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Abstract
A learned sequential policy may fail when its deployment distri-
bution differs from training. We present a two-layer trust-control
mechanism that anchors a learned residual to a trusted fallback and
regulates deployment through a conformal-risk-control-based trust
factor selected from completed outcomes. Zero trust recovers the
fallback exactly. We evaluate the mechanism on S&P 500 weekly-
option hedging across four held-out regimes: 2018, 2020, 2022, and
2024. In the 2022 stress regime, the controller reduces the aggressive
policy’s realized breach frequency from 27.3% at full trust to 9.6%,
retaining a +22.45 bp mean improvement. This mean is 15.2% above
the uniform-weight conformal baseline, whose breach frequency
is 6.7%. In the four-regime deployment-rule comparison, the con-
troller achieves the highest mean among rules with observed breach
frequency at or below 10% only in 2022. Across all twelve regime–
risk-aversion cells, guarded breach-frequency estimates range from
0.078 to 0.102, although one-sided 95% upper bounds remain above
0.10. Under a common 5 bp budget, aggressive training followed by
attenuation has a higher held-out mean in all twelve cells, but with a
substantially heavier lower tail.
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1 Introduction
Financial decision policies are deployed in markets whose volatility,
liquidity, and price dynamics change across persistent regimes. How-
ever, most learned policies are trained under the implicit assumption
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that future observations will resemble the historical data on which
they were optimized. In financial time series, this assumption is
especially fragile, because observations are serially dependent and
the underlying process may move between persistent regimes [11].
Therefore, a policy may become least reliable during market stress,
when benchmark-relative losses matter most.

Two strands of literature speak to this situation, but neither answers
the operational question on its own. Change-point and concept-drift
methods identify when the data-generating process has changed
[8, 11], while learned hedging focuses on training stronger policies
[6, 15]. However, deployment also requires deciding what to execute
next. We address this with a deployment-time controller building on
conformal risk control [3]. The controller uses realized benchmark-
relative outcomes to regulate exposure to a frozen policy. Completed-
episode breach feedback updates the working error level and thereby
adjusts the trust factor for subsequent episodes (Section 4). This
connects observed deployment performance to policy attenuation
under regime shift.

Two concrete drawbacks motivate this. First, deploying a learned
policy at full strength because it performed well in training is unsafe
under shift. In our 2022 stress cell, the aggressively trained residual
breaches the deployment budget in 27.3% of episodes, against a 10%
target. Applying our trust controller to the same frozen policy reduces
the realized frequency to 9.6% while retaining a mean improvement
of +22.45 bp, 15.2% above the uniform-weight conformal baseline
(CRC) [3, 20], with respective realized breach frequencies of 9.6%
and 6.7% (Table 3). Second, a detect-then-switch strategy motivated
by regime and drift methods [8, 11] does not reliably identify the
policy to deploy. Section 6.2 shows that a consistently positive
distribution-matching effect appears only in 2020, while the regime-
matched policy underperforms the size-matched historical policy by
up to 23.10 bp in 2024. Therefore, we regulate trust from realized
benchmark-relative outcomes rather than regime labels.

Long-call hedging provides a testbed, with the Black–Scholes delta
hedge as a training-independent fallback [5]. A breach occurs when
deployment underperforms this fallback by more than a prescribed
budget. Layer 1 learns a clipped residual policy using a benchmark-
relative mean–CVaR objective. Layer 2 selects the largest trust factor
𝜆 whose conformal upper loss quantile, computed from completed
episodes, is within budget. Setting 𝜆 = 0 recovers the fallback
exactly. Trust thus responds to realized deployment outcomes without
retraining or assigning regime labels. Hedging provides dated regime
shifts, monetary losses, and a strong fallback. Section 3.3 gives four
requirements for transfer beyond hedging.

The evaluation addresses five questions. Q1: Does the anchored
residual improve on its fallback out of distribution? Q2: Do observed
differences reflect regime matching or training-sample size? Q3:
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What is the cost of guarding an already-stable policy? Q4: Does
guarding move aggressive-policy breach frequency toward the nom-
inal target? Q5: Does aggressive training followed by attenuation
achieve a higher held-out mean than the validation-selected policy
under a common budget?

This paper makes three contributions. First, it introduces a fallback-
anchored residual policy for managing regime shift, with conformal
episode-level trust selected from completed outcomes and exact
recovery of the fallback at 𝜆 = 0. Second, it identifies four structural
requirements for transfer beyond hedging. Third, a chronological
four-regime SPXW evaluation shows low guardrail cost for a stable
policy, empirical target tracking under stress, and a higher common-
budget mean for aggressive training at the cost of a heavier lower
tail.

2 Related Work
Learned hedging. Deep hedging replaces closed-form hedge ratios

with neural policies trained on simulated paths [6], typically evaluated
with training and test paths from the same stochastic-volatility model
[12]. Such designs support controlled comparison but give little
evidence about behavior when the deployment regime differs from
the training regime. Work on real data [15] and on multi-instrument
hedging with distributional critics [7] moves closer to practice, but
still evaluates average performance rather than deployment-time
reliability. Our Layer 1 instead learns a residual correction to the
classical hedge rather than the hedge itself.

Safe deployment of learned policies. Safety can be imposed
while a policy is trained or supervised once it is fixed. Constrained
policy optimization takes the first route, folding cost constraints into
learning [1]. The constraint and the policy are then interdependent,
so changing the operational budget or the failure definition means
optimizing again, whereas our policy is frozen before the deployment
rule is calibrated. Shielding monitors proposed actions against a
specification and overrides violations before execution [2, 10], which
requires the unsafe event to be a state-wise predicate checkable
before acting. A hedging loss is path dependent and observed only
after prices move, so the event we control admits no such predicate.
Runtime assurance architectures, which pair an untrusted high-
performance controller with a baseline controller and a switching
rule [16, 17], are the closest architectural neighbors of Layer 2. We
differ in the nature of the claim: the fallback is an interpretable
model-based hedge rather than a verified controller, the monitored
failure is a realized episode-level outcome rather than a predicted
state violation, and intervention is a graded trust factor rather than a
binary switch.

Conformal risk and policy control. Conformal risk control (CRC)
extends conformal prediction from coverage to general monotone
risks [3], while Conformal Decision Theory calibrates downstream
decisions directly [14]. Most closely related, Conformal Policy
Control (CPC) regulates an optimized policy relative to a safe
reference policy [18]. Our setting differs in the information available
at deployment. After an episode resolves, its realized market path
can be replayed under every candidate trust factor, directly producing
benchmark-relative monetary outcomes without retraining the frozen
policy. Layer 2 therefore operates on a completed-outcome ledger

and adapts trust under chronological market regime shift rather than
relying on a pre-assigned regime label.

Nonexchangeability and adaptation. Weighted conformal pre-
diction reweights calibration observations under distribution shift
[4], while adaptive conformal inference updates the working error
level from realized errors [9]. Our Layer 2 combines these ideas
by favoring recent, IV-similar completed episodes and updating the
working error level only after outcomes resolve.

Risk-sensitive objectives. CVaR is the standard coherent tail mea-
sure, and the Rockafellar-Uryasev variational form makes it directly
differentiable [19]. We optimize it on paired differences against the
fallback rather than on absolute returns, which aligns the training
signal with the quantity the deployment layer monitors.

3 Problem Setup
3.1 Episodes and benchmark-relative outcomes
The unit of interaction is a hedging episode indexed by 𝑖, with decision
times 𝑡 = 1, . . . ,𝑇 . Each episode tracks the marked-to-market P&L
of a long European call written on an underlying index and hedged
through a signed position 𝑎𝑡 in the underlying. Here, 𝑎𝑡 < 0 denotes
a short hedge position.

The option’s initial premium is common to the paired strategies
and cancels from benchmark-relative comparisons. The position is
adjusted once per trading day for 𝑡 = 1, . . . ,𝑇 . Daily P&L is

pnl𝑡 = 𝑎𝑡 (𝑆𝑡+1 − 𝑆𝑡 ) + (𝐶𝑡+1 −𝐶𝑡 ) − 𝜏 |𝑎𝑡 − 𝑎𝑡−1 |𝑆𝑡 , (1)

where 𝑆𝑡 is the index level,𝐶𝑡 the option price, 𝑎𝑡 the hedge position
held over day 𝑡 , and 𝜏 the proportional transaction-cost rate. All
monetary outcomes are in basis points (bp) of option notional, so
results are comparable across contracts, price levels, and years.

Two properties matter later. The horizon is short, so realized
outcomes enter the deployment evidence set with small delay. And
Eq.(1) is differentiable in the actions except at the origin of the
transaction-cost term. Thus, an episode can be differentiated end to
end.

3.2 Fallback and benchmark-relative outcome
The fallback is the signed Black–Scholes hedge 𝑎BS𝑡 = −Φ(𝑑1), where
Φ is the standard normal cumulative distribution function and 𝑑1 is
computed from moneyness, the risk-free rate, the contract’s implied
volatility (IV), and time to maturity. Every strategy is evaluated in
a paired design in which the strategy and the benchmark hedge the
same contract over the same days under the same cost model. We
define the benchmark-relative episode outcome as

ΔPnL𝑖 (𝜆) = PnLdeploy
𝑖

(𝜆) − PnLfallback𝑖 ,

where both P&L terms are net of transaction costs. Unlike the shaped
reward used for training, ΔPnL𝑖 (𝜆) is measured in untransformed
monetary units. The two strategies are evaluated on the same contract
and realized market path, so the paired difference reflects the effect
of changing the hedge rule under a common market realization.
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3.3 Structural requirements and scope
The mechanism is not specific to option hedging, but its trans-
fer to another sequential decision problem requires four structural
properties.

(1) An always-admissible fallback. The fallback must provide
an operationally acceptable action whenever the learned com-
ponent is not used. Since 𝜆 = 0 recovers the fallback, this
condition ensures that the candidate set always contains a
feasible deployment choice. Without such a fallback, rejecting
all positive trust factors would leave the controller with no
admissible action to execute.

(2) Outcomes that resolve quickly relative to the drift. Layer 2
relies only on completed episodes, so their outcomes must
become available before the deployment environment changes
substantially. If the outcome delay is comparable to or longer
than the persistence of a regime, the ledger will contain stale
evidence and the feedback update will react only after the
relevant conditions have passed.

(3) A scalar completed-outcome loss. Each completed episode
must produce an ordered scalar score 𝐿𝑖 (𝜆), with a breach
defined by 𝐿𝑖 (𝜆) > 𝑐. This scalar ordering is required to
form the conformal quantile used by the selection rule. A
problem with several incomparable safety criteria would first
require an explicit scalarization or a different multi-constraint
construction.

(4) Counterfactual replay. For every completed episode, the
system must be able to evaluate the outcome under each
candidate trust factor without retraining the policy. Without
replay, the ledger would contain only the outcome at the trust
factor that was actually deployed. Comparing all candidates
would then require off-policy estimation or active exploration,
neither of which the mechanism supports.

The option-hedging setting satisfies all four properties: the Black–
Scholes hedge provides the fallback, episode outcomes are observed
over a short horizon, benchmark-relative P&L defines a scalar loss,
and completed market paths can be replayed at every candidate trust
factor. Other applications, such as inventory control relative to a
newsvendor baseline or routing relative to a shortest-path heuristic,
may satisfy the same requirements when outcomes are observed
promptly and counterfactual actions can be evaluated. Settings with
long outcome delays, unavailable counterfactuals, or no admissible
fallback fall outside the scope of the construction.

4 Method
Figure 1 summarizes the two layers. Layer 1 is trained once and
frozen. Layer 2 selects episode-level trust from completed outcomes,
so the guardrail can change without policy retraining.

4.1 Layer 1: anchored residual policy
The full-trust Layer-1 policy is

𝑎𝑡 = clipA
(
𝑎BS𝑡 + 𝑔𝜃 (𝑠𝑡 )

)
, (2)

where A is the admissible action set, 𝑠𝑡 ∈ S ⊆ R𝑑 is a real-
valued state vector constructed from information available before
the decision at time 𝑡 , and 𝑔𝜃 : S → R maps the state to a scalar

Layer 1: anchored residual policy

Layer 2: conformal deployment guardrail

Market state 𝑠𝑖,𝑡

BS anchor 𝑎𝐵𝑆𝑖,𝑡

Residual 𝑔𝜃 (𝑠𝑖,𝑡 )

+

×

clip to
admissible set A

(clipA (·))
Execute episode

in the market
𝑎
deploy
𝑡

completed
outcomes
ΔPnL𝑖 (𝜆)

Entry IV
(new episode)

used for
similarity weighting

Conformal guardrail:
select largest
admissible 𝜆𝑖

Ledger D𝑖 of
completed
episodes

trust factor 𝜆𝑖

breach in episode i tightens 𝜀𝑖

Figure 1: Two-layer trust control, with Layer 1 in black and
Layer 2 in red. Layer 1 adds the trust-scaled neural residual
𝜆𝑖𝑔𝜃 (𝑠𝑖,𝑡 ) to the Black–Scholes anchor and clips the resulting
action to A. Layer 2 selects the largest admissible trust factor
from the completed-outcome ledger D𝑖 . The dashed path shows
the feedback loop: completed episode outcomes are scored against
the fallback and used to update the working error level 𝜀𝑖 , which
governs trust selection for subsequent episodes. Setting 𝜆𝑖 = 0
recovers the fallback exactly.

residual adjustment to the fallback hedge. The residual is expressed
in the same units as the hedge position, so the quantity inside clipA
is the candidate action executed by the policy. We require 𝑔𝜃 to
support gradient-based end-to-end training, but the construction does
not otherwise depend on a particular model architecture or state
representation. The network architecture and exact state variables
are specified in Section 5.

For Layer 1, let

𝑟
(𝜅 )
𝑡 = pnl𝑡 − 𝜅max(0,−pnl𝑡 ), 𝜅 ≥ 0,

denote a downside-shaped reward. Positive P&L is unchanged,
whereas negative P&L is multiplied by 1 + 𝜅, so 𝜅 controls the
policy’s degree of downside aversion. Let Δ𝑖 (𝜃 ) denote the paired
difference between the learned policy’s episode reward and that of
the fallback on episode 𝑖. Layer 1 maximizes

J (𝜃 ) = E[Δ𝑖 (𝜃 )] + 𝛽 CVaR𝛼 (Δ𝑖 (𝜃 )), 𝛼 ∈ (0, 1), 𝛽 ≥ 0, (3)

where 𝛽 controls the weight placed on the lower tail of the benchmark-
relative episode outcome.

Using the Rockafellar–Uryasev representation [19], the corre-
sponding empirical objective is

J̃ (𝜃, 𝜂) = 1
𝑁

𝑁∑︁
𝑖=1

Δ𝑖 (𝜃 ) + 𝛽
(
𝜂 − 1

𝛼𝑁

𝑁∑︁
𝑖=1

(
𝜂 − Δ𝑖 (𝜃 )

)
+

)
, (4)

which is maximized jointly over 𝜃 and the auxiliary scalar 𝜂. In
our differentiable short-horizon setting, the episode objective can
be differentiated directly through the action sequence, so Layer 1
requires neither a critic nor Bellman bootstrapping.

Layer 1 optimizes benchmark-relative performance on the training
distribution. Deployment-time trust control is instead the role of
Layer 2.

4.2 Layer 2: conformal deployment guardrail
At the start of episode 𝑖, Layer 2 selects an episode-level trust factor
𝜆𝑖 from a finite candidate set Λ ⊆ [0, 1] with 0 ∈ Λ. The selected
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value remains fixed throughout the episode, and the deployed action
at decision time 𝑡 is

𝑎
deploy
𝑖,𝑡

= clipA
(
𝑎BS𝑖,𝑡 + 𝜆𝑖𝑔𝜃 (𝑠𝑖,𝑡 )

)
. (5)

Thus, 𝜆𝑖 = 1 deploys the full learned residual, whereas 𝜆𝑖 = 0 recovers
the fallback exactly. The candidate grid used in the experiments is
specified in Section 5.

Breach and budget. Let ΔPnL𝑖 (𝜆) denote the benchmark-relative
episode outcome obtained at trust factor 𝜆. For a prescribed budget
𝑐 > 0, define the breach indicator

𝐵𝑖 (𝜆) = 1 {ΔPnL𝑖 (𝜆) < −𝑐} . (6)

The deployment target is to keep the breach frequency near a pre-
scribed level 𝜀 ∈ (0, 1). This target concerns how often the deployed
policy underperforms the fallback by more than𝑐. It does not constrain
the magnitude of the loss conditional on a breach. That distinction is
examined in Section 6.5.

Evidence ledger. Before episode 𝑖 begins, the guardrail may use
only the ledger D𝑖 of episodes whose terminal outcomes have
already become available. For every completed episode 𝑗 ∈ D𝑖 and
every candidate 𝜆 ∈ Λ, the ledger stores the counterfactual outcome
ΔPnL𝑗 (𝜆) obtained by replaying that episode at the corresponding
trust factor. Replay uses the same frozen policy, realized path,
and cost model, and requires no retraining. Running episodes are
excluded because their terminal outcomes are unavailable when trust
is selected.

Selection rule. Define the benchmark-relative loss score

𝐿 𝑗 (𝜆) = −ΔPnL𝑗 (𝜆). (7)

Layer 2 selects the largest admissible positive trust factor, with
zero trust as an unconditional fallback:

𝜆𝑖 =max
(
{0} ∪

{
𝜆 ∈ Λ \ {0} : 𝑄 𝑖

1−𝜀𝑖
(
{𝐿 𝑗 (𝜆)} 𝑗∈D𝑖

)
≤ 𝑐

})
. (8)

Since ΔPnL𝑗 (0) = 0, zero trust satisfies the benchmark-relative
budget by construction and is included independently of the quantile
test. If no positive candidate is admitted, Eq. 8 returns 𝜆𝑖 = 0. We do
not assume that 𝐿 𝑗 (𝜆) is monotone in 𝜆, since position clipping and
transaction costs can produce non-monotone outcomes. Each grid
candidate is evaluated separately. Selecting the largest admissible 𝜆
expresses a preference for retaining residual exposure. This neither
guarantees optimal returns nor inherits the standard monotone-CRC
guarantee.

For 𝑛 uniformly weighted calibration scores, the conformal thresh-
old is the 𝑘-th order statistic with

𝑘 = ⌈(𝑛 + 1) (1 − 𝜀𝑖 )⌉ . (9)

If 𝑘 > 𝑛, no positive trust factor is admitted, so an insufficient ledger
automatically returns the fallback. The 𝑛+1 term reserves probability
mass for the unseen episode and gives the standard split-conformal
finite-sample correction [20].

Weighting and adaptive feedback. To account for nonstationarity,
calibration episodes may receive non-negative relevance weights

𝑤 𝑗,𝑖 = 𝜔 (𝑧 𝑗 , 𝑧𝑖 ;𝜙), (10)

where 𝑧𝑖 contains context available before episode 𝑖 begins and
𝜙 denotes fixed weighting parameters. The weighted quantile in

(8) then gives greater influence to completed episodes that are
judged more relevant to the current deployment context. The exact
context variables and weighting function used in the option-hedging
experiments are specified in Section 5.

After a deployed episode completes, its realized breach indicator
is used to update the working error level:

𝜀𝑖+1 = clip[𝜀min,𝜀max ]
(
𝜀𝑖 + 𝛾

(
𝜀 − 𝐵𝑖 (𝜆𝑖 )

) )
, (11)

where 𝛾 > 0 is the adaptation rate. A breach decreases the working
error level, making subsequent admission more conservative. By
contrast, a non-breach increases the working error level and allows
more permissive admission. The update is applied only after the
episode outcome becomes observable.

Delayed and concurrent outcomes. When several episode out-
comes become available between two decision points, they are
incorporated through the order-invariant batch update

𝜀𝑑+1 = clip[𝜀min,𝜀max ]
©­«𝜀𝑑 + 𝛾

∑︁
𝑗∈B𝑑

[
𝜀 − 𝐵 𝑗 (𝜆 𝑗 )

]ª®¬ , (12)

where B𝑑 is the set of deployed episodes whose terminal outcomes
became available before decision point 𝑑 . Summing the increments
and clipping once makes the update invariant to the arbitrary process-
ing order of simultaneously revealed outcomes. No running episode
contributes to either the ledger or the feedback update.

4.3 Reference conformal statement and deployed
interpretation

For a trust factor 𝜆 and error level 𝜀 fixed independently of the cali-
bration data, suppose the calibration and new-episode loss scores are
exchangeable and uniformly weighted. Let 𝑞1−𝜀 (𝜆) be the corrected
quantile from Eq. (9), using 𝜀𝑖 = 𝜀 and setting the quantile to +∞
when 𝑘 > 𝑛. The standard rank argument [20] gives

Pr{𝐿new (𝜆) > 𝑞1−𝜀 (𝜆)} ≤ 𝜀.
This marginal guarantee concerns the calibrated quantile. It does
not by itself establish a fixed-budget guarantee after data-dependent
selection of 𝜆. Our deployed rule additionally uses relevance weights,
adaptive feedback, and temporally dependent episodes. We there-
fore interpret held-out breach frequencies and date-clustered upper
bounds as empirical evidence of target tracking, not population-level
compliance certificates.

5 Experimental Setup
Data. We use S&P 500 weekly (SPXW) call options from Option-

Metrics IvyDB. Filtering removes non-positive or crossed quotes,
relative bid-ask spreads above 50% of mid, missing or non-positive
implied volatilities, and prices violating the no-arbitrage intrinsic
bound. As a result, roughly 25 million raw daily quote rows are re-
duced to approximately 5.07 million rows in the cleaned contract-level
extract. We keep contracts with 10 to 90 calendar days to maturity
and spot-to-strike ratio 𝑆/𝐾 ∈ [0.83, 1.17]. Index levels come from
public market data and the risk-free rate from the one-year Treasury
yield.

The cleaned input extract spans 2007–2024. After constructing
the five-day episodes and applying the chronological protocol, the
analytical walk-forward sample used here spans 2008–2024. The
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Figure 2: VIX and chronological train–validation–test splits.
Each test year uses only earlier data.

four splits are: train 2008–2016, validation 2017, test 2018; train
2008–2018, validation 2019, test 2020; train 2008–2020, validation
2021, test 2022; and train 2008–2022, validation 2023, test 2024.

Contract coverage is sparse in 2008–2011 and broadens after
2014. We do not impute missing grid cells, so early years contribute
fewer training episodes. This affects sample composition but not
chronological separation, and all four test years have substantially
denser coverage.

Episodes. Start dates are spaced five trading days apart. On
each start date we open up to fifteen contracts on the grid 𝐾/𝑆 ∈
{0.85, 0.925, 1.00, 1.075, 1.15} by DTM ∈ {10, 30, 60} calendar days,
selecting for each cell the admissible contract closest to the target.
The 𝐾/𝑆 = 0.85 target (𝑆/𝐾 ≈ 1.176) lies marginally outside the
moneyness filter, so its contracts are selected at the band edge
(𝐾/𝑆 ≥ 1/1.17). Transaction costs are 𝜏 = 10 bp per adjustment. The
realized test samples contain 602, 663, 675, and 630 episodes in
2018, 2020, 2022, and 2024.

Training and model selection. The Layer-1 state contains 𝑆𝑡/𝐾 ,
𝑇𝑡/30, the previous Black–Scholes position, IV, and Black–Scholes
delta, gamma, vega, and theta. Greek features use the initial underly-
ing as the episode price scale, with no further standardization. The
residual is an 8–64–64–1 ReLU MLP with linear output, trained by
full-batch Adam (10−3) for 400 epochs: 100 mean-only, 100 linearly
ramping to the target 𝛽, and 200 at that target.

We train separate Layer-1 policies for 𝜅 ∈ {1, 2, 3} with 𝛼 = 5%
and evaluate 𝛽 ∈ {0, 0.5, 1, 2, 4, 8, 16} on the validation year. Let
𝑚𝛽 and 𝑞𝛽 denote the validation mean and CVaR5% of the paired
episode-reward difference. If any 𝑞𝛽 > 0, we select the feasible
candidate with the largest𝑚𝛽 . Otherwise, we select the largest-𝑚𝛽

candidate satisfying 𝑞𝛽 ≥ 𝑞max − 0.25|𝑞max |, where 𝑞max =max𝛽 𝑞𝛽 .
The second branch was used in all twelve searches.

Guardrail implementation. In the option-hedging experiments,
the candidate trust grid is

Λ = {0, 0.25, 0.5, 0.75, 1},
and the nominal breach target is 𝜀 = 0.10. Similarity weighting uses
each contract’s entry implied volatility together with episode age.
For a completed episode 𝑗 and a new episode 𝑖, the weight is

𝑤 𝑗,𝑖 = 2− age( 𝑗,𝑖 )/30 exp
(
−
|IV𝑗 − IV𝑖 |

ℎIV

)
, ℎIV = 0.04, (13)

where age is measured in calendar days. The resulting 30-day half-life
and IV bandwidth are fixed a priori and shared across all regimes
and all values of 𝜅.

The ACI update uses
𝛾 = 0.02, 𝜀0 = 0.10, [𝜀min, 𝜀max] = [0.025, 0.40] .

We refer to the resulting reweighted conformal rule with adaptive
feedback as crc_rwc_aci.

Protocol. All experiments are chronological: training precedes
validation, which precedes the test year. Policy parameters, the tail
weight 𝛽★, and the budget 𝑐 are fixed before testing, while the
guardrail specification is held constant across regimes. The four
held-out years represent distinct environments: abrupt stress in 2018,
the COVID dislocation in 2020, persistent elevation in 2022, and a
comparatively calm rising market in 2024. Figure 2 is descriptive
only: VIX is neither a policy input nor a traded instrument.

Budget calibration. For each policy, regime–𝜅 cell, and seed, the
loss budget is fixed from validation data as

𝑐 =max{5,−𝑄0.10 (ΔPnLval (𝜆 = 1))} bp.
Thus 𝑐 is the 10% lower-tail loss of the frozen full-trust policy,
subject to a prespecified 5 bp floor, and is fixed before testing. Table
entries average the five seed-specific budgets. The common-budget
experiment instead fixes 𝑐 = 5 bp for both arms.

Metrics. The primary metric is paired episode ΔPnL𝑖 in bp, net
of transaction costs. Across five separately deployed seeds, mean,
win rate, and CVaR5% are computed from the seed-averaged per-
episode path. Pointwise 95% CIs use 3,000 moving-block bootstrap
resamples over start-date batches, clustering same-date contracts.
The main block length is 10 batches, with 5 and 20 as robustness
checks. Breach frequency includes all test episodes, including Black–
Scholes warm-up, and is reported as the seed mean, worst seed, and
a date-clustered one-sided 95% upper bound.

Baselines. Beyond Black–Scholes, we compare against two pub-
lished cost-aware hedges: the Hull–White minimum-variance delta
[13] and the Whalley–Wilmott no-trade band [21]. For deployment,
we compare crc_rwc_aci with five published-method-inspired base-
lines on the same ledger, protocol, and budget. fix1 (Full) deploys the
learned policy at full strength, following the standard deep-hedging
convention [6]. crc (CRC) uses uniform-weight split-conformal risk
control [3, 20]. crc_rwc (W-CRC) adds covariate-shift reweighting
[4]. aci_open (ACI) applies adaptive conformal inference [9] with
feedback evaluated at 𝜆 = 1, while ivrule (IV) is a detect-then-act
rule based on the entry-IV percentile, motivated by regime and
drift methods [8, 11]. Our rule uniquely combines context-weighted
calibration with closed-loop feedback on realized breaches at the
deployed trust factor. Section 6.3 compares these baselines with our
complete rule across all four regimes at 𝜅 = 2.

Reproducibility. Every guardrail decision is a weighted order
statistic over stored episode outcomes and is deterministic given the
ledger, so each trust-factor selection can be replayed exactly and
traced to the historical episodes that supported or refused it. Results
average five seeds under a pinned single-threaded environment, and
an artifact manifest records content hashes of every input table. Code
and manifests will be released on publication.
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6 Results
We organize the results around the five questions stated in Section 1.
Positive paired mean differences favor the learned policy.

6.1 Q1: the anchored residual out of distribution
Takeaway. At full trust, the anchored residual improves mean perfor-
mance relative to Black–Scholes in all twelve regime–𝜅 cells.

Figure 3 reports the paired ΔPnL of the full-trust Layer-1 policy
relative to Black–Scholes. The estimated mean improvement is
positive in all twelve cells, and every pointwise 95% bootstrap
interval excludes zero. Win rates range from 64% to 72%. The largest
gains occur under stress, reaching +8.90 bp per episode in 2020 and
+5.75 bp in 2022 at 𝜅 = 1.

The benchmark-relative CVaR5% nevertheless remains negative in
every cell. Layer 1 therefore provides a persistent average advantage
over Black–Scholes, but its full-trust lower tail does not justify
unconditional deployment.

Figure 3: Layer-1 paired ΔPnL against Black–Scholes with 95%
bootstrap intervals.

Table 1 compares the residual policy with Whalley–Wilmott [21]
and Hull–White [13]. The residual contrasts with Hull–White and
Whalley–Wilmott are not statistically distinguishable from zero in
2018 or 2020. In 2022, the residual improves on Hull–White by+3.95
bp [2.46, 5.46] and on Whalley–Wilmott by +7.14 bp [0.42, 14.13].
Both intervals exclude zero, so the improvements are statistically
significant under our clustered bootstrap. In the comparatively calm
2024 regime, it is indistinguishable from Hull–White but under-
performs Whalley–Wilmott by −2.32 bp [−4.35,−0.48]. Relative
performance is therefore not monotone in market stress: the severe
2020 dislocation does not produce a significant residual advantage,
whereas Whalley–Wilmott is strongest in calm 2024. This heterogene-
ity motivates deployment control from realized benchmark-relative
evidence rather than a fixed market-stress threshold.

6.2 Q2: is it regime shift, or sample size?
Takeaway. Distribution matching improves the mean consistently
only in 2020, whereas the larger historical sample mainly stabilizes
the lower tail rather than increasing the mean.

Table 2 compares an oracle policy 𝑂 trained within the test year,
a size-matched historical policy 𝑆 , and the full-history policy 𝐵, all

Table 1: Classical cost-aware baselines. Entries are paired mean
ΔPnL [95% CI] in bp.

A. Classical policies relative to Black–Scholes
Regime HW–BS WW–BS

2018 −1.18 [−3.84, 0.76] +0.90 [−1.44, 2.91]
2020 +0.44 [−4.60, 4.08] +0.81 [−4.57, 5.46]
2022 −1.91 [−3.37, −0.43] −5.09 [−11.96, 1.58]
2024 +1.40 [0.78, 2.09] +3.67 [1.75, 5.77]
B. Residual policy relative to classical baselines
Regime Residual–HW Residual–WW

2018 +2.00 [−0.10, 4.80] −0.08 [−2.23, 2.45]
2020 +2.50 [−0.97, 7.53] +2.13 [−2.93, 7.70]
2022 +3.95 [2.46, 5.46] +7.14 [0.42, 14.13]
2024 −0.04 [−0.85, 0.75] −2.32 [−4.35, −0.48]

evaluated on common held-out batches. The contrast 𝑂 − 𝑆 isolates
distribution matching at fixed sample size, while 𝐵 − 𝑆 isolates the
effect of additional historical data.

A positive distribution-matching effect appears consistently only
in 2020, the regime with the largest measured shift. There, 𝑂 − 𝑆
ranges from +4.33 to +5.39 bp and its intervals exclude zero for 𝜅 = 2
and 3. By contrast, 𝑂 − 𝑆 is negative throughout 2022 and 2024 and
predominantly negative in 2018.

The 𝐵 − 𝑆 contrast is never positive on the estimated mean, while
the larger historical sample substantially stabilizes the lower tail,
especially in 2018 and 2020. Thus, regime matching alone does not
identify either the highest-mean policy or the most stable lower tail,
motivating trust control from realized benchmark-relative outcomes.

Table 2: Three-arm control on common held-out batches. Effects
are paired mean differences in bp. Tail denotes CVaR5%.

Regime 𝜅
𝑂 − 𝑆

[95% CI]
𝐵 − 𝑆

[95% CI] Tail𝑂/𝑆/𝐵

2018
1 −17.12

[−24.56, −9.58]
−20.65

[−29.13, −12.37] −3.6/−97.9/−1.4

2 −7.99
[−11.46, −4.56]

−10.34
[−14.52, −6.17] −1.8/−44.1/−1.5

3 +0.54
[−0.29,+1.41]

−2.09
[−2.89, −1.27] −1.8/−10.0/−1.1

2020
1 +4.33

[−0.25,+10.02]
−8.12

[−9.71, −6.28] −18.9/−13.2/−2.1

2 +5.39
[+2.53,+8.64]

−4.64
[−5.87, −3.09] −18.1/−11.6/−1.5

3 +4.68
[+2.79,+6.57]

−2.23
[−2.86, −1.41] −24.1/−6.9/−1.0

2022
1 −2.88

[−4.85, −0.87]
−0.44

[−1.48,+0.65] −1.9/−12.4/−2.6

2 −1.40
[−2.22, −0.64]

−0.85
[−1.42, −0.29] −1.0/−5.5/−1.3

3 −1.09
[−1.68, −0.52]

−0.33
[−0.75,+0.10] −0.8/−4.1/−0.8

2024
1 −23.10

[−27.13, −18.89]
−20.49

[−23.70, −17.14] −2.6/−4.1/−0.6

2 −9.64
[−11.59, −7.67]

−8.69
[−10.17, −7.15] −1.3/−1.5/−0.3

3 −5.06
[−6.12, −4.02]

−4.68
[−5.54, −3.81] −0.6/−1.1/−0.5

6.3 Q3 and Q4: what the guardrail costs, and what
it buys

Takeaway. The guardrail is nearly costless when the underlying
policy is already stable. For the aggressive policy at 𝜅 = 2, the
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complete rule gives a realized breach estimate at or below 0.10 in
all four regimes, but it is the highest-mean feasible rule only in the
2022 bear regime.

When attenuation is largely unnecessary, its performance cost
is small. Under the common 𝑐 = 5 bp budget in 2022 at 𝜅 = 1,
the validation-selected policy achieves +5.71 bp under the adaptive
rule, compared with +5.75 bp at full trust, with mean trust 0.942 and
realized breach frequency 0.0065.

Table 3: Published-method-inspired deployment comparison:
Full [6], IV [8, 11], ACI [9], CRC [3, 20], and W-CRC [4], against
Ours. Entries are mean ΔPnL (bp) / breach for 𝛽 = 0, 𝜅 = 2. †:
breach > 0.10. Bold indicates the highest mean among rules with
observed breach ≤ 0.10.

Regime Full IV ACI CRC W-CRC Ours

2018 +49.69/.166† +43.18/.082 +38.25/.059 +40.97/.090 +32.34/.060 +38.43/.100
2020 +57.41/.149† +48.50/.110† +38.71/.067 +23.07/.056 +24.36/.042 +35.07/.085
2022 +44.48/.273† +39.66/.198† +30.12/.114† +19.49/.067 +9.60/.034 +22.45/.096
2024 +59.48/.099 +50.16/.048 +31.52/.020 +53.59/.077 +42.64/.053 +52.93/.082

Using the frozen counterfactual ledger with no retraining, Table 3
compares Full [6], IV [8, 11], ACI [9], CRC [3, 20], and W-CRC [4]
with our complete rule across all four held-out regimes. Our rule
has a realized breach estimate at or below 0.10 and a positive mean
ΔPnL in every regime. In 2022, it achieves the highest mean among
rules with observed breach frequency at or below 0.10: +22.45 bp
versus +19.49 bp for CRC, a 15.2% increase, at breach frequencies
of 0.096 and 0.067, respectively. This comparison uses the same
nominal target and monetary budget, while allowing the realized
breach frequencies to differ. The highest-mean qualifying rules in
2018, 2020, and 2024 are IV, ACI, and full trust, respectively.

Table 4 complements the fixed-𝜅 rule comparison by applying the
complete rule to all twelve regime–𝜅 cells, using the policy-specific
validation budgets defined in Section 5.

Table 4: Aggressive 𝛽 = 0 policy under the adaptive quantile
rule and its policy-specific validation budget. Budget entries give
five-seed mean [range]. Mean and CVaR are in bp.

Regime 𝜅 𝑐 mean [range] Mean Breach CVaR5%

2018 1 34.1[29.7, 36.8] +40.94 0.099 −128.0
2 21.8[20.0, 25.2] +38.43 0.100 −90.8
3 15.2[11.2, 18.8] +32.22 0.102 −75.7

2020 1 19.5[18.7, 20.2] +53.70 0.091 −178.7
2 9.9[9.1, 11.1] +35.07 0.085 −92.7
3 7.6[7.1, 8.1] +29.20 0.089 −68.8

2022 1 16.2[14.8, 17.7] +22.81 0.098 −174.5
2 9.7[8.6, 11.4] +22.45 0.096 −73.5
3 8.3[7.7, 8.9] +21.87 0.097 −54.1

2024 1 27.5[24.5, 32.8] +58.56 0.078 −82.3
2 14.9[13.0, 16.5] +52.93 0.082 −46.9
3 11.2[9.8, 11.8] +46.96 0.084 −35.7

Realized breach-frequency point estimates range from 0.078 to
0.102, with eleven of twelve at or below 0.10. Mean improvements
remain positive throughout, ranging from +21.87 to +58.56 bp.

Worst-seed frequencies range from 0.081 to 0.105, and the date-
clustered one-sided 95% upper bounds range from 0.108 to 0.129,

exceeding 0.10 in every cell. The evidence therefore supports em-
pirical movement toward, and tracking of, the nominal target, not a
population-level bound.

Because the budget is selected separately for each policy–seed
pair, this is a within-policy attenuation experiment rather than a
like-for-like comparison of training objectives. Section 6.4 therefore
holds the deployment budget fixed.

6.4 Q5: aggressive training at a fixed budget
Takeaway. Under the same 5 bp deployment budget, aggressive
training followed by attenuation has a higher held-out mean in all
twelve cells, with eleven confidence intervals excluding zero, but
operates much closer to the breach-frequency boundary.

We replay the validation-selected policy 𝐶 and aggressive policy
𝐴 under the same specification, 𝑐 = 5 bp and 𝜀 = 0.10, with all
other deployment choices fixed. Because the evidence ledger stores
the counterfactual ΔPnL𝑖 (𝜆) at every candidate trust factor, the
comparison requires neither retraining nor additional market data.

Table 5 shows that 𝐴 has the higher sample mean in all twelve
regime–𝜅 cells. The paired difference 𝐴 −𝐶 ranges from +2.35 to
+26.12 bp, with eleven pointwise 95% intervals excluding zero. The
only inconclusive cell is 2022 at𝜅 = 1, where the estimated difference
is +2.35 bp with an interval of [−5.37, 12.75].

Under the common monetary threshold and nominal breach target,
policy𝐴 retains the higher mean in all twelve cells. Its realized breach
frequencies range from 0.086 to 0.099, compared with 0.000 to 0.007
for policy 𝐶. The experiment therefore compares the two training–
deployment designs under a common budget, without matching
their realized breach frequencies. Table 5 characterizes this trade-off
through mean performance, breach frequency, and CVaR.

Table 5: Common-budget comparison at 𝑐 = 5bp and 𝜀 = 0.10.
𝐶/𝐴 denote the validation-selected and aggressive policies. In-
tervals use the 10-start-date-batch bootstrap. Breach entries are
descriptive frequencies.

Regime 𝜅 𝐶 𝐴 𝐴 − 𝐶 [95% CI] Breach (𝐶/𝐴) CVaR5% (𝐶/𝐴)

2018 1 3.07 12.71 +9.64[2.37, 17.33] .001/.086 −1.7/−59.5
2 0.78 12.52 +11.74[5.29, 18.39] .004/.089 −1.3/−45.0
3 0.65 15.14 +14.49[6.70, 21.56] .001/.090 −0.9/−42.5

2020 1 8.86 30.06 +21.21[5.81, 36.36] .005/.095 −2.0/−117.1
2 2.97 23.71 +20.74[6.25, 34.72] .001/.096 −0.7/−65.8
3 1.69 24.07 +22.38[8.21, 35.61] .000/.095 −0.6/−54.3

2022 1 5.71 8.06 +2.35[−5.37, 12.75] .007/.092 −2.8/−103.4
2 2.04 11.99 +9.95[1.03, 22.52] .001/.096 −1.4/−58.3
3 1.35 13.88 +12.53[3.73, 22.69] .000/.097 −0.8/−44.7

2024 1 3.28 20.99 +17.71[9.97, 26.56] .001/.095 −0.7/−42.4
2 1.31 27.42 +26.10[16.94, 35.71] .000/.096 −0.3/−32.0
3 0.67 26.79 +26.12[17.20, 35.91] .000/.099 −0.7/−21.6

6.5 Frequency is not severity
Takeaway. The common-budget result is a mean–tail trade-off, not a
uniform risk improvement. Policy 𝐶 has relative CVaR5% between
−2.8 and −0.3 bp, whereas policy 𝐴 ranges from −117.1 to −21.6 bp.

This follows from the binary score 1{ΔPnL < −𝑐}, which records
whether the budget is crossed but not the size of the exceedance.
The binary breach indicator records threshold exceedance but not its
magnitude, motivating severity-aware extensions.
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6.6 Robustness
Recomputing the lower tail at 𝛼 ∈ {1%, 5%, 10%} changes its mag-
nitude but not its sign. Moving-block intervals using 5, 10, and
20 start-date batches give the same significance conclusions. At
transaction costs of 5, 10, and 20 bp, all 2022 cells remain significant,
with estimated break-even costs of 141–161 bp. Finally, the residual
policy raises turnover by only 1.4%–6.8% relative to Black–Scholes,
indicating that its advantage is not explained by substantially greater
trading intensity.

For the frozen aggressive policy (𝛽 = 0, 𝜅 = 2), we vary one
controller parameter at a time: recency half-life over {15, 30, 60}
days, IV bandwidth ℎIV over {0.02, 0.04, 0.08}, and ACI step size
𝛾 over {0.01, 0.02, 0.04}. The seven configurations, including the
shared default, are evaluated across four regimes and five seeds.
All 28 configuration–regime cells retain positive mean ΔPnL, with
95% moving-block-bootstrap intervals excluding zero. These results
support local robustness of the mean-performance improvement
around the default configuration.

7 Limitations and Conclusion
This paper presents a two-layer conformal trust controller that adapts
exposure to a frozen learned policy under regime shift. The main
limitations are the frequency-only objective, the lack of finite-sample
validity for the weighted adaptive rule, and evaluation limited to
short-dated SPXW calls. Across four regimes, the proposed rule
empirically tracks the breach target with positive mean improvements,
but does not uniformly dominate the alternative deployment rules.
Under a common budget, aggressive training raises the held-out
mean at the cost of a substantially heavier lower tail.

The broader interest of the construction lies in this separation:
Layer 1 is trained once and frozen, while deployment safety is decided
afterwards from realized outcomes. Hence the operational budget,
failure definition, and guardrail can be revised without retraining the
policy. Where the four requirements in Section 3.3 hold, this suggests
an alternative to detect–then–retrain: completed evidence determines
how much of a frozen policy to run. Extending the score to severity-
aware loss and testing the mechanism outside hedging are the main
directions for future work. The two-layer separation also suggests
a modular extension: Layer 1 could be built around alternative
admissible fallback or policy constructions beyond Black–Scholes,
while Layer 2 could use non-conformal deployment controllers in
place of CRC-based trust selection. This would allow the training
and deployment mechanisms to be varied independently under the
same fallback-anchored interface.
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