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Overview

• Part 1
➢ What are Generative Models?

➢ Generative Adversarial Models (GANs)

➢ Variational Auto-Encoders (VAEs) and Conditional VAEs (C-VAEs)

➢ Normalizing Flow Models

• Part 2
➢ 3D Fetal Skull Reconstruction from 2DUS via Deep Conditional Generative Networks

➢ Conditional Image Generation of Missing Data with Deep Mental Maps
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What are Generative Models?
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Training Images ~𝑝𝑑𝑎𝑡𝑎(𝑥) Sample Images ~𝑝𝑚𝑜𝑑𝑒𝑙(𝑥)

𝑝𝑑𝑎𝑡𝑎 𝑥 ≈ 𝑝𝑚𝑜𝑑𝑒𝑙(𝑥)
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What are Generative Models?

Generative Adversarial 
Networks

Generative Stochastic 
Networks

Autoregressive
and

Normalizing Flows

Variational 
Autoencoders

Boltzmann Machine

Generative Models

Explicit Density Implicit Density

Markov Chain DirectTractable Approximate

Variational Markov Chain

*Goodfellow et al. - NIPS 2016 Tutorial: Generative Adversarial Networks 
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What are Generative Models?

𝑥~𝒩(𝑓 𝑧; 𝜃 , 𝜎2𝐼)𝑧~𝒩(0,1)

𝑥 = 𝑓(𝑧; 𝜃)



Generative Adversarial Networks (GANs)

Generator 𝐺(𝑧)

Discriminator 𝐷(𝑥)

Training Set

Real [1]
Fake [0]

∇𝜃𝑑
1

𝑚


𝑖=1

𝑚

[log𝐷 𝑥(𝑖) + log(1 − 𝐷(𝐺(𝑧(𝑖)))) ]

∇𝜃𝑔
1

𝑚


𝑖=1

𝑚

log(1 − 𝐷(𝐺(𝑧(𝑖))))𝐺(𝑧; 𝜃𝑔)

𝐷(𝑥; 𝜃𝑑)

min
𝐺

max
𝐷

𝑉(𝐷, 𝐺) = 𝔼𝑥~𝑝𝑑𝑎𝑡𝑎(𝑥) log𝐷 𝑥 + 𝔼𝑧~𝑝𝑧(𝑧)[log(1 − 𝐷(𝐺(𝑧)))]

𝑧~𝑁(0,1)
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Auto-Encoders
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Encoder Decoder𝑧

Bottleneck: low dimensional representation
of the input 

𝐿𝑜𝑠𝑠 = 𝑥 − 𝑥′ 2
2

encode

denoise

inpainting

segmentation

Input [𝑥] Output [𝑥′]
𝑥 ≈ 𝑥′



Variational Auto-Encoders
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𝑥 𝑥′

𝜇

𝜎2

𝑞𝜙(𝑧|𝑥) 𝑝𝜃(𝑥|𝑧)

𝐿 𝑥, 𝑧; 𝜃, 𝜙 = 𝔼𝑞𝜙 𝑧 𝑥 log 𝑝𝜃 𝑥 𝑧 − 𝐾𝐿[𝑞𝜙(𝑧|𝑥)||𝑝(𝑧)]

Reconstruction Loss KL Divergence

𝑧~𝑁(𝜇, 𝜎2)

Encoder Decoder

𝑧



Variational Auto-Encoders
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Encoder Decoder

𝑥 𝑥′𝑞𝜙(𝑧|𝑥) 𝑝𝜃(𝑥|𝑧)x +

𝜇

𝜎2

𝜖

𝜖~𝑁(0,1)

𝑧 = 𝜇 + 𝜎2⨀𝜖

𝐿 𝑥, 𝑧; 𝜃, 𝜙 = 𝔼𝑞𝜙 𝑧 𝑥 log 𝑝𝜃 𝑥 𝑧 − 𝐾𝐿[𝑞𝜙(𝑧|𝑥)||𝑝(𝑧)]

Reconstruction Loss KL Divergence

𝑧



Conditional Variational Auto-Encoders
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𝑥 𝑥′𝑞𝜙(𝑧|𝑥, 𝑐) 𝑝𝜃(𝑥|𝑧, 𝑐)x +

𝜇

𝜎2

𝜖

𝐿 𝑥, 𝑧, 𝑐; 𝜃, 𝜙 = 𝔼𝑞𝜙 𝑧 𝑥, 𝑐 log 𝑝𝜃 𝑥 𝑧, 𝑐 − 𝐾𝐿[𝑞𝜙(𝑧|𝑥, 𝑐)||𝑝(𝑧)]

Encoder Decoder

𝑧

𝑐 𝑐
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𝑥 = 𝑓(𝑢) =
𝑢1

𝑢2 − 𝑢1
2 − 1

𝑢 = 𝑓−1(𝑥) =
𝑥1

𝑥2 + 𝑥1
2 + 1

𝑓 must be invertible

Normalizing Flows
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න𝜋𝑢 𝑢 𝜕𝑢 = න𝑝𝑥 𝑥 𝜕𝑥

Normalizing Flows

𝑝𝑥 𝑥 = 𝜋𝑢 𝑢
𝜕𝑢

𝜕𝑥 Recall:
𝑥 = 𝑓 𝑢

and
𝑢 = 𝑓−1(𝑥)

𝑝𝑥 𝑥 = 𝜋𝑢 𝑓−1(𝑥)
𝜕

𝜕𝑥
𝑓−1(𝑥)

𝑝𝑥 𝑥 = 𝜋𝑢 𝑓−1(𝑥) det 𝐽(𝑓−1(𝑥))

log 𝑝𝑥 𝑥 = log𝜋𝑢 𝑓−1(𝑥) + log det 𝐽(𝑓−1(𝑥))

Mapped probability 
density

Total probability must 
be preserved (i.e. =1)

1

1

31

0.5
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Normalizing Flows

We know this
P.D.F. of Normal Distribution

By learning thisWe estimate this

We can then use MLE:
𝜃 = argmax

𝜃
log 𝑝𝑥(𝑥; 𝜃)

Where 𝜃 are the weights of 𝑓

log 𝑝𝑥 𝑥 = log𝜋𝑢 𝑓−1(𝑥) + log det 𝐽(𝑓−1(𝑥))

How to we construct 𝑓 so that it’s invertible?



1410/05/2019 Generative Modelling in Machine Learning for Medical Imaging

Normalizing Flows

• 2014 – Dinh et al. – NICE: Non-linear Independent Components Estimation

• 2015 – Germain et al. – MADE: Masked Autoencoder for Distribution Estimation

• 2016 – van den Oord et al. – Pixel Recurrent Neural Networks

• 2016 – van den Oord et al. – WaveNet: A Generative Model for Raw Audio

• 2016 – Kingma et al. - Improving Variational Inference with Inverse Autoregressive Flow

• 2016 – Dinh et al. – Density estimation using Real NVP

• 2017 – Papamakarios et al. – Masked Autoregressive Flow

• 2017 – van den Oord et al. - Parallel WaveNet: Fast High-Fidelity Speech Synthesis

• 2018 – Kingma et al. – Glow: Generative Flow with Invertible 1x1 Convolutions
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Normalizing Flows

𝜇𝑖 = 𝜓𝜇𝑖(𝑥1:𝑖−1)

𝛼𝑖 = 𝜓𝛼𝑖(𝑥1:𝑖−1)

Masked Autoregressive Flow Forward Masked Autoregressive Flow Inverse

Neural Networks

*Jiang et al. – Normalizing Flows Tutorial, Part 2: Modern Normalizing Flows

𝑥𝑖 = 𝑓 𝑢𝑖 = 𝑢𝑖 ⋅ exp 𝛼𝑖 + 𝜇𝑖

𝑢𝑖 = 𝑓−1 𝑥𝑖 = 𝑥𝑖 − 𝜇𝑖 ⋅ exp(−𝛼𝑖)



Normalizing Flows
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Data Distribution 𝑝𝑥Latent Distribution 𝜋𝑢

𝑥~𝑝𝑥 𝑥
𝑢 = 𝑓−1(𝑥)

𝑢~𝜋𝑢(𝑢)
𝑥 = 𝑓(𝑢)

Forward

Inverse

*Dinh et al. – Density Estimation Using RealNVP



3D Fetal Skull Reconstruction from 2DUS via 
Deep Conditional Generative Networks
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*J. J. Cerrolaza, Y. Li, C. Biffi, J. Matthew, M. Sinclair, A. Gomez, B. Kainz, D. Rueckert



3D Fetal Skull Reconstruction from 2DUS via 
Deep Conditional Generative Networks
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*J. J. Cerrolaza, Y. Li, C. Biffi, J. Matthew, M. Sinclair, A. Gomez, B. Kainz, D. Rueckert



Conditional Image Generation of Missing 
Data with Deep Mental Maps
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RealNVP
Forward

Student-T 
RNN

Context 
Image 𝑥1 𝑣1

𝜇

𝜎2

RealNVP
Forward

Student-T 
RNN

Context 
Image 𝑥2 𝑣2

RealNVP
Forward

Student-T 
RNN

Context 
Image 𝑥𝑛

𝑣𝑛

…

…

RealNVP
Inverse

Sample 
Distribution

Predicted 
Image 𝑥

𝑣𝑖
1,2,…,𝑀

Conditional BRUNO Architecture

[  𝑣𝑖
2 ]* [  𝑣𝑖

3 ]* [  𝑣𝑖
4 ]*

Context 
Images

Context 
Poses

[  𝑣𝑖
1 ]

Sparse Sampled Context Images 

Bayesian 
Sampled
Dense 

Volume

Query Poses     [ 𝑣𝑖
1,2,…,𝑀 ]

*optional context-pose pair inputs

*B. Hou, A. Vlontzos, A. Alansary, D. Rueckert, B. Kainz



Conditional Image Generation of Missing 
Data with Deep Mental Maps
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Example motion
Corrupted stack

(a) Averaged
Template

A
x
ia

l
S
ag

it
ta

l
C

or
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al

(b) 4 
Context
Slices

(c) C-VAE
Predicted 
Template

(d) BRUNO
Predicted
Template

(e) Ground
Truth

*B. Hou, A. Vlontzos, A. Alansary, D. Rueckert, B. Kainz
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