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Résumé :
Cet article présente une notion de société d’agents égali-
taire et étudie comment il est possible au sein d’une telle
société d’atteindre, par la négociation, une situation opti-
male d’allocation des ressources.
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Abstract:
We introduce the notion of an egalitarian agent society
and study the problem of finding an optimal allocation
of resources by means of negotiation amongst the agents
inhabiting such a society.

Keywords: Multiagent systems, negotiation, resource al-
location, egalitarian social welfare

1 Introduction

The basic concept ofresource allocation by ne-
gotiation (as well as the related concept of task
allocation by negotiation) have received much
attention in the recent literature on multiagent
systems ; see for instance [6, 9, 11]. A number
of variants of this problem have been studied
before ; here we consider the case of an artifi-
cial society of agents where, to begin with, each
agent is in possession of a collection of discrete
(i.e. non-divisible) resources. Agents may then
negotiate with each other in order to agree on
the redistribution of some of these resources to
benefit either individual agents or society as a
whole. In this paper, we focus on suitable me-
chanisms for the allocation of resources in agent
societies that are governed byegalitarian prin-
ciples.

To motivate this undertaking, we start by briefly
reviewing previous work on the general frame-
work of resource allocation by negotiation and
then argue why an egalitarian variant of this fra-
mework may be the appropriate choice for cer-
tain applications of multiagent systems.

1.1 Resource allocation by negotiation

In a recent paper [3], we have analysed negotia-
tion scenarios where self-interested agents ex-

change resources in order to increase their res-
pective individual welfare. Rather than studying
specific negotiation protocols or even strategies
that agents may follow in order to further their
interests, we were only concerned with the pat-
terns of exchanges agents could possibly agree
on and to what extent these patterns are suf-
ficient or necessary to guarantee optimal out-
comes of negotiations. One central assumption
that we have made with respect to the strategies
that agents follow, however, is that they areindi-
vidually rationalin the sense of never accepting
a disadvantageous deal. To assess whether a gi-
ven allocation of resources should be considered
optimal, we have borrowed concepts from wel-
fare economics, in particular the idea of maxi-
mising the sum of the utility values ascribed by
all agents to the resources they hold in a given
situation. A similar framework has been studied
by Sandholm in [11] and elsewhere, mostly in
the context of agents negotiating in order to real-
locate tasks.

As shown in [3], the kinds of deals that indi-
vidually rational agents are prepared to accept
aresufficientto guarantee outcomes of negotia-
tion that are Pareto optimal (i.e. society will ne-
ver get stuck in a local minimum).1 In an exten-
ded framework, where agents may use money to
compensate other agents for (otherwise) disad-
vantageous deals, it is even possible to guaran-
tee an outcome where the sum of utilities of the
agents in the society is maximal.2 Further results
show that any deal (or pattern of resource ex-
changes) that is acceptable in these frameworks
is alsonecessaryin the sense that there are ins-
tances of the resource allocation problem where
an optimal outcome is only possible if that par-
ticular deal is used at some point during nego-
tiation.

Under a more general perspective, such results
1An allocation of resources isPareto optimaliff there is no other

allocation where some agents would be happier without any of the others
being worse off.

2The result for the framework with money is essentially equivalent
to Sandholm’s main result on sufficient contract types in task-oriented
domains [11].



may be interpreted as the emergence of a par-
ticular global behaviour (at the level of society)
in reaction tolocal behaviour governed by some
acceptability criterion of deals for individual
agents.

The most widely studied mechanisms for the
reallocation of resources in multiagent systems
areauctions[14]. We should point out that our
scenario of resource allocation by negotiation
is not an auction. Auctions are mechanisms to
help agents agree on a price at which an item
(or a set of items) is to be sold [5]. In our work,
on the other hand, we are not concerned with
this aspect of negotiation, but only with the pat-
terns of resource exchanges that agents actually
carry out. On top of that, the egalitarian frame-
work we are going to present in this paper does
not involve a monetary component, i.e. there
is no notion of a ‘price’ as such either. Typi-
cally, an auction involves a single auctioneer
selling goods to a number of potential buyers. In
contrast to this, our negotiation scenario issym-
metric (there is no distinction between ‘sellers’
and ‘buyers’) and we specifically address the
issue of multiple agents negotiating over mul-
tiple goods at the same time. The latter aspect
has, to a certain degree, also been addressed in
work on more complex auction mechanisms, in
particular simultaneous auctions [10], combina-
torial auction [12], and sequential auctions [2].
While it may be possible to use a combination of
such auction mechanisms to negotiate the pre-
cise conditions accompanying a deal in our sce-
nario (at least if we include a monetary com-
ponent), in the present paper we are only concer-
ned with the structure of these deals themselves,
i.e. auctions and similar mechanisms are not of
an immediate relevance.

1.2 Utilitarianism versus egalitarianism

The idea of aiming at maximising the sum of all
utilities of the members of a society is autilita-
rian concept. This interpretation of social wel-
fare is often taken for granted in the multiagent
systems literature. This is not the case in wel-
fare economics and social choice theory though,
where different notions of social welfare are
being considered and compared with each other.
Here, the concept ofegalitarian social welfare
takes a particularly prominent role [7, 13].

In an egalitarian system one would consider
any differences in individual welfare unjust un-
less removing these differences would inevita-
bly result in reducing the welfare of the agent

who is currently worst off even further. (This
is Rawls’ so-calleddifference principle[8].) In
other words, the first and foremost objective of
such a society would be to maximise the welfare
of its weakest member.

Clearly, the common utilitarian conception of
multiagent systems is appropriate for many ap-
plications, particularly so if these applications
have a commercial aspect of some sort. To
demonstrate that there are other applications
where the notion of an egalitarian agent society
is more appropriate, let us consider the ‘resource
allocation problem’ faced at regular intervals
by the community of lecturers at a university
department. We can imagine a multiagent sys-
tem where each agent acts on behalf of one of
the lecturers and negotiates over the allocation
of resources (or tasks, which may be conside-
red resources with negative utility values) be-
fore the beginning of term. Negative resources
could be different courses to be taught, admi-
nistrative tasks or supervision duties. Positive
resources could be offices of different sizes or
tutorial helpers. The values assigned to these
resources may vary depending on the other re-
sources held by the same agent. For example,
the importance of being supported by a tutorial
helper will usually depend on the size of the
class you have to teach. Furthermore, different
agents may assign different utility values to the
same resources. In this context, the aim of the
system designer (the head of department) would
be to ensure that the least happy lecturer is as
happy as possible (to preserve a good working
atmosphere in the long-term), without having to
regulate every single detail herself.

The question what social order is ‘better’ has
concerned philosophers for a long time. A fa-
mous example is Rawls’veil of ignorance[8].
To determine what social principles arejust, he
suggests a thought experiment where rational
agents have to choose the social principles go-
verning a society before entering that society
and without knowing their own position within
that society. Behind this ‘veil of ignorance’, sub-
jects must choose principles the consequences
of which they are prepared to accept whatever
their role in society may turn out to be. Rawls
argues that under these circumstances the (ega-
litarian) principle of difference will be found to
be just. Others have found similar arguments in
defence of utilitarianism [4].

Moulin [7] analyses these arguments as follows.
Someone who would prefer the egalitarian so-



ciety is risk-averse; they fear to end up as the
weakest member of society and consequently
opt for a social order based on egalitarian prin-
ciples. Those favouring the utilitarian society,
on the other hand, may be understood asmaxi-
mising their expected utility.

Of course, either argument may be refuted (per-
haps rather crudely) on the grounds of simply
being too abstract a mental construction to yield
any reliable ethical or social guidelines. In the
context of a multiagent system, however, this
kind of construction can become a very concrete
issue. Before agreeing to be represented by a
software agent in an artificial society, one would
naturally want to know under what principles
this society operates. If the agent’s objective is
to negotiate on behalf of its owner, then the
owner has to agree to accept whatever the out-
come of a specific negotiation may be. In many
cases, there may be only very little informa-
tion available regarding the agent’s starting po-
sition ; that is, one would have to agree on ac-
cepting results—behind a veil of ignorance—on
the basis of the principles governing negotia-
tion alone. Clearly, for many sensitive domains,
a risk-averse attitude would be appropriate, i.e.
an egalitarian agent society would be a suitable
option.

1.3 Paper overview

The remainder of this paper is structured as fol-
lows. In Section 2 we give a formal account
of the basic framework of resource allocation
by negotiation and in Section 3 we review the
definitions of some well-known concepts from
welfare economics, in particular the notion of
egalitarian social welfare. A local acceptability
criterion for agents matching this global mea-
sure of welfare will be introduced in Section 4.
The main technical results of this paper are pro-
ved in Section 5. We show that our local cri-
terion is sufficient to guarantee an optimal out-
come of negotiation (in the egalitarian sense),
but also that any admissible pattern of resource
exchanges may be necessary to reach these opti-
mal allocations. We conclude in Section 6 with
a suggestion for future work in this area.

2 Negotiating over resources

Our basic scenario is that of an artificial society
populated by a number of agents, each of which
initially holds a set of resources. Agents may

then engage into a negotiation process in order
to agree on the reallocation of some of the re-
sources. In this section we are going to formally
define the various parameters of such a negotia-
tion scenario.

2.1 Negotiation scenarios

Negotiation over resources takes place in asys-
tem(A,R), whereA is a finite set of (at least
two) agentsandR is a finite set ofresources.
We will think of A as an initial segment of
the natural numbers, that is, we identify agent
names with numbers from1 to n for some num-
bern ∈ N.

A particular allocation is a partitioning of the
available resourcesR amongst the agents inA.

Definition 1 (Allocations) An allocation of re-
sources is a functionA from agents inA to sub-
sets ofR withA(i) ∩ A(j) = { } for i 6= j and⋃
i∈AA(i) = R.

Agents will usually ascribe different values to
different sets of resources. The value an agent
i ∈ A ascribes to a particular set of resourcesR
will be modelled by means of autility function,
that is, a function from sets of resources (sub-
sets ofR) to real numbers. This could really be
anysuch function, that is, the utility ascribed to
a set of resources is not just the sum of the va-
lues ascribed to its elements. This allows us to
model the fact that utility may strongly depend
on context, i.e. what other resources the agent
holds at the same time.

Definition 2 (Utility functions) The utility
functionui of each agenti ∈ A is a function
from subsets ofR to real numbers.

Given an allocationA, A(i) is the set of re-
sources held by agenti in that situation. We are
going to abbreviateui(A) = ui(A(i)) for the
utility value assigned to that set by agenti.

In summary, the kind of negotiation scenario we
are interested in is characterised by four compo-
nents : the set of agentsA, the set of resources
R, a collection{ui : 2R → R | i ∈ A} of uti-
lity functions, and an initial resource allocation
A0 : A → 2R for the system(A,R).



2.2 Deals

Agents can negotiatedeals to exchange re-
sources. An example would be : “I give you
r1 if you give me r2”. This would be a par-
ticularly simple deal, which only involves two
agents and two resources. In general, any num-
bers of agents and resources could be involved
in a single deal. For instance, an agent may only
agree to exchanger1 for r2, if it can obtain ano-
ther set of resources from a third agent during
the same transaction. From an abstract point of
view, a deal takes us from one allocation of re-
sources to the next. That is, we may characterise
a deal as a pair of allocations.

Definition 3 (Deals) A deal is defined as a pair
δ = (A,A′) whereA andA′ are allocations of
resources withA 6= A′.

The intended interpretation of this definition is
that the dealδ = (A,A′) is only applicable for
allocationA and will result in allocationA′. It
thereby specifies for each resource in the sys-
tem whether it is to remain where it has been
before the deal or where it is to be moved to,
respectively.

An agent may or may not find a particular deal
acceptable. For instance, a selfish agenti may
only agree to a dealδ = (A,A′) iff ui(A) <
ui(A

′), that is, iff δ would strictly increase its
individual welfare. This may be an appropriate
policy for agents populating a society governed
by utilitarian principles.3 An acceptability crite-
rion that is suitable for an egalitarian agent so-
ciety will be introduced in Section 4.

The set of possible deals may also be restricted
by the negotiation protocol in operation. Such a
protocol may, for instance, only allow for deals
that do not involve more than two agents at a
time.4

3 Egalitarian welfare orderings

In this section we introduce twosocial welfare
orderingsover allocations of resources. Given

3In what sense such a policy (or slight variations of it) would be
appropriate in a utilitarian negotiation framework has been discussed
in [3].

4However, as Theorem 2 in Section 5 will show, any such restriction
to the protocol may prevent agents from being able to agree on an allo-
cation of resources that is optimal (in a sense to be made precise in the
next section).

the preference profiles of the individual agents
in a society (which, in our scenario, are repre-
sented by means of their utility functions), a so-
cial welfare ordering formalises the notion of
a society’s ‘preferences’ [1]. We are going to
make use of the egalitarian maximin- and the
leximin-orderings, both of which are standard
concepts in social choice theory and welfare
economics (see, for instance, Moulin [7]).

3.1 Egalitarian social welfare

The first aim of an egalitarian society should be
to maximise the welfare of its weakest member.
In that sense, we can measure social welfare by
measuring the welfare of the agent who is (cur-
rently) worst off. This idea leads to the defini-
tion of the following egalitarian social welfare
function.

Definition 4 (Egalitarian social welfare)
The egalitarian social welfareswe(A) of an
allocationA is defined as follows :

swe(A) = min{ui(A) | i ∈ A}

The functionswe gives rise to a social prefe-
rence ordering over different allocations of re-
sources : allocationA′ is strictly preferred over
A iff swe(A) < swe(A

′). This ordering is some-
times called themaximin-ordering.

An allocationA is said to havemaximal egali-
tarian social welfareiff there is no other alloca-
tion A′ such thatswe(A) < swe(A

′). The main
technical objective of this paper is to investigate
what are sufficient and necessary conditions for
an agent society to be able to reach an alloca-
tion of resources that has maximal egalitarian
social welfare by means of negotiation, that is,
by agreeing on a sequence of deals to exchange
resources.

3.2 The leximin-ordering

The maximin-ordering induced byswe only
takes into account the welfare of the currently
weakest agent, but is insensitive to utility fluc-
tuation in the rest of society. To allow for a fi-
ner distinction of the social welfare of different
allocations we introduce the so-calledleximin-
ordering.

Let n = |A| be the number of agents in the sys-
tem(A,R). Then every allocationA determines



a utility vector 〈u1(A), . . . , un(A)〉 of lengthn.
If we rearrange the elements of that vector in in-
creasing order we obtain theordered utility vec-
tor for allocationA, which we are going to de-
note by~u(A). We now declare alexicographic
ordering over vectors of real numbers (such as
~u(A)) in the usual way :~x lexicographically pre-
cedes~y iff ~x is a (proper) prefix of~y or ~x and
~y share a common (proper) prefix of lengthk
(which may be0) and we have~xk+1 < ~yk+1.

Definition 5 (Leximin-ordering) The leximin-
ordering≺ over alternative allocationsA and
A′ is defined as follows :A ≺ A′ holds iff
~u(A) precedes~u(A′) in the lexicographic orde-
ring over vectors of real numbers.

We writeA � A′ iff either A ≺ A′ or ~u(A) =
~u(A′) hold. An allocationA is called leximin-
maximal iff there is no allocationA′ such that
A ≺ A′ holds.

Let us note some simple consequences of Defi-
nitions 4 and 5. It is easily seen thatswe(A) <
swe(A

′) impliesA ≺ A′, because the former re-
quires already the element at thefirst position
in the ordered utility vector ofA to be smaller
than that of the ordered utility vector ofA′. Also
note thatA � A′ implies swe(A) ≤ swe(A

′).5
Finally, every leximin-maximal allocation has
maximal egalitarian social welfare, but not vice
versa.

4 Acceptable deals

In this section we are going to introduce a crite-
rion that (egalitarian) agents may use to decide
whether or not to accept a particular deal. We
also show how this local acceptability criterion
relates to the global notions of egalitarian social
welfare and the leximin-ordering, respectively.

4.1 Equitability

Intuitively, agents operating according to egali-
tarian principles should help any of their fellow
agents that are worse off than they are them-
selves (as long as they can afford to do so wi-
thout themselves ending up even worse). This
means, the purpose of any exchange of resource

5Here is a proof :A � A′ impliesA′ 6≺ A (because� is a total
order), which impliesswe(A′) 6< swe(A) (by our earlier observation),
which in turn impliesswe(A) ≤ swe(A′).

should be to improve the welfare of the wea-
kest agent involved in the respective deal. This
is precisely how we define our local acceptabi-
lity criterion. We call a dealequitableiff it in-
creases the minimum utility amongst the agents
involved in it.

Definition 6 (Equitable deals) Letδ = (A,A′)
be a deal and define the set of agents involved in
δ asAδ = {i ∈ A | A(i) 6= A′(i)}. We callδ an
equitable deal iff the following holds :

min{ui(A) | i ∈ Aδ} < min{ui(A′) | i ∈ Aδ}

Recall that, forδ = (A,A′) to be a deal, we
requireA 6= A′, that is,Aδ will not be the empty
set.

4.2 Pigou-Dalton utility transfers

Our definition of equitable deals provides a cri-
terion that allows agents to evaluate the accep-
tability of a particular deal at a local level. A
related notion that can be found in the econo-
mic literature is the a so-calledPigou-Dalton
transfer [7]. The Pigou-Daltonprinciple states
that whenever a utility transfer between two
agents takes place which reduces the difference
in utility between the two, then that transfer
should not be considered as reducing social wel-
fare. Translating into our terminology, a Pigou-
Dalton transfer can be characterised as a deal
δ = (A,A′) involving only two agentsi andj
that has the following properties :

(1) uk(A) = uk(A
′) for all k ∈ A with k 6= i

andk 6= j,

(2) ui(A) + uj(A) = ui(A
′) + uj(A

′), and

(3) |ui(A′)− uj(A′)| < |ui(A)− uj(A)|.
That is, while utility values of agents other than
i andj as well as the sum of the utility values for
all the agents in the society stay constant, the
utility values of i and j move closer together.
It is clear from this definition that any Pigou-
Dalton transfer will also be an equitable deal,
because it will always result in an improvement
for the weaker one of the two agents concerned.
The converse, however, does not hold (not even
if we restrict ourselves to deals involving only
two agents). In fact, equitable deals may even
increase the inequality of the agents concerned,
namely in cases where the happier agent gains
more utility than the weaker does.



Agent 1 Agent 2 Agent 3
A0(1) = { } A0(2) = { } A0(3) = {r1}
u1({ }) = 0 u2({ }) = 6 u3({ }) = 8

u1({r1}) = 5 u2({r1}) = 7 u3({r1}) = 9

TAB . 1 – An example with a single resource

4.3 Local actions and their global effects

We are now going to prove two lemmas that pro-
vide the connection between the local accepta-
bility criterion given by the notion of equitabi-
lity and the two global notions of social welfare
discussed in the previous section.

The first lemma shows how global changes are
reflected locally. If a deal happens to increase
(global) egalitarian social welfare, that is, if it
results in a rise with respect to the maximin-
ordering, then that deal will in fact be an equi-
table deal.

Lemma 1 (Maximin-rise implies equitability)
Let A and A′ be resource allocations with
swe(A) < swe(A

′). Thenδ = (A,A′) is an
equitable deal.

Proof. Let A and A′ be allocations with
swe(A) < swe(A

′) and letAδ be the set of
agents involved in dealδ = (A,A′) as defi-
ned in Definition 6. Any agent with minimal
utility for allocationA must be involved inδ,
because social welfare, and thereby their indi-
vidual utility, is higher for allocationA′. That
is, we havemin{ui(A) | i ∈ Aδ} = swe(A).
Furthermore, because ofAδ ⊆ A, we certainly
haveswe(A′) ≤ min{ui(A′) | i ∈ Aδ}. Toge-
ther with our original assumption ofswe(A) <
swe(A

′) we now getmin{ui(A) | i ∈ Aδ} <
min{ui(A′) | i ∈ Aδ}, i.e. δ will indeed be an
equitable deal. 2

Observe that the converse does not hold ; not
every equitable deal will necessarily increase
egalitarian social welfare. This is for instance
not the case if only agents who are currently bet-
ter off are involved in a deal.

We will illustrate this point by means of an
example. To make this example simpler, we will
draw an intuitive picture where the only re-
sourcer1 is a moderate amount of money. Then
we will assume that agents have different back-
grounds : agent3 is very rich and is already

happy without the money, agent2 is pretty rich
and happy, and agent1 is poor and unhappy wi-
thout the money. Having the money would make
each of these agents happier. However, to make
the picture even more striking (although this is
not necessary to exemplify our case), we can as-
sume that obtaining the sum of money would in-
volve a higher utility gain for the poorest agent.
The example is pictured in Table 1. The social
welfare for this allocation of resources is0. It
is easy to see that passingr1 from agent3 to
agent1 (which is of course an equitable deal)
would increase the social welfare to5. But it is
also an equitable deal for agent3 to pass the re-
sourcer1 to agent2. This move, however, has
no influence on the social welfare of our egali-
tarian agent society, as the poorest agent’s utility
remains unchanged.

In fact, there can be no class of deals (that could
be defined without reference to thefull set of
agents in a society) that will always result in
an increase in egalitarian social welfare. This
is a consequence of the fact that the maximin-
ordering induced byswe is not separable [7].6

To be able to detect changes in welfare resulting
from an equitable deal we require the finer diffe-
rentiation between alternative allocations of re-
sources given by the leximin-ordering. In fact,
as we shall see next, any equitable deal can be
shown to result in a strict improvement with res-
pect to the leximin-ordering.

Lemma 2 (Equitability implies leximin-rise)
Let δ = (A,A′) be an equitable deal. Then
A ≺ A′ holds.

Proof.Let δ = (A,A′) be an equitable deal. We
define the setAδ of agents involved inδ as in
Definition 6 and setα = min{ui(A) | i ∈ Aδ}.
The valueα may be considered as partitioning
the ordered utility vector~u(A) into three sub-
vectors. To begin with,~u(A) has got a (possi-
bly empty) prefix~u(A)<α where all elements

6A social welfare ordering is calledseparableiff the effect of a lo-
cal welfare redistribution with respect to that ordering (rise or fall) is
independent of non-concerned agents.



are strictly lower thanα. In the middle, it has
got a subvector~u(A)=α (with at least one ele-
ment) where all elements are equal toα. Finally,
~u(A) has got a suffix~u(A)>α (which again may
be empty) where all elements are strictly greater
thanα.

By definition of α, the dealδ cannot affect
agents whose utility values belong to~u(A)<α.
Furthermore, by definition of equitability, we
haveα < min{ui(A′) | i ∈ Aδ}, which means
that all of the agents thatare involved will end
up with a utility value which is strictly grea-
ter thanα, and at least one of these agents
will come from~u(A)=α. We now collect the in-
formation we have on~u(A′), the ordered uti-
lity vector of A′. Firstly, it will have a prefix
~u(A′)<α identical to~u(A)<α. This will be fol-
lowed by a (possibly empty) subvector~u(A′)=α

where all elements are equal toα and which
must be strictly shorter than~u(A)=α. All of
the remaining elements of~u(A′) will be strictly
greater thanα. It follows that ~u(A) lexicogra-
phically precedes~u(A′), i.e. A ≺ A′ holds as
claimed. 2

Again, the converse does not hold, i.e. not every
deal resulting in a leximin-rise is necessarily
equitable. Counterexamples are deals where the
utility value of the weakest agent involved stays
constant, despite there being an improvement
with respect to the leximin-ordering at the level
of society.

A well-known result in welfare economics
states that every Pigou-Dalton utility transfer re-
sults in a leximin-rise [7]. Given that we have
observed earlier that every deal that amounts to
a Pigou-Dalton transfer will also be an equitable
deal, this result can now be seen to also be a
simple corollary to Lemma 2.

5 Optimal outcomes

In this section we are going to prove the two
main technical results of this paper : (i) equi-
table deals aresufficientto guarantee outcomes
of negotiation with maximal social welfare, and
(ii) all deals are alsonecessary, provided only
equitable deals are allowed.

5.1 Termination

We first show that, as long as agents only agree
on deals that are equitable, negotiation will al-
ways terminate, i.e. after a finite number of

equitable deals no further equitable deals will
be possible.

Lemma 3 (Termination) There can be no infi-
nite sequence of equitable deals.

Proof. Given that both the set of agentsA as
well as the set of resourcesR in a negotiation
system are required to be finite, there can only
be a finite number of distinct allocations. Fur-
thermore, by Lemma 2, any equitable deal will
result in a strict rise with respect to the leximin-
ordering≺. Hence, negotiation will have to ter-
minate after a finite number of deals. 2

5.2 Guaranteed optimal outcomes

The proof of the following theorem shows that
equitable deals are sufficient for agents to reach
an allocation of resources with maximal egali-
tarian social welfare. In fact, the result is even
stronger than this :any sequence of equitable
deals will eventually result in an optimal al-
location. That is, agents may engage ‘blindly’
into negotiation. Whatever their course of ac-
tion, provided they restrict themselves to equi-
table deals, once they reach an allocation where
no further equitable deals are possible, that allo-
cation is bound to have maximal welfare.

Theorem 1 (Maximal social welfare)Any se-
quence of deals that are equitable will even-
tually result in an allocation of resources with
maximal egalitarian social welfare.

Proof.By Lemma 3, negotiation will eventually
terminate if all deals are required to be equi-
table. So suppose negotiation has terminated
and no more equitable deals are possible. Let
A be the corresponding terminal allocation of
resources. The claim is thatA will be an allo-
cation with maximal egalitarian social welfare.
For the sake of contradiction, assume it is not,
i.e. assume there exists another allocationA′ for
the same system such thatswe(A) < swe(A

′).
But then, by Lemma 1, the dealδ = (A,A′)
will be an equitable deal. Hence, there is still a
possible deal, namelyδ, which contradicts our
earlier assumption ofA being a terminal allo-
cation. This shows thatA will be an allocation
with maximal egalitarian social welfare, which
proves our claim. 2

After having reached the allocation with maxi-
mal egalitarian social welfare, it may be the case



Agent 1 Agent 2 Agent 3
A0(1) = { } A0(2) = { } A0(3) = {r1, r2}
u1({ }) = 0 u2({ }) = 6 u3({ }) = 8

u1({r1}) = 5 u2({r1}) = 7 u3({r1}) = 9
u1({r2}) = 0 u2({r2}) = 6.5 u3({r2}) = 8.5

u1({r1, r2}) = 5 u2({r1, r2}) = 7.5 u3({r1, r2}) = 9.5

TAB . 2 – An example with two resources

that still some equitable deals are possible, al-
though they would not increase social welfare
any further (but they would still cause a leximin-
rise).

This, again, can be shown by means of a simple
example. Let us reuse the setting of our ear-
lier example (see Table 1) and slightly modify
it by adding a second resource which is also
initially allocated to agent 3 (say, a book that
gives advice on how to avoid paying taxes).
Both agents 2 and 3 would be happier with the
book, but agent 1 does not care about this re-
source since it does not have to pay taxes any-
way. This can be represented by appropriate uti-
lity functions, as shown in Table 2.

The social welfare for the initial allocation of
resourcesA0 is 0 and the corresponding orde-
red utility vector is~u(A0) = 〈0, 6, 9.5〉. Pas-
sing r1 from agent 3 to agent 1 would lead to
a new allocation with the ordered utility vec-
tor 〈5, 6, 8.5〉 and increase the social welfare
to 5, which is indeed the maximal social wel-
fare that can be achieved by this particular so-
ciety. However, there is still another equitable
deal that can be processed from this latter allo-
cation : agent 3 could offer the book to agent 2.
Of course, this deal does not affect agent 1. The
resulting allocation would then have the orde-
red utility vector〈5, 6.5, 8〉, which corresponds
to the leximin-maximal allocation.

To be able to detect situations where a social
welfare maximum has already been reached but
some equitable deals are still possible, and to be
able to stop negotiation (assuming we are only
interested in maximisingswe as quickly as pos-
sible), however, we would require aglobal cri-
terion.7

We could define a class ofstrongly equitable
deals that are like equitable deals but on top of

7This is again a consequence of the fact that the maximin-ordering
is not separable. No measure that only takes into account the welfare of
agents involved in a particular deal could be strong enough to always
tell us whether or not the deal in question will result in an increase in
social welfare (see also our discussion after Lemma 1 in Section 4).

that require the (currently) weakest agent to be
involved in the deal. This would be a sharper cri-
terion, but it would also be against the spirit of
distributivity and locality, because every single
agent would be involved in every single deal (in
the sense of everyone having to announce their
utility in order to be able to determine who is
the weakest).

5.3 Necessity of complex deal types

As our second theorem will show, if we restrict
the set of admissible deals to those that are equi-
table, then every single dealδ may be necessary
to guarantee an optimal result (that is, no se-
quence of equitable deals excludingδ could pos-
sibly result in an allocation with maximal egali-
tarian social welfare). This emphasises the high
complexity of our negotiation scenarios.

Theorem 2 (Necessity)Let the sets of agents
and resources be fixed. Then for every dealδ
there are utility functions and an initial allo-
cation of resources such thatδ is necessary to
reach an allocation with maximal egalitarian
social welfare, provided only equitable deals are
admitted.

Proof. Given a set of agentsA and a set of re-
sourcesR, let δ = (A,A′) with A 6= A′ be any
deal for this system. We need to show that there
are a collection of utility functions for the agents
in A as well as an initial allocation of resources
such thatδ is necessary for the agent society to
be able to move to an allocation with maximal
egalitarian social welfare.

As we haveA 6= A′, there will be a (at least
one) agentj ∈ A with A(j) 6= A′(j). We use
this particularj to fix suitable utility functions
ui for agentsi ∈ A and sets of resourcesR ⊆ R
as follows :

ui(R) =


2 if R = A′(i)
2 if R = A(i) andi 6= j
1 if R = A(i) andi = j
0 otherwise



That is, for allocationA′ every agent assigns a
utility value of 2 to the resources it holds. The
same is true for allocationA, with the sole ex-
ception of agentj, who only assigns a value of
1. For any other allocation, agents assign the va-
lue of0 to their set of resources, unless that set is
the same as for either allocationA orA′. Hence,
for every allocation other thanA or A′ at least
one agent will assign a utility value of0 to its
allocated set of resources. We getswe(A

′) = 2,
swe(A) = 1, andswe(B) = 0 for every other
allocationB, i.e.A′ is the only allocation with
maximal egalitarian social welfare.

The ordered utility vector ofA′ is of the form
〈2, . . . , 2〉, that ofA is of the form〈1, 2, . . . , 2〉,
and that of any other allocation has got the form
〈0, . . .〉, i.e. we haveA ≺ A′ andB ≺ A for
all allocationsB with B 6= A andB 6= A′.
Therefore, if we makeA the initial allocation
of resources, thenδ will be the only deal that
would result in a rise with respect to the leximin-
ordering. Thus, by Lemma 2,δ would also be
the only equitable deal. Hence, if the set of ad-
missible deals is restricted to equitable deals
thenδ is indeed necessary to reach an allocation
with maximal egalitarian social welfare. 2

An important consequence of this result is that
there can be no simple class of deals (such as
the class of deals only involving two agents at
a time) that would be sufficient to guarantee an
optimal outcome of negotiation.

5.4 Specific utility functions

In our previous work on resource allocation by
negotiation in the utilitarian setting [3], we have
shown that the optimal outcome of a negotiation
process may be guaranteed even when we admit
only very specific types of deals, provided that
we put suitable restrictions on the class of uti-
lity functions that agents may use to represent
their valuation of different sets of resources. In
the egalitarian setting, to date, we have not been
able to establish similar results.

Even the (arguably) strongest restrictions used
in the utilitarian case do not allow us to elimi-
nate any type of deal in the egalitarian frame-
work. Let us consider the example of0-1 addi-
tive utility functions, where agents can only as-
sign the values1 or 0 to single resources (simply
distinguishing whether or not theyneeda parti-
cular resource) and where the utility value for a
set of resources is always the sum of the values
assigned to the single resources in that set. As

shown in [3], this restriction guarantees an op-
timal outcome of negotiation for the utilitarian
framework, even when the only deals allowed
are those where a single resource is being trans-
ferred from one agent to another (that is, no deal
may involve more than two agents or more than
one resource at a time).

This result does not hold anymore for egalita-
rian agent societies. Counterexamples can ea-
sily be constructed. Take, for instance, a sce-
nario of three agents furnishing their flats.Ann
needs apicture and has adeskwhich she does
not need.Bobneeds adeskand achair, but only
has thechair. Carlos needs apicture, a chair,
and acushion, and he only owns thepictureand
the cushionat the beginning of the negotiation
process. The ordered utility vector for this al-
location is 〈0, 1, 2〉. However, in the situation
whereAnnhas thepicture, Bobthedeskinstead
of the chair, andCarlos the chair and thecu-
shionis better ; the corresponding ordered utility
vector would be〈1, 1, 2〉. Unfortunately, only a
very complex equitable deal (involving all three
agents, namelyCarlosgiving thepictureto Ann,
Anngiving thedeskto Bob, andBobgiving the
chair to Carlos) would allow this agent society
to reach the preferred allocation of resources.

6 Conclusion

In this paper we have argued that egalitarian
social welfare can be an interesting concept in
the context of negotiation in multiagent systems.
Specifically, we have shown the the notion of
equitability serves as a suitable acceptability cri-
terion for agents operating in an egalitarian en-
vironment and proved sufficiency and necessity
results along the lines of those established for a
similar utilitarian framework by the present au-
thors in [3] and by Sandholm in [11].

6.1 Welfare engineering

The approach followed in this paper may be re-
garded as a kind of‘welfare engineering’. We
have chosen a global welfare measure (such
as utilitarian or egalitarian social welfare) ap-
propriate for a given application domain and
constructed local acceptability criteria accordin-
gly, which allow an agent society to reach allo-
cations considered optimal by means of negotia-
tion and in a distributed fashion.

We conclude by introducing another interesting
welfare measure that we hope to investigate in



more detail in our future work.

6.2 Elitist societies

In this paper we have focussed on egalitarian so-
cial welfare orderings. This kind of social wel-
fare function is actually a particular case of a
class of functions sometimes calledk-rank dic-
tators [7], where a particular agent of the society
(the one corresponding to thekth element in the
ordered utility vector) is chosen to be the repre-
sentative of the society. Amongst this class of
functions, another particularly interesting case
is where the welfare of society is evaluated on
the basis of the happiest agent (as opposed to
the unhappiest agent, as in the case of egali-
tarian welfare). In suchelitist societies, agents
would cooperate in order to support their cham-
pion (the happiest agent).

While such an approach to social welfare may
seem somewhat unethical as far as human so-
ciety is concerned,8 we believe that it could
indeed be very appropriate for certain socie-
ties of artificial agents. A typical scenario could
be where a system designer launches different
agents with the same goal, with the aim thatat
least oneagent achieves that goal—no matter
what happens to the others.
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