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Abstract
We present an approach to the problem of verification
of epistemic properties of multi-agent systems by means of
symbolic model checking. In particular, it is shown how to
extend the technique of unbounded model checking from a
purely temporal setting to a temporal-epistemic one. In order to achieve this, we base our discussion on interpreted
systems semantics, a popular semantics used in multi-agent
systems literature. We give details of the technique and show
how it can be applied to the well-known train, gate and controller problem.

1. Introduction
Verification of reactive systems by means of modelchecking techniques [3] is now a well-established area of research. In this paradigm one typically models a system S in
terms of automata (or by a similar transition-based formalism), builds an implementation PS of the system by means
of a model-checker friendly language such as the input for
SMV or PROMELA, and finally uses a model-checker such
as SMV or SPIN to verify some temporal property φ the
system: MP |= φ, where MP is a temporal model representing the executions of PS . As it is well known, there
are intrinsic difficulties with the naı̈ve approach of performing this operation on an explicit representation of the states,
and refinements of symbolic techniques (based on OBDD’s,
and SAT [1] translations) are being investigated to overcome these hurdles. Formal results and corresponding applications now allow for the verification of complex systems that generate more than 1020 states.
The field of multi-agent systems (MAS) has also recently
become interested in the problem of verifying complex sys∗
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tems. In MAS the emphasis is on the autonomy, and rationality of the components, or agents [21]. In this area,
modal logics representing concepts such as knowledge, beliefs, intentions, norms, and the temporal evolution of these
are used to specify high level properties of the agents. Since
these modalities are given interpretations that are different
from the ones of the standard temporal operators, it is not
straightforward to apply existing model checking tools developed for standard LTL (or CTL) temporal logic to the
specification of MAS. One further problem is the fact that
the modalities that are of interest are often not given a precise interpretation in terms of the computational states of the
system, but simply interpreted on classes of Kripke models
that guarantee (via frame-correspondence) that some intuitive properties of the system are preserved1. This makes
it hard to use the semantics to model any actual computation performed by the system [20]. For the case of knowledge, the semantics of interpreted systems [7], popularised
by Halpern and colleagues in the 90’s, can be used to give
an interpretation to the modalities that maintains the traditional S5 properties, while, at the same time, is appropriate
for model checking [8]. Indeed, a considerable amount of
literature now exists on the application of interpreted systems and epistemic logic to the application areas of security, modelling of synchronous, asynchronous systems, digital rights, etc. It is fair to say that this area constitutes the
most thoroughly explored, and technically advanced subdiscipline among the formal studies of multi-agent systems
available at the moment.

1.1. State of the art and related literature
The recent developments in the area of model checking MAS can broadly be divided into streams: in the first
category standard predicates are used to interpret the vari1

For example, in epistemic logic it is customary to use equivalence
models to interpret a knowledge modality K so that it inherits the properties of the logical systems S5 [2]; in particular axioms T, 4, and 5
(which are considered to be intuitively correct for knowledge) result
valid.

ous intensional notions and these are paired with standard
model checking techniques based on temporal logic. Following this line is for example [22] and related papers. In
the other category we can place techniques that make a genuine attempt at extending the model checking techniques
by adding other operators. Works along these lines include
[9, 10, 15, 18]. In [9] local propositions are used to translate
knowledge modalities on LTL structures. Once this process
is done, the result can be fed into a SPIN model checker.
In this approach local propositions need to be computed by
the user. In [18] a compiler is given to translate an interpreted system specification into SMV code that is then used
to generate the whole state space on which epistemic formulas can be evaluated. The process allows for testing of
static epistemic formulas only.
These works were preceded by [15], where van der Meyden and Shilov presented theoretical properties of the model
checking problems for epistemic linear temporal logics for
interpreted systems with perfect recall. In particular, it was
shown that the problem of checking a language that includes
“until” and “common knowledge” on perfect recall systems
is undecidable, and decidable fragments were identified.
The authors of this paper have also contributed to this
line. In [16, 17, 12] presented at AAMAS2003, an extension of the method of bounded model checking (one of the
main SAT-based techniques) to CTLK a language comprising both CTL and knowledge operators, was defined, implemented, and evaluated. While preliminary results appear
largely positive, any bounded model checking algorithm is
mostly of use when the task is either to check whether a
universal CTLK formula is actually false on a model, or to
check that an existential CTLK formula is valid. This is a severe limitation in MAS as it turns out that many of the most
interesting properties one is interested in checking actually
involve universal formulas. For example, in a security setting one may want to check whether it is true that forever
in the future a particular secret, perhaps a key, is mutually
known by two participants.

a CTLp K formula into the problem of satisfiability of a
propositional formula. UMC exploits the characterization of
the basic modalities in terms of Quantified Boolean Formulas (QBF), and the algorithms that translate QBF and fixed
point equations over QBF into propositional formulas. In
order to adapt UMC for checking CTLp K, we use three
algorithms. The first one, implemented by the procedure
f orall (based on the Davis-Putnam-Logemann-Loveland
approach [4]) eliminates the universal quantifier from a
QBF formula representing a CTLp K formula, and returns
the result in conjunctive normal form (CNF). The remaining algorithms, implemented by the procedures gfp and lfp
calculate the greatest and the least fixed points for the modal
formulas in use here. Ultimately, the technique allows for a
CTLp K formula α to be translated into a propositional formula [α](w) in CNF, which characterizes all the states of
the model, where α holds.
For the case of CTL it was shown by McMillan [14]
that model checking via UMC can be exponentially more
efficient than approaches based on BDD’s in two situations:
whenever the resulting fixed-points have compact representations in CNF, but not via BDD’s; or whenever the SATbased image computation step proves to be faster than the
BDD-based one. Although we do not investigate these results here, similar beneficial effects may occur in the temporal epistemic case discussed here.
The rest of the paper is structured in the following manner. Section 2 introduces interpreted systems semantics, the
semantics on which we ground our investigation on. The
logic CTLp K is defined in Section 3. Section 4 summarises
the basic definitions that we need for CNF and QBF formulas, and fixes the notation we use throughout the paper. A fixed-point characterization of CTLp K formulas is
presented in Section 5. The main idea of symbolic model
checking CTLp K is described in Section 6, where the algorithms for computing CNF formulas equivalent to CTLp K
formulas are also given. A simple example of using the algorithms for verifying epistemic properties of a train, gate,
and controller system is given in Section 7.

1.2. Aim of this paper

2. Interpreted systems semantics
The aim of this paper is to contribute to the line of SATbased techniques, by overcoming the intrinsic limitation
of any bounded model checking algorithm, and provide a
method for model checking the full language of CTLK. The
SAT-based method we introduce and discuss here is an extension to knowledge and time of a technique introduced by
McMillan [14] called unbounded model checking (UMC).
A byproduct of the work presented here is the definition of
a fixed point semantics for the logic CTLp K, an extension
of CTLK by means of past operators.
Like any SAT-based method, UMC consists in translating the model checking problem of what is in this case

Any transition-based semantics allows for the representation of temporal flows of time by means of a successor
relation. For example, CTL is interpreted on plain Kripke
models. To work with a temporal epistemic language, we
need to consider a semantics that also allows for the automatic representation of the epistemic relations between
computational states [20]. The mainstream semantics that
allows one to do so is the one of interpreted systems [7].
Interpreted systems can be succinctly defined as follows (we refer to [7] for more details). Assume a set of
agents A = {1, . . . , n}, a set of local states Li and pos-

sible actions Acti for each agent i ∈ A, and a set Le and
Acte of local states and actions for the environment. The
set of possible global states for the system is defined as
G = L1 ×. . .×Ln ×Le , where each element (l1 , . . . , ln , le )
of G represents a computational state for the whole system
(note that, as it will be clear below, some states in G may
actually be never reached by any computation of the system). Further assume a set of protocols Pi : Li → 2Acti ,
for i = 1, . . . , n, representing the functioning behaviour of
every agent, and a function Pe : Le → 2Acte for the environment. We can model the computation taking place in the
system by means of a transition function t : G × Act → G,
where Act ⊆ Act1 × . . . × Actn × Acte is the set of joint
actions. Intuitively, given an initial state ι, the sets of protocols, and the transition function, we can build a (possibly infinite) structure that represents all the possible computations of the system. Many representations can be given
to this structure; since in this paper we are only concerned
with temporal epistemic properties, we shall find the following to be a useful one.
Definition 1 (Models) Given a set of agents A =
{1, . . . , n}, a temporal epistemic model (or simply a model)
is a pair M = (K, V) with K = (G, W, T, ∼1 , . . . , ∼n , ι),
where G is the set of the global states for the system (henceforth called simply states); T ⊆ G × G is a total binary (successor) relation on G; W is a set of reachable global states from ι, i.e., W = {s ∈ G | (ι, s) ∈ T ∗ }2 ,
∼i ⊆ G × G (i ∈ A) is an epistemic accessibility relation for each agent i ∈ A defined by s ∼i s0 iff
li (s0 ) = li (s), where the function li : G → Li returns the local state of agent i from a global state s;
obviously ∼i is an equivalence relation; ι ∈ W is the initial state; V : G −→ 2PV K is a valuation function for a
set of propositional variables PV K such that true ∈ V(s)
for all s ∈ G. V assigns to each state a set of propositional variables that are assumed to be true at that
state.
Note that in the definition above we include both all possible states and the subset of reachable states. The reason
for this follows from having past modalities in the language
(see the next section), which are defined over any possible global states so that a simple fixed point semantics for
them can be given. Still, note that, if required, it is possible to restrict the range of the past modalities to reachable
states only, by insisting that the target state is itself reachable from the initial state.
Epistemic relations. Let Γ ⊆ A. Given the epistemic relations for the agents in Γ, the union of Γ’s accessibility relations defines the epistemic relationScorresponding to the
C
modality of everybody knows: ∼E
Γ=
i∈Γ ∼i . ∼Γ denotes
2

T ∗ denotes the reflexive and transitive closure of T .

the transitive closure of ∼E
Γ , and corresponds to the relation
used to interpret the modality of common knowledge. The
intersection of Γ’s accessibility relations defines the epistemic relation corresponding
to the modality of distributed
T
∼
.
We
refer to [7] for an introducknowledge: ∼D
=
i
Γ
i∈Γ
tion to these concepts.
Computations. A computation in M is a possibly infinite sequence of states π = (s0 , s1 , . . .) such that
(si , si+1 ) ∈ T for each i ∈ IN. Specifically, we assume that (si , si+1 ) ∈ T iff si+1 = t(si , acti ), i.e., si+1
is the result of applying the transition function t to the
global state si , and a joint action acti . All the components of acti are prescribed by the corresponding protocols Pj for the agents at si . In the following we abstract
from the transition function, the actions, and the protocols, and simply use T , but it should be clear that this is
uniquely determined by the interpreted system under consideration. Indeed, these are given explicitly in the example
in the last section of this paper. In interpreted systems terminology a computation is a part of a run; note that we
do not require s0 to be an initial state. For a computation
π = (s0 , s1 , . . .), let π(k) = sk , and πk = (s0 , . . . , sk ),
for each k ∈ IN. By Π(s) we denote the set of all the infinite computations starting at s in M.

3. Computation Tree Logic of Knowledge
with Past (CTLp K)
Interpreted systems are traditionally used to give a semantics to an epistemic language enriched with temporal
connectives based on linear time [7]. Here we use CTL by
Emerson and Clarke [6] as our basic temporal language and
add an epistemic and past component to it. We call the resulting logic Computation Tree Logic of Knowledge with
Past (CTLp K).
Definition 2 (Syntax of CTLp K) Let PV K be a set of
propositional variables containing the symbol true, and
A a set of agents. The set of CTLp K formulas F ORM
is defined inductively by using the following BNF syntax: φ ::= p ∈ PV K | ¬φ | φ ∧ φ | AXφ | AGφ |
A(φUφ) | AYφ | AHφ | Ki φ, i ∈ A | EΓ φ, Γ ⊆ A |
CΓ φ, Γ ⊆ A | DΓ φ, Γ ⊆ A.
Additional Boolean connectives are defined in the usual
def
manner. Moreover, false = ¬true. We omit the subscript
Γ for the epistemic modalities if Γ = A, i.e., Γ is the set
of all the agents. As customary X and G stand for respectively “at the next step”, and “forever in the future”. The
operators Y and H are their past counterparts “at the previous step”, and “forever in the past”. U is the Until operator:
αUβ expresses that β occurs eventually and α holds continuously at least until the first occurrence of β.

Definition 3 (Interpretation of CTLp K) Let M be a
model, s ∈ G a state, π a computation, and α, β formulas of CTLp K. M, s |= α denotes that α is true at the
state s in the model M. M is omitted if it is implicitly understood. The relation |= is defined inductively as follows
(we omit the definition of the basic propositional connectives):
s |= p iff p ∈ V(s),
s |= AXα iff ∀π ∈ Π(s) π(1) |= α,
s |= AGα iff ∀π ∈ Π(s) ∀m≥0 π(m) |= α,,
s |= A(αUβ) iff ∀π ∈ Π(s) (∃m≥0 [π(m) |= β and
∀j<m π(j) |= α]),
s |= AYα iff ∀s0 ∈ G (if (s0 , s) ∈ T, then s0 |= α ),
s |= AHα iff ∀s0 ∈ G (if (s0 , s) ∈ T ∗ , then s0 |= α ),
s |= Ki α iff ∀s0 ∈ W (if s ∼i s0 , then s0 |= α),
0
0
s |= DΓ α iff ∀s0 ∈ W (if s ∼D
Γ s , then s |= α),
0
E
0
0
s |= EΓ α iff ∀s ∈ W (if s ∼Γ s , then s |= α),
0
0
s |= CΓ α iff ∀s0 ∈ W (if s ∼C
Γ s , then s |= α).
Definition 4 (Validity) A CTLp K formula ϕ is valid in
M (denoted M |= ϕ) iff M, ι |= ϕ, i.e., ϕ is true at the initial state of the model M .
Notice that the past component of CTLp K does not contain the modality Since, which is the past counterpart of the
modality Until denoted by U. Extending the logic by Since
is possible, but complicates the semantics, so this is not discussed in this paper. The reason for interpreting the past operators over the states of G rather than of W is strictly technical. In this way, we can easily compute the validity of
the past formulas using fixed point equations over the relation T −1 . Moreover, the reachable states can be characterized by the formula ¬AH¬init, where init is a proposition holding in the initial state only. So, past properties over
reachable states can be specified as well.

4. Formulas in Conjunctive Normal Form
and Quantified Boolean Formulas
The method presented in the next section relies on manipulation of formulas in conjunctive normal form (CNF),
and in quantified boolean form (QBF), and related algorithms and techniques for verifying their satisfiability (conflict clauses, block clauses, implication graphs, etc). We are
forced to assume familiarity with these concepts and can
only report brief definitions to fix the notation. We refer to
[11] for more details.
Let PV be a finite set of propositional variables. A literal is a propositional variable p ∈ PV or the negation of
one: ¬p, p ∈ PV. A clause is a disjunction of a set of zero
or more literals l[1] ∨ . . . ∨ l[n]. A disjunction of zero literals is taken to mean the constant false. A formula is in a
conjunctive normal form (CNF) if it is a conjunction of a
set of zero or more clauses c[1] ∧ . . . ∧ c[n].

The BNF syntax of a QBF formula is given by: α ::= p |
¬α | α ∧ α | ∃p.α | ∀p.α. The semantics of the quantifiers
is defined as follows:
• ∃p.α iff α(p ← true) ∨ α(p ← false),
• ∀p.α iff α(p ← true) ∧ α(p ← false),
where α ∈ QBF, p ∈ PV and α(p ← q) denotes substitution with the variable q of every occurrence of the variable p in formula α. We will use the notation ∀v.α, where
v = (v[1], . . . , v[m]) is a vector of propositional variables,
to denote ∀v[1].∀v[2] . . . ∀v[m].α. For a given QBF formula
∀v.α, we can construct a CNF formula equivalent to it by
using the algorithm forall [14].
procedure f orall(v, α), where v = (v[1], ..., v[m])
and α is a propositional formula
let φ = CN F (α) ∧ ¬lα , χ = true, and A = ∅
repeat
if φ contains false, return χ
else if some c in φ is in conflict
add clause deduce(c, A, φ) to φ
remove some literals from A
else if Aφ is total
choose a blocking clause c0
remove literals of form v[i] or
¬v[i] from c0
add c0 to φ and χ
else
choose a literal l such that l 6∈ A
and ¬l 6∈ A
add l to A
The procedure deduce (not explicitly given here) is
a generic conflict-based learning procedure that takes
an assignment A, a CNF formula α, and a conflicting clause c and produces a conflict clause by repeatedly applying resolution steps. The procedure forall
works as follows. Initially it assumes an empty assignment A, a formula χ to be true and φ to be a CNF formula
CN F (α) ∧ ¬lα . The algorithm aims at building a satisfying assignment for the formula φ, i.e., an assignment
that falsifies α. The search for an appropriate assignment is based on the Davis-Putnam-Logemann-Loveland
approach, and it is rather complex. We refer to [11] for details. On termination, when φ becomes unsatisfiable, χ is a
conjunction of the blocking clauses and precisely characterizes ∀v.α.
Theorem 1 Let α be a propositional formula and v =
(v[1], . . . , v[m]) be a vector of propositions, then the QBF
formula ∀v.α is logically equivalent to the CNF formula
forall(v, α).
The proof of the above theorem follows from the correctness of forall algorithm (see [14]).

5. Fixed-point characterization of CTLp K
In this section we show how the set of states satisfying
any CTLp K formula can be characterized by a fixed point
of an appropriate function. To this aim, we follow and adapt
definitions given in [19, 3].
Let M = ((G, W, T, ∼1 , . . . , ∼n , ι), V) be a model. Notice that the set 2G of all subsets of G forms a lattice under the set inclusion ordering. Each element G0 of the lattice can also be thought of as a predicate on G, where
the predicate is viewed as being true for exactly the states
in G0 . The least element in the lattice is the empty set,
which corresponds to the predicate false, and the greatest
element in the lattice is the set G, which corresponds to
true. A function τ mapping 2G to 2G is called a predicate transformer. A set G0 ⊆ G is a fixed point of a function
τ : 2G → 2G if τ (G0 ) = G0 . Whenever τ is monotonic (i.e.,
when P ⊆ Q implies τ (P ) ⊆ τ (Q)), τ has a least fixed
point denoted by µZ.τ (Z), and a greatest fixed
S point, denoted by νZ.τ (Z). When τ is monotonic
and
-continuous
S
S
(i.e., when P1 ⊆ P2S⊆ . . . implies τ ( i Pi ) = i τ (Pi )),
then T
µZ.τ (Z) = i≥0 τ i (false). When τ is monotonic
and
(i.e., when P1 ⊇ PT
2 ⊇ . . . implies
T
T -continuous
τ ( i Pi ) = i τ (Pi )), then νZ.τ (Z) = i≥0 τ i (true).
In order to obtain fixed-point characterizations of the modal
operators, we identify each CTLp K formula α with the set
hαiM of states in M at which this formula is true, formally
hαiM = {s ∈ G | M, s |= α}. If M is clear from the context we omit the subscript M. Furthermore, we define functions AX, AY, Ki , EΓ , DΓ from 2G to 2G as follows:
• AX(Z) = {s ∈ G | for every s0 ∈ G if (s, s0 ) ∈
T, then s0 ∈ Z},
• AY(Z) = {s ∈ G | for every s0 ∈ G if (s0 , s) ∈
T, then s0 ∈ Z},
• Ki (Z) = {s ∈ G | for every s0 ∈ G if (ι, s0 ) ∈
T ∗ and s ∼i s0 , then s0 ∈ Z},
• EΓ (Z) = {s ∈ G | for every s0 ∈ G if (ι, s0 ) ∈
0
0
T ∗ and s ∼E
Γ s , then s ∈ Z},
• DΓ (Z) = {s ∈ G | for every s0 ∈ G if (ι, s0 ) ∈
0
0
T ∗ and s ∼D
Γ s , then s ∈ Z}.
Observe that hOαi
=
O(hαi), for O
∈
{AX, AY, Ki , EΓ , DΓ }. Then, the following temporal and epistemic operators may be characterized as the
least orTthe greatest fixedSpoint of an appropriate monotonic ( -continuous or -continuous) predicate transformer.
• hAGαi = νZ.hαi ∩ AX(Z),
• hA(αUβ)i = µZ.hβi ∪ (hαi ∩ AX(Z)),
• hAHαi = νZ.hαi ∩ AY(Z),
• hCΓ αi = νZ.EΓ (hαi ∩ Z).

The first three equations are standard (see [5], [3] ), whereas
the fourth one is defined analogously taking account that
E
∼C
Γ is the transitive closure of ∼Γ .

6. Symbolic model checking on CTLp K
Let M = (K, V) with K = (G, W, T, ∼1 , ..., ∼n , ι). Recall that the set of global states G = ×ni=1 Li is the Cartesian product of the set of local states (without loss of generality we treat the environment as one of the agents).
We assume Li ⊆ {0, 1}ni , where ni = dlog2 (|Li |)e
and let n1 + . . . + nn = m. Moreover, let Di be a set of
the indexes of the bits of the local states of each agent i of
the global states, i.e., D1 = {1, . . . , n1 }, . . . , Dn = {m −
nn + 1, . . . , m}. So, each global state s = (l1 , . . . , ln ) ∈
G can be represented by a global state variable w =
(w[1], . . . , w[m]), where each w[i] for i = 1, . . . , m is a
propositional variable in PV. Note that in this way each local state is represented by a tuple of propositional variables.
Let FPV be the set of propositional formulas over PV,
and let lit: {0, 1}×PV → FPV be a function defined as follows: lit(0, p) = ¬p and lit(1, p) = p. Furthermore, let w, v
be global state variables. We define the following propositional formulas:
V
• Is (w) := m
i=1 lit(si , w[i]).
This formula encodes the state s = (s1 , . . . , sm ) of
the model, i.e., si = 1 is encoded by w[i], and si = 0
is encoded by ¬w[i].
V
• Hi (w, v) := j∈Di w[j] ⇔ v[j].
This formula represents logical equivalence between local state encodings for agent i of two global
states encoded by the variables w and v, representing the fact that they represent the same i-local
state.
• T (w, v) is a formula, which is true for a valuation
(s1 , . . . , sm ) of (w[1], . . . , w[m]) and
a valuation (s01 , . . . , s0m ) of (v[1], . . . , v[m])
iff ((s1 , . . . , sm ), (s01 , . . . , s0m )) ∈ T .
Our aim is to translate CTLp K formulas into propositional formulas. Specifically, for a given CTLp K formula β
we compute a corresponding propositional formula [β](w)
which encodes those states of the system that satisfy the
formula. Operationally, we work outwards from the most
nested subformulas, i.e., the atoms. In other words, to compute [Oα](w), where O is a modality, we work under the
assumption of already having computed [α](w). To calculate the actual translations we use either the fixed-point or
the QBF characterization of CTLp K formulas. For example, the formula [AXα](w) is equivalent to the QBF formula ∀v.(T (w, v) ⇒ [α](v)). We can use similar equivalences for formulas AYα, Ki α, DΓ α, EΓ α. More specifically, we use three basic algorithms. The first one, imple-

mented by the procedure forall, is used for formulas Oα
such that O ∈ {AX, AY, Ki , DΓ , EΓ }. This procedure
eliminates the universal quantifier from a QBF formula representing a CTLp K formula, and returns the result in conjunctive normal form. The second algorithm, implemented
by the procedure gfpO , is applied to formulas Oα such that
O ∈ {AG, AH, CΓ }. This procedure computes the greatest fixed point. For formulas of the form A(αUβ) we use
a third procedure, called lfpAU , which computes the least
fixed point. In so doing, given a formula β we obtain a
propositional formula [β](w) such that β is valid in the
model M iff the propositional formula [β](w) ∧ Iι (w) is
satisfiable, i.e., ι ∈ hβi. Below, we formalise the above discussion.
Definition 5 (Translation for UMC) Given a CTLp K formula φ, the propositional translation [φ](w) is inductively
defined as follows:
W
• [p](w) := s∈hpi Is (w), for p ∈ PVK ,
• [¬α](w) := ¬[α](w), [α ∧ β](w) := [α](w) ∧ [β](w),
[α ∨ β](w) := [α](w) ∨ [β](w),

• [AXα](w) := forall v, (T (w, v) ⇒ [α](v)) ,

• [AYα](w) := forall v, (T (v, w) ⇒ [α](v)) ,
• [Ki α](w) :=
 forall v, ((Hi (w, v)∧¬gf pAH (¬Iι (v)))
⇒ [α](v)) ,
V
• [DΓ α](w)
:=
forall v, (( i∈Γ Hi (w, v) ∧
¬gf pAH (¬Iι (v))) ⇒ [α](v)) ,
W
• [EΓ α](w)
:=
forall v, (( i∈Γ Hi (w, v) ∧
¬gf pAH (¬Iι (v))) ⇒ [α](v)) ,
• [AGα](w) :=gfpAG ([α](w)),
• [A(αUβ)](w) :=lfpAU ([α](w), [β](w)),
• [AHα](w) :=gfpAH ([α](w)),
• [CΓ α](w) :=gfpCΓ ([α](w)).
The algorithms gfp and lfp are based on the standard procedures computing fixed points.
procedure gfpAG ([α](w)), where α is an CTLp K
formula
let Q(w) = [true](w), Z(w) = [α](w)
while ¬(Q(w) ⇒ Z(w)) is satisfiable
let Q(w) = Z(w),
let Z(w) =forall(v, (T (w, v) ⇒ Z(v))) ∧ [α](w)
return Q(w)
The procedure gf pAH is obtained by replacing in the
above Z(w) = f orall(v, (T (w, v) ⇒ Z(v))) ∧ [α](w)
with Z(w) = f orall(v, (T (v, w) ⇒ Z(v))) ∧ [α](w).
Similarly, the procedure gf pCΓ is obtained
W by replacing
Z(w) = [α](w) with Z(w) = f orall v, (( i∈Γ Hi (w, v)∧


¬gf pAH (¬Iι (v))) ⇒ [α](v)) and Z(w) = f orall(v,
(TW(w, v) ⇒ Z(v)))∧ [α](w) with Z(w) = f orall(v,
(( i∈Γ Hi (w, v)∧¬gf pAH (¬Iι (v))) ⇒ (Z(v)∧[α](v)))).
procedure lfpAU ([α](w), [β](w)),
where α, β are CTLp K formulas
let Q(w) = [false](w), Z(w) = [β](w)
while ¬(Z(w) ⇒ Q(w)) is satisfiable
let Q(w) = Q(w) ∨ Z(w),
let Z(w) =forall(v, (T (w, v) ⇒ Q(v))) ∧ [α](w)
return Q(w)

We now have all the ingredients in place to state the main
result of this paper: modal satisfaction of a CTLp K formula
can be rephrased as propositional satisfaction of an appropriate conjunction. Note that the translation is sound and
complete as we state below. We refer to [11] for a proof.
Theorem 2 (UMC for CTLp K) Let M be a model and ϕ
be a CTLp K formula. Then, M |= ϕ iff [ϕ](w) ∧ Iι (w) is
satisfiable.

7. Example of Train, Gate and Controller
In this section we exemplify the procedure above by discussing the scenario of the train controller system (adapted
from [10]). The system consists of three agents: two trains
(agents 1 and 3), and a controller (agent 2). The trains, one
Eastbound, the other Westbound, occupy a circular track.
At one point, both tracks need to pass through a narrow tunnel. There is no room for both trains to be in the tunnel at
the same time, therefore the trains must avoid this to happen. Traffic lights are placed on both sides of the tunnel,
which can be either red or green. Both trains are equipped
with a signaller, that they use to send a signal when they approach the tunnel. The controller can receive signals from
both trains, and controls the colour of the traffic lights. The
task of the controller is to ensure that the trains are never
both in the tunnel at the same time. The trains follow the
traffic lights signals diligently, i.e., they stop on red.
We can model the example above with an interpreted
system as follows. The local states for the agents are:
• Ltrain1 = {away1 , wait1 , tunnel1 },
• Lcontroller = {red, green},
• Ltrain2 = {away2 , wait2 , tunnel2 }.
The set of global states is defined as G = Ltrain1 ×
Lcontroller × Ltrain2 . Let ι = (away1 , green, away2 ) be
the initial state. We assume that the local states are numbered in the following way: away1 := 1, wait1 := 2,
tunnel1 := 3, red; = 4, green := 5, away2 := 6,
wait2 := 7, tunnel2 := 8 and the agents are numbered
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Figure 1. The local transition structures for
the two trains and the controller

as follows: train1 := 1, controller := 2, train2 := 3.
Thus we assume a set of agents A to be the set {1, 2, 3}.
Let Act = {a1 , ..., a6 } be a set of joint actions. For
a ∈ Act we define the preconditions pre(a), postconditions
post(a), and the sets agent(a) containing the numbers of
the agents that may change local states executing a.
• pre(a1 ) = {1}, post(a1 ) = {2}, agent(a1 ) = {1},
• pre(a2 ) = {2, 5}, post(a2) = {3, 4}, agent(a2 ) =
{1, 2},
• pre(a3 ) = {3, 4}, post(a3) = {1, 5}, agent(a3 ) =
{1, 2},
• pre(a4 ) = {6}, post(a4 ) = {7}, agent(a4 ) = {3},
• pre(a5 ) = {5, 7}, post(a5) = {4, 8}, agent(a5 ) =
{2, 3},
• pre(a6 ) = {4, 8}, post(a6) = {5, 6}, agent(a6 ) =
{2, 3}.
In our formulas we use the following two propositional variables in− tunnel1 and in− tunnel2 such
that in− tunnel1 ∈ V(s) iff ltrain1 (s) = tunnel1,
in− tunnel2 ∈ V(s) iff ltrain2 (s) = tunnel2 , for s ∈ G.
We now encode the local states in binary form in order to use them in the model checking technique. Given
that agent train1 can be in 3 different local states we shall
need 2 bits to encode its state; in particular we shall take:
(0, 0) = away1 , (1, 0) = wait1 , (0, 1) = tunnel1. Similarly for the agent train2 : (0, 0) = away2 , (1, 0) = wait2 ,
(0, 1) = tunnel2 . The modelling of the local states of the
controller requires only one bit: (0) = green, (1) = red.
In view of this a global state is modelled by 5 bits. For instance the initial state ι = (away1 , green, away2 ) is represented as a tuple of five 0’s. Notice that the first two bits of a
global state encode the local state of agent 1, the third bit encodes the local state of agent 2, and two remaining bits encode the local state of agent 3. We represent this by taking:
D1 = {1, 2}, D2 = {3}, D3 = {4, 5}.

Let w = (w[1], ..., w[5]), v = (v[1], ..., v[5]) be two
global state variables. We define the following propositional
formulas over w and v:
V
• Iι (w) := j∈D1 ∪D2 ∪D3 ¬w[j],
this formula encodes the initial state,
V
• Hi (w, v) := j∈Di w[j] ⇔ v[j], for i ∈ {1, 2, 3},
• p1 (w) := ¬w[1] ∧ ¬w[2], p2 (w) := w[1] ∧ ¬w[2],
p3 (w) := ¬w[1] ∧ w[2], p4 (w) := w[3], p5 (w) :=
¬w[3], p6 (w) := ¬w[4] ∧ ¬w[5], p7 (w) := w[4] ∧
¬w[5], p8 (w) := ¬w[4] ∧ w[5],
the formula pj (w) for j = 1, . . . , 8 is a local proposition encoding a particular local state for an agent.
S
For a ∈ Act, let Ba := i∈A\agent(a) Di be the set of the
labels of the bits that are not changed by the action a, then
W
V
• T (w, v)
:=
j∈pre(a) pj (w) ∧
V a∈Act
V
⇔
v[j]) ∨
p (v) ∧
j∈Ba (w[j]
V
Vj∈post(a)
W j
( a∈Act j∈pre(a) (¬pj (w))∧ j∈D1 ∪D2 ∪D3 (w[j] ⇔
v[j])).
Intuitively, T (w, v) encodes the set of all couples of
global states s and s0 represented by variables w and v
respectively, such that s0 is reachable from s, i.e., either there exists a joint action which is available at s
and s0 is the result of execution a at s or there is not
such action and s0 equals s. Notice that the above formula is composed of two parts. The first one encodes
the transition relation of the system whereas the second one adds self-loops to all the states without successors. This is necessary in order to satisfy the assumption that T is total.
Consider now the following formulas:
• α0 = ¬AX(¬in− tunnel1 ),
• α1 = AG(in− tunnel1 ⇒ Ktrain1 (¬in− tunnel2 )),
• α2 = AG(¬in− tunnel1 ⇒ (¬Ktrain1 in− tunnel2 ∧
¬Ktrain1 (¬in− tunnel2))),
where in− tunnel1 (respectively in− tunnel2 ) is a local
proposition true whenever the local state of train1 is equal
to tunnel1 (respectively train2 in state tunnel2 ).
The first formula states that agent train1 may at the next
step be in the tunnel. The second formula expresses that
when the agent train1 is in the tunnel, it knows that agent
train2 is not in the tunnel. The third formula expresses
that when agent train1 is away from the tunnel, it does not
know whether or not agent train2 is in the tunnel.
As discussed above, the translation of propositions
in− tunnel1 and in− tunnel2 is as follows:
• [in− tunnel1 ](w) = ¬w[1] ∧ w[2],
• [in− tunnel2 ](w) = ¬w[4] ∧ w[5].

Now we show how to translate the formula α0 : [α0 ](w) =
[¬ AX (¬in− tunnel1 )](w) = ¬[AX (¬in− tunnel1 )](w).
The formula [AX(¬in− tunnel1 )](w) is computed as follows: [AX(¬in− tunnel1 )](w) = f orall(v, T (w, v) ⇒
[¬in− tunnel1 ](v)) = f orall(v, T (w, v) ⇒ (¬(¬v[1] ∧
v[2]))).
Consequently [α0 ](w) = ¬f orall(v, T (w, v) ⇒ (v[1] ∨
¬v[2])) and [α0 ](w) ∧ Iι (w) = ¬f orall(v, T (w, v) ⇒
(v[1] ∨ ¬v[2])) ∧ Iι (w) = false. Therefore α0 is not valid
in the model. But, both the formulas α1 and α2 are valid
in the model since [α1 ](w) ∧ Iι (w)=Iι (w) and [α2 ](w) ∧
Iι (w)=Iι (w).
This corresponds to our intuition about the scenario.

8. Conclusions
Verification of multiagent systems is quickly becoming
an active area of research. In the case of model checking, plain temporal verification is not sufficient because of
the variety of modalities that are commonly used to specify multiagent systems. In this paper we have extended the
state-of-the-art of the area by providing a model checking
theory to perform unbounded model checking on a temporal epistemic language interpreted on interpreted systems.
This surpasses the possibilities available already with other
SAT-based approaches, namely bounded model checking,
in that it is possible to check the full CTLK language, not
just its existential fragment.
A description of the implementation of the algorithm
presented in this paper and some experimental results are
already available [13].
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