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Abstract—Markovian Arrival Processes (MAPs) are a
tractable class of point-processes useful to model correlated
time series, such as those commonly found in network traces
and system logs used in performance analysis and reliability
evaluation. Marked MAPs (MMAPs) generalize MAPs by
further allowing the modeling of multi-class traces, possibly
with cross-correlation between multi-class arrivals.

In this paper, we present analytical formulas to fit second-
order acyclic MMAPs with an arbitrary number of classes.
We initially define closed-form formulas to fit second-order
MMAPs with two classes, where the underlying MAP is in
canonical form. Our approach leverages forward and back-
ward moments, which have recently been defined, but never
exploited jointly for fitting. Then, we show how to sequentially
apply these formulas to fit an arbitrary number of classes.
Representative examples and trace-driven simulation using
storage traces show the effectiveness of our approach for fitting
empirical datasets.
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I. INTRODUCTION

Marked Markovian Arrival Processes (MMAPs) have re-

cently gained attention as a promising tool for performance

and reliability analysis, useful in particular to model multi-

class arrivals to queueing systems [1], [2]. A MMAP gener-

alizes a Markovian Arrival Process (MAP) by featuring the

ability to mark arrivals with a class label [2], [3]. This gives

the ability to describe temporal dependent multi-class pro-

cesses, e.g., cross-correlated non-Poisson flows. Compared

to other point processes, MMAPs enable describing the

statistical correlations between classes using a representation

that is composable with continuous-time Markov chains.

However, fitting methods for MMAPs are in the early stages

and more work is needed to understand and fully exploit the

expressive power of marked processes.

In this work, we develop novel analytical formulas for

fitting MMAPs, restricting our attention to the important

case of models with two states and an arbitrary number of

classes. Only few methods are known to fit the parameters

of MMAPs [1], [4]. To estimate the parameters of Batch

Markovian Arrival Processes, defined similarly to MMAPs,

an expectation maximization approach has been presented

in [8], [9]. Expectation maximization, however, is computa-

tionally intensive and unsuited to analyze traces with a large

number of samples.

Compared to these works, our fitting approach leverages

closed-form analytical formulas that are specific to second-

order models. Models with few states are the only ones

analytically tractable, even when just studying the properties

of the underlying PH (phase-type distribution) or MAP [5]–

[7]. However, despite their apparent simplicity, second-order

MMAPs are non-trivial to fit due to the non-linear equations

involved, the multiple options for choosing what to fit, and

the many degrees of freedom they offer. Moreover, our work

may serve as a building block to approximate more complex

traces, through the generalization of approaches such as

superposition. Our main technical results to tackle these

problems may be summarized as follows:

• We develop a fitting methodology that first fits the

underlying MAP, and then matches first-order multi-

class moments of the types proposed in [1], [4],

possibly together with probabilities characterizing the

marking process. A useful result is the observation

that resorting to an underlying MAP in canonical

form enables analytical tractability for the second-order

MMAP, impacting in a limited manner on the available

degrees of freedom.

• When fitting MMAP parameters to trace data, the

resulting process is not necessarily a Markov process

unless some constraints are satisfied [4]. Stemming

from this, the complex relationship between multi-

class moments and feasibility regions is illustrated. For

approximate moment matching, we develop a character-

ization of the feasible region for the two-state MMAP

which allows us to project a general moment set into

one that can be fitted exactly by a second-order MMAP.

• We show how to sequentially apply our methodology

to fit second-order MMAPs with an arbitrary number

of classes. Here, classes are fitted one after the other,

exposing the detail for each class one-at-a-time. This

method is found to yield accurate results also if the

dataset is not drawn from a second-order MMAP.

This study is also motivated by the fact that MMAPs are

needed to model real systems where cross-correlation be-

tween workloads arises in a natural manner, such as storage

systems. For instance, upon issuing read and write requests

to a remote storage drive, the operating system can resched-
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ule and merge requests to optimize storage performance.

This leads to situations where sequences of successive reads

are interleaved by sequences of successive writes, in such

a way that the assumption of independence between the

two flows is significantly violated. In these cases, we show

that MMAPs appear promising for describing correlations

between non-Poisson flows. Furthermore, thanks to their

Markovian representation, the resulting queueing systems

can be efficiently evaluated by matrix-analytic models with-

out resorting to simulation [10]. MMAPs may also be useful

in simulation-based dependability evaluation. For example,

one could use MMAPs to model the inter-arrival times

between events of different types for the system under

study. Also, Markov-modulated processes may be helpful

to generate multi-class traces that are stochastically similar

to an existing measured trace [11].

The remainder of this paper is organized as follows. In

Section II, we give basic notation and definitions. Properties

of multi-class moments are examined in Section III. Sec-

tion IV introduces fitting methods for second-order MMAPs

with two classes. The sequential fitting approach for arbi-

trary number of classes is introduced in Section V. Results

are given in Section VI for both random instances and real-

world traces. Conclusions are drawn in Section VII.

II. BACKGROUND AND NOTATION

We consider an interval-stationary sequence of arrivals,

each marked with a class label. Let Xi ∈ R
+ be the inter-

arrival time between arrivals i−1 and i, for i ≥ 1. Moreover,

let C = {1, . . . ,m} be the set of class labels and denote

by Ci ∈ C the class of the i-th arrival. Our goal is to fit

the marked arrival sequence (Xi, Ci). Below, we provide

required definitions needed for this task.

A. Multi-Class Moments

Differently from single-class processes, in marked point-

processes several statistical moments of inter-arrival times

may be defined. We relate our approach with existing

work [1], [4] by considering similar moments. We define

Mj = E[Xj
i ] (1)

as the ordinary j-th moment of the inter-arrival times

between arrivals of any class. To capture the behavior

of marked processes, we can also define other types of

moments conditioning on the Ci random variable. We refer

to these moments as multi-class moments. The moments

of the inter-arrival time preceding an arrival of class c are

defined as

Bj,c = E[Xj
i |Ci = c] (2)

and referred to in the rest of this paper as backward moments.

Let pc = Pr[Ci = c] be the fraction of class-c arrivals, then

the scaled moments Bj,cpc correspond to moments used by

Horvath et al. in [1]. Furthermore, we consider the moments

of the inter-arrival time following an arrival of class c, which

are defined by Buchholz et al. in [4] as

Fj,c = E[Xj
i |Ci−1 = c] (3)

and referred to as forward moments.

B. Marked Markovian Arrival Process (MMAP)

In this paper, we use MMAPs as a fitting tool for marked

arrival sequences (Xi, Ci), i ≥ 1. A MMAP of order n with

m classes, called an MMAP[m] of order n, may be seen

as a hidden-Markov process capable of producing samples

(X̃i, C̃i), i ≥ 1, where X̃i is an inter-arrival time drawn

from a MAP with n transient states and C̃i ∈ {1, . . . ,m}
is a class label. The MMAP moment matching problem is

to find a MMAP such that the moments of (X̃i, C̃i) match,

either exactly or approximately, a set of empirical moments

of (Xi, Ci) computed on a sufficient large, but finite, number

of samples. It is shown in [1], [4] that the degrees of freedom

of a MMAP[m] of order n are at most mn2. For example, in

a second-order MMAP[2], the available degrees of freedom

for fitting are at most eight.

A MMAP[m] of order n is specified by a set of n×n ma-

trices (D0, D1,1, D1,2, . . . , D1,m), called a representation,

where D0 is the sub-generator matrix of the underlying

PH of order n, and D1,c = (−D0)Pc where Pc is a

sub-stochastic matrix with elements (i, j) representing the

probability that, knowing that an arrival started in phase

i, the arrival is of class c and is followed by an arrival

(of any class) that starts in phase j. The interval-stationary

version of the MMAP is obtained by initializing the process

in a phase chosen at random according to the equilibrium

probability vector α of the discrete-time Markov chain

P = (−D0)
−1D1, where D1 =

∑
c D1,c. Such vector is

the left eigenvector of P associated to its unitary eigenvalue,

i.e., αP = α, α� = 1, where � is a column vector of ones.

Note that (D0, D1) is the order-n MAP (i.e., MAP(n)),
obtained by considering only the inter-arrival time sequence

X̃i defined by the MMAP[m] of order n and ignoring class

markings. We refer to this process as the MAP underlying

the MMAP. Similarly, the underlying distribution of inter-

arrival times is a PH with representation (α,D0), where

α = α(−D0)
−1D1. We refer to this distribution as the PH

underlying the MMAP.

Let pc = αPc� be the probability of a class c arrival,

where Pc = (−D0)
−1D1,c. The multi-class moments de-

fined in the previous subsection are readily computed as:

Fj,c = j!p−1
c αPc(−D0)

−j
� (4)

Bj,c = j!p−1
c α(−D0)

−jPc� (5)

where p−1
c is used to condition on the class c arrival.

III. MOMENT DEPENDENCIES

Forward and backward moments are in general dependent
statistical descriptors. This raises concerns on the actual
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degrees of freedom that are available when attempting to fit

them simultaneously. In this section, we try to answer this

question by illustrating some relationships between multi-

class moments. To illustrate the dependencies between back-

ward and forward moments, we introduce the moments of

the inter-arrival time between successive arrivals of classes

c and k
Mj,c,k = E[Xj

i |Ci−1 = c, Ci = k] (6)

which we refer to as cross-moments of classes c and k. Such

moments may be computed as

Mj,c,k = j!p−1
c,kαPc(−D0)

−jPk� (7)

where the class transition probability is

pc,k = Pr[Ci−1 = c, Ci = k] = αPcPk�. (8)

We first observe that ordinary moments may be readily

written as weighted sums of multi-class moments, i.e.,

Mj =

m∑
c=1

pcBj,c =

m∑
c=1

pcFj,c =

m∑
c=1

m∑
k=1

pc,kMj,c,k (9)

This follows immediately by the definitions. Similarly, we

can observe that

Bj,c = p−1
c

∑
k

pk,cMj,k,c (10)

Fj,c = p−1
c

∑
k

pc,kMj,c,k (11)

which again follows by definition and it is subject to the

following constraints:

m∑
c=1

pc = 1,

m∑
k=1

pc,k = pc,

m∑
c=1

pc,k = pk (12)

Equations (10)-(11) define a system of linear equations

that characterizes the dependencies between multi-class mo-

ments. For example, for a MMAP[2] (10)-(11) become

Bj,1 = p−1
1 (p1,1Mj,1,1 + p2,1Mj,2,1) (13)

Bj,2 = p−1
2 (p1,2Mj,1,2 + p2,2Mj,2,2) (14)

Fj,1 = p−1
1 (p1,1Mj,1,1 + p1,2Mj,1,2) (15)

Fj,2 = p−1
2 (p2,1Mj,2,1 + p2,2Mj,2,2) (16)

Combining with (12), analyzing the rank of the coefficient

matrix for j = 1 and assuming the variables Mj,c,k as

unknowns, we find that the system of linear equations has

rank 2, provided that probabilities and forward and backward

moments are known. Adding the constraint (9) raises the

rank to 3, where the missing information depends on the

products Pc(−D0)
−jPk in (7) which are not expressible by

pc,k or by the forward and backward moments.

The above analysis is useful for a justification of the

fitting strategy pursued in this paper. One problem that

commonly arises in analytically inverting the formulas for

the MMAP parameters is that the non-linearities make it

difficult to find explicit fitting formulas. The strategy we

propose to tackle this problem is to focus on fitting the

underlying MAP first, and then first-order moments B1,c or

F1,c, possibly together with some probabilities pc or pc,k.

With this approach, expressions are considerably simplified

and amenable to analytical treatment.

However, the fact that (13) is under-determined for j =
1 suggests that also a cross-moment may be needed to

uniquely determine a general second-order MMAP[2]. Still,

we find that assuming that the underlying MAP is in

canonical form we can slightly reduce the available degrees

of freedom, making it possible the unique determination of

the second-order MMAP[2] up to seven degrees of freedom.

This is illustrated in the fitting procedures developed next.

IV. ACYCLIC SECOND-ORDER MMAP[2] FITTING

From now on, we develop fitting algorithms focusing

on the case of second-order MMAP[2] models where we

assume an acyclic structure for the underlying MAP. We

refer to these models as second-order AMMAP[2] models.

The generalization to the second-order AMMAP[m] model

is provided in Section V. For ease of notation and unless

otherwise specified, from now on we omit the number of

states in MMAPs and assume a model with two states.

A. Acyclic Marked PH Renewal Process (AMPH[2])

We being with illustrating our fitting methodology for the

special case of a phase-type renewal process with marked

arrivals. This is a marked process where the inter-arrival

time sequence Xk is independent and identically distributed

according to a PH distribution. Since we are focusing on

two-state models, we here consider the underlying PH to

be in acyclic canonical form, called APH(2), since it is

well-known that second-order APH and PH have the same

expressive power [6]. The resulting marked PH renewal

process is here called a AMPH process. While choosing an

underlying PH that is acyclic is helpful to remove redundant

parameters, we show that care should be taken in choosing

the right APH, since the decision may affect the feasibility

region of the AMPH. Recall that an APH(2) is a canonical

form for any second-order PH, and it is defined as follows:

D0 =

[− 1
h1

r1
h1

0 − 1
h2

]
, D1 =

[
(1−r1)

h1
0

1
h2

0

]
where h1, r1, and h2 are parameters. To define a AMPH[2],
we use coefficients 0 ≤ q1, q2 ≤ 1, such that

D1,1 =

[
q1(1−r1)

h1
0

q2
h2

0

]
, D1,2 =

[
(1−q1)(1−r1)

h1
0

1−q2
h2

0

]
which ensure that D1,1 and D1,2 have non-negative elements

and D1,1+D1,2 = D1, where D1 is assigned given that the

underlying APH(2) is assumed fitted.
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Notice that an AMPH[2] renewal process leads us to

leverage only five degrees of freedom out of a theoretical

maximum of eight [4], however this gap is mainly due to the

renewal assumption which we relax in the next section. To fit

the above AMPH[2] we proceed as follows. First, we assume

that the (unmarked) inter-arrival times Xk are fitted with an

APH(2) distribution, such that the parameters h1, r1, and

h2 are assigned. This can be done by fitting three ordinary

moments (1) of the inter-arrival time distribution, using for

example the formulas proposed in [7]. Then, we seek for

values of q1 and q2 to fit the AMPH[2] by matching multi-

class moments or class probabilities. By expanding (4), (5),

and (8) we find, after simple algebraic manipulations, that

p1 = q1(1− r1) + r1q2

p1,2 = p1p2

B1,1 = h1 + h2r1q2/p1

F1,1 = F1,2 = M1 = h1 + h2r1

F2,1 = F2,2 = M2 = 2h2
1 + 2r1h1h2 + 2r1h

2
2

The above formulas lead to the non-trivial observation that,

if the underlying PH is acyclic, only the backward moments

can be used to fit the AMPH[2]. In fact, the forward moments

degenerate into the ordinary moments Mj . Also, if any

probability term is known, all the other probabilities are

readily obtained using (12) and pc,k = pcpk. Fitting p1 and

B1,1 we then obtain the closed-form fitting expressions:

q1 = p1
h1 −B1,1 + h2

h2(1− r1)
, q2 = p1

B1,1 − h1

h2r1
(17)

which can be used as moment matching formulas to fit a

AMPH[2] from B1,1 and p1.

Feasibility Region. The fitting formulas (17) are valid

subject to

p1B1,1 ≤min((h1 + h2)p1, h1p1 + h2r1) (18)

p1B1,1 ≥max((h1 + h2)p1 − h2(1− r1), h1p1) (19)

derived from the constraints 0 ≤ q1, q2 ≤ 1.

In general, multiple APH(2) exist that can fit the distribu-

tion of the renewal process, and since each of the APH(2)
has different values of the parameters h1, h2 and r1, we

can investigate the impact of the choice of the underlying

APH(2) on the feasible region of the AMPH[2] parameters.

This is illustrated in the example in Figure 1. There, we

consider the APH(2) with h1 = 2
5 , h2 = 4

5 , r1 = 3
4 , which

has ordinary moments M1 = 1, M2 = 44
25 , M3 = 552

125 . The

same moments are also fitted by the APH(2) with h1 = 4
5 ,

h2 = 2
5 , r1 = 1

2 . Figure 1 shows the feasible regions of

p1B1,1, which is the un-normalized backward moment in

[1], and p1 for the AMPHs that use these two APH(2)
processes. The feasible region of the first AMPH[2] (dashed)

contains the feasible region of the second AMPH[2] (dotted).

Hence, the first APH(2) leads to a AMPH[2] which has

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

p1

p 1
B
1,
1

Figure 1. Feasible regions for the multi-class moments for two AMPH(2)
using different underlying APH(2) representations fitting the same three
moments.

greater flexibility for fitting purposes. Since the number of

APH(2) that can fit a given moment set is at most two, the

choice of the best one amounts to evaluating both cases to

check if a fitting AMPH[2] can be found in any of the two.

Approximate fitting. When an exact fit in the feasible

region cannot be found, priority should be given to fitting

the p1 class probability first. Indeed, in queueing analysis,

fitting p1 and p2 = 1−p1 is crucial to match the utilizations

of each class since λ1 = p1/M1 and λ2 = p2/M1 are the

arrival rates of the two classes, assuming that the MMAP

is used to describe a job arrival process. Thus, when no

exact fit can be found, we suggest to adjust the value of

B1,1 so that a valid AMPH[2] matching the arrival rates can

be found. The feasible B̃1,1 closest to B1,1 is obtained as

follows:

• if p1B1,1 is above the upper bound (18),

B̃1,1 = p−1
1 min((h1 + h2)p1, h1p1 + h2r1) (20)

• if p1B1,1 is below the lower bound (19),

B̃1,1 = p−1
1 max((h1+h2)p1−h2(1−r1), h1p1) (21)

When two underlying APH(2) are feasible, we evaluate the

best feasible backward moment B̃1,1 for both and choose the

APH(2) representation which leads to the smallest possible

error |B̃1,1 −B1,1|. This provides improved accuracy since

one of the two representations has a larger feasible region

for the backward moment, as shown in Figure 1.

Degenerate cases. We also remark that, for some values

of the parameters of the underlying PH, a degree of freedom

might be lost. For example, for r1 = 1 one degree of

freedom is lost and the process becomes:

D0 =

[− 1
h1

1
h1

0 − 1
h2

]
(22)

D1,1 =

[
0 0
q2
h2

0

]
, D1,2 =

[
0 0

1−q2
h2

0

]
(23)

In this case, the only parameter is q2 and imposes that the

arrival rates of the classes are properly fitted. The ordinary

4



moments, the forward moments and the backward moments

coincide. For instance, the first-order moments are

F1,1 = F1,2 = B1,1 = B1,2 = M1 = h1 + h2. (24)

B. AMMAP[2] with positive autocorrelation decay

In this and in the next section, we relax the restriction of

the underlying MAP(2) being a PH renewal process. Recall

from [12] that any MAP(2) can be represented with one

of two different acyclic forms, called AMAP(2)s, where

the specific acyclic form chosen depends on whether the

autocorrelation decay rate is positive or negative. These two

cases are considered in this section and in Section IV-C,

respectively, in which we discuss the parameter fitting for

the resulting acyclic process, called a AMMAP[2].
The AMMAP[2] process with positive autocorrelation

decay in the underlying MAP has representation:

D0 =

[− 1
h1

r1
h1

0 − 1
h2

]
(25)

D1,1 =

[
q1,1(1−r1)

h1
0

q2,1(1−r2)
h2

q2,2r2
h2

]
(26)

D1,2 =

[
(1−q1,1)(1−r1)

h1
0

(1−q2,1)(1−r2)
h2

(1−q2,2)r2
h2

]
(27)

which offers seven degrees of freedom out of a theoretical

maximum of eight. Thus, we can match up to four param-

eters in the underlying MAP, the theoretical maximum, and

then spend three degrees of freedom to match multi-class

moments and class probabilities. The multi-class moments

and class probabilities of the AMMAP[2] are as follows

p1 =
r1(q1,1 − q2,2 − r1q1,1 + r1q2,1)

(r1 − 1)(p2(r1 − 1) + 1)
−

q1,1 − r1q1,1 + r1q2,1 − r1q2,2
r1 − 1

p1,1 =p1(1− r2)(q1,1 − r1q1,1 − r2q1,1 + r1q2,1+

r1r
2
2q2,1 − r1r

2
2q2,2 + r1r2q1,1 − 2r1r2q2,1)

B1,1 =h1+

r1(h2 − h1r2)(q2,1 − r2q2,1 + r2q2,2)

r1q2,1 − q1,1(r1 + r2 − r1r2 − 1)− r1r2q2,1 + r1r2q2,2

F1,1 =h1 + h2p1−
r1r2q2,2(h1 − h2 + h2r1)

r1q2,1 − q1,1(r1 + r2 − r1r2 − 1)− r1r2q2,1 + r1r2q2,2

Since the degrees of freedom for multi-class moment

matching are three, only a subset of p1, p1,1, B1,1, and

F1,1 may be matched exactly. Assuming again that the

probabilities p1 and p2 = 1 − p1 are required to impose

the mean arrival rate of each class, we may consider three

cases:

1) fitting p1, B1,1 and F1,1, described in Section IV-B1;

2) fitting p1, F1,1 and p1,1, described in Section IV-B2;

3) fitting p1, B1,1 and p1,1, described in Section IV-B3.

For each case, we proceed similar to the AMPH[2] model in

which we start from the expressions of multi-class moments

and class probabilities to obtain explicit expressions for

the q1,1, q1,2, q2,2 parameters. In general, the resulting

expressions are non-linear but elementary enough to

be solvable symbolically. Finally in Section IV-B4, we

discuss degenerate cases in which special care should

be taken when fitting the second-order AMMAP[2], due

to zeros occurring in D0 or D1 of the underlying AMAP(2).

1) Fitting p1, B1,1 and F1,1: Solving the expressions of
p1, B1,1 and F1,1 for the parameters q1,1, q1,2, q2,2 yields

q1,1 = −p1(r1r2 − r2 + 1)(B1,1 − h1 − h2 + h1r2)

(h2 − h1r2)(r1 − 1)(r2 − 1)

q2,1 =
p1(r1r2 − r2 + 1)

(r1 − 1)(r2 − 1)
− p1(B1,1 − h1)(r1r2 − r2 + 1)

r1(h2 − h1r2)(r2 − 1)

− p1(r1r2 − r2 + 1)(h1 − F1,1 +B1,1r1)

r1(h1 + h2(r1 − 1))(r1 − 1)(r2 − 1)

q2,2 =
p1(r1r2 − r2 + 1)(h1 − F1,1 + h2r1)

r1r2(h1 − h2 + h2r1)

Feasible region. The feasible region of the forward and

backward moments, for different values of p1, is shown in

Figure 2. The figure shows the feasible region of the four

possible AMAP(2)s that can be used to fit the same set of

moments and autocorrelation decay rate. Such AMAP(2)s
differ for the ordering of the diagonal elements in D0 and

for the chosen root of the quadratic equation arising in

the fitting procedure [7]. We find that the feasible region

strongly depends on the specific AMAP(2) chosen, even

though a common region exists which is insensitive to this

choice. The special case B1,1 = F1,1 = M1 is always

feasible and corresponds to the choice of the parameters

q1,1 = q2,1 = q2,2 = p1. While for the AMPH[2] processes

one of the feasible regions is a superset of the other,

as shown in Figure 1, for the AMMAP[2] the situation

is more complex, since the best choice depends on the

actual values of the sample backward and forward moments.

Furthermore, we observe that as the fraction p1 of class-1
arrival increases, the class-1 moments become increasingly

difficult to match, as we can see from the fact that the

feasible region progressively collapses. This is due to the fact

that ordinary moments are convex combinations of forward

and backward moments, as shown in (9), thus as the value of

p1 grows large B1,1 and M1,1 become the dominant terms in

the linear combination and both tend to M1. This suggests

the fact that, for queueing analysis purposes, it appears

more flexible to fit the statistical properties of a class of

jobs that arrive rarely in the arrival stream rather than the

properties of a class that arrives frequently. This holds under

the assumption that the total arrival rate λ = 1/M1 is fixed.

Approximate fitting. When the first-order forward and

backward are outside the feasible region, we fit the feasible

5



point (B̃1,1, F̃1,1) closest to (B1,1, F1,1) in Euclidean norm.

The explicit expressions for the AMMAP[2] parameters are

linear with respect to the un-normalized forward and back-

ward moments p1F1,1 and p1B1,1. Hence, the feasibility for

the first-order forward and backward moments is determined

by six linear inequalities, derived by imposing the conditions

0 ≤ qi,j ≤ 1 for the above expressions. To find the feasible

point (B̃1,1, F̃1,1) closest in Euclidean norm to (B1,1, F1,1),
we enumerate all the vertices and edges of the polytope and

find the closest point on the boundary.
2) Fitting forward moments and class probabilities:

While, for the second-order AMMAP[2], the probabilities

pc,k are uniquely determined once we fix pc, F1,c and

B1,c, for approximate fitting purposes, depending on the

underlying model, it might be valuable to fit pc, F1,c and

pc,k. We have obtained explicit analytical expression to

derive the parameters from this set of characteristics. First,

for convenience of notation, we define

w1 = F1,1 − h1 − F1,1r2 + h1r2 − h2r1 + F1,1r1r2

w2 = p1(r1 − 1)w1

w3 = r1(r2 − 1)(h1 − h2 + h2r1)w1

The parameters of the second-order AMMAP[2] are then

q1,1 =w−1
2 (p21h1 − p1

2F1,1 − p1,1h1r1 + p1,1h2r1)+

w−1
2 (p21F1,1r1 + p21F1,1r2 − p21h1r2 − p1,1h2r

2
1)+

w−1
2 (−2p21F1,1r1r2 + p21h1r1r2 + p21F1,1r

2
1r2)

(28)

q2,1 = −(y1 + y2 + y3 + y4p
2
1

∑11
i=1 xi)(p1w3)

−1 (29)

q2,2 = p1(r1r2 − r2 + 1)(h1 − F1,1 + h2r1)u1 (30)

where the yi, x1, and u1 are given in the appendix.
Feasible region and approximate fitting. Constraints are

obtained by imposing 0 ≤ qi,j ≤ 1 to the explicit parameter

expression (28), (29), (30), which are nonlinear with respect

to F1,1 and p1,1. Recall that p1 is always feasible, hence no

adjustment is necessary and the arrival of the two classes

can be always matched exactly. When the provided forward

moments and class transition probabilities are unfeasible,

we fit the feasible point (F̃1,1, p̃1,1) closest in Euclidean

norm to (F1,1, p1,1). This point can be obtained by solving

a nonlinearly constrained least squares problem in which we

minimize the norm of Δ = [ΔF1,1
Δp1,1

], with

ΔF1,1
= p1(F̃1,1 − F1,1), Δp1,1

= (p̃1,1 − p1,1)

3) Fitting backward moments and class probabilities: For

convenience of notation we define

w4 = B1,1 − h1 −B1,1r2 + h1r2 − h2r1 +B1,1r1r2

w5 = r1(h2 − h1r2)(r2 − 1)w4

The parameters are then computed as follows

q1,1 =− p1(r1r2 − r2 + 1)(B1,1 − h1 − h2 + h1r2)

(h2 − h1r2)(r1 − 1)(r2 − 1)
(31)

q2,2 =
p1,1h2 − p21h2 − p21B1,1r

2
2 − p1,1h1r2

p1r2w5

+
−p1,1h2r2 + p21B1,1r2 + p21h2r2 + p1,1h1r

2
2

p1r2w5

+
−p21h2r1r2 + p21B1,1r1r

2
2

p1r2w5
(32)

q2,1 =
y′1 + y′2 + p21

∑9
i=1 x

′
i

p1w5
(33)

where x′
i and y′i are defined in the appendix.

Feasible region and approximate fitting. Similarly to the

previous case, the feasible region is bounded by nonlinear

constraints, obtained by imposing 0 ≤ qi,j ≤ 1 in (31),

(32), (33). We fit the feasible point closest in Euclidean

norm to (B1,1, p1,1) by solving a nonlinearly constrained

least squares problem.

4) Degenerate cases: We remark that the following de-

generate cases have to be considered upon fitting a second-

order AMMAP[2] with positive autocorrelation decay.

• If r1 = 0 or r2 = 1, the AMAP(2) is exponential,

because the stationary probability of for state 1 or 2,

respectively, is equal to 1. In this degenerate case,

only a marked Poisson process can be fitted with

D0 = [−1/h], D1,1 = [q/h], D1,2 = [(1 − q)/h]. The

probability of an arrival of the first class is p1 = q.

• If h2−h1r2 = 0 the AMAP(2) is also exponential. This

case is interesting: even if the matrix D1 = D1,1+D1,2

has three non-zero elements, the AMMAP[2] cannot be

fitted, since the denominator of the expressions of q1,1,

q1,2, and q2,2 becomes null. Hence, like in the previous

case, we can only fit a marked Poisson process.

• If r1 = 1 and r2 �= 0 the underlying AMAP(2)
the AMMAP[2] loses one degree of freedom, because

the coefficient of q1,1 in D1,2 is null. In this case,

expressions simplify to

p1 = q2,1 − r2q2,1 + r2q2,2 (34)

F1,1 = h2 − h1q2,1(r2 − 1)

r2q2,2 − q2,1(r2 − 1)
(35)

B1,1 = h1 + h2 − h1r2. (36)

Inverting this formulas for fitting p1 and F1,1 we obtain:

q2,1 =
p1h2 − p1F1,1

h1(r2 − 1)
(37)

q2,2 =
p1h1 + p1h2 − p1F1,1

h1r2
(38)

• If r2 = 0, the underlying MAP process degenerates

into an APH(2) renewal process. Therefore, the AMPH

fitting approach defined in Section IV-A applies.
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Figure 2. Feasible regions for the multi-class moments of AMMAP[2] processes based on four AMAP(2) with the same first three moments and
autocorrelation decay. Each figure refers to a different value of the probability of arrivals of class one. The regions shaded in different colors represent the
feasible values of the conditional first-order moments.

C. AMMAP[2] with negative autocorrelation decay
The AMMAP[2] process with negative autocorrelation

decay is:

D0 =

[− 1
h1

r1
h1

0 − 1
h2

]
(39)

D1,1 =

[
0

q1,1(1−r1)
h1

q2,1(1−r2)
h2

q2,2r2
h2

]
(40)

D1,2 =

[
0

(1−q1,1)(1−r1)
h1

(1−q2,1)(1−r2)
h2

(1−q2,2)r2
h2

]
. (41)

Multi-class moments and class probabilities of the
AMMAP[2] are as follows:

p1 =q1,1 − q1,1 − q2,1 + r2q2,1 − r2q2,2

r1(r2 − 1)− r2 + 2

p1,1 =2q1,1q2,1 + r2q
2
2,1 − q22,1−

(2q2,1 − r2q2,1 + r2q2,2)(q1,1 − q2,1 + r2q2,1 − r2q2,2)

r1(r2 − 1)− r2 + 2
−

r2q1,1q2,1 + r2q1,1q2,2 − r2q2,1q2,2

B1,1 =h1 − (r2,1 − r2q2,1 + r2q2,2)(h1 − h2 − h1r1 + h1r1r2)

q2,1 − r2q2,1 + r2q2,2 − q1,1(r1 + r2 − r1r2 − 1)

F1,1 =h2 − q2,1(r2 − 1)(h1 − h2 + h2r1)

q2,1 − r2q2,1 + r2q2,2 − q1,1(r1 + r2 − r1r2 − 1)

Analogously to the results for the first canonical form

discussed in Section IV-B, we provide closed analytical

formulas for fitting:

• p1, B1,1 and F1,1 in Section IV-C1;

• p1, F1,1 and p1,1 in Section IV-C2;

• p1, B1,1 and p1,1 in Section IV-C3.

For each of this case we provide the closed explicit formulas

to be used for fitting. In Section IV-C4 we discuss degenerate

cases that require special attention due to the loss of one or

two degrees of freedom because of zeros appearing in the

D0 and D1 of the underlying AMAP(2).
1) Fitting p1, B1,1 and F1,1: Solving the expressions of

p1, B1,1 and F1,1 for the parameters q1,1, q1,2, q2,2 yields

q1,1 =− p1(B1,1 − h2 − h1r1 + h1r1r2)(r1 + r2 − r1r2 − 2)

(r1 − 1)(r2 − 1)(h1 − h2 − h1r1 + h1r1r2)

q2,1 =
p1(F1,1 − h2)(r1 + r2 − r1r2 − 2)

(r2 − 1)(h1 − h2 + h2r1)

q2,2 =
p1(B1,1 − h1)(r1 + r2 − r1r2 − 2)

r2(h1 − h2 − h1r1 + h1r1r2)
− p1(r1 + r2 − r1r2 − 2)

r2(r1 − 1)

+
p1(h1 − F1,1 + F1,1r1)(r1 + r2 − r1r2 − 2)

r2(h1 + h2(r1 − 1))(r1 − 1)

Feasible region. When the autocorrelation decay is nega-

tive, there are at most two feasible fits for the underlying

AMAP(2). Similarly to the case with positive autocorrela-

tion decay, the choice of the underlying APH(2) impacts the

feasible region of the first forward and backward moments,

as shown in Figure 3.

Approximate fitting. Similarly to Section IV-B, when the

values of F1,1 or p1,1 are infeasible, we find the closest

feasible values. When multiple underlying AMAP(2) are

feasible we select the one which leads to the smallest error.

However, for the AMAP(2) with negative correlation decay

only two forms, instead of four, exist.

2) Fitting forward moments and class probabilities: For

convenience of notation we define

w6 = h1 + h2 − h1r2 + F1,1(r1 + r2 − r1r2 − 2)

w7 = r2(h1 − h2 + h2r1)w6

The explicit formulas for the parameters of the second-order

AMMAP[2] as a function of p1, F1,1 and p1,1 are:

q1,1 = (p1(r1 − 1)w6)
−1∑3

i=1 x
′′
i

q2,1 =
p1(F1,1 − h2)(r1 + r2 − r1r2 − 2)

(r2 − 1)(h1 − h2 + h2r1)

q2,2 = w−1
7

[
p1

(∑6
i=1 y

′′
i − h1

∑9
i=7 y

′′
i

)
+ p−1

1

∑4
i=1 u

′′
i

]
where the y′′i and u′′

i definitions are given in the appendix.

Feasible region and approximate fitting. Similarly to

the case with positive autocorrelation decay discussed in

Section IV-B4, the feasible region is defined by nonlinear

inequalities. When (F1,1, p1,1) is unfeasible, we find the

closest point in the feasible region, solving a nonlinearly

constrained least squares problem.

3) Fitting backward moments and class probabilities: For

the sake of compactness we define

w8 = h1 − h2 − h1r1 + h1r1r2

w9 = h1 + h2 − h1r2 +B1,1(r1 + r2 − r1r2 − 2)

w10 = B1,1 − h2 − h1r1 + h1r1r2

w11 = p1r2w8w9

7



Figure 3. Feasible regions for the multi-class moments of AMMAP[2] processes based on four AMAP(2) with the same first three moments and
autocorrelation decay. Each figure refers to a different value of the probability of arrivals of class one. The regions shaded in different colors represent the
feasible values of the conditional first-order moments.

The explicit expression for the parameters of the AMMAP[2]
are obtained as a function of p1, B1,1 and p1,1 as follows:

q1,1 = −p1w10(r1 + r2 − r1r2 − 2)

(r1 − 1)(r2 − 1)w8

q2,1 = −p−1
1 w−1

9 (x′′′
1 + x′′′

2 + x′′′
3 + p1,1h1r1r2)

q2,2 = w−1
11

[∑6
i=1 y

′′′
i + p1

(∑15
i=7 y

′′′
i + h2

∑19
i=16 y

′′′
1

)]
where x′′′

i and y′′′i are defined in the final appendix.

Feasible region and approximate fitting. When

(B1,1, p1,1) is unfeasible, analogously to the previous

case, we find the closest point in the feasible region,

solving a nonlinearly constrained least squares problem.

4) Degenerate cases: The following degenerate cases

arise when fitting a second-order AMMAP[2] with negative

autocorrelation decay.

• If r2 = 1, we fit a marked Poisson process.

• If r2 = 0 and r1 = 1 two degrees of freedom are

lost and the process becomes a AMPH[2] with a single

degree of freedom. This is the degenerate case for the

AMPH[2] discussed in Section IV-A.

• If r2 = 0 and r1 �= 1 one degree of freedom is

lost and the process becomes a degenerate case of

the AMMAP[2]. We define the following auxiliary

variables, for the sake of compactness,

z1 = h2r1r2 − 1

z2 = h1 − h2 + h2r1 − h1h2r2

z3 = r1 − h2r2 + h2r1r2 − 2

z4 = h2r2 + h2
2r

2
2 − h2

2r1r
2
2 − h2r1r2 + 1

and obtain

q1,1 = −p1z1(h1 − F1,1 + h2r1 + F1,1h2r1r2)z3
(r1 − 1)z2z4

q2,1 = −p1z1(h2 − F1,1 + h1h2r2 + F1,1h2r1r2)z3
(h2r2 − h2r1r2 + 1)z2

• If r1 = 1, the AMMAP[2] loses one degree of freedom.

This case in common with the degenerate case of the

first canonical form described in Section IV-B4 because

the D1 matrix has the same structure.

V. MMAP[m] SEQUENTIAL FITTING

Given a marked arrival sequence (Xi, Ci), i ≥ 1, we

define the aggregated sequence for class c as a two-class

marked arrival sequence (Xi, C
′
i), where C ′

i = 1 if Ci =
c, and C ′

i = 2 otherwise. In a MMAP[m] of order n, the

aggregated process for class c is defined as the MMAP[2]
of order n with representation

(D0, D
c
1,1, D

c
1,2) = (D0, D1,c,

∑
k �=c D1,k)

We now investigate methods to exploit the aggregation

mechanism for fitting second-order AMMAP[m] with an

arbitrary number of classes. Recall that the fitting process

we have defined for a second-order AMMAP[2] starts with a

single-class canonical AMAP(2) and successively obtains a

second-order AMMAP[2] that fits two classes. The method

we propose for the second-order AMMAP[m] is similar: we

start with a single class AMAP(2) and perform m fitting

steps, one for each class. At step i, we fit the aggregated

sequence for class i using any of the fitting algorithms pre-

sented in the previous section and obtain the representation

(D0, D
i
1,1, D

i
1,2) subject to Di

1,1 + Di
1,2 = D1. We then

store Di
1,1 and increase i. Finally, we return the AMMAP

(D0, D
1
1,1, D

2
1,1, . . . , D

m
1,1) which is obtained by assembling

all the matrices D1,c obtained in the sequential fitting.

Notice that in this approach we exploit the important

property of the forward and backward moments to be

insensitive to aggregation. This follows immediately by (4)-

(5), since all the terms appearing in the formulas are not

affected by aggregation. Thus, for a n-order MMAP[m],
Fj,c and Bj,c are preserved in both the aggregated marked

sequence and in the aggregated process for class c. Thus, this

approach is particularly appealing for fitting AMPH[m] and

AMMAP[m] where we have shown that first-order forward

and backward moments uniquely determine the process.

Approximate fitting. When some of the first and backward

moments are infeasible, independent adjustments for each

class might lead to an invalid MMAP[m], i.e.
∑m

k=1 D1,k �=
D1. To avoid, this problem, after fitting D1,c (i.e., Dc

1,1),

we check if
∑c

k=1 D1,k is greater than D1. If this condition

happens the D1,j for j ≥ c are set as follows

D1,j =
pj∑m
j=c pj

(
D1 −

c−1∑
k=1

D1,k

)
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Table I
FITTING RESULTS FOR EXAMPLE 1

p1 p1,1 p2,2 p1,2
Model 5.00e-01 0.00e+00 0.00e+00 5.00e-01
Trace 5.00e-01 0.00e+00 0.00e+00 5.00e-01
Fitted 5.00e-01 1.15e-02 1.15e-02 4.89e-01

F1,1 F1,2 F2,1 F2,2

Model 1.00e+00 5.00e-01 2.00e+00 5.00e-01
Trace 1.00e+00 4.99e-01 2.02e+00 4.97e-01
Fitted 1.00e+00 4.99e-01 2.01e+00 5.04e-01

B1,1 B1,2 B2,1 B2,2

Model 5.00e-01 1.00e+00 5.00e-01 2.00e+00
Trace 4.99e-01 1.00e+00 4.97e-01 2.02e+00
Fitted 4.99e-01 1.00e+00 5.04e-01 2.01e+00

Table II
FITTING RESULTS FOR EXAMPLE 2

p1 p1,1 p2,2 p1,2
Model 4.35e-01 1.84e-01 3.14e-01 2.51e-01
Trace 4.36e-01 1.85e-01 3.12e-01 2.51e-01
Fitted 4.36e-01 1.87e-01 3.14e-01 2.50e-01

F1,1 F1,2 F2,1 F2,2

Model 1.10e+00 9.21e-01 2.41e+00 1.84e+00
Trace 1.11e+00 9.18e-01 2.44e+00 1.84e+00
Fitted 1.11e+00 9.18e-01 2.43e+00 1.84e+00

B1,1 B1,2 B2,1 B2,2

Model 9.88e-01 1.01e+00 2.05e+00 2.12e+00
Trace 9.91e-01 1.01e+00 2.08e+00 2.12e+00
Fitted 9.91e-01 1.01e+00 2.07e+00 2.12e+00

This procedure assures that the class probabilities pj are

matched exactly for all the classes and the forward and back-

ward moments F1,j and B1,j are optimally approximated for

j = 1, . . . , c − 1. The adjustment for the remaining classes

is not optimal, but it turns out to be good in practice if we

take special care in ordering the classes, i.e., we fit first the

classes whose forward and backward moments are closer to

M1 so that the class is more likely to be fitted exactly.

Cross-moments. The reasoning behind the sequential fit-

ting can be easily extended to cross-moments when applied

to the n-order MMAP[m] process, where aggregation may

be defined to leave a subset of classes explicit. For such

classes, their cross moments would be unaffected, thus

reducing the complexity fitting problem provided that a

fitting scheme for cross-moments is defined. We leave this

interesting research direction for future work.

VI. VALIDATION

In this section, we show the accuracy of the proposed

fitting method on traces generated by MMAP[m] of different

orders. Our validation considers both exact and approximate

fitting. We also illustrate queueing performance results for

data obtained from the SNIA repository for the Microsoft

Live Maps Back End (http://iotta.snia.org).

If not otherwise stated, the number of samples used to fit

a trace is 105. Also, unless specified, the fitting formulas are

always the one for second-order AMMAP[2] for fitting p1,

B1,1 and F1,1.

Table III
FITTING RESULTS FOR EXAMPLE 3

p1 p1,1 p2,2 p1,2
Model 5.32e-01 2.81e-01 2.16e-01 2.52e-01
Trace 5.32e-01 2.80e-01 2.17e-01 2.51e-01
Fitted 5.32e-01 2.81e-01 2.18e-01 2.51e-01

F1,1 F1,2 F2,1 F2,2

Model 8.57e-01 8.00e-01 1.65e+00 1.43e+00
Trace 8.57e-01 7.97e-01 1.66e+00 1.42e+00
Fitted 8.57e-01 7.97e-01 1.63e+00 1.45e+00

B1,1 B1,2 B2,1 B2,2

Model 8.10e-01 8.54e-01 1.49e+00 1.62e+00
Trace 8.09e-01 8.51e-01 1.48e+00 1.62e+00
Fitted 8.09e-01 8.51e-01 1.49e+00 1.62e+00

Table IV
FITTING RESULTS FOR EXAMPLE 4

p1 p2 p3 p4
Model 1.12e-01 3.26e-01 4.62e-01 9.97e-02
Trace 1.12e-01 3.27e-01 4.62e-01 9.94e-02
Fitted 1.12e-01 3.27e-01 4.62e-01 9.94e-02

p1,1 p1,2 p1,3 p1,4
Model 1.39e-02 3.09e-02 5.47e-02 1.28e-02
Trace 1.33e-02 3.05e-02 5.52e-02 1.27e-02
Fitted 1.38e-02 3.11e-02 5.43e-02 1.26e-02

F1,1 F1,2 F1,3 F1,4

Model 2.80e-02 2.24e-02 1.69e-02 2.47e-02
Trace 2.77e-02 2.21e-02 1.67e-02 2.51e-02
Fitted 2.77e-02 2.21e-02 1.67e-02 2.51e-02

B1,1 B1,2 B1,3 B1,4

Model 2.35e-02 1.64e-02 2.22e-02 2.45e-02
Trace 2.34e-02 1.65e-02 2.20e-02 2.43e-02
Fitted 2.34e-02 1.65e-02 2.20e-02 2.43e-02

A. Representative Examples

Example 1: Degenerate MMAP[2] of order 2. Consider

the following MMAP, discussed in [4], which generates a

marked arrival sequence where the class markings alternate

deterministically:

D0 =

[−2 0
0 −1

]
, D1,1 =

[
0 2
0 0

]
, D1,2 =

[
0 0
1 0

]
(42)

This model is an interesting test for our fitting algorithms

since it is a degenerate case: due to the alternating nature of

the arrivals of the two classes, the backward moment of the

first class coincides with the forward moment of the second

class. Fitting results are shown in Table I. Differently from

the original model, in the fitted process the probability pc,k
is not null, but quite small. The error is mainly due to the

difficulty of estimating the autocorrelation decay rate for the

underlying MAP, which has the degenerate value −1 and

thus it is difficult to estimate from the empirical trace.
Example 2: Non-Acyclic MMAP[2] of order 2. In this

example we show that a second-order AMMAP[2] can
successfully capture the behavior of a second-order non-
acyclic MMAP[2]. The MMAP[2] is as follows:

D0 =

[−1 1/3
1/4 −2

]
, D1,1 =

[
1/6 1/12
3/4 1/10

]
, D1,2 =

[
1/6 1/4
1/2 2/5

]

Fitting results are shown in Table II. Even though we are

only fitting first-order forward and backward moments, this
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example shows that the second-order multi-class moments

are fitted with a relative error smaller than 1%.
Example 3: Non-Acyclic MMAP[2] of order 4. In this

example we show that even higher order processes can
be well approximated by a second-order AMMAP[2]. We
consider the following non-acyclic MMAP[2] of order 4:

D0 =

⎡
⎢⎣
−1 1/8 1/8 1/8
0 −2 2/5 2/5

1/5 1/5 −3 1
1/2 1/4 3/4 −4

⎤
⎥⎦ ,

D1,1 =

⎡
⎢⎣
1/8 1/40 1/56 1/10
3/10 2/25 1/10 1/5
1/25 4/25 9/25 8/25
2/3 1/4 9/20 1/14

⎤
⎥⎦ ,

D1,2 =

⎡
⎢⎣
1/8 1/10 6/56 1/40
1/10 3/25 1/10 1/5
4/25 6/25 6/25 2/25
1/12 1/2 6/20 5/28

⎤
⎥⎦

This is a case where the autocorrelation decay in the

underlying canonical AMAP(2) is positive. Fitting results

are shown in Table III. Both the first-order forward and

backward moments are matched exactly. Also second-order

multi-class moments are fitted accurately with a 2% error.

Example 4: Acyclic MMAP[4] of order 2. We now apply

the sequential fitting approach discussed in Section V. We

consider a trace generated by a second-order AMMAP[4]
with negative autocorrelation decay in the underlying canon-

ical AMAP(2). This AMMAP[4] is defined as follows:

D0 =

[−2 1/2
0 −5

]
, D1 =

[
0 3/2
1 4

]
(43)

Let di,j be the element in column j and row i of matrix D1.

The matrices D1,c are obtained from matrices D∗
1,c = [d∗i,j,c]

whose elements are defined as follows

d∗i,j,c = di,j {[(n · i+m · j)c mod 2c+ 1] + 1} /G
(44)

where n is the number of states, m is the number of classes,

and G is a constant ensuring that
∑

c d
∗
i,j,c = di,j . Fitting

results in Table IV shows that the forward and backward

moments of the first order are matched for all classes. The

probabilities pc,k are well approximated with a relative error

of just 4%.

Example 5: Non-Acyclic MMAP[4] of order 4. We now

apply sequential fitting to a trace generated by a fourth-order

MMAP[4], with D0 defined as in Example 3 and

D1 =

⎡⎢⎢⎣
2/8 1/8 1/8 1/8
2/5 1/5 1/5 2/5
1/5 2/5 3/5 2/5
3/4 3/4 3/4 1/14

⎤⎥⎥⎦ (45)

The matrices D1,c are obtained as in the previous example.

Results in Table V show that the first-order forward and

backward moments are fitted exactly for all classes. The

probabilities pc,k are matched with a relative error of less

than 3% .

Table V
FITTING RESULTS FOR EXAMPLE 5

p1 p2 p3 p4
Model 1.45e-01 2.18e-01 3.57e-01 2.79e-01
Trace 1.47e-01 2.19e-01 3.56e-01 2.78e-01
Fitted 1.47e-01 2.19e-01 3.56e-01 2.78e-01

p1,1 p1,2 p1,3 p1,4
Model 2.15e-02 3.20e-02 5.09e-02 4.10e-02
Trace 2.20e-02 3.33e-02 5.13e-02 4.04e-02
Fitted 2.17e-02 3.25e-02 5.19e-02 4.09e-02

F1,1 F1,2 F1,3 F1,4

Model 6.80e-02 6.93e-02 6.43e-02 6.51e-02
Trace 6.90e-02 6.87e-02 6.43e-02 6.63e-02
Fitted 6.90e-02 6.87e-02 6.43e-02 6.63e-02

B1,1 B1,2 B1,3 B1,4

Model 6.82e-02 6.90e-02 6.31e-02 6.68e-02
Trace 6.82e-02 6.92e-02 6.35e-02 6.73e-02
Fitted 6.82e-02 6.92e-02 6.35e-02 6.73e-02

Table VI
RANDOM AMMAP[2] MODELS RESULTS.

Samples States Forward Error Backward Error

103 2 9.262e-02 7.831e-02
104 2 1.071e-02 3.117e-02
105 2 2.618e-02 4.137e-02

103 4 6.422e-02 7.209e-02
104 4 2.278e-02 2.813e-02
105 4 4.923e-02 2.895e-02

103 8 1.101e-01 6.157e-02
104 8 1.833e-02 1.459e-02
105 8 1.126e-02 8.592e-03

B. Random Campaign

We now evaluate the fitting approach on traces from

randomly generated MMAPs. The number of samples in

each trace varies between 103 and 105, while the number

of states n of the generating MMAP varies between 2
and 8; the number of classes is kept fixed at m = 4.

Considering one of the randomly generated MMAPs, from

which 103 arrivals were sampled, the 95% confidence in-

tervals of the first-order forward and backward moments of

the first class are [5.7866, 7.8527] and [4.4802, 5.8292]. For

another randomly generated MMAP, for which 105 arrivals

were samples, the 95% confidence intervals are significantly

tighter: [16.6778, 17.1908] and [12.3978, 12.8830] for the

first-order forward and backward moments of class one,

respectively. For each sample size and value of n we perform

10 trials. Results are shown in Table VI. For each test case

we report the median, over 10 trials, of the maximum relative

error, over all the workload classes, of the first forward and

backward moments. The results indicate that the approach

is very accurate.

C. Real Traces and Queueing Results

As a final case study, we consider a real-world trace

gathered from a storage system and obtained from the

SNIA repository (http://iotta.snia.org). The trace represents

an hour of the original Microsoft Live Maps Back End, rela-

tively to a subset collected between 10:30AM and 11:29AM

10



on February 21, 2008. A description of this trace can be

found in [13]. The trace contains the inter-issue times of

read and write requests to a storage drive.

We model read and writes as separate classes and study

the survival function of the queue length for a queueing sys-

tem with exponentially distributed service times, first-come

first-served scheduling policy, infinite buffer capacity and a

single server. We have simulated this queue by replaying

the trace to generate the arrivals and collecting a total of

108 samples. The comparison is performed by evaluating

MAP(2), second-order AMPH[2] and AMMAP[2] processes

fitted to the trace. For the AMMAP[2], we have considered

the fitting methods discussed in Section IV, respectively

denoted as F +B (Section IV-B1), F + p (Section IV-B2),

and B + p (Section IV-B3). Simulation results are then

compared with the results obtained using the MMAP/M/1

queue evaluated by the QMAM toolbox [10].

In Figure VI-C, we consider the arrival process to a disk

and show the survival functions for different choices for

the service rates of the two classes. The service rates are

chosen such that the utilization of the system is 70%. We

have considered two different cases (from left to right). In

the first figure the utilization is equally split between read

and write requests. In the second figure, 7% of the utilization

is due to read requests and 63% is due to write requests. The

figure indicates that MMAPs provide a better fit than MAPs

and renewal MPHs for this trace. This is because this trace

is strongly temporal dependent with lag-1 autocorrelation

ρ1 = 0.1674 and estimated geometric autocorrelation decay

rate of 0.9956. We find that for this specific example F + p
and B+p provide the best results, whereas F +B improves

over the MAP, but less than the other two fitting methods.

We have further investigated into this and found that in

this case the MMAP[2] is able to fit well the backward

moment, but the feasibility region prevents accurate fitting

of the forward moment. This illustrates the additional value

of leveraging three different fitting schemes, which can mu-

tually compensate for such problems. These results justify

the choice of MMAPs as a model for the arrival processes

in real systems. With a modest increase in the number of

parameters, MMAPs provide more fitting flexibility that the

simpler models such as MAPs or MPHs, striking a good

balance between model complexity and accuracy.

VII. CONCLUSION

In this paper, we have presented a methodology for

analytical fitting of second-order acyclic marked Markovian

arrival processes (AMMAPs). We have developed exact

fitting formulas that are capable of fitting any second-order

AMMAPs with two classes that have an underlying MAP in

canonical form. Our approach focuses in particular on fitting

backward and forward moments proposed in the recent liter-

ature [1], [4] as well as probabilities that describe the class

100 101 102 103 104
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10−3

10−2

10−1

100

k

P(
Q

 >
 k

)

Trace Sim
MAP(2)
MPH(2)
MMAP(2) F+B
MMAP(2) F+p
MMAP(2) B+p

ρ = [0.35 0.35]
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Figure 4. Trace/M/1 queueing results for a SNIA trace: Microsoft
Live Maps Back End Disk Trace. Read and write requests are modeled as
different classes with different service times. Utilization is 70%.

marking process. Based on these results, we have introduced

a sequential fitting algorithm that generalizes the approach to

second-order AMMAPs with an arbitrary number of classes.

Validation results argue for the effectiveness of the approach

even using traces extracted from MMAPs of large order and

from real-world storage systems.

Our analysis suggests that future work should investigate

the application of sequential fitting to MMAPs of larger

order, possibly in combination with fitting of cross moments.
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APPENDIX

The following symbols appear in Section IV.

A. AMMAP[2] with positive autocorrelation decay
• Fitting forward moments and class probabilities

x1 =F 2
1,1r1r2 (−r1r2 + 2r2 + 2)

x2 =F1,1

(
F1,1r

2
2 − 2F1,1r2 + F1,1 − h1r

2
1r

2
2

)

x3 =F1,1h1r1r2 (r1 + 3r2 − 4)

x4 =F1,1h1

(
r1 − 2r22 + 4r2

)

x5 =F1,1

(−2h1 − h2r
3
1r

2
2 + h2r

3
1r2

)

x6 =F1,1h2r
2
1

(
2r22 − 5r2 + 1

)

x7 =F1,1h2r1
(−r22 + 4r2 − 3

)

x8 =h2
1

(−r1r
2
2 + r1r2 + r22 − 2r2

)

x9 =h1

(
h1 − h2r

2
1r

2
2 + h2r

2
1r2 + h2r1r

2
2

)

x10 =h2r1 (−2h1r2 + h1 + h2r1r2)

x11 =h2
2r1 (1− r2)

y1 =p1,1r1
(
2h2

2r1 − h2
2r

2
1 − h2

1

)

y2 =p1,1r1
(−h2

2 − 2h1h2r1 + h2
1r2

)

y3 =p1,1h
2
2r1r2

(
1− 2r1 + r21

)

y4 =2p1,1h1h2r1 (1− r2 + r1r2)

u1 = [r1r2(h1 − h2 + h2r1)]
−1

• Fitting backward moments and class probabilities

y′1 =p1,1r1h1r
2
2 (h1r2 − h1 − 2)

y′2 =p1,1r1h2 (−2h1r2 − h2r2 + h2)

x′
1 =−B2

1,1r1r2 (r1r2 − 2r2 + 2)

x′
2 =B1,1

(
B1,1r

2
2 − 2B1,1r2 +B1,1 + h1r

2
1r

3
2

)

x′
3 =B1,1h1r1r

2
2 (4− r1 − r2)

x′
4 =B1,1h1r2 (4− 3r1 − 2r2)

x′
5 =−B1,1

(
2h1 + h2r

2
1r

2
2 + h2r

2
1r2

)

x′
6 =B1,1h2r1 (r2 − 1)

(
r2 + 1− h2

1r1r2
)

x′
7 =h1 (r2 − 1)

[
h1 (r2 − 1)− h2r

2
1r2

]

x′
8 =h2r1

(
h1r

2
2 − 2h1r2 + h1 + h2r1r2

)

x′
9 =h2

2r1 (1− r2)

B. AMMAP[2] with negative autocorrelation decay
• Fitting forward moments and class probabilities

x′′
1 = p1,1h1 − p1,1h2 + 2p21F1,1 − 2p21h1 + p21F1,1r

2
1

x′′
2 = p1,1h2r1 − 3p21F1,1r1 − p21F1,1r2 + p21h1r1

x′′
3 = p21r2

(
h1 + 2F1,1r1 − h1r1 − F1,1r

2
1

)

y′′1 = F 2
1,1r1

(
r1r

2
2 − 2r1r2 + r1 − 2r22

)

y′′2 = F 2
1,1

(
6r1r2 − 4r1 + r22 − 4r2

)

y′′3 = F1,1

(
4F1,1 − h2r

2
1r

2
2 + h2r

2
1r2

)

y′′4 = F1,1h2r1
(
2r22 − 5r2 + 2
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y′′5 = h2

(−F1,1r
2
2 + 4F1,1r2 − 4F1,1 + h2r

2
1r2

)

y′′6 = h2
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y′′7 = 2 (2F1,1 − 2h2 − F1,1r1 − 2F1,1r2 + h2r1)
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y′′9 = r1r2 (3F1,1 − 3h2 − F1,1r2)

u′′
1 = p1,1
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h2
1 + h2

2 + h2
2r

2
1 − 2h1h2

)

u′′
2 = −p1,1
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h2
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• Fitting backward moments and class probabilities
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