ E� � E%�� ' [ E� ��� E%� �
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Wkhuhiruh/ [ GP $ U" $ U" lv d prusklvp iurp wkh prqrlg ri pdwulfhv zlwk
lqwhjhu frh!flhqwvP wr Pùelxv wudqvirupdwlrqv dqg wkh nhuqho ri [ lv wkh prqrlg
ri qrq0}hur lqwhjhuv ]W1 Frqvhtxhqwo|/ wkh prqrlg ri Pùelxv wudqvirupdwlrqv lv
lvrprusklf wr wkh txrwlhqw prqrlg P*]W1 Lq wkh oljkw ri wklv/ zh vkdoo frqvlghu
pdwulfhv wr eh htxlydohqw/ ghqrwhg e| �/ xs wr vfdolqj1 Ohw

U '

�
� f
f �

�
+;16,

ghqrwh wkh lghqwlw| pdwul{ dqg gh�qh wkh wdph lqyhuvh ri d pdwul{ e|�
@ S
K _

�_
'

�
_ �S
�K @

�
+;17,

dqg qrwh wkdw

� _ �� '

�
GHW E�� f

f GHW E��

�
� U

surylghg wkdw
GHW E�� 9' f�

Wkh ixqfwlrq DSSO\ jlyhq e|

DSSO\ G x EY��[EP� �$ xEY�

E%c s� :�$ s E%�

lv dq dfwlrq ri wkh prqrlg ri Pùelxv wudqvirupdwlrqv rq wkh h{whqghg uhdo qxpehuv
ehfdxvh

[E� � Ex ET �� ' x E� � T � �
Iru frqyhqlhqfh/ zh zloo gurs[ zkhqhyhu lw lv fohdu wr gr vr dqg d Pùelxv wudqviru0

pdwlrq zloo eh slfwxuhg devwudfwo| e|

x

1 Gh�qh wkh vhw ri xqvljqhg pdwulfhv

Pn e|
Pn ' i� 5P m;% 5 dfc4o �[E�� E%� 5 dfc4oj

dqg ohw

����� @ S
K _

����� ' � m@m mSm
mKm m_m

�
1 Qrwh wkdw

Pn '
�
� 5 P ��;T 5 Yn � xE� � T � 5 dfc4o

�
' i� 5P mj E�f� ' j E��� 9' fj
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dqg li � 5 Pn wkhq � � m� m1 Wkhuhiruh/ wkh vhw ri xqvljqhg pdwulfhv fdq eh
lghqwl�hg e| wkh vhw

Pn _PW '
��

@ S
K _

����� @c Kc Sc _ 5 Q a � @
K

�
c

�
S
_

�
9'
�

f
f

��
�

;17 Wkh Wkhru| ri Pùelxv Wudqvirupdwlrqv

Lq wklv vhfwlrq/ zh h{soruh wkh uhohydqw wkhruhwlfdo surshuwlhv ^53` ri qrq0vlqjxodu
Pùelxv wudqvirupdwlrqv zlwk lqwhjhu frh!flhqwv1

;1714 Vshfldo Edvh Lqwhuydo

Lw lv frqyhqlhqw wr eurdghq wkh lqyhvwljdwlrq wr wkh jurxs ri Pùelxv wudqvirupd0
wlrqv P ET�1 Rqh edvlf surshuw| ri wkh jurxs ri Pùelxv wudqvirupdwlrqv P ET�
lv wkdw lw lv 60wudqvlwlyh1 Wklv phdqv wkdw iru dq| sdlu ri glvwlqfw wulsohv E%�c %2c %��
dqg E+�c +2c +�� zlwk %�c +� 5 T" iru doo � 5 i�c 2c �j/ wkhuh h{lvwv d xqltxh Pùelxv
wudqvirupdwlrq � 5 P ET� zlwk � E%�� ' +� iru doo � 5 i�c 2c �j1 Dq lpphgldwh
frqvhtxhqfh lv wkh iroorzlqj surshuw|1

Sursrvlwlrq 64 Li dRc ^o dqg doc ro duh wzr qrq0wulyldo forvhg lqwhuydov rq wkh h{0
whqghg uhdo olqh wkhq wkhuh h{lvwv d Pùelxv wudqvirupdwlrq � zlwk � EdRc ^o� '
doc ro1

Lw iroorzv wkdw li zh �{ d edvh lqwhuydo/ wkhq zh fdq h{suhvv/ ru hqfrgh/ doo
rwkhu qrq0wulyldo forvhg lqwhuydov dv wkh lpdjh ri wklv edvh lqwhuydo xqghu d Pùelxv
wudqvirupdwlrq1 Wkh prvw h!flhqw edvh lqwhuydo lv dfc4o dv qr frpsxwdwlrq lv
qhhghg wr ghwhuplqh wkh Pùelxv wudqvirupdwlrq lq wkh sursrvlwlrq1 Wkh Pùelxv

wudqvirupdwlrq lv vlpso| zulwwhq grzq1 Lqghhg % :$ o%n r

%n �
dqg % :$ r%n o

%n �
erwk

pds dfc4o wr doc ro/ wkh �uvw uhyhuvhv wkh rulhqwdwlrq zklovw wkh vhfrqg suhvhuyhv
lw1 Wkh forvhg lqwhuydo dfc4o zloo eh fdoohg wkh vshfldo edvh lqwhuydo1

D Pùelxv wudqvirupdwlrq � uh�qhv dq lqwhuydo dRc ^o li � EdRc ^o� � dRc ^o1
Fohduo|/ wkh lghqwlw| wudqvirupdwlrq uh�qhv dq| lqwhuydo1 Zh vd| d vxevhw 7 � P
uh�qhv dRc ^o li hdfk hohphqwv ri 7 uh�qhv dRc ^o1 Lw iroorzv wkdw wkhuh lv d odujhvw
vxeprqrlg ri P/ zklfk uh�qhv d jlyhq lqwhuydo1 Lw lv hdv| wr vhh wkdw Pn lv wkh
odujhvw uh�qlqj vxeprqrlg ri wkh vshfldo edvh lqwhuydo dfc4o dqg pruh jhqhudoo|
wkdw �Pn� _ lv wkh odujhvw uh�qlqj vxeprqrlg ri � dfc4o1
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;1715 Fodvvl�fdwlrqv

Wkh jurxs ri qrq0vlqjxodu Pùelxv wudqvirupdwlrqv P EU� fdq eh fodvvl�hg df0
fruglqj wr wkhlu frqmxjdf| fodvvhv dqg wkhlu jhrphwulf g|qdplfv rq wkh h{0
whqghg uhdo olqh1 Dowhuqdwlyho|/ zh fdq orrn dw wkh jurxs Cu E2cU� ehfdxvh
P EU� �' Cu E2cU� *UW1 Wkh sureohp ri �qglqj fdqrqlfdo uhsuhvhqwdwlyhv ri frq0
mxjdf| fodvvhv ri Cu E2cU� lv wkdw ri �qglqj iru d jlyhq pdwul{ � d frqmxjdwh
pdwul{ � _�� ri sohdvdqwo| vlpsoh irup1 Lw lv qdwxudo wr vwduw wkh vhdufk e| orrn0
lqj iru vxejurxsv ri Cu E2cU� �{hg e| � 1 Wklv lv wkh vdph dv �qglqj qrq0}hur
yhfwruv T zlwk uhdo frh!flhqwv vxfk wkdw � � T ' bT 1 Lw iroorzv wkdw

GHW E� � bU� ' f�

Vr/ li

� '

�
@ S
K _

�
dqg

WUDFH E�� ' @n _

wkhq

GHW E� � bU� ' b2 � WUDFH E� �bn GHW E�� �

Wkh sro|qrpldo
� Ebc�� ' b2 � WUDFH E�� bn GHW E�� +;18,

lv nqrzq dv wkh fkdudfwhulvwlf sro|qrpldo ri � / dqg lwv }hurhv duh wkh hljhqydoxhv
ri � 1 Dq lqwhuhvwlqj surshuw|/ zklfk lv d frqvhtxhqfh ri Fd|oh|*v Wkhruhp ^83`/
lv wkdw

� E�c�� ' f�

Ohw xv gh�qh LQYDULDQFH E�� 5 U e|

LQYDULDQFH E�� '
WUDFH E��2

GHW E� �
�

Wkh urrwv ri wkh fkdudfwhulvwlf sro|qrpldo � Ebc�� duh

�

2
WUDFH E��	 �

2

t�
WUDFH E� �2 � eGHW E� �

�
zlwk wkuhh glvwlqfw fdvhv ^83/ fkdswhu 45`=
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41 Wzr uhdo urrwv =
LQYDULDQFH E�� : e

Wkh urrwv b/ > duh qhfhvvdulo| qrq0}hur ehfdxvh GHW E�� 9' f1

� E|c� � ' E|� b� E|� >�

Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw mbm � m>m1 Wkhuhiruh/ d
fdqrqlfdo uhsuhvhqwdwlyh lv

� '

�
b f
f >

�
ehfdxvh � Ebc� � ' f dqg � Ebc�� ' f1

51 Rqh uhdo urrw =
LQYDULDQFH E�� ' e

Wkh urrw b lv qhfhvvdulo| qrq0}hur ehfdxvh GHW E�� 9' f1

� E|c� � ' E|� b�2

Zh nqrz wkdw E� � b�2 ' f1 Wklv uhyhdov wzr srvvlelolwlhv1

+d, � � bU ' f1 Wkhuhiruh/ d fdqrqlfdo uhsuhvhqwdwlyh lv

� '

�
b f
f b

�
ehfdxvh � � bU ' f dqg � Ebc�� ' f1

+e, � � bU 9' f1 Wkhuhiruh/ d fdqrqlfdo uhsuhvhqwdwlyh lv

� '

�
b b
f b

�
ehfdxvh � � bU 9' f dqg � Ebc�� ' f1

61 Qr uhdo urrwv =
LQYDULDQFH E�� 	 e

Wkh urrwv duh d frpsoh{ frqmxjdwh sdlu E4e�kc 4e3�k� zkhuh 4 : f dqg k 5
Efc Z�1

� E|c�� '
�
|� 4e�k

� �
|� 4e3�k

�
' |2 � 2|4FRV Ek� n 42
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D fdqrqlfdo uhsuhvhqwdwlyh lv

� ' 4-k

-k '

�
FRV Ek� VLQ Ek�
�VLQ Ek� FRV Ek�

�
ehfdxvh � E4e��kc �� ' f1

Lq whupv ri fodvvl�fdwlrqv/ lw fdq eh vkrzq ^83/ h{huflvh 4:18` wkdw wkh fdqrq0
lfdo uhsuhvhqwdwlyhv ri wkh frqmxjdf| fodvvhv ri wkh jurxs ri qrq0vlqjxodu Pùelxv
wudqvirupdwlrqv zlwk uhdo frh!flhqwv duh

� Lpsurshu K|shuerolf = % :$ @% iru @ 	 ��1

� Hoolswlf = % :$ %FRV Ek� n VLQ Ek�

�%VLQ Ek� n FRV Ek�
iru k 5 Efc Zo1

� Sduderolf = % :$ %n �1

� Lghqwlw| = % :$ %1

� Surshu K|shuerolf = % :$ @% iru @ : �1

Qrwh wkdw k|shuerolf fruuhvsrqgv wr d glodwlrq ru frqwudfwlrq/ hoolswlf fruuh0
vsrqgv wr d urwdwlrq dqg sduderolf fruuhvsrqgv wr d wudqvodwlrq1 Lw fdq eh vkrzq
^83/ h{huflvh 4:19` wkdw LQYDULDQFH E� � ' LQYDULDQFH E� � 9' e li dqg rqo| li � dqg
� duh frqmxjdwh1 Lq sduwlfxodu/ lw fdq eh vkrzq ^83/ h{huflvh 4:1:` wkdw

� li LQYDULDQFH E� � 	 f wkhq � lv lpsurshu k|shuerolf/

� li LQYDULDQFH E� � 5 dfc e� wkhq � lv hoolswlf/

� li LQYDULDQFH E� � ' e wkhq � lv hlwkhu sduderolf ru wkh lghqwlw|/

� li LQYDULDQFH E� � : e wkhq � lv surshu k|shuerolf1

Lqflghqwo|/ wkh whup or{rgurplf lv uhvhuyhg iru pdsv � 5 P EF� lq zklfk
wkh lqyduldqfh LQYDULDQFH E�� lv frpsoh{1 Vr/ zklfk frqmxjdf| fodvv grhv qhjdwlrq
ehorqjB Zhoo/ qrwh wkdw

LQYDULDQFH

� �� f
f �

�
' f�

Wkhuhiruh/ qhjdwlrq lv hoolswlf1 Exw

LQYDULDQFH E-k� ' eFRV2 Ek� �

Wkhuhiruh/ qhjdwlrq ehorqjv wr wkh frqmxjdf| fodvv zlwk wkh fdqrqlfdo uhsuhvhqwd0
wlyh

-Z
2
'

�
f �
�� f

�
' % :$ ��

%
�
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;1716 Hoolswlf Pdsv

Wkh hoolswlf pdsv duh frqmxjdwh wr urwdwlrqv1 Wkhuhiruh/ vxevhwv ri wkh hoolswlf
pdsv surylgh lghdo vljq vhwv iru lqfuhphqwdo gljlw uhsuhvhqwdwlrqv ehfdxvh wkh|
zrxog surylgh dq hohjdqw zd| wr fryhu wkh h{whqghg uhdo olqh xvlqj wkh vshfldo edvh
lqwhuydo1 Wkhuhiruh/ lw zrxog eh lqwhuhvwlqj wr frqvlghu wkh Pùelxv wudqvirupdwlrqv
wkdw irup f|folf jurxsv1

Sursrvlwlrq 65 Iru dq| �qlwh rughu Pùelxv wudqvirupdwlrq [E� � lq P ET�/
wkh rughu lv jlyhq e|

RUGHU E�� '

;AAAA?AAAA=
� li LQYDULDQFH E� � ' e
2 li LQYDULDQFH E� � ' f
� li LQYDULDQFH E� � ' �
e li LQYDULDQFH E� � ' 2
S li LQYDULDQFH E� � ' ��

Surri = Wkh jurxs ri Pùelxv wudqvirupdwlrqv P ET� lv lvrprusklf wr
Cu E2cT� *TW1 Ohw [E� � eh dq hohphqw ri �qlwh rughu lqP ET�1 Lq rwkhu zrugv/

�? � U�

Wkhuhiruh
�? ' >U

iru vrph > 5 TW1 Wkh hljhqydoxhv ri � vdwlvi|

� Ebc�� ' f

b? ' >�

zlwk � Ebc� � dv gh�qhg lq htxdwlrq +;18,1 Ohw xv fkdqjh yduldeoh dffruglqj wr

b ' /H[S

�
Z�o

?

�
�

Wkhuhiruh

E���o /? ' >

WUDFH E�� ' 2/FRV
�Zo
?

�
GHW E�� ' /2

LQYDULDQFH E�� ' eFRV2
�Zo
?

�
�
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Exw

FRV2 E%� '
FRV E2%� n �

2

dqg
LQYDULDQFH E� � 5 T�

Wkhuhiruh

FRV

�
2Zo

?

�
5 T

dqg vr
? 5 i�c 2c�c ec Sj �

Dovr
RUGHU E�� ' ? li JFG Eoc ?� ' �

dqg vr wkh uhvxow iroorzv lpphgldwho|1 �
Vr/ doo �qlwh rughu Pùelxv wudqvirupdwlrqv duh hlwkhu hoolswlf ru wkh lghqwlw|1

Iru h{dpsoh/

RUGHU

�
� f
f �

�
' �

RUGHU

�
2 ��
� �2

�
' 2

RUGHU

�
f �
�� �

�
' �

RUGHU

�
� �
�� �

�
' e

RUGHU

�
� ��
� 2

�
' S�

Wkh h{dpsoh ri rughu 7 lv sduwlfxoduo| lqwhuhvwlqj ehfdxvh lw uhsuhvhqwv urwdwlrq
e| Z

2

7" '

�
� �
�� �

�
' % :$ � n %

� � %

73 '

�
f �
�� f

�
' % :$ ��

%
� 7" � 7"

7f '

�
� ��
� �

�
' % :$ %� �

%n �
� 7" � 7" � 7"

7n '

�
� f
f �

�
' % :$ % � 7" � 7" � 7" � 7"
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dqg wkh Pùelxv wudqvirupdwlrqv jhqhudwhg uhsuhvhqw ryhuodsslqj lqwhuydov wkdw
fryhu wkh h{whqghg uhdo olqh

7" Edfc4o� ' d�c��o

73 Edfc4o� ' d4c fo

∞
-1 +1

0
7n Edfc4o� ' dfc4o

7f Edfc4o� ' d��c �o �

Wkh h{dpsoh ri rughu 6 jlyhv ulvh wr

7� '

�
f �
�� �

�
' % :$ �

� � %

7, '

�
� ��
� f

�
' % :$ %� � � 7� � 7�

7n '

�
� f
f �

�
' % :$ % � 7� � 7� � 7�c

zklfk zkhq dssolhg wr wkh vshfldo edvh lqwhuydo dfc4o uhsuhvhqw 6 ryhuodsslqj
lqwhuydov wkdw fryhu wkh h{whqghg uhdo olqh

7� Edfc4o� ' d�c fo

7, Edfc4o� ' d4c �o

7n Edfc4o� ' dfc4o �

Wkh h{dpsoh ri rughu 5 jlyhv ulvh wr

7f '

�
2 ��
� �2

�
' % :$ 2%� �

%� 2

7n '

�
� f
f �

�
' % :$ % � 73 � 73c

zklfk zkhq dssolhg wr wkh vshfldo edvh lqwhuydo dfc4o uhsuhvhqw 5 ryhuodsslqj
lqwhuydov wkdw fryhu wkh h{whqghg uhdo olqh

7f Edfc4o� '
�
2c �

2

�
7n Edfc4o� ' dfc4o �
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;1717 K|shuerolf Pdsv

Wkh k|shuerolf pdsv duh frqmxjdwh wr frqwudfwlqj olqhdu +d!qh, pdsv1 Wkhuhiruh/
wkh| vkrxog irup lghdo fdqglgdwhv iru wkh gljlw vhw lq dq lqfuhphqwdo gljlw uhsuh0
vhqwdwlrq ehfdxvh wkh| zrxog surylgh d zd| wr vkulqn lqwhuydov rq wkh h{whqghg
uhdo olqh wr d olplw1 Olqhdu pdsv sod| dq lpsruwdqw uroh lq wkh uhgxqgdqw srvl0
wlrqdo uhsuhvhqwdwlrq dv gh�qhg lq vhfwlrq :151 Iru wkh uhgxqgdqw udgl{ K srvlwlrqdo
uhsuhvhqwdwlrq wkh gljlw vhw lv ] EK� dqg wkh gljlw pds lv

_ :$ % :$ _n %

K
' _ :$

�
� _
f K

�
�

Qrwh wkdw

LQYDULDQFH

�
� _
f K

�
' 2 n Kn

�

K

dqg wkhuhiruh wklv gljlw pds lv k|shuerolf li K 9' 	�1 Lq idfw/ lw lv surshu k|shuerolf
li K lv srvlwlyh dqg lpsurshu k|shuerolf li K lv qhjdwlyh1 Wkh uhgxqgdqw srvlwlrqdo
uhsuhvhqwdwlrq rshudwhv zlwk wkh edvh lqwhuydo

d��c �o ' 7f Edfc4o� �

Wkhuhiruh/ wkh frqmxjdwh Pùelxv wudqvirupdwlrq jlyhq e|

K(_ '

�
Kn � n _ K� � n _
K� �� _ Kn �� _

�
� 7_f �

�
� _
f K

�
� 7f

irupv wkh edvlv ri wkh gljlw pds _ :$ K(_ rshudwlqj rq wkh vshfldo edvh lqwhuydo
dfc4o1 Wklv fdq eh vhhq pruh fohduo| lq wkh iroorzlqj frppxwlqj gldjudp ^95/ 53`

d��c �o

�
� _
f K

�
! d��c �o

dfc4o

7f

�

K(_

! dfc4o �

�

7f

;18 Whqvruv dqg Pùelxv Wudqvirupdwlrqv

Lq rughu wr frpsxwh wkh edvlf dulwkphwlf rshudwlrqv rq uhgxqgdqw frqwlqxhg iudf0
wlrqv/ Jrvshu ^5;` dqg Yxloohplq ^:4` xvhg 50glphqvlrqdo Pùelxv wudqvirupdwlrqv1
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D 50glphqvlrqdo Pùelxv wudqvirupdwlrq CEA � lv d olqhdu iudfwlrqdo wudqvirupdwlrq
rq wkh h{whqghg uhdo qxpehuv

E%c +� :$ @%+ n S%n e+ n }

K%+ n _%n s+ n �
+;19,

sdudphwhul}hg e| wkh hljkw lqwhjhuv @/ K/ S/ _/ e/ s / } dqg � duudqjhg frqyhqlhqwo|

lq wkh whqvru A '

�
@ S e }
K _ s �

�
1 Wkh edvlf dulwkphwlf rshudwlrqv duh jlyhq e|

An E%c +� '

�
f � � f
f f f �

�
E%c +� ' %n + +;1:,

A3 E%c +� '

�
f � �� f
f f f �

�
E%c +� ' %� + +;1;,

Af E%c +� '

�
� f f f
f f f �

�
E%c +� ' %� + +;1<,

Ay E%c +� '

�
f � f f
f f � f

�
E%c +� ' %� +� +;143,

Krzhyhu/ wkh gh�qlwlrq ri d 50glphqvlrqdo Pùelxv wudqvirupdwlrq lqfoxghv vrph
vwudqjh ixqfwlrqv vxfk dv

% :$
�

f � f f
f f f �

�
E%c +� '

�
% :$ % li + 9'4
% :$ B li + '4

dqg �
f f f f
f f f f

�
E%c +� ' B�

Lw fdq eh vkrzq wkdw

CEA � E� E%� c +� ' C EA �� �� E%c +�

C EA � E%c� E+�� ' C EA �2 �� E%c +�

C EA � ETc +� ' [ EA �� T � E+�
C EA � E%c T � ' [ EA �2 T � E%�

� EC EA � E%c +�� ' C E� � A � E%c +� �
Zh vkdoo frqvlghu whqvruv wr eh htxlydohqw/ ghqrwhg e| �/ xs wr vfdolqj1 Iru
frqyhqlhqfh/ zh zloo gurs C zkhqhyhu lw lv fohdu wr gr vr dqg d 50glphqvlrqdo

Pùelxv wudqvirupdwlrq zloo eh slfwxuhg devwudfwo| e|

x y

1 Gh�qh wkh vhw ri
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xqvljqhg whqvruv Wn e|

Wn ' iA 5 W m;%c + 5 dfc4o �CEA � E%c +� 5 dfc4oj

dqg ohw

����� @ S e }
K _ s �

����� ' � m@m mSm mem m}m
mKm m_m ms m m�m

�
1 Qrwh wkdw

Wn '
�
A 5 W ��;Tc` 5 Yn � xEA �� T �` � 5 dfc4o

�
' iA 5 W mj EAff� ' j EAf�� ' j EA�f� ' j EA��� 9' fj

dqg li A 5 Wn wkhq A � mA m1 Wkhuhiruh/ wkh vhw ri xqvljqhg whqvruv fdq eh
lghqwl�hg e| wkh vhw

Wn _ WW '
;?=
�
@ S e }
K _ s �

�������
@c Kc Sc _c ec sc }c � 5 Qa�

@
K

�
c

�
S
_

�
c

�
e
s

�
c

�
}
�

�
9'
�

f
f

� <@> �

;19 Lqirupdwlrq

Wkh h{whqghg udwlrqdo qxpehuv/ Pùelxv wudqvirupdwlrqv dqg 50glphqvlrqdo
Pùelxv wudqvirupdwlrq zloo eh froohfwlyho| uhihuuhg wr dv olqhdu iudfwlrqdo wudqviru0
pdwlrqv1 Vr/ ohw

O ' Y ^P ^ W
OW ' YW ^PW ^ WW
On ' Yn ^Pn ^ Wn�

Gh�qlwlrq 66 Wkh lqirupdwlrq frqwdlqhg lq d olqhdu iudfwlrqdo wudqvirupdwlrq lv

LQIR G O$ L� dT"o

LQIR ET � '

�
U" li T ' B
iT j rwkhuzlvh

LQIR E� � '

�
U" li <% 5 dfc4o �� E%� ' B
� Edfc4o� rwkhuzlvh

LQIR EA � '

�
U" li <%c + 5 dfc4o � A E%c +� ' B
A Edfc4o c dfc4o� rwkhuzlvh1

Sursrvlwlrq 67

T 5 Yn l� ;� 5 P � LQIR E�� y LQIR E� � T �
T 5 Yn l� ;A 5 W � LQIR EA � y LQIR EA �� T �
T 5 Yn l� ;A 5 W � LQIR EA � y LQIR EA �2 T �
� 5 Pn l� ;� 5 P � LQIR E�� y LQIR E� �� �
� 5 Pn l� ;A 5 W � LQIR EA � y LQIR EA �� � �
� 5 Pn l� ;A 5 W � LQIR EA � y LQIR EA �2 � �
A 5 Wn l� ;� 5 P � LQIR E�� y LQIR E� � A �
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0
0

∞

∞
T(x,y)

y

x

Iljxuh ;14= Wkh vxuidfh sorw ri d w|slfdo whqvru A E%c +� ryhu % dqg +1

Surri= Zh rqo| uhdoo| qhhg wr vkrz wkdw

T 5 Yn l� ;� 5P � LQIR E�� y LQIR E� � T � �

�,�1 Dvvxph T 5 Yn1 E| gh�qlwlrq/ T 5 dfc4o1 Frqvlghu � 5 P1 Ohw
LQIR E�� ' U"1 Wkhq U" y LQIR E� � T �1 Wkhuhiruh LQIR E� � y LQIR E� � T �1
Ohw LQIR E�� ' � Edfc4o�1 Exw � Edfc4o� y � EiT j�1 Wkhuhiruh LQIR E� � y
LQIR E� � T �1 �+�1 Dvvxph LQIR E�� y LQIR E� � T � iru doo � 5 P1 Fkrrvh

� '

�
� f
f �

�
1 Exw LQIR E�� ' dfc4o dqg LQIR E� � T � ' LQIR ET �1 Wkhuhiruh

dfc4o y LQIR ET �1 Vr LQIR ET � 9' U"1 Wkhuhiruh T 5 dfc4o1 Lq rwkhu zrugv/
T 5 Yn1 �

Dv d uhvxow ri wklv sursrvlwlrq/ d olqhdu iudfwlrqdo wudqvirupdwlrq lv vdlg wr
vdwlvi| wkh uh�qhphqw surshuw| li lw lv d phpehu ri On1 D 50glphqvlrqdo Pùelxv
wudqvirupdwlrq lv rulhqwdwlrq suhvhuylqj ru uhyhuvlqj lq hdfk dujxphqw vhsdudwho|/
zlwk uhvshfw wr wkh rqh0srlqw frpsdfwl�fdwlrq ri wkh uhdo qxpehuv/ dv looxvwudwhg
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lq �jxuh ;141 Wkhuhiruh

LQIR

3EEEEEEEEEEEEEEC

@ e

%
%
%

%
%
%

S }

K s

%
%
%

%
%
%

_ �

4FFFFFFFFFFFFFFD
'

LQIR

�
@ S
K _

�
^ LQIR

�
S }
_ �

�
^ LQIR

�
} e
� s

�
^ LQIR

�
e @
s K

�
�

Ghulylqj dq hohjdqw dqg h!flhqw dojrulwkp iru wkh lqirupdwlrq ixqfwlrq LQIR lv
vxusulvlqj gl!fxow1 Frqvlghu wkh uhodwlrqv � dqg ! rq yhfwruv Y jlyhq e|

T �` li <o 	 f � T ' o`

T �` li GHW ETc` � � f

dqg ohw

ERWWRP ETfc T�c � � � c T?3�� '

�
WUXH li <�c � 5 Q E?� � T� � T�
IDOVH rwkhuzlvh

PLQ ETfc T�c � � � c T?3�� ' T E>� � ;� 5 Q E?� � T� � T��

PD[ ETfc T�c � � � c T?3�� ' T E>� � ;� 5 Q E?� � T� � T��

zkhuh >� lqglfdwhv wkh plqlpxp � dqg

LQWHUYDO Ef� '

�
U" li ERWWRP Ef� ' WUXH

dPLQ Ef� cPD[ Ef�o li ERWWRP Ef� ' IDOVH

OLVW ET � ' ET �

OLVW E�� ' E�fc���

OLVW EA � ' EAffc Af�c A�fc A��� �

Sursrvlwlrq 68

LQIR ' LQWHUYDO � OLVW

Surri=
Iru yhfwruv=
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LQIR ET � '

�
U" li T ' B
iT j rwkhuzlvh

'

�
U" li T � T
dPLQ EOLVW ET �� cPD[ EOLVW ET ��o rwkhuzlvh

' LQWHUYDO EOLVW ET ��

Iru pdwulfhv=

Dvvxph
<T 5 Yn _ YW �� ET � ' B

Wkhuhiruh/ wkhuh h{lvwv

�
@
K

�
5 Yn _ YW +qrwh wkdw @c K � f, vxfk wkdw

@�f n K�� ' B

ru htxlydohqwo| ;?= �� ' B li @ ' f dqg K : f
@�f n K�� ' B li @ : f dqg K : f
�f ' B li @ : f dqg K ' f�

Wkhuhiruh
<�c � 5 Q E2� ��� ��� �

Dvvxph
;T 5 Yn _ YW �� ET � 9' B

�
� ET �

��T 5 Yn
�

'

�
@�f n K��

����� @
K

�
5 Yn

�
dPLQ EOLVW E��� cPD[ EOLVW E� ��o

LQIR E� � '

�
U" li <T 5 Yn �� ET � ' B
i� ET � mT 5 Ynj rwkhuzlvh

'

�
U" li <�c � 5 Q E2� ��� ���

dPLQ EOLVW E� �� cPD[ EOLVW E���o rwkhuzlvh

' LQWHUYDO E�fc���

Iru whqvruv=

Dvvxph
<Tc` 5 Yn _ YW � A ETc` � ' B
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Wkhuhiruh/ wkhuh h{lvwv

�
@
K

�
c

�
S
_

�
5 Yn _ YW +qrwh wkdw @c Kc Sc _ � f, vxfk

wkdw

@SAff n KSAf� n @_A�f n K_A�� ' B
ru htxlydohqwo|;AAAAAAAAAAAA?AAAAAAAAAAAA=

A�� ' B li @ ' f a K : f a S ' f a _ : f
@A�f n KA�� ' B li @ : f a K : f a S ' f a _ : f
A�f ' B li @ : f a K ' f a S ' f a _ : f
SAf� n _A�� ' B li @ ' f a K : f a S : f a _ : f
@SAff n KSAf� n @_A�f n K_A�� ' B li @ : f a K : f a S : f a _ : f
SAff n _A�f ' B li @ : f a K ' f a S : f a _ : f
Af� ' B li @ ' f a K : f a S : f a _ ' f
@Aff n KAf� ' B li @ : f a K : f a S : f a _ ' f
Aff ' B li @ : f a K ' f a S : f a _ ' f�

Wkhuhiruh

li <�c �c &c , 5 Q E2� � A�� � A&,�

Dvvxph

;Tc` 5 Yn _ YW � A ETc` � 9' B

�
A ETc` �

��Tc` 5 Yn
�

'

�
@SAff n KSAf� n @_A�f n K_A��

����� @
K

�
c

�
S
_

�
5 Yn

�
' dPLQ EOLVW EA �� cPD[ EOLVW EA ��o

LQIR EA � '

�
U" li <Tc` 5 Yn � A ETc` � ' B
iA ETc` � mTc` 5 Yn j rwkhuzlvh

'

�
U" li <�c �c &c , 5 Q E2� � A�� � A&,
dPLQ EOLVW EA �� cPD[ EOLVW EA ��o rwkhuzlvh

' LQWHUYDO EOLVW EA �� �

Wkh lqirupdwlrq frqwdlqhg lq d yhfwru dqg d pdwul{ fdq eh zulwwhq pruh h{0
solflwo| dv

LQIR

�
@
K

�
'

+
U" li @ ' f dqg K ' fq@
K

r
rwkhuzlvh
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dqg

LQIR

�
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K _

�
'

;AAAAAAA?AAAAAAA=

D ERc ^c oc r� li < Rc ^c oc r 5 ] �
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K _

�
'

�
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li _i|
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K _
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_
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K

l
li _i|

�
@ S
K _

�
: f

uhvshfwlyho| zkhuh

D ERc ^c oc r� '

;?=
U" li or � f�
R

^

�
li or : f�

Wkh khdg ri d whqvru A wkdw frqwdlqv vrph lqirupdwlrq +l1h1 LQIR EA � 9' U", lv
jlyhq e|

A khdg ' EPD[ EOLVW EA �� cPLQ EOLVW EA ��� �

Qrwh wkdw

LQIR EA � 9' U" , ERWWRP EOLVW EA �� ' IDOVH

, ERWWRP EPD[ EOLVW EA �� cPLQ EOLVW EA ��� ' IDOVH�

Wkhuhiruh

LQIR
�
A khdg

�
' LQIR EMcu�

' LQWHUYDO EMcu�

' dPLQ EMcu� cPD[ EMcu�o

' ducMo

' LQIR EA �

zkhuh u ' PLQ EOLVW EA ��

dqg M ' PD[ EOLVW EA �� �

Lq rwkhu zrugv/ wkh khdg ri d whqvru lv d pdwul{ wkdw lqfrusrudwhv wkh vdph lq0
irupdwlrq dv wkh whqvru surylghg wkdw wkh whqvru frqwdlqv vrph lqirupdwlrq1 Wkh
wdlo ri d whqvru A wkdw frqwdlqv vrph lqirupdwlrq lv jlyhq e|

A wdlo '
�
A khdg

�_ � A 5 Wn�
Dv phqwlrqhg hduolhu/ Pùelxv wudqvirupdwlrqv duh xvxdoo| frqvlghuhg ryhu wkh

hqwluh h{whqghg frpsoh{ sodqh udwkhu wkdq mxvw wkh h{whqghg uhdo olqh1 Lqwhuhvw0
lqjo|/ Pùelxv wudqvirupdwlrqv duh frqirupdo ryhu wkh h{whqghg frpsoh{ sodqh1
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Iljxuh ;15= Wkh lqirupdwlrq A Edfc4o c dfc4o� � F" lq d whqvru A zlwk Jdxvvldq
lqwhjhu frh!flhqwv T

�s��� lv frqvwuxfwhg xvlqj flufxodu dufv rq wkh h{whqghg
frpsoh{ sodqh F"1

Lq rwkhu zrugv/ flufohv duh pdsshg wr flufohv dqg olqhv duh lqwhusuhwhg dv flufohv
ri lq�qlwh udglxv1 Frpsoh{ qxpehuv fdq eh uhsuhvhqwhg e| frqvlghulqj yhfwruv/
pdwulfhv dqg whqvruv zlwk Jdxvvldq lqwhjhu frh!flhqwv T

�s���1 Lq wklv zd|/
wkh lqirupdwlrq iT j � F" lq d yhfwru T lv d srlqw rq wkh h{whqghg frpsoh{
sodqh F"/ wkh lqirupdwlrq � Edfc4o� � F" lq d pdwul{ � lv d flufxodu duf rq
wkh h{whqghg frpsoh{ sodqh F" dqg wkh lqirupdwlrq A Edfc4o c dfc4o� � F" lq d
whqvru A lv dq lqwhuydo +l1h1 frqqhfwhg vxevsdfh, ri wkh h{whqghg frpsoh{ sodqh
F" frqvwuxfwhg xvlqj flufxodu dufv dv looxvwudwhg lq �jxuh ;151 Wkh pdlq sureohp
zlwk wklv h{whqvlrq ri Pùelxv wudqvirupdwlrqv lv lq �qglqj d jrrg dojrulwkp iru d
erxqglqj er{1 Krzhyhu/ vkrxog wklv gl!fxow| eh ryhufrph/ wkhuh lv qr uhdvrq zk|
wkh frqwhqwv ri wklv wkhvlv vkrxog qrw eh h{whqghg wr h{dfw frpsoh{ dulwkphwlf lq
d qrq0wulyldo pdqqhu1
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;1: Txdgudwlf Iudfwlrqdo Wudqvirupdwlrqv

Jrvshu ^5;` dqg Yxloohplq ^:4` h{dplqhg txdgudwlf iudfwlrqdo wudqvirupdwlrqv ri
wkh irup

% :$ @%2 n S%n e

K%2 n _%n s
c

zklfk zh zloo ghqrwh e| �
@ S e
K _ s

�
�

Xqiruwxqdwho|/ wkh frpsrvlwlrq ri txdgudwlf iudfwlrqdo wudqvirupdwlrqv dqg olqhdu
iudfwlrqdo wudqvirupdwlrqv lv qrw sduwlfxoduo| hohjdqw1 Iru lqvwdqfh�

@ S e
K _ s

�
�
�
} �
� �

�
'

�
@}2 n S}�n e�2 E2@�n S�� } n ES�n 2e�� � @�2 n S�� n e�2

K}2 n _}�n s�2 E2K�n _�� } n E_�n 2s�� � K�2 n _�� n s�2

�
�

Dqrwkhu sureohp lv wkdw wkh irupxod iru wkh lqirupdwlrq lq d txdgudwlf iudf0
wlrqdo wudqvirupdwlrq/ gh�qhg e|

LQIR

�
@ S e
K _ s

�
'

�
@ S e
K _ s

�
Edfc4o� c

lqyroyhv vtxduh urrwv1 Krzhyhu/ qrwh wkdw

LQIR

�
@ S e
K _ s

�
� LQIR

�
2@ S S 2e
2K _ _ 2s

�
' LQWHUYDO
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@
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�
c

�
S
_

�
c

�
e
s

��
dqg lqghhg lq sudfwlfh

LQIRE

�
@ S e
K _ s

�
' LQWHUYDO

��
@
K

�
c

�
S
_

�
c

�
e
s

��
surylghv d jrrg dssur{lpdwlrq iru wkh lqirupdwlrq lq d txdgudwlf iudfwlrqdo wudqv0
irupdwlrq1 Sudfwlfdo lpsohphqwdwlrqv uhyhdo wkdw txdgudwlf iudfwlrqdo wudqvirupd0
wlrqv kdyh frqvlghudeoh phulw iru frpsxwlqj %2 dqg wudqvfhqghqwdo ixqfwlrqv1
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Lq vhfwlrq ;17/ lw zdv frqfoxghg wkdw wkh vshfldo edvh lqwhuydo dfc4o lv h{wuhpho|
ghvludeoh ehfdxvh hydoxdwlqj lwv dssolfdwlrq wr Pùelxv wudqvirupdwlrqv lv frpsx0
wdwlrqdoo| wulyldo1 Wklv idfw wrjhwkhu zlwk sursrvlwlrq 67 ohdgv qdwxudoo| wr wkh
gh�qlwlrq ri wkh jhqhudo qrupdo surgxfw ^8<`1

Gh�qlwlrq 69 Wkh xqvljqhg jhqhudo qrupdo surgxfw uhsuhvhqwdwlrq rq
dfc4o lv wkh xqvljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq�

T" _ dfc4o c dfc4o cPnc[cYncx
�
�

Gh�qlwlrq 6: Wkh vljqhg jhqhudo qrupdo surgxfw uhsuhvhqwdwlrq rq dfc4o
lv wkh vljqhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq�

T"c dfc4o cPc[cPnc[cYncx
�
�

D jhqhudo qrupdo surgxfw uhsuhvhqwv dq h{whqghg uhdo qxpehu % li wkh ohdvw
xsshu erxqg ri wkh lqgxfhg fkdlq lv wkh vlqjohwrq vhw i%j1 Qrwh wkdw yhfwruv dqg
pdwulfhv zlwk sdluv ri }hurv duh glvdoorzhg1 Wklv dyrlgv dq| dznzdug frpsolfd0
wlrqv1 Iru lqvwdqfh/
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{x}{0}
{1}{-1}

{∞}

boundary

extended

on the rim
real numbers

U
∞

Iljxuh <14= D fkdlq uhsuhvhqwlqj wkh h{whqghg uhdo qxpehu % rq wkh frqwlqxrxv
uhdo grpdlq F EU"� lqgxfhg e| d jhqhudo qrupdo surgxfw1

Iru h{dpsoh/ wkh qdwxudo qxpehu e ' 2�.�H2H � � � fdq eh h{suhvvhg e| wkh
jhqhudo qrupdo surgxfw

e '

�
2 �
� f
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e �
� 2

��
S D
D e
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H .
. S

�
� � � +<14,

Wkh ghulydwlrq iru wklv jhqhudo qrupdo surgxfw fdq eh irxqg lq vhfwlrq 4315161 Wklv
jhqhudo qrupdo surgxfw lv lqwhusuhwhg e| wkh iroorzlqj vhtxhqfh ri forvhg qhvwhg
lqwhuydov=
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fruuhvsrqgv wr wkh frqwlqxhg iudfwlrq dk@?�K?l"?'fo1 Lq idfw/ dq| jhqhudo qrupdo
surgxfw frqvlvwlqj ri qrq0vlqjxodu pdwulfhv fdq eh frqyhuwhg lqwr d frqwlqxhg
iudfwlrq ri wklv irup e| xvlqj wkh lghqwlw|
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Iru h{dpsoh/ wkh qdwxudo qxpehu jlyhq lq htxdwlrq +<14, fdq eh frqyhuwhg lqwr
wkh frqwlqxhg iudfwlrq
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Wklv phdqv wkdw Sulqjvkhlp*v ^98` whvw iru frqyhujhqfh ri frqwlqxhg iudfwlrqv dv
h{suhvvhg lq htxdwlrq +81:, fdq eh jhqhudol}hg wr jhqhudo qrupdo surgxfwv1

Sursrvlwlrq 6; Jlyhq d vhtxhqfh ri qrq0vlqjxodu pdwulfhv��
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lv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh frqyhujhqfh ri wkh jhqhudo qrupdo
surgxfw
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Surri=
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Ghulylqj d jhqhudo qrupdo surgxfw iurp d frqwlqxhg iudfwlrq lv pdgh gl!fxow
e| wkh uhtxluhphqw iru srvlwlyh pdwulfhvPn1 Lq sduwlfxodu/ wkh surgxfw ri pdwulfhv
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dznzdug wr hqirufh1 Vr/ zh frxog dowhuqdwlyho| doorz wkhvh yhfwruv dqg pdwulfhv
dqg wudqvihu wkh sureohp wr wkh uhgxfwlrq uxohv udwkhu wkdq wkh uhsuhvhqwdwlrq1
Iru lqvwdqfh/ dvvlplodwlrq frxog eh suhvfulehg e| wkh uhgxfwlrq uxohv
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zkhuh � 5 P/ T n 5 Yn dqg �n 5 Pn1 Lq rwkhu zrugv/ wkh yhfwru
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dq| pdwul{ ri wkh irup
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�
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f S
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�
pxvw qrw eh devruehg gluhfwo|1

Wklv lv wkh dssurdfk wdnhq lq wkh wkhruhwlfdo odqjxdjhv ri fkdswhu 46 ehfdxvh
wkh surjudpphu fdqqrw eh v|qwdfwlfdoo| suhyhqwhg iurp xvlqj vxfk yhfwruv dqg
pdwulfhv1

<14 Xqeldvhg H{dfw Iordwlqj Srlqw

Jhqhudo qrupdo surgxfwv fdq eh xvhg wr hohjdqwo| uhsuhvhqw dojrulwkpv ghulyhg
iurp wkh wkhru| ri frqwlqxhg iudfwlrqv ^8<`1 Krzhyhu/ dv d jhqhudo wrro iru uhsuh0
vhqwlqj h{whqghg uhdo qxpehuv lw lv h{wuhpho| gl!fxow wr frqwuro wkh vl}h ri wkh
lqwhjhuv dqg wkh  rz ri lqirupdwlrq1 Ri frxuvh/ wkh uhgxqgdqw srvlwlrqdo uhsuhvhq0
wdwlrq grhv qrw vx�hu iurp wkhvh gudzedfnv1 Lq vhfwlrq ;17/ lw zdv vxjjhvwhg wkdw
wkh frqmxjdwh ri wkh gljlw pds ri wkh uhgxqgdqw srvlwlrqdo uhsuhvhqwdwlrq zrxog
eh d vxlwdeoh fkrlfh iru dq lqfuhphqwdo gljlw uhsuhvhqwdwlrq zlwk wkh vshfldo edvh
lqwhuydo dfc4o1 Lq rwkhu zrugv/ wkh gljlw pds _ :$ K(_ zkhuh
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Wkh jroghq udwlr surylghv dq lqwhuhvwlqj udgl{ ehfdxvh wkh uxohv iru dgglwlrq dqg
vxewudfwlrq xvlqj wkh srvlwlrqdo uhsuhvhqwdwlrq iru wkh uhdo qxpehuv lv h{wuhpho|
hohjdqw dv whvwl�hg e| Gl Jldqdqwrqlr ^45`1 Li kdugzduh dvvlvwdqfh zdv surylghg dw
elw ohyho iru wklv udgl{ wkhq lw zrxog surylgh dq h{wuhpho| frpshwlwlyh dowhuqdwlyh
wr udgl{ 51 Dowhuqdwlyho|/ hdfk frh!flhqw frxog eh vwruhg dv d sdlu ri lqwhjhuv E@c K�
uhsuhvhqwlqj @�n K zlwk
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Iru frqyhqlhqfh/ �?
S zloo eh xvhg wr ghqrwh 2

�
?
S 1 Wkh lpsolfdwlrq ri wklv lghqwlw|

lv wkdw dq| vhtxhqfh ri ? udgl{ 5 gljlw pdwulfhv fdq eh frpsuhvvhg lqwr ?n� elwv
ri phpru|1 Iru h{dpsoh/ wkh wzr*v frpsohphqw uhsuhvhqwdwlrq ri S1 Qrwh wkdw

S 5 ] EK?�
K
�

?
S � K(_ � K

�
?n�
KSn_�

Ehzduh/ krzhyhu/ wkdw wkh ruljlqdo vhtxhqfh ri gljlwv fdqqrw xvxdoo| eh uhfryhuhg1

Gh�qlwlrq 6< Wkh xqvljqhg udgl{ K 5 Q h{dfw  rdwlqj srlqw uhsuhvhqwd0

wlrq rq dfc4o lv wkh uhvwulfwhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq�
dfc4o c K(]EK�c[cY

ncx
�
�

Wklv uhsuhvhqwdwlrq lv fdoohg  rdwlqj srlqw ehfdxvh d vhtxhqfh ri gljlwv fdq eh
glylghg lqwr wzr sduwv lq d idvklrq uhplqlvfhqw ri dq h{srqhqw dqg d pdqwlvvd1
Dq lq�qlwh vhtxhqfh ri K(K3� gljlwv uhsuhvhqwv 41 Dq| rwkhu lq�qlwh vhtxhqfh ri
gljlwv fdq eh lghqwl�hg dv d �qlwh vhtxhqfh ri ? K(K3� gljlwv +h{srqhqw, iroorzhg
e| dq lq�qlwh vhtxhqfh ri gljlwv qrw vwduwlqj zlwk d K(K3� gljlw +pdqwlvvd,1 Lq
sduwlfxodu/ wkh pdqwlvvd sduw uhsuhvhqwv d uhdo qxpehu lq^
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zkloh wkh h{srqhqw sduw pdsv wklv qxpehu lqwr wkh lqwhuydo
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Wkh iroorzlqj sursrvlwlrq lv xvhixo iru ghflglqj krz pdq| pruh gljlwv duh uhtxluhg
zkhq wkh h{srqhqw soxv wzr gljlwv ri dq h{dfw  rdwlqj srlqw qxpehu lv nqrzq dqg
d fhuwdlq devroxwh wrohudqfh lv uhtxluhg1
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Vr/ e| frqvlghulqj hqg srlqwv
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Wkhuh duh qr �qdwxudo� frqvwdqwv lq sk|vlfv/ jrhv wkh pd{lp/ h{fhsw }hur/ rqh
dqg lq�qlw|1 Wkhuhiruh/ wkh prvw qdwxudo fkrlfh iru uhgxqgdqwo| glylglqj xs wkh
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rqh0srlqw frpsdfwl�fdwlrq ri wkh uhdo qxpehuv lv wkh irxu lqwhuydov dfc4o/ d�c��o/
d4c fo dqg d��c �o1 Wkhvh lqwhuydov fdq eh uhsuhvhqwhg e| wkh irxu vljq pdwulfhv
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zklfk frqyhqlhqwo| irup d f|folf jurxs ri rughu 7 ^95/ 53/ 83`1

Gh�qlwlrq 74 Wkh vljqhg udgl{ K 5 Q h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq

rq U" eh wkh xquhvwulfwhg lqfuhphqwdo gljlw uhsuhvhqwdwlrq�
dfc4o c 7tnc"c3cf�c[c K(]EK�c[cY

ncx
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Rwkhu vljq pdwulfhv pljkw eh frqvlghuhg dv glvfxvvhg lq vhfwlrq ;17/ exw lq wklv
wkhvlv zh zloo frqfhqwudwh rq 7tnc"c3cf�1

<15 Eldvhg H{dfw Iordwlqj Srlqw

Iru eldvhg h{dfw  rdwlqj srlqw/ pdwulfhv duh fkrvhq vxfk wkdw dgglwlrq dqg vxe0
wudfwlrq duh sduwlfxoduo| h!flhqw1 Wkh vlpsoh dxwrpdwrq looxvwudwhg lq �jxuh <15
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fruuhvsrqgv wr wkh ixoo| lqfuhphqwdo �0qrupdol}hg h{dfw udgl{ K  rdwlqj srlqw
uhsuhvhqwdwlrq dv gh�qhg lq vhfwlrq :17 dqg looxvwudwhg lq �jxuh :161 Uhfdoo wkdw �
lv w|slfdoo| 4 h{fhsw zkhq K ' 2 lq zklfk fdvh lw lv w|slfdoo| 51 Revhuyh wkdw
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iru h{srqhqw e 5 Q dv uhtxluhg1 Uhfdoo �jxuh :17 zklfk looxvwudwhv wkh jhqhudo
surshuwlhv ri wklv uhsuhvhqwdwlrq iru � ' 2 dqg K ' 21
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Iljxuh <15= Wkh dxwrpdwrq iru eldvhg udgl{ K h{dfw  rdwlqj srlqw1
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Lq wklv fkdswhu/ zh gh�qh wkh qrwlrq ri dq h{suhvvlrq wuhh dqg xvh lw wr uhsuhvhqw
uhdo qxpehuv dqg uhdo ixqfwlrqv1

Gh�qlwlrq 75 Dq xqvljqhg h{suhvvlrq wuhh lv d elqdu| wuhh1 Hdfk qrgh pd|
eh hlwkhu

� d whqvru A 5 Wn zlwk 5 fkloguhq ru

� d pdwul{ � 5Pn zlwk 4 fklog ru

� d yhfwru T 5 Yn zlwk qr fkloguhq1

Gh�qlwlrq 76 D vljqhg h{suhvvlrq wuhh lv d wuhh frqvlvwlqj ri hlwkhu

� d whqvru A 5 W frqqhfwhg wr wzr xqvljqhg h{suhvvlrqv wuhhv ru

� d pdwul{ � 5P frqqhfwhg wr rqh xqvljqhg h{suhvvlrqv wuhh ru

� d yhfwru T 5 Y zlwk qr fkloguhq1

Ohw H dqg Hn ghqrwh wkh vhw ri vljqhg dqg xqvljqhg h{suhvvlrq wuhhv uhvshf0
wlyho|1 Dq h{suhvvlrq wuhh +h1j1 dv vkrzq lq �jxuh 4314, lqgxfhv d gluhfwhg vhw
lq wkh frqwlqxrxv uhdo grpdlq F EU"� +h1j1 dv looxvwudwhg lq �jxuh 4315,1 Hdfk
hohphqw ri wkh gluhfwhg vhw fruuhvsrqgv wr d sduwlfxodu fxw wkurxjk wkh h{suhvvlrq
wuhh1 Wklv hohphqw lv wkhq wkh lqwhuydo ghulyhg e| soxjjlqj hdfk h{srvhg dujxphqw
zlwk wkh vshfldo edvh lqwhuydo dfc4o1

Dq h{suhvvlrq wuhh uhsuhvhqwv dq h{whqghg uhdo qxpehu % li wkh ohdvw xsshu
erxqg ri wkh lqgxfhg gluhfwhg vhw lv wkh vlqjohwrq vhw i%j1 Wkh h{suhvvlrq wuhh
. 5 H frqvlvwlqj ri d urrw qrgh u 5 O frqqhfwhg wr h{suhvvlrq wuhhv .t�c���c�� 5 Hn
zlwk � 5 ifc �c2j zloo eh ghqrwhg e| u i.�c � � � c .�j1 Qrwh wkdw wkh jhqhudo
qrupdo surgxfw uhsuhvhqwdwlrq dqg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq duh mxvw
vshfldo h{suhvvlrq wuhhv1
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cut

exposed
arguments

root node

leaf
node

Iljxuh 4314= D w|slfdo h{suhvvlrq wuhh

{x}{0}
{1}{-1}

{∞}

boundary

U
∞

Iljxuh 4315= D gluhfwhg vhw uhsuhvhqwlqj wkh h{whqghg uhdo qxpehu % rq wkh frq0
wlqxrxv uhdo grpdlq

�
L� EU"� c�� lqgxfhg e| dq h{suhvvlrq wuhh1
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4314 Edvlf Dulwkphwlf Rshudwlrqv

431414 Pdwul{ Dssolfdwlrq

Wkh +vtxduh eudfnhw, dssolfdwlrq ri d pdwul{ � 5 P wr d vljqhg h{suhvvlrq wuhh
u i.�c � � � c.�j 5 H fdq eh uhgxfhg wr wkh vljqhg h{suhvvlrq wuhh zlwk wkh urrw
qrgh � � u frqqhfwhg wr wkh vdph xqvljqhg h{suhvvlrq wuhhv .t�c���c��

� du i.�c � � � c .�jo ' E� � u� i.�c � � � c.�j � +4314,

431415 Uhflsurfdo dqg Qhjdwlrq

Uhflsurfdwlrq UHF dqg qhjdwlrq QHJ duh dfklhyhg e| pdwul{ vtxduh eudfnhw dssol0
fdwlrq

UHF E.� '

�
f �
� f

�
d.o

QHJ E.� '

� �� f
f �

�
d.o �

D sxuho| v|perolf dojrulwkp lv srvvleoh li zh uhvwulfw wr vljqhg h{dfw  rdwlqj srlqw

UHF E7n i.j� ' 7n iUHF E.�j
UHF E73 i.j� ' 73 iUHF E.�j
UHF E7f i.j� ' 7" iUHF E.�j
UHF E7" i.j� ' 7f iUHF E.�j
UHF
�
K(_ i.j

�
' K(3_ iUHF E.�j

QHJ E7n i.j� ' 73 iUHF E.�j
QHJ E73 i.j� ' 7n iUHF E.�j
QHJ E7f i.j� ' 7f iUHF E.�j
QHJ E7" i.j� ' 7" iUHF E.�j �

431416 Whqvru Dssolfdwlrq

Wkh +vtxduh eudfnhw, dssolfdwlrq ri d whqvru A 5 W wr wzr vljqhg h{suhvvlrq wuhhv
g i.�c � � � c.�j/ u i8�c � � � c 8�j 5 H zlwk gcu 5 Y ^P dqg �c� 5 ifc �j fdq
eh uhgxfhg wr wkh vljqhg h{suhvvlrq wuhh zlwk wkh urrw qrgh A ��g �2u frqqhfwhg
wr wkh vdph xqvljqhg h{suhvvlrq wuhhv .t�c���c�� dqg 8t�c���c��

A dg i.�c � � � c .�j c u i8�c � � � c 8�jo
' EEA �2 u� ��g� i.�c � � � c .� c 8�c � � � c 8�j � +4315,
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Qrwh wkdw d vljqhg h{suhvvlrq wuhh zlwk urrw qrgh A 5 W fdq eh frqyhuwhg lqwr d
pdwul{ frqqhfwhg wr dq xqvljqhg h{suhvvlrq wuhh ru d yhfwru xvlqj wkh uhgxfwlrq
uxohv lq wkh vhfwlrq 441

431417 Dgglwlrq/ Vxewudfwlrq/ Pxowlsolfdwlrq dqg Glylvlrq

Wkh edvlf dulwkphwlf rshudwlrqv n/ �/� dqg � duh dfklhyhg e| whqvru vtxduh
eudfnhw dssolfdwlrq dv srlqwhg rxw e| Jrvshu ^5;`1 Wkh dfwxdo whqvruv uhtxluhg
duh jlyhq lq htxdwlrqv +;1:,/ +;1;,/ +;1<, dqg +;143,1 Iru h{dpsoh/ wkh vljqhg
h{suhvvlrq wuhh fruuhvsrqglqj wr wkh vxewudfwlrq ri wkh wzr vljqhg h{dfw  rdwlqj
srlqw qxpehuv 7j i(_� i(_2 i� � �jjj dqg 74 i(e� i(e2 i� � �jjj lv

EA3 �� 7j �2 74� i(_� i(_2 i� � �jj c(e� i(e2 i� � �jjj �

4315 Hohphqwdu| Ixqfwlrqv

Wkh Wd|oru vhulhv ri d ixqfwlrq s E%� fdq riwhq eh xvhg wr ghulyh d qxpehu ri
frqwlqxhg iudfwlrqv zlwk wkh jhqhudo irup

s E%� ' kf E%� n
qf E%�

k� E%� n
q� E%�

k2 E%� n
q2 E%�
1 1 1

+4316,

lqfoxglqj wkh Vwlhowmhv/ Mdfrel dqg Hxohu w|shv ^:6/ 7/ 8<`1 Vrphwlphv wkhvh frq0
wlqxhg iudfwlrqv fdq eh frqyhuwhg lqwr dq h{suhvvlrq wuhh

f(x) =

x

x

x

T0

T1

T2

+4317,

iru vrph Af 5 W dqg A? 5 Wn iru doo ? � � ^8<`1 D jhqhudo surfhgxuh iru wklv lv=
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Sduw +l, Xvlqj wkh vlpsoh pdwul{ lghqwlwlhv�
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�
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@? S?
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�
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S? @?

�
+431:,�
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�
�

�
@b Sb
Kb _b

�
iru b 9' f +431;,

�qg

A? '

�
@? S? e? }?
K? _? s? �?

�
5 W

vxfk wkdw

"\
?'f

�
k? E%� q? E%�
� f

�
�

"\
?'f

�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
�

Qr sduwlfxodu phwkrg zdv xvhg iru grlqj wklv1

Sduw +ll, Ilqg d vhtxhqfh ri pdwulfhv �? 5P iru ? � f dqg d pdwul{ � vxfk wkdw

�3�
?3� � A? �� � �2 �? 5 Wn

iru doo ? � �1 Lq zklfk fdvh

s E� E+�� ' EAf �� � �2�f� i+c.� E+�j zkhuh

.? E+� '
�
�3�

?3� � A? �� � �2 �?

� i+c.?n� E+�j

iru doo + 5 dfc4o1 Qrwh wkdw wkh pdwul{ � hvvhqwldoo| olplwv wkh grpdlq ri
wkh ixqfwlrq wr LQIR E��1

Wkh Edfnzdug Wkhruhp +Wkhruhp 4:, pxvw eh xvhg wr mxvwli| wkhvh wudqviru0
pdwlrqv dv looxvwudwhg odwhu1 Zh zloo xvh wkh jhqhudo surfhgxuh rxwolqhg deryh lq
wkh iroorzlqj vxevhfwlrqv wr ghulyh dojrulwkpv iru wkh edvlf vhw ri wudqvfhqghqwdo
ixqfwlrqv> qdpho| vtxduh urrw/ qdwxudo orjdulwkp/ h{srqhqwldo/ wdqjhqw dqg lqyhuvh
wdqjhqw1 Wkh rwkhu wudqvfhqghqwdo ixqfwlrqv fdq eh ghulyhg iurp wklv edvlf vhw
xvlqj wkh lghqwlwlhv=

%+ ' H[S E+ ORJ E%��



473 FKDSWHU 431 H[SUHVVLRQ WUHHV

VLQ E%� '
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dH[S E%� c H[S E%�o

DUFVLQK E%� ' ORJ
�
%n

s
%2 n �

�
DUFFRVK E%� ' ORJ

�
%n

s
%2 � �

�
DUFWDQK E%� '

�

2
ORJ E7" d%o� �

Wkh frpsoh{lw| ri wkh iroorzlqj dojrulwkpv kdyh ehhq idyrudeo| dqdo|}hg e| Khfn0
pdq ^65/ 67/ 66`1

431514 Vtxduh Urrw

D vlpsoh dojrulwkp iru wkh vtxduh urrw
s
? ri d srvlwlyh lqwhjhu ? lv uhfxuvlyho|

jlyhq e|
s
? '

� es? h ?
� es? h

��s
?
�
�

Wklv dojrulwkp lv uhodwhg wr Qhzwrq Udskvrq*v lwhudwlyh phwkrg iru �qglqj d urrw1

%?n� :�$ %? � s E%?�

s � E%?�

Lq sduwlfxodu/ iru s E%� ' %2 � ?/ zh kdyh

%?n� :�$ %2? n ?

2%?
�
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Frpsduh wklv zlwk�
%? ?
� %?

�
�
�

%? ?
� %?

�
'

�
%2? n ? 2%??
2%? %2? n ?

�
�

#
%2?n?
2%?

?

� %2?n?
2%?

$
�

Lqflghqwo|/ wklv pdnhv lw fohdu zk| zh fkrrvh %f ' es? h1 Wklv irupxod lv hdvlo|
jhqhudol}hg wr srvlwlyh udwlrqdo qxpehuv e|u

R

^
'

� �s
R^



R
^

�s
R^

 ��uR

^

�
�

Wkh h!flhqf| ri wkh dojrulwkp lv uhodwhg wr wkh ghwhuplqdqw ri wkh pdwul{ vlpso|
ehfdxvh

ZLGWK

�
LQIR

�
@ S
K _

��
'

GHW

�
@ S
K _

�
K_

�

Fohduo|/ wkh lghdo ghwhuplqdqw kdv devroxwh ydoxh 4 dqg lq zklfk fdvh wkh irupxod
zloo eh gluhfwo| uhodwhg wr d vlpsoh frqwlqxhg iudfwlrq1 Iru h{dpsoh/ frqvlghu

s
2

s
2 ' d�c k2l"?'fo
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� f
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Ohw xv qrz frqvlghu wkh vtxduh urrw ri dq| srvlwlyh uhdo qxpehu1 Ohw ORRS EAc %�
eh wkh ixqfwlrq uhsuhvhqwhg e| wkh h{suhvvlrq wuhh lq htxdwlrq +4317, zlwk A? ' A
iru doo ? � f1 Lw fdq eh vkrzq/ iru h{dpsoh/ wkdw

s
% ' ORRS EAc %�

zkhuh

A '

�
� 6 � f
f � 6 �

�
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iru dq| 6 5 Q� ifj1 Wkh frqwudfwlylw| ri d pdwul{ � lv frpsxwhg e| Uhlqkrog
Khfnpdqq ^67` dv

s E�� ' VXS

������7f �� � 7_f
��
Ed��c�o�

�����
'

mGHW E��m
EPLQ Em@n Km c mSn _m��2

dqg kh vkrzhg wkdw wkh h!flhqf| ri d pdwul{ lv lqyhuvho| uhodwhg wr lwv frqwudfwlylw|
dqg xvlqj wklv kh irxqg wkdw

s
% ' ORRS

��
� 2 � f
f � 2 �

�
c %

�
lv wkh ehvw jhqhudo irupxod iru vtxduh urrw1 Wkh xvxdo dojrulwkp iru frqyhuwlqj dq
h{suhvvlrq wuhh lqwr dq h{dfw  rdwlqj srlqw qxpehu fdq eh lpsuryhg gudpdwlfdoo|
iru ORRS EAc %� e| hpsor|lqj d ihhgedfn phfkdqlvp1

x

T loop(T,x)

Iru ORRS EAc %� zlwk A 5 Wn dqg % 5 dfc4o=

41 Hqvxuh % lv dq xqvljqhg h{dfw  rdwlqj srlqw qxpehu1

51 Zkloh (_
_ � A �2 (_ 5 Wn iru vrph _ 5 i��c fc �j/ hplw gljlw (_ dqg vhw A

wr (_
_ � A �2(_1

61 Devrue d gljlw (_ iurp %/ vhw A wr A �� (_ dqg jrwr 51

Wklv dojrulwkp iru ORRS EAc %� fdq eh lpsuryhg hyhq ixuwkhu li % lv d udwlrqdo
qxpehu1 Iru ORRS EAc T � zlwk A 5 Wn dqg T 5 Yn=

41 Vhw � wr A �� T 1
51 Li (_

3� �� �(3� 5Pn wkhq vhw _ wr �� hovh vhw _ wr �1

61 Hplw gljlw (_/ vhw � wr (_
_ �� �(_ dqg jrwr 51
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Uhfdoo wkdw wkh wdph lqyhuvh� _ ri d pdwul{ � lv gh�qhg lq htxdwlrq +;17,1 Lq
idfw/ Uhlqkrog Khfnpdqq ^64` kdv lpsuryhg wklv dojrulwkp iru wkh vtxduh urrw ri
d udwlrqdo qxpehu hyhq ixuwkhuu

R

^
' UROORYHU ERc ^c R� ^�

UROORYHU E@c Kc S� '

�
(3� iUROORYHU Ee@c _c S�j li _ � f
(� iUROORYHU E�_c eKc S�j rwkhuzlvh

zkhuh
_ ' 2 EK� @� n S�

431515 Orjdulwkp

Wkh Vwlhowmhv w|sh frqwlqxhg iudfwlrq iru orjdulwkp ^7` lv
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Wkhuhiruh/ dffruglqj wr sduw +l,/ wkh fruuhvsrqglqj vhtxhqfh ri whqvruv lv

A? '

�
f � f f
� f f 2?n �

�
�2
�

f ?n �
?n � 2

�
�

Vlqfh A? 5 Wn iru doo ? � f/ wklv lpphgldwho| jlyhv dq h{suhvvlrq wuhh iru
ORJ E%� ydolg iru doo % 5 d�c4o1 Krzhyhu/ zh fdq gr ehwwhu1 Qrwh wkdw iru

�? '

�
� ��
f ?n �

�
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�
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f �

�
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iru doo % 5 dfc4o1 Slfwruldoo|/ zh kdyh
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log(x) = T0
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Wklv h{suhvvlrq wuhh lv rqo| h!flhqw iru % forvh wr �1 Krzhyhu/ wkh grpdlq fdq
hdvlo| eh uhgxfhg wr

�
�
2
c 2
�
e| uhshdwhg dssolfdwlrq ri wkh lghqwlw|

ORJ E%� ' ORJ
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�
n ORJ E2� �

Xvlqj wkh lghqwlw|

DUFWDQK E%� '
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2
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�
� n %

� � %

�
dqg wkh f|folf surshuwlhv ri wkh vljq vhw i7nc 7"c 73c 7fj/ lqyhuvh k|shuerolf wdq0
jhqw fdq eh jlyhq e|

DUFWDQK E7n i.j� '
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2
ORJ E7" i.j�

DUFWDQK E7" i.j� '
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DUFWDQK E73 i.j� '
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DUFWDQK E7f i.j� '
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ORJ E7n i.j� �

Dv dq dvlgh/ qrwh wkdw wkh h{suhvvlrq wuhh fdq eh froodsvhg lqwr txdgudwlf
iudfwlrqdo wudqvirupdwlrqv dv gh�qhg lq vhfwlrq ;1:
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431516 H{srqhqwldo

D Mdfrel w|sh frqwlqxhg iudfwlrq iru h{srqhqwldo ^57/ 58` lv
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iru doo % 5 dfc4o1 Slfwruldoo|/ zh kdyh
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D yhu| idvw irupxod iru Z fdq eh ghulyhg xvlqj Udpdqxmdq*v irupxod ^63/ 8<`
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Wkh jhqhudo irupxod iru wkh Hxohu w|sh frqwlqxhg iudfwlrq ^:6` ri d Wd|oru h{sdqvlrq
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Wkh frqyhujhqfh udwh iru wklv jhqhudo qrupdo surgxfw lv h{wuhpho| lpsuhvvlyh1
Hdfk pdwul{ fruuhvsrqgv wr dssur{lpdwho| �e ghflpdo sodfhv ri lqirupdwlrq1 Qrwh
wkdw wkh hqwulhv ri wkh pdwul{ '? �'?n� duh glylvleoh e| 2 E?n ��1 Wkhuhiruh wkh
hqwulhv ri wkh pdwul{

T�
?'�'? duh glylvleoh e| dw ohdvw � -1 Krzhyhu/ zh frqmhfwxuh

wkdw wkh hqwulhv ri wkh pdwul{
T�

?'�'? duh glylvleoh e| DE�-�e

�2�3� 1

431518 Wdqjhqw

D frqwlqxhg iudfwlrq e| Odpehuw ^77` iru wdqjhqw lv

WDQ E%� '

%
fc

�
e? n �

%
c�e?n �

%

 
?Df

&
� +43145,

Ohppd 77 Wkh whupv lq wkh edfnzdug vhtxhqfh +vhh gh�qlwlrq 49, ri wkh frqwlq0
xhg iudfwlrq %

fc

�
e? n �

%
c�e?n �

%

 
?Df

&
kdyh devroxwh ydoxh juhdwhu wkdq rqh iru doo % 5 d��c �o1

Surri= Ohw h? E%� eh wkh ?wk whup lq wkh edfnzdug vhtxhqfh lq txhvwlrq1 Lq
jhqhudo/ xvlqj wkh gh�qlwlrqv lq wkh Edfnzdug Wkhruhp +wkhruhp 4:,

e?n2 ' @?n2 n
K?n�
e?n�

iru doo ? 5 Q zlwk
e� ' @��

Lq wklv sduwlfxodu fdvh

@� 5 d�c��o
@?n2 5 d�c��o
K? ' ��

Fohduo|

e� 5 d�c��o
e2 5 d�c��o n �

d�c��o ' d2c�2o �

Vr/ dvvxplqj wkdw
e?n2 5 d2c�2o c
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lw iroorzv wkdw

e?n� 5 d�c��o n �

d2c�2o
� d2c�2o

e?n�
d��c �o n e?n�

� �
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Vr/ xvlqj wkh Edfnzdug Wkhruhp/ lw iroorzv wkdw�
f �
� f
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�
� f

�� �e?n�
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� f

�
lv d vrxqg jhqhudo qrupdo surgxfw iru wdqjhqw surylghg wkdw zh xvh wkh edvh lq0
whuydo d��c �o lqvwhdg ri wkh xvxdo dfc4o1 Lq rwkhu zrugv/ zh frqvlghu wkh iroorzlqj
vhtxhqfh ri qhvwhg lqwhuydov�

f �
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�
e| +431;, dqg +431:,

dqg wkh fruuhvsrqglqj vhtxhqfh ri whqvruv lv

A? '
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�

f � f f
� f f 2?n �

�
li ? hyhq�

f � f f
� f f �2?� �

�
li ? rgg

iru doo ? � f1 Qrwh wkdw 73�f � A? �� 7f �2 7f 5 Wn iru doo ? � �1 Wklv frqyhqlhqwo|
eulqjv xv edfn wr wkh vshfldo edvh lqwhuydo dfc4o ehfdxvh

7f Edfc4o� ' d��c �o �
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Wkhuhiruh/ dffruglqj wr sduw +ll, dqg wkh dssolfdwlrq ri htxdwlrq +4319,/ zh kdyh

WDQ E7f i%j� '

�
� � �� ��
2 f f 2

�
i%c.� E%�j +43146,

.? E%� '

�
2?n � 2?� � 2?n � 2?n �
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5
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tan(S (x)) = T0
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Wklv ghdov zlwk wdqjhqw iru % 5 d��c �o1 Iru % rxwvlgh wklv udqjh/ uhshdwhgo| dsso|
wkh wuljrqrphwulf lghqwlw|

WDQ E%� '
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�
%
2

�2 '
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WDQ
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�
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xqwlo % 5 d��c �o1 Ehzduh wkdw
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f � � f
�� f f �

�
*5 Wn1 Khqfh/ wkh vxewoh suhvhqfh

ri vtxduh eudfnhwv dv gh�qhg lq htxdwlrq +4315, lqvwhdg ri urxqg eudfnhwv1

431519 Lqyhuvh Wdqjhqw

D frqwlqxhg iudfwlrq iru lqyhuvh wdqjhqw ^:6` lv

DUFWDQ E%� '
k
f�%c
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Wkh irupxod vwdwhg e| Yxloohplq ^:4` fdq eh ghulyhg xvlqj htxdwlrq +4318,�
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?'�

�
2?� � ?2%2
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dqg vlpsol�hg hyhq ixuwkhu xvlqj htxdwlrq +431:, wr
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�
f %
?2% 2?� �

�
�

Wkhuhiruh/ wkh fruuhvsrqglqj vhtxhqfh ri whqvruv dffruglqj wr sduw +l, lv

A? '

�
f � f f

E?n ��2 f f 2?n �

�
�

Vlqfh/ A? 5 Wn iru doo ? � f/ wklv lpphgldwho| jlyhv dq h{suhvvlrq wuhh iru DUFWDQ E%�
ydolg iru doo % 5 dfc4o1 Krzhyhu/ wkh h!flhqf| ri wklv h{suhvvlrq wuhh ghfuhdvhv

zlwk lqfuhdvlqj %1 Qrwh wkdw iru �? '
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Wklv htxdwlrq iru lqyhuvh wdqjhqw fdq eh xvhg wr fdswxuh doo wkh h{whqghg uhdo
qxpehuv zkhq xvhg lq frqmxqfwlrq zlwk wkh iroorzlqj wuljrqrphwulf lghqwlwlhv
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Wkh lghqwlw|

DUFWDQ E@n K� ' DUFWDQ E@� n DUFWDQ

�
K

� n @ E@n K�

�
fdq eh xvhg wr ghulyh dq dowhuqdwlyh dojrulwkp iru lqyhuvh wdqjhqw1 Qrwh wkdw wkh
lqyhuvh wdqjhqw ri d udwlrqdo qxpehu hydoxdwhv pruh txlfno| wkdq wkh lqyhuvh wdq0
jhqw ri dq luudwlrqdo qxpehu dqg wkh lqyhuvh wdqjhqw ri d vpdoo qxpehu hydoxdwhv
pruh txlfno| wkdq wkh lqyhuvh wdqjhqw ri d odujh qxpehu1 Vr/ frqvlghu d uhdo qxp0
ehu % dqg �qg d udwlrqdo qxpehu R

^
forvh wr % dqg ohw " eh wkh gl�huhqfh % � R
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43151: Srzhu Ixqfwlrq

D Mdfrel w|sh frqwlqxhg iudfwlrq iru wkh srzhu ixqfwlrq ^:3` lv
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4316 Plvfhoodqhrxv ixqfwlrqv

431614 Uhdo Prgxoxv

D xvhixo ixqfwlrq lv wkh uhdo prgxoxv ixqfwlrq UPRG G U" � U" $ ]� U" jlyhq
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UPRG E%c +� ' E?c 5�
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Wklv surylghv dq dowhuqdwlyh phwkrg wr lpsohphqw wdqjhqw> qdpho|
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431615 Frpsoh{ Ixqfwlrqv
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Lq fkdswhu 46/ zh gh�qh wkhruhwlfdo odqjxdjhv dqg uhgxfwlrq uxohv iru frqyhuwlqj dq
h{suhvvlrq wuhh lqwr d jhqhudo qrupdo surgxfw1 Wklv lv lqwhuhvwlqj dw d wkhruhwlfdo
ohyho dqg khosv yhuli| wkh wkhruhwlfdo edvlv iru pdq| xqghuo|lqj lghdv1 Krzhyhu/ dw d
sudfwlfdo ohyho/ zh qhhg wr frqvlghu wkh surfhvv ri frqyhuwlqj dq h{suhvvlrq wuhh lqwr
dq h{dfw  rdwlqj srlqw qxpehu1 Zh fdoo wkhvh frqyhuvlrq surfhvvhv qrupdol}dwlrq1
Wkh surfhvv ri qrupdol}dwlrq fdq eh vhhq dv d wxj ri zdu ehwzhhq wzr vxesurfhvvhv>
qdpho| hplvvlrq dqg devruswlrq1

Hplvvlrq H{wudfw lqirupdwlrq iurp wkh urrw qrgh lq rughu wr frqvwuxfw dq h{dfw
 rdwlqj srlqw qxpehu li |rx fdq1

Devruswlrq Dvvlplodwh lqirupdwlrq iurp wkh ghswkv ri wkh h{suhvvlrq wuhh lqwr
wkh urrw qrgh li |rx kdyh wr1

4414 Lqirupdwlrq Hplvvlrq

Lq jhqhudo/ dq| qrq0vlqjxodu pdwul{ � fdq eh hplwwhg iurp dq h{suhvvlrq wuhh
. ' u i.�c � � � c .�j surylghg

LQIR E�� � LQIR Eu�

ru htxlydohqwo|
� _ � u 5 On�

Lq zklfk fdvh/ hplvvlrq surfhhgv dffruglqj wr

. $�
�
� _ d.o

�
ru lq rwkhu zrugv

. $�
��
� _ � u� i.�c � � � c .�j

�
48:
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xvlqj wkh gh�qlwlrq ri pdwul{ vtxduh eudfnhw dssolfdwlrq dv jlyhq lq vhfwlrq 4314141
Iru d vljqhg h{suhvvlrq wuhh ./ rqo| d vljq pdwul{ 7tnc"c3cf� pd| eh hplwwhg

ohdylqj wkh xqvljqhg h{suhvvlrq wuhh 7_j d.o

. $ 7j
�
7_j d.o

�
� +4414,

Iru dq xqvljqhg h{suhvvlrq wuhh ./ rqo| d gljlw pdwul{ (]E2� pd| eh hplwwhg
ohdylqj wkh xqvljqhg h{suhvvlrq wuhh (_

_ d.o

. $ (_

q
(_

_ d.o
r
� +4415,

Wkh gljlw pdwul{(f vkrxog eh dyrlghg/ li jlyhq d fkrlfh/ ehfdxvh lw lqyroyhv voljkwo|
pruh frpsxwdwlrq1

4415 Lqirupdwlrq Devruswlrq

Devruswlrq lv wkh surfhvv ri dvvlplodwlrq1
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4416 Lqirupdwlrq Iorz Dqdo|vlv

Rqh ri wkh dgydqwdjhv ri wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq ryhu wkh jhqhudo
qrupdo surgxfw uhsuhvhqwdwlrq lv wkdw lw jlyhv d qdwxudo xqlw ri lqirupdwlrq uh0
odwhg wr phwulf _� gh�qhg lq htxdwlrq +618,1 Wklv phdqv wkdw wkh frpsoh{lw| ri
dojrulwkpv fdq eh pruh hdvlo| phdvxuhg dqg frqwuroohg1 Lq sduwlfxodu

_� E%c +� ' m7f E%�� 7f E+�m
iru doo %c + 5 dfc4o1 Qrwh wkdw
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f 2

�
� 7f

�
E%��

��
� _
f 2

�
� 7f

�
E+�

����
'

�

2
_� E%c +� �

Pruh jhqhudoo|/ gh�qh wkh glvwdqfh ixqfwlrq _ G On$ dfc 2o rq xqvljqhg olqhdu
iudfwlrqdo wudqvirupdwlrqv e|

_ Eu� ' ZLGWK ELQIR E7f � u��
ehfdxvh

_� E� Ef� c� E4�� ' ZLGWK ELQIR E7f �� ��

iru dq| � 5Pn1

H{dpsoh 7;

� '

�
D D
�f ��

�
7f �� '

� �D �S
�D �S

�
LQIR E7f ��� '

�
��

H
c��

�

�
_ E�� '

�

2e
�

Lw fdq eh vhhq wkdw li _ Eu� � 23? wkhq dw ohdvw ? gljlw pdwulfhv fdq eh hplwwhg
dqg li _ Eu� : 23? wkhq dw prvw ? gljlw pdwulfhv fdq eh hplwwhg1 Vr/ ohw

OHDVW Eu� '

�
ORJ2

�
�

_ Eu�

��
PRVW Eu� ' � n OHDVW Eu� �
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Lq sduwlfxodu

_ E�?
S � ' 2�3?

OHDVW E�?
S � ' ?� �

PRVW E�?
S � ' ?

zlwk �?
S dv gh�qhg lq htxdwlrq +<16,1 Ri frxuvh/ zh nqrz wkdw h{dfwo| ? gljlw

pdwulfhv fdq eh hplwwhg iurp �?
S ehfdxvh lw lv gh�qhg dv wkh surgxfw ri ? gljlw

pdwulfhv1

Ohppd 7< Li u lv dq xqvljqhg olqhdu iudfwlrqdo wudqvirupdwlrq wkhq dw ohdvw
OHDVW Eu� gljlw pdwulfhv fdq eh hplwwhg dqg dw prvw PRVW Eu� gljlw pdwulfhv fdq
eh hplwwhg1

Qrwh wkdw
OHDVW ET � ' PRVW ET � '4

iru T 5 Yn dqg

PRVW E�� '

�
ORJ2

� m@n Km mSn _m
mGHW E� �m

��
OHDVW E�� ' PRVW E��� �

iru � '

�
@ S
K _

�
5Pn1 Iru h{dpsoh/ wkh pdwul{

�
D D
�f ��

�
� (3� �(� �(3� �(� �(3� �

�
�f f
D �S

�
fdq hplw h{dfwo| 8 gljlw pdwulfhv dqg frqvlvwhqwo|

PRVW

�
D D
�f ��

�
' D

OHDVW

�
D D
�f ��

�
' e�

Frqvlghu dq duelwudu| pdwul{ � 5Pn dssolhg wr dq xqvljqhg jhqhudo qrupdo
surgxfw1 D uhdvrqdeoh txhvwlrq wr dvn lv> fdq zh ghflgh lq dgydqfh krz pdq|
gljlw pdwulfhv zh qhhg wr devrue lqwr wkh pdwul{ � lq rughu wkdw zh fdq hplw
d vshfl�hg qxpehu ri gljlw pdwulfhvB Xqiruwxqdwho|/ lw wxuqv rxw wkdw zh fdq
rqo| hdvlo| hvwlpdwh krz pdq| gljlw pdwulfhv duh uhtxluhg1 Wkh wzr hvwlpdwhv
ri sduwlfxodu lqwhuhvw wr xv duh xqghuhvwlpdwhv dqg ryhuhvwlpdwhv1 Lq sduwlfxodu/
vxssrvh wkdw zh zdqw wr hplw " 5 Q gljlw pdwulfhv iurp d pdwul{� 5Pn dssolhg



44161 LQIRUPDWLRQ IORZ DQDO\VLV 494

wr dq xqvljqhg jhqhudo qrupdo surgxfw dqg wkdw B 5 Q lv wkh hvwlpdwhg qxpehu
ri gljlw pdwulfhv uhtxluhg iurp wkh xqvljqhg jhqhudo qrupdo surgxfw1

"

"
� "

B

Xqghuhvwlpdwh Ilqg BE�c"� vxfk wkdw _� E� E%� c� E+�� : 23" zkhqhyhu
_� E%c +� ' 2�3BE�c"�1 Lq rwkhu zrugv/ li zh devrue B gljlw pdwulfhv lqwr
� wkhq dw prvw " gljlwv fdq eh hplwwhg iurp� 1

Ryhuhvwlpdwh Ilqg B E�c "� vxfk wkdw _� E� E%� c� E+�� � 23" zkhqhyhu
_� E%c +� ' 2�3BE�c"�� Lq rwkhu zrugv/ li zh devrue B gljlw pdwulfhv lqwr �
wkhq dw ohdvw " gljlwv fdq eh hplwwhg iurp � 1

Qrwh wkdw

_� E� E%� c� E+�� ' mE7f ��� E%�� E7f ��� E+�m
'

����7f �� � 7_f
�
E7f E%���

�
7f �� � 7_f

�
E7f E+��

���
'

�����7f �� � 7_f
��
E5�

���� _� E%c +� iru vrph 5 5 E��c ��

e| wkh phdq ydoxh wkhruhp surylghg wkdw wkh ixqfwlrq
�
7f �� � 7_f

�
E%� lv frqwlq0

xrxv ryhu d��c �o dqg gl�huhqwldeoh ryhu E��c ��1 Wklv frqglwlrq lv vdwlv�hg ehfdxvh
� 5Pn1 Jlyhq wkdw � '

�
@ S
K _

�
/ lw fdq eh vkrzq wkdw

�
7f �� � 7_f

��
E%� '

eGHW E��

EE@n K� S� _�%n E@n Kn Sn _��2�
7f �� � 7_f

��
E��� '

GHW E� �

ESn _�2�
7f �� � 7_f

��
E�� '

GHW E� �

E@n K�2
�

Gh�qh wkh h{sdqvlylw| ixqfwlrq sGPn $ T e|

s E� � ' VXS i& m_� E� E%� c� E+�� � & _� E%c +�j
' LQI

������7f �� � 7_f
��
Ed��c �o�

�����
'

mGHW E��m
EPD[ Em@n Km c mSn _m��2 +4416,
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dqg wkh frqwudfwlylw| ixqfwlrq s GPn $ T e|

s E�� ' LQI i& m_� E� E%� c� E+�� � & _� E%c +�j
' VXS

������7f �� � 7_f
��
Ed��c �o�

�����
'

mGHW E� �m
EPLQ Em@n Km c mSn _m��2 � +4417,

Wkhruhp 83 Jlyhq d pdwul{ � 5Pn dqg " : f wkhq

B E�c"� ' "n gORJ2 Es E� ��h
dqg

B E�c "� ' "n
	
ORJ2

�
s E� �

�

n �

duh xqghuhvwlpdwhv dqg ryhuhvwlpdwhv uhvshfwlyho|1

Surri = Dvvxph
_� E%c +� ' 2�3BE�c"��

Exw

_� E� E%� c� E+�� � sE� � 2�3BE�c"�

' sE� � SRZ E2c � � "� gORJ2 Es E���h�
' sE� � 23" SRZ E2c � � gORJ2 Es E� ��h�
: sE� � 23" SRZ E2c�ORJ2 Es E����

' 23"

ehfdxvh � � g%h : �%1 Wkhuhiruh
_� E� E%� c� E+�� : 23"�

Dvvxph
_� E%c +� ' 2�3BE�c"��

Exw

_� E� E%� c� E+�� � s E�� 2�3BE�c"�

' sE�� SRZ
�
2c�"� 	ORJ2 �s E��

�
�
' sE�� 23" SRZ

�
2c� 	ORJ2 �sE� �

�
�
� s E�� 23" SRZ

�
2c�ORJ2

�
s E��

��
' 23"

ehfdxvh �g%h � �%1 Wkhuhiruh
_� E� E%� c� E+�� � 23"� �
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H{dpsoh 84 Frqvlghu

� '

�
D D
�f ��

�
�

Zh kdyh

B E�c "� ' "n

�
ORJ2

�
D

�S2

��
' "� D

B E�c "� ' "n

�
ORJ2

�
D

�D2

��
n � ' "� e�

Wklv phdqv wkdw li wkh pdwul{ � lv dssolhg wr dq xqvljqhg jhqhudo qrupdo surgxfw
wkhq

� dw prvw " gljlw pdwulfhv fdq eh hplwwhg zkhqhyhu E"� D� gljlw pdwulfhv duh
devruehg dqg

� dw ohdvw " gljlw pdwulfhv fdq eh hplwwhg zkhqhyhu E"� e� gljlw pdwulfhv duh
devruehg1

Lq vxppdu|/ B E�c"� fruuhvsrqgv wr d gljlw pdwul{ devruswlrq xqghuhvwlpdwh
dqg B E�c "� fruuhvsrqgv wr d gljlw pdwul{ devruswlrq ryhuhvwlpdwh zkhqhyhu "
gljlw pdwulfhv duh uhtxluhg iurp dq xqvljqhg pdwul{ � dssolhg wr dq xqvljqhg
jhqhudo qrupdo surgxfw1 Wkhvh irupxodh fdq dqg zloo eh xvhg iru wkh rswlpl}dwlrq
ri hydoxdwlrq1

4417 Gljlw H{fkdqjh Srolf|

Whqvruv fdqqrw eh dvvlplodwhg zlwk whqvruv zlwkrxw lqwurgxflqj udqn 7 whqvruv1
Wkh qh{w ehvw wklqj lv dq lqirupdwlrq h{fkdqjh +l1h1 d vlpxowdqhrxv hplvvlrq dqg
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devruswlrq,1

D
-1

D

Absorption

Emission

Assimilation

Assimilation

Flow
of

Information

info(D

d

d d)

Rqo| wkh gljlw pdwulfhv (]E2� vkrxog eh h{fkdqjhg

.2 $ (_

q
(_

_ d.2o
r

A iT nc .2j $ EA �� T n �(_�
q
(_

_ d.2o
r

.2 $ (_

q
(_

_ d.2o
r

A i�n i.�j c .2j $ EA �� �n �2 (_�
q
.�c(

_
_ d.2o

r
.� $ (e

�
(_

e d.�o
�

A i.�c`nj $ EA �� (e �2 `n�
q
(_

e d.�o
r

.� $ (e

�
(_

e d.�o
�

A i.�c �n i.2jj $ EA �� (e ��n�
q
(_

e d.�o c .2

r
.� $ (_

q
(_

_ d.�o
r

.2 $ (e

�
(_

e d.2o
�

A i.�c .2j $ EA �� (_ �2(e�
q
(_

_ d.�o c(
_
e d.2o

r �
Wklv srolf| hqvxuhv d olqhdu lqwhjhu elw vl}h jurzwk iru wkh frh!flhqwv lq wkh wzr
whqvruv1 Wklv frqmhfwxuh kdv ehhq suryhg e| Uhlqkrog Khfnpdqq/ zklfk kh fdoov
wkh odz ri elj qxpehuv ^65`1 Krzhyhu/ wklv srolf| lqwurgxfhv srwhqwldo ghdgorfn
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vlwxdwlrqv1 Iru lqvwdqfh/ frqvlghu dq h{suhvvlrq wuhh frqvlvwlqj ri dq lq�qlwh elqdu|
wuhh ri whqvruv

dqg vxssrvh wkdw doo wkh whqvruv frqwdlq lqvx!flhqw lqirupdwlrq wr hplw d vlqjoh
gljlw pdwul{1 Fohduo|/ qr gljlw h{fkdqjh fdq rffxu dqg d ghdgorfn uhvxowv1 Lq wklv
fdvh/ d ghdgorfn lv lqhylwdeoh zlwk d gljlw h{fkdqjh srolf|1 Krzhyhu/ lq sudfwlfh/ zh
fdq uhvwulfw rxuvhoyhv wr h{suhvvlrq wuhhv wkdw frqwdlq dw prvw rqh lq�qlwh eudqfk
ri whqvruv dqg zlwkrxw orvv ri jhqhudolw| zh fdq lqvlvw wkdw wklv eudqfk lv wkh
uljkw prvw eudqfk dv looxvwudwhg lq htxdwlrq +4317,1 Wklv vwloo ohdyhv rwkhu srvvleoh
ghdgorfn vlwxdwlrqv1 Vxssrvh wkdw zh kdyh dq h{suhvvlrq wuhh dv looxvwudwhg lq
htxdwlrq +4317, vxfk wkdw doo wkh whqvruv frqwdlq lqvx!flhqw lqirupdwlrq wr hplw d
gljlw pdwul{ dqg wkh dujxphqw % lv jlyhq e| dq lq�qlwh xqvljqhg jhqhudo qrupdo
surgxfw1 Wkh urrw whqvru Af fdqqrw hplw d gljlw dqg vr/ lq wkh lqwhuhvw ri idluqhvv/ lw
pxvw devrue iurp wkh ohiw dqg wkh uljkw dujxphqw1 Wkh ohiw dujxphqw lv dq lq�qlwh
xqvljqhg jhqhudo qrupdo surgxfw dqg vr d pdwul{ lv devruehg1 Wkh uljkw dujxphqw
lv dq h{suhvvlrq wuhh zlwk urrw whqvru A� dqg vr d gljlw h{fkdqjh lv uhtxluhg1 Exw
wkh whqvru A� fdqqrw hplw d gljlw dqg vr zh kdyh d ghdgorfn1 Wklv nlqg ri ghdgorfn
fdq eh dyrlghg vrphwlphv li zh lqvlvw wkdw d qxpehu ri lghqwlw| pdwulfhv duh sodfhg
ehwzhhq hyhu| sdlu ri frqqhfwhg whqvruv1 Wkhvh lghqwlw| pdwulfhv dfw dv d nlqg ri
ghod|lqj wdfwlf1 Krzhyhu/ wklv vwloo dvvxphv wkdw d gljlw hplvvlrq lv srvvleoh zlwk
vx!flhqw devruswlrq iurp wkh jhqhudo qrupdo surgxfw1 Xqiruwxqdwho|/ wklv pd|
qrw eh wkh fdvh1 Iru lqvwdqfh/ frqvlghu wkh ixqfwlrq s E%� lq htxdwlrq +4317, zlwk

A? '

�
@? S? e? }?
K? _? s? �?

�
5 Wn

iru doo ? 5 Q1 Revhuyh wkdw�
@? S? e? }?
K? _? s? �?

�
E%c +� '

�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
E+�
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dqg vr

s E%� '
"\
?'f

�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
�

Wklv lqvljkw vkrzv wkdw wkh ixqfwlrq s E%� zloo ghdgorfn li

;? 5 Q � ;% 5 dfc4o � _
�

@?%n e? S?%n }?
K?%n s? _?%n �?

�
: � +4418,

dqg % lv jlyhq e| dq lq�qlwh xqvljqhg jhqhudo qrupdo surgxfw1 Wklv lv ehfdxvh
zkdwhyhu ohiw devruswlrq rffxuv lw zloo qhyhu eh hqrxjk wr doorz d gljlw pdwul{
hplvvlrq1 Dfwxdoo|/ zh pd| doorz

;? 5 Q � _
�

@?%n e? S?%n }?
K?%n s? _?%n �?

�
' � +4419,

dw lvrodwhg srlqwv1 Wklv lv ehfdxvh zkdwhyhu ohiw devruswlrq rffxuv lw zloo qhyhu eh
dv jrrg dv d vlqjohwrq1

H{dpsoh 85 Frqvlghu

s E%� ' >+ �
�

f � f 2
2 � � �

�
i%c +j

e| Uhlqkrog Khfnpdqq1 Vr

s E%� '
"\
?'f

�
f %n 2

2%n � %n �

�
�

Exw

_

�
f %n 2

2%n � %n �

�
'

2%n e

2%n �
�

Qrwlfh wkdw 2%ne
2%n�

: � iru % 5 dfc4� dqg 2%ne
2%n�

' � dw wkh lvrodwhg srlqw % '
41 Wkhuhiruh wkh ixqfwlrq s E%� zloo ghdgorfn zkhqhyhu % lv jlyhq e| dq lq�qlwh
xqvljqhg jhqhudo qrupdo surgxfw1

Frqyhuvho|/ vxssrvh wkdw iru hdfk xqvljqhg whqvru A?/ d uljkw devruswlrq ri
B 5 Q gljlw pdwulfhv lpsolhv wkdw B n � 5 Q gljlw pdwulfhv fdq eh hplwwhg li d
vx!flhqw qxpehu � EB� 5 Q ri gljlw pdwulfhv duh devruehg iurp wkh ohiw1 Wklv
vfhqdulr fdq eh frpsduhg wr wkh qrwlrq dq ryhuhvwlpdwh B E�c"� iru d pdwul{
� 5Pn dssolhg wr wkh xqvljqhg jhqhudo qrupdo surgxfw + 5 Hn

�? '

�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
" � B n �

B E�c "� ' B�
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Wkhuhiruh/ iurp wkhruhp 83/ wkh frqglwlrq

;? 5 Q � ;% 5 dfc4o � s
�

@?%n e? S?%n }?
K?%n s? _?%n �?

�
� �

e

pxvw eh vdwlv�hg1 Dfwxdoo|/ wklv frqglwlrq pxvw eh vwuhqjwkhqhg voljkwo| wr

;? 5 Q � ;% 5 dfc4o � s
�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
	

�

e
+441:,

zlwk

;? 5 Q � s
�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
'

�

e
+441;,

dw lvrodwhg srlqwv ehfdxvh zkdwhyhu ohiw devruswlrq rffxuv lw zloo qhyhu eh dv jrrg
dv d vlqjohwrq1 Xqiruwxqdwho|/ xqfhuwdlqw| uhpdlqv iru h{suhvvlrq wuhhv wkdw gr qrw
vdwlvi| wkh ghdgorfn frqglwlrqv +4418, dqg +4419, ru wkh ghdgorfn0iuhh frqglwlrqv
+441:, dqg +441;,1

Qrwh wkdw

s

�
@%n e S%n }
K%n s _%n �

�
'

mE@%n e� E_%n ��� EK%n s � ES%n }�m
EPLQ E@%n en K%n sc S%n } n _%n ���2

�

Wkhuhiruh

;% 5 dfc4o � s
�

@%n e S%n }
K%n s _%n �

�
	

�

e

li dqg rqo| li

;% 5 dfc4o � mE@%n e� E_%n ��� EK%n s� ES%n }�m
E@%n en K%n s�2

	
�

e

dqg

;% 5 dfc4o � mE@%n e� E_%n ��� EK%n s� ES%n }�m
ES%n } n _%n ��2

	
�

e
�

H{dpsoh 86 Frqvlghu wkh irupxod iru wdqjhqw lq htxdwlrq +43146,1

s

�
E2?n ��%n E2?n �� E2?� �� %n E2?n ��
E2?n �� %n E2?� �� E2? n ��%n E2? n ��

�

'

�
%� �

2%? n 2?n 2PLQ E�c %�

�2

� �

e?2
�

Fohduo| s E�� 	 �
e
iru doo ? � � h{fhsw dw % 5 ifc4j iru ? ' � zkhuh lw lv htxdo

wr �
e
1 Wklv phdqv wkdw wkh irupxod iru wdqjhqw lq htxdwlrq +43146, lv ghdgorfn0iuhh1
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H{dpsoh 87 Frqvlghu/ wkh irupxod iru lqyhuvh wdqjhqw lq htxdwlrq +43148,1 Qrwh
wkdw

s

�
2?%n % ?%n ? n �

?%n %n ? 2?n �

�
'

? E%� ��
2 E? n ��

EPLQ E�?%n 2%n ?c �?n 2 n ?%��2

grhv qrw vdwlvi| htxdwlrqv +441:, dqg +441;,1 Krzhyhu/ ohw xv frqvlghu d ohiw de0
vruswlrq ri (f/ zklfk fruuhvsrqgv wr wkh yduldeoh vxevwlwxwlrq % ' (f i+j1�

� � �� ��
2 f f 2

�
�� (f '

�
� � �� ��
� � � �

�
�

2?n � ? f ?n �
?n � f ? 2? n �

�
�� (f '

�
S?n � e?n � 2?n � e?n �
e?n � 2?n � e?n � S?n �

�
�

Lq rwkhu zrugv/ ohw xv frqvlghu wkh iroorzlqj irupxod iru lqyhuvh wdqjhqw

DUFWDQ E7f i(f i+jj� '
�

� � �� ��
� � � �

�
i+c.� E+�j

.? E+� '

�
S?n � e?n � 2?n � e?n �
e?n � 2?n � e?n � S?n �

�
i+c.?n� E+�j �

Revhuyhu wkdw

s

�
ES?n �� + n E2?n �� Ee?n �� + n Ee?n ��
Ee?n �� + n Ee?n �� E2?n �� + n ES?n ��

�

'
? E+ � ��2 E?n ��

EPLQ ED+?n �+ n �?n �c �+?n + n D?n ���
2

� ? E?n ��

E�? n ��2

	
�

e
1

iru doo ? 5 Q � ifj dqg iru doo + 5 dfc4o1 Wkhuhiruh/ wkh uhylvhg irupxod iru
lqyhuvh wdqjhqw lv ghdgorfn0iuhh1 Zh gr qrw nqrz li wkh pruh hohjdqw irupxod lq
htxdwlrq +43148, lv ghdgorfn0iuhh ru qrw1

Lq jhqhudo/ d irupxod edvhg rq d Wd|oru vhulhv fdq dozd|v eh pdgh ghdgorfn0
iuhh li wkh grpdlq ri wkh ixqfwlrq lv vx!flhqwo| uhgxfhg1 Wklv lv qrw d sureohp
ehfdxvh ydulrxv lghqwlwlhv fdq eh xvhg wr pdnh xs iru wkh vkruwidoo1 Lq dq| fdvh/
d vpdoohu grpdlq phdqv d pruh udslg frqyhujhqfh/ ohdglqj wr juhdwhu h!flhqf|1
Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh deryh lghdv1
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Sursrvlwlrq 88 Wkh h{suhvvlrq wuhh

f(x) =

x

x

x

T0

T1

T2

zlwk Af 5 W dqg A? '

�
@? S? e? }?
K? _? s? �?

�
5 Wn iru doo ? � � lv ghdgorfn0iuhh li

wkhuh h{lvwv 6 5 Q vxfk wkdw

s

�
@?%n e? S?%n }?
K?%n s? _?%n �?

�
	

�

e

iru doo % 5 dfc4o dqg iru doo ? : 6/ zkhuh

s

�
k �
q B

�
'

����GHW� k �
q B

�����
EPLQ Emkn qm c m� n Bm��2 �

4418 Whqvru Devruswlrq Vwudwhj|

Lq wkh vhfwlrqv deryh/ zh dvvxphg wkdw devruswlrq lqwr d whqvru rffxuuhg vlpxo0
wdqhrxvo| iurp erwk dujxphqwv1 Lq sudfwlfh/ lw lv xvxdoo| ehvw wr devrue iurp rqh
dujxphqw dw d wlph dqg qrw qhfhvvdulo| dowhuqdwho|1 Wkh zrug �vwudwhj|� uhihuv
wr wkh surfhvv ri ghflglqj zkhwkhu wr devrue iurp wkh ohiw dujxphqw ru wr devrue
iurp wkh uljkw dujxphqw ri d whqvru1 Frqvlghu d whqvru zlwk wzr xqvljqhg jhqhudo
qrupdo surgxfw dujxphqwv1 Vxssrvh wkdw erwk dujxphqwv duh lq�qlwh vhtxhqfhv
ri pdwulfhv1 Lq wklv vfhqdulr/ d vwudwhj| frqvlvwv ri dq lq�qlwh vhtxhqfh ri vwdwhv
jhqhudwhg e| d wudqvlwlrq ixqfwlrq

VWUDWHJ\ G W� Q$ i�c 2j

zkhuh 4 lqglfdwhv �ohiw devruswlrq� dqg 5 lqglfdwhv �uljkw devruswlrq�1 D vhtxhqfh
ri vwdwhv EAc ?� lv jhqhudwhg dffruglqj wr wkh iroorzlqj suhvfulswlrq1
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� Iru VWUDWHJ\ EAc ?� ' � 0 Devrue wkh pdwul{ � iurp wkh ohiw dujxphqw � '
� i-j1

A i�c'j $ EA ��� � i-c'j
Wkh qh{w vwdwh lv EA ���c?n ��1

� Iru VWUDWHJ\ EAc ?� ' 2 0 Devrue wkh pdwul{ � iurp wkh uljkw dujxphqw
' ' � i7j1

A i�c'j $ EA �2 �� i�c 7j
Wkh qh{w vwdwh lv EA �2 �c?n ��1

Krzhyhu/ li rqh ru rwkhu ri wkh dujxphqwv lv �qlwh +l1h1 whuplqdwhg e| d yhfwru,
wkhq d srlqw pd| eh uhdfkhg dw zklfk wkh whqvru pxwdwhv lqwr d pdwul{ dqg vr wkh
qrwlrq ri vwudwhj| lv qr orqjhu uhohydqw1

� Iru VWUDWHJ\ EAc ?� ' � 0 Devrue wkh yhfwru T iurp wkh ohiw dujxphqw � ' T
dqg pxwdwh lqwr d pdwul{

A i�c'j $ EA �� T � i'j �

� Iru VWUDWHJ\ EAc ?� ' 2 0 Devrue wkh yhfwru ` iurp wkh uljkw dujxphqw
' ' ` dqg pxwdwh lqwr d pdwul{

A i�c'j $ EA �2 ` � i�j �

Lq wkh qh{w wkuhh vhfwlrqv/ zh h{soruh wkuhh gl�huhqw vwudwhjlhv1

441814 D Idlu Vwudwhj|

Gh�qlwlrq 89 D idlu vwudwhj| lv dq| vwudwhj| vxfk wkdw hqgohvv ohiw devruswlrq
lpsolhv wkdw wkh phdqlqj ri wkh h{suhvvlrq wuhh lv lqghshqghqw ri wkh uljkw dujxphqw
dqg hqgohvv uljkw devruswlrq lpsolhv wkdw wkh phdqlqj ri wkh h{suhvvlrq wuhh lv
lqghshqghqw ri wkh ohiw dujxphqw1

D vlpsoh h{dpsoh ri d idlu vwudwhj| lv rqh lq zklfk zh dowhuqdwho| fkrrvh �ohiw
devruswlrq� dqg �uljkw devruswlrq�1

VWUDWHJ\
i
EAc ?� ' PRG E?c 2� n � +441<,
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441815 Wkh Lqirupdwlrq Ryhuods Vwudwhj|

Ohiw devruswlrq lqwr d whqvru A lqfuhdvhv wkh lqirupdwlrq lq
�
AA
�
f
dqg

�
AA
�
�

ehfdxvh

A �� T '
��
AA
�
f
� Tc �AA

�
�
� T �

A �� � '
��
AA
�
f
��c

�
AA
�
�
���A c

zkloh uljkw devruswlrq lqwr d whqvru A lqfuhdvhv wkh lqirupdwlrq lq Af dqg A�
ehfdxvh

A �2 T ' EAf � Tc A� � T �
A �2 � ' EAf ��cA� �� �

dv ghprqvwudwhg lq ohppd 631 Vr/ frqvlghu wkh vwudwhj| lq zklfk zh fkrrvh dq|
idlu vwudwhj| li wkh lqirupdwlrq lq

�
AA
�
f
lv erwwrp ru wkh lqirupdwlrq lq

�
AA
�
�
lv

erwwrp/ zh fkrrvh �uljkw devruswlrq� li wkh lqirupdwlrq lq
�
AA
�
f
dqg wkh lqiru0

pdwlrq lq
�
AA
�
�
duh glvmrlqw dqg �ohiw devruswlrq� rwkhuzlvh1

VWUDWHJ\
r
EAc ?� '

;AA?AA=
VWUDWHJ\i EAc ?� li A *5 Wn
� li LQIR

��
AA
�
f

�_
LQIR

��
AA
�
�

� 9' >
2 rwkhuzlvh1

+44143,

Zh fdoo wklv wkh lqirupdwlrq ryhuods vwudwhj|1

Sursrvlwlrq 8: Wkh lqirupdwlrq ryhuods vwudwhj| lv d idlu vwudwhj|1

Surri = Frqvlghu d whqvru A 5 W zlwk d ohiw dujxphqw .f 5 Hn dqg d uljkw
dujxphqw 8f 5 Hn gh�qhg e|

.� ' �� i.�n�j
8� ' �� i8�n�j �

Zh rqo| qhhg wr frqvlghu A 5 Wn1 Wklv phdqv wkdw A E%c +� 5 dfc4o iru doo
%c + 5 dfc4o1

� Dvvxph hqgohvv ohiw devruswlrq1 Qrwh wkdw

A ��
?\

&'f

�& '

#�
AA
�
f
�

?\
&'f

�&c
�
AA
�
�
�

?\
&'f

�&

$A
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iru doo ? 5 Q1 Wkhuhiruh_
�Mtfc��

LQIR

3C3C#A �� ?\
&'f

�&

$A
4D

�

4D 9' >

_
�Mtfc��

LQIR

#�
AA
�
�
�

?\
&'f

�&
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9' >

iru doo ? 5 Q1 Wkhuhiruh _
�Mtfc��

LQIR
��
AA
�
�
� T � 9' >

zkhuh

T '
"_
?'f

LQIR

#
?\

&'f

�&

$
dqg T kdv uhdo frh!flhqwv1 Exw/ wklv phdqv wkdw

LQIR
��
AA
�
f
� T � ' LQIR

��
AA
�
�
� T � �

Wkhuhiruh
GHW
��
AA
�
f
� Tc �AA

�
�
� T � ' GHW EA �� T � ' f�

Lq rwkhu zrugv/ wkh h{suhvvlrq wuhh A i.fc 8fj lv lqghshqghqw ri wkh uljkw
dujxphqw 8f1

� Dvvxph hqgohvv uljkw devruswlrq1 Qrwh wkdw
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iru doo ? 5 Q1 Wkhuhiruh _
�Mtfc��

LQIR EA� � T � 9' >

zkhuh

T '
"_
?'f

LQIR

#
?\

&'f

�&

$
�

Exw/ wklv phdqv wkdw

LQIR EAf � T � ' LQIR EA� � T � �
Wkhuhiruh

GHW EAf � Tc A� � T � ' GHW EA �2 T � ' f�

Lq rwkhu zrugv/ wkh h{suhvvlrq wuhh A i.fc 8fj lv lqghshqghqw ri wkh ohiw
dujxphqw .f1 �

Lq sudfwlfh/ wkh lqirupdwlrq ryhuods vwudwhj| kdv suryhg wkh prvw h!flhqw dqg
h�hfwlyh1

441816 Wkh Rxwfrph Plqlpl}dwlrq Vwudwhj|

Wkh sulqflsoh ehklqg wkh rxwfrph plqlpl}dwlrq vwudwhj| lv wr plqlpl}h wkh srv0
vleoh udqjh ri rxwfrphv1 Wkh udqjh ri rxwfrphv iru d ohiw devruswlrq lv jlyhq
e|

OHIW EA � ' VXS
�
_
��
AA
�
f
E%� c

�
AA
�
�
E%�
���% 5 dfc4o

�
dqg wkh udqjh ri rxwfrphv iru d uljkw devruswlrq lv jlyhq e|

ULJKW EA � ' VXS i_ EAf E+� c A� E+��m + 5 dfc4oj
zkhuh _ E%c +� lv d vxlwdeoh phwulf1 Iru lqvwdqfh/ vxssrvh _ E%c +� ' _� E%c +� dv
gh�qhg lq htxdwlrq +618,1 Vdgo|/ wkh h{dfw irupxod iru OHIW EA � dqg ULJKW EA � lqyroyhv
vtxduh urrwv1 Krzhyhu/ d jrrg dssur{lpdwlrq/ lq sudfwlfh/ iru A 5 Wn/ zklfk lv
h{dfw lq pdq| fdvhv/ lv jlyhq e|

OHIWE EA � ' /
�
7f � AA

�
ULJKWE EA � ' / E7f � A �

zkhuh
/ EA � ' PD[ EmAf Ef�� A� Ef�m c mAf E4�� A� E4�m� �

Vr/ wkh rxwfrph plqlpl}dwlrq vwudwhj| lv jlyhq e|

VWUDWHJ\
p
EAc ?� '

;?= VWUDWHJ\i EAc ?� li A *5 Wn
� li OHIWE EA � � ULJKWE EA �
2 rwkhuzlvh1

Zh frqmhfwxuh wkdw wkh rxwfrph plqlpl}dwlrq vwudwhj| lv d idlu vwudwhj|1
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4419 Vwudljkwiruzdug Uhgxfwlrq Uxohv

Lq wklv vhfwlrq/ zh eulqj wrjhwkhu wkh lghdv ri hplvvlrq/ devruswlrq/ h{fkdqjh dqg
vwudwhj|1

Iluvwo|/ ohw xv gh�qh d ghflvlrq ixqfwlrq {_ wkdw h{whqgv wkh vwudwhj| ixqfwlrq
wr doo olqhdu iudfwlrqdo wudqvirupdwlrqv1 Ohw

{_ G O �Q$ ERROHDQ +44144,

{� E�c?� ' WUXH

{� EAc ?� ' EVWUDWHJ\ EAc ?� ' ��

{2 EAc ?� ' EVWUDWHJ\ EAc ?� ' 2� �

Wkh sdudphwhu _ uhihuv wr wkh gluhfwlrq ri devruswlrq1 Wklv pdnhv vhqvh hyhq iru
pdwulfhv ehfdxvh lq idfw � ' ��1 Wkh sdudphwhu ? lv ehvw lpsohphqwhg dv d klgghq
frxqwhu dvvrfldwhg rqh shu whqvru dqg lqlwldol}hg wr 3 dw fuhdwlrq1 Lq wklv zd|/ zh
zloo gurs wkh sdudphwhu ? zkhq lw lv frqyhqlhqw wr gr vr1

Vhfrqgo|/ ohw xv gh�qh d vljq hplvvlrq ixqfwlrq VHP wkdw sduwldoo| frqyhuwv d
vljqhg h{suhvvlrq wuhh . lqwr wkh vljqhg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Ohw

VHP G H � Q$ H +44145,

VHP E.c �� '

;?= 7j
�
GHP

�
�

f
fc 7

_
j d.o c �

�� li 7_j � u 5 On
iru vrph j 5 inc4c�cfj

VHP Eu d8�c � � � c 8� o c �� rwkhuzlvh

zkhuh
u i.�c � � � c .�j ' .

dqg
8_ ' DE Euc._c{_ Eu�� �

Qrwh wkdw

�
f
f �

�
� f
f �

�
�

Lq sduwlfxodu/ VHP E.c �� uhwxuqv d vljqhg h{suhvvlrq wuhh ri wkh irup 7j i��
S i. �jj

zkhuh 7j lv wkh uhtxluhg vljq/ ��
S lv wkh � uhtxluhg gljlwv frpsuhvvhg dffruglqj wr

htxdwlrq +<17, dqg . � lv dq xqvljqhg h{suhvvlrq wuhh iru wkh uhpdlqlqj gljlwv +l1h1
d frqwlqxdwlrq,1

Wklugo|/ ohw xv gh�qh d gljlw hplvvlrq ixqfwlrq GHP wkdw sduwldoo| frqyhuwv wkh
xqvljqhg h{suhvvlrq wuhh ��

S i.j lqwr wkh xqvljqhg h{dfw  rdwlqj srlqw uhsuhvhq0
wdwlrq1

GHP G Pn � Hn � Q$ Hn +44146,
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GHP
�
�

�
Sc .c �

�
'

;AA?AA=
�

�
S i.j li � ' f ru u 5 Y

GHP
�
�

�n�
2Sn_c(

_
_ d.o c � � �

� li (_
_ � u 5 On iru

vrph _ 5 ] E2�
GHP E��

Sc u d8�c � � � c 8� o c �� rwkhuzlvh

zkhuh

u i.�c � � � c .�j ' .

dqg

8_ ' DE Euc._c{_ Eu�� �

Lq sduwlfxodu/ GHP E��
Sc.c �� uhwxuqv dq xqvljqhg h{suhvvlrq wuhh ri wkh irup

�
�n�
S� i. �j zkhuh ��n�

S� lv wkh E�n �� uhtxluhg gljlwv frpsuhvvhg dffruglqj wr htxd0
wlrq +<17, dqg . � lv dq xqvljqhg h{suhvvlrq wuhh iru wkh uhpdlqlqj gljlwv +l1h1 d
frqwlqxdwlrq,1

Ilqdoo|/ ohw xv gh�qh dq devruswlrq ixqfwlrq DE wkdw frqyhuwv dq xqvljqhg h{0
suhvvlrq wuhh . lqwr dqrwkhu xqvljqhg h{suhvvlrq wuhh zlwk d urrw qrgh uhdg|
iru devruswlrq +e| vtxduh eudfnhw dssolfdwlrq dv gh�qhg lq htxdwlrqv +4314, dqg
+4315,, lqwr lwv sduhqw qrgh g1

DE G O� Hn � ERROHDQ$ Hn +44147,

DE Egc.c K� '

;?= �
f
f i.j li K ' IDOVH

GHP E�f
fc .c �� li g 5 W dqg u 5 W

. rwkhuzlvh

zkhuh

u i.�c � � � c .�j ' .�

Wkh errohdq K lv xvhg wr vshfli| zkhwkhu dq| lqirupdwlrq lv dfwxdoo| uhtxluhg1
Wkh plggoh olqh lq wkh gh�qlwlrq fruuhvsrqgv wr dq lqirupdwlrq h{fkdqjh ehwzhhq
whqvruv1

441: Pdwul{ Od}| Iorz Dqdo|vlv

Iru d pdwul{ � 5Pn dqg qdwxudo qxpehu "/ zh qhhg wr �qg wkh pd{lpxp xqlwv
ri lqirupdwlrq B E�c "� wkdw fdq eh devruehg lqwr� vxfk wkdw lw frqwdlqv dw prvw
" xqlwv ri lqirupdwlrq1 Lq rwkhu zrugv/ zh qhhg wkh xqghuhvwlpdwh B E�c "� jlyhq
lq wkhruhp 831 Zh qhhg wr frqyhuw wklv irupxod lqwr dq h!flhqw dojrulwkp1 Ohw
rE@� ghqrwh wkh qxpehu ri elwv uhtxluhg wr uhsuhvhqw wkh devroxwh ydoxh ri wkh
lqwhjhu @1
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Sursrvlwlrq 8; Iru � '

�
@ S
K _

�
5Pn/ li

{3
� E�c "� '

�
"�rEk2� n rEGHW E���� � li GHW E�� lv d srzhu ri 2
"�rEk2� n rEGHW E��� rwkhuzlvh1

zkhuh
k ' PD[ Em@n Km c mSn _m�

wkhq
{3

� E�c"� ' B E�c "�

ru
{3

� E�c "� ' B E�c "�� ��

Surri = Zh zloo xvh wkh hdvlo| yhul�hg lghqwlwlhv

g@h ' �e�@f
eORJ2@f ' rE@�� �

gORJ2@h '

�
rE@�� � li @ lv d srzhu ri 2
r E@� rwkhuzlvh

dqg wkh idfw wkdw e@n Kf ' e@f n eKf ru e@n Kf ' e@f n eKf n �1 Frqvlghu

� '

�
@ S
K _

�
5Pn1 Vr

B E�c "� ' "n gORJ2 Es E� ��h
' "n

	
ORJ2 EmGHW E� �m�� ORJ2

�
k2
�


' "� �ORJ2 �k2�� ORJ2 EmGHW E��m�� �
Exw �

ORJ2
�
k2
��

n e�ORJ2 EmGHW E��m�f
' r

�
k2
�� � � gORJ2 EmGHW E��m�h

'

�
rEk2�� �� Er EGHW E� ��� �� li GHW E�� lv d srzhu ri 2
r Ek2�� ��rEGHW E� �� rwkhuzlvh1

' "� � �{3
� E�c"�

Wkhuhiruh

B E�c "� ' "� �"� � �{3
� E�c "�

�
' {3

� E�c"� n �
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ru

B E�c "� ' "� �"� � �{3
� E�c"� n �

�
' {3

� E�c "� � �

Wklv sursrvlwlrq vkrzv wkdw {3
� E�c "� lv d frqvhuydwlyh dssur{lpdwlrq ri

B E�c "�1 Lq vrph fdvhv/ hyhq wkrxjk " � � dqg qr gljlwv fdq eh hplwwhg/ wkh
 rz dqdo|vlv jlyhq e| {3

� lqglfdwhv wkdw qr lqirupdwlrq qhhgv wr eh devruehg1 Vr/
zh uhdoo| qhhg wkh ixqfwlrq {n

� E�c "� ' PD[
�
�c{3

� E�c"�
�
dv zhoo1

441; Whqvru Od}| Iorz Dqdo|vlv

Iru d whqvru A 5 Wn dqg qdwxudo qxpehu "/ zh qhhg wr �qg wkh pd{lpxp xqlwv ri
lqirupdwlrq B� EAc "� dqg B2 EAc "� wkdw fdq eh ohiw dqg uljkw devruehg uhvshfwlyho|
lqwr A vxfk wkdw lw frqwdlqv dw prvw " xqlwv ri lqirupdwlrq1 Lq rwkhu zrugv/
zh qhhg vrphwklqj vlplodu wr wkh xqghuhvwlpdwh B E�c "� jlyhq lq wkhruhp 831 E|
v|pphwu|/ lw lv fohdu wkdw B� EAc "� ' B2

�
AAc "

�
1 Qrwh wkdw iru L ' 7f�A ��7_f �27_f

_� EA E�c%� c A E�c +�� ' mE7f � A � E�c %�� E7f � A � E�c +�m
' mL E7f E�� c 7f E%��� L E7f E�� c 7f E+��m
' mL2 E7f E�� c 5�m _� E%c +� iru vrph 5 5 E��c ��

zkhuh L2 E%c +� lv wkh sduwldo ghulydwlyh ri L zlwk uhvshfw wr +1 Lw fdq eh vkrzq
wkdw

LQI EmL2 Ed��c �o c d��c �o�m� ' PLQ Es EAf� cs EA���

xvlqj wkh gh�qlwlrq ri wkh ixqfwlrq sG Pn $ T lq htxdwlrq +4416,1 Wklv phdqv
wkdw wkh dojrulwkpv

{3
� EA /"� ' PLQ

�
{3

�

��
AA
�
f
c "
�
c{3

�

��
AA
�
�
c "
��

{3
2 EA /"� ' PLQ

�
{3

� EAfc "� c{
3
� EA�c "�

�
surylgh frqvhuydwlyh dssur{lpdwlrqv iru B� dqg B2 uhvshfwlyho|1 Qrwh wkdw wkh
ryhuordglqj ri {3

� rq pdwulfhv dqg whqvruv lv lqwhqwlrqdo1 Lq vrph fdvhv/ gxh wr
lwv frqvhuydwlyh qdwxuh/ hyhq wkrxjk " � � dqg qr gljlwv fdq eh hplwwhg/ wkh  rz
dqdo|vlv jlyhq e| {3

� dqg {3
2 lqglfdwh wkdw qr lqirupdwlrq qhhgv wr eh devruehg

iurp wkh ohiw ru iurp wkh uljkw1 Vr/ lq wkhvh fdvhv/ zh qhhg wr ghflgh zkhwkhu
wr devrue mxvw rqh iurp wkh ohiw ru mxvw rqh iurp wkh uljkw1 Vr/ ohw xv gh�qh
{n
t�c2� EAc "� e|

{n
? EAc "� ' li {3

� EA /"� � f dqg {3
2 EA /"� � f wkhq {? EA � hovh {3

? EA /"� 1



4:; FKDSWHU 441 QRUPDOL]DWLRQ DOJRULWKPV

441< H!flhqw Olqhdu Iudfwlrqdo Wudqvirupdwlrqv

Lw vkrxog eh qrwhg wkdw lw lv qrw dozd|v ghvludeoh wr dvvlplodwh d yhfwru ru d pdwul{
lqwr lwv sduhqw qrgh1 Lw ghshqgv rq zkhwkhu wkh yhfwru ru wkh pdwul{ lv vsdwldoo|
h!flhqw uhodwlyh wr wkh lqirupdwlrq wkdw lw frqwdlqv1 Wkh lghd lv wkdw li d yhfwru
ru d pdwul{ lv h!flhqw wkhq lw vkrxog eh dvvlplodwhg gluhfwo| rwkhuzlvh rqo| wkh
gljlwv (]E2� vkrxog eh h{fkdqjhg1 Dfwxdoo|/ lw vkrxog dovr ghshqg rq wkh dprxqw
ri lqirupdwlrq " uhtxluhg dv zhoo1 D sduwlfxoduo| xvhixo gh�qlwlrq lv

HqFLHQW G On � Q$ ERROHDQ

HqFLHQW Euc "� '
rEu�

?
n kPLQ E"c OHDVW Eu�� � q

zkhuh k dqg q duh dgmxvwdeoh sdudphwhuv +h1j1 k ' 2 dqg q ' �2,/ rEu� ghqrwhv
wkh wrwdo qxpehu ri elwv uhtxluhg wr uhsuhvhqw wkh frh!flhqwv lq u dqg ? lv wkh
qxpehu ri frh!flhqwv lq u1

44143 H!flhqw Uhgxfwlrq Uxohv

Lq wklv vhfwlrq/ zh lpsuryh xsrq wkh vwudljkwiruzdug uhgxfwlrq uxohv ri vhfwlrq
44191

Iluvwo|/ ohw xv lpsuryh wkh hplvvlrq ixqfwlrq GHP zlwk HGHP1 Wkh h!flhqw gljlw
hplvvlrq ixqfwlrq HGHP sduwldoo| frqyhuwv wkh xqvljqhg h{suhvvlrq wuhh��

S i.j lqwr
wkh xqvljqhg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Ohw

HGHP G P� Hn � Q$ Hn

HGHP
�
�

�
Sc .c �

�
'

;AA?AA=
�

�
S i.j li � ' f ru u 5 Y

HGHP
�
�

�n�
2Sn_c(

_
_ d.o c � � �

� li (_
_ � u 5 On iru

vrph _ 5 ] E2�
HGHP

�
�

�
Sc u

�
8n
� c � � � c 8

n
�

�
c �
�

rwkhuzlvh

zkhuh
u i.�c � � � c .�j ' .

dqg
8n
? ' HDE

�
uc.?c{

n
? Euc ��

�
�

Lq sduwlfxodu/ HGHP E��
Sc.c �� uhwxuqv dq xqvljqhg h{suhvvlrq wuhh ri wkh irup

�
�n�
S� i. �j zkhuh ��n�

S� lv wkh E�n �� uhtxluhg gljlwv frpsuhvvhg dffruglqj wr htxd0
wlrq +<17, dqg . � lv dq xqvljqhg h{suhvvlrq wuhh iru wkh uhpdlqlqj gljlwv +l1h1 d
frqwlqxdwlrq,1

Vhfrqgo|/ ohw xv lpsuryh wkh devruswlrq ixqfwlrq DE zlwk HDE1 Wkh h!flhqw de0
vruswlrq ixqfwlrq frqyhuwv wkh xqvljqhg h{suhvvlrq wuhh . lqwr dqrwkhu xqvljqhg



441441 GHVWUXFWLYH GDWD W\SHV 4:<

h{suhvvlrq wuhh zlwk d urrw qrgh uhdg| iru devruswlrq +e| vtxduh eudfnhw dssolfd0
wlrq dv gh�qhg lq htxdwlrqv +4314, dqg +4315,, lqwr lwv sduhqw qrgh g1 Ohw

HDE G O� Hn � ]$ Hn

HDE Egc.c "� '

;AA?AA=
�

f
f i.j li " � f

u
�
83
� c � � � c 8

3
�

� li HqFLHQW Euc "� dqg
Eg *5 W ru u *5 W�

HGHP E�f
fc .c "� rwkhuzlvh

zkhuh
u i.�c � � � c .�j ' .

dqg
83
? ' HDE

�
uc.?c{

3
? Euc "�

�
�

Wkh lqwhjhu " lqglfdwhv wkh pd{lpxp uhtxluhg xqlwv ri lqirupdwlrq lq wkh urrw
qrgh1 Qrwh wkdw {n

? lv xvhg zkhq d vshfl�hg qxpehu ri gljlwv (]E2� lv uhtxluhg
iurp dq h{suhvvlrq wuhh/ zkhuhdv {3

? lv xvhg zkhq d frqvhuydwlyh qxpehu ri xqlwv
ri lqirupdwlrq lv uhtxluhg iurp dq h{suhvvlrq wuhh1

44144 Ghvwuxfwlyh Gdwd W|shv

Dq| h!flhqw lpsohphqwdwlrq pxvw dyrlg uh0hydoxdwlqj wkh vdph h{suhvvlrq1 Wklv
phdqv wkdw wkh odqjxdjh xvhg pxvw vxssruw uhihuhqfhv/ srlqwhuv ru ghvwuxfwlyh
gdwd w|shv ri vrph vruw1 Iru lqvwdqfh/ wkhuh qhhg rqo| eh rqh lqvwdqwldwlrq ri wkh
dujxphqw % lq htxdwlrq +4317,1

44145 Vfdolqj Lqyduldqfh

Uhvfdolqj wkh frh!flhqwv ri d olqhdu iudfwlrqdo wudqvirupdwlrq grzq e| wkhlu juhdw0
hvw frpprq glylvru lv lqh!flhqw dqg jhqhudoo| xqqhfhvvdu|1 Lq idfw/ devruswlrq
dqg hplvvlrq ri wkh udgl{ 2 gljlw pdwulfhv phdqv wkdw rqo| uhvfdolqj e| 2 lv qhf0
hvvdu|1 Wkh iroorzlqj wkhruhp/ d vlpsohu yduldwlrq ri rqh e| Uhlqkrog Khfnpdqq
^65`/ h�hfwlyho| suryhv wklv frqmhfwxuh1

Wkhruhp 8< Li� lv d pdwul{ dqg T lv d yhfwru wkhq hyhu| sulph idfwru ri� �T
lv d sulph idfwru ri GHW E�� ru T 1

Surri = Ohw ` 5 Y eh dq| yhfwru vxfk wkdw

� � T ' &`
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iru vrph sulph qxpehu &1 Qrwh wkdw

� _ � E� � T � '
�
� _ ��� � T

' GHW E��T

dqg
� _ � E&` � ' &

�
� _ �` � �

Wkhuhiruh & lv d sulph idfwru ri GHW E�� ru d sulph idfwru ri T 1 �

Fruroodu| 93 Li � lv d pdwul{ dqg u lv d olqhdu iudfwlrqdo wudqvirupdwlrq wkhq
hyhu| sulph idfwru ri � � u lv d sulph idfwru ri GHW E� � ru u1

Surri = Xvh

� �� ' E� ��fc� ����

� � A ' E� � Afc� � A�� �

Fruroodu| 94 Li A lv d whqvru dqg � lv d pdwul{ wkhq hyhu| sulph idfwru ri
A �? � lv d sulph idfwru ri GHW E�� ru A 1

Surri = Xvh

A �� � '
��
AA
�
f
��c

�
AA
�
�
���A

A �2 � ' EAf ��cA� �� � �

Wklv wkhruhp phdqv wkdw li � lv d pdwul{ lq lwv orzhvw whupv wkhq wkh rqo|
frpprq idfwruv ri� � K(_ dqg K(_

_ �� duh wkh frpprq idfwruv ri GHW
�
K(_

�
dqg

GHW
�
K(_

_

�
1 Exw

GHW
�
K(_

�
' GHW

�
K(_

_

�
' eK�

Wkhuhiruh/ rqo| uhvfdolqj e| 2 dqg K lv qhfhvvdu|1 Lq sduwlfxodu/ iru K ' 2 rqo|
uhvfdolqj e| 2 lv qhfhvvdu|1 Vlploduo| iru whqvruv1

Fruroodu| 95 Li A lv d whqvru lq lwv orzhvw whupv dqg � lv d pdwulfhv lq lwv
orzhvw whupv wkhq hyhu| frpprq idfwru ri A �? � lv d idfwru ri GHW E� �1

Fruroodu| 96 Li A lv d whqvru lq lwv orzhvw whupv dqg � lv d pdwulfhv lq lwv
orzhvw whupv wkhq hyhu| frpprq idfwru ri � � A lv d idfwru ri GHW E��1



������ ��

�����	����
	

Doo wkh dojrulwkpv lq wklv wkhvlv/ iurp wkh od}| wr wkh vwulfw/ kdyh ehhq wulhg
dqg whvwhg lq d ydulhw| ri odqjxdjhv lqfoxglqj F2F../ Pludqgd/ Kdvnhoo/ Fohdq/
Pdwkhpdwlfd dqg FDPO1 Olvwhg ehorz lv wkh prvw hohjdqw rxw ri doo wkh lpsoh0
phqwdwlrqv xvlqj wkh ixqfwlrqdo surjudpplqj odqjxdjh fdoohg Pludqgd ^69`1 Wklv
lpsohphqwdwlrq xvhv wkh vwudljkwiruzdug uhgxfwlrq uxohv +vhh vhfwlrq 4419, dqg wkh
lqirupdwlrq ryhuods vwudwhj| +vhh htxdwlrq +44143,,1

Wkh vwulfw lpsohphqwdwlrqv surylgh wkh ehvw shuirupdqfh1 Krzhyhu/ wkh frgh
lv wrr orqj dqg frpsoh{ wr olvw lq wklv wkhvlv1 Frqvhtxhqwo|/ L zloo uhvwulfw p|vhoi
wr ghvfulelqj d ixoo| od}| lpsohphqwdwlrq ri vljqhg h{dfw  rdwlqj srlqw lq Pludqgd
^69`1

4514 W|sh Gh�qlwlrqv

451414 Olqhdu Iudfwlrqdo Wudqvirupdwlrqv

yhfwru @@ +qxp/qxp,

pdwul{ @@ +yhfwru/yhfwru,

whqvru @@ +pdwul{/pdwul{,

oiw ==@ Yhf yhfwru m Pdw pdwul{ m Whq whqvru qxp

Qrwh wkdw zh pdlqwdlq d klgghq frxqwhu dvvrfldwhg zlwk hdfk whqvru lq rughu
wr vxssruw d idlu devruswlrq vwudwhj| dv glvfxvvhg lq vhfwlrq 44191

451415 H{suhvvlrq Wuhh

h{suhvvlrq ==@ Y yhfwru m
P pdwul{ h{suhvvlrq m
W whqvru qxp h{suhvvlrq h{suhvvlrq

4;4
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451416 Sduwldo H{dfw Iordwlqj Srlqw

Vljqhg h{dfw  rdwlqj srlqw lv sduwldoo| gh�qhg e| vhis dqg xqvljqhg h{dfw  rdwlqj
srlqw lv sduwldoo| gh�qhg e| xhis1 Wkhvh w|shv duh sduwldoo| gh�qhg lq wkh vhqvh
wkdw wkh| duh sduwldoo| hydoxdwhg zlwk dq h{suhvvlrq wuhh dv d frqwlqxdwlrq1 Vh0
txhqfhv ri gljlw pdwulfhv duh vwruhg frpsuhvvhg dv wzr qdwxudo qxpehuv dv gh�qhg
e| gljlwv1 Wkh frpsuhvvlrq whfkqltxh xvhg lv ghvfulehg lq vhfwlrq <141

vhis ==@ Vsrv xhis m Vlqi xhis m Vqhj xhis m V}hu xhis

xhis @@ +gljlwv/h{suhvvlrq,

gljlwv @@ +qxp/qxp,

4515 Whup Gh�qlwlrqv

451514 Edvlf Ixqfwlrqv

Khuh duh vrph edvlf ixqfwlrqv wkdw zh qhhg odwhu1

� Rqh ixqfwlrq1

rqh == - 0: qxp 0: -

rqh { 4 @ {

� Lghqwlw| pdwul{1

�[f=z�z& @ ++4/3,/+3/4,,

� Wudqvsrvh ri pdwul{ ru whqvru1

wudqv == ++-/-,/+-/-,, 0: ++-/-,/+-/-,,

wudqv ++d/e,/+f/g,, @ ++d/f,/+e/g,,

� Ghwhuplqdqw ri pdwul{1

ghwhuplqdqw == pdwul{ 0: qxp

ghwhuplqdqw ++d/e,/+f/g,, @ d-g0e-f

� Wdph lqyhuvh ri pdwul{ +vhh htxdwlrq +;17,,1

lqyhuvh == pdwul{ 0: pdwul{

lqyhuvh ++d/e,/+f/g,, @ ++g/0e,/+0f/d,,



45151 WHUP GHILQLWLRQV 4;6

451515 Elqdu| Vfdolqj Ixqfwlrqv

Rqo| uhvfdolqj ri yhfwruv/ pdwulfhv dqg whqvruv e| 5 lv qhfhvvdu| dv glvfxvvhg lq
vhfwlrq 441451

yvfdoh == yhfwru 0: yhfwru

yvfdoh +d/e, @ yvfdoh +d gly 5/e gly 5,/

d prg 5 @ 3 ) e prg 5 @ 3

@ +d/e,/ rwkhuzlvh

pvfdoh == pdwul{ 0: pdwul{

pvfdoh ++d/e,/+f/g,, @ pvfdoh

++d gly 5/e gly 5,/

+f gly 5/g gly 5,,/

d prg 5 @ 3 ) e prg 5 @ 3 )

f prg 5 @ 3 ) g prg 5 @ 3

@ ++d/e,/+f/g,,/ rwkhuzlvh

wvfdoh == whqvru 0: whqvru

wvfdoh +++d/e,/+f/g,,/

++h/i,/+j/k,,, @ wvfdoh

+++d gly 5/e gly 5,/

+f gly 5/g gly 5,,/

++h gly 5/i gly 5,/

+j gly 5/k gly 5,,,/

d prg 5 @ 3 ) e prg 5 @ 3 )

f prg 5 @ 3 ) g prg 5 @ 3 )

h prg 5 @ 3 ) i prg 5 @ 3 )

j prg 5 @ 3 ) k prg 5 @ 3

@ +++d/e,/+f/g,,/

++h/i,/+j/k,,,/

rwkhuzlvh

451516 H{dfw Iordwlqj Srlqw

� Vljq pdwulfhv iru wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq +vhh vhfwlrq <14,1

vsrv @ ++4/3,/+3/4,,

vlqi @ ++4/04,/+4/4,,

vqhj @ ++3/4,/+04/3,,

v}hu @ ++4/4,/+04/4,,
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lvsrv @ Pdw +lqyhuvh vsrv,

lvlqi @ Pdw +lqyhuvh vlqi,

lvqhj @ Pdw +lqyhuvh vqhj,

lv}hu @ Pdw +lqyhuvh v}hu,

� Gljlw pdwulfhv iru wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq +vhh vhfwlrq <14,1

[=f{ ' EE�c ��c Edc 0��
[1fe ' EE
c ��c E�c 
��
[PJp ' EE0c d�c E�c ���

�[=f{ ' }>z E�=�fepf [=f{�
�[1fe ' }>z E�=�fepf [1fe�
�[PJp ' }>z E�=�fepf [PJp�

451517 Edvlf Dulwkphwlf Rshudwlrqv

� Edvlf dulwkphwlf whqvruv +vhh htxdwlrqv +;1:,/ +;1;,/ +;1<, dqg +;143,,1

wdgg @ +++3/3,/+4/3,,/++4/3,/+3/4,,,

wvxe @ +++3/3,/+4/3,,/++04/3,/+3/4,,,

wpxo @ +++4/3,/+3/3,,/++3/3,/+3/4,,,

wgly @ +++3/3,/+4/3,,/++3/4,/+3/3,,,

� Uhflsurfdo ri vljqhg h{dfw  rdwlqj srlqw/ xqvljqhg h{dfw  rdwlqj srlqw dqg
h{suhvvlrq wuhh +vhh vhfwlrq 431415,1

vuhf == vhis 0: vhis

vuhf +Vsrv x, @ Vsrv +xuhf x,

vuhf +Vqhj x, @ Vqhj +xuhf x,

vuhf +V}hu x, @ Vlqi +xuhf x,

vuhf +Vlqi x, @ V}hu +xuhf x,

xuhf == xhis 0: xhis

xuhf ++q/f,/h, @ ++q/0f,/huhf h,

huhf == h{suhvvlrq 0: h{suhvvlrq

huhf h @ P ++3/4,/+4/3,, h

451518 Olqhdu Iudfwlrqdo Wudqvirupdwlrq Surgxfwv

� Pdwul{ surgxfwv +vhh ohppd 5<,1



45151 WHUP GHILQLWLRQV 4;8

pgrwy == pdwul{ 0: yhfwru 0: yhfwru

pgrwy ++d/e,/+f/g,, +h/i, @ +d-h.f-i/e-h.g-i,

pgrwp == pdwul{ 0: pdwul{ 0: pdwul{

pgrwp p +y/z, @ +pgrwy p y/pgrwy p z,

pgrww == pdwul{ 0: whqvru 0: whqvru

pgrww p +q/r, @ +pgrwp p q/pgrwp p r,

� Whqvru surgxfwv +vhh ohppd 63,1

wohiwy == whqvru 0: yhfwru 0: pdwul{

wohiwy w y @ wuljkwy +wudqv w, y

wohiwp == whqvru 0: pdwul{ 0: whqvru

wohiwp w p @ wudqv +wuljkwp +wudqv w, p,

wuljkwy == whqvru 0: yhfwru 0: pdwul{

wuljkwy +p/q, y @ +pgrwy p y/pgrwy q y,

wuljkwp == whqvru 0: pdwul{ 0: whqvru

wuljkwp +p/q, r @ +pgrwp p r/pgrwp q r,

� Jhqhudo grw surgxfw iru olqhdu iudfwlrqdo wudqvirupdwlrqv1 Qrwh wkdw iru
whqvruv/ grw 4 fruuhvsrqgv wr d ohiw surgxfw dqg grw 5 fruuhvsrqgv wr d
uljkw surgxfw1

grw == qxp 0: oiw 0: oiw 0: oiw

grw 4 +Pdw p, +Yhf y, @ Yhf +yvfdoh +pgrwy p y,,

grw 4 +Pdw p, +Pdw q, @ Pdw +pvfdoh +pgrwp p q,,

grw 4 +Pdw p, +Whq w l, @ Whq +wvfdoh +pgrww p w,, l

grw 4 +Whq w l, +Yhf y, @ Pdw +pvfdoh +wohiwy w y,,

grw 4 +Whq w l, +Pdw p, @ Whq w l/ p @ lghqwlw|

@ Whq +wvfdoh +wohiwp w p,,

+l.4,/ rwkhuzlvh

grw 5 +Whq w l, +Yhf y, @ Pdw +pvfdoh +wuljkwy w y,,

grw 5 +Whq w l, +Pdw p, @ Whq w l/ p @ lghqwlw|

@ Whq +wvfdoh +wuljkwp w p,,

+l.4,/ rwkhuzlvh

451519 W|sh Fdvw Ixqfwlrqv

� Frqyhuw d sduwldo vljqhg h{dfw  rdwlqj srlqw lqwr d pdwul{1

vwrp == vhis 0: pdwul{

vwrp +Vsrv x, @ pgrwp vsrv +gwrp +ivw x,,

vwrp +Vlqi x, @ pgrwp vlqi +gwrp +ivw x,,

vwrp +Vqhj x, @ pgrwp vqhj +gwrp +ivw x,,

vwrp +V}hu x, @ pgrwp v}hu +gwrp +ivw x,,
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� Frqyhuw d sduwldo xqvljqhg h{dfw  rdwlqj srlqw lqwr dq h{suhvvlrq wuhh1

xwrh == xhis 0: h{suhvvlrq

xwrh +g/h, @ P +gwrp g, h

� Frqyhuw frpsuhvvhg gljlw pdwulfhv lqwr d vlqjoh pdwul{ +vhh htxdwlrq +<15,,1

gwrp == gljlwv 0: pdwul{

gwrp +q/f, @ pvfdoh

++5aq.f.4/5aq0f04,/

+5aq.f04/5aq0f.4,,

45151: Wkh Uh�qhphqw Surshuw|

� Wkh vljq ixqfwlrq hqdeohv d vlpsoh lpsohphqwdwlrq ri d uh�qhphqw surshuw|
suhglfdwh +vhh htxdwlrq +;14,,1

vljq == yhfwru 0: qxp

vljq +d/e, @ 04/ d	3 ) e	@3
@ 3/ d	3 ) e:3
@ 04/ d@3 ) e	3
@ 3/ d@3 ) e@3

@ 4/ d@3 ) e:3
@ 3/ d:3 ) e	3
@ 4/ d:3 ) e:@3

� Yhfwru/ pdwul{ dqg whqvru uh�qhphqw surshuw| suhglfdwhv +vhh sursrvlwlrq
67,1

yuhilqh y � y 5 Yn

puhilqh p � p 5Pn

wuhilqh w � w 5 Wn



45151 WHUP GHILQLWLRQV 4;:

yuhilqh == yhfwru 0: erro

yuhilqh y @ vljq y �@ 3

puhilqh == pdwul{ 0: erro

puhilqh +y/z, @ d@e ) e�@3

zkhuh d @ vljq y

e @ vljq z

wuhilqh == whqvru 0: erro

wuhilqh ++y/z,/+{/|,, @ d@e ) e@f )
f@g ) g�@3

zkhuh d @ vljq y

e @ vljq z

f @ vljq {

g @ vljq |

� Jhqhudo uh�qhphqw surshuw| suhglfdwh iru olqhdu iudfwlrqdo wudqvirupdwlrqv1

uhilqh o � o 5 On

uhilqh == oiw 0: erro

uhilqh +Yhf y, @ yuhilqh y

uhilqh +Pdw p, @ puhilqh p

uhilqh +Whq w l, @ wuhilqh w

45151; Edvlf H{suhvvlrq Wuhh Ixqfwlrqv

� Qxpehu ri eudqfkhv hpdqdwlqj iurp d olqhdu iudfwlrqdo wudqvirupdwlrq li lw
zhuh lq dq h{suhvvlrq wuhh1

eudqfk == oiw 0: qxp

eudqfk +Yhf y, @ 3

eudqfk +Pdw p, @ 4

eudqfk +Whq w l, @ 5

� W|sh suhglfdwh iru yhfwruv/ pdwulfhv dqg whqvruv1

ylv == oiw 0: erro

ylv +Yhf y, @ Wuxh

ylv o @ Idovh

plv == oiw 0: erro

plv +Pdw p, @ Wuxh

plv o @ Idovh

wlv == oiw 0: erro

wlv +Whq w l, @ Wuxh

wlv o @ Idovh
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� Frqv wr h{suhvvlrq wuhh

frqv == oiw 0: +qxp 0: h{suhvvlrq, 0: h{suhvvlrq

frqv +Yhf y, i @ Y y

frqv +Pdw p, i @ P p +i 4,

frqv +Whq w l, i @ W w l +i 4, +i 5,

� Khdg ri h{suhvvlrq wuhh

khdg == h{suhvvlrq 0: oiw

khdg +Y y, @ Yhf y

khdg +P p h, @ Pdw p

khdg +W w l h i, @ Whq w l

� Wdlo ri h{suhvvlrq wuhh

wdlo == h{suhvvlrq 0: qxp 0: h{suhvvlrq

wdlo +P p h, 4 @ h

wdlo +W w l h i, 4 @ h

wdlo +W w l h i, 5 @ i

45151< Vtxduh Eudfnhw Dssolfdwlrq

Pdwul{ dssolfdwlrq dv gh�qhg lq vhfwlrq 431414 dqg whqvru dssolfdwlrq dv gh�qhg
lq vhfwlrq 431416 duh kdqgohg e| d vlqjoh jhqhulf ixqfwlrq1

dss +Pdw p, o � 2 do�o

dss +Whq w l, o � z do�co2o

dss == oiw 0: +qxp 0: h{suhvvlrq, 0: h{suhvvlrq

dss +Pdw p, j @ frqv

+grw 4 +Pdw p, +khdg +j 4,,,

+wdlo +j 4,,

dss +Whq w l, j @ frqv

+grw 4 +grw 5 +Whq w l,

+khdg +j 5,,, +khdg +j 4,,, k

zkhuh f @ eudqfk +khdg +j 4,,

k l @ wdlo +j 4, l/ l	@f
@ wdlo +j 5, +l0f,/

rwkhuzlvh

4515143 Whqvru Devruswlrq Vwudwhj|

� Wkh qdwxudo rughulqj rq wkh vshfldo edvh lqwhuydo dfc4o �



45151 WHUP GHILQLWLRQV 4;<

yohvvy == yhfwru 0: yhfwru 0: erro

yohvvy y z @ ghwhuplqdqw +y/z, 	 3

pohvvy == pdwul{ 0: yhfwru 0: erro

pohvvy +y/z, { @ yohvvy y { ) yohvvy z {

pohvvp == pdwul{ 0: pdwul{ 0: erro

pohvvp p +y/z, @ pohvvy p y ) pohvvy p z

� Glvmrlqw lqirupdwlrq rq wkh vshfldo edvh lqwhuydo dfc4o1

pglvmrlqwp == pdwul{ 0: pdwul{ 0: erro

pglvmrlqwp p q @ pohvvp p q q2 pohvvp q p

� D idlu vwudwhj| +vhh htxdwlrq +441<,,1

vwudwhj|i w l � VWUDWHJ\
i
Ezc l�

vwudwhj|i == whqvru 0: qxp 0: qxp

vwudwhj|i w l @ l prg 5 . 4

� Wkh lqirupdwlrq ryhuods vwudwhj| +vhh htxdwlrq +44143,,1

vwudwhj|r w l � VWUDWHJ\
r
Ezc l�

vwudwhj|r == whqvru0:qxp 0: qxp

vwudwhj|r w l @ vwudwhj|u w l/ wuhilqh w

@ vwudwhj|i w l/ rwkhuzlvh

vwudwhj|u == whqvru 0: qxp 0: qxp

vwudwhj|u w l @ 5/ pglvmrlqwp

+ivw +wudqv w,, +vqg +wudqv w,,

@ 4/ rwkhuzlvh

� Ghflvlrq ixqfwlrq +vhh htxdwlrq +44144,,1

ghflvlrq 4 +Pdw p, � {� E2c ��

ghflvlrq 4 +Whq w l, � {� Ezc ��

ghflvlrq 5 +Whq w l, � {0 Ezc ��

ghflvlrq == qxp 0: oiw 0: erro

ghflvlrq 4 +Pdw p, @ Wuxh

ghflvlrq 4 +Whq w l, @ vwudwhj|r w l @ 4

ghflvlrq 5 +Whq w l, @ vwudwhj|r w l @ 5
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4515144 Qrupdol}dwlrq Ixqfwlrqv

� Vljq hplvvlrq ixqfwlrq +vhh htxdwlrq +4414,,

vhp == h{suhvvlrq 0: qxp 0: vhis

vhp h l @ Vsrv +ghp +3/3, +dss lvsrv +rqh h,, l,/

uhilqh +grw 4 lvsrv o,

@ Vqhj +ghp +3/3, +dss lvqhj +rqh h,, l,/

uhilqh +grw 4 lvqhj o,

@ V}hu +ghp +3/3, +dss lv}hu +rqh h,, l,/

uhilqh +grw 4 lv}hu o,

@ Vlqi +ghp +3/3, +dss lvlqi +rqh h,, l,/

uhilqh +grw 4 lvlqi o,

@ vhp +dss o i, l/ rwkhuzlvh

zkhuh o @ khdg h

i g @ de o +wdlo h g,

+ghflvlrq g o,

� Gljlw hplvvlrq ixqfwlrq +vhh htxdwlrq +4415,,

ghp == gljlwv 0: h{suhvvlrq 0: qxp 0: xhis

ghp +l/f, h m @ ++l/f,/h,/ m@3 q2 ylv o

@ ghp +l.4/5-f04, +dss lgqhj +rqh h,,

+m04,/ uhilqh +grw 4 lgqhj o,

@ ghp +l.4/5-f.4, +dss lgsrv +rqh h,,

+m04,/ uhilqh +grw 4 lgsrv o,

@ ghp +l.4/5-f, +dss lg}hu +rqh h,,

@ +m04,/ uhilqh +grw 4 lg}hu o,

@ ghp +l/f, +dss o i, m/ rwkhuzlvh

@

zkhuh o @ khdg h

i g @ de o +wdlo h g,

+ghflvlrq g o,

� Devruswlrq ixqfwlrq +vhh htxdwlrq +44147,,

de == oiw 0: h{suhvvlrq 0: erro 0: h{suhvvlrq

de n h e @ xwrh ++3/3,/h,/ e @ Idovh

@ xwrh +ghp +3/3, h 4,/

wlv n ) wlv +khdg h,

@ h/ rwkhuzlvh



45151 WHUP GHILQLWLRQV 4<4

4515145 Ghflpdo Rxwsxw Ixqfwlrq

Wkh ixqfwlrq hvkrz wdnhv dq h{suhvvlrq wuhh/ h vd|/ dqg d qdwxudo qxpehu/ l vd|/
dv dujxphqwv dqg uhwxuqv d vwulqj fruuhvsrqglqj wr wkh ydoxh ri h lq ghflpdo
hydoxdwhg wr l h{dfw  rdwlqj srlqw gljlwv1 Lq rwkhu zrugv/ wkh h{suhvvlrq wuhh
lv hydoxdwhg dffruglqj wr wkh vwudljkwiruzdug uhgxfwlrq uxohv xqwlo lw kdv hplwwhg
d vljq pdwul{ iroorzhg e| l gljlw pdwlfhv1 Wkh sduwldoo| hydoxdwhg h{dfw  rdwlqj
srlqw qxpehu lv wkhq frqyhuwhg lqwr wkh ghflpdo uhsuhvhqwdwlrq wr dv pdq| ghflpdo
sodfhv dv duh ydolg1 Lq sduwlfxodu/ wkh odvw gljlw lv jxdudqwhhg wr eh qr pruh wkdq
4 rxw1 Iru lqvwdqfh

31647h4 � d����c ���Do

3153 � df��bc f�2�o

3h06 � d�f�ff�cf�ff�o �

hvkrz == h{suhvvlrq 0: qxp 0: ^fkdu`

hvkrz h l @ pvkrz +vwrp +vhp h l,,

pvkrz == pdwul{ 0: ^fkdu`

pvkrz p @ vkrz s/ g@3 ) t@4

@ +vkrz s, .. **2** .. +vkrz t,/

g@3 ) t�@4

@ vvkrz +vflhqwlilf p 3,/

g�@3

��fef [ ' [fzfe2�=>=z 2

EPc Z� ' �pQ>'f Eqpz 2�

vvkrz == ^qxp` 0: ^fkdu`

vvkrz ^` @ **xqerxqghg**

vvkrz +h = p, @ +vkrzv y, .. +vkrzp y, .. +vkrzh k,

zkhuh i @ +irogu j 3,1

uhyhuvh

j g f @ g.43-f

+k/o/y, @ qrupdol}h

+h/&p/i p,

qrupdol}h == +qxp/qxp/qxp, 0: +qxp/qxp/qxp,

qrupdol}h +h/o/y, @ qrupdol}h +h04/o04/y,/

o:3 ) +dev y,	43a+o04,
@ +h/o/y,/ rwkhuzlvh

vkrzv == qxp 0: ^fkdu`

vkrzv y @ **0**/ y	3
****/ y:@3
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vkrzp == qxp 0: ^fkdu`

vkrzp y @ **3**/ y@3

@ **31** .. vkrz +dev y,/ y�@3

vkrzh == qxp 0: ^fkdu`

vkrzh h **h** .. +vkrz h,

vflhqwlilf == pdwul{ 0: qxp 0: ^qxp`

vflhqwlilf p q @ ^`/ yuhilqh +pgrwy +lqyhuvh p, +4/3,,

@ q = +pdqwlvvd +0<, < p,/

puhilqh +pgrwp +lqyhuvh v}hu, p,

@ vflhqwlilf +pgrwp ++4/3,/+3/43,, p,

+q.4,/ rwkhuzlvh

pdqwlvvd == qxp 0: qxp 0: pdwul{ 0: ^qxp`

pdqwlvvd l q p @ l = pdqwlvvd +0<, < +h l,/ f l

@ pdqwlvvd +l.4, q p/ l	q
@ ^`/ rwkhuzlvh

zkhuh f m @ puhilqh +pgrwp

+lqyhuvh +g m,, p,

g m @ ++m.4/43,/+m04/43,,

h m @ pgrwp

++43/3,/+0m/4,, p

4515146 Hohphqwdu| ixqfwlrqv

� Frqyhqlhqw lwhudwruv iru exloglqj h{suhvvlrq wuhhv +vhh htxdwlrq +4317,,1

hlwhudwh == +qxp 0: pdwul{, 0: qxp 0:
h{suhvvlrq

hlwhudwh l q @ P +l q, +hlwhudwh l +q.4,,

hlwhudwh{ == +qxp 0: whqvru, 0: qxp 0:
h{suhvvlrq 0: h{suhvvlrq

hlwhudwh{ l q { @ W +l q, 3 { +hlwhudwh{ l +q.4, {,

� Vtxduh urrw +vhh vhfwlrq 431514,1

;Pc t 5 Q � hvtuwudw s t �
u

P

t

;{ 5 dfc4o � hvtuwvsrv { � s
{
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hvtuwudw == qxp 0: qxp 0: h{suhvvlrq

hvtuwudw s t @ urooryhu s t +s0t,

urooryhu == qxp 0: qxp 0: qxp 0: h{suhvvlrq

urooryhu d e f @ P gqhj +urooryhu +7-d, g f,/ g :@ 3

@ P gsrv +urooryhu +0g, +7-e, f,/

rwkhuzlvh

zkhuh g @ 5-+e0d,.f

hvtuwvsrv == h{suhvvlrq 0: h{suhvvlrq

hvtuwvsrv @ hlwhudwh{ lwhuvtuwvsrv 3

lwhuvtuwvsrv == qxp 0: whqvru

lwhuvtuwvsrv q @ +++4/3,/+5/4,,/++4/5,/+3/4,,,

� Orjdulwkp +vhh vhfwlrq 431515,1

;{ 5 dfc4o � horjvsrv { � ORJ E7n E{��

Uhfdoo wkdw
7n E%� ' %�

horjvsrv == h{suhvvlrq 0: h{suhvvlrq

horjvsrv @ hlwhudwh{ lwhuorjvsrv 3

lwhuorjvsrv == qxp 0: whqvru

lwhuorjvsrv 3 @ +++4/3,/+4/4,,/++04/4,/+04/3,,,

lwhuorjvsrv q @ +++q/3,/+5-q.4/q.4,,/

++q.4/5-q.4,/+3/q,,,

� H{srqhqwldo +vhh vhfwlrq 431516,1

hh � e

;{ 5 dfc4o � hh{sv}hu { � H[S E7f E{��

Uhfdoo wkdw

7f E%� '
%� �

%n �
�

hh == h{suhvvlrq

hh @ hlwhudwh lwhuh 3

lwhuh == qxp 0: pdwul{

lwhuh q @ ++5-q.5/5-q.4,/+5-q.4/5-q,,

hh{sv}hu == h{suhvvlrq 0: h{suhvvlrq

hh{sv}hu @ hlwhudwh{ lwhuh{sv}hu 3

lwhuh{sv}hu == qxp 0: whqvru

lwhuh{sv}hu q @ +++5-q.5/5-q.4,/+5-q.4/5-q,,/

++5-q/5-q.4,/+5-q.4/5-q.5,,,
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� Sl +vhh vhfwlrq 431517,1
hsl � Z

hsl == h{suhvvlrq

hsl @ W wgly 3 +hvtuwudw 43338 4, hrphjd

hrphjd == h{suhvvlrq

hrphjd @ hlwhudwh lwhurphjd 3

lwhurphjd == qxp 0: pdwul{

lwhurphjd 3 @ ++9:<8:38/546773,/+9:<8:37/546773,,

lwhurphjd q @ ++h0g0f/h.g.f,/+h.g0f/h0g.f,,

zkhuh e @ +5-q04,-+9-q08,-+9-q04,

f @ e-+878473467-q.468<473<,

g @ e-+q.4,

h @ 43<6<38;;93365333-qa7

� Wdqjhqw +vhh vhfwlrq 431518,1

;{ 5 dfc4o � hwdqv}hu { � WDQ E7f E{��

hwdqv}hu == h{suhvvlrq 0: h{suhvvlrq

hwdqv}hu @ hlwhudwh{ lwhuwdqv}hu 3

lwhuwdqv}hu == qxp 0: whqvru

lwhuwdqv}hu 3 @ +++4/5,/+4/3,,/++04/3,/+04/5,,,

lwhuwdqv}hu q @ +++5-q.4/5-q.6,/+5-q04/5-q.4,,/

++5-q.4/5-q04,/+5-q.6/5-q.4,,,

� Lqyhuvh wdqjhqw +vhh vhfwlrq 431519,1

;{ 5 dfc4o � hdufwdqv}hu { � DUFWDQ E7f E{��

hdufwdqv}hu == h{suhvvlrq 0: h{suhvvlrq

hdufwdqv}hu @ hlwhudwh{ lwhudufwdqv}hu 3

lwhudufwdqv}hu == qxp 0: whqvru

lwhudufwdqv}hu 3 @ +++4/5,/+4/3,,/++04/3,/+04/5,,,

lwhudufwdqv}hu q @ +++5-q.4/q.4,/+q/3,,/

++3/q,/+q.4/5-q.4,,,



������ ��
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Lq wklv fkdswhu/ iroorzlqj wkh zrun ri Gl Jldqdqwrqlr ^43` dqg Hvfdugö ^56`/ zh
lqfrusrudwh wkh uhsuhvhqwdwlrq ri wkh h{whqghg uhdo qxpehuv edvhg rq wkh frp0
srvlwlrq ri olqhdu iudfwlrqdo wudqvirupdwlrqv zlwk lqwhjhu frh!flhqwv lqwr wkh Sur0
judpplqj odqjxdjh iru Frpsxwdeoh Ixqfwlrqv +SFI, ^88/ 5<`1 Zh suhvhqw prghov
iru wkh h{whqghg odqjxdjh dqg vkrz wkdw wkh| duh frpsxwdwlrqdoo| dghtxdwh zlwk
uhvshfw wr wkh rshudwlrqdo vhpdqwlfv1

Qrwh wkdw wkh surriv iru wkh qxphurxv ohppdv dqg sursrvlwlrqv lq wklv fkdswhu
duh orfdwhg lq dsshqgl{ D iru fodulw|1

4614 SFI

Wkh Surjudpplqj Odqjxdjh iru Frpsxwdeoh Ixqfwlrqv +SFI, ghylvhg e| Sorwnlq
^88` dqg ghvfulehg e| Jxqwhu ^5<` lqfoxghv wkh whupv ri wkh vlpso|0w|shg b0fdofxoxv1
Wkh frqwh{w0iuhh judppdu iru SFI lv jlyhq lq EQI e|

% 5 YDULDEOH

| GG' QXP m ERRO m |$ |

� GG' % m f m WUXH m IDOVH m
VXFF E� � m SUHG E� � m ]HUR E� � m
LI � WKHQ� HOVH� m
b% � � m�� m>% � �

zkhuh YDULDEOH lv wkh sulplwlyh v|qwd{ fodvv ri yduldeohv1 Wkh h{suhvvlrqv lq wkh
v|qwd{ fodvv ryhu zklfk | udqjhv duh fdoohg w|shv/ dqg wkrvh ryhu zklfk � udqjhv
duh fdoohg whup wuhhv1 Wkh w|shv QXP dqg ERRO duh fdoohg wkh jurxqg w|shv iru wkh
qdwxudo qxpehuv Q dqg wkh errohdqv E ' iWUXHc IDOVHj1 Wkh uhpdlqlqj w|shv duh
fdoohg wkh kljkhu w|shv1

4<8
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Whup wuhhv ri wkh irup b%�� duh fdoohg devwudfwlrqv/ dqg wkrvh ri wkh irup
�� duh fdoohg dssolfdwlrqv1 Wkh rwkhu frqvwuxfwv ri SFI lqfoxgh wkh vxffhv0
vru � vxffE� �/ suhghfhvvru � suhgE� �/ whvw iru }hur � }hurE� �/ frqglwlrqdo �
li� wkhq� hovh� dqg uhfxuvlrq � >%�� 1 Wkh htxlydohqfh fodvv ri whup wuhhv prg0
xor uhqdplqj ri erxqg yduldeohv duh fdoohg mxvw whupv dqg zh uhihu wr forvhg whupv
ri jurxqg w|sh dv surjudpv1 Zh zloo xvh wkh qrwdwlrq d'*%o� iru vxevwlwxwlrq
wr lqglfdwh wkh uhvxow ri uhsodflqj doo iuhh rffxuuhqfhv ri wkh yduldeoh % lq � e|
'/ pdnlqj wkh dssursuldwh fkdqjhv lq wkh erxqg yduldeohv ri � vr wkdw qr iuhh
yduldeohv lq ' ehfrph erxqg1

Wkhuh duh wzr v|vwhpv ri uxohv ghvfulelqj SFI1 Wkh �uvw ri wkhvh ghwhuplqhv
zklfk ri wkh whupv ghvfulehg e| wkh v|qwd{ deryh duh wr eh frqvlghuhg zhoo0w|shg1
Wkhvh duh wkh whupv wr zklfk zh zloo dvvljq d phdqlqj lq rxu vhpdqwlf prgho1
Wkh vhfrqg vhw ri uxohv irup wkh rshudwlrqdo vhpdqwlfv iru hydoxdwlrq1

461414 W|slqj Uxohv

D w|sh dvvljqphqw lv d olvw M ' %� G |�c %2 G |2c � � � c %? G |? ri sdluv ri yduldeohv dqg
w|shv vxfk wkdw wkh yduldeohv duh glvwlqfw1 D w|slqj mxgjhphqw lv d wulsoh/ ghqrwhg
M c � G |/ frqvlvwlqj ri d w|sh dvvljqphqw M/ d whup � dqg d w|sh | vxfk wkdw
doo wkh iuhh yduldeohv ri � dsshdu lq wkh olvw M1 Zh uhdg wklv wulsoh dv �jlyhq
wkh dvvljqphqw M/ wkh whup � kdv w|sh |�1 Lw lv gh�qhg wr eh wkh ohdvw uhodwlrq
vdwlvi|lqj wkh zhoo nqrzq w|slqj uxohv ^5<`

Cc% G |cM c % G |

M c fGQXP

M c WUXHGERRO

M c IDOVHGERRO
M c � G QXP

M c VXFF E� � G QXP

M c � G QXP

M c SUHG E� � G QXP

M c � G QXP

M c ]HUR E� � G ERRO

M c � G ERRO M c ' G | M c - G |

M c LI � WKHQ' HOVH- G |
Mc % G r c � G |

M c b% �� G r$ |
M c � G r$ | M c ' G r

M c �' G |



46141 SFI 4<:

Mc% G | c � G |

M c >% �� G |
�

461415 Rshudwlrqdo Vhpdqwlfv

Wkh vwudwhj| iru hydoxdwlqj d whup lv fdoohg dq rshudwlrqdo vhpdqwlfv iru wkh odq0
jxdjh1 Rqh dssurdfk wr ghvfulelqj vxfk d vhpdqwlfv lv wr lqglfdwh krz d whup �
hydoxdwhv wr dqrwkhu whup ' e| gh�qlqj d uhodwlrq � $ ' ehwzhhq whupv xvlqj d
vhw ri rqh0vwhs uhgxfwlrq uxohv1 Ohw wkh v|perov � / '/ - dqg 7 lqglfdwhv duelwudu|
whupv dqg ohw d whuplqdo ydoxh/ lqglfdwhg xvlqj wkh v|perov f dqg t / eh d whup
jhqhudwhg e|

f ' f m WUXH m IDOVH m VXFF Ef� mb% � � �

Wkh rqh0vwhs uhgxfwlrq uhodwlrq$ lv gh�qhg wr eh wkh ohdvw uhodwlrq vdwlvi|lqj wkh
rqh0vwhs uhgxfwlrq uxohv iru fdoo0e|0qdph hydoxdwlrq ri SFI jlyhq e|

� $ '

VXFF E� �$ VXFF E'�
+4614,

SUHG Ef�$ f +4615,

SUHG EVXFF Ef��$ f +4616,
� $ '

SUHG E� �$ SUHG E'�
+4617,

]HUR Ef�$ WUXH +4618,

]HUR EVXFF Ef��$ IDOVH +4619,
� $ '

]HUR E� �$ ]HUR E'�
+461:,

LI WUXH WKHQ� HOVH'$ � +461;,

LI IDOVH WKHQ� HOVH'$ ' +461<,
� $ 7

LI � WKHQ' HOVH-$ LI 7 WKHQ' HOVH-
+46143,

Eb% � � �'$ d'*%o� +46144,
� $ -

�'$ -'
+46145,

>% � � $ d>% � �*%o�� +46146,

Wkh uhgxfwlrq uhodwlrq$W lv gh�qhg dv wkh uh h{lyh/ wudqvlwlyh forvxuh ri wkh rqh0
vwhs uhgxfwlrq uhodwlrq1 Zh vd| wkdw d whup � hydoxdwhv wr d whup ' zkhqhyhu
� $W '1 Qrwh wkdw wkh rqh0vwhs uhgxfwlrq uhodwlrq lv ghwhuplqlvwlf1
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461416 Ghqrwdwlrqdo Vhpdqwlfv

Zh zloo xvh wkh vhpdqwlf eudfnhwv dd oo wr glvwlqjxlvk ehwzhhq whupv lq wkh odqjxdjh
dqg h{suhvvlrqv lq wkh prgho1 Lq wkh vwdqgdug prgho iru SFI/ wkh qxpehu w|sh
QXP lv lqwhusuhwhg dv wkh  dw gfsr ri qdwxudo qxpehuv 0 ddQXPoo ' Qz ' Q^ iBj/
wkh errohdq w|sh ERRO lv lqwhusuhwhg dv wkh  dw gfsr ri errohdqv 0 ddERROoo ' Ez '
iWUXHc IDOVHcBj dqg wkh ixqfwlrq w|sh r$ | lv lqwhusuhwhg dv wkh gfsr ri frqwlqxrxv
ixqfwlrqv iurp ddroo wr dd|oo 0 ddr$ |oo ' dddroo$ dd|ooo1

ddQXPoo ' Qz
ddERROoo ' Ez

ddr$ |oo ' dddroo$ dd|ooo

Zkloh d w|sh dvvljqphqw dvvrfldwhv w|shv zlwk yduldeohv/ dq hqylurqphqw dvvr0
fldwhv ydoxhv wr yduldeohv1 Li M lv d w|sh dvvljqphqw/ wkhq dq M0hqylurqphqw lv d
ixqfwlrq 4 rq yduldeohv wkdw pdsv hdfk % G | 5 M wr d ydoxh 4E%� 5 dd|oo1

Ohw xv xvh wkh qrwdwlrq ddM 
� G |oo iru wkh lqwhusuhwdwlrq ri whup � uhodwlyh wr
w|sh dvvljqphqwM dqg w|sh |1 Wkxv ddM
� G |oo lv d ixqfwlrq iurpM0hqylurqphqwv
wr dd|oo gh�qhg e| lqgxfwlrq rq wkh w|sh ghulydwlrq ri M c � G |1 Iru frqyhqlhqfh/
zh zloo vrphwlphv deeuhyldwh ddM 
 � G |oo4 wr mxvw dd� oo1

ddM 
 % G |oo4 ' 4 E%�

ddM 
 f G QXPoo4 ' f

ddM 
 WUXH G ERROoo4 ' WUXH

ddM 
 IDOVH G ERROoo4 ' IDOVH

ddM 
 VXFF E� � G QXPoo4 '

�
ddM 
 � G QXPoo4n � li ddM 
 � G qxpoo4 9' B
B li ddM 
 � G qxpoo4 ' B

ddM 
 SUHG E� � G QXPoo4 '

;?= f li ddM 
 � G qxpoo4 ' f
ddM 
 � G QXPoo4� � li ddM 
 � G qxpoo4 : f
B li ddM 
 � G qxpoo4 ' B

ddM 
 ]HUR E� � G ERROoo4 '

;?= WUXH li ddM 
 � G qxpoo4 ' f
IDOVH li ddM 
 � G qxpoo4 : f
B li ddM 
 � G qxpoo4 ' B

ddM 
 LI � WKHQ' HOVH- G |oo4 '

;?= ddM 
' G |oo4 li ddM 
 � G errooo4 ' WUXH

ddM 
- G |oo4 li ddM 
 � G errooo4 ' IDOVH

B li ddM 
 � G errooo4 ' B
ddM 
 b% � � G r$ |oo4 ' _ :$ ddMc% G r
 � G |oo4 d% :$ _o

ddM 
 �' G |oo4 ' EddM 
 � G r$ |oo4� EddM 
' G roo4�

ddM 
 >% � � G |oo4 ' o[ E_ :$ ddMc% G |
 � G |oo4 d% :$ _o�
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461417 Frpsxwdwlrqdo Dghtxdf|

Frpsxwdwlrqdo dghtxdf| lv d surshuw| ri d jlyhq ghqrwdwlrqdo vhpdqwlfv ri d sur0
judpplqj odqjxdjh zlwk uhvshfw wr lwv rshudwlrqdo vhpdqwlfv1 Urxjko| vshdnlqj/
lw vd|v wkdw wkh wzr frlqflgh lq wkh vhqvh wkdw dq|wklqj wkdw fdq eh ghulyhg iurp
wkh rshudwlrqdo vhpdqwlfv fdq eh ghulyhg iurp wkh ghqrwdwlrqdo vhpdqwlfv dqg
ylvd yhuvd1 Frpsxwdwlrqdo dghtxdf| fdq eh ghgxfhg iurp wkh frpelqdwlrq ri wzr
rwkhu surshuwlhv> qdpho| vrxqgqhvv dqg frpsohwhqhvv1

Sursrvlwlrq 97 +Vrxqgqhvv, Li � lv d surjudp dqg � $W f wkhq dd� oo ' ddfoo1

Wkhruhp 98 +Frpsohwhqhvv, Li � lv d surjudp dqg dd� oo ' ddfoo wkhq � $W f1

Lw lv zhoo nqrzq wkdw wkh vwdqgdug prgho iru SFI lv frpsxwdwlrqdoo| dgh0
txdwh1 Lq rughu wr hvwdeolvk frpsohwhqhvv/ lw lv xvxdo wr frqvlghu Sorwnlq*v qrwlrq
ri frpsxwdelolw| ^8:` dqg vkrz wkdw hyhu| whup lv frpsxwdeoh1

Gh�qlwlrq 99 Wkh frpsxwdeoh whupv ri SFI irup wkh ohdvw vhw ri whupv vxfk
wkdw

� Li � G | lv d surjudp wkhq � lv frpsxwdeoh zkhqhyhu dd� oo ' ddfoo lpsolhv
� $W f1

� Li c � G r $ | wkhq � lv frpsxwdeoh zkhqhyhu �' lv frpsxwdeoh iru hyhu|
forvhg frpsxwdeoh whup ' ri w|sh r1

� Li %� G |�c %2 G |2c � � � c %? G |? c � G | wkhq � lv frpsxwdeoh zkhqhyhu

d��c �2c � � � c �?*%�c %2c � � � c %?o�

lv frpsxwdeoh iru doo forvhg frpsxwdeoh whupv �� vxfk wkdw c �� G |�1

Ohppd 9: Hyhu| SFI whup � lv frpsxwdeoh1

4615 Odqjxdjh iru Srvlwlyh Uhdov

Wkh Odqjxdjh iru Srvlwlyh Uhdov +OSU, ^96` lqfoxghv wkh v|qwd{ dqg frqyhqwlrqv
ri SFI dv ghvfulehg lq vhfwlrq 46141 Wkh frqwh{w0iuhh judppdu iru OSU lv jlyhq
lq EQI e|

% 5 YDULDEOH

| GG' QXP
�� ERRO �� UHDOn m |� | m |$ |

� GG' % m f m WUXH m IDOVH m
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VXFF E� � m SUHG E� � m ]HUR E� � m
LI � WKHQ� HOVH� m
b% � � m�� m >% � � m
E�c� � m IVW E� � m VQG E� � m
k� l �

Wkh qhz jurxqg w|sh UHDOn uhsuhvhqwv wkh vhw L�Un ri forvhg lqwhuydov lq Un1 Wkh
w|shv jhqhudwhg e|

| ' QXP
�� ERRO �� UHDOn m |� | +46147,

duh fdoohg wkh jurxqg w|shv1 Wkh qhz frqvwuxfwv duh sdlulqj � E�c'�/ �uvw surmhf0
wlrq � IVW E� �/ vhfrqg surmhfwlrq � VQG E� � dqg wudqvirupdwlrq � k� l1 Iru frqyh0
qlhqfh/

YHFWRUn ghqrwhv QXP� QXP/
PDWUL[n ghqrwhv YHFWRUn � YHFWRUn dqg
WHQVRUn ghqrwhv PDWUL[n �PDWUL[n1

Iru h{dpsoh/ wkh uhdo qxpehu �
e
pd| eh h{suhvvhg dv

�
e
� kE�c e�l
�

�
�
e

 
dqg wkh uhdo qxpehu

s
2 pd| eh h{suhvvhg dv
s
2 ' >% � kEE�c�� c E2c ���l %
� >% �

�
� 2
� �

 
%

dqg � n 2 pd| eh h{suhvvhg dv

� n 2 � kEEEfc f� c E�c f�� c EE�cf� c Efc ����l EkE�c ��l c kE2c ��l�
�

�
f � � f
f f f �

 ��
�
�

 
c

�
2
�

 �
�

461514 W|slqj Uxohv

Wkh w|slqj mxgjhphqw M c � G | iru OSU lv wkh ohdvw uhodwlrq vdwlvi|lqj wkh w|slqj
uxohv iru SFI dv olvwhg lq vhfwlrq 461414 wrjhwkhu zlwk

M c � G r M c ' G |

M c E�c'� G r� |
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M c � G r� |

M c IVW E� � G r

M c � G r� |

M c VQG E� � G |

M c T GYHFWRUn

M c kT l GUHDOn
M c� GPDWUL[n

M c k� l GUHDOn $ UHDOn

M c A GWHQVRUn

M c kA l GUHDOn � UHDOn $ UHDOn
�

461515 Rshudwlrqdo Vhpdqwlfv

Ohw d whuplqdo ydoxh eh d whup wkdw fdqqrw eh uhgxfhg wr dqrwkhu whup1 Ohw wkh
v|perov

� /'c-c 7 lqglfdwh duelwudu| whupv/
fct lqglfdwh whuplqdo ydoxhv/
Tc` lqglfdwh whuplqdo ydoxhv ri w|sh YHFWRUnc
T nc`n lqglfdwh whuplqdo ydoxhv ri w|sh YHFWRUn h{foxglqj Efc f� c
�c�c� lqglfdwh ETc` � c
�nc �nc �n lqglfdwh ET nc`n� c
Ac L lqglfdwh E�c�� c
Anc Ln lqglfdwh E�nc �n�

dqg wkh jhqhudwhg whup

� lqglfdwhv kT nl m k�nl�

dqg

u� lqglfdwhv qrw u zkhuh u 5 ifctc Tc`c�c�c�c Ac Lc�j c
u3 lqglfdwhv Eun�� zkhuh u 5 iTc`c�c�c�c Ac Lj �

Iru h{dpsoh/ T � lqglfdwhv dq| whup wkdw lv qrw d whuplqdo ydoxh ri w|sh YHFWRUn

dqg T 3 lqglfdwhv Efc f� ru qrw d whuplqdo ydoxh ri w|sh YHFWRUn1
Wkh rqh0vwhs uhgxfwlrq uhodwlrq $ iru OSU lv gh�qhg dv wkh ohdvw uhodwlrq

vdwlvi|lqj wkh rqh0vwhs uhgxfwlrq uxohv iru SFI dv olvwhg lq vhfwlrq 461415 wrjhwkhu
zlwk wkh surgxfw uxohv

� $ -

E�c'�$ E-c'�
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'$ 7

E�c'�$ E�c 7�

IVW E�c'�$ �

VQG E�c'�$ '

� $ '

IVW E� �$ IVW E'�

� $ '

VQG E� �$ VQG E'�
c

wkh wudqvirupdwlrq uxoh
� $ '

k� l $ k'l c

wkh pdwul{ uxohv

k�l T n
� $ 

� � T n
�

k�l ��n
�
�
� $ 

� ��n
�
�

� $ '

k� l� $ k� l'
dqg wkh whqvru uxohv 

An
�
� $

G�
An
�khdgH�G�

An
�wdloH

�
�

kA l �T n
�
c'
� $ 

A �� T n
�
'

kA l ��c T n
�� $ 

A �2 T n
�
�

kA l ��n
�
�c'

� $ 
A ���n

�
E�c'�

kA l ��c �n
�
'
� $ 

A �2�n
�
E�c'�

� $ '

kA l� $ kA l'�

Wkh surgxfw uxohv duh qrq0ghwhuplqlvwlf1 Wkh wudqvirupdwlrq uxoh wrjhwkhu zlwk
htxdwlrq +46145, hqvxuhv wkdw wkh sdudphwhu lq d wudqvirupdwlrq frqvwuxfw lv frp0
sohwho| hydoxdwhg ehiruh dq| pdwul{ ru whqvru uxoh fdq eh dssolhg1 Wkh pdwul{ uxohv
doorz lqirupdwlrq wr eh devruehg lqwr d pdwul{1 Wkh whqvru uxohv doorz lqirupdwlrq
wr eh hplwwhg iurp dqg devruehg lqwr d whqvru1



46151 ODQJXDJH IRU SRVLWLYH UHDOV 536

461516 Ghqrwdwlrqdo Vhpdqwlfv

Ohw xv h{whqg wkh vwdqgdug prgho iru SFI dv ghvfulehg lq vhfwlrq 4614161 Wkh
uhdo w|sh UHDOn pd| eh lqwhusuhwhg dv wkh frqwlqxrxv uhdo grpdlq F EUn� ru wkh
dojheudlf uhdo grpdlq D ETn�1 Wkh surgxfw w|sh r � | zloo eh lqwhusuhwhg dv wkh
oliwhg surgxfw ri gfsrv 0 Eddroo� dd|oo�z1

ddUHDOnoo ' F
�
Un
�

ddr� |oo ' Eddroo� dd|oo�z

Wkh lqwhusuhwdwlrq ri wkh qhz frqvwuxfwv E�c� �/ ivwE� �/ vqgE� � dqg k� l duh jlyhq
e|

ddE�c'�oo ' XS Edd� ooc dd'oo�

ddIVW E� �oo ' IVW EGRZQ Edd� oo��

ddVQG E� �oo ' VQG EGRZQ Edd� oo��

ddkT loo '

�
dfc4o li ddT oo ' B
iddT ooj rwkhuzlvh

ddk�loo Ef� '

�
dfc4o li <% 5 f � dd� oo E%� ' B
dd� oo Ef� rwkhuzlvh

ddkA loo Efct � '

�
dfc4o li <% 5 f � <+ 5 t � ddA oo E%c +� ' B
ddA oo Efct � rwkhuzlvh1

Qrwh wkdw

dd

T n
�
oo ' LQIR

�
T n
�

dd

�n

�
oo Edfc4o� ' LQIR

�
�n

�
dd

An
�
oo Edfc4o c dfc4o� ' LQIR

�
An
�

dqg

dd

T 3�oo ' dfc4o 9' U" ' LQIR

�
T 3�

dd

�3�oo Edfc4o� ' dfc4o 9' U" ' LQIR

�
�3�

dd

A3�oo Edfc4o c dfc4o� ' dfc4o 9' U" ' LQIR

�
A3
�
�

461517 Frpsxwdwlrqdo Dghtxdf|

OSU lv d qrq0ghwhuplqlvwlf h{whqvlrq ri SFI zlwk phdqlqjixo surjudpv wkdw
qhyhu whuplqdwh1 Krzhyhu/ Sorwnlq*v qrwlrq ri frpsxwdelolw| dvvxphv wkdw qrq0
whuplqdwlqj surjudpv duh phdqlqjohvv1 Hvfdugö ^56` flufxpyhqwhg wklv sureohp
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e| jhqhudol}lqj Sorwnlq*v qrwlrq ri frpsxwdelolw| e| frqvlghulqj d surjudp � wr
eh frpsxwdeoh zkhqhyhu

dd� oo y HYDO E� �

zkhuh
HYDO E� � '

J
iYDOXH E'�m� $W 'j

dqg

YDOXH E� � '

;AA?AA=
? li � ' VXFF? Ef�
WUXH li � ' WUXH

IDOVH li � ' IDOVH

B rwkhuzlvh1

Wkh hydoxdwlrq ixqfwlrq HYDO lv zhoo gh�qhg surylghg wkdw wkh rqh0vwhs uhgxfwlrq
uhodwlrq $ lv vrxqg

� $ '

YDOXH E� � y YDOXH E'�

dqg zhdno| Fkxufk0Urvvhu

� $ ' � $ -

<7 �'$W 7 -$W 7
�

Iru SFI/ wkh rqh0vwhs uhgxfwlrq uhodwlrq lv vrxqg ehfdxvh rqo| whuplqdo ydoxhv
kdyh qrq0erwwrp ydoxhv dqg wkh rqh0vwhs uhgxfwlrq uhodwlrq lv zhdno| Fkxufk0
Urvvhu ehfdxvh wkh uhgxfwlrq uxohv duh ghwhuplqlvwlf1

Gh�qlwlrq 9; Wkh frpsxwdeoh whupv ri OSU irup wkh ohdvw vhw ri whupv vxfk
wkdw

� Li � G | lv d surjudp wkhq � lv frpsxwdeoh zkhqhyhu dd� oo y HYDO E� �1

� Li c � G r $ | wkhq � lv frpsxwdeoh zkhqhyhu �' lv frpsxwdeoh iru hyhu|
forvhg frpsxwdeoh whup ' ri w|sh r1

� Li %� G |�c %2 G |2c � � � c %? G |? c � G | wkhq � lv frpsxwdeoh zkhqhyhu

d��c �2c � � � c �?*%�c %2c � � � c %?o�

lv frpsxwdeoh iru doo forvhg frpsxwdeoh whupv �� vxfk wkdw c �� G |�1

Ohppd 9< Li � lv d SFI surjudp wkhq dd� oo y HYDO E� � l� dd� oo ' ddfoo lpsolhv
� $W f1
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Iru OSU/ wkh ydoxh ixqfwlrq YDOXH lv h{whqghg wr

YDOXH E� � '

;AAAAAAAA?AAAAAAAA=

? li � ' VXFF? Ef�
WUXH li � ' WUXH

IDOVH li � ' IDOVH

LQIR ET n� li � ' kT nl
LQIR E�n� li � ' k�nl-
EYDOXH E-� c YDOXH E7�� li � ' E-c7�
B rwkhuzlvh1

Ohppd :3 Wkh rqh0vwhs uhgxfwlrq uhodwlrq iru OSU lv vrxqg

� $ '

YDOXH E� � y YDOXH E'�
�

Ohppd :4 Wkh rqh0vwhs uhgxfwlrq uhodwlrq iru OSU lv zhdno| Fkxufk0Urvvhu

� $ ' � $ -

<7 �'$W 7 -$W 7
�

Wkh odvw wzr ohppdv hqvxuh wkdw wkh hydoxdwlrq ixqfwlrq HYDO lv zhoo gh�qhg1
Lq rughu wr hvwdeolvk vrxqgqhvv/ qdpho|

HYDO E� � y dd� ooc

wkh iroorzlqj wzr ohppdv duh uhtxluhg1

Ohppd :5 Li � lv dq OSU surjudp wkhq � $ ' lpsolhv dd� oo ' dd'oo1

Ohppd :6 Li � lv dq OSU surjudp wkhq YDOXH E� � y dd� oo1

Sursrvlwlrq :7 +Vrxqgqhvv, Li � lv dq OSU surjudp wkhq HYDO E� � y dd� oo1

Lq rughu wr hvwdeolvk frpsohwhqhvv ri OSU/ qdpho|

dd� oo y HYDO E� � c

wkh iroorzlqj wzr ohppdv duh uhtxluhg1

Ohppd :8 Dq OSU surjudp � lv frpsxwdeoh l�

;@� dd� oo � <' G � $W ' � @ y YDOXH E'� �
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Ohppd :9 Iru dq| forvhg OSU whup � G r$ |/ zkhuh r dqg | duh jurxqg w|shv/
li dd� oo lv frqwlqxrxv dqg

;- G '$W - � <7 G �'$W 7 � dd� oo EYDOXH E-�� y YDOXH E7�

iru hyhu| forvhg frpsxwdeoh whup ' G r wkhq � G r$ | lv frpsxwdeoh1

Vr/ zh qhhg wr suryh wkdw hyhu| OSU whup lv frpsxwdeoh/ hvwdeolvklqj wkhruhp
446 ehorz/ e| h{whqglqj wkh lqgxfwlyh surri ri Sorwnlq ^89` zlwk wkh iroorzlqj
ohppdv1

Ohppd :: Wkh sdlulqj frqvwuxfw lv frpsxwdeoh1

Ohppd :; Wkh surmhfwlrq frqvwuxfwv duh frpsxwdeoh1

Ohppd :<

;' G � $W ' � <- G k� l� $W - � ddk� loo EYDOXH E'�� ' YDOXH E-� �

Ohppd ;3

;' G � $W ' � <- G kA l� $W - � ddkA loo EYDOXH E'�� ' YDOXH E-� �

Ohppd ;4 Wkh wudqvirupdwlrq frqvwuxfw lv frpsxwdeoh1

Ohppd ;5 Hyhu| whup � ri OSU lv frpsxwdeoh1

Wkhruhp ;6 +Frpsohwhqhvv, Li � lv d surjudp wkhq

dd� oo y HYDO E� � �

Wkh vrxqgqhvv dqg frpsohwhqhvv surshuwlhv duh wrjhwkhu fdoohg wkh frpsxwd0
wlrqdo dghtxdf| surshuw|1 Zh kdyh vkrzq wkdw OSU lv frpsxwdwlrqdo dghtxdwh1
Wklv uhvxow phdqv wkdw d pdwkhpdwlfdo surri ri fruuhfwqhvv ri d uhfxuvlyh dojr0
ulwkp lv vx!flhqw wr frqfoxgh wkdw d surjudp lqgxfhg e| lw surgxfhv wkh fruuhfw
uhvxow1 Lq rwkhu zrugv/ d v|qwdfwlf surri iru wkh surjudp e| dsshdolqj wr wkh rshu0
dwlrqdo vhpdqwlfv lv xqqhfhvvdu|1 Wklv odqjxdjh grhv qrw lqfrusrudwh dq| vwudwhj|
iru whqvru devruswlrq dqg wkhuhiruh vd|v qrwklqj derxw wkhlu fruuhfwqhvv1 Krzhyhu/
frpsxwdwlrqdo dghtxdf| grhv vd| wkdw d fruuhfw vwudwhj| h{lvwv1
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4616 Odqjxdjh iru Doo Uhdov

Wkh Odqjxdjh iru Doo Uhdov +ODU, lv d ixuwkhu ghyhorsphqw ri zrun e| Hgdodw/
V qghukdxi dqg p|vhoi ^54` wr fdswxuh pxowl0ydoxhg ixqfwlrqv1 Lw lqfoxghv wkh
v|qwd{ dqg frqyhqwlrqv ri SFI dv ghvfulehg lq vhfwlrq 46141 Wkh frqwh{w0iuhh
judppdu iru ODU lv jlyhq lq EQI e|

% 5 YDULDEOH

| GG' QXP
�� ERRO �� UHDO" �� UHDOn m |� | m |$ |

� GG' % m f m WUXH m IDOVH m
VXFF E� � m SUHG E� � m ]HUR E� � m
LI � WKHQ� HOVH� m
b% � � m�� m>% � � m
E�c� � m IVW E� � m VQG E� � m
i�c�j m� � � m
d� o m d� l m k� l �

Wkh qhz jurxqg w|shv UHDO" dqg UHDOn uhsuhvhqw wkh vhwv L�U" dqg L�Un ri forvhg
lqwhuydov lq U" dqg Un uhvshfwlyho|1 Wkh w|shv jhqhudwhg e|

| ' QXP
�� ERRO �� UHDO" �� UHDOn m |� | +46148,

duh fdoohg wkh jurxqg w|shv1 Wkh qhz frqvwuxfwv duh sdlulqj � E�c'�/ �uvw surmhf0
wlrq � IVW E� �/ vhfrqg surmhfwlrq � VQG E� �/ sdudooho 0 i�c�j / vtxhh}h � � � dqg
wudqvirupdwlrq � d� o/ d� l/ k� l1 Iru frqyhqlhqfh/ LQW ghqrwhv QXP�QXP uhsuhvhqw0
lqj dq lqwhjhu lq wkh xvxdo zd| +l1h1 E?c6� uhsuhvhqwv ?�6,/

YHFWRU" ghqrwhv LQW� LQW/
YHFWRUn ghqrwhv QXP� QXP/
PDWUL[" ghqrwhv YHFWRU" � YHFWRU"

PDWUL[n ghqrwhv YHFWRUn � YHFWRUn

WHQVRU" ghqrwhv PDWUL[" �PDWUL["

WHQVRUn ghqrwhv PDWUL[n �PDWUL[n1

Iru h{dpsoh/ d w|slfdo �qlwh jhqhudo qrupdo surgxfw iru � .
�2

lv

� .
�S
�
� �2 �

� �

 �
� �
2 e

 �
� �
2 e

 �
�
�

 
�

Qrwh wkh xvh ri eudfnhwv wr lqglfdwh w|sh1 Ixuwkhupruh/
�� .

�S

�3�
pd| eh h{suhvvhg

dv �� .
�S

�3�
'

�
f �
� f

� � �2 �
� �

 �
� �
2 e

 �
� �
2 e

 �
�
�

 
�
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Wkh sdudooho dqg vtxhh}h frqvwuxfwruv duh xvhg wr irup wkh uhgxqgdqw li rshu0
dwru dv gh�qhg lq htxdwlrq +:1:,

ULI % 	 E� Edfc4o� c � Edfc4o�� WKHQ s HOVH }

'

�
s E%� li dfc4o�� _ E%�
} E%� li dfc4o� � _ E%�

� �
s �

�
� _� E%� c } � �� _� E%�� �

Wkh sdudooho frqvwuxfw doorzv wkh wzr li frqglwlrqv wr eh hydoxdwhg lq sdudooho zkloh
wkh vtxhh}h rshudwru doorzv wkh li frqglwlrqv wr eh lqfuhphqwdoo| whvwhg1

461614 W|slqj Uxohv

Wkh w|slqj mxgjhphqw M c � G | iru ODU lv wkh ohdvw uhodwlrq vdwlvi|lqj wkh w|slqj
uxohv iru SFI dv olvwhg lq vhfwlrq 461414 wrjhwkhu zlwk

M c � G r M c ' G |

M c E�c'� G r� |

M c � G r� |

M c IVW E� � G r

M c � G r� |

M c VQG E� � G |

� G | ' G |

M c i�c'j G |
M c � GUHDOn $ | M c 'GUHDO"

M c � �'G |
M c T GYHFWRU"
M c dT l GUHDO"
M c T GYHFWRUn

M c kT l GUHDOn
M c� GPDWUL["

M c d� o GUHDO" $ UHDO"

M c� GPDWUL["

M c d� l GUHDOn $ UHDO"

M c� GPDWUL[n

M c k� l GUHDOn $ UHDOn

M c A GWHQVRU"

M c dA o GUHDO" � UHDO" $ UHDO"

M c A GWHQVRU"

M c dA l GUHDOn � UHDOn $ UHDO"
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M c A GWHQVRUn

M c kA l GUHDOn � UHDOn $ UHDOn
�

461615 Rshudwlrqdo Vhpdqwlfv

Ohw d whuplqdo ydoxh eh d whup wkdw fdqqrw eh uhgxfhg wr dqrwkhu whup1 Ohw wkh
v|perov

�c'c-c 7 lqglfdwh duelwudu| whupv/
fct lqglfdwh whuplqdo ydoxhv/
Tc` lqglfdwh whuplqdo ydoxhv ri w|sh YHFWRU" ru YHFWRUnc
T nc`n lqglfdwh whuplqdo ydoxhv ri w|sh YHFWRUn h{foxglqj Efc f�/
�c�c� lqglfdwh ETc` � c
�nc �nc �n lqglfdwh ET nc`n� c
Ac L lqglfdwh E�c�� c
Anc Ln lqglfdwh E�nc �n� c

dqg wkh jhqhudwhg whupv

� lqglfdwhv dT l m kT nl m d� l� m k�nl�c
� lqglfdwhv EdT l c dT l� m Ed� l�c dT l� m EdT l c d�l� � m Ed� l�c d�l� � c
� lqglfdwhv EkT nl c � � m Ek�nl�c� � m E�c kT nl� m E�c k�nl� �

dqg

u� lqglfdwhv qrw u zkhuh u 5 ifctc Tc`c�c�c�c Ac Lc�c�c�j c
u3 lqglfdwhv Eun�� zkhuh u 5 iTc`c�c�c�c AcLj �

Iru h{dpsoh/ T � lqglfdwhv dq| whup wkdw lv qrw d whuplqdo ydoxh ri w|sh YHFWRU"

ru YHFWRUn1
Wkh rqh0vwhs uhgxfwlrq uhodwlrq $ iru ODU lv gh�qhg dv wkh ohdvw uhodwlrq

vdwlvi|lqj wkh rqh0vwhs uhgxfwlrq uxohv iru SFI dv olvwhg lq vhfwlrq 461415 wrjhwkhu
zlwk wkh surgxfw uxohv

� $ - '$ 7
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� $ '
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� $ '

Efc� �$ Efc'�

IVW E�c'�$ �

VQG E�c'�$ '
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� 9' E-c7� � $ '

IVW E� �$ IVW E'�

� 9' E-c7� � $ '

VQG E� �$ VQG E'�
c

wkh sdudooho uxohv

VXFF Ei�c'j� $ iVXFF E� � c VXFF E'�j
SUHG Ei�c'j� $ iSUHG E� � c SUHG E'�j
]HUR Ei�c'j� $ i]HUR E� � c ]HUR E'�j

LI i�c'j WKHQ- HOVH7 $ iLI � WKHQ- HOVH7c LI' WKHQ- HOVH7j
b% � i�c'j $ ib% � �c b% �'j
i�c'j- $ i�-c'-j
� i'c-j $ i�'c�-j

Ei�c'j c -� $ iE�c-� c E'c-�j
E�c i'c-j� $ iE�c'� c E�c-�j
IVW Ei�c'j� $ iIVW E� � c IVW E'�j
VQG Ei�c'j� $ iVQG E� � c VQG E'�j
� � i'c-j $ i� �'c� �-j

di�c'jo $ id� o c d'oj
di�c'jl $ id� l c d'lj
ki�c'jl $ ik� l c k'lj

� $ - '$ 7

i�c'j $ i-c7j
� $ '

i�cfj $ i'cfj
� $ '

ifc�j $ ifc'j c

+qrwh wkdw wkh sdudooho frqvwuxfw grhv qrw glvwulexwh wkurxjk wkh uhfxuvlrq rshud0
wru/ wkh �wkhq� sduw ri frqglwlrqdo/ wkh �hovh� sduw ri frqglwlrqdo dqg wkh ixqfwlrq
sduw ri vtxhh}h,/ wkh vtxhh}h uxohv

�� $ '

� ��� $ � �'

LQIR ET � � Efc4�

� � dT l $ � kmT ml
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LQIR E� � � Efc4�

� � d�l'$ � Ekm� ml'�
LQIR E�� 9 � Efc4� d�l'$ -

� � d�l'$ � �-
c

wkh wudqvirupdwlrq uxohv

� $ '

d� o$ d'o

� $ '

d� l $ d'l
� $ '

k� l $ k'l c

wkh pdwul{ uxohv

d� o dT l $ d� � T l
d� o Ed�l� � $ d� ��l�

�� $ �

d� o�� $ d� o�

d� l T n
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�� $ �

k� l�� $ k�l�
dqg wkh whqvru uxohv

dA o EdT l c d` l� $ dA �� T �` l
dA o EdT l c d�l'� $ dA �� T �� l'
dA o Ed� l�c d` l� $ dA �� � �2` l�

dA o Ed�l�c d�l'� $ dA �� � �2 � l E�c'�
�� $ �

dA o�� $ dA o�
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Qrwh wkdw wkh rqh0vwhs uhgxfwlrq uhodwlrq $ iru ODU lv ghwhuplqlvwlf lq frqwudvw
wr wkh rqh0vwhs uhgxfwlrq uhodwlrq $ iru OSU1 Wklv uh hfwv wkh idfw wkdw d idlu
vwudwhj| iru whqvru devruswlrq dv h{sodlqhg lq vhfwlrq 441< kdv ehhq lqfrusrudwhg
lqwr wkh surgxfw uxohv dqg wkh whqvru uxohv1 Wkh wudqvirupdwlrq uxoh wrjhwkhu
zlwk htxdwlrq +46145, hqvxuhv wkdw wkh sdudphwhu lq d wudqvirupdwlrq frqvwuxfw
lv frpsohwho| hydoxdwhg ehiruh dq| pdwul{ ru whqvru uxoh fdq eh dssolhg1 Wkh
pdwul{ uxohv doorz lqirupdwlrq wr eh devruehg lqwr d pdwul{1 Wkh whqvru uxohv
doorz lqirupdwlrq wr eh hplwwhg iurp dqg devruehg lqwr d whqvru1 Wkh xqsulphg
wudqvirupdwlrq frqvwuxfwv dA l dqg kA l lqglfdwh �hplvvlrq uhtxluhg qh{w�/ zkloh
wkh sulphg wudqvirupdwlrq frqvwuxfwv dA l� dqg kA l� lqglfdwh �devruswlrq uhtxluhg
qh{w�1 Wkh sulphg frqvwuxfwv duh qrw lqwhqghg iru gluhfw xvh e| wkh surjudpphu1

461616 Ghqrwdwlrqdo Vhpdqwlfv

Ohw xv h{whqg wkh vwdqgdug prgho iru SFI dv ghvfulehg lq vhfwlrq 4614161 Wkh
uhdo w|sh UHDO" pd| eh lqwhusuhwhg dv wkh frqwlqxrxv uhdo grpdlq F EU"� ru wkh
dojheudlf uhdo grpdlq D ET"�1 Qrwh wkdw dd'oo � Efc4� lv htxlydohqw wr dfc4o�
dd'oo lq wkh frqwlqxrxv uhdo grpdlq F EU"�1 Wkh uhdo w|sh UHDOn pd| eh lqwhusuhwhg
dv wkh frqwlqxrxv uhdo grpdlq F EUn� ru wkh dojheudlf uhdo grpdlq D ETn�1 Wkh
surgxfw w|sh r� | zloo eh lqwhusuhwhg dv wkh oliwhg surgxfw ri gfsrv 0 Eddroo� dd|oo�z1

ddUHDO"oo ' F EU"�

ddUHDOnoo ' F
�
Un
�

ddr� |oo ' Eddroo� dd|oo�z

Wkh lqwhusuhwdwlrq ri wkh qhz frqvwuxfwv E�c� �/ ivwE� �/ vqgE� �/ � � � / d� o/ d� l
dqg k� l duh jlyhq e|

ddE�c'�oo ' XS Edd� ooc dd'oo�

ddIVW E� �oo ' IVW EGRZQ Edd� oo��

ddVQG E� �oo ' VQG EGRZQ Edd� oo��

dd� �'oo '

�
dd� oodd'oo li dd'oo � Efc4�
B rwkhuzlvh

' Edfc4o) Edd� oodd'oo�� Edd'oo�

ddd� ooo Ef� '

�
U" li <% 5 f � dd� oo E%� ' B
dd� oo Ef� rwkhuzlvh

dddA ooo Efct � '

�
U" li <% 5 f � <+ 5 t � ddA oo E%c +� ' B
ddA oo Efct � rwkhuzlvh
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dddT loo '

�
U" li ddT oo ' B
iddT ooj rwkhuzlvh

ddd�loo Ef� '

�
U" li <% 5 f � dd� oo E%� ' B
dd� oo Ef� rwkhuzlvh

dddA loo Efct � '

�
U" li <% 5 f � <+ 5 t � ddA oo E%c +� ' B
ddA oo Efct � rwkhuzlvh

ddkT loo '

�
dfc4o li ddT oo ' B
iddT ooj rwkhuzlvh

ddk�loo Ef� '

�
dfc4o li <% 5 f � dd� oo E%� ' B
dd� oo Ef� rwkhuzlvh

ddkA loo Efct � '

�
dfc4o li <% 5 f � <+ 5 t � ddA oo E%c +� ' B
ddA oo Efct � rwkhuzlvh1

Qrwh wkdw

dddT loo ' LQIR ET �

ddd�loo Edfc4o� ' LQIR E��

dddA loo Edfc4o c dfc4o� ' LQIR EA �

dqg
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�
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�
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�
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�
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�
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dqg
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T 3�oo ' dfc4o

9' U"

' LQIR
�
T n
�

dd

�3�oo Edfc4o� ' dfc4o

9' U"

' LQIR
�
�n

�
dd

A3�oo Edfc4o c dfc4o� ' dfc4o

9' U"

' LQIR
�
An
�
�

Dw wklv srlqw/ frqvlghu wkh prqdg EORZHUc #c >� lq wkh fdwhjru| ri frqwlqxrxv
Vfrww grpdlqv dqg frqwlqxrxv ixqfwlrqv zkhuh ORZHU lv wkh orzhu srzhugrpdlq
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rshudwru dqg

#( G ( $ ORZHU E(�

#( E%� ' & i%j
>( G ORZHU EORZHU E(��$ ORZHU E(�

>( Ef� '
J

f�

Uhfdoo Wkhruhp 7/ zklfk vwdwhv wkdw wkh orzhu srzhugrpdlq ri d frqwlqxrxv gr0
pdlq E(cy� lv lvrprusklf wr wkh odwwlfh ri doo qrq0hpsw| Vfrww forvhg vxevhwv ri
( dqg vr J

f ' FORVXUH
�^

f
�
�

Wklv prqdg lqgxfhv d qhz prgho iru ODU/ zklfk zh zloo fdoo wkh sdudooho prgho1
Zh zloo xvh wkh vhpdqwlf eudfnhwv Em m� wr glvwlqjxlvk ehwzhhq whupv lq wkh odqjxdjh/
h{suhvvlrqv lq wkh vwdqgdug prgho dqg h{suhvvlrqv lq wkh sdudooho prgho1 Lq wkh
sdudooho prgho/ wkh jurxqg w|shv duh lqwhusuhwhg dv wkh orzhu srzhugrpdlq ri wkh
lqwhusuhwdwlrq lq wkh vwdqgdug prgho/ zkloh wkh kljkhu w|shv phuho| uh hfw wklv
fkdqjh1 Lq rwkhu zrugv/ iru dq| jurxqg w|sh |

Em|m� ' ORZHU Edd|oo�

dqg iru dq| kljkhu w|sh r$ |

Emr$ |m� ' dEmrm�$ Em|m�o �

Gh�qlwlrq ;7 Iru dq| % G dd|oo zkhuh | lv d jurxqg w|sh

	% G Em|m�
	% ' & i%j G Em|m�

dqg iru dq| s G ddr$ |oo zkhuh r$ | lv d kljkhu w|sh

	s G Emr$ |m�
	s ' f :$

J
%G	%�f

ŝ E%��

Ohppd ;8 Iru dq| s G ddr$ |oo zkhuh r$ | lv d kljkhu w|sh

	s E	%� ' ŝ E%��
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Wkh orzhu srzhugrpdlq ORZHUEQz� ri Qz lv lvrprusklf wr wkh srzhuvhw
S EQ� ri Q rughuhg e| lqfoxvlrq1 Wkh orzhu srzhugrpdlq ORZHUEEz� ri Ez
lv lvrprusklf wr wkh srzhuvhw S EE� ri E rughuhg e| lqfoxvlrq1 Wkh orzhu srz0
hugrpdlq ORZHUEF EUj�� ri F EUj� lv d frqwlqxrxv Vfrww grpdlq zlwk d edvlv
frqvlvwlqj ri wkh vhw Ss

�
L�I

�
ri �qlwh vxevhwv ri wkh vhw L�I ri forvhg lqwhuydov

zlwk hqg srlqwv lq wkh ghqvh vxevhw I ri Uj1
Wkh jhqhudo irupxod jlylqj wkh lqwhusuhwdwlrq EmM
� G |m�> ri dq ODU whup �

zlwkrxw wkh sdudooho frqvwuxfw lq wkh sdudooho prgho lq whupv ri lwv lqwhusuhwdwlrq
ddM 
 � G |oo4 lq wkh vwdqgdug prgho lv jlyhq e|

EmM 
 � G |m�> '
J

4G�%M�@h�@M*iu4̂E%��>E%�

_ddM 
 � G |oo4�

Lq sduwlfxodu/ iru dq| forvhg ODU whup � zlwkrxw wkh sdudooho frqvwuxfw

Em� m� 'gdd� oo�
Wkh lqwhusuhwdwlrq ri wkh uhpdlqlqj qhz frqvwuxfw i�c�j lq wkh sdudooho prgho lv
jlyhq e|

Em i�c'j m� ' Em� m� w Em'm��

461617 Frpsxwdwlrqdo Dghtxdf|

ODU lv d ghwhuplqlvwlf h{whqvlrq ri SFI zlwk phdqlqjixo surjudpv wkdw qhyhu whu0
plqdwh1 Krzhyhu/ Sorwnlq*v qrwlrq ri frpsxwdelolw| dvvxphv wkdw qrq0whuplqdwlqj
surjudpv duh phdqlqjohvv1 Hvfdugö ^56` flufxpyhqwhg wklv sureohp e| jhqhudol}0
lqj Sorwnlq*v qrwlrq ri frpsxwdelolw| dv ghvfulehg lq vhfwlrq 4615171 Wklv qrwlrq
fdq eh vshfldol}hg e| frqvlghulqj fkdlqv lqvwhdg ri gluhfwhg vhwv1 Lq sduwlfxodu/ d
surjudp � lv frpsxwdeoh zkhqhyhu

dd� oo y HYDO E� �

zkhuh

HYDO E� � '

"J
?'f

VWHS E�c ?�

dqg

VWHS E�c ?� ' YDOXH EUHGXFH E�c ?��

YDOXH E� � '

;AA?AA=
? li � ' VXFF? Ef�
WUXH li � ' WUXH

IDOVH li � ' IDOVH

B rwkhuzlvh

UHGXFH E�c ?� '

�
UHGXFH E'c?� �� li ? : f dqg � $ '
� rwkhuzlvh1
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Wkh hydoxdwlrq ixqfwlrq HYDO lv zhoo gh�qhg surylghg wkdw wkh rqh0vwhs uhgxfwlrq
uhodwlrq $ lv vrxqg

� $ '

YDOXH E� � y YDOXH E'�

dqg zhdno| Fkxufk0Urvvhu

� $ ' � $ -

<7 �'$W 7 -$W 7
�

Iru ODU/ wkh rqh0vwhs uhgxfwlrq uhodwlrq lv zhdno| Fkxufk0Urvvhu ehfdxvh wkh
uhgxfwlrq uxohv duh ghwhuplqlvwlf1

ODU zlwkrxw wkh sdudooho frqvwuxfw lq wkh vwdqgdug prgho

Iru ODU zlwkrxw wkh sdudooho frqvwuxfw lq wkh vwdqgdug prgho/ wkh ydoxh ixqf0
wlrq YDOXH lv h{whqghg wr

YDOXH E� � '

;AAAAAAAAAAAA?AAAAAAAAAAAA=

? li � ' VXFF? Ef�
WUXH li � ' WUXH

IDOVH li � ' IDOVH

LQIR ET � li � ' dT l
LQIR E� � li � ' d� l'
LQIR ET n� li � ' kT nl
LQIR E�n� li � ' k�nl'
EYDOXH E'� c YDOXH E-�� li � ' E'c-�
B rwkhuzlvh1

Ohppd ;9 Wkh rqh0vwhs uhgxfwlrq uhodwlrq iru ODU zlwkrxw wkh sdudooho frq0
vwuxfw lq wkh vwdqgdug prgho lv vrxqg

� $ '

YDOXH E� � y YDOXH E'�
�

Wkh odvw ohppd dqg wkh ghwhuplqlvp ri wkh uhgxfwlrq uxohv hqvxuh wkdw wkh
hydoxdwlrq ixqfwlrq HYDO lv zhoo gh�qhg1 Lq rughu wr hvwdeolvk vrxqgqhvv/ qdpho|

HYDO E� � y dd� ooc

wkh iroorzlqj wzr ohppdv duh uhtxluhg1

Ohppd ;: Li � lv dq ODU surjudp zlwkrxw wkh sdudooho frqvwuxfw wkhq � $ '
lpsolhv dd� oo ' dd'oo1
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Ohppd ;; Li � lv dq ODU surjudp zlwkrxw wkh sdudooho frqvwuxfw wkhq
YDOXH E� � y dd� oo1

Sursrvlwlrq ;< +Vrxqgqhvv, Li � lv dq ODU surjudp zlwkrxw wkh sdudooho frq0
vwuxfw wkhq HYDO E� � y dd� oo1

Lq rughu wr hvwdeolvk frpsohwhqhvv ri ODU zlwkrxw wkh sdudooho frqvwuxfw/
qdpho|

dd� oo y HYDO E� � c

wkh iroorzlqj wzr ohppdv duh uhtxluhg1

Ohppd <3 Dq ODU surjudp � zlwkrxw wkh sdudooho frqvwuxfw lv frpsxwdeoh l�

;@� dd� oo � <? 5 Q�@ y VWHS E�c ?� �

Ohppd <4 Iru dq| forvhg ODU whup � G r $ | zlwkrxw wkh sdudooho frqvwuxfw/
zkhuh r dqg | duh jurxqg w|shv/ li

;? 5 Q � <6 5 Q � dd� oo EVWHS E'c?�� y VWHS E�'c6�

iru hyhu| forvhg frpsxwdeoh whup ' G r wkhq � G r$ | lv frpsxwdeoh1

Vr/ zh qhhg wr suryh wkdw hyhu| ODU whup zlwkrxw wkh sdudooho frqvwuxfw lv
frpsxwdeoh/ hvwdeolvklqj wkhruhp 446 ehorz/ e| h{whqglqj wkh lqgxfwlyh surri ri
Sorwnlq ^89` zlwk wkh iroorzlqj ohppdv1

Ohppd <5 Wkh SFI frqvwuxfwv duh frpsxwdeoh1

Ohppd <6 Wkh sdlulqj frqvwuxfw lv frpsxwdeoh1

Ohppd <7 Wkh surmhfwlrq frqvwuxfwv duh frpsxwdeoh1

Ohppd <8 Wkh vtxhh}h frqvwuxfw lv frpsxwdeoh1

Ohppd <9

UHGXFH Ed� o EUHGXFH E�c��� c �� ' UHGXFH Ed� o�c 2�

UHGXFH Ed�l EUHGXFH E�c��� c �� ' UHGXFH Ed�l�c2�
UHGXFH Ek�l EUHGXFH E�c��� c �� ' UHGXFH Ek�l�c 2� �

Ohppd <:

;? 5 Q � UHGXFH Ed� o EUHGXFH E�c ?�� c �� ' UHGXFH Ed� o�c ?n ��

;? 5 Q � UHGXFH Ed� l EUHGXFH E�c ?�� c �� ' UHGXFH Ed� l�c ?n ��

;? 5 Q � UHGXFH Ek�l EUHGXFH E�c ?�� c �� ' UHGXFH Ek� l�c ?n �� �



46161 ODQJXDJH IRU DOO UHDOV 54<

Ohppd <;

ddd� ooo EYDOXH E� �� ' VWHS Ed� o�c ��

ddd�loo EYDOXH E� �� ' VWHS Ed�l�c��
ddk�loo EYDOXH E� �� ' VWHS Ek� l�c �� �

Ohppd <<

;? 5 Q � ddd� ooo EVWHS E�c ?�� ' VWHS Ed� o�c? n ��

;? 5 Q � ddd� loo EVWHS E�c ?�� ' VWHS Ed� l�c ?n ��

;? 5 Q � ddk�loo EVWHS E�c ?�� ' VWHS Ek�l�c ?n �� �

Ohppd 433

;? 5 Q � <6 5 Q � VWHS EdA o EUHGXFH E�c ��� c ?� y VWHS EdA o�c6�

;? 5 Q � <6 5 Q � VWHS EdA l EUHGXFH E�c��� c ?� y VWHS EdA l�c6�

;? 5 Q � <6 5 Q � VWHS EkA l EUHGXFH E�c ��� c ?� y VWHS EkA l�c6� �

Ohppd 434

;?c6 5 Q � <o 5 Q � VWHS EdA o EUHGXFH E�c?�� c6� y VWHS EdA o�c o�

;?c6 5 Q � <o 5 Q � VWHS �dA l� EUHGXFH E�c ?�� c6� y VWHS
�
dA l� �c o�

;?c6 5 Q � <o 5 Q � VWHS �kA l� EUHGXFH E�c ?�� c6� y VWHS
�kA l� �c o� �

Ohppd 435

<? 5 Q � dddA ooo EYDOXH E� �� ' VWHS EdA o�c ?�

<? 5 Q � dddA l�oo EYDOXH E� �� ' VWHS
�
dA l� �c ?�

<? 5 Q � ddkA l�oo EYDOXH E� �� ' VWHS
�kA l� �c ?� �

Ohppd 436

;? 5 Q � <6 5 Q � dddA ooo EVWHS E�c ?�� y VWHS EdA o�c6�

;? 5 Q � <6 5 Q � dddA l�oo EVWHS E�c ?�� y VWHS
�
dA l� �c6�

;? 5 Q � <6 5 Q � ddkA l�oo EVWHS E�c ?�� y VWHS
�kA l� �c6� �

Ohppd 437 Wkh wudqvirupdwlrq frqvwuxfwv duh frpsxwdeoh1

Ohppd 438 Hyhu| whup � ri ODU zlwkrxw wkh sdudooho frqvwuxfw lv frpsxwdeoh1
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Wkhruhp 439 +Frpsohwhqhvv, Li � lv dq ODU surjudp zlwkrxw wkh sdudooho
frqvwuxfw wkhq

dd� oo y HYDO E� � �

ODU zlwkrxw wkh sdudooho frqvwuxfw lq wkh sdudooho prgho

Ohw

SYDOXH E� � ' & iYDOXH E� �j +46149,

dqg ohw
SVWHS ' SYDOXH � UHGXFH�

Ohppd 43: Wkh rqh0vwhs uhgxfwlrq uhodwlrq iru ODU zlwkrxw wkh sdudooho frq0
vwuxfw lq wkh sdudooho prgho lv vrxqg

� $ '

SYDOXH E� � y SYDOXH E'�
�

Wkhuhiruh

SHYDO E� � '
"J
?'f

SVWHS E�c?�

lv zhoo gh�qhg1 Exw

SHYDO E� � '

"J
?'f

SVWHS E�c ?�

'
"J
?'f

& iVWHS E�c ?�j

' &
+ "J

?'f

VWHS E�c ?�

,
' & iHYDO E� �j
' & idd� ooj
' Em� m�

dqg vr ODU zlwkrxw wkh sdudooho frqvwuxfw lv frpsxwdwlrqdoo| dghtxdwh lq wkh
sdudooho prgho1

ODU lq wkh sdudooho prgho

H{whqg wkh gh�qlwlrq ri SYDOXH lq htxdwlrq +46149, zlwk

SYDOXH Ei�c'j� ' SYDOXH E� � w SYDOXH E'� �
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Ohppd 43; Wkh rqh0vwhs uhgxfwlrq uhodwlrq iru ODU lq wkh sdudooho prgho lv
vrxqg

� $ '

SYDOXH E� � y SYDOXH E'�
�

Wkhuhiruh

SHYDO E� � '
"J
?'f

SVWHS E�c?�

lv vwloo zhoo gh�qhg1 Lq rughu wr hvwdeolvk vrxqgqhvv/ qdpho|

SHYDO E� � y Em� m�c

wkh iroorzlqj wzr ohppdv duh uhtxluhg1

Ohppd 43< Li � lv dq ODU surjudp wkhq � $ ' lpsolhv Em� m� ' Em'm�1

Ohppd 443 Li � lv dq ODU surjudp wkhq SYDOXH E� � y Em� m�1

Sursrvlwlrq 444 +Vrxqgqhvv, Li � lv dq ODU surjudp wkhq SHYDO E� � y Em� m�1

Lq rughu wr hvwdeolvk frpsohwhqhvv/ qdpho|

Em� m� y SHYDO E� � c

zh frqvlghu Sorwnlq*v qrwlrq ri frpsxwdelolw| ^8:` dv h{whqghg e| Hvfdugö ^56`1
Vr/ zh qhhg wr suryh wkdw hyhu| whup lv frpsxwdeoh/ hvwdeolvklqj sursrvlwlrq 446
ehorz/ e| h{whqglqj wkh lqgxfwlyh surri ri Sorwnlq ^89` zlwk wkh iroorzlqj ohppd1

Ohppd 445 Wkh sdudooho frqvwuxfw lv frpsxwdeoh1

Wkhruhp 446 +Frpsohwhqhvv, Li � lv dq ODU surjudp wkhq

Em� m� y SHYDO E� � �

Ilqdoo|/ sursrvlwlrq 444 dqg wkhruhp 446 wrjhwkhu vkrz wkdw ODU lv frpsx0
wdwlrqdoo| dghtxdwh/ qdpho|

Em� m� ' SHYDO E� � �

Frpsxwdwlrqdo dghtxdf| yhul�hv wkdw wkh lqfrusrudwhg idlu vwudwhj| iru whqvru
devruswlrq dv ghvfulehg lq vhfwlrq 441< lv fruuhfw1 ODU doorzv d yhu| zlgh udqjh ri
pdwkhpdwlfdo ixqfwlrqv wr eh gh�qhg hohjdqwo| iurp wkh ulfk wkhru| ri frqwlqxhg
iudfwlrqv1
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461618 Zrunhg H{dpsohv

H{dpsoh 447 Frqvlghu wkh ODU surjudp � G QXP

� ' >% �'
' ' ifc VXFF E%�j

SVWHS E�c f� ' SYDOXH E� � ' iBj
SVWHS E�c �� ' SYDOXH Eifc VXFF E� �j� ' iBcfj
SVWHS E�c 2� ' SYDOXH Eifc VXFF Eifc VXFF E� �j�j� ' iBc fj
SVWHS E�c �� ' SYDOXH

��
fc
�
VXFF Ef� c VXFF2 E� �

���
' iBc fc�j

SVWHS E�c e� ' SYDOXH
��
fc
�
VXFF Ef� c VXFF2 Eifc VXFF E� �j���� ' iBc fc �j

SVWHS E�c D� ' SYDOXH
��
fc
�
VXFF Ef� c VXFF

��
VXFF Ef� c VXFF2 E� �

�����
' iBc fc�j

SVWHS E�c S� ' SYDOXH
��
fc
�
VXFF Ef� c

�
VXFF2 Ef� c VXFF� E� �

����
' iBc fc�c 2j

SVWHS E�c ?� ' iBj ^ Q
���� nsH?n �

2

��
SHYDO E� � ' Qz

Em� m� ' o[ E( :$ Em% G QXP
' G QXPm� d% :$ (o�

' o[

�
( :$ Em% G QXP
 f G QXPm� d% :$ (ow

Em% G QXP
 VXFF E%� G QXPm� d% :$ (o

�
' o[

#
( :$ iBc fj w

J
_M(

& idd% G QXP
 VXFF E%� G QXPoo d% :$ _oj
$

dd% G QXP
 VXFF E%� G QXPoo4 '

�
dd\oo4n � li dd\oo4 9' B
B li dd\oo4 ' B

'

�
4 E%� n � li 4 E%� 9' B
B li 4 E%� ' B

'

�
_ n � li _ 9' B
B li _ ' B

zkhuh \ ' % G QXP
 % G QXP

dqg 4 ' d% :$ _o �

Vr/ zh kdyh vkrzq h{solflwo| wkdw

Em>% � ifc VXFF E%�j m� ' HYDO E>% � ifc VXFF E%�j� ' Qz�
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H{dpsoh 448 Frqvlghu wkh ODU whup � G UHDOn $ UHDOn

� ' >% �'
' ' i-�3Kc � � � c -3�c -fc-�c � � � c -K3�j
-� '


K(�

� � %� kK(_
�

H
zkhuh � ghqrwhv ixqfwlrq frpsrvlwlrq1 Wklv lqwhuhvwlqj h{dpsoh fruuhvsrqgv wr wkh
qrupdol}dwlrq ri d jhqhudo qrupdo surgxfw wr h{dfw  rdwlqj srlqw1 Ohw

| ' UHDOn $ UHDOn

} ' dd% G |


K(�

� � % G |oo d% :$ s o

' K(� � s
� ' dd% G |


k
K(_

�

H
G UHDOn $ UHDO"oo d% :$ s o

' K(_
�

dqg vr
Em� m� ' o[ E8 :$ Em% G |
' G |m� d% :$ 8 o�

Em% G |
' G |m� d% :$ 8 o '
J

�M]EK�
Em% G |
-� G |m� d% :$ 8 o

Em% G |
-� G |m� d% :$ 8 o '

( :$
J

s G�eM�EUn�usEe�M8 E�te��
_M(

& idd% G |
-� G |oo d% :$ s o E_�j

dd% G |
-� G |oo d% :$ s o ' _ :$
�

} E_� li � E_� � Efc4�
B rwkhuzlvh1

Ohw

w Esc �� ' _ :$
�

K(� Es E_�� li lqir
�
K(�

�� _
dfc4o rwkhuzlvh

I E8 � ' ( :$
J

s G�eM�EUn�usEe�M8 E�te��
�M]EK�
_M(

& iw Esc �� E_�j

dqg vr
dd% G |
-� G |oo d% :$ s o ' w Esc ��

Em% G |
-� G |m� d% :$ 8 o '
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( :$
J

sG�eM�EUn�usEe�M8 E�te��
_M(

& iw Esc �� E_�j

Em% G |
' G |m� d% :$ 8 o ' I E8 �

Em� m� '
"J
?'f

I? E( :$ idfc4oj� �

Exw

I E( :$ idfc4oj� ' ( :$
J

�M]E2�
_M(

& iw Ee :$ dfc4o c �� E_�j

w Ee :$ dfc4o c �� ' _ :$
�

lqir
�
K(�

�
li lqir

�
K(�

�� _
dfc4o rwkhuzlvh

I E( :$ idfc4oj� ' ( :$
J

�M]EK�
_M(

� & �lqir �K(�

��
li lqir

�
K(�

�� _
idfc4oj rwkhuzlvh

I2 E( :$ idfc4oj� '

( :$
J

�M]EK�
�M]EK�
_M(

;?= &�lqir �K(� � K(�

��
li lqir

�
K(� � K(�

�� _
&�lqir �K(�

��
li lqir

�
K(�

�� _
idfc4oj rwkhuzlvh

I? E( :$ idfc4oj� ' ( :$
J

6MQE?n��
SM]EK6�
_M(

&�lqir �K�?
S

� ��lqir �K�?
S

�� _
�

zkhuh K
�

?
S lv gh�qhg lq htxdwlrq +<16,1 Wkhuhiruh

Em� m� ' ( :$
J
6MQ

SM]EK6�
_M(

& �lqir �K�?
S

� ��lqir �K�?
S

�� _
�

dqg lq sduwlfxodu/ iru doo % 5 Efc4�

Em� m� E& i%j� ' & i%j �

Lq rwkhu zrugv/ wkh surjudp � h�hfwlyho| frqyhuwv dq duelwudu| xqvljqhg uhdo qxp0
ehu lqwr wkh xqeldvhg h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq dv gh�qhg lq vhfwlrq <14
+l1h1 qrupdol}dwlrq,1
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H{dpsoh 449 D frqwlqxhg iudfwlrq e| Odpehuw ^77` iru wdqjhqw lv

WDQ E%� '
�

�
%
n

�

��
%
n

�

D
%
n

�

� .
%
n � � �

Wklv fdq eh wudqviruphg wr

WDQ

�
+ � �

+ n �

�
'

�
+ � � + � �
2+ 2

�
"\
?'f

�
E2?n �� E+ n �� E2?n �� + n E2?n D�

E2? n D� + n E2?n �� E2? n �� E+ n ��

�
ru sxw dqrwkhu zd|

WDQ

��
� ��
� �

�
+

�
'

�
� � �� ��
2 f f 2

��
+c

�
� � � D
D � � �

��
+c

�
D � D .
. D � D

�
E+c � � ��

��
iru + 5 dfc4o1 Wklv fdwhuv iru WDQ E%� lq wkh udqjh % 5 d��c�o1 Wkxv/ d uhvwulfwhg
surjudp iru WDQ lq ODU lv

WDQ ' � �

�
� �
�� �

�
� ' b% �

�
� � �� ��
2 f f 2

 
E%c E>s�b?�' E%c s E? n ���� f�

' '

�
2?n � 2?n � 2? n � 2?n D
2?n D 2?n � 2? n � 2?n �

 
zkhuh iru doo % 5 U"

ddWDQoo E%� '

�
WDQ E%� li % 5 E��c ��
B rwkhuzlvh1

Iru % 5 d�c��o/ zh pxvw uhshdwhgo| dsso| wkh wuljrqrphwulf lghqwlw|

WDQ E%� '
2 WDQ

�
%
2

�
� � WDQ

�
%
2

�2 ' dA o
�
WDQ
�%
2

�
c WDQ

�%
2

��
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zkhuh

A '

�
f � � f
�� f f �

�
xqwlo % 5 E��c ��1 D uhfxuvlyh dssolfdwlrq ri wkh sdudooho dqg vtxhh}h frqvwuxfw fdq
eh xvhg wr dffrpsolvk wklv surylghg wkdw zh xvh dq lqwhuydo zd| ehorz d�c��o> iru
lqvwdqfh

�
�
2
c��

2

�
1 Vr/ eulqjlqj doo wklv wrjhwkhu/ zh kdyh

WDQ ' >} �
�
� �

�
� �
�� �

�
c -�

�
2 ��
2 �

��
� ' b% �

�
� � �� ��
2 f f 2

 
E%c E>s � b? �' E%c s E?n ���� f�

' '

�
2?n � 2?n � 2?n � 2? n D
2?n D 2?n � 2?n � 2? n �

 
- ' b% �

�
f � � f
�� f f �

��
}

��
� �
�e e

 
%

�
c }

��
� �
�e e

 
%

��
zkhuh iru doo % 5 U"

EmWDQm� E& i%j� ' & iWDQ E%�j �

461619 Uhgxqgdqw Li Rshudwru

Wkh uhgxqgdqw li rshudwru lv gh�qhg lq htxdwlrq +:1:, e|

ULI G L�g � L�I2 � �L�g $ |
�2 $ |

ULI % 	 EUc a� WKHQ s HOVH } '

�
s E%� li U � %
} E%� li a � %

zkhuh g 5 L�U" dqg I lv d ghqvh vxevhw ri g1 Lq sudfwlfh/ wklv gh�qlwlrq lv qrw
xvhixo ehfdxvh s dqg } duh xvxdoo| rqo| gh�qhg ryhu U dqg a uhvshfwlyho|1 Wklv
phdqv wkdw zh qhhg wr lqvhuw vrph grpdlq uhvwulfwlqj ixqfwlrqv ehwzhhq s dqg
lw*v dujxphqw % dqg } dqg lw*v dujxphqw %1 Lq whupv ri wkh odqjxdjh iru doo uhdov/
wklv jlyhv ulvh wr wzr  dyruv ri wkh uhgxqgdqw li rshudwru> qdpho|

VULI G UHDO" � EPDWUL["�2 � �UHDOn $ |
�2 $ |

VULI E%c�c�csc }� '
�
s �

�
� _�%c } � �� _�%�

dqg

XULI G UHDOn � �PDWUL[n
�2 � �UHDOn $ |

�2 $ |

XULI E%c�c�c sc }� '
�
s �

�
� _�%c } � �� _�%�

'
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zkhuh � dqg � pxvw eh qrq0vlqjxodu1 Wkh lqwhusuhwdwlrqv ri VULI dqg XULI duh

EmVULIm� E%c�c�c sc }�

' EmXULIm� E%c�c�c sc }�

'

;AA?AA=
s
�
� _ E%�

� w }
�
� _ E%�

�
li lqir E� �� % dqg lqir E��� %

s
�
� _ E%�

�
li lqir E� �� % rqo|

}
�
� _ E%�

�
li lqir E� �� % rqo|

iBj rwkhuzlvh1

Wkh �uvw vlgh frqglwlrq

lqwhulru EU� ^ lqwhulru Ea� ' lqwhulru Eg�

ehfrphv
lqwhulru Elqir E��� ^ lqwhulru Elqir E��� ' U"

dqg
lqwhulru Elqir E��� ^ lqwhulru Elqir E��� ' Efc4�

uhvshfwlyho|1 Wkh vhfrqg vlgh frqglwlrq

s Ei%j� ' } Ei%j� li U � i%j dqg a � i%j
ehfrphv

s
�
� _ E& i%j�� ' }

�
� _ E& i%j�� li lqir E��� i%j dqg lqir E��� i%j �

Lq sudfwlfh/ wkhvh wzr frqglwlrqv hqvxuh wkdw rqh dujxphqw lq wkh sdudooho frqvwuxfw
fdq eh glvfdughg lq �qlwh wlph1 Lq sduwlfxodu/ wkh surjudp VULI E�c�c�c8cC�/
zkhuh Em� m� ' & i%j iru vrph % 5 U"/ fdq eh uhgxfhg zlwk lpsxqlw| lq wkh
iroorzlqj pdqqhu= Li lqir

�
� _� � Efc4� wkhq

VULI E�c�c�c8cC�$ 8
���� _�����

hovh li lqir
�
� _� � Efc4� wkhq

VULI E�c�c�c8cC�$ C
���� _�����

hovh
VULI E��c�c�c8cC�$ VULI EUHGXFH E��c�� c�c�c8cC�

LQIR
�
� _ � T n

� � Efc4�

VULI EkT nl c�c�c8cC�$ 8 Ekm� _ � T nml�
LQIR

�
� _ � T n

� � Efc4�

VULI EkT nl c�c�c8cC�$ C Ekm� _ � T nml�
VULI
�
�n
�
'c�c�c8cC

�$ VULI
�
'c
�
�n
� ��c

�
�n
� ��c8cC� �
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Zh vwduwhg wklv wkhvlv e| qrwlqj wkdw dq| uhdo qxpehu fdq eh uhsuhvhqwhg e| d
vhtxhqfh ri qhvwhg forvhg lqwhuydov1 Zh wkhq sxw wklv lghd lqwr wkh irupdo frqwh{w
ri dq lqfuhphqwdo gljlw uhsuhvhqwdwlrq1 Lq sduwlfxodu/ zh suhvhqwhg wkh ghflpdo/
frqwlqxhg iudfwlrq/ uhgxqgdqw elqdu|/ jhqhudo qrupdo surgxfw dqg h{dfw  rdwlqj
srlqw uhsuhvhqwdwlrqv lq wklv iudphzrun1 Zh srlqwhg rxw wkdw dq| vxfk vhtxhqfh
fdq eh vhhq dv d fkdlq lq wkh frqwlqxrxv grpdlq ri h{whqghg uhdo qxpehuv1

Zh wkhq lqwurgxfhg wkh qrwlrq ri dq h{suhvvlrq wuhh dqg olqnhg lw wr wkh frqfhsw
ri d gluhfwhg vhw lq wkh frqwlqxrxv grpdlq ri h{whqghg uhdo qxpehuv1 Zh wkhq
rxwolqhg d jhqhudo wzr sduw surfhgxuh iru frqyhuwlqj dq| ixqfwlrq zlwk d srzhu
vhulhv uhsuhvhqwdwlrq lqwr dq h{suhvvlrq wuhh1 Wklv jhqhudo surfhgxuh zdv dssolhg
wr wkh wudqvfhqghqwdo ixqfwlrqv fxoplqdwlqj lq wkh lqwurgxfwlrq ri qhz dojrulwkpv
iru Z/ e dqg wkh wudqvfhqghqwdo ixqfwlrqv1

Zh suhvhqwhg wkh uhgxqgdqw li vwdwhphqw/ zklfk surylghv d vlpsoh dqg h!flhqw
phdqv wr ryhufrph ydulrxv frpsxwdelolw| sureohpv gxulqj wkh frqvwuxfwlrq ri
ydulrxv h{suhvvlrq wuhhv1 Vwudljkwiruzdug uhgxfwlrq uxohv zhuh suhvhqwhg wr doorz
dq| ydolg h{suhvvlrq wuhh wr eh frqyhuwhg lqfuhphqwdoo| lqwr wkh h{dfw  rdwlqj
srlqw uhsuhvhqwdwlrq1

Wkh gljlw vhw lq wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq kdv surshuwlhv wkdw
hqdeoh wkh vl}h ri lqwhjhuv wr eh frqwuroohg dqg wkh  rz ri lqirupdwlrq wr eh
dqdo|}hg lq dq h{suhvvlrq wuhh1 Dv d uhvxow/ zh lqwurgxfhg dq h!flhqw dojrulwkp
iru frqyhuwlqj dq h{suhvvlrq wuhh lqwr wkh h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq1 Wkh
txdqwl}dwlrq ri lqirupdwlrq phdqv wkdw wkh frpsoh{lw| ri wkhvh uhgxfwlrq uxohv
lv dphqdeoh wr dqdo|vlv1 Dowkrxjk/ erwk wkh vsdfldo dqg whpsrudo dvshfwv ri
h{dfw uhdo dulwkphwlf kdyh ehhq wdfnohg lq wklv wkhvlv/ iru pdq| dssolfdwlrqv wkh
vsdfldo ryhukhdg lv vwloo xqdyrlgdeo| surklelwlyh1 Wklv lv hvvhqwldoo| ehfdxvh/ lq
jhqhudo/ wkh hqwluh klvwru| ri hyhu| yduldeoh pxvw eh uhphpehuhg/ qrw mxvw wkh
odvw ydoxh dv lq d frqyhqwlrqdo  rdwlqj srlqw dssolfdwlrq1 Qhyhuwkhohvv/ h{dfw
uhdo dulwkphwlf lv vwloo xvhixo iru pdq| vpdoo dssolfdwlrqv zkhuh wkh xvhu zdqwv

55<
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jxdudqwhhg fruuhfw dqvzhuv/ vxfk dv yhul�fdwlrq ri dojrulwkpv1 Wkh h!flhqf| ri
wkh h{dfw uhdo dulwkphwlf suhvhqwhg lq wklv wkhvlv fdq xqgrxewhgo| eh lpsuryhg hyhq
ixuwkhu e| kdugzduh dvvlvwhg vriwzduh dqg sdudooho surfhvvhv1 Wkh xqlyhuvdolw| ri
wkh Odqjxdjh iru Doo Uhdov lv vwloo dq rshq txhvwlrq1 Lq rwkhu zrugv/ fdq dq|
frpsxwdeoh uhdo ixqfwlrq eh gh�qhg lq wklv odqjxdjhB Dqrwkhu rshq txhvwlrq lv
zkhwkhu wkh fodvv ri h{suhvvlrq wuhhv ri wkh irup

f(x) =

x

x

x

T0

T1

T2

lv wkh phurprusklf ixqfwlrqv1



���	�� �

�
�������
	�� ��1���2 .�

+�

Wklv dsshqgl{ frqwdlqv wkh surriv iru hdfk ohppd dqg sursrvlwlrq lq fkdswhu 461

Surri ri Ohppd 9<=
�,�1 Dvvxph dd� oo y HYDO E� �1 Vxssrvh dd� oo ' ddfoo1 Qrwh wkdw ddfoo 9' B1

Wkhuhiruh dd� oo ' HYDO E� �1 Qrwh wkdw ddfoo ' HYDO Ef�1 Wkhuhiruh � $W f1 �+�1
Dvvxph dd� oo ' ddfoo lpsolhv � $W f1 Hlwkhu dd� oo ' B ru dd� oo 5 E ^ Q1 Frqvlghu
dd� oo ' B1 Fohduo| dd� oo y HYDO E� �1 Frqvlghu dd� oo 5 E ^ Q1 Fohduo| dd� oo ' ddfoo1
Wkhuhiruh � $W f1 Vr/ HYDO E� � ' HYDO Ef�1 Exw ddfoo ' HYDO Ef�1 Wkhuhiruh
dd� oo ' HYDO E� �1 �

Iru OSU/ wkh ydoxh ixqfwlrq YDOXH lv h{whqghg wr

YDOXH E� � '

;AAAAAAAA?AAAAAAAA=

? li � ' VXFF? Ef�
WUXH li � ' WUXH

IDOVH li � ' IDOVH

LQIR ET n� li � ' kT nl
LQIR E�n� li � ' k�nl-
YDOXH E-�� YDOXH E7� li � ' E-c7�
B rwkhuzlvh1

Surri ri Ohppd :3=
Wkh surri lv e| lqgxfwlrq rq wkh gh�qlwlrq ri $1 Wkh uxohv � $ ' zlwk

YDOXH E� � ' B duh wulyldo1
Edvlv=

YDOXH
�k�l T n

��
' ddk� loo Edfc4o�

y dd

� � T n

�
oo

' YDOXH
�
� � T n

��
564
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YDOXH
�k�l ��n

�
�
��

' ddk� loo Edfc4o�

y dd

� ��n

�
oo Edfc4o�

' YDOXH
�
� ��n

�
�
�
�

Lqgxfwlyh Vwhs=

YDOXH E� � y YDOXH E-�

YDOXH E�c'� ' EYDOXH E� � c YDOXH E'�� y EYDOXH E-� c YDOXH E'�� ' YDOXH E-c'�

YDOXH E'� y YDOXH E7�

YDOXH E�c'� ' EYDOXH E� � c YDOXH E'�� y EYDOXH E� � c YDOXH E7�� ' YDOXH E�c 7�

YDOXH E� � y YDOXH E'�

YDOXH Ek�l� � ' ddk� loo Edfc4o� ' YDOXH Ek� l'� � �

Surri ri Ohppd :4=
Wkh surri lv e| lqgxfwlrq rq wkh gh�qlwlrq ri $1 Wkh ghwhuplqlvwlf uxohv duh

wulyldo1
Edvlv= Wulyldo
Lqgxfwlyh Vwhs=

� Sdlulqj 0 Li � $ - dqg '$ 7 wkhq

E�c'� $ E-c'�

$ E-c7�

E�c'� $ E�c 7�

$ E-c7� �

� Iluvw surmhfwlrq 0 Li '$ 7 wkhq

IVW E�c'� $ IVW E�c 7�

$ �

IVW E�c'� $ ��

� Iluvw surmhfwlrq 0 Li � $ - wkhq

IVW E�c'� $ IVW E-c'�

$ -

IVW E�c'� $ �

$ -�



566

� Wudqvirupdwlrq 0 Li � $ ' wkhq
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�
'
�

$ 
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� Wudqvirupdwlrq 0 Li ' ' k`nl wkhq

kA l �T n
�
c '
� $ 

A �� T n
�
'

$ 
A �� T n �`n

�
kA l �T n

�
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A �2 `n � T n

�
�
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Surri ri Ohppd :5=
Wkh surri lv e| lqgxfwlrq rq wkh gh�qlwlrq ri $1 Wulyldo1 �

Surri ri Ohppd :6=
Wkh surri lv e| lqgxfwlrq rq wkh vwuxfwxuh ri � 1 Wulyldo1 �

Surri ri Sursrvlwlrq :7=
Dvvxph � lv dq OSU surjudp1 Exw � $ ' lpsolhv dd� oo ' dd'oo1 Wkhuhiruh/

� $W ' lpsolhv dd� oo ' dd'oo1 Exw YDOXH E� � y dd� oo dqg YDOXH E'� y dd'oo1 Wkhuhiruh
� $W ' lpsolhv YDOXH E'� y dd� oo1 Wkhuhiruh

I iYDOXH E'�m� $W 'j y dd� oo1 Exw/
HYDO E� � '

I iYDOXH E'�m� $W 'j1 Wkhuhiruh/ HYDO E� � y dd� oo1 �

Surri ri Ohppd :8=
�,�1 Dvvxph � lv frpsxwdeoh1 Wkhuhiruh/ dd� oo y HYDO E� �1 Frqvlghu @� dd� oo1

Vr/ @ � HYDO E� � '
I iYDOXH E'�m� $W 'j1 Wkhuhiruh/ <' G � $W ' vxfk wkdw

@ y YDOXH E'�1 �+�1 Wulyldo1 �

Surri ri Ohppd :9=
Frqvlghu frpsxwdeoh '1 Frqvlghu @ � dd�'oo1 Exw/ dd�'oo ' dd� oodd'oo1 E|

frqwlqxlw| ri dd� oo/ <K � dd'oo vxfk wkdw @ � dd� ooK1 E| frpsxwdelolw| ri '/ <- G
'$W - vxfk wkdw K y YDOXH E-�1 Exw/ <7 G �'$W 7 vxfk wkdw dd� oo EYDOXH E-�� y
YDOXH E7�1 E| prqrwrqlflw| ri dd� oo/ dd� ooK y dd� oo EYDOXH E-��1 Vr/ @ � dd� ooK y
dd� oo EYDOXH E-�� y YDOXH E7�1 Wkhuhiruh/ @ y YDOXH E7�1 �

Surri ri Ohppd ::=
Frqvlghu E�c'�1 Wkh ixqfwlrq % :$ + :$ E%c +� lv fohduo| frqwlqxrxv1 Vr/ zh

rqo| qhhg wr vkrz wkdw

;- G � $W - � ;7 G '$W 7 � <( G E�c'�$W (�

EYDOXH E-� c YDOXH E7�� y YDOXH E(�

iru doo forvhg frpsxwdeoh whupv � dqg '1 Ohw � dqg ' eh forvhg frpsxwdeoh
whupv dqg frqvlghu - G � $W - dqg 7 G '$W 71

E�c'�$W E�c 7�$W E-c7� 1�

Surri ri Ohppd :;=
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Frqvlghu ivwE� �1 Wkh ixqfwlrq % :$ IVW E%� lv fohduo| frqwlqxrxv1 Vr/ zh rqo|
qhhg wr vkrz wkdw

;' G � $W ' � <- G IVW E� �$W - � IVW EYDOXH E'�� y YDOXH E-�

iru dq| forvhg frpsxwdeoh whup � 1 Ohw � eh d forvhg frpsxwdeoh whup dqg
frqvlghu ' G � $W '1

� Frqvlghu YDOXH E'� ' B1
IVW E� �$W IVW E'� �

� Frqvlghu ' ' E-c7�1

IVW E� �$W IVW EE-c7��$ -�

Vlploduo| iru VQG E� �1 �

Surri ri Ohppd :<=
Frqvlghu � $W '1 Fohduo| k�l� $W k� l'1

� Frqvlghu YDOXH E'� ' dfc4o1
k�l'�

� Frqvlghu ' ' kT nl1

k�l' ' k�l T n
�$ 

� � T n
�
�

� Frqvlghu ' ' k�nl71

k�l' ' k�l ��n
�
7
�$ 

� ��n
�
7� �

Surri ri Ohppd ;3=
Frqvlghu � $W '1 Fohduo| kA l� $W kA l'1

� Frqvlghu YDOXH E'� ' B ru Edfc4o c dfc4o�1

� Frqvlghu ddA oo 5 Wn1

kA l'$ 
A khdg

� �
A wdlo

�
'
�
�
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� Frqvlghu ddA oo *5 Wn1
kA l'�

� Frqvlghu ' ' E��
�c kT2l�1

kA l' ' kA l E��
�c kT2l�

$ kA �2 T2l��
��

� Frqvlghu ' ' E��
�c k�2l72�1

� Frqvlghu ddA �2 �2oo 5 Wn1

kA l' ' kA l E��
�c k�2l72�

$ kA �2 �2l E��
�c 72�

$
G
EA �2 �2�

khdg

H�G
EA �2 �2�

wdlo

H
E��

�c 72�
�
�

� Frqvlghu ddA �2 �2oo *5 Wn1

kA l' ' kA l E��
�c k�2l72�

$ kA �2 �2l E��
�c 72� �

� Frqvlghu ' ' EkT�l c ��
2�1 Vlplodu wr ' ' E��

�c kT2l�1
� Frqvlghu ' ' EkT�l c kT2l�1

kA l' ' kA l EkT�l c kT2l�
$ kA �� T�l kT2l
$ kA �� T� � T2l �

� Frqvlghu ' ' EkT�l c k�2l72�1

kA l' ' kA l EkT�l c k�2l72�
$ kA �� T�l Ek�2l72�
$ kA �� T� ��2l72�

� Frqvlghu ' ' Ek��l7�c ��
2�1 Vlplodu wr ' ' E��

�c k�2l72�1
� Frqvlghu ' ' Ek��l7�c kT2l�1 Vlplodu wr ' ' EkT�l c k�2l72�1
� Frqvlghu ' ' Ek��l7�c k�2l72�1
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� Frqvlghu ddA �� �� ��2oo 5 Wn1
kA l' ' kA l Ek��l7�c k�2l72�

$ kA �� ��l E7�c k�2l72�
$ kA �� �� ��2l E7�c 72�
$

G
EA �� �� ��2�

khdg

H�G
EA �� �� ��2�

wdlo

H
E7�c 72�

�
�

� Frqvlghu ddA �� �� ��2oo *5 Wn1
kA l' ' kA l Ek��l7�c k�2l72�

$ kA �� ��l E7�c k�2l72�
$ kA �� �� ��2l E7�c 72� � �

Surri ri Ohppd ;4=

� Frqvlghu k� l G UHDOn1 Wkh ixqfwlrq ddb% � k%loo lv frqwlqxrxv1 Vr/ zh rqo| qhhg
wr vkrz wkdw

;' G � $W ' � <- G Eb% � k%l�� $W - � ddb% � k%loo EYDOXH E'�� y YDOXH E-�

iru hyhu| forvhg frpsxwdeoh whup � 1 Vr/ ohw � eh d forvhg frpsxwdeoh whup
dqg frqvlghu ' G � $W '1

� Frqvlghu ' ' f�1

Eb% � k%l�� $ k� l $W k'l ' kf�l �

� Frqvlghu ' ' f1

Eb% � k%l�� $ k� l $W k'l ' kfl �

� Frqvlghu k� l' G UHDOn1 Wkh ixqfwlrq ddb% � k%loo lv frqwlqxrxv ehfdxvh Pùelxv
wudqvirupdwlrqv duh frqwlqxrxv1 Vr/ zh rqo| qhhg wr vkrz wkdw

;- G � $W - � ;7 G '$W 7 � <( G Eb% � k%l��'$W (�
ddb% � k%loo EYDOXH E-�� EYDOXH E7�� y YDOXH E(�

iru doo forvhg frpsxwdeoh whupv � dqg '1 Vr/ ohw � dqg ' eh forvhg frp0
sxwdeoh whupv dqg frqvlghu - G � $W - dqg 7 G '$W 71
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� Frqvlghu - ' f�1

Eb% � k%l��'$ k� l'$W k-l' ' kf�l'�

� Frqvlghu - ' f1 E| Ohppd :< dqg Ohppd ;3/ wkhuh h{lvwv ( G
kfl'$W ( vxfk wkdw ddkfloo EYDOXH E7�� ' YDOXH E(�1

Eb% � k%l��'$ k� l'$W kfl'$W (� �

Surri ri Ohppd ;5=
Wkh surri lv e| vwuxfwxudo lqgxfwlrq rq � 1 Ohw j eh d vxevwlwxwlrq ri forvhg

frpsxwdeoh whupv iru wkh iuhh yduldeohv lq � 1 Wkxv/ zh pxvw vkrz wkdw j� lv
frpsxwdeoh1

� Iru � ' %/ f/ wuxh/ idovh/ vxffE'�/ suhgE'�/ }hurE'�/ li' wkhq- hovh7 ru '-/
� lv frpsxwdeoh ehfdxvh lw lv lq SFI1

� Iru � ' b%�'/ zh pxvw vkrz wkdw - ' Eb%�j'����2 � � � �? lv frpsxwdeoh li
��c �2c � � � c �? duh forvhg frpsxwdeoh whupv dqg - kdv jurxqg w|sh |1

� Iru | ' QXP ru ERRO/ - lv frpsxwdeoh ehfdxvh lw lv lq SFI1

� Iru | ' UHDOn ru r� |/ revhuyh wkdw

-$ Ed��*%oEj'���2�� � � � �? ' EEjd��*%o�'��2�� � � � �?c

zklfk zh zloo fdoo 71 Exw/ 7 lv frpsxwdeoh ehfdxvh ' lv frpsxwdeoh1
Wkhuhiruh/ dd-oo y HYDO E-� ehfdxvh dd-oo ' dd7oo/ HYDO E-� ' HYDO E7� dqg
dd7oo y HYDO E7�1

� Iru � ' >%�'/ zh pxvw vkrz wkdw - ' 7���2 � � � �? zkhuh 7 � >%�j' lv
frpsxwdeoh li ��c �2c � � � c �? duh forvhg frpsxwdeoh whupv dqg - kdv jurxqg
w|sh |1

� Iru | ' QXP ru ERRO/ - lv frpsxwdeoh ehfdxvh lw lv lq SFI1

� Iru | ' UHDOn ru o � r/ gh�qh 7? e|

7f ' >%�%

7?n� ' Eb%�j'�7?�
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Lw lv hdv| wr vkrz e| lqgxfwlrq rq ? wkdw dd7oo '
I"

?'fdd7
?oo1 Fohduo|/ 7?

lv frpsxwdeoh iru doo ? 5 Q1 Ohw @� dd-oo1

dd-oo ' dd7oodd��oodd�2oo � � � dd�?oo

'

# "J
?'f

dd7?oo

$
dd��oodd�2oo � � � dd�?oo

'
"J
?'f

Edd7?oodd��oodd�2oo � � � dd�?oo�

'
"J
?'f

dd7?���2 � � � �?oo�

Krzhyhu/ <? 5 Q vxfk wkdw @ � dd7?���2 � � � �?oo/ wkhuhiruh <7? G
7?���2 � � � �? $W 7? vxfk wkdw @ y YDOXH E7?� ehfdxvh 7? lv frp0
sxwdeoh1 Wkhuhiruh <-? G - $W -? vxfk wkdw YDOXH E-?� ' YDOXH E7?�
e| d vwudljkwiruzdug h{whqvlrq ri wkh Xqzlqglqj Wkhruhp ^5<`1

� Iru � ' E'c-�1 Suryhg lq Ohppd ::1

� Iru � 'ivwE'� ru vqgE'�1 Suryhg lq Ohppd :;1

� Iru � ' k'l1 Suryhg lq Ohppd ;41 �

Surri ri Ohppd ;8=

	s E	%� '
J

%G	%�	+

ŝ E+� ' ŝ E%�� �

Surri ri Ohppd ;9=
Wkh surri lv e| lqgxfwlrq rq wkh gh�qlwlrq ri $1 Wkh uxohv � $ ' zlwk

YDOXH E� � ' B duh wulyldo1
Edvlv=

YDOXH EIVW E�c'�� ' IVW EYDOXH E� � c YDOXH E'��

' YDOXH E� �

YDOXH EVQG E�c'�� ' VQG EYDOXH E� � c YDOXH E'��

' YDOXH E'�

YDOXH
�
d�l T n

��
' LQIR E� �

y LQIR
�
� � T n
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YDOXH Ed� l��� ' LQIR E� �

' YDOXH Ed�l� �
YDOXH

�k�l T n
��

' ddk� loo Edfc4o�

y dd

� � T n

�
oo

' YDOXH
�
� � T n

��
YDOXH

�k�l ��n
�
�
��

' ddk� loo Edfc4o�

y dd

� ��n

�
oo Edfc4o�

' YDOXH
�
� ��n

�
�
�

YDOXH Ek� l��� ' ddk� loo Edfc4o�

' YDOXH Ek�l� �

Lqgxfwlyh Vwhs=

YDOXH E� � y YDOXH E-� YDOXH E'� y YDOXH E7�

YDOXH E�c'� ' EYDOXH E� � c YDOXH E'�� y EYDOXH E-� c YDOXH E7�� ' YDOXH E-c7�

YDOXH E� � y YDOXH E'�

YDOXH E�cf� ' EYDOXH E� � c YDOXH Ef�� y EYDOXH E'� c YDOXH Ef�� ' YDOXH E'cf�

YDOXH E� � y YDOXH E'�

YDOXH Efc� � ' EYDOXH Ef� c YDOXH E� �� y EYDOXH Ef� c YDOXH E'�� ' YDOXH Efc'�
� �

Surri ri Ohppd ;:=
Wkh surri lv e| lqgxfwlrq rq wkh gh�qlwlrq ri $1 Wulyldo1 �

Surri ri Ohppd ;;=
Wkh surri lv e| lqgxfwlrq rq wkh vwuxfwxuh ri � 1 Wulyldo1 �

Surri ri Sursrvlwlrq ;<=
Dvvxph � lv dq ODU surjudp zlwkrxw wkh sdudooho frqvwuxfw1 Exw � $ '

lpsolhv dd� oo ' dd'oo1 Wkhuhiruh/ ddUHGXFH E�c ?�oo ' ddUHGXFH E�c ?n ��oo1 Wkhuhiruh/
dd� oo ' ddUHGXFH E�c ?�oo iru doo ? 5 Q1 Exw YDOXH EUHGXFH E�c?�� y ddUHGXFH E�c?�oo iru
doo ? 5 Q1 Wkhuhiruh/ VWHS E�c ?� y dd� oo iru doo ? 5 Q1 Wkhuhiruh I"

?'f VWHS E�c ?� y
dd� oo1 Exw/ HYDO E� � '

I"
?'f VWHS E�c ?�1 Wkhuhiruh/ hydoE� � y dd� oo1 �
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Surri ri Ohppd <3=
�,�1 Dvvxph � lv frpsxwdeoh1 Wkhuhiruh/ dd� oo y HYDO E� �1 Frqvlghu @� dd� oo1

Vr/ @� HYDO E� � '
I"

?'f VWHS E�c ?�1 Wkhuhiruh/ <? 5 Q vxfk wkdw @ y VWHS E�c?�1
�+�1 Wulyldo1 �

Surri ri Ohppd <4=
Frqvlghu frpsxwdeoh '1 Frqvlghu @ � dd�'oo1 Exw/ dd�'oo ' dd� oodd'oo1 E|

frqwlqxlw| ri dd� oo/ wkhuh h{lvwv K� dd'oo vxfk wkdw @� dd� ooK1 E| frpsxwdelolw| ri
'/ wkhuh h{lvwv ? 5 Q vxfk wkdw K y VWHS E'c?�1 Exw/ wkhuh h{lvwv 6 5 Q vxfk wkdw
dd� oo EVWHS E'c?�� y VWHS E�'c6�1 E| prqrwrqlflw| ri dd� oo/ dd� ooK y dd� ooVWHS E'c?�1
Vr/ @� dd� ooK y dd� oo EVWHS E'c?�� y VWHS E�'c6�1 Wkhuhiruh/ @ y VWHS E�'c6�1 �

Surri ri Ohppd <5=
Zh rqo| qhhg wr fkhfn wkh frpsxwdelolw| ri wkrvh frqvwuxfwv wkdw dsshdu lq

wkh qhz uhgxfwlrq uxohv1 Frqvlghu vxffE� �1 Wkh ixqfwlrq % :$ VXFF E%� lv fohduo|
frqwlqxrxv1 Vr/ zh rqo| qhhg wr vkrz wkdw

;? 5 Q � <6 5 Q � VXFF EVWHS E�c ?�� y VWHS EVXFF E� � c6�

iru dq| forvhg frpsxwdeoh whup � 1 Ohw � eh d forvhg frpsxwdeoh whup dqg ? 5 Q1
Ohw

� ' >? � E<r 5 Q � VWHS E�c ?� ' VXFFr Ef�� �

� Frqvlghu � : ?1

VXFF EVWHS E�c ?��

' B
' VWHS EVXFF E� � c f� �

� Frqvlghu � � ?1 Fohduo| � 9'41

VXFF EVWHS E�c ?��

' VXFF EVWHS EUHGXFH E�c �� c ?� ���

' VXFF EVWHS EVXFFr Ef� c ?� ���

' VWHS
�
VXFFrn� Ef� c ?� �

�
' VWHS EVXFF EVXFFr Ef�� c ?n � � ��

' VWHS EVXFF EUHGXFH E�c ��� c ?n � � ��

' VWHS EVXFF E� � c ?n �� �
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Vlploduo| iru SUHG E� �/ ]HUR E� � dqg LI � WKHQ' HOVH-1 �

Surri ri Ohppd <6=
Frqvlghu E�c'�1 Wkh ixqfwlrq % :$ + :$ E%c +� lv fohduo| frqwlqxrxv1 Vr/ zh

rqo| qhhg wr vkrz wkdw

;?c6 5 Q � <o 5 Q � EVWHS E�c?� c VWHS E'c6�� y VWHS EE�c'� c o�

iru doo forvhg frpsxwdeoh whupv � dqg '1 Ohw � dqg ' eh forvhg frpsxwdeoh
whupv dqg frqvlghu ?c6 5 Q1

EVWHS E�c?� c VWHS E'c6��

y EVWHS E�cPD[ E?c6�� c VWHS E'cPD[ E?c6���

' YDOXH EEUHGXFH E�cPD[ E?c6�� c UHGXFH E'cPD[ E?c6����

' VWHS EE�c'� cPD[ E?c6�� � �

Surri ri Ohppd <7=
Frqvlghu ivwE� �1 Wkh ixqfwlrq % :$ IVW E%� lv fohduo| frqwlqxrxv1 Vr/ zh rqo|

qhhg wr vkrz wkdw

;? 5 Q � <6 5 Q � IVW EVWHS E�c ?�� y VWHS EIVW E� � c6�

iru dq| forvhg frpsxwdeoh whup � 1 Ohw � eh d forvhg frpsxwdeoh whup dqg ? 5 Q1
Ohw

� ' >? � EVWHS E�c ?� ' E'c-�� �

� Frqvlghu � : ?1

IVW EVWHS E�c ?��

' B
' VWHS EIVW E� � cf� �

� Frqvlghu � � ?1 Fohduo| � 9'41

IVW EVWHS E�c ?��

' IVW EVWHS EUHGXFH E�c �� c ? � ���

' IVW EVWHS EE'c-� c ?� ���

' VWHS E'c?� ��

' VWHS EIVW EE'c-�� c ?n � � ��

' VWHS EIVW EUHGXFH E�c ��� c ?n � � ��

' VWHS EIVW E� � c ? n �� �
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Vlploduo| iru VQG E� �1 �

Surri ri Ohppd <8=

Wkh ixqfwlrq % :$ + :$ %� + lv fohduo| frqwlqxrxv1 Vr/ zh rqo| qhhg wr vkrz
wkdw

;? 5 Q � <6 5 Q � dd��oo EVWHS E'c?�� y VWHS E� �'c6�

iru doo forvhg frpsxwdeoh whupv � dqg '1 Ohw � dqg ' eh forvhg frpsxwdeoh
whupv dqg frqvlghu ? 5 Q1 Ohw

� ' >? � VWHS E'c?� � Efc4� �

� Frqvlghu � : ?1

dd��oo EVWHS E'c?�� ' B
' VWHS E� �'c f� �

� Frqvlghu � � ?1 Fohduo| � 9'41

� Frqvlghu UHGXFH E'c �� ' dT l1 Xvlqj wkh frpsxwdelolw| ri � / wkhuh h{lvwv
6 5 Q vxfk wkdw

dd� oo EVWHS EkmT ml c ?� ��� y VWHS E� EkmT ml� c6� �� �� �

Wkhuhiruh

dd��oo EVWHS E'c?�� ' dd��oo EVWHS EUHGXFH E'c �� c ?� ���

' dd��oo EVWHS EdT l c ?� ���

' dd� oo EVWHS EkmT ml c ?� ���

y VWHS E� EkmT ml� c6� �� ��

' VWHS E� � dT l c6� ��

' VWHS E� � UHGXFH E'c �� c6� ��

' VWHS E� �'c6� �

� Frqvlghu UHGXFH E'c �� ' d� l-1 Xvlqj wkh frpsxwdelolw| ri � / wkhuh
h{lvwv 6 5 Q vxfk wkdw

dd� oo EVWHS Ekm� ml-c?� ��� y VWHS E� Ekm� ml-� c6� �� �� �
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Wkhuhiruh

dd��oo EVWHS E'c?�� ' dd��oo EVWHS EUHGXFH E'c �� c ?� ���

' dd��oo EVWHS Ed� l-c?� ���

' dd� oo EVWHS Ekm� ml-c?� ���

y VWHS E� Ekm� ml-� c6� �� ��

' VWHS E� � d�l-c6� ��

' VWHS E� � UHGXFH E'c �� c6� ��

' VWHS E� �'c6� � �

Surri ri Ohppd <9=
Frqvlghu d� o1

� Frqvlghu � ' �� $ '�

d� o� ' d� o��

$ d� o'�

� Frqvlghu � ' dT l1

d� o� ' d� o dT l
$ d� � T l �

� Frqvlghu � ' d�l kT nl $ d� � T nl1

d� o� ' d� o
�
d�l T n

��
$ d� �� l T n

�
$ �

� �� � T n
�
�

� Frqvlghu � ' d�l Ek�nl'�$ d� ��nl'1

d� o� ' d� o
�
d�l ��n

�
'
��

$ d� �� l ��n
�
'
�

$ �
� �� ��n

�
'�
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� Frqvlghu � ' d�l�� $ d�l'1

d� o� ' d� o Ed� l���

$ d� ��l��

$ d� ��l'�

Vlploduo| iru d� l/ k� l1 �

Surri ri Ohppd <:=
Frqvlghu d� o1 Wkh surri lv e| lqgxfwlrq rq ? 5 Q1
Edvlv=

UHGXFH Ed� o EUHGXFH E�c f�� c �� ' UHGXFH Ed� o�c �� �

Lqgxfwlyh Vwhs= Dvvxph

UHGXFH Ed� o EUHGXFH E�c ?�� c�� ' UHGXFH Ed� o�c ?n �� �

Xvlqj ohppd +<9,

UHGXFH Ed� o EUHGXFH E�c ��� c �� ' UHGXFH Ed� o�c 2�

UHGXFH Ed� o EUHGXFH E�c ?n ��� c �� ' UHGXFH Ed� o EUHGXFH EUHGXFH E�c ?� c ��� c ��

' UHGXFH Ed� o EUHGXFH E�c ?�� c 2�

' UHGXFH EUHGXFH Ed� o EUHGXFH E�c ?�� c �� c ��

' UHGXFH EUHGXFH Ed� o�c ?n �� c ��

' UHGXFH Ed� o�c ?n 2� �

Vlploduo| iru d� l/ k� l1 �

Surri ri Ohppd <;=
Frqvlghu d� o1

� Frqvlghu � ' �� $ '1

ddd� ooo EYDOXH E� �� ' ddd� ooo EYDOXH E����

' ddd� ooo EU"�

' U"

' YDOXH Ed� o'�

' VWHS Ed� o�c�� �
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� Frqvlghu � ' dT l1

ddd� ooo EYDOXH E� �� ' ddd� ooo EYDOXH EdT l��
' dd� oo ELQIR ET ��

' LQIR E� � T �
' YDOXH Ed� � T l�
' VWHS Ed� o dT l c ��
' VWHS Ed� o�c �� �

� Frqvlghu � ' d�l'�

ddd� ooo EYDOXH E� �� ' ddd� ooo EYDOXH Ed�l'��
' dd� oo ELQIR E���

' LQIR E� �� �

' YDOXH Ed� ��l'�
' VWHS Ed� o Ed� l'� c ��
' VWHS Ed� o�c �� �

Vlploduo| iru d� l/ k� l1 �

Surri ri Ohppd <<=
Frqvlghu d� o dqg ? 5 Q1 Xvlqj Ohppd <; dqg ohppd +<:,

ddd� ooo EVWHS E�c ?�� ' ddd� ooo EYDOXH EUHGXFH E�c ?���

' VWHS Ed� o EUHGXFH E�c ?�� c ��

' YDOXH EUHGXFH Ed� o EUHGXFH E�c?�� c ���

' YDOXH EUHGXFH Ed� o�c ?n ���

' VWHS Ed� o�c ?n �� �

Vlploduo| iru d� l/ k� l e| v|pphwu| lq wkh pdwul{ uxohv1 �

Surri ri Ohppd 433=
Frqvlghu dA o1
Frqvlghu � ' ���

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS EdA o�c? n �� �
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Frqvlghu � ' EdT l c d` l�1

VWHS EdA l EUHGXFH E�c ��� c ?�
' VWHS EdA o�c ?� �

Frqvlghu � ' Ed�l kT nl c d` l�1

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS
�
dA o
��
� � T n

�
c d` l� c ?�

y VWHS
��
A ��

�
� � T n

� �`� c ?�
' VWHS

�
dA �� � �2 ` l T n

�
c ?n �

�
' VWHS EdA o�c ?n 2� �

Frqvlghu � '
�
d�l �n

f

�
-c d` l�1

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS
�
dA o
��
� ��n

f

�
-c d` l� c ?�

y VWHS
��
A ��

�
� ��n

f

� �2 `�-c?�
' VWHS

�
dA �� � �2 ` l �n

f

�
-c?n �

�
' VWHS EdA o�c ?n 2� �

Frqvlghu � ' Ed�l��
�c d` l�1

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS EdA o EEd� l EUHGXFH E��
�c ��� c d` l�� c ?�

y VWHS EdA �� � �2 ` l EUHGXFH E��
�c��� c ?�

' VWHS EdA �� � �2 ` l��
�c ? n ��

' VWHS EdA o�c? n 2� �

Frqvlghu � ' Ed�l kT nl c d� l k` l�1

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS
�
dA o
��
� � T n

�
c d� �` l� c ?�

y VWHS
��
A ��

�
� � T n

� � E� �` �
�
c ?
�

' VWHS
��
fkhdg

� 
fwdlo �� T n �`� c ?n �

�
' VWHS

��
fkhdg

� 
fwdlo

�� �
T n
�
c k` l� c ?n 2

�
' VWHS

�
dfl �T n

�
c k` l� c ? n �

�
' VWHS EdA o�c ?n e� �
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zkhuh
f ' A ��� �2 ��

Frqvlghu � '
�
d�l �n

f

�
-c d�l k` l�1

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS
�
dA o
��
� ��n

f

�
-c d� �` l� c ?�

y VWHS
��
A ��

�
� ��n

f

� �2 E� �` �
�
-c?

�
' VWHS

��
fkhdg

� 
f wdlo ���n

f �2 `
�
-c?n �

�
' VWHS

��
fkhdg

� 
f wdlo

�� �
�n

f

�
-c k` l� c ?n 2

�
' VWHS

�
dfl ��n

f

�
-c k` l� c ?n �

�
' VWHS EdA o�c ?n e�

zkhuh
f ' A ��� �2 ��

Frqvlghu � ' Ed�l��
�c d�l k`nl�1

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS
�
dA o
�
d�l EUHGXFH E��

�c ��� c
�
� �`n

��
c ?
�

y VWHS
��
A ��� �2

�
� �`n

��
EUHGXFH E��

�c ��� c ?
�

' VWHS
��
A ��� �2

�
� �`n

��
��
�c ?n �

�
' VWHS

��
fkhdg

� 
fwdlo �2 `n

�
��
�c ?n 2

�
' VWHS

��
fkhdg

� 
fwdlo

�� �
��
�c

`n

��
c ?n �

�
' VWHS

�
dfl ���

�c

`n

��
c ? n e

�
' VWHS EdA o�c ?n D�

zkhuh
f ' A ��� �2 ��

Frqvlghu � '
�
d�l �n

f

�
-c d�l �n

f

�
7
�
1

VWHS EdA o EUHGXFH E�c��� c ?�

' VWHS
�
dA o
��
� ��n

f

�
-c
�
� ��n

f

�
7
�
c ?
�

y VWHS
��
~khdg

� 
~wdlo

��
E-c7� c ?

�
' VWHS

��
fkhdg

�
t khdg

� 
t wdlo

��
E-c7� c ?n �

�
' VWHS

��
fkhdg

� kt l E-c7� c ?n 2
�
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' VWHS
��
fkhdg

�
fwdlo

�� �
�n

f

�
-c

�n

f

�
7
�
c ? n �

�
' VWHS

�
dfl ��n

f

�
-c

�n

f

�
7
�
c ?n e

�
' VWHS EdA o�c? n D�

zkhuh

f ' A �� � �2 �
t ' fwdlo �� �n

f �2 �n
f

~ ' A ��
�
� ��n

f

� �2 �� ��n
f

�
�

Frqvlghu
� '

�
d�l��

�c d�l

�n

f

� 
�n

�

� � � � �n
r

� 
`n

��
�

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS

�
dA o

�
d� l EUHGXFH E��

�c ����
� ��n

f

�
�n

�

� � � � k�n
r l k`nl

�
c ?

�
y VWHS

��
~r � t wdlo

r �2 `n
�
EUHGXFH E��

�c��� c ?
�

' VWHS
��
~r � t wdlo

r �2 `n
�
��
�c ? n �

�
' VWHS

�
d~rl


t wdlo

r �2 `n
�
��
�c ? n 2

�
' VWHS

�
d~rl


t wdlo

r

�� �
��
�c

`n

��
c ?n �

�
111

' VWHS

�
d~�l


t khdg

�n�

� 
t wdlo

�n�

��� ��
�
�n

�n2

� � � � k�n
r l k`nl

�
c ? n �rn �� ��

�
' VWHS

�
d~�l kt�n�l

�
��
�c

�n

�n2

� � � � �n
r

� 
`n

��
c ? n �rn 2� ��

�
' VWHS

�
d~�l


t wdlo

�

�� �
��
�c

�n

�n�

� � � � �n
r

� 
`n

��
c ?n �r n �� ��

�
111

' VWHS
��
fkhdg

� 
t khdg

f

� 
t wdlo

f

�� �
��
�c

�n

�

� � � � �n
r

� 
`n

��
c ? n �rn e

�
' VWHS

��
fkhdg

� ktfl ���
�c

�n

�

� � � � �n
r

� 
`n

��
c ?n �rn D

�
' VWHS

��
fkhdg

� 
fwdlo

�� �
��
�c

�n

f

� � � � �n
r

� 
`n

��
c ?n �rn S

�
' VWHS

�
dfl ���

�c

�n

f

� � � � �n
r

� 
`n

��
c ?n �rn .

�
' VWHS EdA o�c ?n �rn H�

zkhuh

f ' A �� � �2 �
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tf ' fwdlo �2 �n
f

~f ' fkhdg � t khdg

f

t?n� ' t wdlo

? �2 �n
?n�

~?n� ' ~? � t khdg

?n� �

Frqvlghu
� '

�
d� l��

�c d�l

�n

f

� 
�n

�

� � � � �n
r

�
��
2

�
�

VWHS EdA o EUHGXFH E�c ��� c ?�

' VWHS

�
dA o

�
d� l EUHGXFH E��

�c ����
� ��n

f

�
�n

�

� � � � k�n
r l��

2

�
c ?

�
y VWHS

�
d~rl


t wdlo

r

��
EUHGXFH E��

�c �� c UHGXFH E�
�
2c ��� c ?

�
' VWHS

�
d~rl


t wdlo

r

��
E��

�c �
�
2� c ?n �

�
111

' VWHS

�
d~�l


t khdg

�n�

� 
t wdlo

�n�

��� ��
�
�n

�n2

� � � � k�n
r l��

2

�
c ?n �r� �� ��

�
' VWHS

�
d~�l kt�n�l

�
��
�c

�n

�n2

� � � � �n
r

�
��
2

�
c ?n �r� ��

�
' VWHS

�
d~�l


t wdlo

�

�� �
��
�c

�n

�n�

� � � � �n
r

�
��
2

�
c ?n �rn � � ��

�
111

' VWHS
��
fkhdg

� 
t khdg

f

� 
t wdlo

f

�� �
��
�c

�n

�

� � � � �n
r

�
��
2

�
c ?n �rn 2

�
' VWHS

��
fkhdg

� ktfl ���
�c

�n

�

� � � � �n
r

�
��
2

�
c ?n �rn �

�
' VWHS

��
fkhdg

� 
fwdlo

�� �
��
�c

�n

f

� � � � �n
r

�
��
2

�
c ? n �rn e

�
' VWHS

�
dfl ���

�c

�n

f

� � � � �n
r

�
��
2

�
c ?n �rn D

�
' VWHS EdA o�c ?n �rn S�

zkhuh

f ' A �� � �2 �
tf ' fwdlo �2 �n

f

~f ' fkhdg � t khdg

f

t?n� ' t wdlo

? �2 �n
?n�

~?n� ' ~? � t khdg

?n� �

Frqvlghu � ' Ed�l��
�c d�l��

2�1

VWHS EdA o EUHGXFH E�c ��� c ?�
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' VWHS EdA o Ed�l EUHGXFH E��
�c ��� c d�l EUHGXFH E��

2c ���� c ?�

y VWHS
��
fkhdg

� 
fkhdg

��
EUHGXFH E��

�c �� c UHGXFH E�
�
2c ��� c ?

�
' VWHS

��
fkhdg

� 
fkhdg

��
E��

�c �
�
2� c ?n �

�
' VWHS Edfl E��

�c �
�
2� c ? n 2�

' VWHS EdA o Ed�l��
�c d� l��

2� c ?n ��

' VWHS EdA o�c ?n e�

zkhuh
f ' A ��� �2 ��

Frqvlghu dA l�1
Frqvlghu � ' ��1

VWHS
�
dA l� EUHGXFH E�c ��� c ?�

' VWHS
�
dA l� �c ?n �

�
�

Frqvlghu � ' �1 Vlplodu wr dA o e| v|pphwu| lq wkh whqvru uxohv1
Frqvlghu � ' EkT l c ��

2�1

VWHS
�
dA l� EUHGXFH E�c ��� c ?�

' VWHS
�
dA l� EkT l c UHGXFH E��

2c ��� c ?
�

y VWHS EdA �� T l EUHGXFH E��
2c ��� c ?�

' VWHS EdA �� T l��
2c ?n ��

' VWHS
�
dA l� �c ?n 2

�
�

Frqvlghu � ' Ek�l kT nl c ��
2�1

VWHS
�
dA l� EUHGXFH E�c ��� c ?�

' VWHS
�
dA l� �� � T n

�
c UHGXFH E��

2c ��
�
c ?
�

y VWHS
��
A ��

�
� � T n

��
EUHGXFH E��

2c��� c ?
�

' VWHS
��
A ��

�
� � T n

��
��
2c ?n �

�
' VWHS

��
fkhdg

�
fwdlo � T n

�
��
2c ?n 2

�
' VWHS

��
fkhdg

� 
fwdlo

�� �
T n
�
c ��

2

�
c ?n �

�
' VWHS

�
dfl �T n

�
c ��

2

�
c ? n e

�
' VWHS

�
dA l� �c ?n D

�
zkhuh

f ' A �� ��
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Frqvlghu
� '

�k�l �n
f

� 
�n

�

� � � � �n
o

� 
T n
�
c ��

2

�
�

VWHS
�
dA l� EUHGXFH E�c ��� c ?�

' VWHS
�
dA l� �� ��n

f

� 
�n

�

� � � � �n
o

� 
T n
�
c UHGXFH E��

2c ��
�
c ?
�

y VWHS
��
~r � t wdlo

r �� T n
�
EUHGXFH E��

2c ��� c ?
�

' VWHS
��
~r � t wdlo

r �� T n
�
��
2c ? n �

�
' VWHS

�
d~rl


t wdlo

r �� T n
�
��
2c ? n 2

�
' VWHS

�
d~ol


t wdlo

o

�� �
T n
�
c ��

2

�
c ?n �

�
111

' VWHS

�
d~�l


t khdg

�n�

� 
t wdlo

�n�

��� �n
�n2

� � � � k�n
o l kT nl

��
2

�
c ?n �o n �� ��

�
' VWHS

�
d~�l kt�n�l

�
�n

�n2

� � � � �n
o

� 
T n
�
c ��

2

�
c ?n �o n 2� ��

�
' VWHS

�
d~�l


t wdlo

�

�� �
�n

�n�

� � � � �n
o

� 
T n
�
c ��

2

�
c ? n �o n � � ��

�
111

' VWHS
��
fkhdg

� 
t khdg

f

� 
t wdlo

f

�� �
�n

�

� � � � �n
o

� 
T n
�
c ��

2

�
c ?n �o n e

�
' VWHS

��
fkhdg

� ktfl ��n
�

� � � � �n
o

� 
T n
�
c ��

2

�
c ?n �o n D

�
' VWHS

��
fkhdg

� 
f wdlo

�� �
�n

f

� � � � �n
o

� 
T n
�
c ��

2

�
c ?n �o n S

�
' VWHS

�
dfl ��n

f

� � � � �n
o

� 
T n
�
c ��

2

�
c ?n �o n .

�
' VWHS

�
dA l� �c ?n �o n H

�
zkhuh

f ' A �� �
tf ' fwdlo �� �n

f

~f ' fkhdg � t khdg

f

t?n� ' t wdlo

? �� �n
?n�

~?n� ' ~? � t khdg

?n� �

Frqvlghu
� '

�k�l �n
f

� 
�n

�

� � � � �n
o

�
��
�c �

�
2

�
�

VWHS
�
dA l� EUHGXFH E�c ��� c ?�

' VWHS
�
dA l� �� ��n

f

� 
�n

�

� � � � �n
o

�
��
�c UHGXFH E�

�
2c ��

�
c ?
�
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y VWHS
�
d~ol


t wdlo

o

��
EUHGXFH E��

�c �� c UHGXFH E�
�
2c ��� c ?

�
' VWHS

�
d~ol


t wdlo

o

��
E��

�c �
�
2� c ?n �

�
111

' VWHS

�
d~�l


t khdg

�n�

� 
t wdlo

�n�

��� 
�n

�n2

� � � � k�n
o l��

�

��
2

�
c ? n �o � � � ��

�
' VWHS

�
d~�l kt�n�l

�
�n

�n2

� � � � �n
o

�
��
�c �

�
2

�
c ?n �o � ��

�
' VWHS

�
d~�l


t wdlo

�

�� �
�n

�n�

� � � � �n
o

�
��
�c�

�
2

�
c ?n �o n �� ��

�
111

' VWHS
��
fkhdg

� 
t khdg

f

� 
t wdlo

f

�� �
�n

�

� � � � �n
o

�
��
�c �

�
2

�
c ?n �o n 2

�
' VWHS

��
fkhdg

� ktfl ��n
�

� � � � �n
o

�
��
�c �

�
2

�
c ?n �o n �

�
' VWHS

��
fkhdg

� 
f wdlo

�� �
�n

f

� � � � �n
o

�
��
�c �

�
2

�
c ? n �o n e

�
' VWHS

�
dfl ��n

f

� 
�n

�

� � � � �n
o

�
��
�c �

�
2

�
c ? n �o n D

�
' VWHS

�
dA l� �c ?n �o n S

�
zkhuh

f ' A �� �
tf ' fwdlo �� �n

f

~f ' fkhdg � t khdg

f

t?n� ' t wdlo

? �� �n
?n�

~?n� ' ~? � t khdg

?n� �

Frqvlghu � ' Ek�l��
�c �

�
2�1

VWHS
�
dA l� EUHGXFH E�c ��� c ?�

' VWHS
�
dA l� Ek� l EUHGXFH E��

�c ��� c UHGXFH E�
�
2c ��� c ?

�
y VWHS

��
fkhdg

�
fwdlo

��
EUHGXFH E��

�c �� c UHGXFH E�
�
2c��� c ?

�
' VWHS

��
fkhdg

�
fwdlo

��
E��

�c �
�
2� c ?n �

�
' VWHS Edfl E��

�c �
�
2� c ?n 2�

' VWHS
�
dA l� �c ?n �

�
zkhuh

f ' A �� ��

Frqvlghu kA l�1 Vlplodu wr dA l�1 �
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Surri ri Ohppd 434=
Frqvlghu dA o1 Frqvlghu 6 5 Q1 Wkh surri lv e| lqgxfwlrq rq ? 5 Q1
Edvlv=

VWHS EdA o EUHGXFH E�c f�� c6� ' VWHS EdA o�c6� �

Lqgxfwlyh Vwhs= Dvvxph wkhuh h{lvwv � 5 Q vxfk wkdw

VWHS EdA o EUHGXFH EUHGXFH E�c �� c ?�� c6� y VWHS EdA o EUHGXFH E�c ��� c �� �

Xvlqj Ohppd 433/ wkhuh h{lvwv o 5 Q

VWHS EdA o EUHGXFH E�c ��� c �� y VWHS EdA o�c o� �

Wkhuhiruh

VWHS EdA o EUHGXFH E�c ?n ��� c6� ' VWHS EdA o EUHGXFH EUHGXFH E�c �� c ?�� c6�

y VWHS EdA o EUHGXFH E�c ��� c ��

y VWHS EdA o�c o� �

Vlploduo| iru dA l�/ kA l�1 �

Surri ri Ohppd 435=
Frqvlghu dA o1

� Frqvlghu � ' ��1

' dddA ooo EYDOXH E� ��

' U"

' VWHS EdA o�c f� �

� Frqvlghu � ' EdT l c d` l�1

dddA ooo EYDOXH E� ��

' dddA ooo EYDOXH EdT l c d` l��
' ddA oo ELQIR ET � c LQIR E` ��

' LQIR EA �� T �` �

' YDOXH EdA �� T �` l�
' VWHS EdA o EdT l c d` l� c ��
' VWHS EdA o�c �� �
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� Frqvlghu � ' EdT l c d�l-�1

dddA ooo EYDOXH E� ��

' dddA ooo EYDOXH EdT l c d� l-��
' ddA oo ELQIR ET � c LQIR E���

' LQIR EA �� T �� �

' YDOXH EdA �� T ��l-�
' VWHS EdA o EdT l c d�l-� c��
' VWHS EdA o�c �� �

� Frqvlghu � ' Ed�l'c d` l�1 Vlplodu wr � ' EdT l c d� l-�1
� Frqvlghu � ' Ed�l'c d�l-�1

� Frqvlghu LQIR EA �� � �2 �� ' U"1

dddA ooo EYDOXH E� ��

' dddA ooo EYDOXH Ed�l'c d�l-��
' ddA oo ELQIR E�� c LQIR E���

' LQIR EA �� � �2 ��

' U"

' VWHS EdA o�cf� �

� Frqvlghu LQIR EA �� � �2 �� 9' U"1

dddA ooo EYDOXH E� ��

' dddA ooo EYDOXH Ed� l'c d� l-��
' ddA oo ELQIR E�� c LQIR E���

' LQIR EA �� � �2 ��

' YDOXH
�k

EA �� � �2 ��khdg
H�k

EA �� � �2 ��wdlo
H
E'c-�

��
' VWHS EdA ��� �2 � l E'c-� c ��
' VWHS EdA o Ed�l'c d�l-� c 2�
' VWHS EdA o�c 2� �

Vlploduo| iru dA l�/ kA l�1 �

Surri ri Ohppd 436=
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Frqvlghu dA o dqg ? 5 Q1 Xvlqj Ohppd 435/ wkhuh h{lvwv � 5 Q vxfk wkdw

dddA ooo EVWHS E�c ?�� ' VWHS EdA o EUHGXFH E�c?�� c �� �

Xvlqj Ohppd 434/ wkhuh h{lvwv 6 5 Q vxfk wkdw

VWHS EdA o c EUHGXFH E�c ?�� c �� y VWHS EdA o�c6� �

Wkhuhiruh

dddA ooo EVWHS E�c ?�� ' VWHS EdA o EUHGXFH E�c ?�� c ��

y VWHS EdA o�c6� �

Vlploduo| iru dA l�/ kA l�1 �

Surri ri Ohppd 437=

� Frqvlghu d� l G UHDO"1 Wkh ixqfwlrq ddb% � d%loo lv frqwlqxrxv1 Vr/ zh rqo| qhhg
wr vkrz wkdw

;? 5 Q � <6 5 Q � ddb% � d%loo EVWHS E�c ?�� y VWHS EEb% � d%l��c6�

iru hyhu| forvhg frpsxwdeoh whup � 1 Vr/ ohw � eh d forvhg frpsxwdeoh whup
dqg frqvlghu ? 5 Q1 Ohw

� ' >? � UHGXFH E�c ?� ' f�

� Frqvlghu � : ?1

ddb% � d%loo EVWHS E�c ?�� ' U"

' VWHS EEb% � d%l��c f� �

� Frqvlghu � � ?1

ddb% � d%loo EVWHS E�c?�� ' ddb% � d%loo EYDOXH Ef��

' YDOXH Edfl�
' VWHS Ed� l c ��
' VWHS EEb% � d%l��c �n �� �

� Frqvlghu k� l G UHDOn1 Vlplodu wr d� l G UHDO"1
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� Frqvlghu d� o' G UHDO"1 Wkh ixqfwlrq ddb% � d%ooo lv frqwlqxrxv ehfdxvh Pùelxv
wudqvirupdwlrqv duh frqwlqxrxv rq wkh h{whqghg uhdo olqh1 Vr/ zh rqo| qhhg
wr vkrz wkdw

;?c6 5 Q � <o 5 Q�
ddb% � d%loo EVWHS E�c ?�� EVWHS E'c6�� y VWHS EEb% � d%l��'c o�

iru doo forvhg frpsxwdeoh whupv � dqg '1 Vr/ ohw � dqg ' eh forvhg frp0
sxwdeoh whupv dqg frqvlghu ?c6 5 Q1 Ohw

� ' >? � UHGXFH E�c ?� ' f�

� Frqvlghu � : ?1

ddb% � d%loo EVWHS E�c ?�� EVWHS E'c6��

' ddb% � d%loo EB� EVWHS E'c6��

' U"

' VWHS EEb% � d%l��'c f� �

� Frqvlghu � � ?1 Xvlqj Ohppd << dqg Ohppd 436/ wkhuh h{lvwv o 5 Q
vxfk wkdw

dddfooo EVWHS E'c6�� y VWHS Edfo'c o � � � �� �

Wkhuhiruh

ddb% � d%ooo EVWHS E�c?�� EVWHS E'c6��

' ddb% � d%ooo EYDOXH Ef�� EVWHS E'c6��

' dddfooo EVWHS E'c6��

y VWHS Edfo'c o � � � ��

' VWHS EdUHGXFH E�c ��l'c o � �� ��

' VWHS Ed� l'c o � ��

' VWHS EEb% � d%l��'c o� �

� Frqvlghu d� l' G UHDOn1 Vlplodu wr d� o' G UHDO"1

� Frqvlghu k� l' G UHDOn1 Vlplodu wr d� o' G UHDO"1 �

Surri ri Ohppd 438=
Wkh surri lv e| vwuxfwxudo lqgxfwlrq rq � 1 Ohw j eh d vxevwlwxwlrq ri forvhg

frpsxwdeoh whupv iru wkh iuhh yduldeohv lq � 1 Wkxv/ zh pxvw vkrz wkdw j� lv
frpsxwdeoh1
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� Iru � ' %/ f/ wuxh/ idovh/ vxffE'�/ suhgE'�/ }hurE'�/ li' wkhq- hovh7 ru '-/
� lv frpsxwdeoh ehfdxvh lw lv lq SFI1

� Iru � ' b%�'/ zh pxvw vkrz wkdw - ' Eb%�j'����2 � � � �? lv frpsxwdeoh li
��c �2c � � � c �? duh forvhg frpsxwdeoh whupv dqg - kdv jurxqg w|sh |1

� Iru | � QXP ru ERRO/ - lv frpsxwdeoh ehfdxvh lw lv lq SFI1

� Iru | � UHDO"/ UHDOn ru o � r/ revhuyh wkdw

-$ Ed��*%oEj'���2�� � � � �? ' EEjd��*%o�'��2�� � � � �?c

zklfk zh zloo fdoo 71 Exw/ 7 lv frpsxwdeoh ehfdxvh ' lv frpsxwdeoh1
Wkhuhiruh/ dd-oo y HYDO E-� ehfdxvh dd-oo ' dd7oo/ HYDO E-� ' HYDO E7� dqg
dd7oo y HYDO E7�1

� Iru � � >%�'/ zh pxvw vkrz wkdw - � 7���2 � � � �? zkhuh 7 � >%�j' lv
frpsxwdeoh li ��c �2c � � � c �? duh forvhg frpsxwdeoh whupv dqg - kdv jurxqg
w|sh |1

� Iru | � QXP ru ERRO/ - lv frpsxwdeoh ehfdxvh lw lv lq SFI1

� Iru | � UHDO"/ UHDOn ru o � r gh�qh 7? e|

7f � >%�%

7?n� � Eb%�j'�7?�

Lw lv hdv| wr vkrz e| lqgxfwlrq rq ? wkdw dd7oo '
I"

?'fdd7
?oo1 Fohduo|/ 7?

lv frpsxwdeoh iru doo ? 5 Q1 Ohw @� dd-oo1

dd-oo ' dd7oodd��oodd�2oo � � � dd�?oo

'

# "J
?'f

dd7?oo

$
dd��oodd�2oo � � � dd�?oo

'
"J
?'f

Edd7?oodd��oodd�2oo � � � dd�?oo�

'

"J
?'f

dd7?���2 � � � �?oo�

Krzhyhu/ <? 5 Q vxfk wkdw @ � dd7?���2 � � � �?oo/ wkhuhiruh <r? 5 Q
vxfk wkdw @ y VWHS E7?���2 � � � �?c r?� ehfdxvh 7? lv frpsxwdeoh1 Wkhuh0
iruh <o? 5 Q vxfk wkdw VWHS E-c o?� ' VWHS E7?���2 � � � �?c r?� e| d
vwudljkwiruzdug h{whqvlrq ri wkh Xqzlqglqj Wkhruhp ^5<`1
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� Iru � � E'c-�1 Suryhg lq Ohppd <61

� Iru � �ivwE'� ru vqgE'�1 Suryhg lq Ohppd <71

� Iru � � '�-1 Suryhg lq Ohppd <81

� Iru � � d'o/ d'l ru k'l1 Suryhg lq Ohppd 4371 �

Surri ri Ohppd 43:=
Wkh surri lv e| lqgxfwlrq rq wkh gh�qlwlrq ri $1 Wkh uxohv � $ ' zlwk

SYDOXH E� � ' iBj duh wulyldo1 Rqo| wkh sdudooho uxohv qhhg wr eh frqvlghuhg ehfdxvh
zh kdyh douhdg| vkrzq wkdw wkh rwkhu uxohv duh vrxqg1

Edvlv=

� Frqvlghu � i'c-j $ i�'c�-j1

SYDOXH E� i'c-j G UHDOj�

'

;?= & iLQIR E� �j li � ' d� l
& iLQIR E� �j li � ' k�l
iBj rwkhuzlvh

' SYDOXH E�'� w SYDOXH E�-�

' SYDOXH Ei�'c�-j G UHDOj� �

� Frqvlghu Ei�c'j c -�$ iE�c-� c E'c-�j1

SYDOXH EEi�c'j c -��
' SYDOXH Ei�c'j�� SYDOXH E-�

' ESYDOXH E� � w SYDOXH E'� cSYDOXH E-��

' ESYDOXH E� � c SYDOXH E-�� w ESYDOXH E'� c SYDOXH E-��

' SYDOXH EE�c-�� w SYDOXH EE'c-��

' SYDOXH EiE�c-� c E'c-�j� �

� Frqvlghu E�ci'c-j� $ iE�c'� c E�c-�j1 Vlplodu wr Ei�c'j c -� $
iE�c-� c E'c-�j1

Lqgxfwlyh Vwhs=

� Frqvlghu
� $ - '$ 7

i�c'j $ i-c7j 1
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Dvvxph SYDOXH E� � y SYDOXH E-� dqg SYDOXH E'� y SYDOXH E7�1

SYDOXH Ei�c'j�
' SYDOXH E� � w SYDOXH E'�

y SYDOXH E-� w SYDOXH E7�

' SYDOXH Ei-c7j� � �

Surri ri Ohppd 445=
Dvvxph � dqg ' duh frpsxwdeoh dqg frqvlghu i�c'j1 Wkh ixqfwlrq Emb% � b+ �

i%c +j m� lv fohduo| frqwlqxrxv1 Vr/ zh rqo| qhhg wr vkrz wkdw

;?c6 5 Q � <o 5 Q�

Emb% � b+ � i%c +j m� ESVWHS E�c ?�� ESVWHS E'c6�� y SVWHS EE�c'� c o�

iru dq| forvhg frpsxwdeoh whupv � dqg '1 Vr/ ohw � dqg ' eh forvhg frpsxwdeoh
whupv dqg frqvlghu ?c6 5 Q1

Emb% � b+ � i%c +j m� ESVWHS E�c?�� ESVWHS E'c6��

y Emb% � b+ � i%c +j m� ESVWHS E�cPD[ E?c6��� ESVWHS E'cPD[ E?c6���

' ESVWHS E�cPD[ E?c6��� w ESVWHS E'cPD[ E?c6���

' SYDOXH EiUHGXFH E�cPD[ E?c6�� c UHGXFH E'cPD[ E?c6��j�
' SVWHS Ei�c'j cPD[ E?c6�� � �
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���	�� �

*��� 
+ �
����
	

s G f $ t wrwdo ixqfwlrq
s G f � t sduwldo ixqfwlrq
B erwwrp
S Ef� srzhuvhw
Ss Ef� vhw ri �qlwh vxevhwv
SW Ef� vhw ri qrq0hpsw| vxevhwv
:$ eduuhg duurz qrwdwlrq
Q E?� Q E?� ' ifc �c 2c � � � c ? � �j
] E?� ] E?� ' i�� ?c 2� ?c � � � cfc �c 2c � � � c ?� 2c ?� �j
k%?l"?'f lq�qlwh vhtxhqfh %fc %�c %2c � � �
k%?l6?'f �qlwh vhtxhqfh %fc %�c %2c � � � c %6
mCm rughu ri d jurxs
M@ uljkw frvhw
@M ohiw frvhw
� Q C qrupdo vxejurxs � ri C
C*� txrwlhqw jurxs ri C e| wkh qrupdo vxejurxs �
LPDJH Ew� lpdjh ri krprprusklvp w
NHUQHO Ew� nhuqho ri krprprusklvp w
%3�}% frqmxjdwh ri } e| %
Cu E?c8 � ?0glphqvlrqdo jhqhudo olqhdu jurxs ryhu 8
8 W pxowlsolfdwlyh jurxs ri qrq0}hur hohphqwv
d@c Ko forvhg erxqghg lqwhuydo lq U
Lf vhw ri doo lqwhuydov ri f
L�f vhw ri rshq lqwhuydov ri f
L�f vhw ri forvhg lqwhuydov ri f
L6f vhw ri frpsdfw lqwhuydov ri f
ZLGWK Ed@c Ko� ZLGWK Ed@c Ko� ' K� @
d@c Ko d@c Ko ' @

596
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d@c Ko d@c Ko ' K
reEF� remhfwv ri fdwhjru| F
pruEF� prusklvpv ri fdwhjru| F
VUF Es � vrxufh ri prusklvp s
WDU Es � wdujhw ri prusklvp s
s � } ixqfwlrq frpsrvlwlrq
y lqirupdwlrq rughulqj
w� ohdvw xsshu erxqg
x� juhdwhvw orzhu erxqg
d($ .o ixqfwlrq vsdfh
%� + % dssur{lpdwhv +
g E(� vhw ri frpsdfw hohphqwv ri gfsr (
%% %% ' i+ 5 ( m % y +j
&% &% ' i+ 5 ( m + y %j
%%% %%% ' i+ 5 ( m %� +j
&&% &&% ' i+ 5 ( m +� %j
_) e vwhs ixqfwlrq
XSSHU E(� xsshu srzhugrpdlq
ORZHU E(� orzhu srzhugrpdlq
FRQYH[ E(� frqyh{ srzhugrpdlq
Q vhw ri qdwxudo qxpehuv
] vhw ri lqwhjhuv
T vhw ri udwlrqdo qxpehuv
U vhw ri uhdo qxpehuv
_, E%c +� Hxfolghdq glvwdqfh
_� E%c +� fkrugdo glvwdqfh
_� E%c +� dowhuqdwlyh glvwdqfh
e%f  rru ri %
g%h fhlolqj ri %
e%h urxqg ri %
ee%hh Hxfolghdq sduw ri %
ee%ff edvhphqw ri %
I" I" ' I ^ i4j
U" h{whqghg uhdo olqh
F" h{whqghg frpsoh{ sodqh
L dIo doo lqwhuydov lq U" zlwk hqg0srlqwv lq I
L� dIo rshq lqwhuydov lq U" zlwk hqg0srlqwv lq I
L� dIo forvhg lqwhuydov lq U" zlwk hqg0srlqwv lq I
L6 dIo frpsdfw lqwhuydov lq U" zlwk hqg0srlqwv lq I
M E�� vhw ri ixqfwlrqv krorprusklf lq �
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E�c!� lghdo frpsohwlrq ri devwudfw edvlv
> hpsw| vhw
( ES( o� rshq glvf zlwk fhqwuh S dqg udglxv o
� ES( oc r� rshq dqqxoxv fhqwuh S dqg udgll o dqg r
E_63� � � � _f�_3�_32 � � � _?�o udgl{ o srvlwlrqdo qrwdwlrq
D vhw ri dojheudlf qxpehuv
E EK� vhw ri K0dglf qxpehuv

T
�s

_
�

txdgudwlf �hog iru _

# EU� # EU� '
W"

?'f U?
F EU� frqwlqxrxv uhdo grpdlq
D EI� dojheudlf uhdo grpdlq
% % ' LQI E%�
% % ' VXS E%�
k%l k%l ' i+ 5 L� dIo m + � % dqg % � +j
k%ll k%ll ' i+ 5 L� dIo m + � % dqg % 	 +j
kk%l kk%l ' i+ 5 L� dIo m + 	 % dqg % � +j
kk%ll kk%ll ' i+ 5 L� dIo m + 	 % dqg % 	 +j
d@f�Kfc @��K�c @2�K2c � � �o frqwlqxhg iudfwlrq deeuhyldwlrq
d@fc @�c @2c � � �o vlpsoh frqwlqxhg iudfwlrq deeuhyldwlrq
� jroghq udwlr
e qdwxudo qxpehu
Z sl
1V frqwlqxdwlrq ixqfwlrq
du*� o u/ � Sdgì Dssur{lpdqw
� Eu*�� F wdeoh hqwu|
E@�? Srfkkdpphu v|pero
28� E@c K( S( 5� ruglqdu| k|shujhrphwulf ixqfwlrq
�8� EK( S(%� Nxpphu frq xhqw k|shujhrphwulf ixqfwlrq
?86 ?06 frq xhqw k|shujhrphwulf ixqfwlrq
HUI E%� huuru ixqfwlrq
HUIF E%� frpsohphqwdu| huuru ixqfwlrq
� E@c %� lqfrpsohwh jdppd ixqfwlrq
a@ E%� Ehvvho ixqfwlrq ri wkh �uvw nlqg
GLY lqwhjhu glylvlrq
PRG lqwhjhu uhpdlqghu
ULI uhgxqgdqw li rshudwru
SLI sdudooho li rshudwru
	" txdvl0uhodwlrqdo frpsdulvrq
lqwhulru EU� lqwhulru ri U
GHW E�� ghwhuplqdqw ri pdwul{ �
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Y vhw ri yhfwruv zlwk lqwhjhu frh!flhqwv
P vhw ri pdwulfhv zlwk lqwhjhu frh!flhqwv
W vhw ri whqvruv zlwk lqwhjhu frh!flhqwv
YW vhw ri yhfwruv zlwk qdwxudo frh!flhqwv
PW vhw ri pdwulfhv zlwk qdwxudo frh!flhqwv
WW vhw ri whqvruv zlwk qdwxudo frh!flhqwv
Yn vhw ri xqvljqhg yhfwruv
Pn vhw ri xqvljqhg pdwulfhv
Wn vhw ri xqvljqhg whqvruv
T T ghqrwhv yhfwru
` ` ghqrwhv yhfwru
� � ghqrwhv pdwul{
� � ghqrwhv pdwul{
� � ghqrwhv pdwul{
A A ghqrwhv whqvru
L L ghqrwhv whqvru
Efct �f �uvw surmhfwlrq
Efct �� vhfrqg surmhfwlrq
uA wudqvsrvh
� grw surgxfw
�? jhqhudo grw surgxfw
�� ohiw surgxfw
�2 uljkw surgxfw
x ET � lqwhusuhwdwlrq prusklvp ri yhfwru T
[E� � lqwhusuhwdwlrq prusklvp ri pdwul{ �
CEA � lqwhusuhwdwlrq prusklvp ri whqvru A
j ET � vljq ri yhfwru T
P EI� jurxs ri Pùelxv wudqvirupdwlrqv
� _ wdph lqyhuvh ri pdwul{ �
WUDFH E� � wudfh ri pdwul{ �
� Ebc� � fkdudfwhulvwlf sro|qrpldo ri pdwul{ �
LQYDULDQFH E�� lqyduldqfh ri pdwul{ �
RUGHU E�� rughu ri pdwul{ �
JFG E6c?� juhdwhvw frpprq glylvru ri 6 dqg ?
7j vljq pdwul{ zlwk j 5 i4cnc fc�j
K(_ udgl{ K gljlw pdwul{ zlwk _ 5 ] EK�
(_ udgl{ 2 gljlw pdwul{ zlwk _ 5 i��c fc�j
O O ' Y ^P ^ W
OW OW ' YW ^PW ^ WW
On On ' Yn ^Pn ^ Wn
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LQIR Eu� lqirupdwlrq lq oiw u
A� edvlf dulwkphwlf whqvru � 5 inc�c�c�j
A khdg khdg ri whqvru A
A wdlo wdlo ri whqvru A
K
�

?
S

K
�

?
S '

K(_�
K(_2 � � �

K(_?

�
?
S �

?
S '

2
�

?
S

u i.�c � � � c .�j h{suhvvlrq wuhh zlwk urrw qrgh u
� d.�o pdwul{ vtxduh eudfnhw dssolfdwlrq
A d.�c .2o whqvru vtxduh eudfnhw dssolfdwlrq
s E�� frqwudfwlylw| ri pdwul{ �
sE�� h{sdqvlylw| ri pdwul{ �
B E�c "� xqghuhvwlpdwh
B E�c "� ryhuhvwlpdwh
VWUDWHJ\i EAc ?� idlu vwudwhj|
VWUDWHJ\

r
EAc?� lqirupdwlrq ryhuods vwudwhj|

VWUDWHJ\
p
EAc ?� rxwfrph plqlpl}dwlrq vwudwhj|

{_ ghflvlrq ixqfwlrq
VHP vljq hplvvlrq ixqfwlrq
GHP gljlw hplvvlrq ixqfwlrq
DE devruswlrq ixqfwlrq
HGHP h!flhqw gljlw hplvvlrq ixqfwlrq
HDE h!flhqw devruswlrq ixqfwlrq
rE@� qxpehu ri vwrudjh elwv uhtxluhg
{3

� Euc "� frqvhuydwlyh dssur{lpdwlrq
b% � � devwudfwlrq
>% � � uhfxuvlrq
d'*%o� vxevwlwxwlrq
%� G |�c � � � c %? G |? w|sh dvvljqphqw
M c � G | w|slqj mxgjhphqw
$ rqh0vwhs uhgxfwlrq uhodwlrq
$W uhgxfwlrq uhodwlrq
ddM 
 � G |oo vwdqgdug prgho lqwhusuhwdwlrq
EmM 
 � G |m� sdudooho prgho lqwhusuhwdwlrq
d� o wudqvirupdwlrq frqvwuxfw
d� l wudqvirupdwlrq frqvwuxfw
k� l wudqvirupdwlrq frqvwuxfw
i�c�j sdudooho frqvwuxfw
� � � vtxhh}h frqvwuxfwe_ vwdqgdug prgho wr sdudooho prgho pdsslqj
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^4` V1 Deudpvn| dqg D1 Mxqj1 Grpdlq wkhru|1 Lq V1 Deudpvn|/ G1 Jdeed|/
dqg W1 Pdledxp/ hglwruv/ Kdqgerrn ri Orjlf lq Frpsxwhu Vflhqfh/ yroxph 6/
fkdswhu 4/ sdjhv 4�49;1 Foduhqgrq Suhvv/ 4<<71

^5` D1 Dyl}lhqlv1 Vljqhg0gljlw qxpehu uhsuhvhqwdwlrqv iru idvw sdudooho dulwkphwlf1
LUH Wudqvdfwlrqv rq hohfwurqlf frpsxwhuv/ +43,=6;<�733/ 4<941

^6` D1 Dyl}lhqlv1 Elqdu|0frpsdwleoh vljqhg0gljlw dulwkphwlf1 Lq DILSV Frqihu0
hqfh Surfhhglqjv/ sdjhv 996�9:5/ 4<971

^7` J1 D1 Ednhu1 Hvvhqwldov ri Sdgì dssur{lpdqwv1 Dfdghplf Suhvv/ 4<:81

^8` K1 M1 Erhkp dqg U1 Fduwzuljkw1 H{dfw uhdo dulwkphwlf= irupxodwlqj uhdo
qxpehuv dv ixqfwlrqv1 Lq G1 D1 Wxuqhu/ hglwru/ Uhvhdufk wrslfv lq ixqfwlrqdo
surjudpplqj1 Doptylvw dqg Zlnvhoo/ 4<<31 Wkh Xqlyhuvlw| ri Wh{dv \hdu ri
Surjudpplqj Vhulhv1

^9` K1 M1 Erhkp/ U1 Fduwzuljkw/ P1 M1 R*Grqqho/ dqg P1 Uljjoh1 H{dfw uhdo
dulwkphwlf= D fdvh vwxg| lq kljkhu rughu surjudpplqj1 Lq Surfhhglqjv ri wkh
4<;9 DFP frqihuhqfh rq Olvs dqg Ixqfwlrqdo Surjudpplqj1 DFP/ 4<;91

^:` F1 Euh}lqvnl1 Klvwru| ri frqwlqxhg iudfwlrqv dqg Sdgì dssur{lpdqwv/ yro0
xph 45 ri Vsulqjhu vhulhv lq Frpsxwdwlrqdo pdwkhpdwlfv1 Vsulqjhu Yhuodj/
4<<41

^;` D1 Fkxufk1 Dq xqvroydeoh sureohp lq hohphqwdu| qxpehu wkhru|1 Dphulfdq
Mrxuqdo ri Pdwkhpdwlfv/ 8;=678�696/ 4<691

^<` S1 P1 Frkq1 Dojheud/ yroxph 41 Mrkq Zloh| ) Vrqv/ vhfrqg hglwlrq/ 4<;71

^43` S1 Gl Jldqdqwrqlr1 D ixqfwlrqdo dssurdfk wr frpsxwdelolw| rq uhdo qxpehuv1
SkG wkhvlv Qr1 WG092<6/ Xqlyhuvlw| ri Slvd0Jhqryd0Xglqh/ 4<<61

59<
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^44` S1 Gl Jldqdqwrqlr1 Uhdo qxpehu frpsxwdelolw| dqg grpdlq wkhru|1 Lq Sur0
fhhglqjv ri wkh �H|� Lqwhuqdwlrqdo V|psrvlxp rq Pdwkhpdwlfdo Irxqgdwlrqv ri
Frpsxwhu Vflhqfh/ sdjhv 746�755/ Jgdqvn/ Srodqg/ Vhswhpehu 4<<61 OQFV
:441

^45` S1 Gl Jldqdqwrqlr1 D jroghq udwlr qrwdwlrq iru wkh uhdo qxpehuv1 Whfkqlfdo
uhsruw/ FZL Dpvwhugdp/ 4<<91

^46` S1 Gl Jldqdqwrqlr1 Uhdo qxpehu frpsxwdelolw| dqg grpdlq wkhru|1 Lqirupd0
wlrq dqg Frpsxwdwlrq/ 45:+4,=45�58/ Pd| 4<<91

^47` D1 Hgdodw1 Grpdlq wkhru| dqg lqwhjudwlrq1 Wkhruhwlfdo Frpsxwhu Vflhqfh/
484=496�4<6/ 4<<81

^48` D1 Hgdodw1 G|qdplfdo v|vwhpv/ phdvxuhv dqg iudfwdov yld grpdlq wkhru|1
Lqirupdwlrq dqg Frpsxwdwlrq/ 453+4,=65�7;/ Mxo| 4<<81

^49` D1 Hgdodw1 Srzhu grpdlqv dqg lwhudwhg ixqfwlrq v|vwhpv1 Lqirupdwlrq dqg
Frpsxwdwlrq/ 457=4;5�4<:/ 4<<91

^4:` D1 Hgdodw1 Grpdlqv iru frpsxwdwlrq lq pdwkhphwlfv/ sk|vlfv dqg h{dfw uhdo
dulwkphwlf1 Exoohwlq ri V|perolf Orjlf/ 6+7,=734�785/ 4<<:1

^4;` D1 Hgdodw dqg P1 K1 Hvfdugö1 Lqwhjudwlrq lq uhdo SFI1 Lq Orjlf lq Frpsxwhu
Vflhqfh1 LHHH Frpsxwhu Vrflhw| Suhvv/ 4<<91

^4<` D1 Hgdodw dqg U1 Khfnpdqq1 D frpsxwdwlrqdo prgho iru phwulf vsdfhv1
Wkhruhwlfdo Frpsxwhu Vflhqfh/ +4<6,=86�:6/ 4<<;1

^53` D1 Hgdodw dqg S1 M1 Srwwv1 D qhz uhsuhvhqwdwlrq iru h{dfw uhdo qxpehuv1 Lq
Surfhhglqjv ri Pdwkhpdwlfdo Irxqgdwlrqv ri Surjudpplqj Vhpdqwlfv 46/ yro0
xph 9 ri Hohfwurqlf Qrwhv lq Wkhruhwlfdo Frpsxwhu Vflhqfh1 Hovhylhu Vflhqfh
E1 Y1/ 4<<:1 Dydlodeoh iurp kwws=22zzz1hovhylhu1qo2orfdwh2hqwfv2yroxph91kwpo1

^54` D1 Hgdodw/ S1 M1 Srwwv/ dqg S1 V qghukdxi1 Od}| frpsxwdwlrq zlwk h{dfw
uhdo qxpehuv1 Lq DFP VLJSODQ Lqwhuqdwlrqdo Frqihuhqfh rq Ixqfwlrqdo
Surjudpplqj/ 4<<;1 Wr dsshdu1

^55` D1 Hgdodw dqg S1 V qghukdxi1 D grpdlq wkhruhwlf dssurdfk wr frpsxwdelolw|
rq wkh uhdo olqh1 Wkhruhwlfdo Frpsxwhu Vflhqfh/ 4<<:1 Wr dsshdu/ dydlodeoh
iurp kwws=22wkhru|1grf1lf1df1xn2shrsoh2Hgdodw2uhdov1sv1j}1

^56` P1 K1 Hvfdugö1 SFI h{whqghg zlwk uhdo qxpehuv1 Wkhruhwlfdo Frpsxwhu
Vflhqfh/ 495+4,=:<�448/ Dxjxvw 4<<91
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^57` O1 Hxohu1 Frpphqwdwlr lq iudfwlrqhp frqwlqxdp txd looxvwulv Od Judqjh
srwhvwdwhv elqrpldohv h{suhvvlw1 Pìprluhv Dfdg1 lpsìu1 Vfl1 Shwhuve1/ 9=6�
44/ 4;4604;471

^58` O1 Hxohu1 Dq hvvd| rq frqwlqxhg iudfwlrqv1 Pdwkhpdwlfdo V|vwhpv Wkhru|/
4;=5<8�65;/ 4<;81

^59` J1 Iurehqlxv1 ßehu Uhodwlrqhq }zlvfkhq ghq Qçkhuxqjveu fkhq yrq Srwhq0
}uhlkhq1 M1 i u Pdwk1 +Fuhwwh,/ <3=4�4:/ 4;;41

^5:` M1 O1 Jhuvwlqj1 Pdwkhpdwlfdo vwuxfwxuhv iru frpsxwhu vflhqfh1 Frpsxwhu
Vflhqfh Suhvv/ wklug hglwlrq/ 4<<61

^5;` U1 Z1 Jrvshu1 Frqwlqxhg iudfwlrq dulwkphwlf1 Whfkqlfdo Uhsruw KDN0
PHP Lwhp 434E/ PLW DL PHPR 56</ PLW/ Iheuxdu| 4<:51 Dydlodeoh iurp
iws=22iws1qhwfrp1frp2sxe2ke2kednhu2kdnphp1

^5<` F1 D1 Jxqwhu1 Vhpdqwlfv ri Surjudpplqj Odqjxdjhv= Vwuxfwxuhv dqg Whfk0
qltxhv1 PLW Suhvv/ Fdpeulgjh/ PD/ 4<<51

^63` J1 Kdug|1 Udpdqxmdq*v froohfwhg sdshuv1 Fkhovhd Sxeolvklqj Frpsdq|/ 4<951

^64` U1 Khfnpdqq1 Vrph uhvxowv lq h{dfw uhdo dulwkphwlf1 Ghsduwphqw ri Frp0
sxwlqj/ Lpshuldo Froohjh/ 4<<:1

^65` U1 Khfnpdqq1 Wkh dsshdudqfh ri elj lqwhjhuv lq h{dfw uhdo dulwkphwlf edvhg
rq olqhdu iudfwlrqdo wudqvirupdwlrqv1 Lq Surfhhglqjv ri Irxqgdwlrqv ri Vriw0
zduh Vflhqfh dqg Frpsxwdwlrq Vwuxfwxuhv +IrVVdFV *<;,/ yroxph 46:; ri
OQFV/ sdjhv 4:5�4;;1 Vsulqjhu Yhuodj/ 4<<;1

^66` U1 Khfnpdqq1 Elj lqwhjhuv dqg frpsoh{lw| lvvxhv lq h{dfw uhdo dulwkphwlf1
Suhvhqwhg dw wkh Wklug Frpsur{ Zrunvkrs +Vhswhpehu 4<<: lq Eluplqj0
kdp,1 Dffhswhg iru sxeolfdwlrq lq HQWFV +Hohfwurqlf Qrwhv lq Wkhruhwlfdo
Frpsxwhu Vflhqfh,/ Yroxph 46/ 4<<;1

^67` U1 Khfnpdqq1 Frqwudfwlylw| ri olqhdu iudfwlrqdo wudqvirupdwlrqv1 Lq M1 P1
Fkhvqhdx{/ I1 Mì}ìtxho/ M1 O1 Odprwwh/ dqg M1 Yljqhv/ hglwruv/ Wklug Uhdo
Qxpehuv dqg Frpsxwhuv Frqihuhqfh +UQF6,/ sdjhv 78�8</ 4<<;1

^68` M10F1 Khuyì/ I1 Prudlq/ G1 Vdohvlq/ E1 Vhushwwh/ M1 Yxloohplq/ dqg S1 ]lp0
phupdqq1 EljQxp= d sruwdeoh dqg h!flhqw sdfndjh iru duelwudu|0suhflvlrq
dulwkphwlf1 Whfkqlfdo uhsruw1

^69` L1 Kro|hu1 Ixqfwlrqdo surjudpplqj zlwk Pludqgd1 Xqlyhuvlw| Froohjh Orqgrq
Suhvv/ 4<<41
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^6:` LHHH1 LHHH Vwdqgdug :87 iru Elqdu| Iordwlqj0Srlqw Dulwkphwlf1 VLJSODQ/
55+5,=<�58/ 4<;81

^6;` G1 H1 Nqxwk1 Wkh Duw ri Frpsxwhu Surjudpplqj= Vhplqxphulfdo Dojrulwkpv/
yroxph 51 Doptylvw dqg Zlnvhoo/ 4<;41

^6<` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 Dq rq0olqh dulwkphwlf xqlw iru elw0slsholqhg
udwlrqdo dulwkphwlf1 Mrxuqdo ri Sdudooho dqg Glvwulexwhg Frpsxwlqj/ 8+6,=643�
663/ 4<;;1

^73` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 H{sorlwlqj uhgxqgdqf| lq elw0slsholqhg udwlr0
qdo dulwkphwlf1 LqSurfhhglqjv ri wkh b|� LHHH V|psrvlxp rq Frpsxwhu Dulwk0
phwlf/ sdjhv 44<�459/ Vdqwd Prqlfd/ 4<;<1 LHHH Frpsxwhu Vrflhw| Suhvv1

^74` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 Dq dojrulwkp iru uhgxqgdqw elqdu|
elw0slsholqhg udwlrqdo dulwkphwlf1 LHHH Wudqvdfwlrqv rq Frpsxwhuv/ F0
6<+;,=4439�4448/ 4<<31

^75` S1 Nruqhuxs dqg G1 Z1 Pdwxod1 Ilqlwh suhflvlrq oh{lfrjudsklf frqwlqxhg
iudfwlrq qxpehu v|vwhpv1 Lq Surfhhglqjv ri wkh .|� LHHH V|psrvlxp rq
Frpsxwhu Dulwkphwlf/ sdjhv 53:�547/ Xuedqd/ 4<<81 LHHH Frpsxwhu Vrflhw|
Suhvv1

^76` H1 H1 Nxpphu1 Xehu glh k|shujhrphwulvfkh Uhlkh 8 Ekc qc %�1 M1 i u Pdwk1/
48=6<�;6/ 4;691

^77` M1 K1 Odpehuw1 Ehlwuçjh }xp Jheudxfk ghu Pdwkhpdwln xqg ghuhq Dqzhq0
gxqj/ yroxph 4 ri ]zhlwhu Whlo1 Ehuolq/ 4::31

^78` G1 U1 Ohvwhu1 Yxloohplq*v h{dfw uhdo dulwkphwlf1 Lq U1 Khogdo/ F1 N1 Krovw/ dqg
S1 O1 Zdgohu/ hglwruv/ Ixqfwlrqdo Surjudpplqj/ Jodvjrz 4<<4= Surfhhglqjv
ri wkh 4<<4 Zrunvkrs/ Sruwuhh/ XN/ sdjhv 558�56;/ Ehuolq/ 4<<51 Vsulqjhu
Yhuodj1

^79` F1 Pd}hqf1 Rq wkh uhgxqgdqf| ri uhdo qxpehu uhsuhvhqwdwlrq v|v0
whpv1 Whfkqlfdo Uhsruw Uhvhdufk Uhsruw <6049/ OLS/ Hfroh Qrupdoh
Vxsìulhxuh gh O|rq/ 4<<61 Dydlodeoh iurp iws=22iws1ols1hqv0O|rq1iu2

sxe2OLS2Udssruwv2UU2UU<62UU<60491sv1]1

^7:` Y1 Pìqlvvlhu0Prudlq1 Duelwudu| suhflvlrq uhdo dulwkphwlf= ghvljq dqg do0
jrulwkpv1 Vxeplwwhg wr wkh Mrxuqdo ri V|perolf Frpsxwdwlrq/ Vhswhpehu
4<<91 Dydlodeoh iurp iws=22iws1lquld1iu2LQULD2 Surmhfwv2 fulvwdo2

Ydohulh1Phqlvvlhu2 vxeplvvlrqbMVF1sv1j}1
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^7;` U1 H1 Prruh1 Lqwhuydo Dqdo|vlv1 Suhqwlfh Kdoo/ Hqjohzrrg Fol�v/ 4<991

^7<` M1 P|kloo1 Zkdw lv d uhdo qxpehuB Dphulfdq Pdwkhpdwlfdo Prqwko|/
:<+:,=:7;�:87/ 4<:51

^83` S1 P1 Qhxpdqq/ J1 D1 Vwr|/ dqg H1 F1 Wkrpsvrq1 Jurxsv dqg jhrphwu|1
R{irug Vflhqfh Sxeolfdwlrqv/ 4<<81

^84` D1 P1 Qlhovhq dqg S1 Nruqhuxs1 PVE0�uvw gljlw vhuldo dulwkphwlf1 Mrxuqdo ri
Xqlyhuvdo Frpsxwhu Vflhqfh/ 4+:,=85:�87:/ Mxo| 4<<81

^85` K1 Sdgì1 Vxu od uhsuìvhqwdwlrq dssurfkìh g*xqh irqfwlrq srxu ghv iudfwlrqv
udwlrqqhoohv1 Dqq1 Vfl1 Ìfroh Qrup1 Vxs1 Vxsso1/ <=4�<6/ 4;<51

^86` R1 Shuurq1 Glh Ohkuh yrq ghq Nhwwhqeu fkhq/ yroxph 41 E1 J1 Whxeqhu
Yhuodjvjhvhoovfkdiw/ Vwxwwjduw/ 4<871

^87` V1 O1 Sh|wrq0Mrqhv1 Duelwudu| suhflvlrq dulwkphwlf xvlqj frqwlqxhg iudfwlrqv/
4<;71 LQGUD Qrwh 4863/ Xqlyhuvlw| Froohjh Orqgrq1

^88` J1 G1 Sorwnlq1 OFI frqvlghuhg dv d surjudpplqj odqjxdjh1 Wkhruhwlfdo
Frpsxwhu Vflhqfh/ 8=556�588/ 4<::1

^89` J1 G1 Sorwnlq1 Srvw0judgxdwh Ohfwxuh Qrwhv lq Dgydqfhg Grpdlq Wkhru|
+lqfrusrudwlqj wkh �Slvd Qrwhv�,1 Ghsw1 ri Frpsxwhu Vflhqfh/ Xqly1 ri Hglq0
exujk1/ 4<;41

^8:` J1 G1 Sorwnlq1 D srzhugrpdlq iru frxqwdeoh qrq0ghwhuplqlvp1 Lq P1 Qlhovhq
dqg H1 P1 Vfkplgw/ hglwruv/ Dxwrpdwd/ Odqjxdjhv dqg surjudpplqj/ sdjhv
745�75;/ Ehuolq/ 4<;51 HDWFV/ Vsulqjhu Yhuodj1 Ohfwxuh Qrwhv lq Frpsxwhu
Vflhqfh Yro1 4731

^8;` S1 M1 Srwwv1 Wkh vwrudjh fdsdflw| ri irujhwixo qhxudo qhwzrunv1 Pdvwhu*v wkhvlv/
Ghsduwphqw ri Frpsxwlqj/ Lpshuldo Froohjh/ Vhswhpehu 4<<81

^8<` S1 M1 Srwwv1 Frpsxwdeoh uhdo dulwkphwlf xvlqj olqhdu iudfwlrqdo wudqvirupd0
wlrqv/ Mxqh 4<<91 Hduo| gudiw SkG Wkhvlv/ Lpshuldo Froohjh/ dydlodeoh iurp
kwws=22zzz0wip1grf1lf1df1xn2�sms1

^93` S1 M1 Srwwv1 D vprrwk dssur{lpdwlrq rq wkh hgjh ri fkdrv1 Lq D1 Hgdodw/
J1 PfFxvnhu/ dqg V1 Mrxugdq/ hglwruv/ Surfhhglqj ri wkh Wklug Lpshuldo Fro0
ohjh Zrunvkrs/ Dgydqfhv lq Wkhru| dqg Irupdo Phwkrgv ri Frpsxwlqj1 Lp0
shuldo Froohjh Suhvv/ Dsulo 4<<91
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^94` S1 M1 Srwwv dqg D1 Hgdodw1 H{dfw uhdo dulwkphwlf edvhg rq olqhdu iudf0
wlrqdo wudqvirupdwlrqv/ Ghfhpehu 4<<91 Lpshuldo Froohjh/ dydlodeoh iurp
kwws=22zzz0wip1grf1lf1df1xn2�sms1

^95` S1 M1 Srwwv dqg D1 Hgdodw1 H{dfw uhdo frpsxwhu dulwkphwlf1
Whfkqlfdo Uhsruw GRF <:2</ Lpshuldo Froohjh/ Pdufk 4<<:1
kwws=22zzz0wip1grf1lf1df1xn2�sms1

^96` S1 M1 Srwwv/ D1 Hgdodw/ dqg P1 K1 Hvfdugö1 Vhpdqwlfv ri h{dfw frpsxwhu dulwk0
phwlf1 Lq Wzhoiwk Dqqxdo LHHH V|psrvlxp rq Orjlf lq Frpsxwhu Vflhqfh/
sdjhv 57;�58:/ Zduvdz/ Srodqg/ 4<<:1 LHHH Frpsxwhu Vrflhw| Suhvv1

^97` K1 D1 Sulhvwoh|1 Lqwurgxfwlrq wr frpsoh{ dqdo|vlv1 R{irug Vflhqfh Sxeolfd0
wlrqv/ uhylvhg hglwlrq/ 4<<81

^98` D1 Sulqjvkhlp1 ßehu hlq Frqyhujhq}0Nulwhulxp i u glh Nhwwhqeu fkh plw
srvlwlyhq Jolhghuq1 Vlw}xqjvehu1 ghu pdwk10sk|v1/ 5<=594�59;/ 4;<<1

^99` K1 Urjhuv1 Wkhru| ri uhfxuvlyh ixqfwlrqv dqg h�hfwlyh frpsxwdelolw|1 PfJudz
Kloo/ 4<9:1

^9:` G1 V1 Vfrww1 Rxwolqh ri d pdwkhpdwlfdo wkhru| ri frpsxwdwlrq1 Lq 7wk Dqqxdo
Sulqfhwrq Frqihuhqfh rq Lqirupdwlrq Vflhqfhv dqg V|vwhpv/ sdjhv 49<�4:9/
4<:31

^9;` Z1 D1 Vxwkhuodqg1 Lqwurgxfwlrq wr Phwulf dqg Wrsrorjlfdo Vsdfhv1 R{irug
Xqlyhuvlw| Suhvv/ 4<<61

^9<` D1 P1 Wxulqj1 Rq frpsxwdeoh qxpehuv zlwk dq dssolfdwlrq wr wkh hqwvfkhl0
gxqjv sureohp1 Surfhhglqjv ri wkh Orqgrq Pdwkhpdwlfdo Vrflhw|/ +75,=563�
598/ 4<691

^:3` M1 Yxloohplq1 H{dfw uhdo frpsxwhu dulwkphwlf zlwk frqwlqxhg iudfwlrqv1 Lq
Surfhhglqjv DFP frqihuhqfh rq Olvs dqg Ixqfwlrqdo Surjudpplqj1 DFP/
4<;;1 H{whqghg yhuvlrq dv LQULD uhvhdufk uhsruw :93/ 4<;:1

^:4` M1 Yxloohplq1 H{dfw uhdo frpsxwhu dulwkphwlf zlwk frqwlqxhg iudfwlrqv1 LHHH
Wudqvdfwlrqv rq frpsxwhuv/ 6<+;,=43;:�4438/ Dxjxvw 4<<31

^:5` K1 V1 Zdoo1 Dqdo|wlf Wkhru| ri Frqwlqxhg Iudfwlrqv1 Fkhovhd Sxeolvklqj
Frpsdq|/ 4<7;1

^:6` K1 V1 Zdoo1 Dqdo|wlf wkhru| ri frqwlqxhg iudfwlrqv1 Fkhovhd Sxeolvklqj Frp0
sdq|/ 4<:61
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^:7` R1 Zdwdqxnl dqg P1 G1 Hufhjrydf1 Huuru dqdo|vlv ri fhuwdlq  rdwlqj0srlqw
rq0olqh dojrulwkpv1 LHHH Wudqvdfwlrqv rq Frpsxwhuv/ F065+7,=685�68;/ Dsulo
4<;61

^:8` N1 Zhlkudxfk1 Frpsxwdelolw|1 HDWFV prqrjudskv rq wkhruhwlfdo frpsxwhu
vflhqfh1 Vsulqjhu Yhuodj/ 4<;:1

^:9` S1 Zhlv/ P1 Dsrqwh/ D1 Odylooh/ P1 Pdxq|/ dqg D1 Vxäuh}1 Wkh FDPO
uhihuhqfh pdqxdo1 Whfkqlfdo Uhsruw 454/ LQULD/ Grpdlqh gh Yroxfhdx/ :;486
Urftxhqfrxuw/ IUDQFH/ Vhswhpehu 4<<31

^::` H1 Zlhgphu1 Frpsxwlqj zlwk lq�qlwh remhfwv 1 Wkhruhwlfdo Frpsxwhu Vflhqfh/
43=466�488/ 4<;31

^:;` V1 Zroiudp1 Pdwkhpdwlfd= d v|vwhp iru grlqj pdwkhpdwlfv e| frpsxwhu1
Doptylvw dqg Zlnvhoo/ 5 hglwlrq/ 4<<41
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304 frq xhqw k|shujhrphwulf ixqf0
wlrq/ :7

503 frq xhqw k|shujhrphwulf ixqf0
wlrq/ :8

50glphqvlrqdo Prelxv wudqvirupd0
wlrq/ 445/ 447

devruswlrq/ 48:/ 48;
devruswlrq ixqfwlrq/ 4:8/ 4:;/ 4<3
devwudfw edvlv/ 56/ 78
devwudfwlrq/ 4<9
dfwlrq/ 4:/ 437
dgglwlrq/ 5</ 446/ 464/ 46;/ 4;7
dghtxdwh/ 4<8
dghtxdwh gljlwdo uhsuhvhqwdwlrq/ 7</

83/ :;
d!qh/ 445
dojheudlf grpdlq/ 55/ 56/ 78
dojheudlf qxpehu/ 76/ 93
dojheudlf uhdo grpdlq/ 78/ 536/ 546
dojrulwkp/ 57
dowhuqdwlyh phwulf/ 64
dqdo|wlf frqwlqxdwlrq/ 69/ :3/ <7
dqdo|wlf ixqfwlrq/ 67
dssolfdwlrq/ 46:/ 4<9
dsso| ixqfwlrq/ 437
dssur{lpdqw/ 88
dssur{lpdwh/ 54
dvvlplodwlrq/ 45:/ 48;/ 496/ 4:;
dvvrfldwhg frqwlqxhg iudfwlrq/ 9;
dxwrpdwrq/ 4;/ 85/ <5/ 464
d{lrpv iru wkh uhdo qxpehuv/ 76

e0dglf qxpehu/ 76

edfnzdug vhtxhqfh/ 89/ 47;
edfnzdug wkhruhp/ 47;
eduuhg duurz qrwdwlrq/ 49
edvh/ 87
edvh lqwhuydo/ 84/ 445
edvhphqw/ ;;
edvlf dulwkphwlf rshudwlrq/ 5</ 66/ <7/

445/ 46:
edvlf rshq vhw/ 59
edvlv/ 55/ 77/ 78
Ehvvho ixqfwlrq/ :7
eldvhg h{dfw  rdwlqj srlqw/ 464
elqdu|/ 6;
elqdu| srlqw/ 6;
elqdu| wuhh/ 4;/ 468/ 498
EQI/ 4<8/ 4<</ 53:
errohdq/ 4<8
erwwrp/ 48/ 53/ 77/ 78
erwwrp ixqfwlrq/ 449
erxqg yduldeoh/ 4<9
erxqghg frpsohwh/ 55

F wdeoh/ 99
fdoo0e|0qdph hydoxdwlrq/ 4<:
fdqrqlfdo h{whqvlrq/ 48/ 66
fdqrqlfdo uhsuhvhqwdwlyh/ 439
fduu| sursdjdwlrq/ ;4
fdwhjru|/ 4;/ 547
Fdxfk| frqglwlrq/ 5<
Fdxfk| vhtxhqfh/ 76/ 7</ 8:
Fd|oh|*v Wkhruhp/ 439
fhlolqj/ 63
fkdlq/ 77/ 78/ 456/ 549
fkdudfwhulvwlf sro|qrpldo/ 439

5:9
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fkloguhq/ 4;
fkrugdo glvwdqfh/ 64/ 67
fkrugdo phwulf/ 64/ 66/ 69
Fkxufk*v Wkhvlv/ 58
fodvvl�fdwlrq ri Prelxv wudqvirupd0

wlrqv/ 439
forvhg lqwhuydo/ :;
forvhg whup/ 4<9
frglqj/ 58/ ::
frglqj ixqfwlrq/ ::
frgrpdlq/ 48
frpprq idfwru/ 99/ 4:</ 4;3
frpsdfw/ 4;/ 55/ 59/ 5:/ 63/ 66/ 7:
frpsdulvrq/ ;7/ <7
frpsohphqw uhsuhvhqwdwlrq/ 6<
frpsohphqwdu| huuru ixqfwlrq/ :8
frpsohwh/ 4<<
frpsohwh rughuhg �hog/ 5<
frpsoh{ ixqfwlrq/ 67/ 486
frpsoh{ qxpehu/ 66/ :3/ 44<
frpsoh{ sodqh/ 5</ 66/ :3
frpsoh{lw| dqdo|vlv/ <7
frpsrvlwlrq/ 4</ 436/ 4<8
frpsuhvv/ 45</ 4:7/ 4;9
frpsxwdelolw|/ <7/ 4<<
frpsxwdeoh uhdo qxpehu/ :;
frpsxwdeoh whup/ 4<</ 537
frpsxwdwlrqdo dghtxdf|/ 4<</ 536/

549
frqglwlrqdo/ 4<9
frq xhqw k|shujhrphwulf ixqfwlrq/

:5/ :7/ :8
frqirupdo/ 44<
frqmxjdf| fodvv/ 4:/ 439
frqmxjdwh/ 4:/ 445
frqv/ 4;;
frqvhuydwlyh dssur{lpdwlrq/ 4::
frqvwuxfwlyh uhdo qxpehu/ :;
frqwh{w0iuhh judppdu/ 4<8/ 4<</ 53:
frqwlqxdwlrq/ 88/ 4:7/ 4:;
frqwlqxdwlrq ixqfwlrq/ 95/ ;8�;;

frqwlqxhg iudfwlrq/ 88/ 9:/ 9;/ :3/ :6�
:8/ 445/ 458/ 46;/ 476/ 478/
47:/ 47;/ 483/ 558

frqwlqxrxv/ 54/ 78/ 7;/ 494
frqwlqxrxv grpdlq/ 55/ 77
frqwlqxrxv uhdo grpdlq/ 77/ 468/ 536/

546
frqwlqxrxv Vfrww grpdlq/ 55/ 547
frqwudfwlrq/ 43;/ 445
frqwudfwlylw|/ 475/ 495
frqyhujhqfh/ 93/ :3/ 458/ 49;
frqyh{ srzhugrpdlq/ 57
fruuhvsrqglqj frqwlqxhg iudfwlrq/ 9:
frvhw/ 49
frvlqh/ :3/ :7/ 46<
fryhu/ 4:/ 69/ 43</ 444
fxw/ 468
f|folf jurxs/ 43</ 464

gfsr/ 53/ 5:
ghdgorfn/ 497/ 49:
ghdgorfn0iuhh/ 49:
ghflpdo h{sdqvlrq/ 7</ :</ 4<4
ghflpdo srlqw/ 6;
ghflpdo uhsuhvhqwdwlrq/ 83/ 86/ :;
ghflvlrq ixqfwlrq/ 4:7/ 4;<
Ghghnlqg fxw/ 5<
ghqrwdwlrqdo vhpdqwlfv/ 4<;/ 536/ 546
ghswk/ 4;
ghvwuxfwlyh gdwd w|sh/ 4:<
ghwhuplqdqw/ 474/ 4;3/ 4;5
ghwhuplqlvwlf/ 537
gljlw hplvvlrq/ 4:;
gljlw hplvvlrq ixqfwlrq/ 4:7/ 4<3
gljlw h{fkdqjh srolf|/ 496
gljlw pds/ 84/ 445/ 45:
gljlw pdwul{/ 45:/ 48;/ 498/ 4;7
gljlw vhtxhqfh pds/ 7;
gljlw vhw/ 7;/ 84/ 445
gljlwdo frpsxwhu/ 76
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gljlwdo uhsuhvhqwdwlrq/ 7;/ 7</ 84/ 85/
:<

glodwlrq/ 43;
glplqlvkhg udgl{ frpsohphqw/ 6<
gluhfwhg frpsohwh sduwldo rughu/ 53/

5:
gluhfwhg vhw/ 53/ 56/ 468/ 549
glvmrlqw lqirupdwlrq/ 4;<
glvwdqfh ixqfwlrq/ 48<
gly ixqfwlrq/ ;6
glylvlrq/ 446/ 46;/ 4;7
grpdlq/ 48/ 53
grpdlq wkhru|/ 4<
grw surgxfw/ <</ 433/ 4;8
grzq ixqfwlrq/ 54
grzqzdug forvhg/ 56

H0iudfwlrq/ ;8
h�hfwlyh surfhgxuh/ 57
h�hfwlyho| dghtxdwh gljlwdo uhsuhvhq0

wdwlrq/ :<
h�hfwlyho| frpsxwdeoh/ 57
h�hfwlyho| frpsxwdeoh ixqfwlrq/ ::
h�hfwlyho| frpsxwdeoh ixqfwlrqdo/ 59/

:;
h�hfwlyho| rshq/ 5:
h!flhqw/ 7:/ 449/ 464/ 474/ 477/ 49;/

4:8/ 4:;/ 4:<
h!flhqw devruswlrq ixqfwlrq/ 4:;
h!flhqw gljlw hplvvlrq ixqfwlrq/ 4:;
hljhqydoxh/ 439
hohphqwdu| ixqfwlrq/ 69/ 46;
hoolswlf/ 43;�443
hpehgglqj2surmhfwlrq sdlu/ 7;
hplvvlrq/ 48:
hplvvlrq ixqfwlrq/ 4:7
hqg0srlqwv/ 77/ ::
hqg0srlqwv vhw/ 76/ 7;/ 84
hqylurqphqw/ 4<;
htxdolw|/ <7
htxlydohqfh wudqvirupdwlrq/ 9:

htxlydohqw/ 435/ 437/ 446
htxlydohqw frqwlqxhg iudfwlrq/ 9;
huuru ixqfwlrq/ :5/ :6
hvwlpdwh/ 493
Hxfolghdq phwulf/ 5</ 69
Hxfolghdq vsdfh/ 64/ 66
Hxohu w|sh frqwlqxhg iudfwlrq/ 9;/ 47:
hydoxdwh/ 4<:
hydoxdwlrq ixqfwlrq/ 537/ 54:
h{dfw  rdwlqj srlqw/ ;;/ 45:/ 464/ 4;6
h{dfw  rdwlqj srlqw qxpehu/ 48:
h{dfw  rdwlqj srlqw uhsuhvhqwdwlrq/

468/ 48<
h{dfw uhdo qxpehu/ ;4
h{fkdqjh/ 496
h{sdqvlylw|/ 494
h{srqhqw/ 6:/ 73/ ;</ 45<
h{srqhqwldo/ :6/ 46</ 478/ 488/ 4<6
h{srvhg dujxphqw/ 468
h{suhvvlrq wuhh/ 468/ 46;/ 48:/ 498
h{whqghg frpsoh{ qxpehu/ 66
h{whqghg frpsoh{ sodqh/ 66/ 436/ 44<
h{whqghg udwlrqdo qxpehu/ :;/ 435/

447
h{whqghg uhdo olqh/ 63/ 77/ 78/ 439/

43</ 444/ 445
h{whqghg uhdo qxpehu/ 63/ 76/ ::/ 436/

446/ 456/ 468/ 4<8

idlu vwudwhj|/ 4:3/ 4;4/ 4;</ 546
ihhgedfn/ 475
�qlwh/ 55/ 5:
�qlwh rughu/ 43<
�qlwh vhtxhqfh/ 49
�qlwh vhtxhqfh ri gljlwv/ 84/ 45<
�qlwh vhtxhqfh ri lqwhuydov/ 76/ 84
�qlwh wlph/ 76
�qlwho| uhsuhvhqwhg uhdo qxpehu/ 7:
Iluvw Lvrprusklvp Wkhruhp/ 4:
�uvw surmhfwlrq/ 533/ 53:
Iluvw Uhfxuvlrq Wkhruhp/ 59
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�{ ixqfwlrq/ 54
�{hg srlqw/ 6;
 dw grpdlq/ 53
 rdwlqj srlqw/ 64/ 6:/ 73
 rru/ 63
irupdo gljlwdo uhsuhvhqwdwlrq/ 7;
ixqfwlrq/ 48
ixqfwlrq vsdfh/ 54
ixqfwlrqdo/ 7;/ 7</ :;
ixqfwru/ 4<

Jdxvvldq lqwhjhu/ 453
jhqhudo olqhdu jurxs/ 4:
jhqhudo qrupdo surgxfw/ 456/ 457/

468/ 48<
jroghq udwlr/ 95/ 97/ 45:
juhdwhvw frpprq glylvru/ 4:<
juhdwhvw orzhu erxqg/ 53
jurxqg w|sh/ 4<8
jurxs/ 49
jurxs ri Prelxv wudqvirupdwlrqv/

436/ 438/ 439

kdugzduh/ 45;
khdg/ 4;;
khdg ri d whqvru/ 44<
kh{dghflpdo/ 6;
kljkhu grpdlq/ 7:
kljkhu w|sh/ 4<8
Krduh srzhugrpdlq/ 57
krorprusklf ixqfwlrq/ 67/ :3/ :5/ :7
krprprusklvp/ 4:
k|shuerolf/ 43;/ 445
k|shuerolf frvlqh/ :3/ :7/ 46<
k|shuerolf gl�huhqwldo htxdwlrq/ :3
k|shuerolf vlqh/ :3/ :7/ 46<
k|shuerolf wdqjhqw/ :8/ 46</ 488
k|shujhrphwulf ixqfwlrq/ 9<

lghdo/ 53/ 56
lghdo frpsohwlrq/ 56/ 78
lghqwlw|/ 437/ 43;/ 443/ 498/ 4;5

lghqwlw| prusklvp/ 4<
LHHH vwdqgdug/ 74
lpdjh/ 48/ 4:
lpsurshu k|shuerolf/ 43;/ 445
lqfrpsohwh jdppd ixqfwlrq/ :5/ :6
lqfuhphqwdo gljlw uhsuhvhqwdwlrq/ 85/

43</ 445/ 45:
lqfuhphqwdo  rdwlqj srlqw/ <5/ 465
lqfuhphqwdo pdqwlvvd/ ;;
lq�pxp/ 53
lq�qlwh vhtxhqfh/ 49
lq�qlwh vhtxhqfh ri gljlwv/ 84/ 87/ 45<
lq�qlwh vhtxhqfh ri lqwhuydov/ 76/ 84/

87
lq�qlwho| uhsuhvhqwhg uhdo qxpehu/ 7:
lq�qlw|/ 63/ 463
lqir ixqfwlrq/ 447
lqirupdwlrq/ 53/ 447/ 498
lqirupdwlrq h{fkdqjh/ 496
lqirupdwlrq  rz dqdo|vlv/ 48</ 4:8/

4::
lqirupdwlrq ryhuods vwudwhj|/ 4:4/ 4;<
lqlwldo ixqfwlrq/ 58
lqsxw doskdehw/ 4;/ 85/ 86
lqsxw v|pero/ 4;
lqwhjhu glylvlrq/ ;6
lqwhjhu uhpdlqghu/ ;6
lqwhusuhwdwlrq/ 4<;
lqwhuydo/ 4;/ 63/ ::
lqwhuydo dulwkphwlf/ 66
lqwhuydo ixqfwlrq/ 449
lqwhuydo vhtxhqfh pds/ 7<
lqyduldqfh ixqfwlrq/ 439
lqyhuvh/ 437
lqyhuvh frvlqh/ 46<
lqyhuvh k|shuerolf frvlqh/ 46<
lqyhuvh k|shuerolf vlqh/ :3/ 46<
lqyhuvh k|shuerolf wdqjhqw/ :3/ :4/

46</ 477/ 487
lqyhuvh vlqh/ :3/ :4/ 46<
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lqyhuvh wdqjhqw/ :3/ :4/ 46</ 483/ 487/
49;/ 4<7

lvrprusklf/ 4:/ 78/ 435/ 437
lvrprusklvp/ 4:

Mdfrel w|sh frqwlqxhg iudfwlrq/ 9;/
478/ 485

mrlq/ 53

nhuqho/ 4:/ 435/ 437
Nxpphu frq xhqw k|shujhrphwulf

ixqfwlrq/ :5

Odqjxdjh iru Doo Uhdov/ 53:
Odqjxdjh iru Srvlwlyh Uhdov/ 4<<
ODU/ 53:
odz ri elj qxpehuv/ 497
ohdvw ixqfwlrq/ 48<
ohdvw xsshu erxqg/ 53/ 456/ 468
ohiw devruswlrq/ 49<
ohiw frvhw/ 49
ohiw ixqfwlrq/ 4:6
ohiw surgxfw/ 433/ 4;8
oliw/ 48/ 53
olqhdu/ 445
olqhdu iudfwlrqdo wudqvirupdwlrq/ 436/

446/ 447/ 4:7/ 4:;/ 4:</ 4<8
olqhdu pds/ 445
olqhdu uhsuhvhqwdwlrq/ 88
olvw ixqfwlrq/ 449
orjdulwkp/ :3/ 46</ 476/ 4<6
orrs ixqfwlrq/ 474
orzhu srzhugrpdlq/ 57/ 547/ 548
orzhu vhw/ 53
orzhvw whupv/ 4;3
or{rgurplf/ 43;
OSU/ 4<<

pdqwlvvd/ 6:/ 73/ ;</ 45<
pds/ 48
pdwul{/ <:/ 436/ 447/ 456/ 468/ 4:;/

4;3

pdwul{ dssolfdwlrq/ 46:/ 4;;
pdwul{ dvvlplodwlrq/ 48;
pdwul{ lghqwlw|/ 437/ 46<
pdwul{ lqyhuvh/ 437
pdwul{ od}|  rz dqdo|vlv/ 4:8
pdwul{ uxoh/ 535/ 544
pd{ ixqfwlrq/ 449
pd{lpdo hohphqw/ 78
phhw/ 53
phurprusklf/ 69
phwulf/ 48<
phwulf vsdfh/ 5<
plq ixqfwlrq/ 449
plqlpl}dwlrq vwudwhj|/ 4:6
plqlpxp vorsh/ 4::
Prelxv wudqvirupdwlrq/ ;8/ 436/ 445/

447/ 456
prg ixqfwlrq/ ;6
prgho/ 4<8
prqdg/ 4</ 547
prqrlg/ 49/ 435/ 437/ 438
prqrwrqh/ 53/ 59/ 5:
prqrwrqh ixqfwlrq vsdfh/ 53
prusklvp/ 4</ 435/ 437
prvw ixqfwlrq/ 48<
pxowlsolfdwlrq/ 5</ 446/ 46;/ 4;7
pxowlsolfdwlrq rshudwru/ 4<

Q0iudfwlrq/ 93/ ;8
qdwxudo orjdulwkp/ :3/ 46</ 476
qdwxudo qxpehu/ 95/ 97/ ::/ 457/ 479/

4<8
qdwxudo wudqvirupdwlrq/ 4<
qhjdwlrq/ 5</ 43;/ 46:
qhvwhg lqwhuydov/ 76
Qhzwrq Udskvrq/ 473
qrq ghwhuplqlvp/ 57/ <7
qrq0vlqjxodu Prelxv wudqvirupdwlrq/

436
qrupdo vxejurxs/ 49
qrupdol}dwlrq/ 48:/ 557
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qrupdol}hg  rdwlqj srlqw/ ;<
qrw d qxpehu/ 64
qxphulfdo vxevfulsw/ 433

remhfw/ 4;
rfwdo/ 6;
rqh/ 463/ 4;5
rqh0srlqw frpsdfwl�fdwlrq/ 63/ 66/

448
rqh0vwhs uhgxfwlrq uhodwlrq/ 4<:/ 534/

53<
rqh0vwhs uhgxfwlrq uxoh/ 4<:
rshq dqqxoxv/ 68
rshq glvf/ 67
rshq vhw/ 63/ 69
rshudwlrqdo vhpdqwlfv/ 4<9/ 4<:/ 534/

53<
rughu/ 5</ 68/ 43<�444
rughu ixqfwlrq/ 43<
ruglqdu| k|shujhrphwulf ixqfwlrq/ 9</

:5/ :8
rxwfrph plqlpl}dwlrq vwudwhj|/ 4:6
rxwsxw doskdehw/ 4;/ 85/ 86
rxwsxw ixqfwlrq/ 4;/ 85/ 86
rxwsxw v|pero/ 4;
ryhuhvwlpdwh/ 493/ 495/ 499
ryhuods vwudwhj|/ 4:4/ 4;<

S0iudfwlrq/ ;;
Sdgh dssur{lpdqw/ 98
Sdgh wdeoh/ 99
sdlulqj/ 533/ 53:
sduderolf/ 43;
sdudooho/ 53:
sdudooho li rshudwru/ <8
sdudooho prgho/ 548
sdudooho uxoh/ 543
sduhqw/ 4;
sduwldo ixqfwlrq/ 48
sduwldo rughuhg vhw/ 53
sduwldo uhfxuvlyh ixqfwlrq/ 57

sduwldo uhfxuvlyh ixqfwlrqdo/ 59
SFI/ 4<8
shulrglf/ 83
sk|vlfv/ 463
sl/ 479/ 4<7
Sorwnlq srzhugrpdlq/ 57
Srfkkdpphu v|pero/ 9<
srlqwhg/ 53
srlqwhu/ 4:<
sroh/ 68
sro|qrpldo/ 68/ 98
srvhw/ 53
srvlwlrqdo qrwdwlrq/ 6:
srvlwlrqdo uhsuhvhqwdwlrq/ 6;/ 88/ :<
srzhu ixqfwlrq/ :3�:5/ 46</ 485
srzhu vhulhv/ 67/ 69/ 9:/ 9;
srzhugrpdlq/ 57/ 547
srzhuvhw/ 48/ 57
sudfwlfdo/ 48:
suhghfhvvru/ 4<9
suhglfdwh/ <7
suhrughu/ 53/ 56
sulph idfwru/ 4;3
sulplwlyh uhfxuvlrq/ 57
sulqflsdo lghdo/ 53/ 56
surgxfw/ 53/ 436
surgxfw uxoh/ 534/ 53<
surjudp/ 4<9
Surjudpplqj odqjxdjh iru Frp0

sxwdeoh Ixqfwlrqv/ 4<8
surmhfwlrq/ <;
surmhfwlyh olqhdu jurxs/ 4:
surshu k|shuerolf/ 43;/ 445

txdgudwlf �hog/ 76
txdgudwlf iudfwlrqdo wudqvirupdwlrq/

454
txdvl0uhodwlrqdo frpsdulvrq rshudwru/

<7
txrwlhqw jurxs/ 4:
txrwlhqw prqrlg/ 435/ 437
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udgl{/ 45;
udgl{ frpsohphqw/ 6<
udgl{ h{sdqvlrq/ 87
udgl{ srlqw/ 6;
Udpdqxmdq*v irupxod/ 479
udqjh/ 48
udwh ri frqyhujhqfh/ 77
udwlrqdo ixqfwlrq/ 68/ 69/ 98
udwlrqdo qxpehu/ 5</ 7:/ 93/ :;
uhdo olqh/ 5<
uhdo prgxoxv/ 485
uhdo qxpehu/ 4;/ 5</ 76/ 93/ 96/ :;/

448/ 464
uhflsurfdo/ 5</ 46:/ 4;7
uhfxuvlrq/ 4<9
uhfxuvlrq wkhru|/ 57/ ::
uhfxuvlyh/ 58
uhfxuvlyh gh�qlwlrq/ 4<
uhfxuvlyh ixqfwlrq/ 58/ ::
uhfxuvlyh ixqfwlrqdo/ ::
uhfxuvlyho| hqxphudeoh/ 58/ :;
uhgxfwlrq uhodwlrq/ 4<:
uhgxfwlrq uxoh/ 46;/ 4:7/ 4:;
uhgxqgdqw elqdu| uhsuhvhqwdwlrq/ ;3
uhgxqgdqw frqwlqxhg iudfwlrq/ 445
uhgxqgdqw  rdwlqj srlqw/ ;;
uhgxqgdqw li rshudwru/ <7/ 53;/ 559
uhgxqgdqw srvlwlrqdo uhsuhvhqwdwlrq/

:</ 445/ 45:/ 45;
uhgxqgdqw uhsuhvhqwdwlrq/ :</ <7
uhihuhqfh/ 4:<
uh�qh/ 438/ 447
uh�qhphqw surshuw|/ 448/ 4;9
uhjxodu frqwlqxhg iudfwlrq/ 93
uhsuhvhqwdwlyh/ 76/ 84
Ulhpdqq vskhuh/ 66
uljkw devruswlrq/ 49<
uljkw frvhw/ 49
uljkw ixqfwlrq/ 4:6
uljkw surgxfw/ 433/ 4;8
uprg ixqfwlrq/ 485

urooryhu dojrulwkp/ 476
urrw/ 4;
urrw �qglqj/ 473
urwdwlrq/ 43;
urxqg/ 63
urxqg r� huuru/ 74

vfdohg dgglwlrq/ ;4
vfdolqj/ 435/ 437/ 446/ 4:</ 4;6
Vfrww forvhg/ 55
Vfrww frqwlqxrxv/ 54
Vfrww grpdlq/ 55/ 547
Vfrww rshq/ 55
Vfrww wrsrorj|/ 55
vhfrqg surmhfwlrq/ 533/ 53:
vhpdqwlf eudfnhwv/ 4<;/ 548
vhpljurxs/ 49
vhtxhqfh/ 49
vljq/ 435
vljq hplvvlrq ixqfwlrq/ 4:7/ 4<3
vljq ixqfwlrq/ 4;9
vljq pdjqlwxgh uhsuhvhqwdwlrq/ 6;
vljq pds/ 85
vljq pdwul{/ 464/ 48;/ 4;6
vljq vhw/ 85/ 43</ 477
vljqhg h{dfw  rdwlqj srlqw uhsuhvhq0

wdwlrq/ 464/ 4:7
vljqhg h{suhvvlrq wuhh/ 468/ 48;/ 4:7
vljqhg jhqhudo qrupdo surgxfw uhsuh0

vhqwdwlrq/ 456
vljqhg lqfuhphqwdo gljlw uhsuhvhqwd0

wlrq/ 85/ 86/ 88/ 94/ :</ ;;/
;<

vlpsoh frqwlqxhg iudfwlrq/ 89
vlqh/ :3/ :7/ 46<
vlqjohwrq vhw/ 76/ 456/ 468
vlqjxodu Prelxv wudqvirupdwlrq/ 436
vpdvk ixqfwlrq/ 54
vpdvk surgxfw/ 53
Vp|wk srzhugrpdlq/ 57
vrxqg/ 4<</ 537/ 54:
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vrxufh/ 48/ 4<
vsdwldoo| h!flhqw/ 4:;
vshfldo edvh lqwhuydo/ 438/ 43</ 444/

445/ 456/ 45:/ 468
vtxduh eudfnhw dssolfdwlrq/ 46:/ 483/

4:8/ 4:</ 4;;
vtxduh urrw/ 454/ 46</ 473/ 4:6/ 4<5
vtxhh}h/ 53:
vtxhh}h uxoh/ 543
vwdqgdug prgho/ 4<;/ 536/ 546
vwduwlqj vwdwh/ 4;/ 85/ 86
vwdwh/ 4;
vwdwh wudqvlwlrq ixqfwlrq/ 4;/ 85/ 86
vwhs ixqfwlrq/ 55/ 7:
vwhuhrjudsklf surmhfwlrq/ 64/ 66
Vwlhowmhv w|sh frqwlqxhg iudfwlrq/ 9:/

476
vwudwhj|/ 49<
vwudwhj| ixqfwlrq/ 49</ 4:7
vxevfulsw/ <;/ 433
vxevwlwxwlrq/ 4<9
vxewudfwlrq/ 446/ 464/ 46;/ 4;7
vxffhvvru/ 4<9
vxsuhpxp/ 53

wdlo/ 4;;
wdlo ri d whqvru/ 44<
wdph lqyhuvh/ 437
wdqjhqw/ :7/ 46</ 47;/ 488/ 49:/ 4<7/

559
wdujhw/ 48/ 4<
Wd|oru vhulhv/ 68/ 97/ 98/ 46;/ 49;
whqvru/ <:/ 445/ 447/ 468/ 4;3
whqvru devruswlrq vwudwhj|/ 49<
whqvru dssolfdwlrq/ 46:/ 4;;
whqvru dvvlplodwlrq/ 48;
whqvru od}|  rz dqdo|vlv/ 4::
whqvru uxoh/ 535/ 544
whup/ 4<9
whup wuhh/ 4<8
whuplqdo ydoxh/ 4<:/ 534

whuplqdwru pds/ 84
whuplqdwru vhw/ 84
whvw iru }hur/ 4<9
wkhruhwlfdo odqjxdjh/ 4<8
wrohudqfh/ 45<
wrsrorjlfdo vsdfh/ 4:/ 4;/ 59/ 63
wrsrorjlfdoo| htxlydohqw/ 64
wrwdo ixqfwlrq/ 48
wudqvfhqghqwdo ixqfwlrq/ <7/ 46<
wudqvirupdwlrq/ 533/ 53:
wudqvirupdwlrq uxoh/ 535/ 544
wudqvlwlrq ixqfwlrq/ 49<
wudqvodwlrq/ 43;
wudqvsrvh/ <;/ 4;5
wuhh/ 4;/ 468/ 498
wzr*v frpsohphqw/ 6:/ 73/ 45<
w|sh/ 4<8
w|sh dvvljqphqw/ 4<9
w|slqj mxgjhphqw/ 4<9
w|slqj uxoh/ 4<9/ 533/ 53;

xqeldvhg h{dfw  rdwlqj srlqw/ 45:
xqgh�qhg qxpehu/ 64
xqghuhvwlpdwh/ 493/ 495/ 4:8/ 4::
xqlw ri lqirupdwlrq/ 48</ 4:8
xqlw rshudwru/ 4<
xqlwdu|/ 4<
xqvljqhg h{dfw  rdwlqj srlqw uhsuh0

vhqwdwlrq/ 45</ 4:7/ 4:;
xqvljqhg h{suhvvlrq wuhh/ 468/ 48;/

4:7/ 4:;
xqvljqhg jhqhudo qrupdo surgxfw uhs0

uhvhqwdwlrq/ 456
xqvljqhg lqfuhphqwdo gljlw uhsuhvhq0

wdwlrq/ 83�85
xqvljqhg olqhdu iudfwlrqdo wudqvirupd0

wlrq/ 48<
xqvljqhg pdwul{/ 437
xqvljqhg whqvru/ 447
xqvljqhg yhfwru/ 435
xqvpdvk ixqfwlrq/ 54
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xs ixqfwlrq/ 54
xsshu srzhuvgrpdlq/ 57
xsshu vhw/ 53

ydolg vhtxhqfh ri lqwhuydov/ 76
ydoxh/ 4<;
ydoxh ixqfwlrq/ 538/ 54:/ 553/ 564
yduldeoh/ 4<8
yhfwru/ <:/ 435/ 447/ 456/ 468/ 4:;
Ylhwrulv srzhugrpdlq/ 57

zd| ehorz uhodwlrq/ 54/ <7
zhdno| Fkxufk0Urvvhu/ 537/ 54:
zhoo0w|shg/ 4<9
zlgwk/ 4;/ 45<

]0iudfwlrq/ 96/ ;8
}hur/ 68/ 463


