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ABSTRACT

In this thesis, we study the problem of exchanging knowledge between a source and
a target knowledge base, connected through mappings. This problem emerges as a fu-
sion of the data exchange problem considered in the traditional database setting on the
one hand, and of the knowledge translation problem considered in the knowledge rep-
resentation and reasoning communities one the other hand: thus, we are interested in
exchanging both data and implicit knowledge. As representation formalism we use De-
scription Logics (DLs), thus assuming that the source and target knowledge bases are
given as a DL TBox (encoding implicit knowledge) and ABox (encoding data), while
the mappings have the form of DL TBox assertions.

To investigate the problem of translating the knowledge in the source knowledge base
according to the mapping, we define a general framework of description logic knowl-
edge base exchange and specialize it to the case of DL-Liter, a lightweight DL of
the DL-Lite family. Within this framework we specify three types of translations to be
considered that we define as universal solutions, universal UCQ-solutions, and UCQ-
representations. Universal solutions are the most precise solutions: they preserve all
the meaning from the source knowledge base with respect to the mapping. Universal
UCQ-solutions is a relaxation of the notion of universal solutions, and they preserve
all answers to unions of conjunctive queries (UCQs). UCQ-representations are similar
to universal UCQ-solutions, but they do not depend on the source ABox, only on the
source TBox and the mapping. The rationale behind the notion of UCQ-representation
is to maximize the implicit knowledge in the target, thus, a UCQ-representation of a
source TBox captures at best the implicit knowledge that can be extracted from the
source according to a mapping using UCQs.

We then develop results for OWL 2 QL, one of the profiles of the standard Web Ontol-
ogy Language OWL 2, which is based on the DL DL-Lite, and for RDFS, another stan-
dard Semantic Web language, which is based on a fragment of DL-Liter denoted DL-
Literprs. To obtain a good understanding of the knowledge base exchange problem, we
study the computational complexity of the membership and non-emptiness problems for
each kind of translation. For universal solutions, e.g., the membership problem checks
whether a given candidate target knowledge base is a universal solution for the source
knowledge base and the mapping, i.e., whether it belongs to the class of all universal so-
lutions, while the non-emptiness problem answers to the question whether there exists
any universal solution for the source knowledge base and the mapping, i.e., whether the
class of universal solutions is non-empty. Note that the latter problem is directly related
to the task of materializing a translation, moreover, determining UCQ-representability is
a crucial task, since it allows one to use the obtained target TBox to infer new knowledge
in the target, thus reducing the amount of extensional information to be transferred from
the source. Adopting a variety of techniques, that include reachability games on graphs
and automata on infinite trees, we obtain both upper and lower complexity bounds. For
several of the considered cases we are able to precisely characterize the computational
complexity of the membership and non-emptiness problems.
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INTRODUCTION

1.1 MOTIVATION

Ontologies are at the heart of various Computer Science disciplines, among which the
most prominent ones are Semantic Web, Biomedical informatics, and of course, Artifi-
cial Intelligence and Knowledge Representation. Here, for simplicity, by ontology we
mean a formal representation of the knowledge about a domain in terms of axioms ex-
pressed over concepts (unary predicates) and roles (binary predicates). In the biomedical
domain, e.g., Pneumonia and Lung could be concepts, and finding_site could be a role,
and the knowledge about the domain could be asserted in an axiom expressing that “The
finding site of pneumonia is lungs” [35, 97]. The advantages of using ontologies is that,
first, they provide frameworks for organizing and structuring information, and second,
it is possible to perform reasoning about the modeled domain.

Usually, some logical language, e.g., first-order logic or predicate logic, is used to
formalize ontologies. Each language has an associated expressivity, determined by the
logical constructs that can be used; these in turn determine the complexity of reasoning
algorithms, i.e., how efficient or inefficient reasoning in that language is. As observed
first by Brachman and Levesque [24], there is a tradeoff between expressiveness and
complexity of reasoning, i.e., the more expressive the language is, the more inefficient
reasoning is. E.g., the standard reasoning task of checking consistency of an ontology
written in the horn fragment of predicate logic can be done in polynomial time, while
there exists no algorithm at all (i.e., it is undecidable) to check whether an ontology
written in first-order logic is consistent. Therefore, the task of choosing the ontology
language is not trivial, and there has been a lot of research dedicated to studying var-
ious languages, such as fragments of first-order logic or extensions of predicate logic,
and their computational properties. Nowadays, there exists a whole variety of ontology
formalisms. These languages can be roughly divided by their computational complexity
into three groups: tractable (first candidates to be used in practice, allow for efficient
algorithms), intractable (there exist algorithms, but inefficient), and undecidable (not us-
able at all). Among the decidable languages, the notable ones are Description Logics,
Datalog, and relational databases.

When developing ontologies, one is free to choose the exact terminology and the
exact formalism to be used, and there is no single solution to it. For instance, when cre-
ating a biomedical ontology about deseases, the lungs can be modeled as Pair_of _lungs
or Both_lungs. Moreover, the ontology developer might choose a description logic, or
datalog, or simply a relational database format for modeling and structuring the domain
of interest. This led to having complex forms of information, maintained in different
formats and organized according to different structures. Often, this information need to
be shared between agents: to reuse the existing ontologies, to integrate knowledge from
different agents, and so on. Therefore in recent years, both in the data management and
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in the knowledge representation communities, several settings have been investigated
that address this problem from various perspectives:

* in information integration, uniform access is provided to a collection of data
sources by means of an ontology (or global schema) to which the sources are
mapped [83];

* in peer-to-peer systems, a set of peers declaratively linked to each other collec-
tively provide access to the information assets they maintain [74, 2, 57];

* in ontology matching, the aim is to understand and derive the correspondences
between elements in two ontologies [47, 99, 48];

* in ontology modularity, the aim is to extract independent, possibly small, subsets
of an ontology, so called modules [39, 37, 38];

* in knowledge translation, axioms are being translated from one representation
(i.e., logical language and vocabulary) into another [28, 42, 43];

* finally, in data exchange, the information stored according to a source schema
needs to be restructured and translated so as to conform to a target schema [51,
20].

The work we present in this thesis is inspired by the two latter settings, the first
one being investigated in knowledge bases and the second one being investigated in
databases. In the following, we elaborate on these two settings.

1.1.1  Knowledge Translation

The problem of knowledge translation has been addressed in 1995 in [28] to formal-
ize the task of reusing/sharing existing encoded knowledge in the process of the de-
velopment of new intelligent systems, emerged already in the early nineties [56]. An
interlingua-based methodology for this problem is proposed, where logical theories en-
coded in one representation (source) need to be translated to another representation (tar-
get) by making use of a first-order logic interlingua. Interlingua is a mediating language
designed for communicating knowledge between the source and the target represen-
tations, and a representation is formed using a declarative representation language, a
vocabulary and a base theory (associated with the language). Then, the authors devise a
formalism for producing translations based on a theory of contexts [88, 27, 64]: a trans-
lation is specified as a set of first-order logic sentences each of which describes a rule
for deriving a sentence in a target output context that is a translation of a sentence in
a source input context. Such an approach, first, provides a formal semantics for trans-
lation, and second, enables translation to be done as deduction by a standard theorem
prover.

A decade later there has been again an interest in knowledge translation in the con-
text of the Semantic Web, where the problem of communicating knowledge between
heterogeneous agents is especially relevant [42, 41, 43]. The focus of these works is
to translate axioms represented in a rule-based formalism, where the mapping axioms,
that is, the axioms defining how the source and target vocabularies are related, are rep-
resented as first-order axioms (although of quite a simple form). The authors devise an
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Figure 1: Data Exchange Framework.

algorithm for translating axioms and implement an inference engine that performs the
translation.

While the first work [28] is a rather abstract and high level view on the problem of
knowledge translation, the other works [42, 41, 43] are more on the practical side and
lack solid theoretical foundations. Thus, none of these papers gives a precise under-
standing of how difficult it is to translate knowledge, for which logical languages it is
decidable and for which ones it is undecidable.

1.1.2  Data Exchange

Data exchange is a field of database theory, motivated by several applications from in-
dustry [98, 65], that deals with transferring data between differently structured databases.
The starting point of intensive investigation of the problem of data exchange was given
in [51] where it was defined as follows: given data structured according to a source
schema and a mapping that provides a declarative account of the relationship between
elements of the source schema and elements of a target schema, one wants to transform
the source data into data structured according to the target schema so that it accurately
reflects the source data with respect to the mapping. The obtained target data instance
is referred to as a solution. This problem, which can be depicted as in Figure 1, has
been extensively studied for different combinations of languages used to specify the
source and target schemas, and the mappings [20]. Most of the results in the literature
consider source-to-target tuple generating dependencies as the language to specify map-
pings. Tuple generating dependencies (tgds) allow one to express containment between
two conjunctive queries: if a conjunction of several predicates holds, then a conjunction
of some other predicates must hold, for example,

Va, b(AuthorOf (a,b) — 3y, g . BookInfo(b,a,y) A BookGenre(b,g)), (1)

which says that if a is the author of a book b, then there exist y and g such that the infor-
mation about b is that its author is 2 and it was written in the year y, and b has genre g.
Here, i and g are existentially quantified variables. Many database integrity constraints
can be expressed by tgds, so they have been widely employed in all areas of database
theory. Source-to-target tgds (st-tgds) are tgds of a special shape: the conjunction on the
left-hand side uses only symbols from the source schema, while the conjunction on the
right-hand side uses only symbols from the target schema.

A fundamental assumption in the traditional data exchange setting is that the source
is a complete database: every fact is either true or false. This is not the case for target
instances, since incomplete information can be introduced by the mapping layer (see

5
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also [84]). As a consequence, for a given source data instance, there can exist many
distinct target instances that are solutions for that source data instance.

Example 1.1.1. If we consider the mapping consisting of the constraint in (1), and a
source instance consisting of one entry AuthorOf (tolkien, lotr), encoding that Tolkien
is the author of The Lord of the Rings, then the following two target instances are solu-
tions:

I, = {BookInfo(lotr, tolkien, 1937), BookGenre(lotr, fantasy)},
and
I, = {BookInfo(lotr, tolkien, NULLy), BookGenre(lotr, NULL,)}.

Note that here incompleteness is caused by the existential restriction Jy, g ..., which
can be satisfied by introducing new objects: either named individuals (or constants), like
fantasy, or anonymous, like NULL. Note also that NULL; and NULL; are labeled nulls,
which are the standard way in databases to represent anonymous objects.

To characterize good transformations, several criteria have been considered [67]. We
emphasize two types of good translations, universal solutions and query solutions. Uni-
versal solutions are the most general solutions: any other solution is more specific (or,
detailed). E.g., in Example 1.1.1, I} is a universal solution. On the other hand, query so-
lutions are good solutions from the point of view of answering queries formulated over
the target schema, so called target queries.

Furthermore, the assumption about completeness of the source does not take into
account the scenarios in which the source contains some uncertainty. This issue had not
been considered until recently, when in [55] the problem of reverse data exchange and
in [6] the problem of data exchange with data in the source incompletely specified were
addressed. The latter problem is discussed in the next section.

1.1.3  Data Exchange with Incomplete Information

In [6], the problem of data exchange with incomplete source data is introduced. Incom-
plete specification of the source data means that (possibly infinitely) many actual source
instances are being represented. A simple example of incomplete data is a database
with nulls: consider a table storing information about book genres, and assume that it is
known that The Lord of The Rings is a book, but its exact genre is unknown. So this ta-
ble would contain an entry of the form BookGenre(lotr, NULL), which represents all dif-
ferent instances containing tuples BookGenre(lotr, fantasy), BookGenre(lotr, history),
BookGenre(lotr, scifi), ..., etc, as depicted in Figure 2. In this setting, when the source
is not a complete database, the problem of data exchange becomes substantially more
complex. To deal with that, in [6] a general framework for exchanging incomplete infor-
mation is proposed. This framework is based on the notion of representation system as
a mechanism to describe in a finite way (infinitely) many complete instances of a data
schema.

Knowledge bases are another example of incompletely specified data. A knowledge
base (KB) is a description of a domain of interest that includes ground facts, i.e., infor-
mation of the form “John is a student”, “Databases is a course”, “John attends the
Databases course”, which can be stored in a database (hence extensional information),
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I

BookGenre(lotr, NULL)

BookGenre(lotr, fantasy) BookGenre(lotr, history) BookGenre(lotr, scifi)

Interpretations of [

Figure 2: Possible Interpretations of I = {BookGenre(lotr, NULL)}.

and logical axioms, or what we call an ontology, that structure the knowledge about
the domain. E.g., information of the form “Every course must be taught by somebody”,
“A student cannot be a professor” (hence intensional information) . It is intrinsic in the
standard semantics of knowledge bases that the knowledge they describe is only a partial
description of a domain of interest. It means that a single knowledge base usually repre-
sents many actual states of the world. For instance, if we consider the knowledge base
consisting of the five axioms mentioned above, then it could represent one possible state
of the world, where John also attends the statistics course, David teaches databases and
Peter teaches statistics. However, knowledge bases are considerably more expressive
than databases with nulls, and even for relatively simple ontology languages, there are
knowledge bases that represent infinitely large instances. Importantly, in [6] a general
knowledge exchange framework is proposed for the case when the source is a knowl-
edge base as opposed to a plain database instance. Then it is shown that already for
knowledge bases where the ontological part is expressed by tgds and mappings that are
source-to-target tgds, the problem of knowledge base exchange is undecidable, however,
if one considers knowledge bases built using full tgds, i.e., tgds without existentially
quantified variables, then the problem becomes decidable.

To achieve decidability one has to consider less expressive ontological languages. A
good candidate for that role is the formalism of Description Logics, which provides fair
expressive power, and at the same time possesses good computational properties.

1.1.4 Description Logics as Ontology Language

Description Logics (DLs) [17] is a family of formal languages, fragments of first-order
logic, specifically designed to serve as ontology languages. They exhibit a reasonable
tradeoff between their expressive power and their computational complexity. Nice com-
putational properties in DLs are achieved by restricting attention to unary and binary
predicates, called concepts and roles respectively, and to restricted forms of logical ax-
ioms. Ground facts in DLs are encoded in the form of an ABox, which is a set of mem-
bership assertions, and logical axioms are stored in a TBox, which is a set of concept
and role inclusions. For instance, the DL KB containing the five axioms listed above
describing the university domain looks as follows:

Student (john)

Course T Jteaches™
Course(database)

_ Student T —Professor
attends(john, database)
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where the two inclusions on the right-hand side are concept inclusions, teaches™ denotes
the inverse of the binary relationship denoted by teaches, and Jteaches™ denotes the
projection on the second component of teaches.

Thus, the main motivation and the starting point for the work done within this thesis are
on the one hand, the knowledge translation problem defined in [28], and on the other
hand, the knowledge exchange framework defined in [6]. The goal of this PhD work,
then, is to investigate the problem of knowledge base exchange, where a source KB is
connected to a target KB by means of a declarative mapping specification, and the aim
is to exchange knowledge from the source to the target by exploiting the mapping. We
do so in a setting where the source KB, the target KB, and the mapping are all expressed
in variants of Description Logics.

1.2 CONTRIBUTION

This PhD work is concerned with the problem of knowledge base exchange in a De-
scription Logic setting. The contribution of this thesis and the results obtained during
my PhD studies can be summarized as follows.

First of all, we propose and develop a framework for KB exchange based on Descrip-
tion Logics (DLs): both source and target are KBs constituted by a DL. TBox, represent-
ing implicit information, and an ABox, representing explicit information, and mappings
are sets of DL concept and role inclusions. We then specialize this framework to the
case of lightweight DLs of the DL-Lite family [30]. In particular, the most expressive
DL we consider is DL-Liteg whose distinguishing feature within the DL-Lite family is
the presence of role inclusions. In this framework, we are interested in three types of
translations that we define as universal solutions, universal UCQ-solutions, and UCQ-
representations. Universal solutions are the most “precise” solutions: a target KB /C;
is a universal solution for a source KB K7 under a mapping M if it preserves all the
meaning (i.e., models) of K1 with respect to M. Universal UCQ-solutions are a relax-
ation of the notion of universal solutions: a target KB X5 is a universal UCQ-solution
for a source KB K7 under a mapping M if it preserves all answers to unions of con-
junctive queries (UCQs) formulated in the target signature and answered over Kq and
M. UCQ-representations are similar to universal UCQ-solutions, but they do not de-
pend on the source ABox, only on the source TBox and the mapping: a target TBox 73
is a UCQ-representation of a source TBox 77 under a mapping M if for each possible
source ABox Ay, we have that 7, M and A; give the same answers to UCQs as 77,
M and A;. The rationale behind the notion of UCQ-representation is to maximize the
implicit knowledge in the target, thus, a UCQ-representation of a source TBox captures
at best the intensional information that can be extracted from the source according to a
mapping using UCQs.

Secondly, we study and analyze each notion of translation for KBs and mappings
defined using the DL DL-Litep. We provide examples that justify the need for target
ABoxes with labeled nulls in order for universal solutions and universal UCQ-solutions
to exist in some cases, as the language of DL-Lite is capable of implying existence
of new objects. Such ABoxes are called extended ABoxes and they can mention anony-
mous objects implied by the source KB and the mapping by means of labeled nulls, as
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Universal solutions simple ABoxes extended ABoxes

Membership PTIME-complete (T 5.2.12) NP-complete (T 5.3.3)

Non-emptiness PTIME-complete (T.5.2.11) PSPACE-hard (L. 5.3.4)
in EXPTIME (T. 5.3.9)

Universal UCQ-solutions simple ABoxes extended ABoxes

Membership PSPACE-hard (T. 6.2.1) PSPACE-hard (T. 6.2.1)
in EXPTIME (T. 6.2.9) in EXPTIME (C. 6.3.1)

Non-emptiness PSPACE-hard (T. 6.3.2)

in EXPTIME (T. 6.2.10)

UCQ-representations Complexity

Membership NLOGSPACE-complete (T. 7.1.8)
Non-emptiness NLOGSPACE-complete (T. 7.2.12)
Weak UCQ-representability NLOGSPACE-complete (T. 7.3.5)

Table 1: Complexity results for the membership and non-emptiness problems in DL-Liter.

opposed to simple ABoxes, which mention exactly the same set of objects as the source
ABox. In general, in DL-Lite tree-shaped labeled nulls can be seen as a syntactic sugar,
however it is not the case when one cannot freely extend the alphabet or introduce new
TBox axioms. Then, we show several cases when universal solutions do not exist, while
universal UCQ-solutions do, and that, in general, universal UCQ-solutions display a
more robust behavior than universal solutions. For these reasons, we argue that in the
context of knowledge base exchange, especially if we consider applications where users
only extract information from the translated data by using specific queries (usually con-
junctive queries), universal UCQ-solutions and UCQ-representations are the preferred
translations over universal solutions.

Finally, we develop results for OWL 2 QL [91], one of the profiles of the standard
Web Ontology Language OWL 2 [19], which is based on the DL DL-Lite, and for
RDFS [25], another standard Semantic Web language, which is based on a fragment
of DL-Liter denoted DL-Literprs. To obtain a good understanding of the knowledge
base exchange problem, we study the computational complexity of the membership and
non-emptiness problems for each kind of translations and target ABoxes. For universal
solutions, e.g., the membership problem checks whether a given candidate target KB
is a universal solution for the source KB and the mapping, i.e., whether it belongs to
the class of all universal solutions, while the non-emptiness problem answers to the
question whether there exists any universal solution for the source KB and the mapping,
i.e., whether the class of universal solutions is non-empty. Note that the latter problem
is directly related to the task of materializing a translation. Moreover, determining UCQ-
representability is a crucial task, since it allows one to use the obtained target TBox to
infer new knowledge in the target, thus reducing the amount of extensional information

9
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Universal solutions simple ABoxes extended ABoxes
Membership NLOGSPACE-c. (T.5.4.2) NP-complete (T. 5.4.3)
Non-emptiness TRIVIAL (T.5.4.1) TRIVIAL (T.5.4.1)
Universal UCQ-solutions simple ABoxes extended ABoxes
Membership NLOGSPACE-c. (T. 6.4.2) NP-complete (T. 6.4.3)
Non-emptiness TRIVIAL (T. 6.4.1) TRIVIAL (T. 6.4.1)
UCQ-representations Complexity

Membership NLOGSPACE-complete (T. 7.1.8)
Non-emptiness NLOGSPACE-complete (T.7.2.12)

Weak UCQ-representability TRIVIAL (T. 7.3.6)

Table 2: Complexity results for the membership and non-emptiness problems in DL-Litegprs.

to be transferred from the source. For UCQ-representations we also study the problem
of weak UCQ-representability, which answers to the question of whether it is possible to
enrich the mapping so as to give a positive answer to the UCQ-representability problem.
The obtained complexity results for DL-Liter; can be summarized as in Table 1. For
universal solutions with simple ABoxes, we show that both the membership and the non-
emptiness problems are decidable in polynomial time by employing techniques based on
infinite games on graphs with a reachability acceptance condition (reachability games).
We reduce the membership and non-emptiness problems to the problem of finding a win-
ning strategy, which is known to be solvable in PTIME. Then, for universal solutions
with extended ABoxes, we prove that the membership problem is NP-complete, while
the non-emptiness problem is PSPACE-hard, and provide for the latter an EXPTIME up-
per bound based on a novel approach exploiting two-way alternating automata. Univer-
sal UCQ-solutions show to be more complex, and in contrast to the PTIME upper-bound
for the membership problem for universal solutions with simple ABoxes, we show that
the membership problem for universal UCQ-solutions with simple ABoxes is already
PSPACE-hard. Then, we provide an EXPTIME upper-bound for the membership prob-
lem with extended ABoxes by an involved reduction to the reachability games. This al-
gorithm in turn provides us with an EXPTIME algorithm for deciding the non-emptiness
problem for universal UCQ-solutions with simple ABoxes. We also show that the non-
emptiness problem for universal UCQ-solutions with extended ABoxes is PSPACE-hard.
As for UCQ-representations, recall that they do not depend on the shape of the target
ABoxes, so we show three complexity bounds for the membership, non-emptiness and
weak UCQ-representability problems, which all turn out to be NLOGSPACE-complete.
The complexity results for the case of DL-Liteyprs are shown in Table 2. First of
all note that in the case of DL-Literprs, the complexity results for universal solutions
and universal UCQ-solutions are exactly the same. Importantly, all non-emptiness prob-
lems are decidable in constant time; in fact we show that there always exist a univer-
sal solution (and hence, a universal UCQ-solution), so the answer is trivially “Yes” in
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each of these cases. Then the membership problems considering simple target ABoxes
are NLOGSPACE-complete, and considering extended ABoxes are NP-complete. As
for UCQ-representations, the complexity results of the membership and non-emptiness
problems are inherited from the case of DL-Lite . Remarkably, the weak UCQ-represen-
tability is decidable in constant time, which again in this case means that DL-Litegypys
TBoxes are always weakly UCQ-representable.

1.3 STRUCTURE OF THE THESIS

This thesis is structured as follows. We start with presenting in Chapter 2 the prelimi-
nary common notions and notations required to read this document. Then, in Chapter 3
we introduce our Knowledge Base exchange framework: we formally define the three
notions of translations we are interested in, and set up the space of the complexity prob-
lems studied in this thesis. Chapter 4 gives some intuition and basic results about each
translation, and provides several illustrative examples when certain translations exist
and when they do not. Then, the complexity results and the technical development are
presented in Chapter 5 for universal solutions, in Chapter 6 for universal UCQ-solutions,
and in Chapter 7 for UCQ-representations. In Chapter § we discuss related work, and,
in Chapter 9 we summarize and comment on the results obtained in the thesis. We intro-
duce in an appendix some background notions on automata and games that are used in
parts of the technical development in the thesis.
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In this chapter we introduce the necessary notions and notations employed in the thesis.

2.1 DESCRIPTION LOGICS

Description logics (DLs) [17, 40, 44, 69, 68] is a family of formal languages designed
to model a particular domain, and subsequently, to derive new knowledge about it. They
provide nice modelling and reasoning capabilities exhibiting a trade-off between ex-
pressiveness of a logic and computational complexity of reasoning in that logic.! The
advances in the field of Description Logics determined their popularity as (underlying
logical basis for) formalisms in knowledge representation, ontology-based data access,
information and data integration, the Semantic Web, biomedical informatics, etc.

First of all, DLs are languages for building knowledge bases. In DLs, the elements
of the domain of interest are structured into concepts (unary predicates) and their prop-
erties are specified by means of roles (binary predicates). General knowledge about the
domain of interest is asserted by means of concept and role inclusions that constitute
the TBox of a knowledge base (“T” for terminological). Knowledge specific to a partic-
ular problem is asserted in the ABox (‘A’ for assertional) in the form of membership
assertions, also called facts. Thus, the TBox talks about the intensional level, while
the ABox talks about the extensional level. Characteristic features of DLs compared to
other modeling formalisms like ER diagrams, UML and datalog, is their concise syntax
and intuitive logic-based semantics. The syntax of DLs, which inherits many constructs
from the syntax of first-order logic, is variable free and allows to represent complex
concept expressions in a compact way. The semantics, which defines the meaning of the
information present in the KB, is the standard first-order semantics, where concepts are
interpreted as sets of individuals, and roles are interpreted as sets of pairs of individuals.

Second, reasoning is a central service of DLs, it allows one to infer knowledge implic-
itly represented in the knowledge base. The standard reasoning services over a DL KB
include knowledge base satisfiability and query answering. The knowledge base satisfia-
bility problem is to check whether the information encoded in the TBox and the ABox is
non-contradictory. Query answering in knowledge bases is similar to query answering
in database only now the information in the TBox should also be taken into account.

Decidability and complexity of reasoning are one of the main concerns in DLs: one
is interested in decision procedures (always terminating) that have nice computational
properties. Decidability and complexity of the inference problems depend on the ex-
pressive power of the DL at hand: in general, the more expressive the logic is, the more
complex reasoning becomes. Most of the known DLs are intractable, which means that
there exist no efficient (polynomial time) reasoning algorithms. Therefore, there were
several lines of research that led to introduction of two families of lightweight DLs with

1 Seee.g., http://www.cs.man.ac.uk/~ezolin/dl/ for a summary of complexity results.
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limited expressive power but polynomial algorithms for the basic reasoning tasks: DL-
Lite [30, 96, 15] and £L [16, 18]. Most of the result in this thesis are for DL-Liteg, a
prominent member of the DL-Lite family, the logic underlying OWL 2 QL, one of the
profiles of OWL 2. In the rest of this section, we define the DLs used later in the thesis
and some basic results and notions related to DLs and reasoning with DLs.

2.1.1 The Description Logic DL-Liter and Its Sublogics

The DLs of the DL-Lite family [30] of light-weight DLs are characterized by the fact
that standard reasoning can be done in polynomial time, and that data complexity of
reasoning and conjunctive query answering is in ACY.

We adapt here DL-Liter, the DL underlying OWL 2 QL, and present now its syntax
and semantics. Let N, Ngr, N,;, Ny be pairwise disjoint sets of concept names, role
names, constants, and labeled nulls, respectively. Assume in the following that A € N¢
and P € Ng; in DL-Liter, B and C are used to denote basic and arbitrary (or complex)
concepts, respectively, and R and Q are used to denote basic and arbitrary (or complex)
roles, respectively, defined as follows:

R =P | P~ B:=A| 3R
Q == R | R C =B | -B

From now on, for a basic role R, we use R~ to denote P~ when R = P, and P when
R=P".

A TBox is a finite set of concept inclusions B © C and role inclusions R © Q. We
call an inclusion of the form By C =B, or R1 C —Rj a disjointness assertion. An ABox
is a finite set of membership assertions B(a), R(a,b), where a,b € N,.

Example 2.1.1. An ontology PhotoCamera about digital photo cameras underlying the
structure of an electronics selling website can be described using DL-Lite syntax.

T: A:
DigitalCamera T cameraBattery CameraWithExchange(canon5d)
CompactCamera T DigitalCamera CompactCamera(lumixFX100)

CameraWithExchange T DigitalCamera
CompactCamera T —~CameraWithExchange
CompactCamera T JcompactCameraLens

dcompactCameraLens™ T BuiltInLens

CameraWithExchange T JcameraMounts

deameraMounts™ T LensMount
LensMount T JlensMounts™
dlensMounts T ExchangeLens

The ER diagram of this TBox can be depicted as follows, where concepts are shown in
blue color, arrows of the form 3> denote “IS A” relation, arrows of the form — with
a label R on them denote the binary relationship (i.e., role) R between the corresponding
concepts.
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. cameraBattery
DigitalCamera
V\ compactCameraLens
CompactCamera BuiltInLens

CameraWithExchange

% /rrLa%%On
ts LensMount
W’

ExchangeLens

In this thesis, we also consider extended ABoxes, which are obtained by allowing
labeled nulls in membership assertions. Observe that in the traditional data exchange
setting, labeled nulls are allowed to appear in target instances to be used as placeholders
for unknown values [62]. Formally, an extended ABox is a finite set of membership
assertions B(u) and R(u,v), where u,v € (N, U Ny). Moreover, a(n extended) KB K
is a pair (7,.A), where T is a TBox and A is an (extended) ABox.

In data and knowledge exchange, it is important to distinguish between source and
target signatures, and the signatures of different KBs. A signature ¥ is a finite set of
concept and role names, that is, & C Nc U Ng. A KB K is said to be defined over
(or simply, over) X if all the concept and role names occurring in K belong to % (and
likewise for TBoxes, ABoxes, concept inclusions, role inclusions and membership as-
sertions). Moreover, the signature of C, denoted by X(/KC) is the set of all concept and
roles names occurring in .

DL-Liter is a fragment of first-order logic, so the semantics of DL-Liter is inher-
ited from the classical semantics of this logic. Formally, given a signature X, an inter-
pretation I over ¥ is a pair (AZ,-T), where AT is a non-empty domain and - is an
interpretation function such that:

(1) al € A%, for every constant a € N, interpreted by Z;
(2) AT C AZ, for every concept name A € ¥; and
(3) PT C AT x AL, for every role name P € X.

z

Function -* is extended to also interpret concept and role constructs:

(IR = {x € AT | By € AT suchthat (x,y) € RT}; (-B)f = AT\ B%;
(P7)* ={(y,x) € AT x AT | (x,y) € PT}; (=R)* = (AT x AT)\ R%.

Note that, depending on whether we make the unique name assumption (UNA) or not
distinct constants a,b € N, may not be allowed to be interpreted as the same object, i.e.,
T _ bI
a® =b".
Let Z = (A%, -T) be an interpretation over a signature X. Then the satisfaction rela-
tion |= is defined as follows:

IEBCC if BECC? T = B(a) if af eB?
IE=RCQ if RECQ? T = R(a,b) if (a*,b*) e R?

15
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7 is said to satisfy a TBox 7 over X, denoted by Z |= 7, if Z |= « for every a €
T. Moreover, satisfaction of membership assertions over ¥ is defined as follows. A
substitution over T is a partial function 1 : (N, UN;) — A such that for every
a € N, h(a) is defined iff a” is defined, moreover hi(a) = a’. Then Z is said to satisfy
an (extended) ABox A, denoted by Z |= A, if there exists a substitution /1 over Z such
that:

« for each B(u) € A, it holds h(u) is defined and h(u) € BZ; and
« for each R(u,v) € A, itholds h(u), h(v) are defined and (h(u),h(v)) € RZ.

Finally, Z is said to satisfy a KB K = (7, .A), denoted by Z |= K, if Z = T and
Z = A. Such Z is called a model of IC, and we use MOD(K) to denote the set of all
models of K. We say that /C is consistent if MOD(K) # @.

As is customary, given a KB K over a signature ¥ and a membership assertion or an
inclusion & over X, we use notation K |= « to indicate that for every interpretation Z of
YifZ = K, then 7 = a.

In this thesis we will also consider a fragment of DL-Litex that corresponds to RDFS
[25] and is denoted with DL-Litegprs. Formally, DL-Literps is the fragment of DL-Liter
in which there are only atomic concepts and atomic roles in the right-hand side of inclu-
sions (hence, no disjointness assertions).

2.1.2  The Canonical Model Property

The logics of the DL-Lite family, and in particular DL-Lite, enjoy the canonical model
property. It means that given a KB, if it is consistent, then it is possible to construct a
model of that KB with certain characteristics. The first one is that any other model can
be obtained from this model. The second one is that it can be used to characterize the
certain answers to UCQs (it will be discussed in Chapter 6).

There exist several ways to define the(/a) canonical model. Traditionally in the database
theory (in particular, in data exchange), the canonical model of a database instance to-
gether with integrity constraints is defined through the notion of chase [72, 1], and since
a DL-Litep KB can be seen as such a database, in one of the first papers on DL-Lite
the canonical model was also defined through the chase [30]. Here we adapt a different
definition of the canonical model, which is better suited for the technical development
in the scope of this thesis, and can also be found in [77]. Below, we show how the canon-
ical model can be constructed for a DL-Liter KB. Then, we also define the generating
model, which can be used as a small representation of the possibly infinite canonical
model.

THE CANONICAL MODEL. Consider a non-extended KB K = (T, .A). Denote
by Ind(A) the set of constants occurring in A. Define the equivalence class [R] of a
basic role R in K as

[Rl={S|TERCSandT | SLC R}

We introduce a witness wyg for each equivalence class [R], and write [R] <7 [S] if
T = R C S. Then, the generating relationship ~>x between the set Ind(A) U {wg |
R is a basic role} and the set {wjg| | R is a basic role} is defined as follows:
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*a ~g wgps if (1) K E 3R(a); 2) K [E R(a,b) for every b € Ind(A);
(3) [R’] = [R] for every [R'] such that [R'] <+ [R] and K = 3R’ (a).

* wig) ~k Wirp if (1) T =35~ £ 3R; (2) [S7] # [R]; (3) [R'] = [R] for every
[R'] such that [R'] <7 [R]and T =35~ C 3R’.

Intuitively, the generating relationship defines when an existing object can be reused to
satisfy an axiom of the form B £ 3R, or a new object has to be generated. We denote by
Wit (KC) the set of all witnesses w/g) such that for some a € Ind(A), a ~ wg,] ~k

s ¢ w[R,d? and ZU[R”] = ZU[R]

Next, we call K-path a sequence AWR,] - - - W[R,] such that n > 0,a € N;, a ~~g
Wi, and wig] ~x Wig,,,] fori € {1,...,n — 1}, and denote by path(K) the set
of all K-paths. A K-path awg, ... wg, with n > 0 encodes one object that has to
be generated to satisfy all axioms in /C, and is called an anonymous individual as it is
distinct from any named individual (i.e., constant). Moreover, for every o € path(K),
denote by tail(c) the last element in ¢. Finally, the canonical (or, universal) model of
IC, denoted Uy, is defined as:

AYc = path(K),
a’c = g, fora € Ind(A),
Alc = {aelnd(A) | K| A(a)} U{c-wg € A | T |= 3R~ C A},
— {(a,b) € Ind(A) x Ind(A) | K |= P(a,b)} U
{(o,0-wy) | tail(0) ~x wiry, [R] <7 [P]}U
{(o-wry, o) | tail(c) ~x wigy, [R7] <7 [P]}.

Note that the anonymous part of U formed by the anonymous individuals has a tree
shape. At the same time, constants can be connected in an arbitrary way. We illustrate
graphically several examples of the canonical models below.

Example 2.1.2. Let £ = {7, A}, where T = {A C 3R, 3R~ C 3R} and A =
{A(a)}. Then the canonical model Uy can be seen as an infinite R-path starting in a,
and can depicted according to the following convention, which will be used throughout
the thesis: dots and lowercase labels represent domain elements, a label A on a domain
element x represents x € AYc, and a label R on an arrow between x and Yy represents
that (x,y) € RYx:

a awpR AWRWR AWRWRWR
. o o -

A R R R

Example 2.1.3. Let £ = {7, A}, where 7 = {RC S§,3R~ C 35,35~ C 37,35 C
3Q} and A = {R(a,b),3S(a)}. Then the canonical model Uy can be depicted as fol-
lows:

o bwswg
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Example 2.1.4. Let £ = (7, A) where T and A are from Example 2.1.1. Then the
canonical model Uy can be depicted as below.

DigitalCamera cameraBattery

1]
CompactCamera - lumixFX100 - WeaperaBattery
°® ompactCam i
lumixFX100 eraLens ,
o BuiltInLens

lumixFX100 - WeompactCameraLens

DigitalCamera
CameraWithExchange
L]

cameraBattery
canon5d - WeameraBattery
cameraMouynts

canonbd
o LensMount

canonbd - WeameraMounts

ExchangeLens o
canon5d * WegmeraMounts * WiensMounts

Uy is called the canonical model because every other model of /C is more restricted
(or less general) that L. We formalize generality in terms of homomorphisms. For
an interpretation Z and a signature ¥, the Z-types t£(x) and 1 (x,y) for x,y € AL
are given by the set of concepts B (respectively, roles R) over ¥, such that x € B%
(respectively, (x,y) € RT). We also use tZ(x) and 1 (x,y) to refer to the types over
the signature of all DL-Liter concepts and roles.

Given interpretations Z and J, a X-homomorphism from Z to J is a function /h :
AT — A7 such that

* h(a?) = a7, for all constants a interpreted in Z,
o t£(x) C tJ(h(x)),and L (x,y) C rd (h(x),h(y)) forall x,y € A

We say that 7 is X-homomorphically embeddable into J if there exists a X-homomor-
phism from Z to J, and Z is X-homomorphically equivalent to [J if they are >-homomor-
phically embeddable into each other. Intuitively, in the former case, Z is more general
than 7 with respect to X, and in the latter case, Z and J cannot be distinguished on
2. If X is the set of all DL-Liter concepts and roles, we call >-homomorphism simply
homomorphism.

The theorem below establishes the relationship between the canonical model U and
arbitrary models of /C.

Theorem 2.1.5 ([77]). If K is consistent, Uy is a model of IKC. For every model I of IC,
there exists a homomorphism from Uy to L.

For an extended KB K = (7, .A), denote by Null(A) the set of labeled nulls occur-
ring in A. Then the canonical model Uy is defined by analogy with the construction
above, where each labeled null [ in A is interpreted as itself, and the generating rela-
tionship ~ is defined between the set Ind(A) U Null(A) U {wz, | R is a basic role}
and the set {w[R} | R is a basic role }. Observe the connection between the labeled nulls
in A and the anonymous individuals in AY<: labeled nulls denote exactly such kind of
objects, for which it is known they exist, but their exact value (or name, in our case) is
not known.



2.2 QUERIES AND CERTAIN ANSWERS

THE GENERATING MODEL. In general, the canonical model of a DL-Liteg KB K
can be infinite, which makes it impossible to deal with it practically. So here we define
the generating model of X that is always finite and can be used for deciding various
reasoning tasks efficiently, instead of Ujc.

Let L = (T, A) be an extended KB. Then, the generating model of K, denoted G,
is defined as:

A% = Ind(A)UNull(A) UWit(K),

a% = g, fora € Ind(A),
19 = 1, forl € Null(A),
Alc = {aecInd(A) | K A(a)} U{wgr € Wit(K) | T |= 3R™ C A},

P4 = {(a,b) € Ind(A) x Ind(A) | K |= P(a,b)} U
{(x,wr)) | x =~k wg), [R] <7 [P]}U
{(wig), x) | x ~ wr), [R7] <7 [P]}.

It should be clear that G is polynomially large in the size of K. Note that, the canonical
model Uy can be obtained by “unravelling” the generating model Gy.

2.2 QUERIES AND CERTAIN ANSWERS

A k-ary query g over a signature X, with k > 0, denoted q(x1, .. ., xx), is a function that
maps every interpretation (A%, -T) of ¥ into a k-ary relation g7 C (AT)K. In particular,
if k = 0, then g is said to be a Boolean query, denoted q(), and g7 is either a relation
containing the empty tuple () (representing the value true), then we write Z |= g, or the
empty relation (representing the value false), in that case we write Z [~ g.

Given a KB K with £ C % (K), the set of certain answers to g over /C, denoted by
cert(q, ), is defined as:

cert(q, K) = (| {(ar,...,a) | {ar,...,ax} C Nyand (af,...,af) € g*}.
ZeMob(K)

Eachtuple @ = (ay, ..., ax) incert(q, K) is called a certain answer for q over K, and we
write KC |= g[d]. Besides, notice that if g is a Boolean query, then cert(q, K) evaluates
to true if g7 evaluates to true for every Z € MoD(K), then we write K = g, otherwise,
it evaluates to false and we write KC [~ ¢. Notice that the certain answer to a query does
not contain labeled nulls. Moreover, observe that, if K is unsatisfiable, then cert(q, IC)
is trivially the set of all possible tuples {(a1,...,ax) | a; € N,}, which we denote by
AllTup(q).

The query formalism for which we develop results in this thesis is union of conjunc-
tive queries, a class of well behaving queries widely employed in the database theory
and query answering under ontological constraints. First, we define what a conjunctive
query and its semantics are. A conjunctive query (CQ) over a signature ¥. is a formula
of the form

q(X) = . (X, ¥),

where X, i/ are tuples of variables, X is the tuple of free variables of q(X), and ¢(X, )
is a conjunction of atoms of the form A(t) and P(t,t'), where A is a concept name in
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Y., P is a role name in X, and each of ¢, #' is a variable from ¥ or . Moreover, given an
interpretation Z = (A%, 1) of ¥, the answer of q over Z, denoted by g7, is the set of
tuples @ of elements from AZ for which there exist a tuple b of elements from AZ such
that Z satisfies every conjunct in ¢(,b). Finally, a union of conjunctive queries (UCQ)
over a signature X is a first-order formula of the form

n

9(%) =V 9:(%),
i=1
where each g;(¥) (1 < i < n)is a CQ over X. The semantics of g is defined then as

7 =Uda

i=1

2.3 COMPLEXITY MEASURES AND COMPLEXITY CLASSES

One of the objectives of this thesis is studying the computational complexity of the
reasoning problems that will be formally defined in Section 3.2 and that are decision
problems, that is, for each instance of a problem the answer should be “Yes” or “No”.
To assess the complexity we need to specify which complexity measures and complexity
classes we are going to use.

Given a decision problem, the complexity of this problem can be analyzed with re-
spect to different complexity measures depending on which parameters are considered to
be the input and which parameters are considered to be fixed. In this thesis we consider
only the combined complexity: combined complexity is the complexity with respect to
the size |KC| of the whole KB I = (T ,.A), which is equal to | 7| + |.A|, that is, the
number of symbols used to encode 7 and A respectively.

The complexity of a decision problem is given by the complexity class it belongs to.
Every complexity class represents a set of problems of related resource-based complex-
ity, where by resource is traditionally understood time or space, and resources are being
used by computation devices, like Turing machines [95]. Then, a problem P is said to
be complete for a complexity class C if P belongs to C and every problem in C can
be reduced to P. We list the complexity classes relevant for this thesis in the order of
increasing complexity:

TRIVIAL C NLOGSPACE C PTIME C NP C PSPACE C EXPTIME.
For formal definitions of these classes please refer to [58, 81, 22, 104]. Below we give

examples of typical complete problems for these classes that will be used to show lower
bounds in this these.

NLOGSPACE (non-deterministic logarithmic space) A typical NLOGSPACE-complete
problem is reachability in directed graphs.

PTIME (polynomial time) A typical PTIME-complete problem is Circuit Value Prob-
lem.

NP (non-deterministic polynomial time) A typical problem complete for this class is
3-colorability of undirected graphs.

PSPACE (polynomial space) Validity of quantified Boolean formula is a well-known
PSPACE-complete problem.



KNOWLEDGE BASE EXCHANGE
FRAMEWORK

In this chapter we formally define the framework within which this PhD work is done.
In Section 3.1, we present an adaptation of the general knowledge exchange framework
proposed in [6] to the case of DLs, and in Section 3.2, we define the space of the reason-
ing problems we interested in solving in this thesis.

3.1 KNOWLEDGE EXCHANGE FRAMEWORK

In this section, we introduce the knowledge exchange framework used in the paper. The
starting point to define this framework is the notion of mapping. Assume that 1, ¥»
are signatures with no concepts or roles in common. An inclusion E; C E; is said to be
from X to X, if Eq is a concept or a role over X1 and Ej; is a concept or a role over 2.

Definition 3.1.1. A mapping is a tuple M = (¥£1,%p, T12), where Tip is a TBox con-
sisting of inclusions from X1 to Xj.

Intuitively, M specifies how a KB over the vocabulary X should be translated into
a KB over the vocabulary X,. Recall that in this thesis, we deal with DL-Liter TBoxes,
so T12 is assumed to be a set of DL-Litery concept and role inclusions.

We continue our digital camera example to illustrate the notion of a mapping.

Example 3.1.2. Assume a different ontology DigitalPhoto talking about digital photo
camera which uses the following vocabulary X.:

Battery(-) requiresBattery(-, -)
FixedLens(-) hasFixedLens(-,-)
InterchangeableLens(-) hasMountType(-, -)

DigitalPhotoCameral(-)
FixedLensCamera(-)

InterchangeableLensCamera(-)
MountType(-) mountsOn(+, -)

Then we can specify the relation between the terms in the different ontologies by means
of a mapping. More formally, let M = (X4, %5, T12), where ¥ is the vocabulary from
Example 2.1.1, and Ty, =

DigitalCamera T DigitalPhotoCamera CameraWithExchange

cameraBattery T requiresBattery C InterchangeableLensCamera
JecameraBattery™ T Battery ExchangeLens T InterchangeableLens
CompactCamera T FixedLensCamera LensMount & MountType
compactCameraLens T hasFixedLens cameraMounts T hasMountType
BuiltInLens C FixedLens lensMounts T mountsOn
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mapping M
X1 P
source signature target signature
solution
Ay
source KB K4 target KB /C,

Figure 3: Knowledge Base Exchange Framework.

Thus, M relates the concepts and roles of PhotoCamera ontology with the concepts and
roles of DigitalPhoto ontology. ]

The semantics of a mapping is defined in terms of a notion of satisfaction for inter-
pretations, which has to deal with interpretations not satisfying the UNA (and, more
generally, the standard name assumption). More specifically, given interpretations Z, [/
of X1 and X, respectively, pair (Z, ) satisfies TBox T2, denoted by (Z, J) = T2,
if

« for every a € N, interpreted in Z or 7, it holds that aZ = a7,
« for every concept inclusion B C C € 7Ty, it holds that BL C C7, and
» for every role inclusion R C Q € Ty, it holds that RT C QJ .

Then, SAT((Z), the “translation” of Z with respect to M, is defined as the set of
interpretations . of ¥ such that (Z, J) |= T2, and given a set X of interpretations of
X1, SAT \((&X) is defined as Uz y SAT(Z).

Notice that the connection between the information in Z and 7 is established through
the constants that move from source to target according to the mapping. For this reason,
we require constants to be interpreted in the same way in Z and 7, i.e., to preserve their
meaning when they are transferred. This does not hold for labeled nulls, which represent
anonymous objects that can be interpreted differently (through different substitutions)
in source and target. This distinction between named individuals (i.e., constants) and
labeled nulls is important in the context of knowledge exchange.

The main problem studied in the knowledge exchange framework is the problem of
translating a KB according to a mapping as it is represented in Figure 3. We formal-
ize this problem through three different notions of translations introduced below (for a
thorough comparison of different notions of solutions see Chapter 4).

3.1.1 Universal Solutions

The first such notion is the concept of solution and universal solution, which are formal-
ized in the definition below.
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Definition 3.1.3. Given a mapping M = (X1,%,, T12) and KBs K1, Ky over 1 and
>, respectively, Ky is a solution for K1 under M if

MoD(K7) € SAT((MOD(K1)).

Thus, Ky is a solution for K1 under M if every interpretation of K, is a valid translation
of an interpretation of K1 according to M. Observe that we require Ky to be a KB,
which implies that the TBox of K, is a finite set of axioms and the ABox of IC; is a finite
set of membership assertions.

Moreover, Ky is a universal solution for K1 under M if

MoD(K;) = SAT(MOD(K4)).

Thus, ICy is designed to exactly represent the space of interpretations obtained by trans-
lating the interpretations of K1 under M [7].

We give an example of a universal solution in the scenario of digital cameras.

Example 3.1.4. Let K1 = (7,.A1) where T is the TBox of the PhotoCamera KB from
Example 2.1.1, A; = {CompactCamera(lumixFX100)}, and M the mapping from
Example 3.1.2. If we want to talk about Lumix FX 100 in terms of the DigitalPhoto vo-
cabulary and preserve all models, then the following universal solution IC; = (73, A2)
for KCq under M, where T, = @ and A, =

FixedLensCamera(lumixFX100) requiresBattery(lumixFX100,b) Battery(b)
DigitalPhotoCamera(lumixFX100) hasFixedLens(lumixFX100,1)  FixedLens(l)

with fresh labeled nulls b and /, is a candidate KB. m

For more examples of universal solutions see Section 4.1.

3.1.2 Universal UCQ-Solutions

A second class of translations is obtained by observing that universal solutions are too re-
strictive for some applications (see, for instance, Examples 4.1.6 and 4.1.7 for the cases
when universal solutions do not exist), in particular when one only needs a translation
storing enough information to properly answer some queries. For the particular case of
UCQ, this gives rise to the notions of UCQ-solution and universal UCQ-solution.

Definition 3.1.5. Given a mapping M = (X1,%2,T12), a KB K1 = (T1, A1) over ¥q
and a KB Ky over Xy, KCy is a UCQ-solution for Ky under M if for each UCQ q over Zp:

cert(q, (T1 U T12, A1) C cert(q, KCp),
while K is a universal UCQ-solution for Ky under M if for each UCQ q over Xy:
cert(q, (T1 U T12, A1)) = cert(q, KCp).

The following is an example of a universal UCQ-solution in the scenario of digital
cameras.
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Example 3.1.6. Consider K1 = (7, .A;) from Example 3.1.4. If we want to talk about
Lumix FX 100 in terms of the DigitalPhoto vocabulary and preserve only the answers
to UCQ, then the following universal UCQ-solution K} = (7, A}) for K1 under M,
where A} = {FixedLensCamera(lumixFX100)} and 7) =

FixedLensCamera T DigitalPhotoCamera
FixedLensCamera T JhasFixedLens
JhasFixedLens™ T FixedLens

DigitalPhotoCamera T JrequiresBattery
drequiresBattery™ T Battery

is a candidate KB. []

Note that the ABoxes and the TBoxes of K and K} from Examples 3.1.4 and 3.1.6
play different roles: /C; has a big ABox and no TBox, while X} has a small ABox and
a big TBox. In Chapter 4 we will go into this difference in more detail.

3.1.3 UCQ-Representations

Finally, a last class of translations is obtained by considering that users want to translate
as much of the knowledge in a TBox as possible, as a lot of effort is put in practice when
constructing a TBox. This observation gives rise to the notion of UCQ-representation [7],
which formalizes the idea of translating a source TBox according to a mapping.

Definition 3.1.7. Assume that M = (¥1,%,T12) and Ty, T2 are TBoxes over X1 and
Y, respectively. Then Ty is a UCQ-representation of 71 under M if for every UCQ g
over X and every ABox Ay over X1 that is consistent with T1:

Cert(QI <7-1 U 7-12/ Al>) - Cert(CI/ <7-2 U 712/ Al>) (1_)

Notice that A; is required to be consistent with 77 in this definition, to avoid the triv-
ialization of the notion of certain answers because of the use of an inconsistent knowl-
edge base (if (77,.A1) is inconsistent, cert(q, (T1 U T1z, A1) = AllTup(q), i.e., every
possible tuple of constants is in the certain answer).

Below we provide a simple example of a UCQ-representation in the digital camera
scenario.

Example 3.1.8. Consider M = (X1,%,, T12) from Example 3.1.2 and a source TBox
T1 = {CompactCamera T DigitalCamera, CompactCamera T IcompactCameraLens}.
Then TBox 7, = {FixedLensCamera T DigitalPhotoCamera, FixedLensCamera T
TJhasFixedLens} is a UCQ-representation of 77 under M. ]

To give a better intuition behind the definition of UCQ-representations, assume a
graphical presentation of the certain answers to a query g over a KB as the result of
applying the TBox arrow to the ABox. Then we can obtain the diagram in Figure 4
illustrating the notion of UCQ-representations. Here the arrows corresponding to 77 and
T, are the “standard” isa arrows, and the arrows corresponding to 71, are the wavy
arrows. One can see that this diagram is, in fact, a commutative diagram, i.c., if T, is
a UCQ-representation, from the point of view of certain answers, it does not matter if
first to follow a 71-edge and then a 7T1p-edge, or first to follow a 71,-edge and then a
Tr-edge.
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’T e —
— L lcert(q,(T: U Taa, Av))
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. cert(q, (T2 U Tra, A1)
1
T2
Ay

Ti2

Figure 4: Graphical presentation of a UCQ-representation 7 of 77 under M = (X1, %5, T1»).

To conclude this section, we would like to emphasize on why we are interested in
UCQ-representations. First of all, UCQ-representations allow to preserve in the target
the implicit information from the source, which is conform with the idea of knowledge
base exchange as opposed to plain data exchange. Second, UCQ-representations allow
to minimize the amount of the extensional information that has to be transferred from the
source (which can be large in size), moreover they do not depend on the actual data, so

that if the source ABox has been updated it is sufficient to update only the target ABox.

Finally, if there exists a UCQ-representation 7 of a source TBox 77 under a mapping
M, we obtain a straightforward algorithm to construct a universal UCQ-solution for
a given source KB (77, A1) take a target ABox obtained by “translating” the source
ABox A; with respect to M and denote it by M (A1), then (73, M(.A;)) is a universal
UCQ-solution for (77,.A1) under M (see Figure 5). This is how UCQ-representations
can “fit” into the knowledge base exchange framework. Observe that M (A7) could be
defined as a universal UCQ-solution for (@, A;) under M.

mapping M

/\

X bY)}

source signature target signature

UCQ-representation

!

universal

Ay UCQ-solution

Figure 5: UCQ-representations in the context of Knowledge Base exchange.

3.2 THE SPACE OF REASONING PROBLEMS

In this section we introduce the space of the reasoning problems, whose computational
complexity we study in this thesis. Our problem space has three dimensions and can be
depicted as in Figure 6.
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Decision problem

A

non-emptiness =

AR
membership + \0 N aed AP
Q'\‘“Q @de\\
i —> ABox

universal solution
universal UCQ-solution

UCQ-representation

Translation

Figure 6: The Space of Reasoning Problems.

First of all, we are interested in the task of computing a translation of a KB or a TBox
according to a mapping: it is arguably, the most important problem in knowledge ex-
change [6, 7], as well as in data exchange [51, 75]. Thus, the first dimension defines the
type of translation, and as we presented in the previous section, there are three classes of
them: 1) universal solutions, 2) universal UCQ-solutions, and 3) UCQ-representations.

Secondly, as it will become clear in Chapter 4, in order to be able to compute a
translation, in some cases it is necessary to use extended ABoxes. Therefore, the second
dimension is along the type of ABoxes allowed to be used in translations: 1) simple
ABoxes, and 2) extended ABoxes.

Finally, to study the computational complexity of this task for the different notions of
translations and target ABoxes, we consider two classical decision problems: the mem-
bership problem and the non-emptiness problem, which constitute the third dimension,
the decision problem.

1) As usual, the membership problem is concerned with deciding whether a particular
instance (a target KB or target TBox, in our case) belongs to the class of the positive
instances (all solutions for a given source KB or TBox under a given mapping, in our
case). Since we consider three classes of translations: universal solutions, universal
UCQ-solutions and UCQ-representations, we are going to deal with three member-
ship problems.

The membership problem for universal solutions (resp. universal UCQ-solutions)
has as input a mapping M = (X1,%5, T12) and KBs K1, K over £ and X, re-
spectively. Then the question to answer is whether K, is a universal solution (resp.
universal UCQ-solution) for /C; under M. Moreover, the membership problem for
UCQ-representations has as input a mapping M = (X1,X, 7T12) and TBoxes T,
T, over ¥4 and X5, respectively, and the question to answer is whether 75 is a UCQ-
representation of 77 under M.

2) The non-emptiness problem corresponds to the existential version of the membership
problem, and it is concerned with deciding whether there exists any positive instance
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(any solution for a given source KB or TBox under a given mapping, in our case).
Again, we consider three non-emptiness problems, one for each class of translations.

Formally, the non-emptiness problem for universal solutions (resp. universal UCQ-
solutions) has as input a mapping M = (X1,X,, T12) and a KB K over ;. Then
the question to answer is whether there exists a universal solution (resp. universal
UCQ-solution) for K; under M. Moreover, the non-emptiness problem for UCQ-
representations has as input a mapping M = (X1,%5, T12) and a TBox 77 over X1,
and the question to answer is whether there exists a UCQ-representation of 77 under
M. In the case it exists, we say that 77 is UCQ-representable under M, otherwise,
Ty is not UCQ-representable.

In addition to the latter problem, we study the problem of weak UCQ-representability,
which is of interest in the case 77 is not UCQ-representable. So we want to know
whether it is possible to “fix” the mapping so that 73 becomes UCQ-representable.
Formally, we say 77 is weekly UCQ-representable under M if there exists a map-
ping M* = (X1,Xp, 75) such that T C T, 71U T2 = T35, and Tq is UCQ-
representable under M*.

Note that the non-emptiness problem is directly related with the problem of comput-
ing translations of a KB or a TBox according to a mapping.

Observe that UCQ-representations do not depend on target ABoxes, therefore, in to-
tal we study 11 different reasoning problems: 4 for universal solutions, 4 for universal
UCQ-solutions and 3 (membership, non-emptiness and weak-representability) for UCQ-
representations. In Chapter 5, we investigate the computational complexity of the rea-
soning problems for universal solutions and present the obtained results. Chapter 6 is
dedicated to universal UCQ-solutions and their complexity, and in Chapter 7, we study
the notion of UCQ-representability and the reasoning problems associated to it. Note
that all results are carried out for DL-Liter,.

27






THE SHAPE OF SOLUTIONS

In this chapter we discuss the notions of translations defined in Section 3.1: each sepa-
rately in Sections 4.1, 4.2, and 4.3, and then against each other in Section 9.2.

4.1 UNIVERSAL SOLUTIONS

In what follows, we show some known results and examples of universal solutions.
We start with simple examples of universal solutions.

Example 4.1.1. Let M = (X1, %, T12), where 21 = {A(+), B(+)}, 22 = {A'(+), B'(+) },
and 7o = {A C A’, B C B’}. Furthermore, assume that 'y = (77, A1), where
Ti = {} and A; = {A(a),B(b)}. Then the KB K7 = (75, A), where T, = @ and
Ay = {A'(a), B'(b)}, is a straightforward universal solution for /C; under M. ]

Example 4.1.2. Let M = (X4,%5, T12), where Xy = {A(+), B(-) }, 22 = {A'(+),B'(-) },
and T, = {A C A/, B C B’}. Furthermore, assume that Xy = (77, A1), where
71 = {AC B} and Ay = {A(a)}. Then the KB K, = (73, .Az), where T, = @ and
Ay = {A’(a),B'(a)}, is a universal solution for K1 under M. m

Universal solutions are the preferred solutions to materialize when exchanging rela-
tional databases [51, 52, 20], also in the case of relational databases with incomplete
information [6]. However, universal solutions were not thought to take into considera-
tion source data including implicit knowledge (in the form of TBoxes), which is demon-
strated in the following example.

Example 4.1.3. Let M = (X1,%,, 712) and K1 = (771, A1) be as in Example 4.1.2.
Furthermore, assume that X', = (7;, A}), where T, = {A’ C B’} and A} = {A'(a)}.
Then we have that K} is a solution for K under M. However, we also have that K}
is not a universal solution for XC; under M. In fact, if 7 is an interpretation of X such
that A7 = {a}, AT = {a} and BZ = {a}, and J is an interpretation of X, such that
AJ = {a,b}, B = {a} and A"Y = {a,b}, then we have that Z; is a model of K
and (Z,J) E Ti and, therefore, 7 € SAT((MOD(K7)). Thus, we conclude that
SAT(MOD(K7)) # MoD(K)) as J is not a model of K} since it does not satisfy
inclusion A’ C B'. N

In Examples 4.1.1, 4.1.2 and 4.1.3, a case is shown where universal solutions are
not able to represent the implicit source knowledge, as we are only able to construct
a universal solution with an empty TBox. In the following proposition, we prove that
this is not an isolated phenomenon. In this proposition, we say that a TBox T over a
signature X. is rivial if for every interpretation Z of ¥, it holds that Z |= T (or, in other
words, if T is equivalent to the empty set of formulas).
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Proposition 4.1.4. Ler M = (X1,%5, T12) be a DL-Liter-mapping, K1 = (T1, A1) a
DL-Liteg KB over ¥4, and Ky = (T2, A2) a DL-Liteg KB over Xp. If (T1 U T12, A1)
is consistent and Ko is a universal solution for K1 under M, then T, is a trivial TBox.

Proof. For the sake of contradiction, assume that 75 is not trivial, that is, there exists an
interpretation J* = (AJ*, -J") of ¥, such that J* = Ts.

Given that {77 U 712, A1) is consistent, there exists an interpretation Z* = (AZ",.1")
of (X1 UXy) such that T* |= (77 U T1a, A1 ). Then define interpretations Z = (A%, -7)
of £y and J = (A7,.7) of £ as follows: (1) AT = AT = AT"; 2) a? = a7 = a®",
for every constant a € Nj; (3) AL = A%* and Ag = A%*, for every pair of concept
names A; € ¥q and Ay € Xp; and (4) PL = Plz* and sz = PZI*, for every pair of role
names P; € ¥q and P, € %,. By definition of Z, 7 and given that Z* |= (71 U 712, A1),
we conclude that Z € MoD(Kq) and (Z,J) = Tha.

Without loss generality, we assume that AL N AY" = @. Then define an interpre-
tation J' of X, as follows: (1) AT = AT U AT (2) ad' = al”, for every con-
stant 1 € Np; 3) AT = AT U AT, for every concept name A € X,; and (4)
7" = PT" U PY", for every role name P € X,. Given that (Z,7) = Ti2, we con-
clude that (Z, J") = T1i2. In fact, for every concept inclusion By = By € 715, where
B1, By are basic concepts, we have that Blz C B§7 , given that Blz C B§7 , Bg = BZ*
and Bg "= B%* U B‘27 *. Moreover, for every concept inclusion By C =B, € Tq,, where
By, B, are basic concepts, we have that Blz - (—|Bz)~7/ given that Blz C (=By)Y,
(=By)7 = (=By)T" and (-By)7" = (—By)% U (=By)Y" (since By = BL UBY"
and AT NAT" = ). Finally, for role inclusions Ry £ Ry and Ry & —R; in Ty,
where R1, R, are basic roles, we conclude that R% C Rg "and R{ C (-Ry)7 "as in the
previous two cases.

From the results in the previous paragraph, we conclude that 7' € SAT »((M0OD(K))
(since J' € SAT\((Z) and Z € MoD(K1)). On the other hand, we have that 7' [~ Ta,
by definition of 7’ and given that J* [~ T;. Thus, we have that 7' }~ K, and, thus,
J’" & MoD(K;). Therefore, we conclude that SAT ,s(MOD(K1)) # MoD(K>), which
contradicts the fact that /C, is a universal solution for /C; under M. This concludes the
proof of the proposition. O

This proposition shows that universal solutions can be viewed as target ABoxes, as
the TBox in the generated universal solutions is trivial. Therefore, from now on, in the
context of universal solutions, we only consider target KBs of the form (@, A;), and we
treat ABoxes A5 as such KBs.

The following example shows that extended ABoxes are necessary to guarantee the
existence of universal solutions in certain cases.

Example 4.1.5. Assume that M = ({A(:),R(-,-)},{B(-)}, {3R~ T B}), and let
K1 = (T1, A1), where T; = {A C 3R} and A; = {A(a)}. Then a natural way
to construct a universal solution for Ky under M is to ‘populate’ the target with all
facts implied by U(Twﬂz, A;) (as it is usually done in data exchange). Thus, the ABox
Ay = {B(n)}, where n is a labeled null, is a universal solution for Ky under M if
nulls are allowed, which can be readily checked using the definition. Notice that here,
a universal solution with non-extended ABoxes does not exist: substituting # by any
constant is too restrictive, ruining universality. ]

Our next observation is that there are cases when universal solutions do not exist in
OWL 2 QL. This is shown by the following two examples. In the first case, a universal
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solution does not exist as it is not possible to represent an infinite number of facts in
a finite ABox, and the second case illustrates some issues regarding the absence of the
UNA, which has to be given up to comply with the OWL 2 QL standard, and regarding
the use of disjointness assertions.

Example 4.1.6. Let M = (X1,X, T12), where £ = {A(-),R(-, )}, 2o = {Q(-, ) }.
and 71 = {R C Q}. Furthermore, assume that K1 = (771, .A;), where A1 = {A(a)}
and 71 = {A C 3R, 3R~ C JR}. In this case, we have that U(T,UT;,,Ay) 18 infinite:

a aAwRr AWRWR AWRWRWR

70 20 20 o .-

so in principle one would need an infinite number of labeled nulls to construct a uni-
versal solution. Therefore, if A, is an (extended) ABox over X, then A, cannot be a
universal solution for Ky under M. [

Example 4.1.7. Consider Example 4.1.1 with 737 = {A C —B}. With this seemingly
harmless disjointness assertion in 77, A, is no longer a universal solution (not even
a solution) for K7 under M. The reason for that is the lack of the UNA on the one
hand, and the presence of the disjointness assertion in 77 that forces a and b to be
interpreted differently in the source, on the other hand. Thus, for a model 7 of A, such
that a/ = b7, A" = B"Y = {a7}, there is no model T of K such that (Z, J) = T2
(hence, af = a7 and b = b7). In general, there is no universal solution for 'y under
M, even though K7 and 77, are consistent with each other. n

We formalize the intuition in the previous examples.

Proposition 4.1.8. There exists a mapping M = (X1,%, T12) anda KB K1 = (T1, A1)
over X4 such that there is no universal solution for K1 under M.

As for the cases when universal solutions do exist, we use the following fact: it can be
shown (c.f. Lemma 5.1.2) that in the language without disjointness assertions, an ABox
Ay is a universal solution for (77, A1) under M = (X1,%,, T12) if and only if U 4, is
2-homomorphically equivalent to U7, y7;, 4,)- Below we illustrate two principal cases
when universal solutions exist. In the first case a universal solution exists due to a loop
on the ABox constants, and in the second case, due to inverse roles in u(ﬂUle, Ay

Example 4.1.9. Consider Example 4.1.6 with 21 = {A(),R(-,-),S(-,*)}, T2 =
{RC Q,SC Q}fand Ay = {A(a),S(a,a)}. In this case, U7;u7;,,4,) is also infinite,
but now there is a loop on 4, which allows to deal with all facts implied by U 7,u7;, 4,)-
Consider ABox A, = {Q(a,a)}. In the following picture, it is easy to see h is a Xp-
homomorphism from U7, y7;, 4,) to Uo,. The existence of a Xp-homomorphism in the
other direction is trivial and, hence, A, is a universal solution for /C; under M.

Yp-reduct of Q Oa Q aAwR Q AWRWR (Q AWRWRWR
: A 2 — 50 - -
UT T, A) ! - -
i et e T
qu : Q -~ __----" h

Example 4.1.10. Consider Example 4.1.6 with 1 = {A(-),R(+,-),S(:,*)}, T2 =
{RCQ,SC Q },and 77 = {AC 3R IR~ C 35,35~ C JR}. Again, in this
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example L{<7—1U7—12, A,) 1s infinite, however, now it is possible to reuse a finite number of
nulls to represent all of them, as depicted below. Thus, we have that for a labeled null
n, Ay = {Q(a,n)} is a universal solution for K1 = (77, .A1) under M, if nulls are
allowed:

>p-reduct of a Q awr Q- AWRWs () AWRWSWR
U : — — — —s0 .-
(TiUTh2,A1) S .l ke
. ~ A& - . = ~ i - .
Uaa P R
]

Finally, we address the question of how expensive it is to compute universal solutions.
We show that universal solutions can be of exponential size for the case of DL-Lite,
thus indicating that it can be difficult to deal with them in practice. In this proposition,
| M| and || are used to denote the sizes of a mapping M and a KB I, respectively.

Proposition 4.1.11. There exists a family of mappings { M, = (£},Z5, T}5) }n>1 and
a family of KBs {ICy}n>1 such that every ICy is defined over X (n > 1), and the
smallest universal solution for IC,, under M, is of size 2Q(Mu[+|Knl),

Proof. Let n be a natural number greater or equal 1. Then M" = (X¥,X7,T%) is
defined as follows:

= {AQ)}U{RI(, ) [ied{L...,n}, ke {0,1}},
% = {Q.) [ke{o1}},
o= {RFCQ[ie{l,....n}ke{01}},

and KC = (7", A}), where 7;" is the union of the axioms

k k— ]
AC 3R, 3R C 3R,

fori € {1,...,n—1},k,j € {0,1} and A} consists of one membership assertion
A(a).

For every n > 1, a universal solution A7 for K7 under M" exists. This universal
solutions .47 is an edge-labeled full binary tree of depth 7 (that contains 2" leaves). The
root of this tree is 4, the label of each edge is one of the role names Qk , and each node
is a labeled null except for the root. Below we depict A3, where x1, ..., x4 are labeled

e
N o\
e oo oo of\e

o X190 X11 o0 o X12X13 o o X14

Obviously, |A}] is of size QUM HIKY) | We show that A is the smallest universal
solution for lC’f under M". For this, we use the fact that universal solutions are homo-
morphically equivalent to each other (see Lemma 5.1.2) and the following property of
graphs:



4.2 UNIVERSAL UCQ-SOLUTIONS

(CORE) Cis acore of a graph A if and only if C is a core, C is a subgraph of A, and
there is a homomorphism from A to C,

By contradiction, assume that Ag is not the smallest universal solution, that is, .A§ 18
not a core. Hence there exists a tree C such that C is a proper subtree of A7, C is a core,
and there is a homomorphism / from A to C. Moreover, / is identity on the elements
of C (Proposition 3.3 in [52]). Let elements s, ,4 € Ind(A%) U Null(A%) be such that
s is a parent of ¢, ¢ is a parent of g (the parent relation is defined in the standard way for
trees), and Q'(s, t) € A, Q/(t,q) € A% fori,j € {0,1}.

First, assume Q'(s,t) € C and Q/(t,q) ¢ C. Therefore, h(s) = s, h(t) = t and
h(q) must be equal to either to g or to s. In any case we get contradiction with & being
a homomorphism from’.,él’z7 toC: Q ¢ rgg(t,q) ={},nor Q" ¢ rgg (s,t) = {Q'}.

Secondly, assume Q' (s, t) ¢ C and Q/(t,q) € C. Similarly to the first case, h(t) =t
and h(q) = g, hence h(s) must be equal to either to s or to g, so 1 is not a homomor-
phism.

Finally, assume Q°(a,x;) € C and Q'(a, x2) & C. Then, h(a) = a, h(x1) = x; and
h(x;) must be equal either to x, or tox1, which implies that % is not a homomorphism.

Contradiction rises from the assumption that A7 is not the smallest universal solution.
Hence the claim follows. O

4.2 UNIVERSAL UCQ-SOLUTIONS

Our first observation is that the notion of UCQ-solutions is a relaxation of the notion of
solutions, hence every universal solution from the previous section is also a universal
UCQ-solution. It is formalized in the following proposition.

Proposition 4.2.1. Let M = (X1,%y, T12) be a mapping, K1 a KB over X1, and K5 a
KB over 2. If Ky is a (universal) solution for K1 under M, then K, is a (universal)
UCQ-solution for K1 under M.

Proof. Let K5 be a solution for K1 = (77,.A1) under M and g a UCQ over X,. We
show cert(q, (T1 U T12, A1) C cert(q, Kz).

Assume 7 is a model of /C,. Since /C5 is a solution for /Cq under M, there exists a
model Z of Ky such that (Z, J) |= Ti2. Let H be the interpretation of ¥ U X defined
as the union of Z and 7, that is, H = (A", "), A" = AT UA7, a™ = a” for each
a € N,, A" = A7 for each concept name A € %1, A" = A7 for each concept name
A € X5, P = P for each role name P € 24, and P" = PJ for each role name
P € ;. Then H is a model of (77 U T1o, A1).

Suppose 4 € cert(q, (T1 U Tiz, A1)), it implies H = q(d). Next, as g is a target
query, we have that J |= g(@). It holds for arbitrary 7, therefore we conclude that
a € cert(q, KCp).

Now, let K, be a universal solution for K1 under M. In addition, we show cert(g, ICz) C

cert(q, <’T1 U 'Tu, A1>)

Assume Z is a model of K1 and J is an interpretation of X such that (Z, J) = T1».
Since K is a solution for 1 under M, it follows 7 is a model of K». The interpretation
H defined as above is again a model of (77 U 712, A1).
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Suppose @ € cert(q, Kz), it implies J = q(@), and since ¢ is a target query and J
and ‘H coincide on constants and target symbols, it follows H |= q(@). H is an arbitrary
model of (77 U Tq2, A1), therefore @ € cert(q, (T1 U Tiz, A1)). O

As it is expected, the converse direction does not hold. In our next example we demon-
strate a universal UCQ-solution that has a non-trivial TBox, therefore is not a universal
solution.

Example 4.2.2. Consider 1, M and K} from Example 4.1.3. We have that £}, is also
a universal UCQ-solution for /Cq under M. m

Notably, the ABox of K is smaller than the ABox of the universal solution K,
(see Example 4.1.2). In many cases, universal UCQ-solutions allow for having smaller
ABoxes: there is no need to materialize all facts because they can be derived using ax-
ioms in the target TBox.

In Section 4.1 we discussed the cases when universal solutions do not exist. Here we
observe that there are cases when universal solutions do not exist but universal UCQ-
solutions do. First, an infinite chain can be implied by the target TBox, which is ex-
plained in Example 4.2.3. Second, disjointness assertions in the source or the mapping
does not have impact on universal UCQ-solutions, which is explained in Example 4.2.4.

Example 4.2.3. Consider M and K1 from Example 4.1.6. Recall that there exists no
universal solution for K1 under M. Instead, KB Ky = (75, Az), where T, = {3Q~ C
3Q} and Ay = {3Q(a)} is a universal UCQ-solution for Ky under M. In fact, all and
only (up to query equivalence) queries g of the form

g=3x1, -, Xp+1.Q(x0,x1), - -+, Q(Xn, Xp11)

where xg = a, n > 0 evaluate to true over (77 U T12, A;). It is easy to see that the same
queries evaluate to true over ;. |

Example 4.2.4. Consider M, K4, and A, from Example 4.1.7. Recall that A5 is not a
universal solution for C; under M. However, notably, A5 is a universal UCQ-solution
for KC; under M. Moreover, A, remains a universal UCQ-solution for K; under M
independently of whether the unique name assumption is employed or not. ]

We formalize the intuition in the previous examples.

Proposition 4.2.5. There exists a mapping M = (X1,%, T12) anda KB K1 = (T1, A1)
over ¥ such that there is no universal solution for K1 under M, while there exists a
universal UCQ-solution for K1 under M.

Unfortunately, there are also cases when universal UCQ-solutions do not exist.

Example 4.2.6. Consider Example 4.1.9 with A; = {A(a),S(a,b)}. Then the canoni-
cal model of (77 U T2, A1) can be depicted as follows

ZQ—I’CdUCt of b a awpr AWRWR AWRWRWR

UnuTip Ay Q Q Q Q
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and all and only (up to query equivalence) queries g of the form

q= Elxll ot /xn+1'Q(xO/ xl)/ Tty Q(xn/ xi’l+l)

and g = Q(a, b), where xo = a, n > 0, evaluate to true over (77 U T1p, A1).

In this case, the basic requirement for a KB K, = (73, .4) to be a universal UCQ-
solution for XC; under M is that Ay contain {3Q(a), Q(a,b)}. Hence, a similar ap-
proach to Example 4.2.3 with having the axiom 3Q~ C 3Q in 7 does not work, as
it would also make the query of the form Jx.Q(b, x) evaluate to true over Ky, while it
evaluates to false over (71 U T2, A1). In general, for every TBox 75 over ¥ and every
ABox A s.t. Ay O {3Q(a),Q(a,b)}, (T2, Az) is not a universal UCQ-solution for
K1 under M. n

To continue with the negative results, in some cases we cannot avoid having universal
UCQ-solutions of exponential size.

Proposition 4.2.7. There exists a family of mappings { M, = (X}, 25, T/5) }y>1 and a
family of KBs {IC;, }>1 such that every IC,, is defined over X (n > 1), and the smallest
universal UCQ-solution for IC,, under M., is of size 2XMul+1Knl)

Proof. Let n > 1 be a natural number. Then mapping M" = (X}, %%, 7%) is defined
as follows:

1= {A(C)YU{RK(,), S5, ) i€ {1,...,n}ke{0,1}},
= {Q) ke {01}},
o= {RFCQhsfcQflie{l,...,n}ke{0,1}}.

Moreover, knowledge base K’ is defined as (7", A!'), where 7;" is defined as the union
of the axioms

k k— j
A C dRj, dR;Y C 3Ri+1

fori € {1,...,n—1},k,j € {0,1}, and A” is defined as {A(a),S°(b,c),S'(d,e)},
where a, b, ¢, d, e are pairwise distinct constants.

For every n > 1, a universal solution A7 for K} under M" exists. This univer-
sal solution A} consists of membership assertions Q%(b,c), Q'(d, e) together with an
edge-labeled full binary tree of depth n (that contains 2" leaves). As in the proof of
Proposition 4.1.11, the root of this tree is a, the label of each edge is one of the role
names QF (k € {0,1}), and the tree contains labeled nulls in every node except for the
root.

In this case, there exist no universal UCQ-solution distinct from the universal solu-
tions for K/ under M", as none of the non-trivial axioms over £ = {Q° Q'} can be
present in the target. Hence, as in the proof of Proposition 4.1.11, we can conclude that
AY is the smallest universal UCQ-solution for K} under M", from which the proposi-
tion follows. O

4.3 UCQ-REPRESENTATIONS

We start by discussing several examples where it becomes clear how UCQ-representations
depend on the mapping. First, we consider signatures with concepts only.
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Example 4.3.1. Assume that M = (X1,%,, T12), where £1 = {A(+), B(-),C(-)} and
Y, = {A'(-),B'(:),C'(*)}. Moreover, let T; = {A C B}. Consider the following
cases of T1:

(1) T, ={BC B'}.
Then there exists no UCQ-representation: take ABox A; = {A(a)}, then query
g = B'(a) evaluates to true over (71 U T12,.A1). However, for every target TBox
T2, q evaluates to false over (7, U Tq2, A1).

(2) Ta={AC A, BC B'}.
Then as expected, 7, = {A’ C B’} is a UCQ-representation of 77 under M.

3) T={ACA,BCB,ACC(C'}.
Then, there exist several UCQ-representations: 7, = {A’ C B'}, 7, = {C' C B}
and their combination.

@) T = {A C A,BCB,CC A'}.
Then, there exists no UCQ-representation: on the one hand, if a target TBox contains
A’ C B, then for A1 = {C(c)}, g = B'(c) evaluates to true over (7, U T1p, A1)
and to false over (71 U 712, A1). On the other hand, if a target TBox does not contain
A’ C B/, then for Ay = {A(a)}, q = B'(a) evaluates to true over (71 U T12, A1)
and to false over (7, U T1a, A1).

5) Tu={ACA,BCB,ACC,CC A"}
Then, 7, = {C’ C B’} is a UCQ-representation of 77 under M. Note that 7, =
{A" C B’} is not a UCQ-representation of 7; under M for the same reason as
explained in item (4).

These cases can be depicted in the following ER diagrams, where source concepts are
shown in green, target concepts in blue, and the mapping connections are drawn with
“wavy” arrows:

B—— B’ B—— B’ B—— B’ B— B’ B— B’
lr 4 lr AN lr Vv Zr PaN lr Fa\ve
0 1 Y X X
1 1 ! 1 !
A A’ A— A’ A— A"/ A—> A’ A—A"/
/ / N / — / ><: /
C C C C C C C C C C

€y (@) 3 “ &)

In the next example we also consider roles.

Example 4.3.2. Assume that M = (X1,%,, T12), where 21 = {A(-),R(-,-)} and
Y, = {A'(-),R'(-,-), B'(-)}. Moreover, let 71 = {A C 3R}. Consider the following
cases of Tiy:

() T, ={AC A’,3R~ C B'}.
Then there exists no UCQ-representation of 77 under M: take A; = {A(a)} and a
Boolean target query g = 3x.(A’(a) A B'(x)). Then g and only ¢ evaluates to true
over (71 U712, A1). Let us consider two target TBoxes 7 such that g also evaluates
to true over (72 U T1p, A1):
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a) T, = {A’ C B'}. Then for the query ¢’ = B(a), (T U T12, A1) |= ¢', while
(T1 U Tia, A1) ~ q'. Hence T, is not a UCQ-representation.

b) 72 = {A’” C 3R,3R’™ C B’}. Then for the query g/ = 3Jx.R'(a,x),
(T2 U Tz, A1) = g, while (77 U Ti, A1) - q'. Hence T is not a UCQ-

representation.

Tiw={AC A, 3R~ CB,RCR'}.
Then 7, = {A’ C 3R/, 3dR’™ C B’} is a UCQ-representation of 77 under M.

These cases can be depicted in the following ER diagrams:

T2 Ti2
i B’ el B
Y\/ o % T3RT 0
1 R 1
IR ! IR T ———— R/ r=
)I( TR/ //HR
| IR’ Hfi
: A4 1
A—~————— — A" A Al
T T2 T T2

(H 2

In the following examples we consider also disjointness assertions. Now we will, how-
ever, fix the mapping, and see how UCQ-representations depend on the source ABox.

Example 4.3.3. Assume that M = ({A(-),B(:),C(-)}, {A'(:), B'(-)}, T12), where
To={AC A,BC B,CC —A'}, and let

(1

2)

3)

T1 = {A C B}.

Then TBox 7, = {A’ C B’} is a UCQ-representation of 77 under M. First, notice
that every source ABox A is consistent with 77. It should be clear that for every
A1 = {X(a)} for X € {A,B,C} or Ay = {B(a),C(a)}, A; is consistent with
T1 U Thp, and cert(q, (T1 U Tr2, A1)) = cert(q, (T2 U Tiz, Ay) ) for each UCQ gq.

Consider now A; = {A(a),C(a)}, then Ay is not consistent with 71 U 77, (in fact,
Aj is not consistent already with T2, so cert(q, (T1 U Tz, A1) = AllTup(q) for
each UCQ g. On the other hand, .A; is not consistent with 7, U 77 either, so as well,
cert(q, (T2 U Tra, A1)) = AllTup(q) for each UCQ gq.

Ti={BLC A}.

Similarly to the previous case, TBox 7, = {B’ C A’} is a UCQ-representation of
71 under M, but now it is a bit more involved. Namely, in this case ABox A; =
{B(a),C(a)} is not consistent with 77 U T2, but consistent with 77, alone. But
anyway, A1 is not consistent with 7, U 71, due to the axiom B = A’ in 75. So
cert(q, (T1 U T1a, A1)) = cert(g, (T2 U T12, A1) for each ABox A; and UCQ g.

T. ={BLC C}.

Then, TBox 7, = {B’ C = A’} is a UCQ-representation of 77 under M. This case
is in a way the opposite of (2). Consider ABox A; = {A(a), B(a)}, then A; is
inconsistent with 73 U 71,. Now, A; is inconsistent with 7, U 77, is achieved with
the disjointness assertion B’ C A’ in 75.
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@ Ti={ACC}
Then, TBox 7, = {A’ C = A’} is a UCQ-representation of 77 under M. Observe,
that every ABox A; such that A(a) € A; for some constant a is inconsistent
with 71 U T12. So the axiom A’ © —A’ in 7, assures that every such A is also
inconsistent with 7 U T15. One the other hand, it is easy to see that for every source
ABox that does not contain assertions with A, the required is satisfied.

B—— B’ C A——> A’ C e
A < AT A o)
1 A—A C 1 <7 ,
1 AN * X
A—= A’ lr 1 lr ‘7 A— A’
1
C B—PB B——P' B— B’

ey @ (€) “)

Example 4.3.4. Assume that M = ({A(:), B(-),C(-),D(-)}, {A'(-),B' (")}, T12),
where T, ={AC A, BC B, CC -A’,DC B'},andlet T; = {D C C}.

Then there exists no target TBox 7 that is a UCQ-representation of 77 under M. In
fact, it is easy to see that none of the TBoxes {A’ C B’} or {B’ C A’} is a UCQ-
representation by taking ABoxes A; = {A(a)} or A1 = {B(a)}, respectively, to
derive counterexamples. The next possibility is 7, = {A’ T —B’}, however if we
consider source ABox A; = {A(a), B(a)}, then A; is consistent with 71 U T1o, but
inconsistent with 7, U 712, so for g = A’(b) where b is a constant distinct from a,
(T1 U Tz, A1) = g, and (T2 U T1a, A1) = g. Finally, one can see that neither 7, =
{A"C =A'} nor T, = {B’ C =B’} is a UCQ-representation by taking ABoxes A; =
{A(a)} or Ay = {B(a)}, respectively. Below we depict the ER diagrams of 77, 712,
and 7; for all possible target TBoxes 7T5:

oo Cma e aa Taa

C | A A C 4w T

| A A A N S N W R A
1 -

D\g D D\g, D~ D\%/D

B~ B~ B~ B~ B~



REASONING ABOUT UNIVERSAL
SOLUTIONS

In this chapter, we study the membership and non-emptiness problems for universal
solutions, in the cases where nulls are not allowed (Section 5.2) and are allowed (Sec-
tion 5.3) in such solutions, and conclude with the case of DL-Literprs (Section 5.4). But
before, in Section 5.1 we present a characterization of universal solutions in DL-Lite.

5.1 CHARACTERIZATION OF UNIVERSAL SOLUTIONS

We start by defining the notion of X-safeness required to deal with disjointness asser-
tions in the source KBs and mappings. Assume that M = (X1,X, 712) is a mapping
and K7 is a KB over X;. Let K = (77 U T2, A1) and Uy the canonical model of K.
Then a basic concept B over X is said to be Xp-safe in Uy if for every d € BYx

d¢ N, and tg’c(d) = Q.

2

Intuitively, safeness for B means no constant “associated” with B and no target concept
“associated” with B via 77 and 77, can be mentioned in the target; in Example 4.1.7
neither A nor B is safe in U7, 7;,,4,)- Furthermore, a pair of basic concepts (B, C) is
is said to be Xp-safe in Uy if B or C is safe. Intuitively, if a pair (B, C) is not safe and
(B C ﬁC) € 71, then universal solutions cannot exist, as explained in Example 4.1.7.
Similarly, we say a basic role R over X1 is Xp-safe in Uy if for every (d,d’) € RYx

either d ¢ N, and tgf (d) =@,

or d ¢ N, and tgf (d) =@.

A pair of roles (R, Q) is Xp-safe in U if 1) R or Q is safe, and 2) tg’; (d) = D or
tgz’c (d") = @ forevery d,d’,d" € AUk such that (d,d") € R¥s and (d,d") € QY.
Definition 5.1.1. Ky is Xp-safe with respect to M if

(CSAFE) each pair of concepts (B, C) is Lp-safe in U1, y7;,.4,) whenever BC —C € T,
(RSAFE) each pair of roles (R, Q) is Xo-safe inU 1, 7, 4,) Whenever RC —Q € Ty,
(CEMPTY) BYmuT A1) = @ for each basic concept B such that B C =B’ € Tqy,

(REMPTY) RUMUTp A1) = @ for each basic role R such that R C =R’ € Tq.

Note that, if 1 and M do not contain disjointness assertions, then Ky is trivially X;-
safe with respect to M.
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5.1.1 Characterization of the membership problem

Now, we are ready to provide a characterization of universal solutions, where we al-
ready take into account Proposition 4.1.4, and therefore consider only target ABoxes as
universal solutions. Observe that one of the conditions here is that a universal solution
has to be homomorphically equivalent to the canonical model of the source KB and the
mapping, which is similar to the characterization of universal solutions in the classical
data exchange setting [51, 52].

Lemma 5.1.2. An ABox Aj over ¥ is a universal solution for a KB K1 = (77, A])
under a mapping M = (X1, X, T12) iff the following conditions hold:

(SAFRE) K7 is Xp-safe with respect to M.
(HOM) Uy, is Xo- homomorphically equivalent to U 1,uT;, A,)»

Proof. (=) Let A3 be a universal solution for Xy under M. Then U 4, is Xo-homomor-
phically equivalent to U 7,7, 4,): since Ay is a solution, there exists Z, a model of K1,
such that (Z,U4,) = T12- Then Z UU 4, is a model of (71 U 12, A1), therefore there is
a homomorphism % from U 7;u7;, 4,y t0 T UU4,. As Xy and X are disjoint signatures
it follows that & is a ¥p-homomorphism from U 7,7, 4,) t0 Uy,. On the other hand,
as Ay is a universal solution, 7, the interpretation of X, obtained from U(TlUle, A is
a model of A, with a substitution /. This h’ is exactly a homomorphism from I/ 4, to
u(TlUTu,Al)- Thus, we showed (hom).

For the sake of contradiction, assume that (safe) does not hold, i.e., C1 is not X»-safe
with respect to M, and e.g., (csafe) does not hold, i.e., there is a disjointness constraint
in 77 of the form B C —C, such that (B, C) is not Xp-safe. Then both B and C are not
2»-safe in u(’ﬁu’ﬁz,A1>5 for some b € BYx and ¢ € ClUx,

U u
ty, V() £D or bEN, and "N ()#£D or cEN,

Let 1 be a Xp-homomorphism from U 7,7, 4,) t0 Un, (it exists by (hom)), and h(b) =
t and h(c) = s. Then it follows that

uAZ

Uu Ay
tZZ

(1) @ or beN,, and  t;%(s) #@ or c€N,.

Take a model J of Ay with a substitution /7 such that A7 = {d} (hence, 7 = s7).
Such a model exists because A, does not assert any negative information and there is
no UNA. First, assume that both b and ¢ are constants (i.e., b =7 ). Then, obviously
there exists no model Z of £ such that Z = K; and (Z,J) = T12: in every such
Z, b must be equal to c¢Z which contradicts B = —C, and b* € B% and ¢ € CZ.
Now, assume that at least b is not a constant and tail(b) = wig) for some role R over

% (hence, b € (IR™)47V74) and T; = IR~ C B). Let B’ € tg;ﬁwu’Al)(b), then
by construction of the canonical model, 71 U 71 = IR~ C B’, by homomorphism,
B'(t) € Ay, and by construction of 7, B/ = {d}. As A, is a universal solution,
let Z be a model of K; such that (Z,7) = Ti2. Then (3R™)? is non-empty and
(3R7)T C B'7. It immediately follows that d € (3R™)%, hence d € BZ. By a similar
argument, it can be shown that 4 must be in CZ, which contradicts that Z is a model of
B C —C. Contradiction with A, being a universal solution.
Similar to (csafe) we can derive a contradiction if assume that (rsafe) does not hold.
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Now, assume (rempty) does not hold, i.e., B © =B’ € Ty, and BYTuT A # @.
Note that Aj; is an extended ABox, i.e., it contains only assertions of the form A(u),
P(u,v) for u,v € N, UN;. Take a model J of A, such that B"Y = A7. Such J
exists as A, contains only positive facts. Since .A; is a universal solution, there exist
a model Z of K; such that (Z, J) = Tio. Then, BY # @, and it is easy to see that
(Z,J) = B E =B’ because AY \ BV = @ and B ¢ AJ \ BV,

Similar to (cempty) we can derive a contradiction if assume that (rempty) does not
hold. In every case we derive a contradiction, hence Ky is Xp-safe with respect to M.

(<) Assume (hom) and (safe) hold. We show that A5, is a universal solution for ;
under M.

First, A5 is a solution for /C; under M. Let J be a model of A, and /1 a homomor-
phism from U 4, to J. Furthermore, let & be a ¥o-homomorphism from U 7,7, 4,) to
U, Then hy(x) = hy(h(x)) is a Xp-homomorphism from U7, y7;, 4, to J . Let Z be
the interpretation of X defined as the image of /i, applied to Uy, , i.e., Z = hy(Ux,).
Next, define a new function A’ : A — AU AT , where A is an infinite set of domain
elements disjoint from AL, as follows:

o (%) = ho(x) if 62 (x) £ Qor x € N,

e 1'(x) = dy, a fresh domain element from A, otherwise.

We show that interpretation Z’ defined as the image of 1’ applied to Uy, is a model of
K1 and (Z/, J) = M. It is straightforward to verify that Z' is a model of the positive
inclusions in 77 and (Z’, J ) satisfy the positive inclusions from 77,. In what follows
we prove that Z’ is a model of the disjointness assertions in 77.

Let 71 = B C —C for basic concepts B, C. By contradiction, assume Z' = B C —C,
ie., forsomed € AZ,d € BT N CT'. We defined Z’ as the image of i’ on Uy, hence
there must exist b,c € AY1 such that b € BY1, ¢ € CH1, and I/ (b) = H'(c) = d.
Then, since K; is Xp-safe with respect to M, it follows that (B, C) is Xp-safe and it
cannot be the case that

U U
ty, V() £D or beN, and V() #£D or ceN,

U
Assume b is a null and tziﬁum’fm (b) = @. Then by definition of 1/, i/ (b) = d, € A

(hence d = d,). In either case ¢ is a constant, or tZ;TlUT“’A” (c) # @, or tgz
@, we obtain contradiction with h'(b) = d, = h'(c) (recall, A and A? are disjoint).
Contradiction rises from the assumption Z = B C —C.

Next, assume 77 = R C —Q for roles R,Q, and Z' [~ R C —Q, i.e., for some
di,dy € AT, (dy,dy) € RZ N QY. We defined 7' as the image of 1’ on U, , hence
there must exist by, by, c1,c2 € A1 such that (b1,by) € RYr1 | (c1,02) € Qu’cl, and
W (b;) = K (c;) = d; fori = 1,2. Then, since K7 is Xy-safe with respect to M, it
follows that (R, Q) is X-safe and it cannot be the case that 1) R and Q are not X-safe,
ie.,

(MUT12.41) (C) _

u U
t, (b)) £ D or b €N, and  t; "M () £D or €N,

2 2

U U
or 2) tZZTlUTu’A” (by) # @ and tZ;TluTu/A1> (c2) # @ if by = ¢1. Consider the following
possible cases:
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U
* by is anull and tziﬁuTn,Aﬁ (b1) = @. Then by definition of 1/, h'(b1) = dp, € A
(and d1 = dbl)-

U
— ¢ is a null and tZ;TlUTu’A”(cl) = @, then W (c1) = d., = dj, hence

c1 = by and (by,by) € R4, (by,c;) € QY1. Assume by is a null and
u
tZ;TlUT”'AN(bz) = @. Then I'(by) = dj,, € A and in either case ¢, is a

U U .
constant, or tZ;TlUTH’A1> (c2) # @, or tZ;TlUTu’A” (c2) = @, we obtain contra-
diction with 1’ (by) = dp, = h'(c2).

— otherwise we obtain contradiction with h'(by) = dj,, = ' (cq).

The cases b, or ¢; are nulls with the empty Xp-type are covered by swapping R and Q
or by taking their inverses.

Finally, assume B C =B’ € Typ and (Z/,J) & B C =B, i.e., for some d € BZ,
d ¢ A7\ C7. Then there must exist b € BY<1 such that i’ (b) = d. Contradiction with
(cempty). Similarly, we derive a contradiction with (rempty) if assume that R C =R’ €
Tizand (Z/,J) = R C =R,

Therefore, indeed, Z is a model of Ky and (Z, J) |= Ti2. This concludes the proof
Ay is a solution for K7 under M.

Second, A; is a universal solution. Let Z be a model of 7 and 7 an interpreta-
tion of X such that (Z, J) = M. Then, since U7 7;, 4,) is the canonical model of
(T1 U Tz, A1), there exists a homomorphism / from UTuTipa) 0 ZUT (ZUJ isa
model of (77 U T12,.A1)). In turn, there is a homomorphism /5 from U 4, to U UTi Ar) s
therefore i/ = h o hy is a homomorphism from {4, to Z U 7, and a Xp-homomorphism
from Uy, to J. Hence, J is a model of Aj: take K’ as the substitution for the la-
beled nulls. By definition of universal solution, A is a universal solution for Ky under

M. O

The following examples illustrate why condition (safe) is needed in the characteriza-
tion of universal solutions.

Example 5.1.3. Consider Example 4.1.7,i.e., M = (X1,%3, T12), where 21 = {A(-),B(-) }.
Yo = {A'(-),B'(-)},and Ti» = {A C A", B C B'}, and K; = (T3, A1), where

Ti = {A C =B} and A; = {A(a), B(b)}. We already argued that the target ABox

A, = {A'(a),B'(b)} is not a universal solution for K; under M. In fact, condi-

tion (safe) is not satisfied because there is a disjointness assertion A T —B in Ty

such that the pair (A, B) is not Xp-safe in Uz 7;,.4,): neither A, nor B is Xp-safe

as @ € AT Al N, and b € BYU T4 (N,

We stress the attention of the reader that in the example above the disjointness asser-
tion A C —B forces that a and b be interpreted as different elements in (77 U 712, A1).
Without the UNA there are no means to express that in the target (the language of target
ABoxes is that one of extended ABoxes, which can express only positive information),
that is why A5 is not a universal solution for X'; under M. However, ABoxes that al-
low for inequality between constants would do the job: thus, the ABox with inequalities
{A’(a),B'(b),a # b} is a universal solution for C; under M. "

Example 5.1.4. Assume M = (¥q,X, T12), where 1 = {R(-,-),S(-,")}, Zp =
{A’(+),B'(:)},and T1 = {3R~ C A’, 3S C B'}, and K1 = (71, A1), where T; =
{3R~ C —-3S} and A; = {3R(a),3S(a)}. Then ABox A, = {A’'(n),B'(m)}
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is not a universal solution for K under M. Again, there is a disjointness assertion
3R~ C —3S~ in 77 such that the pair (3R™, 357) is not Xp-safe in U7 77,4,y IR

is not ¥-safe because awyr| € (3R )77 and t;’iTlUT“’A” (awpg)) = {A'}, and
analogously for 35~.

Observe that in this example for an ABox .4, to be a universal solution for Ky un-
der M, one has to enforce that the labeled nulls corresponding to awg) and aws) be
interpreted as distinct elements, which requires inequality between labeled nulls in the
language. ]

Example 5.1.5. Let M = (51,5, Tia), where £y = {A(-), B(-)}. 55 = {A'(), B'(-)},

and T, = {A C A, BC -B'},and K1 = (77, A1), where T; = {} and A4 =
{A(a),B(b)}. Then ABox A, = {A’(a)} is not a universal solution for K7 under M.
Namely, condition (cempty) is violated: there is a disjointness assertion B = —B’ in
71> such that B4 g non-empty (to be precise BYmunpA) = {b}). The latter
implies that an interpretation 7 of X such that b € B'7 cannot be a model of Aj, but
obviously it is not the case here.

In this example, one needs to consider ABoxes with negative atoms to obtain a univer-
sal solution: the ABox {A’(a), =B’(b)} is a universal solution for K1 under M. Since
we require target ABoxes to be extended ABoxes, no extended ABox can be a universal
solution for /C; under M. n

Hence, we have seen in the three examples above that the main reason for condition (safe)
in the characterization of universal solutions is the inability of extended ABoxes to ex-
press any form of negative information, be it inequality between terms or negation be-
tween atoms.

Condition (safe) in Lemma 5.1.2 is easy: it can be checked in NLOGSPACE using
an algorithm, based on directed graph reachability solving procedure. Given a KB I =
(T, A) the graph Gy is defined as essentially the ER diagram of 7 plus the edges from a
constant 4 to a concept B if A = B(a). Then for each concept B and each role R we can
check in NLOGSPACE whether, respectively, BYc and RYx is non-empty by verifying
that B and R, respectively, is reachable in Gx from some constants; for each concept B
we can check in NLOGSPACE whether Bk contains any constants or any element of
the form owg) such that it is possible to reach in G from the concept 45~ some target
concept (that is, tg’z‘ (cwis)) # D).

As for condition (hom), we show how to check it in Section 5.2 for simple universal
solutions, i.e., when we consider only simple target ABoxes, and in Section 5.3 for
extended universal solutions, i.e., when we consider extended target ABoxes.

5.1.2  Characterization of the non-emptiness problem

Next, we provide a characterization of the cases when a universal solution exists. Again,
this result is related to the problem of existence of a finite “core” in the classical data
exchange setting [52, 62].

Lemma 5.1.6. Let M = (X1,%, T12) be a mapping, and K1 = (T1, A1) a KB over
>1. Then, a universal solution with extended ABoxes for K1 under M exists iff

(SAFE) K is Xp-safe with respect to M.
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(CORE) L{<7-1 UTia Ay) B Y»-homomorphically embeddable into a finite subset of itself.

Proof. (<) Let ABox A be an ABox over X such that U4, is a finite subset of
U(T,uT;,,4,) and there exists a Xo-homomorphism 7 from U7, y7;, 4,) to Ua,. Then,
U 4, is trivially homomorphically embeddable into U 7;7;, 4,)- Since, Ky is Xp-safe
with respect to M, by Lemma 5.1.2, we obtain that A, is a universal solution for &y
under M.

(=) Let A, be a universal solution for K1 under M. First, it immediately follows
that KCq is Xp-safe with respect to M. Then, U4, is Xp-homomorphically equivalent
to U T,uTs,,4,) bY Lemma 5.1.2. Let h be a homomorphism from Uy, t© Uru7;,,4,)>
and h(U 4,) the image of . Then, h(U.4,) is a finite subset of U7 7, 4,), Moreover
it is homomorphically equivalent to I/ 4, and to U 7,uT;,,4,)- Therefore, it follows that
U(7,UT;,,4,) 18 Xo-homomorphically embeddable to a finite subset of itself. O

It follows from the proof of Lemma 5.1.6 that the ABox A, corresponding to the fi-
nite subset {4, of u(ﬂUTu, A,;) in condition (core) is a universal solution. Hence, if
we additionally require in condition (core) that the finite subset ({4, does not contain
anonymous individuals, we obtain a characterization for universal solutions with simple
ABoxes.

We introduce some additional notation required for this chapter. Let XC be an OWL 2 QL
KB. Given a subset D of AUt the sub-interpretation of Uy induced by D, denoted by
L{}CD , 1s defined as AUR = D, AU = AU O D for each concept name A, and PR =
PY¢ N (D x D)} for each role name P. Furthermore, let a € Ind(K), and D“ the set
of elements in path(K) beginning with 4, i.e., D* = {ac | ac € AYc}. Then the sub-
interpretation of Uy generated by a, denoted by U, is defined as AUk = Do, AUk =
AU N D* for each concept name A, and PYi = (PY%1 N (D* x D*)) \ {(a,a)} for
each role name P. Notice that Z/{,‘ZC describes a tree structure. g,’g and g,”c are defined
accordingly.

5.2 SIMPLE UNIVERSAL SOLUTIONS

In this section, we show that both the mem-

bership and the non-emptiness problems non-empriness
for universal solutions without null values membrSIip
are PTIME-complete. The upper bound is
obtained by a novel reduction to reachabil-
ity games on graphs.

universal solution

5.2.1 The non-emptiness problem

We start with tackling the non-emptiness problem, and first provide a PTIME lower
bound for this problem.

Lemma 5.2.1. The non-emptiness problem for simple universal solutions is PTIME-
hard in data complexity.
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Proof. The proof is by reduction from the Circuit Value Problem known to be PTIME-
hard: given a monotone Boolean circuit C consisting of assignments of the form P; = 0,
Pi=1,P = PAPjk <i,or P, =P; VP, jk < i, where each P; appears on the
left-hand side of exactly one assignment, compute the value of P,.

We fix signatures X3 = {P(-),L(-,-),R(-,-)} and X5 = {L'(-,-),R'(-,-)}. Let
ai,...,ay; € Ng, and consider

Al = {P(an) U {L(&li, ai),R(ai,ai) | Pi =1in C}
U {L(a;,aj),R(a;,ar) | Pi = P; A P in C}
U {L(ai, aj),R(ai,aj),L(ai,ak),R(ai, llk) ‘ b = P] V P, in C}
T71={PC3L, PC3R,IL- C P, dR™ C P},
To={LCL,RCR}
Note that 77 and M do not depend on C, hence the reduction provide the lower bound

for data complexity. We show that the value of P, in C is true if and only if there exists
a (simple) universal solution for 1 = (77, A1) under M = (X1,X2, T12).

(=) Suppose P, evaluates to true in C. We verify that U7, y7;,,4,) i X2-homomorphically

Ind(Ay)
(TiUT12, A1

./42 = {L’(ai,a]-) | L(ai,a]-) S ./41} U {R’(ui,a]-) | R(ai,a]-) S ./41}

embeddable into U > OF equivalently into I/ 4,, where

Observe that U<7—1U7—12, A,) contains an infinite binary tree with the root in a,, one edge
labeled with L’ and the other edge labeled with R’. By induction, we define a ;-
homomorphism / from this tree to I/ 4,.

oo U uTpA Uy
First, it should be clear that tzi 1240 (g ) C ty 2 (an), so we set h(an) = ay.

Assume the value of P; is true and we already defined (o) = a; foro € AT,
Consider the following three cases. First, P; = Pj A Py in C, then Ay contains as-
sertions L'(a;,a;) and R'(a;, ax), moreover, P; and P both evaluate to true: we set
h(owy)) = aj and h(cw(g)) = ax. Second, P; = P; V Py in C, then A contains
assertions L'(a;,a;), R'(a;,a;) and L'(a;, a), R'(a;, ax), and at least one of P; and Py
evaluates to true, assume Pj: we set hi(cw(;)) = a; and h(cwg)) = a;. Finally, if
P; = 1in C, then A, contains assertions L'(a;, a;) and R(a;, a;): we set h(cwy)) = a;
and h(U’ZU[R]) = 4.

(<=) Suppose A; is a simple target ABox that is a universal solution for Ky under M.
Then Aj; is p-homomorphically equivalent to U (TiUTio, A )» and it follows

.Az = {L'(ai,aj) | L(ai,a]-) S Al} U {R’(a,-,a]-) ’ R(ai,a]-) S Al}

We prove that the value of P, is true in C.
. . a, . .
Let  be a £-homomorphism from U7, y7;, 4,) 10 U4,. Since U<7_1U7_12’A1> is an infi-
nite tree, and the only role cycles that A, contains are loops of the form L’'(a;, a;) and

R’(a;, a;), there exists a bound m such that for each o = AnWig,) "+ Wis,] € Au?%uﬁsz‘ﬁ
with S; € {L,R}, it holds h(¢c) = a; for some i such that P; = 1 in C. Assume
I > 1 and the value of P; is true in C whenever h(a,wig, - w,)) = a;, for each
anWs,] -+~ Wi, With S; € {L,R} and each 1 < i < n. We verify that the value of P
is true in C whenever h(a,wys,) - - - wys, ,1) = 4, for each a,wjg, - - - wyg, ,) and each
1<i<n.
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Assume that ]’l(&l,ﬂ(][sd o w[Sl,l]w[L]) = aj, h(lanU[sﬂ <o ZU[SFI]ZU[R]) = aj and the
values of P; and Py are true in C, moreover h(anw[sl] - -w[SH]) =a;.Ifi =j =k,
then obviously the value of P; is true in C. Otherwise i # jand i # k. If j = k, then
given that /1 is a homomorphism, .A; contains assertions L'(a;, a;) and R(a;, a;) (hence,
Aj contains assertions L(a;,a;) and R(a;, a;)). By construction of Ay, it follows there
is an assignment P; = P; V Py in C for some j', as P; is true, we obtain that P; evaluates
to true. If j # k, then A, contains assertions L' (a;, a;) and R’(a;, ax), so by construction
of Aj there is an assignment P; = Pj A\ Py or P; = PV P in C. Again it follows P;
evaluates to true in C.

By induction, it follows that P, evaluates to true in C. ]

Example 5.2.2. For a circuit C containing five assignments
Pb=1, P =1, P3=0,PL,=P APy, and P5s = P;V Py,

the projections over X, of U3 ( and U 4, can be depicted as follows:

TiUTi2, A1)

as e,

L' R ,R

as
U T U A Ua,

Next, instead of providing an upper bound, we reduce the non-emptiness problem for
simple universal solutions to the corresponding membership problem that we show how
to solve in the next section.

Lemma 5.2.3. The non-emptiness problem for simple universal solutions is reducible
to the membership problem for simple universal solutions in polynomial time.

Proof. Assume given a mapping M = (X1,X,, T12) and a source KB K1 = (71, A1),
and the question to answer is whether there exists a simple ABox over X, that is a
universal solution for /C; under M. Let Aj be the following target ABox: (i) Ind(Az) C
Ind(Ay), (ii)) Ay = B(a) iff (T3 U T12, A1) | B(a), and (iii) A2 = R(a,b) iff
(T UTa, A1) = R(a,b), forall a,b € Ind(A;1), concept B and role R over X,. We
show that there exists a simple universal solution for C; under M if and only if A5 is a
universal solution for K1 under M. Direction (<=) is trivial, below we prove (=).

Let A be a simple universal solution for C; under M. Then K is X,-safe with
respect to M, and U 4 is Xp-homomorphically equivalent to I/ (TiUTip,A;)- The latter im-

U
plies Ind(A) C Ind(.A;), and tZZTlUle “(a) = tZ2 (a), rZ;TlUTH “V(a,b) = 1:Z “(a,b),
forall a,b € Ind(A;). Then it must be the case A coincides with A, so Aj is a univer-
sal solution for K1 under M. d

From the proof above it follows that if a universal solution exists, then it can be
computed as the ABox A, defined in the proof.
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5.2.2 The membership problem

In this section we provide an upper bound for the membership problem for simple uni-
versal solutions.

Assume given a mapping M = (X1,Xp, T12), a source KB K1 = (71, .4;), and
a simple target ABox Ay, and want to decide whether A, is a universal solution for
K1 under M. According to Lemma 5.1.2, it is sufficient to check conditions (safe) and
(hom). The former condition does not depend on A; and as discussed above, can be
checked in polynomial time. As for the latter condition, denote the KB (77 U T12, A1)
by K. First, the existence of a Xy-homomorphism from £ 4, to Z/{<7—1 UTioA,) for a simple
ABox A; amounts to checking,

ti’:’;‘lz (a) C tglzc (a) and r;’;“z (a,b) C 1‘%’; (a,b) foralla,b € Ind(Ay).

Second, as for the existence of a 23-homomorphism in the opposite direction, it should
be the case that

tgf(a) C tgfz(a) and rg’;(a,b) C r;[fz(a,b) foralla,b € Ind(Ay).

Clearly, these two conditions can be checked in PTIME. Now, for ¢ € Ind(A4;), to
check how the tree U can be Xo-homomorphically mapped to U 4,, we are going to
employ the technique of infinite games on graphs. Specifically, we show how this prob-
lem can be reduced to the problem of existence of a winning strategy for Duplicator in
a reachability game, known to be solvable in polynomial time. For a short introduction
to (reachability) games, we refer to Section A.1.2. Below we show how to construct the
game G§. (G, U4 ) for a KB KC, an ABox A, a signature X, and ¢ € Ind(K).

REACHABILITY GAME G§ (Gi,U4)  isapair (G, Fc), where G, is the game graph,
and F, is the winning condition, that is, the set of states that Spoiler wants to reach.

The game graph G, = (S, D, T) has the set of states of the kind (# — a) and (a, u ~>1'),

where u,u’ € A% and a € Ind(A):

* S consists of the states (1 — a) with th(u) - tg“‘ (a); intuitively, such states
represent a mapping of § € AUt with tail(6) = u to a. Given this partial homo-
morphism, Spoiler can decide to challenge Duplicator with one of the successors
u' of uin Gf..

* D consists of the states (a, u~>u') with u ~>x u; the states represent “chal-
lenges” that Duplicator must address by finding a constant 4’ € Ind(.A) so that
the “challenged” edge (J, ¢ - u’) of the tree U can be “mapped” to the edge
(a,a") of Uy.

Therefore, the transitions between S and D, forming T, are defined as the union of:
* (u—a), (a, u~>u')),and
o ((a, u~u'), (' a')) whenever rg* (u, u') C 144 (a, a’).

Notice that the size of G is O(|Gg| x | Al).
The set F., which is the set of states that Spoiler wants to reach, is given by the
duplicating states that are “dead ends”, i.e.,

Fo={(cu~u)|(u—a)¢Ss or 195 (u,u') € H4(c, '), forall a’ € Al
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Figure 7: Example of a game: a) the game graph G, b) the projection of Uy over X, ¢) U 4.

Intuitively, the game proceeds as follows. Duplicator tries to construct a ¥-homomorphism
from the tree Uy to U 4, and Spoiler attempts to fail him by finding a path in {/y- that does
not have a homomorphic image in U/ 4, given the partial homomorphism constructed so
far. Thus, Spoiler starts in (1o ag) for ug = ag = cif (c—c) € S, which corre-
sponds to mapping ¢ to ¢, and in each his turn chooses a successor #; 1 of #; in Gy:
the “challenge” represented by the state (a;, u; ~~ 1;11). Then Duplicator tries to find a
constant ¢; 1 in Ind(.A) that could be the image of the “challenged” element 1 - - - U; 11
of U, i.e., he chooses a state (141 + ;1) such that rg’c(ui, uiy1) C rg““(ai, aii1).
Note that, if rg’c (u;, 1;11) is empty, then Duplicator can respond with any a;,1 such that
(ujy1+— a;yq) is a Spoiler state, even if a;,1 is not connected to 4; in U 4. Duplicator
loses if at some point he cannot find where to map the challenged element, thus the
game reaches a dead-end of Duplicator: (a;, t; ~> ;1) € F.. Otherwise, the game can
reach a dead-end of Spoiler, or continue forever avoiding the dead-ends of Duplicator,
hence Duplicator wins. Note that, if (c+>c) € S, then we assume that Spoiler “wins
the game immediately.
We illustrate such games in the following example.

ER]

Example 5.2.4. Assume & = {R'(-,-), S'(-,-),Q'(-,")}, K = (T,{3R(a),35(a)}).
where 7 = {3R~ C 3R,3S~ C 3Q,3Q- C IS, R C R,SC 5,Q C Q'},
and A = {R'(a,a),5(a,b),Q'(b,b)}. Then G&(Gx,U4) = (Gq, F,), where F, =
{(b, wo ~» ws)}, and the game graph G, can be depicted as in a) in Figure 7 (we ignore
the states that are not reachable from (a+ a); the duplicating states forming D are
shown as ovals and the spoiling states forming S are shown as boxes). In b) we show the
projection of Uy over X, and in c) we show U/ 4.

The game starts in the state (2 — a). It corresponds to setting the homomorphic image
of a € AUk to a € AY4, Then Spoiler can choose one of the two successors of a in Uy :
either awg or awg. If he chooses awg, it means he moves to the state (a, a~ wR).
Now, Duplicator has to respond by finding where in I/ 4 to map awg: he can map it
only to a (note the role labels), so he moves to (wg +— a). In this manner, they continue
forever moving between the states (a, wg ~» wg) and (wg — a), which corresponds to
mapping paths of the form awy, - - - wg € AYK to a € A4, Thus, this play is an infinite

play:

(arsa),(a, a~wg), (wr— a), (a, wg ~> wgr), (Wr+>4a),...
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and it is a win for Duplicator.

However, if Spoiler at his first move chooses the successor aws of a, hence moves to
the state (a, a ~» wg), the game would finish soon in a dead-end of Duplicator: Dupli-
cator finds a homomorphic image of aws € AYc as b € AY4, then Spoiler picks the
successor awswg of aws, and Duplicator sets the homomorphic image of awswg to
b. Finally, when Spoiler chooses the next successor, awswgws in this case, Duplicator
fails to find where to map it, so the game ends in the dead-end of Duplicator. Therefore,
the second play is a finite play:

(ara),(a, a~ws), (ws—b), (b, ws~wg), (wo+—b), (b, wg ~>ws)
and it is a win for Spoiler as the game reached a state from F;. ]

Having constructed the game G§. (G, U4) = (G, F;), we prove that verifying whether
U can be X-homomorphically mapped to U 4 reduces to checking whether both (¢ +— ¢)
is a state in the game graph G, (i.e., tg’c (c) C tg"‘ (¢)) and Duplicator has a winning
strategy in G§. (G, U4 ) from (¢ c).

Lemma 5.2.5. Let K be a KB, A an ABox and X a signature. There exists a Z.-homomor-
phism from Uy to U 4 iff

(ABOX) 15 (a,b) C 144(a,b) for all a,b € Ind(K);

(WIN) (c+> c) isa state in G and Duplicator has a winning strategy in G$. (G, U4) =
(G, E.) from (¢ — c), for each ¢ € Ind(K).

Proof. (=) Suppose h is a Zp-homomorphism from Uy to U 4. Then clearly, (abox) and
tg’C (a) C tz)’:{*‘ (a) for each a € Ind(KC) hold. Let ¢ € Ind(K), and consider the game
G$. (G, U ). We describe a winning strategy f1 for Duplicator in G%(Gy,U 1) from
(c+—c). Let

T = (up+ ap), (ag, g ~>u1),..., (ux— ag), (ax, ug~>Ugy1)

be a play in G, conform with f;, where k > 0, ug = ag = a,and a; € Ind(A), u; € A%
for i > 1. Then we set f1(7r) = (U1 — h(auy - - - ugyq)). Note that by construction
of T, auy - - - uj4 is a valid path in Uy. Since h is defined for AYx, it follows that fi
is defined for each possible move of Spoiler, moreover, f1 never assigns a dead-end of
Duplicator to the current play 7t. Hence either the game ends in a dead-end of Spoiler
(i.e., Spoiler is in a leaf of the tree in L), or it continues infinitely long avoiding visits
to the dead-ends of Duplicator, in any case Duplicator wins.

(<) Assume that both (abox) and (win) hold (in particular, tg’C (a) C tgf‘ (a), for
each a € Ind(K)). Given ¢ € Ind(K), we construct a X-homomorphism /. from the
tree U to Uy. Let f be a winning strategy of Duplicator from (c+>c), and 7 =
(ug > ao), (ap, uog~>ur), ..., (ug—>ay), (ax, g ~>tgy1),-.. a play conforming with
f, where ug = ap = c. Then Duplicator wins 77, and either

* 7T = (u() — ﬂo), (ao, Uug ~~ Ml), ey (le — ak) is a finite play, k > 0,and (Mk — Clk)
is a dead-end of Spoiler. So we set h.(cuy - - - u;) = a;, for0 <i < k.

* 7T is an infinite play s.t. no states from F. occur in it. We set hc(cm cee ui) = a;,
fori > 0.
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Figure 8: Reduction: a) the game graph G,, b) £-homomorphism / from Uy to U 4.

The function & is well defined for all possible paths in AYk. We prove it is a X-
homomorphism from Uj. to U4 by induction on the length of a path o € AYk . Base
of induction: tg’c (c) C tg““ (c) follows from (c+>c) is a state in G, = (S, D, T). Step
of induction. Let o € AYKk be a path of length i and tail(o) ~ i wig) for some role R.
Moreover, assume hc(0) = a and he(cw(g)) = b for some constants a,b € Ind(A).
Then, it follows that there exist states

s = (tail(o) —a), s = (a, tail(c) ~ wig)), and s” = (wg|— b),

such that (s,s’), (s’,s”) € T. By construction of T, from (s’,s”) € T it follows that
rg““(a,b) 2 rg’c (0, 0wg;) and tg““(b) 2 tg’c(aww). By the inductive assumption,
tg““(a) ) tng(U), hence, h, is in fact, a ¥-homomorphism. Now, given (abox), a X-
homomorphism from Uy to U 4 can defined as the union of . foreach ¢ € Ind(K). O

The examples below illustrate the presented reduction.

Example 5.2.6. Consider K, A, £ and the game G{(Gk,U4) from Example 5.2.4.
In this case, there exists no homomorphism from Uy to U 4, and as we have seen in
Example 5.2.4, Spoiler has a winning strategy from (a — a): in his first turn he should
move to the state (a, @~ wg). "

Example 5.2.7. Assume ¥ = {R'(-,-), Q'(-,-)}, K = (T,{3R(a),3S(a)}), where
T ={3S" C3IR,IR- C IQ,3IQ  CIQRCR,SCR,QC Q}and A =
{R'(a,a),R'(a,b),Q'(b,b)}. Then F, = {(b, ws ~>wgr), (a, wg ~> wq)}. In Figure 8
we depict the game graph G, and a X-homomorphism # from Uy to U 4.

Observe that in the game G (G, U 1) there is a way for Duplicator to play (infinitely)
so that the game never goes out of his winning region Wp shown dotted in a). It is not
difficult to see that such strategy of Duplicator can be used to define the homomorphism
h, and vice versa. ]

Example 5.2.8. Assume ¥ = {R'(-,-),S'(-,-),Q'(-,)}, K = (T,{3R(a)}), where
T={3R-C3S,3R- CIQRCR,SCS,QC Q},and A= {R'(a,b),5(b,c),
R'(a,d),Q’(d,e)}. Then, the game graph G,, the projection of Uy over X and U 4 can
be depicted as in Figure 9:
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Figure 9: No homomorphism: a) the game graph G, b) the projection of Uy over X, ¢) U 4

In this example, Spoiler has a winning strategy from (a > a) (i.e., (a — a) belongs
to the winning region of Spoiler), and there is no homomorphism from Uy to U 4. Note
that here every possible play is finite. ]

Example 5.2.9. Assume £ = {R'(-,-),S'(-,-)}, K = (T,{3Q(a)}), where T =
{3Q" C3R,IR-C3IS,RCR,SC S}, and A= {R'(a,c),S(c,b),R'(b,c),R'(d,d)}.
Then, the game graph G, the projection of Uy over £ and U 4 can be depicted as In Fig-
ure 10 we depict the game graph G, and a 2-homomorphism & from Uy to U 4.

Observe that the projection of Uy over X has a “break™ rg’c (a,awg) = @, so in
principle awg can be mapped to constants that are not connected to a4 in I/ 4. Hence,
the state (a, a~»wq) in G, has transitions to every state of the form (wg > e) for
e € Ind(.A). Note that we can do so because there is only a polynomial number of
constants in A.

In this example, Duplicator has two winning strategy from (a+ a) and there are
two possible X-homomorphisms from Uy to U 4. The depicted homomorphism h corre-
sponds to the strategy that assigns to the state (a, 2 ~» wg) the next state (wq +— a).

ao”—-_h.\‘\oa e b
! A
! e R’ 1
! TR !
- v -7 AN
VQ o- 7° S '
_cc 1
RI _ ’
. e , d ’/
WR o- R Go ,/
.
s’ -7
Ws ow _ ____ -7
d, WR ~ Wg
a) b)

Figure 10: Example with “breaks” in Uy: a) G, b) 2-homomorphism / from Uy to U 4
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It can be decided in polynomial time whether Duplicator has a winning strategy from
a given state (in fact, in linear time [33]), therefore condition (win) can be checked in
polynomial time. Finally, combining Lemma 5.2.5, Lemma 5.1.2, and Proposition A.1.1
one obtains:

Lemma 5.2.10. The membership problem for simple universal solutions is in PTIME.

We conclude this section with the exact complexity for the membership and non-
emptiness problems for simple universal solutions. The following is a consequence of
Lemmas 5.2.1, 5.2.3, and 5.2.10.

Theorem 5.2.11. The non-emptiness problem for simple universal solutions is PTIME-
complete. Moreover, there is an effective algorithm to compute a universal solution in
polynomial time (if such a solution exists).

One case see that the reduction in Lemma 5.2.1 can be easily adapted to the case of
the membership problem, so we obtain PTIME-completeness also for this problem.

Theorem 5.2.12. The membership problem for simple universal solutions is PTIME-
complete.

5.3 EXTENDED UNIVERSAL SOLUTIONS

In this section we study the membership

and the non-emptiness problems for uni- no-empriness
versal solutions when extended ABoxes membirship
are allowed in the target. In Section 5.3.1,
we show that the former problem is NP-
complete, while in Section 5.3.2, we pro-

universal solution

vide the non-matching bounds for the latter
problem, namely a PSPACE lower bound
and an EXPTIME upper bound.

5.3.1 The membership problem

Assume given a mapping M = (X1, Xp, T12), a KB K1 = (71, A1) over X4, and
an extended ABox A, over L. In this setting, >>-homomorphism from leule, Ap) O
U 4, can be still checked in PTIME using the technique of reachability games presented
in Section 5.2, however, the opposite direction cannot be checked efficiently due to nulls
in Aj. In fact, it can be shown by reduction from the graph 3-colorability problem that
the membership problem for universal solutions with null values is NP-hard.

Lemma 5.3.1. The membership problem for extended universal solutions is NP-hard in
data complexity.
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Proof. The proof is by reduction from 3-colorability of undirected graphs known to be
NP-hard. Consider an undirected graph G = (V, E), and fix signatures £; = {E(-,)}
and X = {E’(-,-)}. Further, letr,g,b € N,V C N; and

Ay ={E(r,8),E(g,7),E(r,b),E(b,r), E(8,b),E(b,8)},

Ti={}

T2={ECE}

Ay = {E'(r,8),E'(8,7),E'(r,b), E'(b,7), E'(8,), E'(b,8) }
U {E'(x,y), E'(y,x) | (x,y) € E}.

Note that the nodes in G become labeled nulls in A,. We show that G is 3-colorable if
and only if Aj is a universal solution for 1 = (77, A1) under M = (X1, %, T12).

(=) Suppose G is 3-colorable. Then it follows that there exists a function h that
assigns to each vertex from V one of the colors {r, g, b} such that if (x,y) € E, then
h(x) # h(y), hence h is a homomorphism from G to the undirected graph ({r, g, b},
{(r,9), (,0), (B,1)}).

We prove that A, is a universal solution for 'y under M. Obviously, K7 is Xp-
safe with respect to M. Thus, it remains to verify that {/4, is Xp-homomorphically
equivalent to U7, uT;,,4,)- First, it is easy to see that U7, 7, 4, 1S Lo-homomorphically
embeddable into U 4,. Second,  is also a homomorphism from U 4, to U 7,7, 4,)- thus
U 4, is homomorphically embeddable into U7, y7;,,4,)-

(<) Suppose now A, is a universal solution for X1 under M. Then by Lemma 5.1.2
it follows that {4, is Xp-homomorphically equivalent to U7y, 4,)- Let I be a ho-

momorphism from U4, to Uz7;,,4,)- Notice that AY70T24) = Ind(Ay), hence h

assigns to each labeled null x € AY% some constant a € Ind(.A;), and it is easy to see
that & is an assignment for the vertices in V that is a 3-coloring of G. 0

To decide in NP whether there exists a homomorphism £ from Uy, t© U7, 4,)

we can use the fact that the image W C AYTiUTi24) of such a function i on AY4: is
of polynomial size. Therefore, for each constant and null in .4, one needs to guess its
homomorphic image, and then check whether the resulting function is a homomorphism.
Thus, we obtain an NP-upper bound for the membership problem for universal solutions
with extended ABoxes.

Lemma 5.3.2. The membership problem for extended universal solutions is in NP.

Proof. Assume given a mapping M = (X1, X, T12), a source KB K1 = (T, A1), and
an extended target ABox A5, and the question to answer is whether .45 is a universal so-
lution for /Cq under M. It is sufficient to show that condition (hom) of Lemma 5.1.2 can
be checked in NP. The existence of a ¥o-homomorphism from U 7,75, 4,) to U4, can
be decided in PTIME using the technique of reachability games presented in Section 5.2
(note that for homomorphisms in this direction, there is no distinction made between the
constants and the labeled nulls in A»). In the rest of this proof, we show how to check
the existence of a homomorphism from U 4, to U ;y7;,,4,) in NP in the size of Ky, M
and A,.

First, if there exists a homomorphism h from Uy, to U 7,7, 4. then there exists
a witness W with a number of elements bounded by the size of A, such that W C
AYTUT2 A1) and B is a function from A% to W: take W = i(A%42).
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Second, we show that there exists a witness W such that W C AUTUTR A1) and every
x € W is a path of length smaller or equal 2m, where for x = awg |- --w(s,] the
length of x is k 4+ 1, and m is the size of T3 U T1, U A,. To this purpose, let h be a
homomorphism from Uy, to Uru7, 4,y and W = h(AY42). For x,y € W, we say
that x is connected to y in Z/I,‘é], if there exists n > 0 and a path (xq,x2,...,Xu, Xy+1)

such that x; € W, x1 = x, x,41 = v, and (x;,Xj11) € R?’VCV for some role R;, for
i€ {1,...,n}. Assume that x € W and the length of x is more than 2m. Then, since
W = h(Aqu ), we have that x is not connected to any element of Ind(.A;) in U ,‘é] . Let
C be the maximal connected subset of W with x € C, i.e,, foreachy € C, (i) y is
connected to i in U}, for each y’ € C, and (ii) y is not connected to any z € W \ C.
Note that C N Ind(A;) = @. Let y be the path (in the sense of path({77 U T12,.A1)))

of minimal length in C, it exists and is unique since C C AU<W71U712/A1> and there are no
constants in C. Then foreachy’ € C,y’ =y - wyg,) ... wyg,| for someroles Ry, ..., Ry.
Further assume tail(y) = wig), and let z be a path of the minimal length in AYTUT2 A
with tail(z) = wjg). Then the length of z is bounded by the size of 71 U 7y and the
length of each z - wigj... wyg,) for some y - wg ;... wg, € C, is bounded by the
size of 71 U T12 U Az. Now, define a new function 1/ : A% — AYTmUTL A1) guch that
W(x) =h(x)ifh(x) ¢ C,and I'(x) = z- wig,) ... wg,] if h(xX) =y - wg,) - - WR,]-
It is easy to see that i’ is a homomorphism from I 4, to U (7,0, 4,)- Now, we can take
W = I’ (A%4), and repeat the above construction until the claim is satisfied.

Finally, to verify in NP whether a homomorphism & from Uy, to U 7,7, 4,) €Xists,
it is sufficient to guess W as above and then to check whether ({4, can be homomorphi-
cally mapped to Z/{<W7-1U7-12, ) O

Thus, we obtain the exact complexity bound for the membership problem with ex-
tended ABoxes.

Theorem 5.3.3. The membership problem for extended universal solutions is NP-complete.

5.3.2 The non-emptiness problem

Consider now the non-emptiness problem for universal solutions with null values, that
is, when extended ABoxes are allowed in universal solutions. This problem turns out
to be harder than the membership problem as now candidate solutions that can be of
exponential size are not part of the input. In fact, we show by reduction from the valid-
ity problem for quantified Boolean formulas that checking the existence of a universal
solution is PSPACE-hard. Then we provide an EXPTIME algorithm based on two-way
alternating tree automata (2ATA), known to be EXPTIME-complete and defined in Sec-
tion A.1.1. 2ATA have been previously successfully applied not only in the domain of
u-calculus and temporal logics [46, 21, 45], but also in the DLs domain to reason and
perform query answering in expressive DLs [29, 31, 32].

THE LOWER BOUND

Lemma 5.3.4. The non-emptiness problem for extended universal solutions is PSPACE-
hard.
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Proof. The proof is by reduction from the validity problem for quantified Boolean for-
mulas, known to be PSPACE-complete. Suppose we are given a QBF

¢ =QiX1...QuXy A\ G

j=1

where Q; € {V,3} and C;, 1 < j < m, are clauses over the variables X;, 1 <i < n.
LetTi = {A Y, X[, S, T, QF PE R R [ 1<j<m1<i<n0<l<mke
{0,1}} where A, Ylk, Xff are concept names and the rest are role names. Let 77 be the

following TBox over X1 for1 <j<m,1 <i<mnandk € {0,1}:

AC3S;,  357,C3QF ifQ=V QkC s, 3(QN - C Yk
AC Ty 3T, C 3pF XY C IR if —X; € G EI(R;.)— C HR;—l

PFC T, J(PF)~- C Xk X

and A; = {A(a)}.
Further, let ¥y = {Z?, Zil, s, R;} where Z?, Zil are concept names and S, R; are
role names, M = (X1, %, T12), and 715 the following set of inclusions:

C HR;'. if X; €

k k i
s;Cs vfczk RCR RIC R/

LES  XfCzf TLCR  RICR

Then, |= ¢ if and only if L{<Tl UTia,A;) 18 22-homomorphically embeddable into a finite
subset of itself, i.e., if and only if a universal solution for 'y = (77,.A1) under M
exists. The rest of the proof follows the line of the proof of Theorem 11 in [77].

(=) Suppose = ¢. We show that the canonical model U(7,UT;,,4,) 18 Xo-homomorphically
embeddable into a finite subset of itself. More precisely, let us denote with ﬂinf the sub-
set of 77 consisting of the first 9 axioms, and ’Eﬁ " the subset of 7; consisting of the last

9 axioms. Then U 7u7;,.4,) = U uu , and we construct a Y-

(T UTia A~ T UTin AL

u in u in
homomorphism /1 : A i TUpd y AU T the following we use Z to denote
u('ﬂme'Hz,Aﬂ’ and F to denote Z/{<,T1ﬁnu7—12,Al>.

We begin by setting h(aI ) = a’ . Then we define & in such a way that, for each path
min T of length i +1 < n, h(7) is a path a”wy ... w; of length i + 1 in F and it
defines an assignment aj,;) to the variables X1,...,X; by taking, forall 1 < i’ < i,

ah(n)(Xi/) =T sa- wy:...r Wy € (Xll,)}—
ah(n)(Xi/) =1 <a- wy-... Wy € (XB)}—

Such assignments ay,() will satisfy the following:

(a) the QBF obtained from ¢ by removing Q1 X ... Q; X; from its prefix is true under
ah(ﬂ) .

For the paths of length 0 the Xy-homomorphism 4 has been defined and (a) trivially
holds. Suppose that we have defined / for all paths in Z of length i + 1 < n. We extend
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h to all paths of length i 4+ 2 in Z such that (a) holds. Let 7t be a path of length i 4+ 1. In
F we have

tail(h(n))wmﬁnuﬂ2’A2> wﬁjﬂ, and h(m)-w [Pk} € (X5, fork=0,1.

1

If Q; = V then in Z we have

and n-w[IQk] € (Xff)I, fork=0,1.

, , 7
() 7 s ) It
Thus, we set k(7T - w[IQk]) = h(m)-w [pk], for k = 0, 1. Clearly, (a) holds. Otherwise,

Q; = Jand in Z we have

tail (1) T T ) wﬁ;i}.
We know that = ¢ and so, by, (a), the QBF obtained from 7t by removing Q1 X ... Q; X;
is true under either a;(y U {X; = T} or aj) U{X; = L}. We set h(r- w[IS}) =
h(m) - w ﬁjﬂ with k = 1 in the former case, and k = 0 in the latter case. Either way, (a)
holds.
Consider now in Z a path 77 of length 1 4 1 from a” to w% . By construction, we have

_ F o F . R
h(rt) =a w[Pfl] o Wipkay-

Next, on the one hand, the path 7t in Z has m infinite extensions of the form 7t - wﬁz.] .
]

wﬁ{,] ..., for1 < j < m. On the other hand, as |= ¢, by (a), for each clause C ;, there is
]
some 1 < i’ < n such that h(7) contains w’, 1 if Xy € C;, or w? . if -Xy € C We
(P}] J [P)]
setforeachl1 <[l <n—7,
B e A N o
h(r Wigy - w[Rj]) =a w[Pfl] [P” 1
~—_——
I times
foreachn+1>1>n—1,
. I . . I prnd f . ‘F . . ]: . ]:‘/ . . f
h(ﬂ W[R]] ‘o W[R]]) a w[Pfl] .o w[P:ji/] w[R;} ce W[R}qflJrl]/
I times
and foreach >n+1
R i L e N I T
h(m Wigy - w[Rj]) =8 Wik w[P:ji’] w[R§,} W[R;;ul} s Wige)s
I times

where i* = (n — 1 4+ 1) mod 2. It is immediate to verify that & is a %;-homomorphism
from Z to F. Since K; is Xp-safe with respect to M, by Lemma 5.1.6 we obtain that a
universal solution for K7 under M exists.

(«<=) Let h be a Xp-homomorphism from Z to F. We show that = ¢.

Let tbe apathof lengthn +1, 7 = a’ -w; -... - w,,in Z. Then (a, 1), (71;, 7i41) €
ST, where 7t; = aX -wq - ... w;, for1 < i < n — 1. Furthermore, let Z'lq,Z]Z‘Z, ., Zkn
be the concepts containing subpaths of 11(77;). We show that for every 1 < j < m, the
clause C; contains at least one of the literals

{Xi’kizl,lgigi’l}U{—'Xi‘ki:O,lgign}.
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Validity of ¢ will follow.

Consider a path of the form 77 - wﬁ{j} S wﬁ{ﬂ in Z. Then its h-image in F must be
| ————
n+1 times
of the form
Fowr, o owh. o cwhowh o w,
a w[P{(l] .. w[Piki] w[R}] w[R},]] w[R;_]

forsomel <i<mn,i/ =0ori =1,andk; =0ork; = 1.Ifk; = 0, then C; must
contain —X;, otherwise X;. ]

The following example illustrates the reduction.

Example 5.3.5. For ¢ = 3X;VX,3X3(X; A (X2 V —X3)), the projection of U1 UTsn Ay
over X, can be depicted as follows:

s N
C.
’ inf
...R} p oz
(o] (]
O
..Rl o / o
1
?‘NO o
R/ .
Ry
I\ J
A’ a
s AN N
\
Ry o o \\\\ ot————=vo 7
voNe 70 LIl
I ogm \\ \_401: - Zg ° Z%
Ry o o : — === 7}
R! Y i 3
2 °\/°<—f\ o Z% 30 Z3
Ry oo o 20
vi71 H0= = - _ 1
/ Z _- ~=5% 71
Y - 3
Rz %~ = \\\; ‘___Tyvzg
RIZ o(\_/o(—o(/z% TTT--50 Z% Cf
mn
I\ J

where each edge —— is labeled with S’, each edge _--» is labeled with S/, R;_ for
1 < j < m, and the labels of edges — are shown to the left of each infinite and finite
path. The labels of the nodes (if any) are shown next to each node.

One can see that ¢ is valid. Let Cinf and Cﬁn be the parts of U(’ﬁu’ﬁz, A,) generated
using the first 7 axiom templates and the last 7 axiom templates of 77 respectively. Note
that C;, is infinite, while Cg, is finite. Then Cjys is £p-homomorphically embeddable
into Cg, (hence, U 7;u7;,,.4,) 18 Eo-homomorphically embeddable into Cg,), and the
ABox obtained from Cg;, is a universal solution for Ky under M. n

THE UPPER BOUND  Assume given a mapping M = (X1,%5, 712) and a source
KB K = (T,.A), and the question to decide is whether there exists a(n extended) uni-
versal solution for K under M. We show how to check condition (core) of Lemma 5.1.6,
that is, whether there exists a finite subset D of AY7iU7241) and a >»-homomorphism
from U7, 77,4,y tOU <D7—1 UTia Ay To simplify the presentation, in the rest of this section
we tackle a more general problem: given two (non-extended) KBs X7 and Xy with uni-
versal models U7 and Uy, and a signature ¥, decide whether there exists a finite subset
D of A2 and a £-homomorphism from U/; to Z/{ZD .
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As in the case of the membership problem for simple universal solutions in Sec-
tion 5.2, for such a homomorphism to exist, first, it should be the case that an analog of
condition (abox) holds. Second, for ¢ € Ind(KC1), to check whether the tree U can be
>-homomorphically embedded into UZD for some finite D C AY2, we adopt two-way al-
ternating automata on infinite trees (2ATA), which are a generalization of nondetermin-
istic automata on infinite trees [102] well suited for handling inverse roles in DL-Liter.
It is known that the non-emptiness problem for such automata is in EXPTIME, thus, we
obtain the required upper bound for our problem. More precisely, we show for each
constant ¢ € Ind(X1) how to construct automata A, (with Biichi acceptance condition)
such that its language is non-empty if and only if there exists a X-homomorphism from
Uj to UP for some finite D C A2, and it accepts a tree if it corresponds to such a
L{zD . Then to verify that there exists a -homomorphism from U] to L{ZD for some finite
D C A2, we solve the non-emptiness problem of A, for each ¢ € Ind(Ky). If the lan-
guage accepted by some A, is empty, then there is no such homomorphism, otherwise
we can compute UZD as the union of the trees accepted by A.. Below we show how to
construct the automaton A..

AUTOMATON A, LetInd(Ky) = {a1,...,a,,}, Wit(K2) = {w1, ..., wn,},
and n = max(ng,, ny ). Moreover, denote by G1 and G, the generating models of Xq
and /Cp, respectively.

We define automaton A as the tuple (I', Q, 8, g0, F), where the alphabet T is the
set

I={R,SIU{a |1<i<n}U{w|1<i<ny}.

Hence, A . accepts n-ary trees where each node either corresponds to a constant of /C,
then it should be labeled with the symbol @;, or corresponds to a witness of K5, labeled
with the symbol w;, or is the root of the tree, labeled with R, or is a node outside the
finite part, labeled with S (S stands for “stop”). The set Q of states is partitioned into
three sets:

Q={q90} UQruUQy,

where Q  is the set of states responsible for labeling the tree as an appropriate finite sub-
structure of U5, and Qy, is the set of states responsible for checking the homomorphism
from {41 into a finite substructure of U/». Thus,

Qr={qp}U{ai[1<i<n}U{w;|1<i<ngy},

where the states «; are responsible for labeling the tree with the constants of X, and w;
are responsible for labeling the tree with the witnesses of . We define the transition
function for these states and g¢ as follows:

3(q0,L) = (0,q97) AN (0,q4), (2)
\ (i, a;), ifL =R
o(qf, L) = i/:\1 (3)

1, otherwise,
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/\ (],(/J]), ifL:E,‘

for1 <i<mg &(a;L) =145 4)
\J_, otherwise
/\ (],w]), if L :wi
1§j§nzu/
Wi~ w;
forl <i<mngy, 6(w;L)= 2% (5
T, if L=S
1, ifLeT\{w;,S}

where g, is a state from Q;, we are going to define below. For now observe that due to
the transitions above the trees accepted by A, will have the symbol R in the root and
the symbol a; in the i-th successor of the root. Then each of the i-th successors above
will have its j-th successor marked with w; whenever a; ~~x, w;. Further each of the
j-th successors above will have its i-th successor marked with w; whenever Wj ~> K, Wi,
and so on. Note that at some step the node in the tree marked with @; can have its i-th
successor marked with S (instead of w;), when wj ~~c, w;i. This should mean that this
i-th successor is not inside the finite substructure of U/, to which the homomorphism
will be mapped, and the automata must stop going down the tree. Note that it is not yet
guaranteed that S appears instead of w; at some point, however, if it is not the case, we
may have an infinite path in the tree, in which the automata will pass through the states
Wj,, Wj,, ... and that would be a contradiction to our acceptance condition presented
below.

To define Q;, we need some additional notation. Let Wit(K1) = {uy,...,un}, and
assume that ug is used to denote c. Let t,t' € {ug,...,uy}. In the definition of transi-

tions of the automata we will use a pair of relations — and -5 » between t and t’ defined,

respectively, as £~ t' if and only if t ~>x, t’ and rgl (t,t') # @, and t-&> ' if and only

if t ~x, ' and rgl (t,f') = @. One needs to distinguish these two relations: suppose
an element cuy, - - - u;_of A% is homomorphically mapped to the element a;, wi, « - Wi,
of A% and uy, ~», uy,,,. If u; ~> 1, then the element cuy, - - - uyu;, , of At has
to be mapped to an immediate successor or predecessor of the image of cuy, - - -, in
Uy Tf, however, uy, -5 >uy,  then cuy, ... uju;, can be mapped to any element of Us.
Thus, the transitions of the automata on Qj, should be defined to reflect this.

Further, lets,s’ € {ay,...,a,,, w1, ..., Wy, }. We define a function pi’il, between the
pairs t,t’ and s, s’ such that pi’il, =Tif rgl (t,) C rgz (s,s'), and pz";’, = | otherwise.
Additionally for t and s, define a function 7! such that T/ = T if tg!(t) C t(s),

Uty

and T = L otherwise. Clearly, p, = T and T:,ikﬂ = T in the example

Z‘V'wiH—l
above guarantees the edge (cuy, - - - Uy, cuy - ”lk”lkH) of U, can be mapped to the

!
edge (a;,wj, - - - wj,, a,Wj, - - w;w;_,) of Up. Finally, we need a function 7" for

!
u,u’ € {uy,...,uy} and w € {wy,...,wy,} such that " = Tif {R™ | R €
!
rgl(u, u')} uQ urgz(s,w) for some s ~x, w, and 17" = L otherwise. In the exam-
L. Y]
ple above 17, ' = T means that the edge (cuy, ---uy, cuy, ---uyu;, ) can be

“inversely” mapped to the edge (ai1 Wi, -+~ Wj,, A, Wi, - -wiH), otherwise it cannot.
Thus,

Qn={g}U{m x 101 <m}u{x]|1<1<m1<i<n,}.
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For each witness u; € Wit(K7) there are two states: vy; is responsible for finding a
homomorphic image, and x; is the “expecting state’; moreover for each witness u; €
Wit (K1) and constant a; € Ind(K,) there is a state k! responsible for transition from
some constant to 4; via the root and then mapping u; to a;. Intuitively, having a run of
the automata on a tree ({1,...,n}*, V) with a prefix

(€,90), (&,qn), (x0, Y1)+ -, (X, ’sz)r

with x; € {1,...,n}*, will mean that the element cuy, - - - u;,_ of AY! is homomor-
phically mapped to the element a; w;, - - - w;, of A% for x; = iyip- - -i,. (Here we
abuse notation, and by a run with a prefix of the above mentioned form, we assume
a path yo, Y, Yi,, - - -, Yy, in a run tree with r(yo) = (€,q0), r(yn) = (€,4p), and
r(y;,) = (xi,;,).) Consider now u;, ., such that u; ~~x, uy,,, then either u; <> uy,
or uj -5 >y, . In the first case the run continues as

((—3, L]O); ((—Z, q}l)r (Xo, 710)1 sy (xkr ')’lk)/ (xk+1/ ,Ylk+l)

determining the mapping of cuy, - - - uj u;,, to an immediate successor or predecessor
of a; w;, - - -w;,. In the second case we enter into an “expecting state” x;, ., and by
our definition of the transition function, the automata will start to traverse the tree non-
deterministically until it reaches some o € A%2:

(6, (]0)/ (61 1]]1)/ (x(]/ ’)’lo); ey (xk/ ,)/lk)/ (xk+1/ XlkJrl)/ ey (xk’/ XlkJrl)/

where xp = iyip - - -1, for some iy,1ip,...,i,, and ¢ = a;w;, - - - w; . Then, once the
desired ¢ is reached, the previous run should continue to (xkr,'ylm) meaning that the
homomorphism for cu;, - - - u; u;, | is 0. Notice that it is not yet guaranteed that a state
X1, Will eventually switch to 7, , in the run. However, by our definition of the transi-
tions it is only possible when the run has infinitely many x;, ,,, which would contradict
to our acceptance condition presented below.

It remans to explain the purpose of the states Kf. Suppose we have a run with a prefix
(€,90), (€,qn), (x0,71y), - - - » (X, 71, ), Where xj = iy, i.e., the homomorphic image of
cuy, + - - uy, is a;,, then suppose u;, —>u;,, and the mapping of cuy, - - - uj u;,, should
be the constant 4;. The run therefore should proceed into the j-th successor of the parent
(which is € in this case) of xi and the state 7, ,, we implement this by means of an

intermediate state K;kﬂ so that the following is a possible extension of the previous run

(€,90), (e, 1), (X0, 71,), - - -+ (X%, 71,), (€, K{Hl), (s Vi )-

The transitions for the states of Qj are now defined as follows, where 1 < k < m,
1<j<ny,andte{ay,...,ay, wi,..., Wy}

(i,70), if L = R and ¢ = 4; for some i,

6(qn, L) = (6)
1, otherwise;
S(xit) = O vV Goxe) V(=1 x0); @)
tw;gzwj

S(xk R) =\ (i, xi); (8)
i=1
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if L =R,
forl <i<m, o(d,L)=q M 1 ©)

otherwise;

forge Q,, d(q,S)= L. (10)

Finally, é(y¢,a) =

wn Ao A (Vs Gw] v Vi A L) an

U =5 7 U T3 UL A~ o, W)

and 6(yg, w) =

AN A A ( V0% A )] v [ A (- m)]),az)

U =5 P u U 7537 UL W=y W)

for1 <1 <m, ac{a,...,an,}, we€ {wy,...,wy,},and 0 < k < m in (11),
1<k <min(12).

For the acceptance condition we take F = {7; | 1 < i < m}. Observe that neither
the states w; of Qf nor x of Qy, are in F. This implies that a tree having an infinite
branch of w; labels, or a tree having a run in which the mapping of the disconnected
successor as 1y, (such that uj, -5>u;, ) in the example above is “infinitely postponed”
will be rejected. On the other hand, each accepted tree represents some finite substruc-
ture of U to which U} can be X-homomorphically mapped.

We prove that verifying whether U/ can be X-homomorphically mapped to L{2D for
some finite D C AY reduces to checking the non-emptiness problem of A..

Lemma 5.3.6. Let K1, Ky be KBs and ¥ a signature. There exists a finite subset D of
A2 and a Y.-homomorphism from Uy to LIZD if and only if

(ABOX) 15 (a,b) C ¥#2(a,b), forall a,b € Ind(K1);
(AUT) the language of the automata A is non-empty, for each ¢ € Ind(Ky).

Proof. (=) Let D C A™2 be a finite set, and /1 a ¥.-homomorphism from /; to UZD . We
construct a labeled tree T = ({1,...,n}*, V) where n = max(n,, 1) and show that
T € L(A.), for each ¢ € Ind(/1). The labeling function V is defined as follows:

V(e) =

V(i) =a, for each a; € D N Ind(Ky)

V(iyip - - -iy) = w;,, foreacha;w;, ---w; € D

V(x) =S5, foreach x € {1,...,n}* s.t. V(x) was not defined above.

To show that T € L(A.), we construct a run tree (Ty, r) of A on T. The idea
behind this constructions is the following. Assume x € T, with r(x) = (y,9), y €
{1,...,n}*, and V(y) = L. To satisfy the transition function é(g, L), which can be
viewed as a conjunction of formulas ®;, (g, L) = A; P;, where each ®; is a disjunction
of “simple” formulas lp;, b, =V j IIJ;, we construct exactly one child for each ®;, that is,
we pick exactly one lp; from ®;. To choose the exact gb]l: we are making use of the given
homomorphism /. Thus, for instance, if r(x) = (1-2,71), V(1-2) = @j, the current
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path in Uy is cuq (this path can be obtained from the path from the root of T; to x),
h(cuq) = aywo, and uy > uz and h(cuquz) = ajwowy, then we satisfy 1/); = (4,73),
so x would have a child x’ with r(x") = (1-2-4,73).

h
U up
C === === >e 1 e
J .
.
.
1
Ui o-------- >0 Wy ,' 1
X !— o
’ T
Uz o-------- >0 Wy l
re__

€ _— A
P
o
1
1
4
’

1-
s

) L. R

2qa,

2.4y

part of T and T;

And if, instead, u1 -5 >u3 and h(cujuz) = ap, we switch to the “expecting” state x3

and remain in this state while traversing the tree {1, ...

,n}* from the node 1 - 2 via the

root to the node 2. Once node 2 is reached, we switch to the state 3. The choices for
satisfying the transition function follow from that. Thus, a run from x will be as follows:

U

(1 : 2/ ')’1)/ (1 : 2/ XS)/ (1/ XS)/ (G/XS)/ (2/ XS)/ (Zr ')’3)'

t](

—

t’ ) /
D
uZ /,

R

€
|xs
[+

A

part of T and T;

More formally, the tree structure T; and the labeling function r are defined inductively

as follows, where for (x,q) € {1,...
-z, where z is repeated g times:

Z..

€ € T, is the root of Ty and r(€) = (€, o),

,n}*xQ, f((x,q)) denotes x, and (z)7 denotes

€ has two children Of and Oy, such that r(0¢) = (€, q¢) and 1(0;) = (€, qp),

Of has children cy, ..., cy, such that r(c;) = (i,4;),

fori € {1,...,n,} and each w; such that a; ~x, wj, ¢; has a child ¢; - w; with

r(ci-wj) = (i-],w)),

for each node in T; of the form x = ¢; w;, - - - w; , such thatr > 2 and a; w;, - - - w;
D, and each w; such that w; ~+x, wj, x has a child x - w; with r(x - wj) =

(iriz - - - irf, W),

0y, has one child yo with r(yo) = (i,70) where i € {1,...,n,} is such that

c = aj,
for each node of the form x = yo - (z,)7 - vy, - (21,)%

k > 0,q; >0,z denotes x;, or k], and f(r(x)) = jy - -
each u; such that uy, -5 > u; and h(cuy, - - - uju;) = ajw;, - -

- xhasachildx-x; withr(x - x;) = (j1-- s, X1)3

.yIZ PR
- Js with s > 1, and for

(z1,)% -y, where

. wi,n

r

S
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- if j; = iy, let t be the number s.t. j; =1y, ..., j: = i, and
if j1 # i1, lett =0, then
x every node of the form x’ = x(x;)7, 1 < g < s —t, has one child
x'-xpwithe(x - xp) = (j1- - fs—q, X1)
x every node of the form x” = x(x;)7,s —t+1< g <s—t+r—thas
one child x” - x; with r(x’ . xl) = (]1 . 'jtit+1 s it+q7(sft)l')/l)9 and
# node ¥ = x(x7)""""*1 has one child ¥ - y; with r(x' - y;) =
(i1 ir,m)-
* for each node of the form x = yo - (z,)" - vy, - (z1,)™ - y1, - - - (21,)% -y, where
k >0,q; > 0, z;, denotes x;, or k{i, and f(r(x)) = i, and for each u; such that
uj, —uj, x has a child

- x-yywithr(x-y) = (i-j, 7). if h(cuy, - - - upup) = aw;j,
- x-k{ with r(x-k{) = (€,K{), if h(cuy, -+ ujuy) = aj.

* for each node of the form x = yo - (z,)" - vy, - (z1,)™ - y1, - - - (21,)% - vy, where

k > 0,q; > 0, z; denotes x;, or k{l_, and f(r(x)) =iy -- iy forr’ > 2, and for
each u; such that u; —~>u; and h(cuy, - - - uu;) = a;wj, - - - wj,, x has a child
x-ypwithe(x-y) = (i1 ir, 7). ,
» for each node of the form x = yo -z ---z4 - k;, g > 0andz; € {y;, xi,kf/}, X
has one child x - y; with r(x - y;) = (j, 7¢)-
It is easy to see that (Ty, r) is an accepting run of A..

(<) Assume that the language of A, is non-empty and T = ({1,...,n}*,V) €
L(A.).Let (T, r) be an accepting run of A. over T. We construct a finite set D, C A%
and a X-homomorphism / from U to L{2D ¢using T and (T, 1).

Firstly, we prove that T encodes a finite subset of AY2. We show
(a) foreachi € {1,...,n,}, V(i) = a;

(b) foreachk > 2, such that a; wj, - - - w;, € A¥2, andforeach2 <j <k, V(iy---i;) =
wij, then V(11 s Zk) = wik or V(ll s lk) =S,

(¢) for each infinite path a;, - - ‘Wi - € A" there exists j > 2, s.t. V(i - - 'ij) =38.

Proof of (a): by definition of §(a;, L).

Proof of (b): for the sake of contradiction, assume for some a; w;, - - - w;, € A% > 2,

foreach2 <j <k, V(iy---ij) = w;, but V(i - - -ix) = Ror V(i1 - -ix) = a;. Since

(Ty, r) is arun over T there exists a path in T of the form

(61 QO); (61 Qf), (illlxil)/ (iliZI wiz)/ ey (11 T ik/ wik)'

Then by definition of the transition function, both é(w;,, R) = L and é(w,,a;) = L,
which contradicts the assumption (Ty, r) is a run.

Proof of (¢): By contradiction, assume that there exists an infinite path a;, - - - wj, - - - in
A2, such that for each j > 2, V(i1 - - -i;) # S. Now, since (T, r) is a run of A over
T, there must exist an infinite path 77 in T; of the form

(el qo)/ (el Qf); (i],(xil), (iliZI wiz)/ sy (11 e Z]/ wij)/ e

Since inf(7t) N {y1,...,Yn,} = @ we obtain a contradiction with the assumption
that (Ty, r) is an accepting run. Therefore, let d > 2 be the depth of S, i.e., for each
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Ay Wi € A2, for some j < d, V(iy---i;) = S. The finite set D, is given by
{ailwiz Wiy, € Auz}.

Next, we show there exists a 2-homomorphism from U] to Z/IZD by constructing that
h. By induction of k, we build #(cuy, - - - u;,) for each cuy, - - - uy, € AU

Base of induction. First, in T, there must exist a path (€,qo), (€¢,4y), and as Ty is a
run, for some i, ¢ = a;, hence this path continues with (i, yo) (and the current path is
(€,90), (€,qn), (i,7v0)). Then, 5(7o,8;) is satisfied, which means that T;, = T and, in
turn, 41 (c) C ££2(a;), so we can set f1(c) = a;.

Inductive step. Assume / is defined for each path of length k + 1 in A1, k > 0, let
cup, -+ Uy, € AU (uy, denotes c), and h(cuy, - - - uy) = aj,wj, - - - wj, and assume the
current path 77 in T; is of the form

(el 110); (el Qh), (iOI ’)/0)/ (xl 11)*/ ey (ZO te il’/ ’)/k)/

where (x,q)* denotes a finite (possibly empty) sequence of tuples (x,¢q) with x €
{1,...,n}*and g € {')q,)(l,Kf |1 <1 <m1<i<n,}. Then §(yx w;) (recall,
thatip - - -i, € T is labeled with w; ) is satisfied. Now, let uj, ~>ic, wy, . Ifu;, > uy,
then at least one of the formulas

up U .
Y = ow,,w’}“ A Vior)s for w;, ~x, w; (w;, denotes a;,),
up My i .
Wy = Pa,vg,aikﬂ A (—1,K;k+1), ifr =0,
Uy mp .
1 =y, A (=1m,), ifr>0,
. . . . . up U
is satisfied. Assume 1; is satisfied for some j € {1,..., 7y }: then pwi"r,w?“ = T, hence

rg] (up,uy,,) C rgz(wir, wj), and the run is continued with (io - - - ,/, 7y, , ). Moreover,

=\ . My : G G
(5('ylk+l,w]') is satisfied, so T, = T,ie, tJ (”lkﬂ) Cty (w]) Therefore, we can set
h(cuy, - - - uy,,,) to be equal to a; w;, - - - w;, W;.

. . . up up
In the case r = 0 and ; is satisfied for some i € {1,...,n,}, we have that pai(’]‘,gi"*1 =

T, hence rgl (uy,uy,,) € rgz (ai,,a;), and the run is continued with (e, ka+1), (Y1)

u
Moreover, 6(7;,,,,@;) is satisfied, so Tailk“ =T,ie, tgl(ulm) - tgz(ai). Therefore,
we can set hi(cuy, - - - uy,, ) to be equal to a;.

Alternatively, if for » > 0, 1_1 is satisfied, it follows that ;ﬁi{;’”lm = T,hence {R™ |

R e rgl(ulk,ulkﬂ)} C rgz(wirfl,wi,), and the run is continued with (io - - - 7,1, 7y, )-

u
Moreover, (., W;,_, ) is satisfied, so wa.fi =T,ie, tgl (ug,.,) € tgz(wirfl). There-

fore, we can set h(cuy, - - - uy,, ) to be equal to a; w;, - - - w;,_,. It concludes the induc-
tive step for the case uj, —>uy, ;.
Consider now, u -5 >y, ,,. Then the run continues with (i1 - - - iy, xy, ). Let

(X1, Xtgoa ) -0 (X Xt ) (X5, Vi)

be a continuation of the current path 77 - (i - - - iy, Xy,,,) in Ty, and x; = jo - - - js. Then

N . u G G . U
O(V1y,, W) is satisfied, so 7, ' = T, and 5 (uy,,, ) C 57 (wy,). Since vy (cuy, - - - uy,

cuy, - -uy,,) = @, we can set h(cuy, - - - uy,, ) to be equal to aj wj, - - - wj,.

Note that the runs considered in the induction never visit a node labeled with S, other-
wise it contradicts the definition of a run. Therefore, in such a manner, we can define /, a
2-homomorphism from U] to Z/{ZD ¢, A X-homomorphism from 4, to L[ZD for D = . D,

is defined as the union of & for each ¢ € Ind(K7). O
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The following examples explain how the algorithm for checking the existence of a
universal solution with extended ABoxes, which is based on the automata construction
described above, works.

Example 5.3.7. Consider M and K; from Example 4.1.9, i.e., M = (£1,%p, T12),
where X1 = {A(-),R(+,-),S(-,)}, 2o = {Q(+,)},and T, = {RC Q,S C Q},
and IC1 = (71, A1), where A; = {A(a),S(a,a)} and T; = {A C 3R, 3R~ C JR}.

So we construct automaton A, for K, K’ and X, where I = (T U T1p, A1), K' = K
and & = X,. Moreover, Ind(K') = {a1}, Wit(K') = {w1} and Wit(K) = {u1},
where a1 = a, wq, = wg, and #7; = wg. Thus n = 1 and A, accepts trees of the form
({1}*,V)and V € {R, S, a1, w; } with the set of accepting states F = {1 }.

Below we depict a tree T € L(A,) with an accepting run over T which starts in €y
with r(e;) = (€, 90).

From T we can extract an ABox A, = {Q(a,a),Q(a,n1.1)}, which is also a (non-
minimal) universal solution for /C; under M. n

Example 5.3.8. Consider mapping M = (¥1,%5, 712), and source TBox 77 and ABox
A1, where

% ={P(,), Q(), T(~+), S(,+), R(, )}, Za={S"(,), R'(,)},
Ti2={QCS,PCR,SCS, RCR},

Ar = {3T(a), 3Q(a), P(a,a)},

T ={3T-C3S, 35" C 3R, IR~ C IR}.

The projection of U, 7;,,.4,) Over X is shown below:
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We construct automaton A, for K1, Ky and X, where K1 = (71 U Tia, A1), Ko =
K1,and X = X». Then |nd(/C2) = {al}, Wit(lCz) = {wl, wy, W3, ZU4} and Wit(lCl) =
{uq,up, u3, us}, where a; = a, and

w1 =U =Wg, W2 =1Ux =W, W3=1MU3=Ws, Wg=Uq= WR.

Thus n = 4, so A, accepts trees of the form ({1,...,4}*, V),V € {R, S, a1, w1, wy, w3, w4},
and the set of accepting states F = {1, 72,73, V4 }-
Then we check for non-emptiness of A,. It turns out to be non-empty, so below
we depict a tree T € L(A,;) with an accepting run over T which starts in €; with
r(ex) = (€,qo). Here, the nodes of T that are never visited by A, are depicted in gray
as they are not relevant.

From T we can extract a universal solution

A> ={R(a,a), S~ (a,n1.1), S'(n1.2,m1.23), R'(n1.2.3,M1.2.3.4) }

for KC1 under M. Observe that A, is not a minimal universal solution for C; under M.
Instead, a tree T’ and a run that correspond to the minimal universal solution A/}, =
{R'(a,a), S'(a,n1.1)} can be depicted as follows:




5.4 UNIVERSAL SOLUTIONS IN DL-LITERpFS

It is well known that the non-emptiness problem for 2ATA is solvable in EXPTIME.
Then, since the automaton A, we constructed above is of polynomial size, summing up,
we get:

Theorem 5.3.9. The non-emptiness problem for extended universal solutions is PSPACE-
hard and in EXPTIME.For a given mapping M and a given KB K1, if a universal solu-
tion Aj exists, then it is at most exponentially large in the size of K1 U M.

5.4 UNIVERSAL SOLUTIONS IN DL-LITERDFES

The differences of DL-Litegprs with DL-Liter is that DL-Litegprs axioms cannot have
either existential quantification, or negated concepts or roles on the right-hand side. It
implies that for a DL-Litegprs KB I = (T, .A), the canonical model Uy of K is, first,
finite, and, second, AY< consists only of the constants in 4, hence |Ux | is polynomial
in the size of K. Then, for each DL-Literprs mapping M = (X1,%5, T12) and each
DL-Litezprs KB KCp over X4, Ky is trivially X,-safe with respect to M, therefore, by
Lemma 5.1.6 it follows that there exists a universal solution for 1 under M, and it is
polynomially large in the size of X1 U M. Thus, we obtain a trivial complexity bound
for the non-emptiness problem for universal solutions in DL-Literprs, independently of
whether simple or extended ABoxes are allowed in the target.

Theorem 5.4.1. In DL-Liteyprs, the non-emptiness problem for universal solutions is in
TRIVIAL.

Let us turn now to the membership problem. By Lemma 5.1.2 and by the way homo-
morphisms are defined on constants, it follows that a simple target ABox A, is a uni-
versal solution for a source KB K1 = (77, A1) under a mapping M = (X1, %, T12) if
and only if U 4, agrees with U (7,7, 4,) on concepts and roles from Y. The latter can
be checked very efficiently, so we obtain the following complexity bound.

Theorem 5.4.2. In DL-Liteyprs, the membership problem for simple universal solutions
is NLOGSPACE-complete.

Proof. We show the lower bound by reduction from the reachability problem in directed
graphs. O

As for the membership problem with extended ABoxes, clearly the upper bound is
inherited from the same problem in DL-Liter. To see that the lower bound applies as
well, observe that in the reduction from the 3-colorability problem to show that the
membership problem with extended ABoxes is NP-hard we use only role inclusions,
hence the instance of KB exchange problem we construct is in DL-Litegprs. The theorem
below is a straightforward corollary of Theorem 5.3.3.

Theorem 5.4.3. In DL-Liteyprs, the membership problem for extended universal solu-
tions is NP-complete.
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REASONING ABOUT UNIVERSAL
UCQ-SOLUTIONS

In this chapter, we study universal UCQ-solutions. First in Section 6.1 we present a
characterization of universal UCQ-solutions involving finite homomorphisms. Then in
Section 6.2 we investigate universal UCQ-solutions with simple ABoxes in the target,
and in Section 6.3 we investigate universal UCQ-solutions with extended ABoxes in the
target. For the latter we essentially provide a PSPACE lower bound for the non-emptiness
problem. We conclude with a complete picture for universal UCQ-solutions in the case
of DL-Literprs in Section 6.4, which coincides with the complexity of universal solutions
in DL-Literpys.

6.1 CHARACTERIZATION OF UNIVERSAL UCQ-SOLUTIONS

We start with a lemma that shows that the canonical model can be used for checking
certain answers to UCQs.

Lemma 6.1.1. Let IC be a consistent KB, q(X) a UCQ and @ C N, a tuple of constants.
Then it holds K |= q[d] iff Ux = qld].

Proof. (=) Assume K = g[d]. Then for each model Z of K, we have that Z |= g[d].
Since Uy is a model of K, it follows Uy = qld].

(<) Let U = q[d], moreover assume @ = (ay,...,ax) for a; € N,, and q(X) =
... Fym@p(x1, ..., Xk, Y1, - - -, Ym)- Then it follows that there exist 01,...,0, €
AYx such that Uy = Play, ..., a5, 01,...,0m).

Let Z be a model of K, we show that Z |= g[d]. By Theorem 2.1.5, there exists a
homomorphism / from Uy to Z. Then it is easy to see that

T ¢lar,...,a,h(o0), ..., h(ow)].
As 7 was an arbitrary model of /C, it follows that K |= g[d]. O

Then we define the notion of X-query entailment studied in [77] that generalizes the
concept of UCQ-solutions.

Definition 6.1.2. Let K1 and Ky be KBs, and % a signature. Then, K1 X-query entails
ICy if for each UCQ g over L,

cert(q, ICa) C cert(q, Kq).
Moreover, K1 and Ky are X-query equivalent, if they X-query entail each other.

It is well known that homomorphisms preserve answers to UCQs [72, 1], in particular,
if Uy, is X-homomorphically embeddable into U/, , then Ky X-entails Cp. However, it
is not a necessary condition, as demonstrated by the following example.
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Example 6.1.3. Consider ¥ = {R(-,-), S(+,-)}, and K1 = (71, {3T(a)}) and K, =
(T2,{3Q(a)}), where Ty = {37~ C 3T, 3T C3S, TC R }and T2 = {3Q" C

JR, 3R~ C 3R, 3R~ C 3S}. Then one can notice that K1 X-query entails K even
though Uj, is not Z-homomorphically embeddable into U, .

o Ws o Wg o Wg wWs o wWs o wWs o

AV B

wo R wr R wr R wg R~ wy R~ wr R~ wr
Ui Uk

ae----

2 1

The example above suggests that for a characterization of 2-query entailment one has
to consider finite X-homomorphisms. Here, given interpretations Z and 7, we say Z is
finitely Y.-homomorphically embeddable into 7 , if for every finite sub-interpretation Z’
of Z, there exists a X-homomorphism from 7’ to J .

Lemma 6.1.4 ([77]). Let K1 = (T1, A1) and Ky = (T2, Az) be consistent KBs with
the corresponding canonical models Uy and Uy, and T a signature. Then K1 Z-query
entails ICy iff Uy is finitely X-homomorphically embeddable into U;.

Proof. (=) Assume K1 X-query entails /Co. Let D be a finite subset of A“2 such that
D = {a,...,ar,01,...,0m} with a; € Ind(A;). Consider a CQ g = Jy; ... Iym.¢,
where fori,i’ € {1,...,k} andj,j € {1,...,m}

¢ = /\ A(ai> A /\ R(ai/ﬂi’) A /\ R(”i/yj) A

Aetgz(ai) Rergz (aj,ay) Rer;{2 (ai,0))
A Ay A AN Ryyy)
At (o) ReX? (oj,0)

Clearly, Uy |= q,asUy |= ¢[on, ..., 0m). Then using Lemma 6.1.1, we obtain that U, |=
g, therefore for some o7,...,05, € AN, Uy = ¢[o],...,00,]. We define a function
h: D — A" as h(a;) = (a;) and h(0;) = o!. This function is a homomorphism:
it maps every constant to itself, and from Uy = ¢[o7,...,0;,] it follows that for each
d,d e D, t2(d) C ¢4 (h(d)) and ¥2(d,d’) C #4(d,d")

(<) Assume U, is finitely 2-homomorphically embeddable into U4;. Let g4 be a X-
query such that 'y = g and g = 3y, ..., Jym.¢, where ¢ is a conjunction of atoms
over constants ay, . . ., a4 and variables y1, ..., yy. Then Uy |= @0y, ..., 0] for some
o € A" Let D = {ay,...,a;,01,...,0} and h a £-homomorphism from Z/IZD to At
with hi(a;) = a; fori =1, ..., k. By definition of homomorphism, we have that for each
concept A over Zand d € D, ifd € AY2, then h(d) € AU and for each role R over %
and d,d’ € D,if (d,d") € R*, then (h(d),h(d’)) € R“1. Which in turns implies that
Uy = ¢[h(oy), ..., h(owm)], hence, K1 = g. O

As a corollary of the lemma above, we obtain a characterization of universal UCQ-
solutions.

Corollary 6.1.5. A KB C; over ¥ is a universal UCQ-solution fora KB K1 = (T, A1)
under a mapping M = (X1, %X, Tro) iff Uk, is finitely Xo-homomorphically equivalent
10 UiT,uTsa), Ar-
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6.2 UNIVERSAL UCQ-SOLUTIONS WITH SIMPLE ABOXES

In this section we study the membership

and non-emptiness problems for universal no-empriness
UCQ-solutions with simple ABoxes. Sec-
tion 6.2.1 is dedicated to the membership
problem, for which we provide a PSPACE
lower bound and develop an EXPTIME al-
gorithm based on an involved reduction to
reachability games. In Section 6.2.2, we
show how to solve the non-emptiness prob-
lem in EXPTIME using the algorithm de-
vised for the membership problem.

membership

universal UCQ-solution

6.2.1 The membership problem

We start by showing that reasoning about universal UCQ-solutions is harder than rea-
soning about universal solutions, which can be explained by the fact that TBoxes have
bigger impact on the structure of universal UCQ-solutions rather than of universal so-
lutions. In fact, by using a reduction from the validity problem for quantified Boolean
formulas, similar to a reduction in [77], we are able to prove the following:

Theorem 6.2.1. The membership problem for universal UCQ-solutions is PSPACE-
hard.

Proof. The proof is by reduction of the validity problem for quantified Boolean formu-
las, known to be PSPACE-complete. Suppose we are given a QBF

m
¢ =QX1...QuXy \ G
j=1
where Q; € {V,3} and C;, 1 < j < m, are clauses over the variables X;, 1 < i < n.
Let % = {A, Y5, XK, S, T, QN PER |1 <j<m1<i<n0<I<nke
{0,1}} where A, Yl.k, Xf»‘ are concept names and the rest are role names. Let 77 be the
following TBox over ¥4 for1 <j<m,1 <i<mandk € {0,1}:

AC3S;, 357,C3QF ifQ =V QFCs; J(QH-C vk
3s;,C3S ifQ=3 35, C3R; IR; E 3R,

AC3T, 3T, C3PF XY C IR, if =X; € C

PFCT, 3(PF)- C Xk X! CIR; if X; € G

and A1 = {A(a)}. /
Further, let £, = {A’, Z?, Zil, s, R;-, Pz-k , T/} where A’, ZZQ, Zl-1 are concept names

and S, R, Pl-kl, T, R;-I are role names, M = (X1,X,, T12), and 71 the following set of
inclusions:
ACA scCS  YfCzZE RCR Pk C P
,ES XfCzf TERS  TCT
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Finally, let Ay = {A’(a)}, and 7, the following target TBox for 1 < j < m,
1<i<nandk € {0,1}:

A'CIT) 3T, C3PF 70 C 3R] if =X; € G
/ // o .

PFC T I(PF)-CzZk Z} CIR! if X; € G
T CS T/CR; 3R, C3R

We verify that = ¢ if and only if (73,.A,) is a universal UCQ-solution for K3 =
(T1, A1) under M. Due to Corollary 6.1.5, it suffices to show that = ¢ iff U7 7, 4,
is finitely 2;>-homomorphically equivalent to U7, 4,). The rest of the proof is similar to
Lemma 5.3.4. O

We illustrate the reduction by an example.

Example 6.2.2. For ¢ = 3X1VX,3X;3(X; A (X2 V —=X3)), the projection over Xy of
U(Tlule, A;) and L{<7—2’ Aj,) can be depicted as in Figure 11a and Figure 11b, respectively.
Here each edge —— is labeled with S’, each edge - -» is labeled with S, R;-f for

e A
... R
1
;g),o>o
!
- R,
o
Ri / o
?ygzzzao
. R. o
2
= J
A’ &4
e N R
! \\ \\ 0
R, T~ O¢—————=v0 Z4
\ \\ Zo —7°=:—-__ 1
\ \Jl P Zg ;°Z3
\ o<
/ ~
R2 \\ ~3° ‘_—_ﬁozg
Y \ //“---_ 1
RZ \\ Z% 9°Z3
! \
R \ e 2
v71 —7°‘——___9 Z‘l
R’l °(—°\41 -7 Z(ZJ ° /3
o<
R - o 70
P ‘o=::___ 1
“RZ Z; ;023
= J

s N
Rlz 0 o ___Tvvzg
50==Z0
Z1 _ - 0 ‘902%
, 9% ZZ
..R — - —o 70
2 . , Tso==zzIl Z?
“RZ = Z] —;023
R/ A .:61 : ZU
2 s~ 71 ao::Z:::‘:v Z?
- R} o<—0\\4°]:,—" 79 ° 43
Ry o0 70
o= T 5
~“R, 71 TT=s0 Z)
N 2 J
O U T, 45)-

Figure 11: Ui, 7y, 4,y and Uip 4,y for ¢ = IXqVXo3X5(Xq A (X2 V —X3)).
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1 <j < m,and Pl.k’, Tl.’ if its end is labeled with Zl’f, and the labels of edges — are
shown to the left of each infinite and finite path. The labels of the nodes (if any) are
shown next to each node.

Since ¢ is valid, it follows that (7,.47) is a universal UCQ-solution for Ky under
M. In fact, U7, 4,) is Zp-homomorphically equivalent to U7, 75, 4,)- n

Next we provide an upper bound for the membership problem for universal UCQ-
solutions with simple ABoxes. In the following given KBs K1 and K, and a signa-
ture X, we are going to develop an algorithm for checking whether Uy, is finitely -
homomorphically embeddable into {fc,, based on a reduction to infinite games, which
extends the reduction in Section 5.2 from the universal models of ABoxes (i.e., the graph
of constants) to the universal models of KBs (i.e., possibly infinite forests hanging from
the graph of constants). Let G; with AY% = Ind(KC;) U Wit(K;) be the generating model
and U; the canonical model of K;. Moreover, let Tgf(u, v) contain the inverses of the
roles in 1y’ (1, v). We begin with a very simple extension of the game G§.(Gx, Unx).

INFINITE GAME Gy (G1,Uy) s a pair (G;, F;), where G; is the game graph, and F;
is the set of states that Spoiler wants to reach.

The game graph G; = (S, D, T) has the set of states of the kind (1 — ) and (¢, u ~~u'),

where 1,1’ € A% and o € AU,

* S consists of the states (1 — o) with tgl (u) C tgz (0)ando = uifu € Ind(Kq);
intuitively, such states represent a mapping of § € AYt with tail(6) = u to
0. Given this partial homomorphism, Spoiler can decide to challenge Duplicator
with one of the successors 1’ of # in G .

* D consists of the states (o, u ~> u’) with u ~», 1" such that u < u'; these states
represent “challenges” that Duplicator must address by finding in I/, a neighbor
o’ of ¢ so that the “challenged” edge (9, J - u") of U can be “mapped” to (¢, o).

Therefore, the transitions between S and D, forming T, are defined as the union of:

s ((u—0), (o, u~>u')),and
« (o, u~>u'), (u'+0")) whenever g (u,u') C 152(c, o).

Notice that the size of G is O(|G1| x |Uz]).
The set F;, which is the set of states that Spoiler wants to reach, is given by the
duplicating states that are “dead ends”, i.e.,

F={(c,u~u)|(W—0c) ¢S or tg(uu') ¢ 2(c,d’),forall o’ € A%},

The game Gy, (G1,U>) proceeds slightly differently from G, (Gx, U 4). Foreachn > 1
and ug € Agl, Duplicator tries to construct a 2X:-homomorphism from Z/Ilu 0" to Uy, where
Z/llu " is a subinterpretation of {; such that there exists 6y € At with tail(6o) = uo,
and & = 8y - ¢’ and len(d’) < n, for each § € AU At the same time, Spoiler at-
tempts to fail him by finding a path in U7 that does not have a homomorphic image in
Uy, given the partial homomorphism constructed so far. Thus, Spoiler starts in a state
s0 = (1o +—> 0p) for some oy with 1y = 0y if ug € Ind(Ky1), which corresponds to set-
ting the homomorphic image of 1 to 0y, and in each his turn chooses a successor ;1
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of u; in Gy: the “challenge” represented by the state (o;, #; ~> #;11). Then Duplicator
tries to find ;11 € A2 that could be the image of the “challenged” node ug - - - #; 1,
which gives the next Spoiler’s state (u;,1+ 0j.1). Duplicator loses if at some point
he cannot find where to map the challenged node, i.e., the game reached a dead-end of
Duplicator: (o;, u; ~ ;1) € F;. Otherwise, they can reach a dead-end of Spoiler, or
continue until the n-th successor of g, hence Duplicator wins.

Therefore, for an ordinal A < w, we say that Duplicator has a A-winning strategy
from sy = (ug > 0p) in the game Gy,(G1,Uy) if, for i < A and every play

(u() I—)(To), ((70, Uug ~> ul), ceey (ui —> 0'1‘), ((Ti, Ui~ M,‘_H)

conform with this strategy, (o;, #; ~ u;;1) is not a dead-end of Duplicator.

We prove that verifying whether {4; can be finitely >-homomorphically mapped to {£,
reduces to checking whether Duplicator has a n-winning strategy in Gy,(Gy,Us) from
some state 5§ = (1 > 09).

Lemma 6.2.3. Let K1 and ICy be KBs with the universal models Uy and U, respectively,
G1 the generating model of K1, and . a signature. Then Uy is finitely ¥.-homomorphically
embeddable into Uy iff

(ABOX) 15 (a,b) C ¥2(a,b), forall a,b € Ind(Ky);

(WIN) foreachugy € A% and n < w there exists 00 € A2 such that
Duplicator has an n-winning strategy in Gz (G1,Us) from s§ = (g — 09).

Proof. (=) Suppose Uj is finitely X-homomorphically embeddable into U,. Then (abox)
holds by definition of X-homomorphism. To show that (win) holds, suppose 1y € A%

and n < w are given. Take a sub-interpretation Z/llu " of U, that contains S, for some

(say, the shortest) word J, and all elements of AYt whose distance from Juq does not ex-
ceed n. Let hi: Uy"™" — Uy be a X-homomorphism. Take 0y = h (1) then (ug+— 0p)

is a state in the game Gy (G1,U>). We show that Duplicator has an n-winning strategy

in Gy (G1,Uy) from (g +— 0p). Suppose Spoiler moves to (o, ug ~~ t1). Then duguy

is an element of ¢/,*", and Duplicator can respond with o5 = h(éuguy). Note that

(uy — 07) is a state in Gy (G1,U>) because h is a -homomorphism. In such a manner,

Duplicator can use / to respond to each challenge (o;, #; ~> 1 1) with 0 < i < n.

(<=) Let U] be a sub-interpretation of {41 containing 1 elements or U itself if such
a sub-interpretation does not exist. Consider first the case when U] is a tree with the
root dug for some 1y € AY. We define, by induction, a X.-homomorphism Uy — U
as follows. Take an n-winning strategy for Duplicator in the game Gy, (G1,Uy) starting
from a suitable state (19 +—> 0p) and set h(dug) = 0p. Suppose now that duyg . . . uy is
an element of Z/Il’ such that whenever u; <> ... 5> Uuj for some 0 < i < j < k there is
aplay (u; > 0;), (05, tj ~ jy1),. .., (uj— 0;), which conforms with some n-winning
strategy. Assume uy_1 5 U, then (oy_1, Ux_1 ~> ) is a valid challenge for Duplica-
tor in some n-winning strategy from the state (u;_q+> 0x_1) and consider the reply
(uy — 0%) of Duplicator: we set h(dug...u;) = ox. By construction of Gy (G1,Us),
we have that /1 is a Z-homomorphism. If however uy_1 -5 >u for each u € A9 such that
Ug_1 ~rc, U, then we can set h(dug ... ug) = o', where ¢’ € A2 is such that there is
an n-winning strategy in Gy (G1, Uz ) from (uy — o) (such ¢’ exists by (win)).

An arbitrary finite sub-interpretation of /] can be represented as a union of finitely
many maximal trees in which ABox individuals can only be roots. Let /1 be the union
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of the corresponding >-homomorphisms for all these sub-trees. In view of (abox), h is
a 2-homomorphism. O

The following two examples illustrate the reduction, moreover we discuss the type of
homomorphisms and games in each of the cases.

Example 6.2.4. Suppose ¥ = {R,S}, K1 = (71, A1) and K, = (73, Ay), where
71 = {3R- C 3R, 38~ C 35S, 3S~ C IR}, A1 = {IR(a), 3S(a)}, and T, =
{3IT- C3T,3T-C3IQ, TCLS, TE R, QC R}, Ay ={R(a,a), 3T(a)}. The
(projections of the) canonical models I/ and U4, look as follows:

ae a e R
2 JoF
WR o o Ws R _o° Wr
1% 1%\5 wQ o/lS,R
WR © WR o o Wsg R o Wr
5 5 wQ o/'
Z/[] MZ

and it is easy to see that (41 is (finitely) £-homomorphically embeddable into {4;. Such a
homomorphism “starts” in a, then “goes down” (i.e., forward) the tree U, to awr - - - wr,
next “goes up” (i.e., backward) to 4, and finally, “stays” in a. The corresponding game
graph of Gy, (G1, Uy ) is shown in the picture below. Here, the moves of Spoiler are shown
in red color, and the moves of Duplicator are shown in blue color.

e
7, WR ~> WR 0, 0~ Wg

WR +— AWt Wg — awT
awr, WR ~ ZU/D

=)

qur, Wg ~ wR)

| WR = AWTWQ |

| WR — AWTWT |

awrwr, WR ~* WR awTwg, WR ~* WR awrwr, Ws ~> WR
WR = AWTWTWQ Wg = AWTWTWT
aWTwWTwWg, WR ~> WR Gwﬂuruq, wg ~> ?U@ Qwﬂurwr, Wg ~> wg)

WR — AWTWTWTWQ

(@wTwTszuQ, WR ~ wR))

)

<—I<_

Observe that Duplicator has an n-winning strategy from (a — a) in Gx(G1,U>) for each
n > 1. He has no n-winning strategy, however, from (wg — awrwg) forn > 1. [

In the example above, the winning Duplicator strategy from (a — a) follows the pat-
tern of the homomorphism. We call such strategies start-bounded: a strategy for Dupli-
cator in the game Gy, (G1, Uy ) starting from a state (ug — 0y) is start-bounded if it never
leads to (u; — 0;) such that 0y = o;w, for some w and i > 0. In other words, Duplicator
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cannot use those elements of U, that are located closer to the ABox than op; the ABox
individuals in U can only be used if op € Ind(Ky).

Example 6.2.5. Consider the (projections over X of the) canonical models {4 and U
depicted as follows:

wil\o 10
. ous U7 8% v 58 W, W s ws
R W Tl_l \ w1 o. o Wy .
e jus % ¢ / \I\Tl )
= w
U3 o \ Wi l\o Si| oUe 1Y o W3 e &5
o Uy Uy o v Ug o o W iQ
Wl 77| ] : 1 s Ws
sus Ugo R o Wy 5
Wy 0 Sl’l o Ug Q
7 Ug o o Ws
T o Ug Q
ug o \(/2 o W5
syl 6 ue
Ug o :
U ) U

One can see that U/ is finitely X-homomorphically embeddable into U4,. In particular,
forn = 1,2, a ¥-homomorphism from Lllul’" to Uy maps auq to awiwy; for n = 3,4,
the element auq can be mapped to aw,wwwy; for n = 5, 6, the element auq can be
mapped to awqwywiworw, Wy, and so on.
Thus, if we view homomorphism as wrapping a wire ({/;) around a tree ((/2), then a
Y-homomorphism from lelu 16 1o U can be depicted as follows:
R

a
U3 0 s—H— |

o

U

The homomorphism in this case has a different pattern from the previous example: it
starts in awywy - - - w1wWo, then goes up and eventually “reaches” a; on the way it also



6.2 UNIVERSAL UCQ-SOLUTIONS WITH SIMPLE ABOXES

“forks” to go both down and up. Note that when going up, some elements are mapped
to the image of their predecessor (aujusususuyug), and some elements are mapped to
the image of other elements that “started” going up “earlier” (auqupussuyugi).

The corresponding game graph of Gy (G1,U>) can be partially depicted as follows.

Uz ~ U

Ll
Uz +—a Ugr—a

ug ~ Ug

*

Up — awq ug— aw;q

U1 > AW Wy Uy > AW w3 Uy — AW W3

Us —> AW W3 Wy

L4
Uz — Aw1wy Ug —r AW W2

ug ~ Ug

| 1y — awjwywy Ug — AW W W g —> AW W3W4W5

U1 = AW W w1 w7 Uy — AW W W W3 Uy — AW W W1 W3 Ue —> AW W3W4W5Ws5

Uy ~> Us

Us = AW W W1 W3 W4
Ug > AW W W W3W4W5

Tl ~ 1lg

Ug > AW W W W3 W4W5Ws5

Here to save space, since the choices for mapping the elements of AUt are always unique,
we depict the graph slightly differently as usual: the duplicating states are shown as
labels on the transitions, and the ¢ component is omitted. Observe that in the game
Gx(G1,Ur), Duplicator has an n-winning strategy from 5% = (U — awiwy) forn =
1,2; fromﬁ% = (uy — awywywiwy ) forn = 3,4; fr0m58 = (uq — awwrwWrw Wy )
forn = 5,6, and so on. [

One can see that the winning Duplicator strategy from (11 — aw;wowwowiw;) in
the example above follows the pattern of the homomorphism as well. This strategy in
Gx(G1,U,) is the most general one, and it is composed of one backward strategy and a
number of start-bounded strategies. A A-strategy for Duplicator in the game Gy (G1, Us)
starting from a state (1o — 09) is called backward if for every play

(10— 09), (00, uo~>u1), ..., (Ui—1 > 0i_1)

with i — 1 < A that conforms with this strategy, and every challenge (o;_1, t; 1~ u;)
by Spoiler, the response ¢; of Duplicator is the immediate predecessor of ¢;_1 in Uy,
ie., 0;_1 = oyw, for some w € AY (Duplicator loses in case 0;_; € Ind(K3)).
Note that, since U is tree-shaped, the response of Duplicator to any other challenge
(0;-1, Uj—1 ~» ;) must be the same 0.

Unfortunately, characterization in Lemma 6.2.3 does not provide an algorithm for
checking finite X-homomorphisms, as in general, the game graph of Gy (G1,U>) is infi-
nite. To deal with that, in the following, we are going to define two games “played” on
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the generating models G; and G,. The main idea of these games is that every element of
A2 is “visited” only once. First, we define so called start-bounded games that capture
homomorphisms as in Example 6.2.4 and cover start-bounded strategies in Gy, (G1,Uy).
Then, we define finite games that capture arbitrary homomorphisms as in Example 6.2.5
and cover arbitrary Duplicator strategies in Gy (G1,Ua).

START-BOUNDED GAME G3,(G1,G2) isapair (G, F).
The game graph G = (S, D, T) has the set of states of the kind (T, Z+ x) and
(2,x, u~>u'), where E,T C A9, B£Q, uu' € A%, and x € A%,

* S consists of the states (T, Z+> x) with tgl (u) C tgz (x) for each u € E, and
x = uifu € ENInd(K1). Intuitively, Z is the set of u that Duplicator “guessed”
should be mapped to x. Note that I stores previously mapped elements of AY!,
which are used by Spoiler to choose valid challenges.

* D consists of the states (Z,x, u~>u’) withu € B, u ~>x, 1’ such that u —~>u'.
Intuitively, such states represent challenges that Duplicator has to address. Note
that E and x store relevant information used by Duplicator to choose a response.

The transitions in T are defined as:
* ((r, 2—x), (8x, u~>u')) whenever the following condition is satisfied:
(NBK) if u/ € T and x ¢ Ind(K3), then rgl(u,u’) Z i‘gz(z,x) for some
z € A% such that z ~ ., x
In particular, if u’ € T, x ¢ Ind(K;), and rgl (u,u") C i'gz (z,x), it means that

has been “already” mapped to the predecessor of x, so it is not a valid challenge.

o foru’ € & and rgl (u,u’") C rgz(x, x'),
((g,x, u~u'), (8, & x')) whenever x ~>x, x’, and
((g,x, u~u'), (0, '+ x")) whenever x,x” € Ind(K>).
Observe that because of condition (nbk) Duplicator moves only “forward” in Gy,
but has to guess appropriate sets Z’ in advance.

Notice that the size of G is 20(911x1%2[).
As usual, the set Ff consists of the states from D that are “dead ends”.

Example 6.2.6. Consider KBs K1 and K, from Example 6.2.4. Then a part of the game
graph of G§ (G, G2) can be depicted as in the picture below. Again, the duplicating
states are shown as labels on the transitions, with the first two components omitted.

RATmED {a e

@~ WR) @~ wy)

TUS
UR (WR ~> WR)

|{ﬂ}/ {wl<}’_>ﬂ| |{a}, {wg}»—>wT|

| {a,wr}, {wr} r—>a| | {a,wr}, {ws,wR} = wr | /
N V!
= w. w
3 S {wr}, {wr}—a S =R [ ws}, {ws} — wr
~
#
| {ws, w}, {ws, wr} — wr | > .

{ws}, {wR} — Wo

WR ~ WR

[ {wr), {wR}HaI
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Observe that Duplicator has an w-winning strategy from (@, {a, wg} — a) in game
G$.(G1, G2). He has no w-winning strategy, however, from (@, {a} — a). Note the cru-
cial guesses {4, wg} + a and {ws, wr} — wr in the former case. If the game started
in (@, {a}+> a) or Duplicator responded with ({a,wr}, {ws}+ wr) (and failed to
guess that wgr must also be mapped to wr), then after the challenge wg ~» wgr and
response ({ws}, {wr}+— wq), Spoiler would challenge with wg ~» wg, to which Du-
plicator could not respond. ]

FINITE GAME Gy (G1,G2) isapair (Gy, Fy).
The game graph G¢ = (S, D, T) has the set of states of the kind (E+ x, ¥), and
(x, E~V¥), where &, ¥ C A%, x € A%, and two special states loop and deadend.

* S consists of the states (Z +— x, ¥) with tgl(u) - tgz(x) foreachu € &, x =u
ifu € ENind(Ky), and ¥ C E. Note that ¥ contains the challenges that
should be mapped to the predecessor of x (i.e., continue going backwards), and
consequently, 2 \ ¥ contains the initial challenges in start-bounded games.

* D consists of the states (x, Z~~¥) with ¥ C E*, and the states loop, deadend,

where 2 = {u' € A9 | u ~x, W/, for some u € E}.
The transitions in T are defined as the union of:

* ((E~>x, ¥), loop) if Duplicator has an w-winning strategy from (@,
in the game G§ (G, G») with the initial challenges from & \ ¥,

(E—x¥), (v, E~Y)),
(x, E~Y), (E'—, ‘I”)) if'¥ C &, x" ~», xand rgl(u,u’) - fgz(x’,x),

> X)

* ((E~x, ¥), deadend) if Duplicator has no w-winning strategy from (@, E — x)
in the game G, (G1, G») with the initial challenges from &~ \ ¥, and

* (loop, loop).

Notice that the size of Gy is 20(G11x1G21)
As usual, the set Ff consists of the states from D that are “dead ends”.

The game Gy (G1, G2) proceeds as follows. For each uy € A9, Spoiler starts in a
state 59 = (Eo— xo, ¥o) with ug € Eo. In each his turn, if x; € Ind(K;), Spoiler
“launches” a start-bounded game G$,(G1,G») with the initial state (@, Z;+— x;) and
the initial challenges from E;”. Otherwise, if x; & Ind(K2), Spoiler chooses whether
to challenge the Duplicator with Y¥;, that is, to continue the game backwards, or to
“launch” a start-bounded game G3.(G1, o) with the initial state (@, &; — x;) and the
initial challenges from Z; \ '¥;. In the former case, Duplicator responds by choosing
a predecessor x;11 of x; and guessing a set Z;;1, ¥; C E;1, that should be mapped
to xj 1, moreover he guesses ¥;,1: which successors of of =; 1 should continue to be
mapped backwards. It gives the next Spoiler’s state (Z;,1 +— X1, ¥;;1). Finite games
make “calls” to start-bounded games when it is needed.

Example 6.2.7. Consider U/, and U, from Example 6.2.5. The parts of the game graphs
of Gs(G1,G2) and G3.(G1,G2) that belong to the winning region of Duplicator are
shown below.
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G (G1,G2)
Gs(G1,G2) > @, {ug, ug} — wy
/
{Ll3, “9} = wy, {up} // Ty ~> Uy
/
{us,uo} ~ {ur}) (Tug, ug) ~ {us, g} [ Auzus}, {us, uz} = ws
/
/ (g~ Us5)
{ua, ug} — w1, {us,uo} —> L,/
< y
~o - {ug,uzr}, {us} 1wy

fu} ~ {un} T *_;wu(

{ur} = wa, {ua} deadend {us}, {ue}— ws
{ug}, {ue}— ws

For u; € AY' the finite game starts in the state ({u} — wa, {u}), then Duplicator
responds to the challenge {11} ~» {uy} with the state ({up, ug} +— w1, {us, us}), thus
guesses that not only u5, but also ug should be mapped to w; and that the successor 14
of uy should be mapped according to the start-bounded strategy. At this point, Spoiler
can challenge Duplicator either with {uy, ug} ~» {u3, 19} or with {up, ug} ~> {uyg}.In
the first case the game continues according to the backward strategy, in the second case,
since Duplicator has an w-winning strategy from (@ — {u>, ug}, w1) in G3.(G1,G2)
(which can de determined in an external “call”), Spoiler moves to the state loop (hence
loses). In the game G, (G1, G») from (@ — {uy, ug}, w1 ) Duplicator does one important
guess, namely {uy, u7} — ws. n

Lemma 6.2.8. For each uy € A% and n < w there exists 0y € A2 such that Du-
plicator has an (arbitrary) n-winning strategy in Gx.(G1,Uy) from sj = (1o — 09) iff
Duplicator has an w-winning strategy in Gy.(G1,G2) from some state (Z¢+— xo, ¥o)
with ug € Ey.

Proof. (=) LetS = {S,, | n < w} be the set of the given n-winning strategies for
Duplicator in Gy (G1,U>) and suppose that S,, begins with (ug+— 0f), n < w.

We define a (possibly infinite) tree T whose nodes are of the form (u — z, k), where
u € A9, z is a suffix of some element in A%2, k < w, whose edges are labelled with
u ~ u', and the following conditions hold:

(1) the root of ¥ is of the form (uy +— w,0), w € A%;
(2) (1) C 2 (tail(2));

(3) for each node (u — z,k) in T and each u—>! 1/, there is exactly one (1 ~> u’)-
successor of (# — z,k) in T, which can be of the following forms:

(' — w, k+1),ifz=w, v <?w, and rgl(u,u/) C f%(w’,w);

u' 2w k), if z = Zw'w, W s*w, andrgl(u,u’) C 52(w, w);

('
(W' — zw', k), if z = 2w, w7 W, andrgl(u,u/) - rgz(w,w/);
('

w' —b,—1),ifz = a € Ind(Ky), b € Ind(Kz), and 1! (1, ') C 1¥2(a, b);

(4) foreach k > 0, if (u + w,k) and (1’ — w', k) are nodes in ¥ with w, w’ € A%,
then w = w'.
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(uz — wy, 4)

(ug — Wa, 4)

Ty ~ 13 e

[(ta w1, 9)] [(us w1, 9)]

| (g — wyws, 3) | | (u7 — wyws, 3) |

Ty ~ 13 TS g ~~ 5y (5~ 17

|(lA2Hw1, l)l |(u3n—>w1, l)l (L{5>—>ZU17U3'W4, 3)
il o
ST
:

Figure 12: The tree ¥ for the game in Example 6.2.5

We call a tree T complete if whenever a node (1 +— z,k) is in T and u—~>' 1’ then
some node (1’ +— 2/, k') is its (u ~> u’)-successor in T. Next, for S € S, we say that S
respects T if there exists amap fs: {(z,k) | (u > z,k) € T} — A2 such that:

1. fs(z,k) = éz, for some &;
2. (uw fs(z,k)) isin S, for each (u + z,k) in T;

3. if (u' — 2/, k') is a (u ~» u')-successor of (1 — z,k) in T, then according to S,
Duplicator responds to the challenge (fs(z,k), u ~>u") with (1’ — fs(z',k')).

It will be shown later that given a complete tree T we can construct an w-winning
strategy starting from some (Zg — xo, ¥o) in the game Gy (G1, G2). But first we show
how to construct such a tree ¥ using S.

The set S contains an n-winning strategy starting from (ug — of), for each n < w.
As G is finite, we can find some x( such that xy = tail(¢{) for infinitely many 7. De-
note by Sy the set of the corresponding strategies from S. As an m-winning strategy is
also an [-winning strategy for each I < m, Sg contains an n-winning strategy starting
from some (ug > 0"xg), for each n < w. Define ¥ to be a tree with a single node
(uo — x0,0). For every S € Sy, we set fs(xo,0) = dsxo, where dg is the correspond-
ing 6". Thus, all the strategies in Sg respect T.

Suppose we have already constructed ¥; and S; such that S; contains an n-winning
strategy for each n < w, and all of them respect T;. If T; is incomplete then it contains
a state (u > z,k) without a (u ~ u')-successor, for some u—>'u'. (We always
take such a state that is nearest to the root.) Suppose fs(z,k) = dsw. Consider the
responses (1’ — ™) to the challenge u ~~ 1’ according to the n-winning strategies in
S;, for n < . Take some w’' € A% such that w’ = tail(¢™) for infinitely many 7.
Denote by S; 1 the set of the corresponding strategies from S;.

Suppose w’ —»? w. If z = w then we add the node (1/ — w’, k+ 1) asa (u ~ u')-
successor of (# +— z,k) to T;, thus obtaining ¥;,1. By definition of the canonical
model, we also have ds = dsw’, for all S € S, 1. We then set fs(w', k+1) = ds.
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If |z| > 1then z = z'w'w and z'w’ is a suffix of Js. In this case, we add the node
(u' — Z'w', k) as a (u ~» u')-successor of (u — z,k) to T;, thus obtaining T;, 1, and
set fs (z’w’, k) =ds.

Suppose w % w'. In this case, we add (1’ — zw',k) as a (u ~ u')-successor of
(u +— z,k) to T;, thus obtaining ¥; 1, and set fs(zw', k) = dsww'.

Suppose w, w’' € Ind(K1) (hence, &5 is empty). In this case, we add (v’ — w’, —1)
as a (u ~» u')-successor of (u — z,k) to T;, obtaining T; 1, and set fs(w’, —1) = w'.

All S € S; 1 respect ¥;, 1, and it is easy to see that T;, 1 satisfies (4).

We proceed in the same way and construct a sequence of trees Ty C ¥; C ... until
we reach a complete finite tree Ty; otherwise we take T = |J,, ., Ty, which is obviously
complete. Thus, e.g., for the game in Example 6.2.5, the tree T looks as in Figure 12.

Now we show that Duplicator has an w-winning strategy starting from some state
(29 — x0, ¥o) in the game Gy (G1,G>). Suppose that we have a complete tree T with
the root (1 — xp,0). We set:

Eo={ul (u— x0,0) €T},
Py = {u' | u~u', u € Zy, (' — xow,0) € T},
U{u'| (4 +—b,—1) € Tisa (u ~> u’)-successor of (1 — x0,0) € T},
Yo={u |u~u', ueZy, (—w1) e}
Note that, by (4), if (u + x,0) € T (and |x| = 1, that is, x € A%) then x = xo.
Moreover, if xg € Ind(K2), then ¥y = @.

Then, for each i > 0 such that ¥ contains some (# > X, i),
Ind(KC2), we set

X| = 1, and Xi—1 ¢

[1]

i={u| (u—xi) et}
b, ={u
u{u' | ('~ b,—1) € Tisa (u ~ u')-successor of (u +— x,i) € T},

" u%u’, ue&, (- xwies}

Y= {u |uu, ucE, (W—witl)eT)

Note that, by (4), all (4 — x,i) € T with x € A9 share the same x, which we denote
by x;. And again, if x; € Ind(K,), then ¥; = @.

By (3), the states s; = (Z; — x;, ¥;) define the backward part of an w-winning strat-
egy for Duplicator in the game Gy (G1, G2) starting from sg. Thus, it remains to define
w-winning strategies for the start-bounded game G$.(G1, G ) starting from states of the
form (@, Ey + xy) and first-round challenges u ~~ v such that u € E; and v € &y

Let k > 0 be such that ®; # @. We now transform ¥ into a tree 20 representing an
w-winning strategy for Duplicator in the game G§.(G1, G2) starting from (@ +— Ey, x)
and first-round challenges u ~~ v such that u € Zy and v € ®y. Thus, (@, g — x) is
the root of Wy associated with xy.

Suppose that we have already defined a node (T, & — w) associated with a word dw.
Letu € & and u ! v be such that the node (1 — dw, k') in T, where k’ equals to k or
-1, has a (u ~ v)-successor of the form (v — dww’, k") (if (T — &, w) is the root, we
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also require that v € ®y). Then we add to 20 the node (I — E/, w'), associated with
dww', as a (u ~> v)-successor of (I'— &, w), where

[1]

'={J | (v~ Ssww, k) € T},

I'= =
If (T, 8+ a) is associated with a € Ind(K3), and the node (4 — a,k’) in T, with
u € E, and k" equal to k or —1, has a (1 ~~ v)-successor of the form (v — b, —1) with

b € Ind(Ky) (note that if (I, Z+ a) is the root, then &, = &;7), then we add to 2y
the node (@, &'+ b), associated with b, as a (1 ~» v)-successor of (T, Z > a), where

E={d|@W~0b-1) €T}

We claim that 2 thus constructed represents an w-winning strategy for Duplicator in
the game G3.(G1, Gy) starting from (@ +— Ey, xx) and first-round challenges u ~» v
such that u € B, and v € Py.

(<) Given ug € A9 suppose Duplicator has an w-winning strategy in Gy (Gy, Go)
from some state (Eg > X, ¥o) such that ug € Eo. Let n < w, we are going to
show there is 0y € A2 such that Duplicator has an n-winning strategy starting from
(ug > 0p) in the game Gy (G1,Uz).

To define 0y, consider an N-winning strategy S of Duplicator from (Eq — xo, ¥o)
for N = 2 x [2WitlK1) | 5 |Wit(/Cy)| + 1, and a play

(Em = Xm, \Fm)/ (XMI Em ~ ‘Fm)/ sy (‘EZ = X2, ‘FZ)/ (XQ, EZ 2 ‘FZ)/ (‘El — X1, 1IIl)

conforming with S such that Z,, = Ey, x,;, = x0, and ¥, = Y. Denote by s; the state
(B, ¥;) forl <i<m.
Ay

Ez Wl{'fz

K
I
&
I I
=
s

[1]

52 = 2 — X2, ¥o

E
$
<

Sy =

&3]

m = Xm, ¥m

Then, either m < N and ¥1 = @, or m = N and since the number of all possible states
in Gx(Gy,G2) is less than N, there are integers ¢, such that m > ¢ > ¢ —r > 1 and
Sc = Sc_r.

Now, we set 0y = &'6, where &’ and ¢ are obtained as follows. In the fist case above, §
is equal to x7 - - - x;,; and &' is any (possibly empty) sequence such that 5’6 € A“2 (such
&' obviously exists). In the second case, ¢ is equal to the sequence of length 11 + 1:

(5 = xC*Oxcf(H»l"'xC . 56,1’ (SC,T . xc+1xc+2...xm

where 0 = (n — (m —c¢)) mod #, 8¢y = Xe—y+1Xc—rt2 -+ Xc, and &’ is obtained as
before.

Let k be the length of J, and y; denote the i-th element of the sequence 6,1 < i < k:
0o = 8'y1 - - Y. We define pu(i) € {1,...,m} to be the number such that y; = x,(;.

In the first case above (i) = i, whereas in the second case
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' '
1 2 o+1 ) o0+2 o+r+to+r+2 0+2r+1  n—m4c+2 n41
o= ’xcfa Ixcfofll s I Xc xcf‘r+1| s Xc xcfr+1| ce I Xc Xe+1 I s I Xm ‘

(0 c—((0—i+1)modr), forl1<i<n—(m—c)+1,
pit) =
c+i—1—(n—(m—c)), forn—(m—c)+2<i<n+1.
Finally, it remains to produce an n-winning strategy S’ of Duplicator from (ug— 0p)
in Gx(G1,Uy). For each challenge of the form (o}, u; ~~ u;1), we are going to define
0ip1 € AY2 so that to set S'((oz, uj~>ui1)) = (Ujs1+>0141). We will also define
auxiliary f-values for the Spoiler states (u; — 0;) that relate them with the “original”
Spoiler states in Gy, (G1, G2) and G5 (G1, G2).

We first set f (10— 00) = (Z;(k) = Xy(k), ¥uk)) and consider the challenge 1o ~ 13
by Spoiler in Gy(Gy,Up). If uq € Y, (k), then k > 1. We set 07 = "y1 - Yg_1, and
flur—=01) = (Eug—1) = Xuk-1), ¥upe—ny)- I w1 & ¥y (), then consider the start-
bounded game Gy,(G1, G2) with the initial state (@, &) — X,,(x)) and the first-round
challenge 1y ~~ uj. Let (T, E+— z) be the response of Duplicator according to S, for
somez € A%, uy € E.1fz € Ind(KC,), we set 07 = z (note, in this case oy € Ind(KC,)),
otherwise we set 07 = 0pz. The f-value is defined as f(u; —0q) = (I, E+ z).

Suppose we defined S’ ( (1, up—1~> up)) as (uy — 03,), for h < n, and the value
of f for (uy, — 0y,), moreover assume 0y, = 8'yy - - - ypzy -+ -z for 0 < k' < k,1 > 0.
If now there is no valid challenge uj ~+ uy1, then further moves of Duplicator do not
need to be defined. Otherwise consider the challenge (oy,, uy, ~ uy,,1) for Duplicator in
Gs(G1, Us).

Assume f(up+—o0y) = (U7, E'+— x’), where ¥’ = tail(0y,), and by induction hy-
pothesis u;, € E’. Note that in this case, I > 1. If uj, ~» u;,q is a challenge from
(', ' —«’) in G§(G1,Ga), consider the response (I, Z+ z) of Duplicator accord-
ing to S: if z € Ind(K,) we set 03,1 = z, otherwise we set 0j,,7 = 03,z. The
f-value is defined as f(upq1+—0p11) = (T, Ev>z). If u, ~> uyyq is not a valid
challenge from (I', &'+ x’) in G35 (G1,G»), it is the case (nbk) does not hold for
(r', &+ x') and (2%, up ~> up41), which means x’ ¢ Ind(Kz), upyq € T’, and
rgl (up, upr1) C fgz (z,x"), where z is the element preceding z; in 0j,. Two cases are

possible:
— 1 = 1, therefore the predecessor of (I', &'+ x’) according to S is the starting
state (@, By, (k) F> X)) of the game G3(G1, G2), which has been launched from

(E‘y(k’) — xy(k/), ‘Y}l(kr)) in Gz(gl, gz) It follows, I‘gl (uh, uh+1) - f'gz (yk/,Z1) and,

asT’ = &, ), wehave up, 11 € &y ). Soweset oy 1 = 8'y1 -+ -y, and f(up 1 0341) =
(Euti) = Xutr)s Fuw)-

— 1 > 1, we consider the predecessor (I, &— x) of (I", &' —x’) in G§.(G1, G2) ac-
cording to S, with x = z_;. We have I" = &, hence u,,; € E, so we set
U'h+1 = (S/yl .. .yk/Z1 s Zl1, and f(uh+1 |—>O'h+1) — (r/ E}_> x).

Alternatively, assume f(uy — 03) = (E' +— x’, ¥'), where x" = tail(03,), and by in-
duction hypothesis u; € E'. Then I = 0 and (&' x', ¥') = (E,x) = Xux), Yuw))-
We proceed here as in the base case. If uj,+1 € ¥, (), then k' > 1: indeed, by con-
struction of ¢, if k = m, then ¥1 = @, otherwise k = n + 1, so provided that h < n,
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it cannot be the case k' = 1. We set 0,11 = 0'y1 - yp_1, and f(upq— 0p01) =
(E‘y(k’—l) = Xy (k1) ka’fl))‘ If up 1 € ¥, (), then consider the start-bounded game
Gs.(G1, G2) with the initial state (@, &) = X,,(1) ) and the first-round challenge uj, ~~
uj41. Let (I, 2+ z) be the response of Duplicator according to S, for some z € A%,
upp1 € B If z € Ind(Ky), we set 03,1 = z, otherwise we set 07,41 = 07,z. The f-value
is defined as f(uy 1+ 0j41) = (T, E—2z).

We have constructed the strategy S’ from (19— 0p) in the game Gy (Gy,Us). It can
be straightforwardly verified that S’ is n-winning. U

The latter condition in the lemma above can be checked in time O(|Ind(Kq)| x
/AT Ind(K1)| |A%|), which can be readily seen by analysing the game graph for
Gx(G1,G2). Therefore we obtain the following upper bound.

Theorem 6.2.9. The membership problem for universal UCQ-solutions with simple
ABoxes is in EXPTIME.

DISCUSSION ON THE TECHNIQUES. We would like to comment on various EX-
PTIME techniques that are capable of traversing infinite trees, both in forward and back-
ward directions. Those are p-calculus [80], Guarded Fixed Point logic [63], two-way
alternating automata (employed in Section 5.3.2) [102], pushdown processes [105, 93],
and infinite two player games on directed (of exponential size) graphs [73, 87]. Thus,
for instance, the automata in Section 5.3 could be easily adapted to check general ho-
momorphisms (however there is no elegant way to check finite homomorphisms), while
start-bounded games can be described using pushdown processes that use a stack to re-
member the current path in U,. We chose the games as they are easy to understand and
provide the necessary means to encode the desired behavior (by changing the definition
of the game graph).

6.2.2 The non-emptiness problem

In this section we show that the non-emptiness problem for universal UCQ-solutions
with simple ABoxes is solvable in exponential time. To do so, we exploit the algorithm
devised in the previous section.

Given that we can check in EXPTIME the membership problem for universal UCQ-
solutions with simple ABoxes, and each target KB that is a candidate for being a uni-
versal UCQ-solution is of polynomial size, we obtain a naive EXPTIME algorithm for
the non-emptiness problem for universal UCQ-solutions with simple ABoxes, which
provides an upper bound for the non-emptiness problem.

Theorem 6.2.10. The non-emptiness problem for universal UCQ-solutions with simple
ABoxes is in EXPTIME.

Proof. Assume given a mapping M = (¥1,X3, 712) and a KB K over Xq. Then if
K2 = (T, Az) is a universal UCQ-solution with simple ABoxes for K7 under M, it
must be the case that Ind(.A;) C Ind(.A;1), hence A; is of polynomial size. Next, 7T,
is a DL-Liteg TBox defined over the signature ¥, so 7, must be of polynomial size as
well. Now, a naive EXPTIME algorithm for checking the non-emptiness problem, first,
guesses a target KB Ky = (73, Az) with Ind(A2) C Ind(\A1) (in NP), then checks
whether K5 is a universal UCQ-solution for U1 under M (in EXPTIME). O
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The exact complexity of this problem could, however, turn out to be simpler, and it is
left as an open problem.

COMPUTING UNIVERSAL UCQ-SOLUTIONS WITH SIMPLE ABOXES. We
present an algorithm for computing a universal UCQ-solution for a given source KB
K1 and a mapping M, which can be extracted from the proof of Theorem 6.2.10. The
algorithm is presented in Figure 14.

Algorithm COMPUTEUNIVERSALUCQSOLUTION(M, K1)
Input: mapping M = (%1, X, T12) and KB K1 = (77, A1) over £
Output: a universal UCQ-solution K, for X1 under M if it exists, nothing otherwise.

1. Guess an ABox A over ¥ such that Ind(A,) C Ind(Ay).
2. Guess a TBox 75 over X».

if o = (T2, Ay) is a universal UCQ-solution for K7 under M, return /C».
else return nothing.

Figure 13: Algorithm COMPUTEUNIVERSALUCQSOLUTION.

6.3 UNIVERSAL UCQ-SOLUTIONS WITH EXTENDED ABOXES

In this section, we report on the known

results for the membership and non- nor-emptiness
emptiness problems for universal UCQ-
solutions with extended ABoxes. The re-
sults for the former problem are carried
over from the corresponding problem with
simple ABoxes. And as for the latter prob-
lem, we provide only a PSPACE-lower
bound.

membership

universal UCQ-solution

6.3.1 The membership problem

We observe that the EXPTIME algorithm developed in Section 6.2.1 also solves the
membership problem for universal UCQ-solutions with extended ABoxes. In fact, as-
sume 1 = (77, .Aq) is a simple KB, K, = (73, A,) is an extended KB, and
Y. a signature. Let /1 and Uy be the universal models of 1 and K5, respectively.
Then, a ¥-homomorphism # from U, to U, is a function from AY2 to AUt such that
(i) h(a) = a foreach a € Ind(Ka), (ii) t42(x) C € (h(x)) and 42 (x,y) C
tgl (h(x),h(y)) forall x,y € A¥2. Observe that for x € Null(.A;) there are no
extra constraints on /1(x), that is, &(x) can be an arbitrary element in A“1. As the
algorithm based on reachability games in Section 6.2.1 “checks” the existence of ex-
actly such homomorphisms, we conclude that this algorithm can be used to solve the
membership problem for universal UCQ-solutions with extended ABoxes. Therefore,
the following result holds.
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Corollary 6.3.1. The membership problem for universal UCQ-solutions with extended
ABoxes is in EXPTIME.

6.3.2 The non-emptiness problem

In this section, we prove a PSPACE-lower bound for the non-emptiness problem for
universal UCQ-solutions when extended ABoxes are allowed in the target. We do it
by reduction from the non-emptiness problem for universal solutions with extended
ABoxes, which has been shown to be PSPACE-hard in Section 5.3.2. The main idea
of this reduction is that in some cases, even for universal UCQ-solutions, the target
TBox must be trivial. So there exists a universal UCQ-solution if and only if there exists
a target ABox, finitely X>-homomorphically equivalent to the canonical model of the
source KB and the mapping.

Theorem 6.3.2. The non-emptiness problem for universal UCQ-solutions with extended
ABoxes is PSPACE-hard.

Proof. Let M = (X1,%5,T12) be a mapping, and Ky = (77, A1) a KB over ¥;. We
construct /Ci and M’ such that there exists a universal solution for C; under M iff
there exists a universal UCQ-solution for ICi under M’.

Define M’ to be equal to (X],%), 77,), where X} extends X with fresh concept and
roles names {X; | X € X} and fresh role names Q1, Q2, X, extends X with a fresh
role name Q, and 7, = T U{X; C X | X € %} U{Q1 C Q,Q» C Q}. Let
ICy = (7], A}), where A] is the union of A;, assertions

{X1(ax) | X € Ly is aconcept name} U {X;(ax,bx) | X € X, is arole name},

for fresh constants ax, bx for each symbol X, and assertions {3Q1(ag), Q2(ag, bo)}.
for fresh constants ag, bg. If Kq is not X-safe with respect to M, then T =TU
{30Q; € 301}, otherwise 7{ = T1. We prove K} and M’ are as required.

Assume K1 and M are inconsistent, that is, the KB (77 U T12,.A1) is inconsistent.
Then each inconsistent target KB is a universal solution for KC; under M. On the other
hand, K and M’ are inconsistent, and, again, each inconsistent target KB is a universal
UCQ-solution for lq under M. In what follows, we assume K; and M are consistent,
and K} and M’ are consistent.

Assume there exists a universal solution A, for K1 under M. Then K1 is X»-safe with
respect to M, and it is easy to see that Ay U {X(ax) | X € X is a concept name } U
{X(ax,bx) | X € Lyisarole name} U {Q(ag,bg)} is a universal UCQ-solution for
K under M'.

Now, assume there exists a universal UCQ-solution KC, = (75, A;) for K under M.
First, it follows that U777 4, does not contain an infinite Q-chain starting from ag,
hence 7’ does not contain the axiom 3Q; T 3Q; and /C; is Xr-safe with respect to M.
Second, without loss of generality, we may assume that 7, does not contain disjointness
assertions. Finally, Uy, is finitely X>-homomorphically equivalent to U(T{UTI’Z (ALY SO for
each concept name A € ¥, A(ay) € A; and for each role name P € X, P(ap,bp) €
Aj. We show that 75 is a trivial TBox. By contradiction, assume & € 75 is a non-trivial
axiom. Consider various cases of a:

a« = A C B, for concept name B distinct from concept name A. Then K, = B(ay),
however (7 U T{,, A}) ~ B(aa), hence it is not the case Uy, is finitely X,-
homomorphically equivalent to I/ (TIUTH,AL)- Contradiction.
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a = 3P C A, forrole name P. Then Ky = A(ap), however (T{ UT},, A}) = A(ap),
hence it is not the case U, is finitely X»-homomorphically equivalent to I/ (T{UTH, AL
Contradiction.

a =3P~ C A, for role name P. As above, but in this case Cy = A(bp) and (7] U
1 A1) = A(bp).

a = P C R, for role R distinct from role name P. Then K, = R(ap,bp), however
(T{ UT},, A}) I~ R(ap, bp), hence it is not the case Uy, is finitely £p-homomor-
phically equivalent to I/ (TIUT, ALY Contradiction.

a = A C 3R, for role R. Then there exists ¢ € AY%2 distinct from a4 such that R €
%2 (a4, 7). Since in Ui10T;,4,)» 04 is not connected to anything, Uy, is not
finitely >>-homomorphically embeddable into I/ (TIUT, AL Contradiction.

« = 3P C 3R, for role R distinct from role name P. Then there exists ¢ € AY%s dis-
tinct from ap such that R € 1% (ap,0). If ¢ = bp then we get a contradiction
similar to the case « = P C R. If o # bp then we get a contradiction as above.

« = dP~ C dR, for role R distinct from P~. As above.

a = 3P~ C JP, for role name P. Then in U, there exists an infinite P-chain starting
from bp, and obviously, it is not finitely Xy-homomorphically embeddable into
U077, 4;)- Contradiction.

Therefore, 75 is a trivial TBox, so we obtain that U 4, is finitely Xy-homomorphically
equivalent to Z/{<7—1/U7—1/2 ALy Since U 4, is finite, it follows U 4, is Xp-homomorphically
equivalent to U 7,77 ary. Let A, be the subset of A, such that Ind(A3) = Ind(Ay).
It is easy to see that I/ Ay is Xp-homomorphically equivalent to U 7,7, 4,)- and as Ky
is Xp-safe with respect to M, we conclude that .,42_ is a universal solution for 1 under

M. O

Unlike for universal UCQ-solutions with simple ABoxes, for universal UCQ-solutions
with extended ABoxes it is not possible to derive a straightforward algorithm for the non-
emptiness problem given the algorithm for the membership problem. The non-emptiness
problem for universal UCQ-solutions with extended ABoxes is inherently more difficult
as there is no bound on the size of the target extended ABox known apriori. Moreover,
at the moment we do not have a characterization of the cases when a universal UCQ-
solution with extended ABoxes exists.

6.4 UNIVERSAL UCQ-SOLUTIONS IN DL-LITERDFS

Recall that every universal solution is also a universal UCQ-solution. Therefore, as a
corollary of Theorem 5.4.1 and Proposition 4.2.1 we get a trivial complexity bound for
the non-emptiness problem for universal UCQ-solutions in DL-Litegps.

Theorem 6.4.1. The non-emptiness problem for universal solutions in DL-Litegyprs is in
TRIVIAL.



6.4 UNIVERSAL UCQ-SOLUTIONS IN DL-LITERDES

Let us turn now to the membership problem. By Lemma 5.1.2 and by the way homo-
morphisms are defined on constants, it follows that a simple target ABox A5 is a uni-
versal solution for a source KB K1 = (771,.41) under a mapping M = (X1, X, T12) if
and only if U 4, agrees with U 7,7, 4,) on concepts and roles from Y. The latter can
be checked very efficiently, so we obtain the following complexity bound.

Theorem 6.4.2. In DL-Liteyprs, the membership problem for universal solutions with
simple ABoxes is NLOGSPACE-complete.

Proof. We show the lower bound by reduction from the reachability problem in directed
graphs. 0

As for the membership problem with extended ABoxes, clearly the upper bound is
inherited from the same problem in DL-Liter. To see that the lower bound applies as
well, observe that in the reduction from the 3-colorability problem to show that the
membership problem with extended ABoxes is NP-hard we use only role inclusions,
hence the instance of KB exchange problem we construct is in DL-Litegprs. The theorem
below is a straightforward corollary of Theorem 5.3.3.

Theorem 6.4.3. In DL-Literprs, the membership problem for universal solutions with
extended ABoxes is NP-complete.
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REASONING ABOUT
UCQ-REPRESENTATIONS

In this chapter we develop the techniques and complexity results for the problem of
UCQ-representability. In Sections 7.1 and 7.2, we tackle the membership and non-emptiness
problems, respectively, and in Section 7.3 we conclude with the weak UCQ-representability
problem.

7.1 THE MEMBERSHIP PROBLEM

In this section we show that the mem-
bership problem for UCQ-representations
is NLOGSPACE-complete by developing
graph-theoretic techniques. membership

UCQ-representation

We start by considering the membership problem for UCQ-representations.

One can immediately notice some similarities between this task and the member-
ship problem for universal UCQ-solutions, which was shown to be PSPACE-hard in
Theorem 6.2.1. However, the universal quantification over ABoxes in the definition of
the notion of UCQ-representation makes the latter problem computationally simpler
(in NLOGSPACE instead PSPACE-hard). We now list several observations that help to
understand our characterization of UCQ-representations in Lemma 7.1.1, and also to un-
derstand why UCQ-representability is a considerably simpler problem than the problem
of universal UCQ-solutions.

In the following, assume fixed a mapping M = (X1,%5, 712), a source TBox 77 and
a target TBox 7. We will try to understand what conditions 7, must satisfy in order to
be a UCQ-representation of 77 under M.

1) For simplicity, assume here that 77, 712, and 7, do not contain disjointness asser-
tions.

Let A; be a source singleton ABox, A; = {A(a)} for atomic concept A, and assume
that 71 U T1o = A C B’ for some basic concept B’ over Xp. Then (71 U T1p, A1) =
B'(a), and ¢ = B'(a) evaluates to true over (77 U T1a, A1), ie., (T1 U T2, A1) =
g. Hence, for 7, to be a UCQ-representation of 77 under M, it should be the case
(T2U T2, A1) [= q. Therefore, from Lemma 6.1.1 it follows that U 7;7;,.4,) = B'(a),
and by (ctype), T, U T1o = A C B’. The converse can be shown if we start with the
assumption 7, U 712 = A C B’. It is easy to extend the above reasoning to the case
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A; = {B(a)} for a basic concept B over X1, or A; = {R(a,b)} for a basic role R over
21. As we quantify over all possible source ABoxes, we are free to choose any such
concept B or role R, therefore, if 75 is a UCQ-representation of 7; under M, then for
each basic concept or role X over X1 and each basic concept or role X’ over X5,

TTUT EXCX ifandonlyif T,UTn EXC X

This is the main intuition behind condition (ii) in Lemma 7.1.1.

In what follows, for better readability, for a source ABox A1, let us denote by ICl the
KB (71 U T12, A1), by K, the KB (7, U T12, A1), and by U; and Uy their respective
canonical models. Then, for a TBox 7, a concept B and arole R, we write 7 = B C IR
if for an arbitrary constant 2 € N,, it holds that 4 ~> 7 p(4)}) WR]-

2) Again, let A; = {A(a)} for an atomic concept A over X1, and assume that

71 EAC3R for a basic role R over X1,
T1UT2 ERC R for a basic role R over X, and
T1U T2 =E3JR™ C B’ for some basic concept B’ over X;.

Then
awg) € A R e rg;(a,awm), and B € t;g(aw[R]).

Next, for 7, to be a UCQ-representation of 77 under M, by Lemma 6.1.4, it fol-
lows that U7 has to be finitely X-homomorphically equivalent to U. Let ki be a Xp-
homomorphism from all paths of length two in At to A2, Then h(a) = a and there
exists aw(s) € AY> for a basic role S over X, (as Ind(A;) = {a} and there are no loops
on a in A1, the image of aw(g) cannot be a constant) such that

h(awg)) = awyg, R € rzﬁ (a,awp)), and B’ € tgﬁ(aw[s]).

By construction of the canonical model and by the shape of 775, it follows then that it
should be the case that

TUT, EAC3S, T,ESCR, ad T;EJS CB.

Then the X»-reducts of the canonical models of KC; and KC,, and inclusions implied by
T1, T12, and T; can be partially depicted as follows.

aw(R| aws) Ti2
IR’ ,B 9------ > 35~ ,3R'", B’ /{HR* B’
/ ; R7 S T &, 3R
R S,R T EIR,
=
IR o--F - - - >0 35,3R’ AWM 35/,
a a
U Uy T Ta

Clearly, given 7, and 775, one can check existence of such S effectively. Note that
in the case, rg; (a, aw[R]) = (@, the homomorphic image of awg) could be any ele-
ment y in A% with t{ (awg)) C 2 (y). This is the intuition behind condition (ii) in
Lemma 7.1.1.
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3) Continue with A; = {A(a)} for an atomic concept A over X, and assume now

ToUTia EAC IR forabasic role R over X,

7> =3R'™ C B’ for some basic concept B over 5.

Then
awr) € A, B’ € tgi(aw[R/]), and R’ e rgi(a,awm).

Now we are interested in homomorphisms in the opposite direction, so let & be a X-
homomorphism from all paths of length two in A¥2 to AY!. Then h(a) = a and there
exists aws) € A% for a basic role S such that

h(awgy) = awg), B’ € tg;(aw[s]), and R’ € rg;(a,aw[s}).

By construction of the canonical model and by the shape of 775, it follows then that it
should be the case that

TiUT EAC3S, TiUTESCR, and T;UT, =35 CB.

Then the X-reducts of the canonical models of K; and K,, and inclusions implied by
T1, T12, and T; can be partially depicted as follows.

awig) awW(R) Tia

IR'",B' g<------ 2 4R, B’ s~ —~—7———F

R’ R’ 354 \ T
| Ea

U ! U Th T2

Again, given 77 and 71, the existence of such S can be checked effectively. This is the
intuition behind condition (iv) in Lemma 7.1.1.

Observe that it is sufficient to consider only chains of roles of length 1 as it was done
in 2) and 3). That s, if 77 U712 = A C 3R and 71 U T2 = IR~ C 3Q for roles R,Q,
and for Ay = {A(a)}, awgwig € A, it is enough to consider two separate cases
covered by condition (iii) and discussed in 2):

e Ay ={A(@)}and T U T, = A C 3R,
e Ay ={3R (a)}and T;U T = 3R~ C 3Q.
And analogously, for chains of roles by 7, U T12.

4) To conclude, we analyze the cases when 77, 71> and 7, contain disjointness as-
sertions. First, notice that without loss of generality we can assume that there are no
disjointness assertions in 77 as Equation (1) should be satisfied only for ABoxes A,
that are consistent with 77. So we will take into account only disjointness in 71, and
T>. Next, for a source ABox .A; consistent with 77 it is possible that (77 U T12,.41)
is inconsistent due to the disjointness assertions in the mapping, which will make all
possible tuples to be in the answer to every query. Below we say a pair (B, B') of ba-
sic concepts is T -consistent for a TBox T, if the KB (7,{B(a), B’(a)}) is consistent,
where a is an arbitrary constant, and (B, B') is T -inconsistent otherwise.
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Consider a two-element ABox A; = {A(a),C(a)} for atomic concepts A, C over
Y1, and assume it is consistent with 77. Further, assume (A, C) is 71 U 7Tq2-inconsistent,
then IC1 is inconsistent, and by definition of certain answers over an inconsistent KB,
cert(q,IC;) = AllTup(q, Ay) for each target UCQ g. Therefore, in order for 7, to be a
UCQ-representation of 77 under M, ICZ has to be inconsistent as well. To ensure that
it is the case, we need to check that (A, C) is also T, U T1p-inconsistent. Similarly in
the opposite direction, if we start with the assumption (A, C) is 7T U Tq2-inconsistent,
it should be verified that (A, C) is 71 U Tqz-inconsistent. This is the intuition behind
condition (i). Observe that this condition guarantees that for every ABox A; over ¥
that is consistent with 77, it holds that: (77 U 71, A1) is consistent if and only (7, U
T12, A1) is consistent.

We introduce a couple of notations and prove several simple properties about DL-
Liter KBs and their canonical models before proceeding with the characterization of
UCQ-representations. Here, for a TBox 7, we say a pair (R, R") of basic roles is T -
consistent, if the KB (7,{R(a,b),R'(a,b)}) is consistent, where a,b are arbitrary
constants, and (R, R") is T -inconsistent otherwise. Moreover, a concept or role X is
T -consistent iff (X, X) is T -consistent, and T -inconsistent otherwise.

Let K = (T,.A) be a consistent KB, a,b € N,, ¢ € AYc, and tail(c) ~x WiR)-
Then the following properties hold:

(CTYPE) B € t#(a)iff A= B'(a) and T |= B’ C B, and

R € < (a,b)iff A = R'(a,b)and T = R' C R;

Proof: first, by definition of the canonical model, B € t¥< (a) if and only if K =
B(a). Next, assume A [~ B(a), i.e., neither B(a) € A, nor R(a,b) ¢ A for
B = 3R and some b € N,. Obviously, a € Ind(.A), so for some concept B,
B'(a) € A, or for some role R, R(a,b) € A. By contradiction, assume that 7~ =
B’ C Bforeach B'(a) € A,and T [~ 3R C B foreach R(a,b) € A. Then there
exists a model Z of K such that aZ ¢ B, which contradicts K = B(a). Hence,
T = B’ C B forsome B'(a) € Aor T |= 3R C B for some R(a,b) € A. The
opposite direction is obvious. The proof for R € rx (a,b) is analogous.

(NTYPE) B € ¢ (qwyg)) iff 7 |= 3R~ C B, and
R € (0, owgy) iff T = R' C R.

Proof: Follows from the definition of the canonical model and the types.

(CGEN) Let a ~» wg) for some basic role R. Then there exists a basic concept B,
such that A = B(a) and 7 = B C 3R.

Proof by definition of a ~ i w/g, it follows that I = 3R(a) and R is a minimal
with respect to <7 role among all {R" | £ = 3R'(a)}. By (ctype) we have
that A |= B(a) for some concept B, and 7 |= B C 3R. Now, consider KB
B = (T,{B(0)}) for some 0 € N,. Obviously, B = 3R(0), B [~ R(0,0), and
R is a minimal with respect to <7 role among all {R’ | B |= 3R’(0) }. Therefore,
0 ~>pB WR]» and 7 = B C 3R.

(NGEN) Let ws ~x wig for basic roles S and R. Then 7 |= 35~ C 3IR.

Proof by definition of wyg) ~x wg it follows that 7 = 35~ C 3R, [S7] #
[R], and R is a minimal with respect to <7 role among all {R’ | 7 | 35~ C
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3R’}. Consider KB B = (7, {35 (0) }) for some 0 € N,. The rest of the proof
is similar to the proof of (cgen).

(STYPE) Let {Bjy,...,B,} be a set of basic concepts, and 7' a TBox such that B =
(T,{B1(0),...,B,(0)}) and (T UT’, A) are consistent. Assume y € AY5. If
for some o € AYTUTA), {By,...,By} C o a (o), then there exists § €
AYTUT' 4) guch that

t98(y) C t17uma(6)  and  198(0,y) C T (0, 6) (13)

Proof: consider the cases of y € AY5.1fy = o,then§ = 0. Lety = OWR,] " * " W[R,,]
form > 1: then for some 1 < i < n, T |= B; C IRy, and for1 < j < m,

T E 3R; E JRjiq. Obviously, these entailments are valid in 7 U T, so
IR, € tura (0) and there exists &; € AT A st Ry € ru<TUT"A>((T, 51)
and dR| € tHror (01). Moreover, for each 1 < j < m, we have that 3R €
T (9;) and there exists dj41 € AYTUT4) such that Rji1 € Hror 4 (0j,0741)

and IR, ;| € tHrur.a (dj11). So we take 4 to be equal to Jy,. It is easy to see that
(13) is satisfied.

Finally, we list all conditions that characterize UCQ-representations.

Lemma 7.1.1. A TBox T, over ¥ is a UCQ-representation of a TBox T1 over 1 under
the mapping M = (X1,%5, T12) if and only if following conditions hold:

(i) for each pair of T1-consistent concepts or roles X, X' over X1,
(X, X") is Ty U Tia-consistent iff (X, X") is Tp U Tia-consistent;

(ii) for each Ty U Tia-consistent concept or role X over ¥4 and each X' over ¥,
TiUTe EXCX if huT, = XCEX;

(iii) for each T1 U Tip-consistent concept B over ¥4 and each role R such that
71U T2 = B C 3R there exists y € AYTBUTLBOY such that

Y

(a) t22

Ti
g 0
(b) rziﬁuTn,{B( ) (O/W[R]) C 9 TUTi (BO)Y) (0,v);

UT12.{B(0)}) (w[R]) C tg<72u712,{3(0)}> (y)

>

(iv) for each Ty U Tqa-consistent concept B over L1 and each role R such that
72U Tia = B C 3R there exists y € AYTUTio (BN such that

(a) tg?—ZUHZ/{B(O)}) (w[R]) C tg<7iU7izl{B(0)}> (y)

>

(b) £y 2P0 (0, wig)) C 9Tt (0, y)

2

Proof. (<) Let the conditions above hold for 77, 7> and 77,. Let A; be an ABox over
Y such that (77, A;) is consistent, denote by C; the KB (77 U T12, A1), and by K, the
KB (72 U T12, A1). We show K, is Xp-query equivalent to /C,.

Observe that condition (i) ensures that X is consistent iff /C, is consistent. Indeed, if
IC, is consistent, then for each pair of basic concepts B, B’ over X such that A; |= B(a)
and A; = B/(a) forsome a € Ind(A), the KB K," = (T; U T1p, A1 U{B(a), B'(a)})
is consistent, and by monotonicity of first-order logic we obtain that the KB (77 U
T12,{B(a),B’(a)}) is also consistent, and thus (B, B") is 77 U Tqp-consistent. And
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similarly, for each pair of basic roles R, R’ over X1 such that A; = R(b,c) and
A1 E R'(b,c) for some b,c € Ind(A1), we can derive that (R,R’) is 71 U Tqo-
consistent. Then, by (i) for each B, B’ over X1 such that A; = B(a) and A; | B/(a)
for some a € Ind( A1), (B, B’) is T, U T1z-consistent, and for each R, R" over £ such
that 4; = R(b,c) and A; = R/(b,c) for some b,c € Ind( A1), (R,R") is T, U Tqp-
consistent. To see that K, is consistent, consider the interpretation Z defined as the
union of the canonical models U 7,7, {B(a),B'(a)}) @0 U707, (R(b,0), R (be)}) fOr B, B/,
R, R’, and a, b, c as above, that is a model KC,. Note that in this paragraph, B and B’
can denote the same concept, and R and R’ can denote the same role. The proof can be
inverted to show /C, is consistent implies K is consistent.

First, assume C; is inconsistent, it follows cert(q, IC;) = AllTup(q) for each UCQ
q over . By the paragraph above, K, is inconsistent, so cert(q, K,) = AllTup(q) for
each UCQ g over X as well, hence K; is Xp-query equivalent to /C,.

Now assume KC; is consistent. In Proposition 7.1.2 below, we show that from (ii)
and (iii) it follows that Z/{;Cl is Xp-homomorphically embeddable into U’Cz‘ Since X,
is consistent, then we can apply Lemma 6.1.4 to obtain K, X-query entails /C;. On
the other hand, in Proposition 7.1.3, we show that (ii) and (iv) imply that UIC2 is 2o-
homomorphically embeddable into Z/{;gl, and K; X-query entails X, by Lemma 6.1.4.
We again obtain XC; is Xo-query equivalent to C,.

(=) Assume, by contradiction, one of the conditions (i) — (iv) is not satisfied. We
produce a 77-consistent ABox A; over X and a Boolean CQ g over X such that it is
not the case that ; = qiff IC, = gq.

Assume, first, condition (i) is violated, then we take A; = {Bj(0), B2(0)} for con-
cepts By and B, violating it and g = By (a) for some constant a distinct from o. If By, B,
are 71 U T1p-consistent, but 7, U Tqp-inconsistent, it follows C; = g and K, = g, and
the opposite holds if By, By are 7, U T1p-consistent, but 77 U Tqz-inconsistent. If (i) is
violated for roles, the proof is analogous.

Let now condition (ii) be violated for some 77 U T7»>-consistent concept B over Xq.
Assume there is B such that 71 U 71, = B C B’ and 7, U 71, = B C B’, and consider
Ay = {B(0)} and ¢ = B’(0). Then by B’ € t;[fl (0) and B" ¢ tzgfz (0), so it follows
Uk, | qand U, = gq; finally by Lemma 6.1.1 it follows K} = g and K, = q. The
opposite follows if we assume 73 U 71 = B C B and 7, U712 = B C B/, which
completes the proof for this case. If (ii) is violated for some role, the proof is analogios.

Next, assume condition (iii) is violated, so there exists a 77 U T1>-consistent concept
B over X1 and a role R such that 77 U 712 = B C 3R and for A; = {B(0)}, for all
yE A% either

6 () £ %2(y) o xy (0,wig) € 72 (0,)
P [R] y or 1‘22 o, ZU[R] r 0,Y).
Let B = tg’;l (wr)) R= rgfl (0,w(g)), and consider

g=3x(/\ Bx)A A\ R(ox)),
B'cB ReR
where B’(x) denotes atom A(x) if B’ = A for atomic concept A, and B’(x) denotes
formula 3x".S(x, x") if B' = 3S for a role S. Then Uy, = q with substitution x

ow(gj. On the other hand, U, K= q as there exists no substitution for x in AY% Using
Lemma 6.1.1 we then obtain K} |= g and IC, |~ q.
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The case when (iv) is violated is analogous to the case above. The proof is complete.
In the end we provide the proofs of the aforementioned propositions.

Proposition 7.1.2. Let conditions (ii) and (iii) hold, and Ay an ABox over %1 such that
(T1 U Tia, A1) and (T U T1a, A1) are consistent. Then Ur, is op-homomorphically
embeddable into Uy,

Proof. We build a function / from A1 1o AU’CZ, which is a 2-homomorphism from
Z/{Kl to U’Cz'

Base of induction. Initially, for each @ € Ind(.A;) we define h(a) = a. Let us

U U U,
immediately verify that tzfl (a) C tzfz (a). Let B" € tzfl (a), it follows by (ctype)
there exists B over X such that A; = B(a) and 71 U 71 = B C B’. Note that B is
T1 U T12-consistent, then by (ii), 72 U T12 = B C B’, therefore we obtain B’ € 1, (a).
U U

The proof of rzfl (a,b) C rzfz (a,b) is analogous.

Next, assume 0 € A% and o = awyg), we show how to define /(). It follows
a ~k, wyg) and by (cgen) we obtain a concept B over X such that A; = B(a),
and 71U T2 = B C JR. Then B is 71 U Tqp-consistent, and by (iii) there exists
y € AYTUTa (50 such that
g
tZ

(T1UT12.4B(0)}) g 0
T (1) € TR0 (),

g
T (0, gy ) € 19T (0, ).

Since {B} C 2 (a), by (stype) there exists § € A% such that

t9mUTa 800 () C #2(5), and 19T (0,y) C 12 (a, 8).

As for a TBox T, ABoxes A and A’, and x € AY74, z € A7) with x = tail(z),
the concept and role types of x and z coincide, it follows now by transitivity that

U Uy Uy U
ty, (awr) Ctg2(0). and 1y (a,awp)) C 1y (a,6).

Hence, we assign h(0) = 4.

Inductive step. We show now how to define homomorphism for cwg) € A1 with
o = o'wg given that the (o) and (") are defined. It follows wjg) ~ i, wig) and S
is a basic role over X by the structure of 77 U T12. Then 35S~ is 71 U Tip-consistent,
and by (ngen), 771 U T2 = 35S~ C JR. So (iii) is triggered, and there exists y €
AITBUTo 350 satistying

G . g .
(RUTiz 35~ ) (TUTia (35~ o))
ty, " (wiry) € tg, 2 2 ),

rgmum,{amm (

9(TuTip 435~ (0)}) (
22 2

0,wy) Cry 0,v).

Let B = ufzrlzz(EIS*), C = ufzrlzz(EIS), and S = uglzz(S), where for a TBox T
and a concept B, ul (B) denotes the set of all concepts B’ over ¥ such that 7 =
B C B’; and ul (R) is defined analogously for a role R. Then U T UTi 35 (0))) and
Z/{<7-2U7-12/ {35 (0)}) can be partially depicted as follows. Note that here the presented con-
cept and role labels are NOT the exact concept and role types. Moreover, we depict only
those individuals and links between them, which are guaranteed to exist given the infor-
mation at hand. Note also, that in the pictures further in this proof, we depict only the
necessary bits of information.
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WiR) y
SIRGEOSE=N=R=N=NS- - - S >0
Wis-] LCy
38,C o o 35,C
35-,9R, B ¢ *35-,B
0
G(hUTA35- ()} G HuTid35-(0)})

Denote by B(0) assertions Bi(0), ..., By, (0) for B; € B, and similarly for C(a). More-
over, denote by S(a,0) assertions S1(a,0),...,Sk(a,0) for S; € S. There are two pos-
sible cases considering that 715 is a set of inclusions from X to X5, 7 is a TBox over
2, and S is a role over 2.

(D 0~ (TUTi 35 (0)}) W@y ~ *** ~ Wg,)s M = 0 and Q; are roles over Xp.
Then, if n = 0, y = o, otherwise y = wyg, .

Consider KB (72, {B(0)}), then we obtain that y € A9 30 and

ti?“w V) S )
g ¥ 97
2 (0,) € ) (o, ),

Z/{)c . . Z/{}C . .
Observe that B C ty *(h(0)), since obviously B C ty ' (0) and & is a homomorphism
on ¢. Therefore, by (stype) we obtain § € A2 such that

U, U,
5 () Cty2(8). and 1y M (0,) C g (h(0), ).

U, U u
As above, it follows tzlC (cwr) C 2((5), and rZKl (0, 0wR) C rzfz (h(0),9).
Hence, we assign h(aw[R]) = 5 This case can be depicted as follows:

(TZU:K] )
WR] Y= W, 3R™ 0 g
Sl - - B >e
R
R 35=,3R,B ¢~ - - 1- >% B
0 = 'wg h(o)
5,8 s
35-,3R,B o 5B

? 38,C o- - - 1- >o C
9(muT 35~ 0)}) 9780} o' h(o")

Uy

1

(II) 0 W<7—2U7—12,{357(0)}> ZU[Sf] ~ ZU[QI] AR 4 W[Qn], n Z 0, Qi are roles over Zz.
Then, if n = 0, y = wjs-), otherwise y = w|g,).

Consider KB <7§, {C(ﬂ), S(ﬂ,O)}>. Then a W(’Tz,{C(a),S(a,o)}) w[Q]] AR 4 ZU[QA,
y € AYDAC@S@ob: if n = 0, y' = a, otherwise y’ = wig,)» and

g - g
(112,35~ () (T AC@)S@o))) (1
te, " (y) Stg,” V),

Y RUTip 35~ ) (

rZz O,y) g

{JmAc@sao)
)]
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U
As above, C C tz}?(h((r’ )), therefore by (stype) we obtain § € A" such that

gT, a),S(a,0 M’C
tziz{c( ).S( )}>(y/) C t222(5).

o 9 (0
Observe that if rZ;TlUT“’{HS @

0, wm) # @, it has to be the case that
y=wg-, y =a, and &="h(c).

(T2{C(a),S(a,0)}) (
2

U
latter, 7, = S, € R’ for some S; € S. As S; C 1'252 (h(c"),h(c)), we obtain that
U
R’ €ty *(h(0),h(c")).

U U U U
Allinall, it follows that ty, ' (cw(g) C ty,.2(6), and ty. ' (0, 0wir) C 1y > ((07), ).
Hence, we set h(aw[R]) = J. We conclude with a graphical representation of this case:

g G . g
Let R € rZ;T]UT“’{ES 0 (0,wigy), it follows R" € 1y 0,a), and from the

OWR] 5
WIR] Y =wp, JR- e--F-=--==-=2 >0
GR= @ o o (- = o o >0 <
h(o)
R 357, BR, Bo------ >0 B
o= a’w[s]
S S,S S
Esi/ﬂR;B © o—o C
0 0 a
ElS, Co------ >0 C
G(TiUTi (35~ (0)}) 9T {C(a),5(a0)}) o o’)
Uk Uy

In such a way we can define h(c0) for each o € A1 hence h is a Zp-homomorphism
from Lllgl to U’Cz' O

Proposition 7.1.3. Let conditions (ii) and (iv) hold, and A1 an ABox over %1 such that
(T1 U Tia, A1) and (T U T1a, A1) are consistent. Then Ur, is Xp-homomorphically
embeddable into Uy .

Proof. We build a function /& from A% 1o Au’cl, which is a 2>-homomorphism from
U/CZ to UICl'

Base of induction. Initially, for each a € Ind(.A;) we define h(a) = a. Let us
immediately verify that tg’;z (a) C t;{;cl (a).LetB' € t;{;C2 (a), it follows by (ctype) there
exists B over X; such that Ay = B(a) and 7, U 712 = B C B’. Then B is 71 U T12-
consistent (recall that KC; = (77 U 712, A1) is consistent), so by (ii), 71 U T2 = B C

. U, Uk Uy .
B', therefore we obtain B’ € t™*1(a). The proof of ry, *(a,b) C ry ' (a,b) is analogous.

Next, assume ¢ € A% and ¢ = awig), we show how to define /(). It follows
a ~~x, wig) and by (cgen) we obtain B over ¥ such that Ay [= B(a), and T U T1z =
B C JR. We are going to show now there exists y € A9MUTB0) such that

G(TUTip {B(0)}) G(T;UTi» {B(0)})

tzi 2V 12{ } (w[R]) g tzz 1Y 12{ } (y)’ and (14)
9(TUTip.(B(0)}) 91T 4B(0)})
ry 2 (0,wir)) € rp, " (0,y). (15)

Assume, first, R is a role over X, and observe that B is 77 U T1p-consistent, then by (iv)
there exists y € AYTVT2(30)) satisfying (14) and (15).
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Assume now R is arole over X, then it follows B = IR. Leto ~ 7,07, (3R(0)}) W[Q]
for arole Q over X4 such that 71 = Q C R (such Q always exists, for instance R itself
if it does not have proper subroles). Then we choose y to be wjq), and show first that

(14) is satisfied. Let B € tg(TzUﬁz,{ﬂR(ﬂ)})( wiR ]) then by (ntype), ’7'2 U7 E 3JR™ C B,

and as 3R~ € tgiﬁum,{ﬂm)} (wyq)), by (ii) we obtain that B € ty.

a similar way, we can show that (15) is satisfied.
To continue the proof consider {B} C ' (a), then by (stype) there exists 6 &€
A1 such that t9UT2 0 (y) C 9 (8) and 9T B0) (0,y) C i (a,8). It

U U
follows now using (14) that tzfz (awr)) C tzfl (6). Analogously using (15) one obtains

TlUle{aR op (ZU[Q}) In

Uy U
ry,*(a,awpr)) C 1y, (a,0).

Inductive step. We show how to define homomorphism for cw(g) € A2 with o =
c'wig) given that h(c) is defined. It follows wg] ~x, Wig), therefore T, U Tip =
45~ C dR, and R is a role over X distinct from S™. By (ntype) it also follows 9R &€

U
e (0), and since & is a Xp-homomorphism, IR € tzfl (h(c)). As A; is an ABox over
Y1 and 77 is a TBox over 1, there exists a concept B over X1 such that B € 5 (h(o))
and T = B C JR. Next, assume that 0 ~ (TUTia {B(0)}) Wiq) for some role Q such
that 7, U 712 = Q C R. Then B is 71 U Tq2-consistent and TUT E BC 3Q. As
above for ¢ = aw), by (iv) there exists y € AYTUT B0 such that

g g

tZ (TaUT12AB(o )}>( [Q]) C t 73U732 {B(0)}) (y)’ and
G(T5UTi,{B(0)}) g(TuT B0
rzzz 12 (O,ZU[Q]) C rzzl 12/ (O y)

Again, by (stype) we obtaln 6 in A“1 such that t9mom2 50) hy) Ct Ur, 1(6) and
19T 800 (0,y) C 1 (h(0r), 8). Observe that T, U 712 = Q T R, so the concept
and role types of W, and (0,w(g)) are subsumed by those of wy) and (0, wig)) in

G(T:UTin {B(o)})- Finally, we obtain that £k, (cwir)) € £ (6) and 17 (o, 0wR)) <
%1 (h(), §). Hence, we assign h(cwig)) = 6.

In such a way we can define /() foreach o € A" hence hisa 2>-homomorphism
from Uy, to le;gl. O

This concludes the proof of Lemma 7.1.1. O

Having devised a characterization of UCQ-representations, we discuss several exam-
ples of (non-)UCQ-representations.

Example 7.1.4. Assume that M = (X1,%, T12), where X1 = {A(-),R(-,-)}, &
{A’(-),R'(-,-),B'(-)},and T = {A © A’, 3R~ C B'}. Moreover, let 71 = {
3R}, and

II_I ||

(1) T, = {A’ C B'}. In Example 4.3.2 we showed that 75 is not a UCQ-representation
of 71 under M. In fact, in this case condition (ii) is not satisfied, as 7, U 712 =
AT B while T; UTi» = AC B.
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(2) T, = {A’ C 3R/, 3R’™ C B’}. We also showed in that example that this 75 is not
a UCQ-representation of 77 under M. In this case, condition (iv) is not satisfied, as
T: Uiz £ A T 3R, but there exists no y € AY7UT2440)) such that

G(muTia A} G .
t, T (wipy) © ETAOD (y),

9(TUTi {A0)}) G
ry, T (0, wiry) C x40 (0, y),

: : _ _ . g(T UTio {A(0)}) . ! g('TlUler{A(U)D
since neither y = 0, nor y = wyg) in A”71V712 satisfy R' € 1y, (

These cases can be depicted in the following ER diagrams:

Tia Ti2
3R~ B’ JR-——> B/
* R
/’ / V\aRf*
4R dR T
| I ;
IR’
A A A’\/\/\/»A//V
Ti T2 Ti T2
(1 )
n
Example 7.1.5. Assume that M = (X1,%5, T12), where
Zl = {A()/R(/)/ S('/')/ Q(/)} 7—] - {A E EIR,
22 = {A,(')IB/<'>/ S/<’1 ')/ Q/('/ )} and let A E HS, 357 E ElQ}
T={AC A, 3R CH, T ={A'C 39,35 C 3Q,
SCS,QEQ,3Q0 LB} JQ'- C B’}

Then 73 is a UCQ-representation of 77 under M. We verify that conditions (iii) and (iv)
are satisfied. First, 71 U 712 |= A C JR: we take wg € AYTUTi 40N and it is easy to
see that the following is satisfied:

g 0
tziﬁuﬁz/{A( M (wg) C 9mumata0) (wo),

ry UTiadA0)

g
- 0, wR) Cr <7'2LJT12,{A(0)}><0, wQ/),

as rg;ﬁwlz’wo)}) (0,wr) = @. Then for each of A C 3S and A C 3Q entailed by 73 U

T2, it should be clear that we take wg and w in A9BUTi 140 and AYTUTia 35~ ()
respectively to satisfy condition (iii). As for the opposite direction, now differently from
Example 7.1.4, for both wg and wgy in AITBUT(40)) and AYTUT (35 0 respectively,

there exist wg and wq in AT 140N and AYTUTi 35~ @) that satisfy condition (iv).

Below we illustrate the Xp-reducts of G, and G, for K1 = (71 U T12,{A(0)}) and
Ko = (T2 U Ti2,{A(0)}) (concept labels of the form 3P, 3P~ for a role P are not
shown), and the ER diagrams of 77, 712 and 75:

0,Y).
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B T2
e e
B 9----__ R
. B - dR 40~ lr
\ ZUQ S~ ZUQ/ 3
\ B excI[ "= “2o B/ [? Q 30
\ v v 35— 4
N 20 Wg/ /38—
T ———— "
' as{' >
v /S s’/ 3s’
Al excZ T TI= 20 A’ ﬁl/
Gk, ¢ ¢ Gk, A A
Ti

Observe that in this example, if we remove axioms A C IR and 3R~ C B’ from 7y
and T2, T, will still be a UCQ-representation for the remaining 77 under the remaining
M. It means that an “image” of wr € A9 should be some y € A9 for Ky =
(Th U T2, {A(0)}) and Ky = (T2 U T12,{A(0)}), such that for n > 1

0 [, Y1 K, K, Yn =Y,
which is also a “one-to-one image” of some x € Ag’cl, that is

0, X1 7K K Xn = X,

Gk Gk Gk Gk Gk Gk
e, (0,x1) = 157 (0,y1), vy, (i, Xit1) = 15 ” (Yi, Yir1), and b5 " (i) = tg > (vi)-
This fact is important for solving the non-emptiness problem in the next section. N

Example 7.1.6. Assume that M = ({A(-),B(-),C(-),D(-)}, {A'(-),B' ()}, T12).
where 71, = {AC A, BC B/,CC —A’,D C B}, moreover, let 7; = {D C C} and
T, = {A’ C —B’}. As we showed in Example 4.3.4, 75 is not a UCQ-representation
of 71 under M. We verify that using the characterization. In fact, although, 7 satisfies
condition (i) for the pair of concepts (A, D), which is both 77 U Ti-inconsistent and
T2 U Trp-inconsistent, 7, violates this condition for the pair (A, B), which is clearly
T1 U T1z-consistent, however T, U Tz-inconsistent as 7, U 712 = A € =B’ and 7, U
Ti»=BLCB.

\/

o—>0
R D>

V

Note that the proof of Lemma 7.1.1 implies another characterization of UCQ-represen-
tations, in the spirit of the characterizations of universal solutions and universal UCQ-
solutions.

Lemma 7.1.7. A TBox T, over X is a UCQ-representation of a TBox T1 over X1 under
a mapping M = (X1,%5, T12) if and only if following conditions hold:

e for each ABox Aj consistent with Ty, (T1 U T12, A1) is consistent iff (T, U T12, A1)
is consistent;

T2
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* for each ABox Ay consistent with T1 U 71, U T,uTi, Ay iS Eo-homomorphically
equivalent to U7, 7, A,)-

Proof. (=) Follows from the proof of Lemma 7.1.1: if 7, is a UCQ-representation of
71 under M then conditions (i) — (iv) of Lemma 7.1.1 are satisfied, and the required
follows from them.

(<) Straightforward. ]

Finally, we conclude with the main result of this section. We can derive an efficient
algorithm for checking the membership problem for UCQ-representations from the con-
ditions in Lemma 7.1.1. Combining it with the complexity of reasoning in DL-Lite,
we obtain the following complexity bound:

Theorem 7.1.8. The membership problem for UCQ-representations is NLOGSPACE-
complete.

Proof. The lower bound can be obtained by the reduction from the directed graph reach-
ability problem, which is known to be NLOGSPACE-hard: given a graph G = (V, E) and
a pair of vertices vy, v, € V, decide if there is a directed path from vy to v,,,. To encode
the problem, we need a source signature %1 of concept names {V; | v; € V} and a target
signature X of concept names {V; | v; € V}. Consider 71 = {Vx E V,, JU{V, C V; |
(vi,v]') S E}, T = {Vl C Vi/ | v; € V}, and T, = {Vz/ C V]-/ | (Ul',U]') € E} One
can easily verify that the condition ii of Lemma 7.1.1 is satisfied iff there is a directed
path from v to vy, in G, whereas the other conditions of Lemma 7.1.1 are satisfied
trivially. Therefore,

o there is a directed path from v to vy, in G iff 75 is a UCQ-representation of 7;
under M = (£, X, T12).

This concludes the proof of the lower bound.

For the upper bound, we show that the conditions (i) — (iv) of Lemma (7.1.1) can be
verified in NLOGSPACE. It is well known (see, e.g., [15]), that given a pair of DL-Liter
concepts B, B, and a TBox 7T, it can be verified in NLOGSPACE, if B, B’ is T consistent
(using an algorithm, based on directed graph reachability solving procedure); the same
holds for a pair of DL-Liteg; roles R, R’. The same algorithm can be straightforwardly
adopted to check, if 7 = B C B’ or 7 |= R C R’. Therefore, clearly, the conditions (i)
and (ii) can be verified in NLOGSPACE.

The conditions (iii) and (iv) are slightly more involved; first of all, observe that,
given a concept B and a role R, and a TBox 7T, it can be checked in NLOGSPACE,
whether 7 = B C 3R, using an algorithm based on the directed graph reachabil-
ity solving procedure. At the same time, given z € {o} U {w(g) | Risarole}, we
can verify, if there exists y € A3 with z = tail(y): we “follow” the sequence
of roles Ry,...,R,;, = R (with n > 0) in the way that when we “guess” R; 1, we
check wir] ~*(7,{B(0)}) W[r,,,) (by the algorithm, similar to the one for checking
0 ~>(T,{B(0)}) W[r))> and “forget” R;.

Furthermore, in a way similar to testing 7 = B C B/, one can check if a con-
cept B’ € tlg;T’{B(")}) (owyr)) in NLOGSPACE; the same holds for checking if a role
R € rg;T’{B("m (0,w(g)) and, then, for checking B’ € tg;ﬂmm (y), for y as above. By
combining the algorithms outlined above, one can produce a procedure that checks the
conditions (iii) and (iv) in NLOGSPACE. (]
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7.2 THE NON-EMPTINESS PROBLEM

In this section we develop a bit more
involved graph-theoretic techniques and
show that the non-emptiness problem for non-empriness
UCQ-representations can also be solved ef-
ficiently (in NLOGSPACE).

UCQ-representation

We start with a example that provides some intuition to how the non-emptiness prob-
lem is solved.

Example 7.2.1. Assume M and a UCQ-representable 77 from Example 4.3.1-(3): M =
(£1,%2, Tra), where 51 = {A(), B(-),C()}. 2 = {A'(),B'(-),C'(-)} and Tz =
{ACA,BCB,ACC'},and T; = {A C B}. It follows that 7; U7, = A C B
First and obvious requirement for a UCQ-representation 75 is that 7, should entail an
axiom of the form D’ C B’ so that 7, U T1o = A C B’ (hence, 712 = A C D’). On
the other hand, it could be that 71, = D C D’ for some D distinct from A, in which
case it follows also 7, U T1» = D C B’. Since we want 7; to be a UCQ-representation,
it should be the case 73 U 712 = D C B’. In this case, we can take D’ equal to A’ or C/,
and there exists no concept D: it is easy to see that there are two UCQ-representations
of 71 under M: {A’ C B’} and {C' C B'}.

Assume now a slightly different 75, = {A C A’,B C B/,C C A’} from Exam-
ple 4.3.1-(4), where we showed 77 is not UCQ-representable. As before, 71 U 712 =
A C B’. However now, the only candidate for D" is A’, and there exists a concept C
distinct from A such that 735 = C = A’. So on the one hand, the only way to have a
UCQ-representation 73 is to include axiom A’ C B’ to 75, but on the other hand since
T1 U T = C C B, this axiom cannot be in 7T;. In general, there is no way to “repre-
sent” inclusion A C B’ in the target, so in this case 77 is not UCQ-representable under

M.

%, 1

lr 1 ‘I Zr X
1 1

A A A—s A

<A

c ¢ o

3) €}
n
Example 7.2.2. Assume M and 7; from Example 4.3.4, where we showed 77 is not
UCQ-representable: M = (¥X1,%2, T12), where 21 = {A(+), B(:),C(-),D(")}, £ =
{A'(),B'()}. Tia = {AC A"BC B,CC~A,DC B}.and Ts — (D C C},

It follows that the pair of concepts (A, D) is 71 U Tip-inconsistent as 71 U T1 |
ALC A'and T;U Ty | D C —A’. So a candidate UCQ-representation 7, should be
such that (A, D) is T, U Tqz-inconsistent. One possible way to achieve that is by having
ToUT2 E D E —A’, and since D is transferred only to B’ through the mapping,
it means that 7> should entail B* T —A’, or B C =B/, or A’ C —A’. In the first
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case, however, we result with the pair (A, B) being T, U T12-inconsistent as well, since
A C A’ and B C B’ are in Tq,. Then, for 75 to be a UCQ-representation of 77 under
M, (A, B) should be 77 U T1p-inconsistent, which is not the case. So it cannot be that
T2 | B' C —A’. In the second case, we result with the pair (B, B) being 7, U T12-
inconsistent, and since (B, B) is 71 U Tqp-consistent, it cannot be that 7, = B’ C —B'.
Similarly, we get that it cannot be the case that 7, = A’ C —A’.

In general, it is not possible to have a target TBox 7, such that (A, D) is T, U Tip-
inconsistent and 73 is a UCQ-representation of 77 under M, that is, it is not possible
“contradict” concepts A and D in the target. ]

We explained in the examples above that in order to check whether 77 is UCQ-
representable under M one needs to verify whether the axioms implied by 77 U T1»
are “representable”, and whether 77 U Tq»-inconsistent pairs are “target contradictable”.
To define these notions required for the characterization in Lemma 7.2.8, we first in-
troduce the notion of reserved UCQ-representation. We say that a target TBox 73 is a
reserved UCQ-representation of T; under M, if for every ABox A; over 1 that is con-
sistent with 71, (71 U T12, A1) Zo-query entails (72 U T1o, A1 ). Observe that the empty
TBox is a reserved UCQ-representation.

In the definitions below, X and Y denote basic concepts or roles over X, and X’
denotes a basic concept or role over X».

Definition 7.2.3. Inclusion X C X' is representable in T1 and M, if there exists a target
axiom « (possibly trivial) such that whenever T, is a reserved UCQ-representation of
T1 under M, it holds that T} = T, U{a} is also a reserved UCQ-representation of Ty
under M, moreover T, U T = X C X'.

In that case, X C X' is representable by a.

Definition 7.2.4. Pair (X,Y) is target contradictable in T and M, if there exists a tar-
get axiom « (possibly trivial) such that whenever T is a reserved UCQ-representation
of T1 under M, it holds that T, = T, U {a} is also a reserved UCQ-representation of
T1 under M, moreover (X,Y) is T, U Trp-inconsistent.

In that case, (X,Y) is target contradictable by .

Our last definition before we present a characterization of the cases when 77 is UCQ-
representable under M is the notion of a generating pass. In the case 71 U 712 = B C
3R for some concept B and role R, existence of a generating pass for (B, R) ensures that
there exists a reserved UCQ-representation 7, satisfying condition (iii) for B and R. The
main reason behind this non-trivial definition is to ensure that for R that is not translated
via the mapping, i.e., 71 U T2 = R C R’ for any role R’ over X, there exists an
“image” y € A9 B0)) that need not be a neighbor of 0 and that is already a “one-to-
one” image of some other x € AYMUTLABOY  For instance, in Example 7.1.5, for B = A,
this y was equal to w(, which was a “one-to-one image” of wg € AYTUT40) | To the
contrast, if we find y € A9TUTi2 (B0))) that is not a “one-to-one image” of any element
in AngUTH'{B(“)”, then such 7, could not be a UCQ-representation, as demonstrated in
Example 7.1.4.

For a TBox T and a concept B, denote by ug (B) the set of all concepts B’ over ¥
such that 7 |= B C B’; ul (R) is defined analogously for a role R.

Definition 7.2.5. Let B be a concept over £1 and R a role. A generating pass for (B, R)
in Ty and M is a tuple of concepts (Co, C1,...Cy) of length greater or equal 1, such
that Cy = B, and it holds for T = T1UTipandi=0,...,n—1
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(RCHAIN) Ciq = 3Q; for some role Q; s.t. T |= C; E 3Q; and u%—z(Ql) #+ O
(CPASS) foreach D; € u%—z(Ci), inclusion C; C D; is representable in Ty and M;
(RPASS) foreachS; € ugz(Qi), inclusion Q; C S; is representable in T, and M;
(ETYPE) ul (3R™) Cul (Cy), and ul (R) Cul (Co,Cy).

Example 7.2.6. Assume M and 77 from Example 7.1.5. Then (A,357,3Q7) is a
generating pass for (A, R) in 77 and M. Below we represent it graphically, where the

Y super concepts and super roles of concepts and roles over X1 are shown at the ends
of the “wavy” arrows.

30~ Q" ,B’

Q

Q/

35~ ~———»35'-,3Q

21 Z2
]

Example 7.2.7. Assume M and 77 from Example 7.1.4. Then there exists no generat-
ing pass for (A, R) in 77 and M. "

We also make use of the following properties.

(TINCONSC) concept B is T -inconsistent iff 7 = B = C M D for some concept
disjointness C = =D & T, or there exist n > 1 and roles Ry, ..., R, such that
T ‘: {B [ dR;, Ele_ [ E|Rl‘+1}, and
e T = 3R, C CMD, for some concept disjointness C = =D € T, or
e TER,CSMNQor7T E R, TS MQ~, for some role disjointness
SC-QeT.

(TINCONSR) role R is T-inconsistent iff 7 = R C SMQor7 FRLC S MQ~
for some role disjointness S = —Q € T, or one of IR, IR~ is T -inconsistent.

Having defined all notions above, we provide a characterization of the cases when 77
is UCQ-representable under M, which has a similar structure to the characterization of
UCQ-representations in Lemma 7.1.1.

Lemma 7.2.8. Given a mapping M = (X1,%,T12) and a TBox Ty over 1, Tq is
UCQ-represen-table under M, if and only if the following conditions are satisfied.:

(I) For each Ti-consistent pair of concepts or roles X, Y over ¥q such that (X,Y) is
T1 U Tiz-inconsistent, (X,Y) is target contradictable in Ty and M.

(I) For each T1 U Tip-consistent concept or role X over ¥ and each X' over ¥
such that Ty U Tp = X C X/, inclusion X © X' is representable in T1 and M.

(IIX) For each T1 U Tip-consistent concept B over L1 and each role R such that
T1 U T2 = B C 3R, there exists a generating pass for (B, R) in T and M.
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Proof. (<) Assume conditions (I) — (III) are satisfied, we construct a TBox 7T, over ¥,
and prove it is a UCQ-representation for 77 under M. The required 7, will be given as
the union of the three sets of axioms presented below. First, let (B, C) be a T;-consistent
and 77 U Tz-inconsistent pair of concepts over X1, then (B, C) is target contradictable
by condition (I): assume (B, C) is target contradictable by «, then define set ax;(B, C) to
be equal to {a}. Similarly, we define ax;(R, Q) = {a} for 7;-consistent and 77 U Tq2-
inconsistent pair of roles R, Q over ;. Next, take a 77 U T1p-consistent concept B over
Y1, and assume 71 U 715 = B C C’ for C’ over Xy, then by condition (II), B C C’ is
representable in 77 and M: let ax;(B,C') = {a} such that B C C’ ia representable
by «. Similarly, for a 7; U Tip-consistent role R over £ and Q' over ¥, such that
T1UT12 = R C Q. Finally, for each 771 U T12-consistent concept B over X1 and each
role R such that 73 U 71 |= B C 3R, define the set ax;;;( B, R) from the generating pass
(Co,...,Cy) for (B, R) in 71 and M given by condition (IIT). Take ax;;(B, R) equal to
the set of all axioms &, where C; C D; is representable by « in (cpass), or Q; C S; is
representable by « in (rpass). Finally we have:

!
Tr = U ax;(X,Y) U U ax; (X, X') U
X,Y conc. or roles over X, X conc. or role over X1,
T1-consistent and T1UT12-consistent ,
T1UT1z-inconsistent X' over ¥p, TUT1=XEX'

U ax;i;(B, R)
T1UT12-cons. B over ¥4,
TiUT12=BL 3R

Then it immediately follows that 75 is a UCQ-representation of 77 under M: On the
one hand, by construction, 7; is a reserved UCQ-representation. On the other hand, the
= directions of conditions (i) and (ii), and condition (iii) of Lemma 7.1.1 are satisfied
by construction of 7, and by definition of ax;, ax;;, ax;;. From which, it follows that
for each ABox A; consistent with 71, (7T, U T12, A1) Xp-query entails (77 U T2, Aq).
Hence, indeed, 7, is a UCQ-representation of 77 under M.

Below we show satisfaction of condition (iii) of Lemma 7.1.1. Denote by 7 the TBox
T1 U T12, let B be T -consistent concept over X1 and R arole 7 |= B C 3R, moreover
let (Cy,...,Cy) be a generating pass for (B, R) in 71 and M given by condition (III)
such that n > 0, Cop = B, C;j11 = 3Q; and

T g
w[R}) - u22<cn) and 1y

G(T.{B0)})
ty (

: (TAB()}) (0, wir)) C u%;(Co,Cn).

2

Forn = 0, if tg;T'{B@}) (wir)) = @, then we take y € AYRUTL B0 equal to o. If

tg;T’{B(”m(w[R}) # @, then tgg’{g(”m(ww) C tg;T’{B“’)}) (0) and again, we take y = o.
If n > 0, it follows by (rpass) that u%—z(Q,-) # @, and ugz(Ci) # @. Consequently,
by construction of ax;;(B,R), T, U T2 = C; C D; for each D; € ugz(Ci), and
ToU Tz = Qi C S foreach S; € ug (Q;). Recall the shape of T, and Ty: it follows

there exists y € A9TRUT (800 such that

TR (4, wig)) tgiﬁum{smm (0,).

9(T4B(0)}) G(TUTia (B(0)}) g
ty, (wg) Ctg, > " (y) and ry

- 2

(=) Let T, be a UCQ-representation for 7; under M. It is easy to see that condi-
tions (I) and (II) are satisfied.
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We show (I11) is satisfied; Denote by 7 the TBox 77 U T2, assume B is a 7 -consistent
concept over X1 and 7 = B C 3R for some role R, by condition (iii) of Lemma 7.1.1
it follows there exists iy € AYTUT B such that

G(7.18(0) 9(T3UT1.(BO)Y) Gi7.(800) G(7UTi2 (BO)})
ty PO (wir) € g * 2 (y), and 1O (0, wigy) € 1y 2 (0,y).
Assume that y = wjqg,j for n > 0, where 0 ~+ (17, (B(0)}) W[Q;] > *** ~ W[Q,]-

Then 7, UTh2 = {B C 3Q4,3Q; C 3Q;11,3Q; C B'},forall B' € tggw (wr))-
and ,UT E{Q1C R |R € rg;T’{B(”m (0, wigy) } if rg;T’{B("m(o,w[R]) # @. One
can show by induction that for each i, there exist S; over £ such that 7 = S; C Q; and

T & {BC 35,35 C 351,35, C B}, forall B € ;7" (wyg)). We define
a sequence (Co,...,Cy) as Co = B, Cip1 = dS.": it can be straightforwardly verified
that (Cy, ..., C,) is a generating pass for (B, R) in 77 and M. O

We now use the above characterization to verify UCQ-representability in the follow-
ing examples.

Example 7.2.9. Assume M and 77 from Example 7.1.5, that is, M = (Xq,X,, T12),
where

%y ={A(),R(-,-),S(,-),Q(, )}

2o ={A'(),B'(-),S'(), Q) g T={AC3R

Ti={AC A, 3R C B, AC 35,35 C 3Q}
SCS,QCQ,3Q  C B}

Then the ER diagrams of 77 and 77, can be depicted as follows:

Ti>
R~
/ ’\A//\/\\//\/\/\\/C‘ B’
R ,
3R 3
/ Q

307 Q Q' 30"
1 07
3s- -~
as{'f\/\/\/\/‘”'s/ﬂs
71 35’
A Al
Ti X

Then one can see that conditions (I) — (III) are satisfied. Thus, for instance, 77 U T12 =
A C 35 and T1U T, | 35S~ C 3Q': clearly both inclusions are representable
in 73 and M. Then, 7TUT12 E A C 3Rand 71U T2 = A C 3S, and in both
cases there exist generating passes: (A, 35—, 3Q ) from Example 7.2.6 and (A,35™),
respectively. This confirms that 77 is UCQ-representable under M. |

Example 7.2.10. Assume M and 77 from Example 7.1.4, that is, M = (X1, X, T12),

where 1 = {A(-),R(-,)}, 2 = {A'("),R'(,-),B' (")}, T, ={AC A, 3R~ C B
and 71 = {A C 3R}. The ER diagrams of 77 and 775 can be depicted as follows:

—
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R~
IR'™

4R
[x
{
Th 2

In contrast with the previous example, condition (IIT) is not satisfied. In fact, 71 U 712 =

A C 3R, however there exists no generating pass (Cy, . .., Cy) for (A, R) in 71 and M,
g o . .

such that tZ;TlUTu’{A( W (wr)) € uguﬂz(Cn). So indeed, 77 is not UCQ-representable

under M. m

Example 7.2.11. Assume that M = ({A(-), B(+),C(-)}, {A’(+), B'(:)}, T12), where
T, = {AC A,BLC B,CLC —A’},and let T; = {B C C}. (This case was
considered in Example 4.3.3—(3).) We show condition (I) is satisfied: the pairs (A, C)
and (A, B) are 71 U Tip-inconsistent. As the former pair is already 77>-inconsistent, this
case is not interesting. Consider the latter pair, then one can easily verify that (A, B) is
target contradictable in 77 and M: A C A’ € 7Tq, and disjointness B C —A’ is
representable in 71 and M by B’ © —A’, as only A is transfered positively to A’, only
B is transfered positively to B’, and it is not the case that (A, B) is a 71 U T1p-consistent
pair. It is easy to see that condition (II) is satisfied, because for concepts D and D’ over
Y1 and over X, respectively, it holds that 73 U T1o = D C D’ implies 71, = D E D'.
|

Finally, we obtain the complexity bound of the non-emptiness problem for UCQ-
representations.

Theorem 7.2.12. The non-emptiness problem for UCQ-representations is NLOGSPACE-
complete.

Proof. As in the case of Theorem 7.1.8, the lower bound is shown by the reduction from
the directed graph reachability problem, however, we need a slightly more involved
encoding.To encode the graph G = (V, E), we need a set of %1-concept names {V; |
v; € V}U{S,F,X,Y} and a set of X-concept names {V/ | v; € V} U {5, X', Y'}.
Consider the TBox

Ti={ViCVj|(v,v) EE}U{SCV,Vu CFXCY},
where vy and vy, are, respectively, the initial and final vertices. Then, let
To={V,CV/|v,eViu{SCS,SCX,FCY,XCX,YCY'};
we will show:

* there is a directed path from v to vy, in G iff there exists a UCQ-representation
for 71 under M = (X41,%5, T12).

Indeed, using Lemma 7.2.8, there exists a representation iff condition (II) is satisfied.
By the structure of 7; U Tq» one can see that it is the case iff inclusions X T Y’ is
representable in 73 and M by X' C Y/ i.e.,iff 7T U T2 = S C X implies T U Ty =
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S C Y’, and that holds iff 7; \: S C F, which is the case iff there exists a path from vy
to vy, in G. This completes the proof of the lower bound.

To show the upper bound, we prove that conditions (I) — (III) of Lemma 7.2.8 can
be checked in NLOGSPACE. First, there are syntactic conditions that allow to check
whether an inclusion is representable in 77 and M, and whether a pair is target con-
tradictable in 73 and M (see Propositions 7.2.13, 7.2.14, 7.2.15 and 7.2.16). In fact,
these conditions can be checked using the algorithm, based on directed graph reacha-
bility solving procedure, similar to the proof of Theorem 7.1.8. The only new case is
condition (III); to verify for a 73 U T1»-consistent concept B over £ and a role R such
that 73 U 712 |= B C 3R, that there exists a generating pass 77 = (Cy, ... C,) for (B, R)
in 77 and M, we can use the following procedure, running in NLOGSPACE. First, we
take Cy = B and decide, if the pass ends here (i.e., n = 0). If we decided so, it only
remains verify (cpass). This verification can be performed in NLOGSPACE, similarly
to the method described in the proof of Theorem 7.1.8. If, on the other hand, we de-
cide, that the pass continues, we “guess” C; = 3Q~ for some role Q, and verify that
(rchain) and (cpass) are satisfied. Now, if we decide that the pass stops, it remains to
verify (rpass). If, on the contrary, we decide that the pass continues, we can “forget” Cy,
“guess” Cp, and proceed with it in the same way, as we did with C;. Finally, when we
reach the concept Cj,, such that the algorithm decides to stop, it remains to verify (cpass).
It should be clear that whenever a generating pass 7 = (Cy, ... Cy) for (B, R) in 77 and
M exists, we can find it by the above non-determinictic procedure.

Below, we provide propositions that establish the syntactic conditions for checking
whether an inclusion is representable and whether a pair is target contradictable.

Proposition 7.2.13. For a concept B over X1 and C' over ¥, inclusion B T C’ is
representable in T1 and M if and only if there exists B over ¥ such that T;; = B C B,
and for each T1-consistent concept D over Xq:

(CINCL) T1U T =D C B implies 1 UT12 =D E C,

(MROLE) if B = 3Q'~ for some role Q' over ¥y, then T1 U T1o = D C 3Q’ implies
T1U Tz = DC 3Q forsomerole Qs.t. TUT E{QC Q, 30~ = C'}.

In this case, B = C’ is representable by B’ T C'.

Proof. (<) Let B be a concept over X1 and C’ over X, B’ # C’, and conditions (cincl)
and (mrole) are satisfied. We show inclusion B = C’ is representable in 71 and M by
B’ T C'. Take 7, a reserved UCQ-representation for 7; under M: we prove 7, =
T, U{B’' C C'} is a reserved UCQ-representation by showing the following is satisfied:

* for each 77-consistent and 7}/ U T1o-inconsistent pair of concepts or roles (X, Y),
it follows (X, Y') is 71 U Tqp-inconsistent, which corresponds to the <= direction
of condition (i) of Lemma 7.1.1,

e for each 77 U Tio-consistent concept or role X over X; and each X’ over X,
T/ U T2 = X C X implies 71 U 712 = X C X', which corresponds to the <
direction of condition (ii) of Lemma 7.1.1, and

¢ condition (iv) of Lemma 7.1.1.
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Observe that from 7, is a reserved UCQ-representation of 77 under M, it follows the
above conditions are already satisfied for 75, 77 and M.

First, for condition (ii) of Lemma 7.1.1, let D be a 71 U Tq»-consistent concept over
%1 and E" a concept over X such that 7; U T2 =D C E'and T, U712 = D C E.
Hence, there exists D’ over ¥, such that 7, = {D’ C B/,C' C E'} and T2
D C D' Since 7 is a reserved UCQ-representation and 7, U 71 = D T B/, it
follows 71 U712 = D C B, so there exists By over ¥ such that 71 = D C B; and
Ti2 = By C B'. Next, B/, C’ satisfy condition (cincl), therefore 73 U 71, = By £ C/,
so there exists C over X such that 73 = By C C and 715 = C C C’. And we can
continue by analogy. To summarize, there exist By, C and E over X such that

TW={DCB,BCC,CCE} (16)

and T2 = {B1 C B/,C C C',E C E'}. Finally, we obtain that 7; U712 = D C E'.

Next, for condition (i), let (D1, D) be a pair of 71-consistent, T, U Tq2-consistent
and 7'2’ U T12-inconsistent concepts. For the sake of contradiction, assume (D1, Dy) is
T1 U T12-consistent (hence, each D; is 77 U T1p-consistent).

Suppose both D; are 7, U T1a-consistent. Without loss of generality, we may assume
that for some D’ over X, 7, U T2 = {D1 C D', D, C —D’}. From condition ii, it
follows there exists D over 24 such that 71 = D1 C D and 71, = D C D’. Consider
the following cases:

1) ,UTp = Dy © =D’ (and T, U T1» = Dy © D’). Then, either there exist
D}, F' over X, such that 7, = {D) C F/,F' C =D’} and T1; = D, T D} (see the
diagram below), or 712 = Dy C —D’. In both cases, (D, D) is 7, U Tip-inconsistent,
so it follows (D, D,) is 71 U Tqz-inconsistent. In view of 73 = D1 C D, we obtain
contradiction with the assumption (D1, D) is 71 U Tq2-consistent.

2) T2 U T12 [= Dy © =D, Then, there exists F’ over X such that 7, U 712 = Dy C F/
and 7, = F' C =D’ (note, T, U T1p = D, £ F'). From condition ii, it follows
there exists F over X1 such that 7; = D, C Fand T = F C F'. Now, as (D, F)
is T U Tqp-inconsistent, it follows (D, F) is 71 U Tip-inconsistent, which in view of
T1 ={D; C D, D, C F} contradicts the assumption (Dq, D;) is 71 U T1p-consistent.

F D

D [)/AXJK7 j& F”‘\»~”“‘*‘>'F’AS,X7 zr

D, M D} D; D!

D D
T T 2~ — >

ey )

T2

Suppose one of D; is T, U T1p-inconsistent. Consider the following two cases by (tin-
consc):
1) for some D’ over Xp, 7, U T12 = {D; C D', D; C —D'}. The contradiction is
obtained similarly as in the case both D; are 7'2’ U T1p-consistent.
2) there exist n > 1 and distinct roles Si,...,S), such that 7, U712 = {D; C
381, 387 © IS and ;U T2 = S, © R'NQ for R © =Q" € Ty, or
T UTha =38 CENF for E'C ~F € T5.

If n =1and S] is arole over X (i.e., D; = 35} and S] is 77 U Tqp-consistent), then
from condition ii, it follows 71 U T = S C R'M Q" or T1 U Ty, =387 C E'MF.
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In the former case, there exist roles R, Q over X such that 77 = S] C RMQand T, =
{RCE R, QC Q'};then (R, Q) is T2 U Tip-inconsistent, since 75 is a reserved UCQ-
representation, it follows (R, Q) is 71 U Tqz-inconsistent. In the latter case, there exist
concepts E, F over X1 such that 77 |= 35" C EMFand Ti, = {EC E/, FC F'};
then (E, F) is T, U Tip-inconsistent, hence (E, F) is 71 U Tqz-inconsistent. In any case
we obtain S/ is 77 U Tqp-inconsistent, which contradicts the assumption D; is 71 U T12-
consistent.

If n =1 and S} is a role over X, assume 7, U 71, = D; C 3S]. From condition (ii)
it follows 71 U 712 = D; T 3S], so there exists D over Xq such that 77 = D; C
Dand 71 = D C 3S}. Then T, U T, = D C 3T’ for some role T” (possibly
coinciding with S{) such that 7, U712 = T" © Sj. In the case T, U Tqp |= S) E
RNQ orhUTn E EISQ_ C E'MF, since T; is a reserved UCQ-representation,
from condition (iv) it follows there exists a role T such that 73 U 71, = D C 3T, and
TTUTp ETCE R MNQ or i UTyx E 3T~ C E'MF'. Again, we obtain that D is
T1 U Tyz-inconsistent, which contradicts the assumption D; is 77 U T1p-consistent.

Assume now T, U Typ = 3877 T E'MF' (the case T, U Tpp = S) C R'M Q' is
not possible). Then it follows 7; = {3S]” C B/, C' C E'} and/or T, = {35] C
B/, C' C F'}, and the role T above is such that 71 U Ty, = 3T~ C B/. If T is over
Y1, then 71 = 3T~ C Bj and 71 |= By C B’ for some concept By over X1, next we
have that 7, U 712 |= By C E' M F/, so from condition (ii) it follows 73 U 712 |= By C
E’' M F/, and as before By is 71 U Tip-inconsistent, which contradicts the assumption D;
is 71 U Ti2-consistent. If T is over ¥, then B’ = 3T~ = 1S, ", and by (mrole) it follows
there exists Sy such that 77U 71, = D © 3Syand 71U Ty, = {S1 & §;, 35] C
C'}. Since 357 # C/, it follows S is over X, and there exists C over X; such that
Ti |=3S; € Cand Tiz |= C C C'. Now, we have that 7, U T, = C C E'TTF/, from
condition (ii) it follows 73 U 712 = C C E' M F/, so as before C is 71 U T1p-inconsistent,
which contradicts the assumption D; is 77 U Tq2-consistent.

For n > 1, we can continue reasoning as for the case n = 1 to obtain a contradic-
tion. Finally, we conclude that D; is 71 U Tip-inconsistent, hence (D, D7) is 71 U T12-
inconsistent.

Let (S1,S2) be a pair of 7;-consistent, 7 U T12-consistent and 7, U T1»-inconsistent
roles (this is the only non-trivial case). Since 7, extends 7, with a concept inclusion, we
have that there exist D1, D, covering {351, 35S, } or {35, 35, } such (D1, D) is 7/ U
T12-inconsistent and T, U Tq5-consistent. By reasoning as above, we obtain (D1, D5) is
T1 U T1z-inconsistent, therefore (S1, S) is 71 U Tiz-inconsistent.

To show condition (iv) of Lemma 7.1.1 assume a 7; U 71>-consistent concept D over
Y1 and a role R such that 7, U7, = D C 3R and 7, U Tq2 = D C 3R. Hence, R
is a role over X, and there exists D’ over X, such that 7, = {D' C B/,C' C 3R}
and T2 = D C D’. As before, we can conclude there exists (a 71 U T12-consistent) C
over X such that 71 = C C C' (and 71 = D C C). It means 7, U 7o = C C 3R,
therefore either 7, U 712 = C C JR, or C = 3Q for some role Q over X such
that 7, U712, E Q C R, and T, U T2 = C C 3Q. Since 75 is a reserved UCQ-
representation, it follows there exists z € AYTUTRACON such that

(TUTi24C(0)}) (x) C tgiﬂuTur{c(o)D (2)

(T2UT12AC(0)}) (
2

(TUT12.{C(0)}) (
2

g g 4
ty, and 1y 0,x) C Iy, 0,2),

. g L .
with x = wg) or x = w|p). Observe that R € ry, 0,x), which implies that
z = wig) for some role S such that 71 U T1» = C C 3S. Now, notice that 73 U 712 =

(TUTi2AC(0)}) (
2



7.2 THE NON-EMPTINESS PROBLEM

D € 3S: we obtain that 0 ~(7;u7;,,{D(0)}) W|r) for some role T (possibly coinciding
with S) such that 71 U 71 |= T C S. Finally, we have that

973 uTi2AD0)})

9(TUTipAD(0)})
ty, (wry) Ctg, ' (wir)),
Gt g
(TyUT12.4D(0)}) (T{UT12,{D(0)})
1'222 (O,ZU[R}) - 1'221 12 (O,Zl)m),

so we take ¥ in condition (ii) to be equal to wir).-
Assume now B’ = 3R~ for some role R over X, and D is a 71 U Tip-consistent
concept over X such that 7, U 1o = D C 3R. By condition (ii), it follows 71 U T1o =

. . 4 0 -
D C JR. The interesting case to consider is tziTZUT”’{D( & (wir)) = {IR™} (hence,

g 0 .
rZiTZUTH’{m "o, wig)) = {R}), as for Ty it is enough to take y € AITUTAPEN) equal

to wg] such that T1UTia EDC 3Sand 71U T2 = S C R (such S exists: we take
S equal to R if 71 U712 = D C 3JR). However, given the axiom 3R~ T C' in 7,

we have tg?uﬁz'w(om (w[R]) 2 {3R~,C’} (note, still rgiTZIUTu'{D(O)})(
As B" and C’ satisfy (mrole) and 73 U 712 = D C 3R, it follows there exists S such
that 7 U7, E D C 3Sand 71U T2 E {S C R, 35~ C C’}; moreover by
C' # dR~ and the structure of 77 U Ty, it follows S is over X;. From the latter we
obtain a role Q over X1 such that 7; = S C Q and 712 = Q C R, moreover 3Q~ and
Q are 71 U Tip-consistent. Now, assume 7, = 3R~ C E/; then T, U Tpp = 3Q C

E’, and since T, satisfies condition (ii) it follows 73 U 712 = 3Q~ C E’, therefore

g 0 Girtor o ADlo : D
E e t2<271u7'12/{D( >}>(w[s]), Thus t2<22u 124D( >}>(w[R]) c tZ;TluT]Z/{D( >}>(

take y = wyg) to satisfy condition (iv) of Lemma 7.1.1.

wis)), and we

(=) Suppose inclusion B C C’ is representable in 7; and M by a target axiom
«. Then T, = {a} is a reserved UCQ-representation and 7, U7, = B C C'. If

Ti2 E B C C/, we take B’ equal to C': obviously, (cincl) and (mrole) are satisfied.

Now, assume 715 = B £ C'. Then it must be the case « is of the form D’ = C’ and
Ti2 = B C D’ for some concept D’ over X. So we take B’ equal to D’, and prove
below (cincl) and (mrole) are satisfied.

For (cincl), let 71 U T2 = D C B’ for a T U Tip-consistent concept D over 2. It
follows 71 = D C By and T12 = By C B’ for some concept By over £;. Consequently,
ToUTi2 E By © C/, and as 75 is a reserved UCQ-representation, we obtain that
71U T2 = By C C'. Finally, we proved that 71 U712 = D C C'.

For (mrole), assume B’ is of the form 3Q'~ for some role Q' over ¥, and 77 U
Ti2 E D C 3Q’. As above, there exists By over ¥ such that 71, = By T 3Q’. Then,
ToUTn | By © 35 for some role S’ (possibly coinciding with Q') such that 7, U

- L g o
T2 E S’ C Q. By condition (iv) of Lemma 7.1.1 and Q' € rZ;TZUT”’{Bl( R (o,w[s/]),

there exists a role S such that
G (TyUTi0 By (0)}) G (T UTi0 By (0)})
ty, (ws) C ts, (wys)),

rgmunz,{sl o ( G UTi2 By (0)}) (

- 0, w[s,]) Cry, 0, w[s]).

It implies, 71 U 712 = By T 3S. Further, since 71 U 712 |E D T By, we have that
71U T2 = D C 3Q for some role Q (possibly coinciding with S) such that 7, U Ty, =
Q C S. It is straightforward to verify that 7; U 710 = {Q C Q, 3Q~ C C'}. O

o,wr) = {R}.
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Proposition 7.2.14. For a role R over 1 and Q' over ¥, inclusion R C Q' is repre-
sentable in T1 and M if and only if there exists R' over ¥ s.t. Tio = R C R/, and

(RINCL) for each Ty-consistent role S over X1, T1 U T = S C R’ implies
TiUT ESC Q)

(EXINCL) B’,C’ satisfy conditions (cincl) and (mrole) for B = IR’, C' = 3Q’, and
B — 3R~ C' = 30"~

Then, R C Q' is representable by R’ = Q'.

Proof. (<) Let R be arole over X1 and Q" over X, R’ # Q’, and conditions (rincl) and
(exincl) are satisfied. We show inclusion R C Q' is representable in 71 and M by R’ C
Q'. Similarly, to the proof of Proposition 7.2.13, take 75 a reserved UCQ-representation
for 71 under M: we prove 7)) = T, U {R’ C Q’} is a reserved UCQ-representation by
showing the direction of condition (i) stating that for each 77-consistent and 7, U T1»-
inconsistent pair of concepts or roles (X,Y), (X,Y) is 71 U Tqz-inconsistent, the <
direction of condition (ii), and condition (iv) of Lemma 7.1.1 are satisfied.

Satisfaction of conditions (ii) and (i) of Lemma 7.1.1 can be shown by analogy with
the corresponding proofs in Proposition 7.2.13. Note, here for concept inclusions/dis-
jointness assertions we use the fact that 3R’, 3Q’ and IR’~, 3Q’~ satisfy (cincl), and
for role inclusions/disjoint-ness assertions we use the fact R’, Q' satisfy (rincl).

For condition (iv), the interesting case to consider is 7, U 712 = D C 3R/, with D a
T1 U Tiz-consistent concept over X1, such that

g AD(o - g AD(o
tZ;TZUTu{D( )H(w[R]) _ {EIR/ } and I'Z;TZUTIZ{D( B (Olw[R]) _ {R/}.

Now, given R’ C Q" € T, we have that

G 0 G 0
t2<2’r2u’f12,{13( Y (w[R]) ) {E]R,_, ElQ/—} and rziTzuTu,{D( ) (O, w[R]) ) {R’, Q/}

By condition (ii), it follows 71 U T2 = D £ 3R’. As 3R’~ and 3Q’~ satisfy (mrole)
and 71 U712 = D C 3R/, it follows there exists S such that 73 U 1o = D C 3S and
T1UT = {SC R, 35~ C 3Q" }; moreover by 3Q'~ # IR~ and the structure
of 71 U Tqp it follows S is over Xq. From the latter we obtain a role Q over X such
that 71 = S C Qand 712 E Q C R, moreover 3Q~ and Q are 77 U Tq2-consistent.
Now, assume 7, = IR'~ C E’; then T, U T2 = 3Q~ L E/, and since 7; satisfies

condition (ii) it follows 73 U 712 = 3Q~ C E’, therefore E' € tg;ﬁwlz’{m)}) (wis))-

- g 0
Similarly, for T” such that 7, = R’ C T’, we can show T’ € rZ;TlUT“’{D( K (0, wig))-

Thus, we take y = wjg) to satisfy condition (iv) of Lemma 7.1.1.

(=) Suppose inclusion R T Q' is representable in 7; and M by a target axiom
a. Then T, = {a} is a reserved UCQ-representation and 7, U7, = R C Q. If
Ti2 E R C Q’, we take R’ equal to Q': obviously, (rincl) and (exincl) are satisfied.
Now, assume T1p = R = Q’. Then it must be the case a is of the form S’ C Q' and
Ti2 E R C S for some role S’ over ¥,. So we take R’ equal to S’, then (rincl) is
shown similarly to (cincl) in the proof of Proposition 7.2.13, and satisfaction of (exincl)
is shown exactly as in the proof of = of Proposition 7.2.13 for B’ = 3R’, C' = 3Q/,
and B =3R'~,C' =3Q"". O
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Proposition 7.2.15. For roles Ry, Ry over ¥4, (Ry, Ry) is target contradictable in Ty
and M iff either for {R, Q} C {Ry, Ry} there exists R' over ¥, such that

(A) T2 ERC R, and Q C =R’ € Typ, orthereis Q" over¥Xy s.t. Tio = Q C Q' and
(RINCONS) for each T1 U Tia-consistent pair of roles S1, Sy over X1 it is not the
case TTUT2 E{S1CE R, $SEQ'};

(NOGEN) for each T1 U Tip-consistent concept D over £ and each role S such
that T{ U T1 = D C 38, it is neither the case 71U 712 = S C R' 11 Q’, nor
TiUT ESCR-NQ",
(B) or Ti2 = R C =R’ and inclusion Q T R’ is representable in T and M;

or for {B,C} C {3Ry,3Ry} or {3R], 3R, } there exists B' over ¥ such that

(C) Ti2 E BE B, and C © =B’ € Tyy, or there is C' over ¥y s.t. Tio = C C C' and
(CINCONS) for each T1 U Tip-consistent pair of concepts D1, Dy over X1 it is
not the case 71 U T1» = {D1 C B/, D, C C'};

(NOREND) for each T1 U Tip-consistent concept D over ¥ and each role S such
that T1 U T2 = D C 3S itis not the case 71 U T =35~ C B’ 11 C,

(D) or Ti2 = B C =B’ and inclusion C T B’ is representable in Ty and M;

Then (Ry, Ry) is target contradictable by either R" T R’, or Q" C =R’ in (A), by axiom
«, where Q T R’ is representable by « in (B), by either B T B, or C' & =B’ in (C),
and by axiom «, where C C B’ is representable by « in (D).

Proof. (<) Let Ry, R, be roles over 21 and one of the conditions (A), (B), (C), or (D) is
satisfied. We show (R1, Ry) is target contradictable by a given by each of the conditions.
Take 7, a reserved UCQ-representation for 77 under M: we prove 7, = T, U {a} is
areserved UCQ-representation, by showing conditions (i), (ii), and (iv) of Lemma 7.1.1
are satisfied (only the required directions, see the proof of Proposition 7.2.13). That
(R1, Rp) is T} U Tip-inconsistent, follows immediately from the shape of « and 775 in
each of the cases. Observe that if « is given by one of the conditions (B) or (D), then
T, is a reserved UCQ-representation follows from the proof of Propositions 7.2.13 and
7.2.14. As for a given by conditions (A) or (C), it should be clear that conditions (ii) and
(iv) of Lemma 7.1.1 are satisfied, as disjointness assertions do not affect entailments of
the concept and role inclusions. Therefore, below we show 75/ satisfies condition (i).

Assume condition (A) is satisfied, and « = Q' C —R’ (the case « = R’ C R’ is
trivial), hence 712 = Q T —R’. Let (D1, D) be a pair of Ti-consistent, T, U Tq2-
consistent and 7, U 712-inconsistent concepts. The case both D; is 7, U Tqp-consistent
is not possible due to the shape of «. Then some D; is Tz/ U T1p-inconsistent, and by
(tinconsc) it follows there exist 7 > 1 and distinct roles S}, ..., S;, such that 7, U 712 |=
{D; C 35}, EIS;* C EIS;-H} and HhUTp ES, CRMNQ o huTp E S, C
R’~ 1 Q' In the following, we consider only 7, U712 = S, T R' 1 Q".

For the sake of contradiction, assume D; is 71 U T1>-consistent. If # = 1 and S{ is a
role over ¥ (i.e., D; = 357 and S} is 71 U T12-consistent), then we obtain contradiction
with (rincons) rised from the assumption D; is 71 U Tqp-consistent. If # = 1 and S] is a
role over X, then since 7; is a reserved UCQ-representation and 7, U 712 = D; C 35,
by condition (iv), we obtain a role Sy such that 71 U 1o |= D; C 351, and T U T1o |
S1 C R’ M Q': contradiction with (nogen).
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For n > 1, inductively using condition (iv), we obtain roles 51, ...,S5,,_1 over £q and
S, st THU T ‘: {Dl‘ C 154, 35]_ c E|Sj+1}, and 71 U T1o ): S, C RN Q/. Then
(nogen) implies that 35S~ is 71 U Tip-inconsistent, which contradicts the assumption
D; is T1 U Tqz-consistent. Finally, we conclude that D; is 77 U Ti2-inconsistent, hence
(D4, Dy) is T1 U Tip-inconsistent.

Let (51, S2) be a pair of 77-consistent, 7 U T12-consistent and 7, U T1»-inconsistent
roles. For the sake of contradiction, assume (S1, S2) is 71 U Tq2-consistent (and each of
S; is 71 U T1p-consistent).

Suppose both S; is 7, U Tqp-consistent. From the shape of «, without loss of gener-
ality, we may assume that 7)) U 712 = {S1 C R/, S, C Q'}. From condition (ii), we
obtain 71 U T2 = {S1 C R/, S, C Q'}, which contradicts (rincons).

Suppose one of S; is T, U Tip-inconsistent. Then by (tinconsr) either 7, U 712 =
S CRMNQ orTh,UT =S T R-MQ', orDis T, U Tip-inconsistent for
D = JS;or D = 3S;. In the latter case, we obtain contradiction as in the case (Dy, D7)
is 7; U Tqp-inconsistent. In the former case, from condition (ii), it follows 71 U Tq2 =
SSCR'MQ orTiUT ES; C R~ M1 Q'~, which contradicts (rincons). Finally, we
conclude (51, S7) is 71 U Tiz-inconsistent.

Assume condition (C) is satisfied, and « = C' C —B’ (the case x = B’ C B’ is
trivial), hence 71o = C C —B'. Let (Dy, D;) be a pair of Ti-consistent, T, U Tqo-
consistent and 75’ U T1z-inconsistent concepts. For the sake of contradiction, assume
(D4, Dy) is T1 U Trp-consistent (and each of D; is 71 U Tip-consistent).

Suppose both D; is TZ/ U T12-consistent. From the shape of «, without loss of gener-
ality, we may assume that 7, U T;» = {D; C B/, D, C C’}. From condition (ii), it
follows 71 U 712 = {D1 C B/, D, C C’}: contradiction with (cincons).

Suppose one of D; is 7, U Tqp-inconsistent. By (tinconsc), consider 7, U 712 =
D; C B’ M C’. From condition (ii), it follows 77 U 71 |= D; C B’ 1 C’: contradiction
with (cincons). Now, consider the case there exist # > 1 and distinct roles S,...,S),
such that 7, U Ty, = {D; © 35}, EIS;* C EIS}+1} and ;U Tp = 3S,- C B'1M
C'. Inductively using condition (iv), we obtain roles Sq,...,S, 1 over ¥ and S, s.t.
T1U T2 ): {Dl' C 354, EIS]_ [ E|S]'+1}, and 71 U T1o ): 3S, C B’ M1 C’. Then
(norend) implies that 35, _; (or D;if n = 1) is T1 U T12-inconsistent, which contradicts
the assumption D; is 77 U Tip-consistent. Finally, we conclude that D; is 77 U Tqp-
inconsistent, hence (D1, D;) is 71 U Tip-inconsistent.

Let (S1,S2) be a pair of 77-consistent, 7 U T1-consistent and 7, U T»-inconsistent
roles. From the shape of a, it follows D is Tz/ U T12-inconsistent, for D = dS; or
D = 3S; and i € {1,2}. It can be shown D is 73 U Ti2-inconsistent as above.

(=) Suppose pair (R1, Ry) is target contradictable in 7; and M by a target axiom
a. If (Ry, Ry) is Tqp-inconsistent, then there exist R, Q € {Ry, Ry} and R’ over X,
such that 73 = {R C R/, Q C =R’} (hence, (A) is satisfied), or there exist B, C in
{3R1,3R;} orin {3Ry,IR,} and B’ over X, such that 7y, = {B C B/, C C —-B'}
(hence, (C) is satisfied).

Assume (Rq, Ry) is Tqp-consistent. Then & is a non-trivial axiom, 7, = {a} is a
reserved UCQ-representation, and (Ry, Ry) is T, U Tip-inconsistent.

Suppose « is a role disjointness assertion S; = —5;. Then it follows there exist
R,Q € {Ry,Ry}and S, T € {S1,S2} suchthat 71, = {RC S, Q C T}. So we set R’
equal to S and Q' equal to T. We prove (rincons) and (nogen) are satisfied. For (rincons),
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assume a 71 U Tqp-consistent pair of roles S1, Sp over X1 such that 73 U 712 = {S1 C
R’, S; C Q'}. It follows there exist S11, Spp over Xq such that 71 = {S; C S11, S2 &
522} and Tqp |: {511 C R, Sy C Q,} Next, (511, 522) is T> U T1p-inconsistent, and
since 73 is a reserved UCQ-representation, it follows (S11, Sp2) is 71 U Tip-inconsistent,
which contradicts (S1,S2) is 71 U Tip-consistent. Hence, it cannot be the case 77 U
T2 E {S1 C R, S, C Q'}. For (nogen), assume a 71 U Tip-consistent concept D
over ¥q suchthat 77 U7, = D C 3Sand TUTp E S C R'MQ.If S is over
Y1, then as above, we obtain a contradiction with D being 77 U Tqz-consistent. If S is
over X, it follows S = R’ = (', and there exists a concept Dy over X1 such that
Ti = D C Dy and Ty = Dy C 3S. As above, (D1, D1) is T, U Tip-inconsistent, and
since 73 is a reserved UCQ-representation, it follows (D1, D) is 71 U Tip-inconsistent,
which contradicts D is 77 U Tip-consistent. Hence, it cannot be the case 71 U T1 =
S C R’ Q. In a similar way we obtain a contradiction if assume 71 U 712 = S C
R~ M Q. Thus, (A) is satisfied.

Suppose « is a role inclusion assertion S; C Sp. Then it follows there exist R, Q €
{R1, Ry} such that T2 = {R C =Sy, Q C S1}. So we set R’ equal to Sy, the proof

Q C R’ is representable by S; C R’ is similar to the proof of = of Proposition 7.2.14.

Thus, (B) is satisfied.
Suppose « is a concept disjointness assertion D1 = —D;. Then there exist B, C in

{3R1, 3Rz} or {3R}, 3R, }and D, E € {Dy, D} suchthat Ty, = {BE D, C C E}.

So we set B equal to D and C’ equal to E. We can prove (cincons) and (norend) are
satisfied by analogy with the proof of (rincons) and (nogen). Thus, (C) is satisfied.
Suppose « is a concept inclusion assertion D1 T D;. Then it follows there exist B, C
in {3Ry,3R2} or {3R{,3R; } such that 71, |= {B C —D,, C T D;}. So we set B/
equal to D5, the proof C C B’ is representable by D1 C B’ is similar to the proof of =
of Proposition 7.2.13. Thus, (D) is satisfied. (]

Proposition 7.2.16. For concepts By, By over ¥4, (B, By) is target contradictable in Tq
and M if either for {B,C} C {By, By} there exists B’ over ¥y such that

(E) T12 = B C B/, and either C C =B’ € Tip, or there exists C' over Xy s.t. Tio =
CLC C and
(CINCONS) for each T, U Tip-consistent pair of concepts D1, Dy over X1 it is
not the case 71 U 712 = {D1 C B/, D, C C'};

(NOREND) for each T1 U Tip-consistent concept D over ¥ and each role S such
that T1 U T = D C 3S itis not the case 71 U T =35~ C B’ 11 C,

(F) or Ti2 = B C =B’ and inclusion C T B’ is representable in Ty and M;

or B; = dR or B = dR for a role R, and
(G) (R, R) is target contradictable in T; and M.

Then (By, By) is target contradictable by either B' C B’ or C' = =B’ in (E), by axiom
«, where C T B’ is representable by « in (F), and by axiom « such that (R, R) is target
contradictable by « in (G).

Proof. The proof is similar to the proof of Proposition 7.2.15. O

This concludes the proof of Theorem 7.2.12. 0
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7.2.1 Computing UCQ-representations

We conclude with an algorithm for computing a UCQ-representation for a given source
TBox 77 and a mapping M, which can be extracted from the proof of Lemma 7.2.8.
The algorithm is presented in Figure 14.

Algorithm CoOMPUTEUCQREPRESENTATION (M, T7)
Input: mapping M = (X1, %,, T12) and TBox 77 over ¥q
Output: TBox 7, over X if 77 is UCQ-representable under M, nothing otherwise.

T2 :=A}.
for each T7-consistent pair of concepts B, C over ¥4
if (B, C) is T U Tip-inconsistent
if (B, C) is target contradictable in 77 and M
T = To U{a}, where (B, C) is target contradictable by «.
else return nothing.
for each 77-consistent pair of roles R, S over X
if (R, S) is 71 U Tqz-inconsistent
if (R, S) is target contradictable in 77 and M
T2 := ToU{a}, where (R, S) is target contradictable by «.
else return nothing.

for each 71-consistent concept B over X1 and concept B' over X
if7UT, EBC B
if B C B’ is representable in 7 and M
T2 := T U{a}, where B C B’ is representable by «.
else return nothing.

for each 7;-consistent role R over X1 and role R’ over X
ifTUT, ERC R
if R C R’ is representable in 7; and M
T2 := T2 U{a}, where R C R’ is representable by a.
else return nothing.

return 75.

Figure 14: Algorithm COMPUTEUCQREPRESENTATION.

7.3 WEAK UCQ-REPRESENTABILITY

In this final section we show how the
weak UCQ-representability problem can weak UCQ-representabiliy
be solved in NLOGSPACE-complete rely-
ing on the procedure for checking the non-
emptiness problem.

UCQ-representation



7.3 WEAK UCQ-REPRESENTABILITY

We start with some example of weakly UCQ-representable TBoxes.

Example 7.3.1. Assume that M = (X1,%p, T12), where £; = {A(+),B(:),C(-)},
Y, = {A'(:),B'(:),C'(-)} and T1o = {B C B’}. Moreover, let 7; = {A C B}. It
was shown in Example 4.3.1-(1), that 77 is not UCQ-representable under M. By the
characterization in Lemma 7.2.8, condition (II) is violated: there is no way to imply
by a target TBox and 71, the axiom A T B’ implied by 71 U T12. So one can simply
enrich the mapping by exactly this inclusion: consider M* = (¥1,X5, 7{5), where
T5 = Tia U{A C B'}, then T; is UCQ-representable under M* and 7, = {} is a
UCQ-representation of 77 under M™.

Hence 77 is weakly UCQ-representable under M. [

Example 7.3.2. Assume that M = ({A(:),B(:),C(-),D(")}, {A'(-),B' (")}, T12),
where 71, = {AC A,BC B,CC -A’,DC B'},andlet T; = {D C C}. We
explained in Example 7.1.6 why 77 is not UCQ-representable under M: condition (I) of
Lemma 7.2.8 is violated for the pair (A, D), which is 71 U Tq2-inconsistent. Note, that
there is no problem for the pair (A, C), which is actually 71»-inconsistent. From (A, D)
is 71 U Tqp-inconsistent it follows that for some concept D’ over o, T1 U T2 = A C
D’and 71U T2 = D E =D’:inthiscase D' = A’and 71 = A C A’. So we can add
the axiom D C —A’ to the mapping to achieve that (A, D) is inconsistent with respect
to the mapping alone. Thus, consider M* = (X1, X, 775), where 75 = Tio U{D C
—A’}, then 77 is UCQ-representable under M* and T, = {} is a UCQ-representation
of 71 under M*.

A
™~
A/
74

zr (
B~

Hence 77 is weakly UCQ-representable under M. |

The following example illustrates a case of a TBox that is not weakly UCQ-representable.

Example 7.3.3. Let M = (X4,X0, T12), where X1 = {A(), R(-,-)}, 2o = {A'(+), B'(") },

and T = {A C A/, 3R~ C B’}. Furthermore, assume that 7; = {A C 3R}. In
Example 4.3.2 we showed that 77 is not UCQ-representable under M, now we will
show that is not weakly UCQ-representable either. Recall that in the definition of weak
UCQ-representability, we are looking for an extended mapping M* = (X1, Xy, 775)
such that 71, C 775 and 71 U Tiz = 745, and in this example, the maximal such 775
coincides with 7Ty, itself. Therefore, there exists no M™* as above such that 77 is UCQ-
representable under M*, and 77 is not weakly UCQ-representable under M.
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Lemma 7.3.4. Given a mapping M = (£1,%,, T12) and a TBox Ty over ¥, such that
Th is not UCQ-representable under M. Let M* = (X1,%,T}5) be a mapping such
that T is the maximal (with respect to set-inclusion) TBox from ¥ to Xy satisfying
T2 € Ti5 and T1 U Tip |= Ty Then Ty is weakly UCQ-representable under M if and
only if Ty and M* satisfy condition (I11) of Lemma 7.2.8.

Proof. (<) Assume 77 and M* satisfy condition (IIT). We show conditions (I) and (II)
are satisfied for 7; and M*.

() Assume (B, C) is NOT target contradictable in 77 and M, for a 77-consistent
pair of concepts B, C over X1, such that (B,C) is 71 U T1z-inconsistent. Let D’
be a concept over X such that 77 U7, = {B C D',C C =D’} or 71 U
T2 = {B C =D/,C C D’}. Such D’ exists because (B, C) is 71-consistent and
71 U Trp-inconsistent. Then by construction of 775, it contains inclusions B C D',
C C =D’ in the former case, and B = —D’, C C D’ in the latter case. So, (B, C)
is target contradictable in 77 and M*.

(I1) Assume (R, Q) is NOT target contradictable in 77 and M, for a 7;-consistent
pair of roles R, Q over ¥4, such that (R, Q) is 71 U Tqp-inconsistent. Let S’ be
a role over X such that 7T U7, = {R C S, Q C =S} or TUT2 =
{RC =8,Q C S'}. Such &' exists because (R, Q) is T;-consistent and 77 U T1-
inconsistent. Then 775 contains inclusions R C S’, Q C —S' in the former case,
and R C =S, Q C S’ in the latter case. So, (R, Q) is target contradictable in 7q
and M*.

(III) Assume inclusion B C B’ is NOT representable in 7; and M, for a T U Tq»-
consistent concept B over 21 and a concept B’ over ¥ such that 71 U 712 = B C
B’. Then 75 contains B C B’, so B C B’ is representable in 77 and M*.

(IV) Assume inclusion R C R’ is NOT representable in 77 and M, for a 71 U T1p-
consistent role R over X and a role R” over ¥, such that 7; U7, = R C R'.
Then 775 contains R C R’, so R T R’ is representable in 77 and M*.

Therefore, 77 is UCQ-representable under M*, hence 77 is weakly UCQ-representable
under M.

(=) Assume condition (III) of Lemma 7.2.8 is violated by 7; and M*. Then by
Lemma 7.2.8, 77 is not UCQ-representable under M*. Since M* = (£1,%,, T75), and
T}5 is the maximal TBox that satisfies 71, C 775 and 71 U T12 = T4, we conclude T3
is not weakly UCQ-representable under M. O

Therefore, we obtain the following complexity bound.
Theorem 7.3.5. The weak UCQ-representability problem is NLOGSPACE-complete.

We conclude with the case of DL-Literpys. Interestingly, in this case for a source TBox
71 and a mapping M, condition (IIT) of Lemma 7.2.8 is never triggered as in DL-Litegpys
it is not possible to generate new objects. Therefore, this condition is trivially satisfied,
so in DL-Litegprs, it is always possible to represent the source implicit knowledge by
enriching mappings.

Theorem 7.3.6. In DL-Liteyyys, the weak UCQ-representability problem is in TRIVIAL.
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8.1 DATA EXCHANGE

Data exchange is the starting point for the knowledge base exchange problem, and the
former is related to the latter mainly in two respects. First, the motivation for KB ex-
change originates from data exchange, and in particular from data exchange with in-
complete information. Second, the definition of the KB exchange framework inherits
many notions and definitions from the data exchange framework. Below we give a short
introduction to data exchange and data exchange with incomplete information.

8.1.1 Data Exchange with Complete Data

Data exchange deals with transferring data between differently structured databases. A
schema is a finite set R = {Ry, ..., R, } of relation symbols R; each with the associated
arity n;. Given a schema R, an instance I of R, assigns to each relation symbol R; of R
a finite n;-ary relation Rf . The domain of an instance I, denoted by dom(I), is the set
of all elements that occur in any of the relations Rg , where each element can be either a
constant, or a labeled null.

Let S = {Sy,...,S4} and T = {Ty,...,Ti} be two disjoint schemas. Then a
schema mapping is a triple M = (S, T,X) such that ¥ is a finite set of constraints,
(closed) formulas in a logic £ over S U T. S is called the source schema, and T is called
the farget schema. Given a instance [ of S (called source instance), the instance | of T
(called target instance) is said to be a solution for I under M, if (I, ]) satisfies every
sentence in X. The set of all solutions for I under M is denoted by Solr(I). The data
exchange problem is given a mapping M and a source instance I, to find a solution for
7 under M.

The class of constraints usually employed for data exchange are fuple-generating
dependencies (tgds) and equality-generating dependencies (egds) that are first-order for-
mulas of the form VxVy(¢(x,y) — Jz.9p(x,z)) and ¢(x) — (x; = x;) respectively,
where ¢(x,y) and 1 (x, z) are conjunctions of atomic formulas. Moreover, for a source
schema S and a target schema T, a tgd VxVy(¢p(x,y) — Fz.(x, z)) is called a source-
to-target tgd (st-tgd) if ¢ is a formula over S and 1 is a formula over T. Observe that,
DL-Lite constraints are a subclass of so called linear tgds, which are in turn a subclass
of guarded tgds (see, e.g., [66]).

Due to the existentially quantified variables on the right-hand side of tgds, it is pos-
sible to have (infinitely) many solutions. A natural question to ask then is which of
them should be materialized. To this purpose, the concept of universal solution was in-
troduced in [50] and it was argued that universal solutions are the preferred solutions
in data exchange as they are the “most general” solutions: a solution | for I under M
is said to be a universal solution for I under M if for every solution |’ for I under
M, there exists a homomorphism % : | — J'. Next, the “best” universal solution was
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identified in [52] as the smallest universal solution, which is the core of all universal
solutions.
Most of results in data exchange focus on schema mappings of the form

(S/ T/ Z‘St U Zt)/

where X is a set of st-tgds and X; is a set of target tgds and egds. In addition, in many
cases one considers a syntactic restriction on tgds: full and weakly acyclic tgds. Full
tgds do not contain existentially quantified variables, thus exclude incompleteness in
the target. The latter notion of weak acyclicity is widely adopted in data exchange as it
assures termination of the chase, used to compute solutions. Below we present some of
the known results on data exchange:

* There exists a data exchange setting M = (S, T, g U %), such that for a given
source instance I, the problem of deciding whether I has a solution under M, is
undecidable.

e Let M = (S, T, %5 UX;) be a fixed data exchange setting, such that ¥ is the
union of a set of target egds and a weakly acyclic set of target tgds.

— There is a polynomial time algorithm such that for every source instance I, it
first decides whether a solution for I exists, and if that is the case, it computes
a universal solution for I in polynomial time using the chase [50];

— There is a polynomial time algorithm that for every source instance I, computes
the core of the universal solutions for I, if it exists [61];

— Let g be a UCQ. Then the problem of computing certain answers for 4 under
M can be solved in polynomial time [50];

8.1.2 Data Exchange with Incomplete Data

Recently there has been an interest in data exchange with data in the source incompletely
specified [6, 12, 13]. A general framework for data exchange with incomplete data was
proposed in [6]: in this setting the source data may be incompletely specified, and thus
may represent (possibly infinitely) many source instances. This framework in based on
the general notion of representation system: a representation system is a tuple (R, REP),
where R is a set of representatives and REP is a function that assigns a set of instances
to every element in R. Intuitively, in terms of first-order logic, if I € R, then REP(I) is
the set of all possible models of I.

Let R = (R,REP) be a representation system, M = (S, T,X) a mapping from a
schema S to a schema T, and I, ] R-elements of S and T, respectively. For X a set of
instances of S, define Solr((X) = Urex Solaq(I). Then ] is said to be an R-solution
for I under M if REP(J) C Sola((REP(I)), and ] is said to be a universal R-solution
for I under M if REP(J) = Solr((REP(I)).

The above mentioned definitions of solutions are extended in a natural way to the
representation system of knowledge bases, where a knowledge base over a schema S
is a pair (I, T) with I an instance of S and T a set of logical sentences over S, and
REP corresponds to MOD, the set of all possible models. We cite two results on knowl-
edge exchange from [6], where tgd knowledge bases are being considered, that is, a tgd
knowledge base is a pair (I, T), where [ is an instance and T is a set of tgds.
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o There exists a mapping M = (S1, S, X12), with X1, a set of full st-tgds, for
which the problem of verifying, given a tgd KB K1 over S1 and a tgd KB K over
S,, whether K5 is a solution for C; under M, is undecidable.

e Let M = (Sy,S,,X12), with X1, a set of st-tgds. Then the problem of verifying,
given a full-tgd KB Ly over S1 and a full-tgd KB K, over S,, whether K5 is a
solution for 'y under M, is in PTIME.

Although, the KB exchange framework is largely based on the data exchange framework,
it was not possible to adopt the techniques developed for the latter. There are two main
reasons for that:

1) in KB exchange, we have to deal with the fact that a source KB represents (possibly
infinitely) many actual models of possibly unbounded size, which then need to be
“translated” according to the mapping. While in data exchange, there is one complete
source instance for which it is straightforward to compute the translation (using the
chase procedure).

2) Nevertheless, in the traditional data exchange setting, non-terminating chase (that
generates an instance of unbounded size) can occur when trying to obtain a target
instance satisfying the target constraints. Since in general the problem of existence
of a solution is undecidable, to regain decidability one resorts to considering (weakly)
acyclic sets of tgds, for which the chase procedure always terminates. In the context
of DL-Litery, which is already a very light-weight DL, one usually does not limit
consideration to weakly acyclic TBoxes, as it is possible to obtain algorithms for the
general case.

8.2 ONTOLOGY MODULARITY AND CONSERVATIVE EX-
TENSIONS

Modularity is another approach for collaborative ontology engineering and reuse of
existing ontologies [39, 38, 101, 76]. The main idea of modularity is given an ontol-
ogy O to split it into preferably small sub-ontologies, each of which can be used “au-
tonomously” and independently of the rest of the ontology. Such sub-ontologies are
called modules, and since they are typically of a small size (whereas the entire ontology
could be huge), it is easier to understand them and to perform reasoning with them.

A logical framework for ontology modularity has been defined in [38] and is based
on the notion of conservative extensions that provide the necessary formal means for
defining and checking correctness of modules. Conservative extensions is a well-known
notion in mathematical logic, where a logical theory 15 is said to be a (proof theoretic)
conservative extension of a theory Tj if the language of T, extends the language of T7;
every theorem of Tj is a theorem of T;; and every theorem of T; that is in the language
of Tj is already a theorem of T;.

In the Description Logics domain, conservative extensions have been shown to be
necessary in the context of ontology modularity and ontology refinement [59, 36], so
it led to rise of several works on conservative extensions in expressive DLs [86], in
EL [85], and in DL-Lite [78, 79, 77].
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While the data exchange setting influenced the decisions taken to define the KB ex-
change framework, conservative extensions are related to the KB exchange problem
from the technical point of view:

 given two KBs K7 and K, and a signature %, K1 X-model entails K, if for
each model Z; of K; there exists a model Z, of K, such that Z; and 7, agree
on interpreted constants and on symbols from X, and K1 and K, are X-model
inseparable if they X-model entail each other.

One can see that &y is a universal solution for K1 = (71, A1) under M =
(241,20, T12) iff KOy is Xp-model inseparable with (77 U 71, A1).

* given two KBs K1 and Ky, and a signature X, K1 X-query entails K5 if for each
query g over X, cert(q, ICa) C cert(q, K1), and Ky and /C; are X-query insepara-
ble if they X-query entail each other.

Obviously, K, is a universal UCQ-solution for 1 = (77, A1) under M =
(X4, %0, Tr2) iff IOy is Xp-query inseparable with (77 U 712, A1).

* given two TBoxes 77 and 73, and a signature ¥, 77 X-query entails 7> if for each
ABox A, (T1, A) X-query entails (73, .A), and 77 and 7, are X-query inseparable
if they 2-query entail each other.

Then, 7, and 77 U T; are Xp-query inseparable implies 77 is a UCQ-representation
for K1 = (71, A1) under M = (Xq,%, T12).

Note that TBox inseparability is a more general problem than UCQ-representability
as in the former problem the quantification is over arbitrary ABoxes A (includ-

ing those over X,), while in the latter problem the quantification is over source

ABoxes only (excluding those over ). Moreover, due to the particular shape of

the TBox 77 U 712, there is a contrasting difference in the computational complex-

ities of the two problems: UCQ-representability is NLOGSPACE-complete, while

TBox CQ-inseparability is EXPTIME-complete.

Each of these problems reduces to checking some form of X-homomorphisms (finite or
general). The techniques developed for inseparabilities can be used for solving the mem-
bership problems in the KB exchange framework and the other way around. In fact, we
have shown in [23] the close connection between the membership problem for universal
UCQ-solutions and the X-query inseparability problem (this result is out of the scope
of this thesis). Currently, there are no known results for X-model entailment/insepara-
bility in DL-Lite,, however we conjecture that the devised automata techniques can be
used/adapted to this purpose.

8.3 ONTOLOGY ALIGNMENT

There exists a whole body of work on ontology alignment, also referred to as ontology
mapping and ontology matching [34, 47, 99, 48]. The task of ontology alignment is
given two ontologies to find correspondences between semantically related entities of
ontologies resulting in a mapping between the ontologies. Such a problem arises in the
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contest of ontology merging, integration and alignment, which can be considered as an
ontology reuse process.

There have been implemented several prototypes that allow for detecting and con-
structing mappings between ontologies such as PROMPT [94], SAMBO [82], Falcon [70],
LogMap [71] and others. Moreover, in this community an ontology alignment evaluat-
ing initiative (OAEI) has been organized, where once a year the existing systems are
being compared and evaluated [3, 99, 60].

Despite seeming similarity of the ontology alignment and knowledge base exchange
problems, the former problem can be seen as the opposite of the latter, since in the KB
exchange framework, a source KB and a mapping are assumed to be the input, and the
task is to materialize a target KB, while in ontology alignment the input is two ontologies
and the task is to find a mapping between them (which might not have a direction).






DISCUSSION

9.1 CONCLUSIONS

In this thesis we addressed the knowledge base exchange problem for Description Logic
(DL) knowledge bases (KBs).

In Chapter 3 we defined the knowledge base exchange framework, where we specified
three types of translations we would like to materialize: universal solutions, universal
UCQ-solutions and UCQ-representations. Moreover, we defined the reasoning problems
that we investigated in the rest of the thesis: the membership and the non-emptiness
problems for each kind of translation.

Then, in Chapter 4 we discussed the basic properties of the three notions of solutions,
and compared these to each other. There it became clear why we also need to consider
extended ABoxes in the target.

In Chapter 5, we studied the complexity of KB exchange for universal solutions, and
obtained various computational bounds for DL-Lite, depending on the decision prob-
lem (membership or non-emptiness) and on the shape of target ABoxes (simple or ex-
tended):

* When only simple ABoxes are allowed in the target, we showed that both the
membership and non-emptiness problems for universal solutions are solvable in
polynomial time by providing a reduction to reachability games on graphs, and
proved that this bound is tight.

* In the case where extended ABoxes are allowed in the target, we proved that
the membership problem becomes NP-complete and identified labeled nulls as
the source of complexity. In fact, even if the source TBox is empty, the problem
remains NP-hard. Moreover, we provided a polynomial space lower bound and
an exponential time algorithm based on two-way alternating automata for the non-
emptiness problem in the latter case.

Such a discrepancy of results although surprising at first sight, can be easily justified.
First of all, restricting attention to simple ABoxes reduces the space of all target ABoxes
that need to be considered (actually, a finite number of them). Second, checking exis-
tence of a homomorphism from a tree to a graph formed by constants, which is required
for solving the membership problem, is easy. On the other hand, the number of all pos-
sible extended target ABoxes is infinite, and checking existence of a homomorphism
from a(n infinite) tree to a forest generated by constants is hard. As for DL-Litegprs KBs
and mappings, we showed that the non-emptiness problem is trivially always true, and
the membership problem is NLOGSPACE and NP-complete for simple and extended
ABoxes respectively.

Next, in Chapter 6, we studied the complexity of KB exchange for universal UCQ-
solutions, and showed that both the membership problem for simple target ABoxes and
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Universal solutions simple ABoxes extended ABoxes
Membership PTIME-complete NP-complete
Non-emptiness PTIME-complete PSPACE-hard, in EXPTIME
Universal UCQ-solutions simple ABoxes extended ABoxes
Membership PSPACE-hard in EXPTIME
Non-emptiness in EXPTIME PSPACE-hard
UCQ-representations Complexity

Membership NLOGSPACE-complete
Non-emptiness NLOGSPACE-complete

Weak UCQ-representability NLOGSPACE-complete

Table 3: Complexity results for the membership and non-emptiness problems in DL-Lite,.

the non-emptiness problem for extended target ABoxes are PSPACE-hard. As for DL-
Literprs KBs and mappings, it turned out that the complexity of universal UCQ-solutions
coincides with the complexity of universal solutions.

Finally, in Chapter 7, we studied the complexity of computing UCQ-representations,
and obtained that UCQ-representations are the translations that are the simplest from the
computational point of view.

» we developed graph-theoretic techniques for checking the membership and non-
emptiness problems in NLOGSPACE;

* we showed that these two problems are NLOGSPACE-hard;

» we also obtained that the weak UCQ-representability problem is NLOGSPACE-
complete.

These bounds hold for DL-Liter, and in the case of DL-Liteypys there is only one differ-
ence: weak UCQ-representability is trivially true for any input TBox and mapping.
The summary of the results is once again presented in Tables 3 and 4.

9.2 WHAT IS A PREFERRED SOLUTION?

Out of the three notions of translations defined in Chapter 3, there is no single translation
that could be unequivocally “preferred” in all possible scenarios. Each notion has its
strengths and its weaknesses, which can be summarized as in Table 5.

Unquestionably, if one is interested in preserving logical correctness of the knowledge
stored in the target KB, then universal solutions is the preferred translation: universal
solutions are the most precise, model-theoretical translations. However, they present
several limitations from the practical point of view:

* If one considers extended ABoxes, then universal solutions can be of exponential
size.



9.2 WHAT IS A PREFERRED SOLUTION?

Universal solutions simple ABoxes extended ABoxes
Membership NLOGSPACE-complete NP-complete
Non-emptiness TRIVIAL TRIVIAL
Universal UCQ-solutions simple ABoxes extended ABoxes
Membership NLOGSPACE-complete NP-complete
Non-emptiness TRIVIAL TRIVIAL
UCQ-representations Complexity

Membership NLOGSPACE-complete
Non-emptiness NLOGSPACE-complete

Weak UCQ-representability TRIVIAL

Table 4: Complexity results for the membership and non-emptiness problems in DL-Litegpys.

* Universal solutions are sensitive to presence of disjointness assertions: in some
cases one disjointness assertion is enough to ruin existence of a universal solution
(see Example 4.1.7). Moreover, as will be discussed in Section 9.3, disjointness
assertions complicate the characterization of universal solutions when more ex-
pressive target ABoxes are considered.

* Universal solutions are sensitive to whether the UNA is employed or not: there
are examples when a universal solution exists under the UNA, but does not exist
without the UNA.

Instead, if one considers a scenario where the main/only reasoning task is query an-
swering over the target KB, then the query-based notions of translations become of
particular interest. From Table 5 one can see that universal UCQ-solutions are more ro-
bust and behave better than universal solutions: they are usually more compact (in the
worst case of the same size), and exist more often than universal solutions. Moreover,
universal UCQ-solutions, in contrast with universal solutions and UCQ-representations,
exist in every simple case, that is, a universal UCQ-solution exists whenever 77 U 71>
is sufficiently simple (when .47 is given, it means that L{<7—1U7—12, A,;) 1s finite). All this
makes universal UCQ-solutions a good candidate for the preferred translation.

Lastly, in a scenario where data is changing or is not known, and the main reason-
ing task is query answering, UCQ-representations immediately appeal with their nice
computational properties: they are decidable in polynomial time and their size is bound
by a polynomial. When a UCQ-representation exists, it provides a straightforward poly-

%ogic'ally compact compu'tatio— robust .I’(?bl.lSt to . exist in

implied nally simple | to UNA | disjointness | simple cases
universal solutions YES NO YES/NO NO NO NO/YES
universal UCQ-solutions| NO |YES/NO NO YES YES YES
UCQ-representations NO YES YES YES YES NO

Table 5: Properties of the three types of translation.
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nomial time algorithm for computing universal UCQ-solutions of polynomial size. The
main obstacle, however, for defining UCQ-representations to be the preferred translation
is their “fragility”: UCQ-representations do not exist even in some very minimalistic
settings (see Example 4.3.1). Fortunately, this problem can be “fixed” by allowing for
weak UCQ-representations and employing a reasonable assumption that usually roles
get translated by the mapping (i.e., for “almost” each role R over X there exists an
assertion of the form Ry C R; in the mapping).

Putting everything together, we conclude that the query-based notions of translations
(universal UCQ-solutions and UCQ-representations) are probably the more promising
translations to be materialized and used in practice.

9.3 OPEN PROBLEMS

We conclude with some open problems and future work.

To begin with, from the summary of the results one can see that some bounds are
not tight or are missing. We note that it is already known that the membership problem
for universal UCQ-solutions with simple target ABoxes is EXPTIME-complete, but the
lower bound was not included in the thesis as it was not obtained in of the scope of the
thesis. As for the non-emptiness problem, we explained how to obtain a naive EXPTIME
algorithm, however we do not have any lower bound. In fact, this problem could turn
out to be much simpler than EXPTIME. It still remains to investigate the complexity of
universal UCQ-solutions when extended ABoxes are allowed in the target.

Then, a straightforward extension to our work is to consider additional types of ex-
tended ABoxes. For instance, it is easy to see that allowing for inequalities between
terms (e.g., a # b in Example 4.1.7) and for negated atoms in the (target) ABox would
allow one to obtain more universal solutions. However doing so would require employ-
ing some new techniques, as it immediately leads to some counter-intuitive examples:

Example 9.3.1. Assume that M = (Xq,¥5, T12), where X1 = {A(-),R(-,-)}, o =
{S(-,-)} and T1p = {R C =S, A C —3S}. Moreover, let T; = {A C 3R,3IR~ C
3R} and A; = {A(a)}. Then A, = {—3S(a),~S(a,a)} is a universal solution for
(T1, A1) under M.

Now, if we imagine that the canonical model can have negated labels and the defini-
tion of homomorphism is extended accordingly, this example is counter-intuitive as .4,
does not satisfy the characterization of universal solutions in Lemma 5.1.2. ]

In the following example, we have an inequality between constants in the source
ABox.

Example 9.3.2. Assume that M = (X1, %5, T1»), where
Yy = {A(-),R(~,-),S(~,~),B(-),C(~)},
L = {B'(),C()}
Tia = {3R-CB,3S CC,BCB,CCC}.
Moreover, let
T, = {AC3R, AC3S, 3R~ C ~35~}, and
Ay = {A(a), B(b), C(c), C(d), c #d}.



9.3 OPEN PROBLEMS

Then A, = {B/(b),C’(c),C'(d),c # d} is a universal solution for (77,.4;) under M.
In fact, it is easy to see that for each model Z of Ky and each 7 such that (Z, J) = T2,
J is a model of A;. And on the other hand, for every model 7 of A;, there exists a
model Z of K7 such that (Z, J) | T12. Note that, even if such a J interprets b and,
say, c as the same object, still, we can construct a model of Ky which interprets aAwW|R]
and awg) as different objects: namely, awﬁz] = b7 and aw[IS] =d7.

What goes against our intuition obtained from the previous development, is that there
is no inequality between b and c, nor between b and d, but still, A5 is a universal solution
for K1 under M. This example suggests that one needs to reason about the cardinality
of the domain, moreover, homomorphisms, even extended ones, cannot be used to char-

acterize universal solutions when we allow for inequalities between constants. ]

We conclude with some directions for future work.

Many of the existing results can be extended to other Horn DLs, such as DL-LitehHOM,
ELH, and Horn-ALCHZ, namely the algorithms based on reachability games and
two-way alternating automata, both of which heavily rely on the notion of the canonical
model.

In this thesis we have not dealt with other “standard” data exchange reasoning tasks,
such as composition and inversion of mappings [53, 49, 54, 4]. These problems are
certainly of interest in the KB exchange framework.

The work presented in this thesis is assumed to lay foundational basis for KB ex-
change and contains only purely theoretical results. So one of the next steps is to see
how the obtained results can be applied to practice. This would require to develop a pro-
totype system for KB exchange, in which the devised algorithms could be implemented.
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A.1l THE THEORY OF AUTOMATA, LOGIC, AND INFINITE
GAMES

In this section we define two important theories historically emerged in an attempt to
construct and verify reactive programs, such as communication protocols or control
systems: alternating tree automata and infinite two-person games. While their primary
application is that of model-checking, in this thesis we use both of them for checking
homomorphism between trees generated by DL-Litep KBs. We are employing a game-
theoretic approach in Section 5.2 for deciding the membership problem for universal
solutions with simple ABoxes, and an automata-theoretic approach in Section 5.3.2 for
deciding the non-emptiness problem for universal solutions with extended ABoxes.

A.1.1 Two-way Alternating Tree Automata

Alternating automata on infinite trees are a generalization of nondeterministic automata
on infinite trees, introduced in [92], which are in turn a generalization of automata on
infinite words, introduced by Biichi in [26]. They allow for an elegant reduction of
decision problems for temporal and program logics [46, 21], and p-calculus [45, 100,
103], which are traditionally used in the automatic verification and synthesis of hardware
and software systems. In this section we are going to define two-way alternating tree
automata introduced in [102] that are alternating automata specifically design to handle
backward modalities of p-calculus, and thus, perfectly suited to deal with inverse roles
in DL-LiteR.

We start with giving some necessary definitions.Infinite trees are represented as prefix
closed (infinite) sets of words over IN (the set of positive natural numbers). Formally,
an infinite tree is a set of words T C IN*, such that if x - ¢ € T, where x € IN* and
¢ € N, then also x € T. The elements of T are called nodes, the empty word € is the
root of T, and for every x € T, the nodes x - ¢, with ¢ € IN, are the successors of x. By
convention we take x - 0 = x, and x - i - —1 = x. The branching degree d(x) of a node
x denotes the number of successors of x. If the branching degree of all nodes of a tree
is bounded by k, we say that the tree has branching degree k. An infinite path P of T is
a prefix closed set P C T such that for every i > 0 there exists a unique node x € P
with |x| = i. A labeled tree over an alphabet ¥ is a pair (T, V'), where T is a tree and
V : T — X maps each node of T to an element of X.

In alternating automata, transition function is a Boolean formula. Therefore, let B(I)
be the set of positive Boolean formulae over I, built inductively by applying A and V
starting from true, false, and elements of I. Foraset ] C I and a formula ¢ € B (I), we
say that | satisfies ¢ if and only if, assigning true to the elements in | and false to those
in I'\ ], makes ¢ true. For a positive integer k, let [k] = {—1,0,1,...,k}.
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Finally, a two-way alternating tree automaton (2ATA) running over infinite trees with
branching degree k, is a tuple A = (X, Q, J, go, F), where X is the input alphabet, Q is
a finite set of states, 6 : Q x X — B([k] x Q) is the transition function, g9 € Q is the
initial state, and F specifies the acceptance condition.

The transition function maps a state 4 € Q and an input letter ¢ € X to a positive
boolean formula over [k] x Q. Intuitively, if 6(q, ) = ¢, then each pair (c, ") appear-
ing in ¢ corresponds to a new copy of the automaton going to the direction suggested
by c and starting in state 4’. For example, if k = 2 and 6(q1,0) = ((1,92) A (1,43)) V
((=1,41) A (0,g3)), when the automaton is in the state q; and is reading the node x
labeled by the letter o, it proceeds either by sending off two copies, in the states g, and
g3 respectively, to the first successor of x (i.e., x - 1), or by sending off one copy in the
state g to the predecessor of x (i.e., x - —1) and one copy in the state g3 to x itself (i.e.,
x - 0).

A run of a 2ATA A over a labeled tree (T, V) is a labeled tree (Ty, r) in which every
node is labeled by an element of T X Q. A node in T; labeled by (x, g) describes a copy
of A that is in the state g and reads the node x of T. The labels of adjacent nodes have
to satisfy the transition function of A. Formally, a run (T, r) is a T x Q-labeled tree
satisfying:

* ¢ € Trand r(e) = (€,90).

* Lety € Ty, with r(y) = (x,q) and 6(q, V(x)) = ¢. Then there is a (possibly
empty) set S = {(c1,41),.--,(cn, qn)} C [k] X Q such that:
— S satisfies ¢ and
— foralll <i <mn,wehavethaty-i € Ty, x - ¢; is defined (x - ¢; € T), and
r(y-i) = (x-ciqi)
A run (T, r) is accepting if all its infinite paths satisfy the acceptance condition. Given
an infinite path P € T, let inf(P) C Q be the set of states that appear infinitely
often in P (as second components of node labels). We consider here Biichi acceptance
conditions [26]. A Biichi condition over a state set Q is a subset F of Q, and an infinite
path P satisfies F if inf (P) N F # @. Notice that if a run does not contain infinite paths,
then it trivially satisfies the acceptance condition.

The non-emptiness problem for 2ATAs consists in determining, for a given 2ATA,
whether the set of trees it accepts is nonempty. It is known that this problem can be
solved in exponential time in the number of states of the input automaton A, but in
linear time in the size of the alphabet as well as in the size of the transition function
of A [102]. Moreover, a tree (T, V) is in the language £(A) of a 2ATA A if and only
if there exists an accepting run of A over (T, V).

A.1.2  Reachability games on graphs

Infinite two-person games on directed graphs provide tools for nice and intuitive proofs
for logics over trees, and are closely related to automata on infinite words, including the
two-way alternating tree automata defined in the previous section: the non-emptiness
problem for 2ATA is solved using infinite games. The idea of infinite games arose im-
plicitly in the study of synthesis of digital circuits in the 1960s; McNaughton was the
first to explicitly use the term “infinite games” [89, 90] already in 1965. For a good
introduction to infinite games the reader can refer to [87].



A.1 THE THEORY OF AUTOMATA, LOGIC, AND INFINITE GAMES

The accepting conditions for games, which specify when a particular play is a win for
Player 0, are the same as in the case of automata. In this thesis we will consider reach-
ability acceptance conditions, a simpler case of Biichi acceptance conditions, hence in
this section we define reachability games.

A game is defined by a game graph (a playground) and a winning condition.

A game graph is a triple G = (S, S1, T), where S = Sp U S is a finite set of states,
SoNS; =@and T C S X Sis a transition relation. A play in such a game graph can
be seen as moving a pebble from one state to another via transition edges starting from
some initial state. The game starts in some state sy € S, and it is played in turns. In each
turn, if the current state s is in S; (i = 0, 1), then Player i chooses some state s’ € S such
that (s, s’) € T. This is repeated either infinitely often or until a state without successors,
a dead end, is reached. Formally, a state s is called a dead end if {s' | (s,s') € T} = @,
and a play in a game graph G can be

* an infinite path 77 in G, 7T = sps1Sy... such thats; € S and (s;,s;41) € T for
each i > 0, then it is called an infinite play,

+ a finite path 71 = sps1...s5; € S**1 such that (s;,s;,1) € T for every i €
{0,...,k—1}, and s is a dead end, then 7t is called a finite play.

The winning condition defines what are the plays won by Player 0. We will consider
a reachability acceptance condition specified as follows: given a set of accepting states
F C S, aplay 7t is a win for Player 0 iff some vertex from F occurs in 7. A strategy
for Player 0 from state s is a (partial) function fo : S*Sg — S such that it assigns to
each sequence of states sg, S1,...,5 with g = s and s € Sy, a successor state sy 1
such that (sg,sx+1) € T. A play T = sgsq - - - is said to conform with strategy fo if
sit1 = fo(S0s1...s;) for every s; € So. Then, a strategy fo is a winning strategy for
Player O from s € S if every play that conforms with fy and starts in s is a win for
Player 0, and Player 0 wins from s if he has a winning strategy from s. Finally, the
winning region of Player 0, denoted Wy C S is the set of all states s such that he wins
from s. The corresponding notions for Player 1 are defined analogously.

Finally, a reachability game is a pair G = (G, F) where G is a game graph and F is a
set of accepting states.

Proposition A.1.1 ([87],[33]). Given a reachability game G = (G, F) and a state s in
G, it can be checked in PTIME whether Player 0 has a winning strategy from s.
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