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Syntax directed

» e.g. (untyped) A-calculus to reduction relation
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Syntax-and-type directed

+ e.g. simply-typed A-calculus to CCCs

| T'+e:t| e C(IY, [z]) ie. . |['l — |7}
with [I'| e C |[r] € C
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[I'Feiex:7] =appo(f,g):[I'] =T
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Syntax-and-type directed

[F1|—61 .‘tz]:[rgl— 62.’?52]:} tr=1t AN 1';=15

see signature of interpretation

| | : (e: term)

syntax



(Syntax-and-)analysis directed

| | : (e: term) * (4 : analysis(e)) — D i

+ e.g. simple-typed A-calculus with effect system

| T+e:7,F] € (' = TF 1)



Constructing analysis-
directed semantics

» Analysis domain A, semantic domain D

* DefineF : A — D to be structure preserving

(homomorphism) between A and D
» Gives a design framework for A and D

» Equations in A map to equations in D



Context

- Work on coeffects (with Tomas Petricek & Alan Mycroft)

|

« “A corec
Mazza, Zd

- “Boundec

F?RF e:7]e COD, [7])

uantitative coeffect calculus” (Brunel, Gaboardi,
ancewic), ESOP 2013

linear types” (Ghica and Smith), ESOP 2013

* Work on effects (Shinya Katsumata, ‘parametric effect monads’)

|

['+e:z! ] e C(I], Mr|z])

- All define analysis-directed semantics (and leverage this for soundness)



cffect systems

I'Fe:t, F monoid (F,u,2)

I'Cx:0Fe:7, F r:o0€l
[abs] - [var]F .
I'-Ar.e:0— 71, O 7:0,9

F
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[app]
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cffect systems married to

monads
I'e:TFz monoid (F,u,2)
[abs] INz:oke: T Fz var] r:oel
'FAx.e: T2 (0c— TFr1 I'Fz:T oo

'Fe:TG(o—TFr) TI'ke:THo
FI—GJGQIT(GI_IHI_IF)T

[app]

“The marriage of effects and monads” (Wadler & Thiemann, 2003)



Unifying effect-analysis and

monoid homomorphism

T: F— |C C]

semantics
M: |C, C] F': Set
Seq //LMOM%M s P X F— F
d| n:lec— M o1 = F le =
J X F - . F 1 / > J
| 2 b \A e
c.clx[c,c]—=[c,c] M >[e.C
purc: TroTo — Tk o No : 1 — 1%

n

TFoTG="T(FuQG)

I'o

0 Katsumata, Parametric Effect Monads and Semantics of Effect Systems, POPL 2014



Equations

» ldentities preserved (trivial)
TF=T(Fuo)=TFoTo=TFol1=TF

Tp
+ For lax, have the diagram: L =< T
A
2N P
Y
Troly < Tr ol
rolys——1role
For strict monoids...
I'r
analogues of monad laws ey T \
TRy < 1’
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Corresponding equations

(T er:t, Fl=[T2k ezt G
= ti=t2 A I'1=Tsn (I = G)

* When considering equations on semantics

?
(T er:t, Fl=[Tok ez :ts G

proof tree for (F = () implies semantic laws

* e.g [le—61.‘?517FU@]:[FQI—62.’2527F]

= Ir if N is the only way to

MF,(Z)T \ introduce &

Ty R T
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Bounded linear logic analysis

Reuse bounds on free-variables x: o ? n

Core rules (with sub-coeffects)

I'Cz:0?7skFe:7

[abs]

[var]

- hze:o—1 r:ollk-xz:o

[app]

S
I"+Fe:0—71 IoF €e2: 0

[',s*loF eres: 7

Specialised structural rules

[weak]

I'-e:t

I'c:0?70Fc¢e:1

INz:07a,y:07b,I2~e:1

[contr]

[, z:07atb, I'o - efz/z,2/y/: ©



(abs)

Bounded linear logic analysis

(Av.x4+v+v) (+y)

v:Z,v: 271,22 - +v+v:Z

v:Z?2 ) a4 v+v): 222w Zy:ZN 1L, a4y Z

(app) v:Z,x L,y 27 (1) x(2x (1, 1)) - (Av.x+v+wv) ('+y):Z

| 4

(=) t v:l,x 2,y 77(1,2,2) F (Aw.ax+v+0v) (2'+y): Z
(contr) r:7,y:27(3,2) F (AWwax+v+v) (x+y):7Z

(Awz+v+v) (x+y) s 2+ (z+y)+ (x+y)

r:2,y:273,2)Fx+(x+y)+(x+y):Z
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BLL-directed semantics

e Bounded reuse (exponent) Dn A = A"= <A;,..,A,>
D:N — |C,C]

o Monoid and scalar-vector multiplication (monoid action) on [N

+ N X N — 1N contraction

0:1 - N weakening s
| I"Fe:0—71 [2F e2: 0
| -1 —» N variables

I'1, Sfrz = eres: T
*.IN X N®— N composition

* N X N — N

s*¥(x1 061711, e, Xn 2 tn T ) = X117 sFTL L Xn b T s F T,

will treat as a vector s* <ri, ..., 1> — <s*¥rq, ..., ¥, >



BLL-directed semantics

o Structure preserving D : N — |C,C]

sf <I1,y eeuy In> beesaeesessssebese b s bbb e b e s R E s A AR s s s R R e b e bR e s bbb > <k 1, ..., S * 1>

D x D" n
% D
! ;

5 lC7C] X lC7C]n > lC7C]n <D(s* rl), cens D(s x rn)>
on
; / Bn

Ds X <D, viry Din ettt » <DD.1, ..., DD

Jn - (D(s*rl) X .. X D(s*rn)) —> (DsDrl X ... X DsDrn)
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BLL-directed semantics

Jn - (D(s*rl) X ... X D(s*rn)) — (DsDﬂ X ... X DsDrn)

+ Coeffect-parameterised comonad

8 . Ds*rA — DsDr' A

'S*r copies turned into s copies of r copies”

€ : D A— A
"use one copy”
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Coeffect-directed semantics

[hz:07a,y:07b,I2Fe:7

[contr]
[, z:07at+tb, 2+ e: 7

DX D

(N X N) - |C,C] x |C,C]
+ / < 2
N . [C, €]
D

Ar,s . D(r+s)A — DrA X DsA
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Coeffect-directed semantics

I'Cz:07sk+e:1

| p—

BLL analysis aps]

S
' Azv.e: 0= 1

I''z:0?RX(s) Fe:T

| —|

... as coeffect analysis  [abs]

7R Are: 0 1

I'Cz:0?RA{s) me:7

| p—|

in general  [abs]

‘ | . [?7REF Aze: 0> 7
one ‘shaped’ annotation

I'z: 07 {gps,db} -+ e: 7

[? {db} - Aze: 055 ©

| p—

e.g. distributed resources [abs]
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Coeffect-directed semantics

I''z:0?Rris) me:7

[abs] S
['"REAve:0— 71
let D’ = uncurry Die. D’: 1 X C — C M composes binary ops
D’ X D’
(Ix C)x (IxC) » C X C
1 X X / X
[x C > C
D7

mr,s . DrA X DsB — D(rr]s)(A XB)
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Constructing analysis-
directed semantics

» Analysis domain A, semantic domain D

* DefineF : A — D to be structure preserving

(homomorphism) between A and D

» Gives a design framework for A and D

» Equations in A map to equations in D
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Corresponding equations

» Use algebraic solver on analysis domain A (e.g., | use

Prover 9)

* Rest of proof not corresponding to A usually naturally

and universality

» Tactic generator!

* Build into theorem prover?



Thanks!
http://dorchard.co.uk



http://dorchard.co.uk

