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Abstract

A new emerging class of problems related to the online
configuration and optimization of computer systems and
networks requires the solution in a very short amount of
time of a large number of analytical performance models,
often based on queueing networks. In this paper we pro-
pose the Geometric Bounds (GB), a new family of fast non-
iterative bounds on performance metrics of closed product-
form queueing networks. In spite of their simplicity, the pro-
posed bounds are more accurate than the popular Balanced
Job Bounds (BJB), even in the difficult case of networks with
multiple bottlenecks or large delays.

1 Introduction

The optimization of enterprise networks requires adap-
tive techniques in order to cope with the highly variable load
characteristics and the resulting dynamic bottleneck shift-
ing. This new class of problems can be approached by solv-
ing online a very large number of performance models. As
an example, consider self-optimizing and self-configuring
systems [1] where the best configuration is selected by max-
imizing a weighted sum of performance metrics with re-
spect to a number of cost and QoS constraints using nonlin-
ear programming or heuristic methods. Depending on the
complexity of the system, hundreds of thousands or even
millions of models may be analyzed before a global (or
a nearly global) optimum can be found, and the speed at
which the optimization algorithm evaluates the performance
trade-off of each alternative is a critical issue. Furthermore,
bounds on solution accuracy are required for applications
where violations to service level agreements are associated
to penalties.

Hence, there is an increasing demand for fast bounding
techniques. Analytic queueing network models, both open
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and closed, are often used in this context (e.g., [2]) due to
their robustness and the availability of simple solution al-
gorithms and formulas. However, the computational com-
plexity of exact solution techniques, even for basic single
class models, make them unfeasible for problems with a
very large number of instances to be solved. Since esti-
mates of the performance indices, rather than exact values,
are often sufficient to satisfy the requirements of the major-
ity of performance evaluation studies, efficient approximate
techniques may be adopted.

The computational requirements of iterative local ap-
proximations (e.g., [3]) are lower than those of exact so-
lution algorithms, but are usually much higher than single-
step bounding techniques [4, 5, 8,9, 11, 15]. On the other
hand, the accuracy of iterative techniques is usually higher.
Thus, there is a trade-off between computational costs and
result accuracy. In what follows, we will show that the
bounds accuracy can be significantly improved with a small
increase in the computational costs. Therefore, using the
proposed bounding techniques we do not have to sacrifice
accuracy to obtain low computational complexity.

In this paper we introduce the Geometric Bounds (GB),
a new family of performance bounds that are more accurate
than previously proposed bounding techniques. GB bounds
are derived by describing the queue-lengths with a geomet-
ric sequence of terms related to the resource utilizations.
The validation of the GB bounds has been performed using
well-known stress cases proposed in the literature for the
evaluation of other bounding techniques. In particular, we
will show that the GB bounds provide very good results also
in the critical case of unbalanced networks, where existing
bounds are very loose.

The paper is organized as follows. In Section 2 we re-
view popular bounding techniques presented in previous
work. Section 3 describes the proposed bounding tech-
nique, and Section 4 presents numerical examples and dis-
cusses the computational requirements. Conclusions are
drawn in Section 5. Theorem proofs are reported in the ap-
pendices.



2 Related Work

We consider closed networks with M fixed-rate queues,
N customers and D delay stations. The average loading of
queue ¢ is L; = V;S;, where V; and S; are respectively the
average visit ratio and the average service time of the sta-
tion. Queue indices are sorted according to the relative load-
ing of the device, so that queue 1 has the maximum loading
Ly, queue M the minimum Lj;. Without loss of general-
ity, we consider an equivalent network where the delay sta-
tions are aggregated into a single delay station with delay
Z . For a model with NV customers, we denote the utilization
of queue i by U;(N), and its queue-length by Q; (V). The
throughput is denoted by X (V) and can be computed from
the queue-lengths of models with N — 1 customers using
the MVA relation [13]

N
X(N) = , @
Z+ 350 L[+ Qi (N — 1))
and the queue-length recurrence relation
QN)=LiX(N)[1+Qi(N-1)]. (22

Throughout the paper, we will use some formulas derived
from Little’s Law, i.e., the Utilization Law

U(N) = L; X(N), 2.3)

for all queues ¢, 1 < ¢ < M; the Response time Law
R(N)= ——= — Z, (2.4)

which allows us to compute the average time spent at the
queues, and the population constraint

M
> Qi(N)+ ZX(N) = N, 2.5)
=1

which captures the fact that the number of customers in the
network is always equal to N.

Let us now review the most popular non-iterative bounds
proposed in the literature [8,9, 11, 15]. Iterative bounding
techniques [7-9] are not considered in this paper because
they require much higher computational costs than the non-
iterative ones. We use the notation o™ and ™~ to indicate
upper and lower bounds on a performance metric « (e.g.,
XT and X~ indicate respectively an upper and a lower
throughput bound).

Let L = Zﬁl L; be the sum of loadings, and let Ry =
Z + L be the minimum customer cycle time of the network.
The Asymptotic Bounds (ABA) [11] of system throughput
can be obtained by assuming that the queue-lengths seen by

an arriving customer at all queues are either empty or set to
the maximum value N — 1, and are given by

N
- < X(N) < —. 2.6
R(]+L(N—1)_ ( )_RO ( )
The ABA bounds also include the upper bound
Xt = S 2.7)
maxr ~ Ll’ .

where 1/L; is the throughput at which the primary bot-
tleneck queue reaches maximum utilization, i.e., U3 =
1. Note that the system reaches maximum throughput
X (N) = 1/L, for finite populations only when M = 1 and
D = 0. We do not address this case, and we will assume
that X (N) < 1/L; forall N < 4o0. Hence, the utilization
terms willbe U; = L; X(N) < 1,forall 1 <i < M.

It is known that the ABA bounds provide accurate re-
sults only when the network is lightly loaded or heavily con-
gested. Let us denote by L,,. = L/M the average queue
loading. The Balanced Job Bounds (BJB) [15]

N
E——I—
Ro+ Li(N—1)

X(N) (2.8)

< N

~ Ro+ Lawe(N — 1)
offer greater accuracy than the ABA bounds with a small
increase in computational cost. The BJB bounds may be
interpreted as throughputs of balanced networks where all
loadings have been set equal to L or to L. It has been
shown [15] that the throughputs of these systems are upper
and lower bounds on X (V).

The main limitation of the BJB is that they cannot dis-
tinguish between networks with identical L1, Ly, and Ry.
Hence, for instance, the lower bound is the lowest of the
throughputs of all possible networks with identical L, and
Ry. Conversely, the Proportional Bounds (PB) [8] have
the important characteristics of considering each individual
value of the L;. For a network without delay stations, the
PB throughput bounds are given by

N

N
— <X N) < —, (29
Rorox(v—1) = "N = gy oty @
where
M M
oN = Ei:l LfV _ Zi:l L12 = 09y
- =M 1 - M = 02
Zj:l L;‘v ! Zj:l L;

Note that if X (/') has to be bounded on several populations
for the same model, then the § coefficient can be computed
a single time, being independent of N. It has also been
shown in [8] that the PB are always tighter than the BJB. In
particular, the best accuracy is achieved for lightly-loaded
networks, where the average fraction of jobs at queue i is
approximately proportional to L;.



3 Geometric Bounds (GB)
3.1 Queue-length Bounds

In this section we derive the upper and lower Geometric
Bounds (GB) for queue-lengths.

Theorem 1 (Pessimistic Queue-length Bound) In closed
product-form networks, the queue-length Q;(N) is lower
bounded by

B yi(N)N+1
L —yi(N)

Q; (V) = V) (3.1)

~ 1—yi(N)
where y;(N) = NL;/(Ro + L1 N).

Theorem 2 (Optimistic Queue-length Bound) /n closed
product-form networks, the queue-length Q;(N) is upper
bounded by

. V() Yi(N)N+
iop(NV) = 1-Y;(N) 1-Yi(N)

(3.2)

where Y;(N) = U;"(N) = L; X*(N), and U;" (N) is any
upper bound on U;(N) obtained from any X+ such that
X(N) < XT < Xpnae S0 that U;‘(N) < 1 for all queues
with L; < L.

The expressions for @Q; ,(N) and Qigb(N) derive from
partial sums of a geometric sequence with common ratio
yi(IN) or Y;(N). This explains why our bounds are similar
to the well-known queue-length formula for open networks
with input workload rate A

Ui(M)

Qi(A) = T, (3.3)

which is derived from geometric series.

Parametrization of the upper bound.

From (2.3) we see that (3.2) is parametric in the choice of
the bound X T used to define Y;. Thus, several possible
alternatives may be considered. We can find the most ac-
curate by recalling the monotonicity of the partial sum of
a geometric sequence Y, 7% with respect to the common
ratio » > 0. As a consequence, if Xfr(N) < X;r(N),
then Y;(N) = X (N)L; gives a tighter Q:"gb(N) than
Y;(N) = X, (N)L;. Nevertheless, when a large number
of bounds are to be computed, as in optimization studies,
it may be convenient to use bounds with sub-optimal accu-
racy, but with reduced computational complexity. Note that,
in any case, the upper bound X ™ must satisfy the condition

Yi(N) = U (N) = XT(N)L; < 1.

Let us denote by n*(X ) the population corresponding to
the intersection point between X+ and the ABA bound
Xmaz = 1/L1. Assuming the saturation condition

XT(N) = Xynaa, forall N > n*(XT),
then we have Ui+ (N) < 1forall L; < L; because
U:F(N) S XmaxLi < XmaxLl =1

When L; = L, it is instead U;"(N) = 1, for all
N > n*(X™), and the upper GB cannot be employed.
Note that the straightforward extension Q" (V) = N may
not be accurate when the network has m; > 1 bottleneck
queues all with the same loadings L; = Lo = ... = L,,, =
maxi<j<m Lj. To overcome these limitations, it is suffi-
cient to observe that from (2.5) it is

M
miQi(N) =N —ZX(N)= > Qu(N), (34
k=m+1

where the summation considers the non-bottleneck stations
only, and define

M
L) = oo (N -ZX;(N) - ) Qk,gbw)),

k=mi+1

provided that 0 < X (V) < X (V). By construction, it is
clear that the last quantity is an upper bound on @1 (IV), i.e.

T(N) > Qi(N).

The above derivation shows how to account in bounds both
for the presence of multiple bottlenecks and for the frac-
tion of the population at the non-bottleneck stations. This
derivation is exploited also in the throughput bounds pre-
sented in the next section.

3.2 Throughput Bounds

From Q; o and Q;‘:gb we obtain throughput and response
time bounds. In the following, in order to simplify the no-
tation, we assume m; = 1. The generalization to networks
with m1 > 1 can be easily done.

Theorem 3 (Pessimistic Response Time Bound) /n
closed product-form networks, the response time R(N) is
upper bounded by

Rf(N)=L+Li(N—-1-ZX;(N-1))
M
+>diQ; (N 1), (35)
=2

where d; = L; — L1 <0, and X is a lower bound on X,
ie, X, (N—-1) < X(N—1).



Corollary 1 (Pessimistic Throughput Bound) /n closed
product-form networks, the throughput X(N) is lower
bounded by

N

Xgp(N)

Theorem 4 (Optimistic Response Time Bound) In
closed product-form networks, the response time R(N) is
lower bounded by

R

w(N) =L+ Li(N—-1-ZX7 (N —1))

M
+> 0 diQf (N = 1), (3.7)
=2

where d; = L; — L, <0, and X}' is an upper bound on X,
ie, X (N —1)>X(N —1).

Corollary 2 (Optimistic Throughput Bound) In closed
product-form queueing networks, the throughput X (N) is
upper bounded by

N

= 3.8
Z+R,(N) (3:8)

Xgp(N)

As observed before, an important innovation of our
throughput and response time bounds is that we embed
(2.5) directly into the equations by replacing Q1 (N — 1)
in all summations by the equivalent expression (3.4). This
lets us make explicit at the denominator of both formulas
the term [NV L; that grants the asymptotic correctness of the
two bounds. In fact, observing that the GB queue-lengths
bounds for the non-bottleneck queues have finite value (be-
ing partial sums of geometric sequence with common ratio
y;(N) and Y;(IV) less than one), and observing that

. 1
Jim LZX(N —1) = 1124 =7,

it is easy to see that (3.5)-(3.8) converge asymptotically to
the exact values

lim X ,(N)= lim X;})(N) = lim X(N)=—

N—oc0 N—o00

and

lim [R;b(N) — (NL, — Z)}

N—o00

= lim [Rg—b(zv) — (NL; — Z)} —0.

N—oc0

In general, as shown later in the paper, the convergence is
remarkably quicker than for the BJB and the PB bounds.

3.2.1 Geometric Square-root Bounds (GSB)

We discuss how the GB throughput bounds could be ex-
tended for improved accuracy in queueing networks with
delay stations. The extension of the response times bounds
follows straightforwardly by (2.4). Our approach is similar
to the Square Root bounds [9], and depends on the substitu-
tions
X7 (N—1)=X(N)
N-1 (3.9)

Xz (N =1) = == X(N)

in the denominators of (3.6) and (3.8). These remove the
dependency on X, and X, so that we can solve the re-
sulting equation for X (N). (We point to [6,9] for proofs
that (3.9) are bounds on X (N — 1) for all populations).

We then propose the following Geometric Square-root
Bounds (GSB):

Theorem 5 (Pessimistic Throughput Bound) In closed
product-form networks with Z > 0, the throughput X (N)
is lower bounded by

-1

X;Sb(N) =2N [bl + \/b% —4ZLy(N -1) (3.10)
where by = Ro + L1(N — 1) + Y12, diQ; (N = 1)> 0,
di=L;—L; <0.

Theorem 6 (Optimistic Throughput Bound) /n  closed

product-form networks with Z > 0, the throughput X (N)
is upper bounded by

X, (N) =2N [b2 + /02 — 4ZL1N}

where by = Ro + Li(N — 1) + 2.1, diQf , (N —1)> 0,
di=L; — L1 <NO0. ‘

—1
@3.11)

4 Numerical Examples and Computational
Requirements

We compared the accuracy of GB and GSB with that of
BJB and PB on several hundreds models with different load-
ings and number of queues. The conclusion that emerges
from this statistical analysis is that the relative accuracy
of the methods is mainly determined by the number and
strength of network bottlenecks, and by the level of balance
of network loadings. For this reason, it is more important
to consider network models that are known to be critical for
bounding techniques.

We compare throughput bounds on well-known stress
cases. The characteristics of the four considered models
make them stress cases for bounding techniques, and hence
have been used in previous works [8,9] for comparison.



Stress Case 1 The network is almost balanced, with M =
4 queues and loadings L1 = 0.1, L» = 0.1, L3 = 0.09,
Ly = 0.08. The ABA saturation point is n*(X}, ) =
Ro/Ly = 3.7and X}, .., = 10.000.

Stress Case 2 The network has the same queues of Stress
Case 1 and an additional delay station with Z = 1. The
ABA saturation point is now n* (X1, ) = 13.7.

aba

Stress Case 3 The network is unbalanced, with M = 4
queues with L1 = 0.1, Ly = 0.1, Ly = 0.05, and Ly =
0.04. For this model n* (X}, ) = 2.9 and X}, ... = 10.000.

aba mazx

Stress Case 4 The network has the same queues of Stress
Case 3 and an additional delay with Z = 1. The new value
of the ABA saturation point is n* (X, ) = 12.9.

aba

There are at least two conditions that make the above mod-
els stress cases:

1. none of the models is perfectly balanced, thus we do
not obtain good approximations using the BJB. This
lets us understand to which degree bounds are able to
account for variabilities in loadings.

2. A second critical aspect is that X (N) converges very
slowly to the asymptotic value 1/L; due to the pres-
ence of multiple bottleneck queues [10]. Hence, the
range of populations for which the throughput grows
before showing saturation effects is larger than in the
single bottleneck case. This complicates the approx-
imation, and in particular for the optimistic bounds,
whose saturation point is typically independent of the
number of bottleneck queues.

Tables 1-8 report the lower and upper bounds on X ob-
tained with the BJB, PB, GB and GSB, for the four con-
sidered cases. Let us remark that the BJB are probably
the most popular among the existing bounds, while the
PB typically provide the best results among non-iterative
techniques. The upper GB is computed using the utiliza-
tion bound U;" = min{L; X};, L;/L,}. The PB and BJB
bounds in the stress cases 2 and 4 are computed using their
iterative extensions defined in [8, 9] with ¢ = 2 recursion
steps. Figure 1 illustrates results for the strongly unbal-
anced model of Stress Case 3. As can be seen from the
results provided by GB and GSB, the proposed bounds are
very accurate and much closer to the exact values for the
great majority of the models. They are less precise than the
PB and occasionally than the upper BJB only for very small
values of N. The increase of accuracy is particularly evi-
dent in the rapid convergence to the exact value when the
network becomes congested (i.e., usually after crossing the
n*(X} ) saturation point). Note also that the maximum

aba
absolute error of GB is often very close to the minimum

5L . . . . . . n )
N*=3 10 20 30 40 50 60 70 80

Figure 1. Comparison of the BJB and PB
bounds with the GB bounds for Stress Case 3

absolute error of BJB and PB for medium and heavy load
conditions.

These results strongly indicate the effectiveness and the
robustness of the proposed bounds on both nearly balanced
and strongly unbalanced models. We also point out that
the observations of this section and of Stress Case 1 ex-
tend to larger networks, even those composed by hundreds
of servers, with large delays and populated by thousands of
customers. In particular, the best improvements with re-
spect to previous work are obtained in the most difficult
case of networks with strongly unbalanced queues, and with
multiple primary and secondary bottlenecks.

Finally, we point out that the computational cost of the
throughput bounds is O(M), that grows linearly with the
number of queues M of the model and is independent of V.

5 Conclusions

New problems related, among others, to self-optimizing
and self-configurable systems require the online solution
of a large number of queueing models. In this paper we
proposed the Geometric Bounds (GB), a fast and accurate
bounding technique for performance measures that are fre-
quently used by QoS control algorithms. We have shown
that the proposed GB bounds, in spite of their simple for-
mulation, which is related to partial sums of geometric
sequences, are more accurate than known bounding tech-
niques even on unbalanced models with delays and multiple
bottlenecks, which are the hardest to approximate.



X(N) Lower Bounds X(N) Lower Bounds
N | exact bjb pb gb Apjp App Agy N | exact bjb pb gb Apjp App Agy
2 | 4317 | 4255 4317 4304 | -0.062 -0.000 -0.013 2 | 5360 | 5.128 5360 5299 | -0.232 -0.000 -0.062
5 6.715 | 6494 6.660 6.686 | -0.221 -0.055 -0.029 5 7.803 | 7.246 7341 7.673 | -0.556 -0.461 -0.130
10 | 8.206 | 7.874 8.022 8.152 | -0.332 -0.184 -0.054 10 | 8.930 | 8.403 8407 8.822 | -0.527 -0.523 -0.109
15 | 8.835 | 8475 8569 8.766 | -0.360 -0.266 —-0.068 15 | 9302 | 8876 8.876 9.231 | -0427 -0.427 -0.071
20 | 9.168 | 8.811 8.867 9.095 | -0.358 -0.301 -0.074 20 | 9483 | 9.132  9.132 9435 | -0.350 -0.350 -0.048
30 | 9499 | 9.174 9.194 9429 | -0.325 -0.305 -0.070 30 | 9.659 | 9.404 9.404 9.634 | -0.255 -0.255 -0.025
40 | 9.654 | 9368 9.375 9.593 | -0.286 -0.279 -0.061 40 | 9.746 | 9.547 9.547 9.730 | -0.199 -0.199 -0.015
60 | 9.792 | 9.569 9.570 9.750 | -0.223 -0.222 -0.042 60 | 9.831 | 9.693 9.693 9.824 | -0.138 -0.138 -0.007
80 | 9.853 | 9.674 9.674 9.823 | -0.179 -0.179 -0.030 80 | 9.874 | 9.768 9.768 9.870 | -0.106 -0.106 -0.004
Table 1. Results for the lower bounds on Table 3. Results for the lower bounds on
throughput for Stress Case 1 of [8,9] throughput for Stress Case 3 of [8,9]
X(N) Lower Bounds X(N) Lower Bounds

N | exact | bjb pb gsb Apjp App Agop N | exact | bjb pb gsb Apjp Apb Agsh
2 1434 | 1432 1434 1432 | -0.002 -0.000 -0.002 2 1.528 | 1.524 1.528 1.527 | -0.004 -0.000 -0.002
5 | 3364 | 3267 3288 3.343 | -0.097 -0.075 -0.020 5 | 3.628 | 3476 3439 3.600 | -0.152 -0.139 -0.028
10 | 5.872 | 5390 5440 5.757 | -0482 -0432 -0.115 10 | 6.422 | 5684 5685 6.233 | -0.738 -0.737 -0.189
15 | 7468 | 6.680 6.728 7.237 | —0.788 —-0.740 —-0.230 15 | 8.133 | 6978 6979 7.764 | —-1.155 -1.155 -0.369
20 | 8375 | 7.489 7.525 8.086 | -0.886 -0.850 —0.289 20 | 8945 | 7.767  7.767 8558 | -1.179  -1.179  -0.388
30 | 9.186 | 8393 8408 8902 | —0.793 -0.777 -0.284 30 | 9.483 | 8.618 8.618 9.238 | -0.864 -0.864 -0.245
40 | 9502 | 8.858 8.864 9264 | —0.644 -0.638 —-0.238 40 | 9.659 | 9.042 9.042 9508 | -0.617 -0.617 -0.151
60 | 9.740 | 9.306 9307 9.579 | -0.433 0432 -0.161 60 | 9.797 | 9437 9437 9.725 | -0360 -0.360 -0.072
80 | 9.828 | 9.514 9514 9.715 | -0.314 -0.314 —0.113 80 | 9.856 | 9.614 9.614 9.814 | -0.241 -0.241 -0.042
Table 2. Results for the lower bounds on Table 4. Results for the lower bounds on

throughput for Stress Case 2 of [8,9]
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X(N) Upper Bounds X(N) Upper Bounds

N | exact bjb pb gb Apjp App Agy N | exact bjb pb gb Apjp App Agy
2 [ 4317 | 4324 4317 4317 | 0.007 0.000 0.000 2 [ 5360 [ 5517 5360 5360 | 0.157 0.000 0.000
516715 | 6757 6730 6752 | 0.042 0015 0.038 5 | 7803 | 8621 8033 7.862 | 0.818 0231 0.059
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Table 5. Results for the upper bounds on Table 7. Results for the upper bounds on

throughput for Stress Case 1 of [8,9]

throughput for Stress Case 3 of [8,9]

X(N) Upper Bounds X(N) Upper Bounds

N | exact bjb pb gb Apjp App Agp N | exact bjb pb gb Apjp Appy Agy
2 | 1434 | 1434 1434 1522 | 0.000 0.000 0.088 2 [ 1528 [ 1531 1528 1636 | 0.003 0.000 0.108
5 | 3364 | 3402 3400 3568 | 0.038 0036 0.204 5 | 3628 | 3690 3664 3.885 | 0.062 0.036 0257
10 | 5872 | 6270 6263 6174 | 0398 0391 0302 10 | 6422 | 6960  6.858 6708 | 0.538 0436 0.286
15 | 7468 | 8.621  8.606 7.872 | 1.153 1138  0.405 15 | 8133 | 9494 9245 8190 | 1361 1112  0.057
20 | 8375 | 9.081  9.053 8666 | 0.706 0.678 0.291 20 | 8945 | 10.000 9.814 8.871 | 1.055 0.868 0.074
30 | 9.186 | 9592 9549 9344 | 0406 0363 0.159 30 | 9483 | 10.000 10.000 9.414 | 0.517 0517  0.069
40 | 9502 | 9.870  9.818  9.616 | 0.368 0316 0.113 40 | 9.659 | 10.000 10.000 9.624 | 0341 0341  0.035
60 | 9.740 | 10.000 10.000 9.804 | 0.260 0.260  0.065 60 | 9.797 | 10.000 10.000 9.794 | 0.203 0.203  0.003
80 | 9.828 | 10.000 10.000 9.859 | 0.172 0.172  0.032 80 | 9.856 | 10.000 10.000 9.859 | 0.144 0.144  0.004
Table 6. Results for the upper bounds on Table 8. Results for the upper bounds on

throughput for Stress Case 2 of [8,9]
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Appendix A

This appendix discusses exact and approximate solutions of the
recurrence relation

—H—ZHCNkH(m

n=1k=1

f(N)=C(N)[1+ f(N

throughput for Stress Case 4 of [8,9]

where C'(N) is an arbitrary function of N, and with termination
condition f(0) = 0. Clearly, (2.2) belongs to this class of recur-
rence relations. In order to obtain simple non-iterative approxima-
tions of (6.1), we seek for tight upper and lower bounds on f(N).
Let us denote a geometric sequence with common ratio  # 1 by

Geom(r,n) Zr = — rett . 6.2)
1—7r
For r = 1, we set Geom(1,n) =3 }_, 1
Theorem 7 The solution of (6.1) is bounded by
Geom (Cf,N) < f(N) < Geom (C+,N) (6.3)
forall N > 1, where
c = n:lrglngNC(n), ct= .. C(n) 6.4)

In general, the quality of the approximation greatly depends on the
structure of the C'(IV) terms. Henceforth, we focus on coefficients
C(N) that may be written in the form

C(n) =

an
b+n

, forl1<n <N, (6.5)

where a > 0 and b > 0 are two real constants. Many bounds on
utilization obtained by the BJB and the PB bounds can be rewritten



in the form (6.5). Note that since the ratio of two consecutive C'(n)
coefficients is a rational function of n, the coefficients (6.5) form
a hypergeometric sequence [12]. Furthermore, let us note that for
b = 0 the recurrence (6.1) becomes a simple geometric sequence
that may be solved non-iteratively by (6.2). Hence, we focus in
the rest of this appendix on recurrences where b > 0. In this
case we see that C~ = C(1) and CT = C(N). Further, we
can introduce an exact solution formula for (6.1). Let us denote
() =a(+1)---(z+k—1)andz® =z(z—1)--- (z —
k+1) = (—=1)*(—z)%. Introducing the Gaussian hypergeometric
function [12]

2Fi(a, By Z o (6.6)

k=0

we have the following result:
Theorem 8 The solution of (6.1), for all N > 1, is given by

f(N)=2Fi(1,-N;—b— N;a) — 1. 6.7)
Currently, non-iterative expressions of (6.7) are available only for
special values of the coefficients of 2 1 [12]. Concerning the ac-
curacy of the bounds in Theorem 7, a numerical inspection quickly
leads us to conclude that Geom(C'(N), N) is a very tight up-
per bound, while the lower bound Geom(C(1), N) is quite loose.
Therefore, we introduce an improved lower bound by taking an
additional assumption on the coefficients (6.5).

Theorem 9 If a < 1 in (6.5), then the related f(N) is lower
bounded, forall1 < N < 400, by

F(N) > Geom (NLH C(N +1), N) (6.8)

Note that N C(N + 1)/(N + 1) may be bigger or smaller of
the terms C'(n), 1 < m < N, and this means that it is not an
upper bound on C(n) as C". This result is fundamental for the
derivation of the pessimistic GB queue-length bound.

Appendix B

PROOF OF THEOREM 1.

Consider the relation Q; (N) = X, (N)Li[1 + Q; (N — 1)],
with @;(0) = 0, and where X, = N/(Ro + L1(N — 1)) is the
lower BJB (2.8). By comparing the above expression with (2.2),
we see that it is indeed a lower bound on Q; (V). Further, if we
set C(N) = X, (N)Li, we see that 0 < a = L;/L1 < 1 and
b = (Ro/L1 — 1) > 0. Then, the theorem follows easily from
Theorem 9 and from (6.2).

PROOF OF THEOREM 2.

It is sufficient to apply Theorem 7 of Appendix A and (6.2) to
the recurrence Q; (N) = U;H(N)[1 + Q; (N — 1)], with initial
condition Q; (0) = 0, that defines an upper bound on Q;(N).

PROOF OF THEOREM 3.
From the Arrival Theorem [13, 14], we know that R(N) = L +

>, LiQi(N — 1). Expressing (2.5) for N — 1, and solving for
Qi(N—-1)weget Qi(N—-1) =N-1—-ZX(N—-1) —
> iz1 Qi(N — 1). Inserting this relation into R(N), it is
M
R(N)=L+Li(N—1-ZX(N—-1)+>_ diQi(N —1)
i=2

>L+ILi(N-1-2ZX,(N

SRS STy
where d; = L; — L1 < 0. This proves the theorem.

PROOFS OF COROLLARIES 1 AND 2.

The two corollaries are proved immediately by (2.4).

PROOF OF THEOREM 4.

The proof is analogous to that of Theorem 3.

PROOF OF THEOREMS 5-6.

The proofs are analogous to the original Square-root bounds
proofs [9] applied to equations (3.6) and (3.8).

PROOF OF THEOREM 7.

The theorem follows easily from (6.1) and (6.2) observing that

N

Z(C*)"gzﬁcu\rwﬂ)gzw*

n=1

PROOF OF THEOREM 8.

From (6.1) and (6.5) we have

N
-

=1

(N k4 1)
b+ N—k+1

a N)k
(=b— N)&

HMZ

Now using the relation (1) = k!, by (6.6) we get
N k
(=N)e(Dr a N
N:E = =5F (1,-N;—-b—N;a)—1
) P (7b7N)k; k! 24 ( ) ’ 70’)

where ¥ denotes the N-th partial sum of 2 /. The theorem
follows noting that (—N); = 0fork € {N +1,...,400}, we
have that the terms of the series 2 F1 (1, —N; —b — N;a) are all
equal to zero after the N-th term and hence o FYY = o Fy

PROOF OF THEOREM 9.

The proof is obtained by induction on V.

Case N = 1: we need to prove that f(1) > Geom(C(2)/2,1)
that simplifies to C(1) > C(2)/2. Inserting (6.5), this simplifies
toa/(b+1) > a/(b+2), which is always true by the assumptions
a > 0and b > 0in (6.5).



Case N > 1: let us define H(N) = (N —1)C(N)/N =
a(N —1)/(b+ N). Note that 0 < H(N) < 1 by the assumptions
0<a<1,b>0,and for N > 1. The induction hypothesis is

f(N —=1) > Geom(H(N),N —1).

Inserting the above expression in (6.1), and using (6.2), the induc-
tion hypothesis implies

FV) = CN) 1+ £V = 1)) 2 CON = 69)
We wish to prove that
1—H(N+1)V

f(N) 2 Geom(H(N +1), N) = HN + )5—p54s

Note that this follows by (6.9) if we can show that

1—H(N+1)V

> H(N +1) —HNT1)

but this can be easily verified, using the conditions on a and b, by
substituting the definitions of H(N) and C'(N) into the inequality.



