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Abstract—Modeling queueing networks in random environ-
ments is a challenging problem that finds application in routing,
reliability analysis, and evaluation of systems processing bursty
workloads. In this paper, we introduce a method to evaluate
closed queueing networks in random environments that can deal
with non-Markovian transitions among environment stages and
accurately approximate time-averaged performance metrics. Our
technique supports both state-independent and state-dependent
random environments, the latter allowing us to analyze chal-
lenging queueing network models with bursty service processes.
Using simulation on representative case studies, we show that
our technique provides low approximation errors. We further
demonstrate the applicability of our result to a mobility case
study demonstrating the applicability of the proposed approach.

Index Terms—Semi-Markov random environments, mean field
approximation, performance analysis

I. INTRODUCTION

Queueing network models have been widely used for per-
formance analysis in cloud computing, software architecture,
telecommunication systems, and several other areas [1], [2].
A closed queueing network model typically consists of a set
of jobs circulating among delay and queueing stations. The
service processes at the stations are modeled by probability
distributions, often exponential distributions. However, real-
world workloads can show heterogeneous features and be
affected by external events, such that service rates and the
underpinning distributions may vary over time, requiring spe-
cialized performance evaluation methods.

Time-varying characteristics of a queueing network can be
modeled in terms of a random environment (RE) [3], [4],
which stochastically assigns the service characteristics of the
stations. An RE is itself a stochastic model where states, called
stages, determine the service characteristics of all the stations
in the closed queueing network. In a state-independent RE,
the active stage determines the current service distribution
irrespective of the state of the queueing network; numerical
approximations capable of addressing this case when the RE
model is Markovian have been available for some time [5],
[6]. Conversely, in a state-dependent RE, the active stage can
itself be affected by the state of the queueing network, for
example disabling further RE transitions whenever a given
station is idle. The latter feature enables us in particular to
model Markov-modulated service processes by means of an

RE that modulates the service rate of the station only in non-
idling periods. Approximating non-renewal processes of this
kind is generally difficult, yet it remains critical to the accuracy
of performance predictions [7]–[10].

The blending method proposed in [5], [11] defines iter-
ative approximation methods for queueing models in state-
independent REs by means of fluid ordinary differential equa-
tions (ODEs). However, the method has not been developed in
full generality for state-dependent REs; only a specific proof-
of-concept for a two-stage two-station model is illustrated
in [11, Fig. 6]. Thus, the first contribution of this work is
to extend the blending algorithm to the state-dependent RE
case and establish its effectiveness in a much more general
case with an arbitrary number of stages and stations. The
resulting extension considers each RE stage separately and
conducts transient analysis during stage transitions to derive
approximate queue lengths in each stage. It then derives
mean performance metrics for the model as a whole, such
as mean queue lengths and utilization. Experimental results
show that our generalized technique can effectively calculate
performance metrics, achieving average errors below 4% in
most experiments.

A second major contribution of this work is to generalize
the blending theory to non-Markovian REs, specifically those
described by semi-Markov processes (SMPs). This extension
allows for the first time to address closed queueing networks
modulated by general non-Markovian distributions, broaden-
ing the expressivity of the models and the ability to support
real-world application scenarios. In particular, since a state-
dependent RE can approximate a switching service process,
this extension implies that our generalized blending method
can also solve closed queueing networks parameterized by a
class of SMPs. We illustrate this by showing that service pro-
cesses modulated by Erlang, gamma or lognormal distributions
are accurately approximated. To the best of our knowledge,
no analytical approximation exists that can approximate non-
Markovian closed networks with the size of the models we
consider, which feature several tens of jobs. We illustrate the
applicability of this extension through a queueing case study
using a real-world mobility traffic dataset from the city of Oslo
that involves hundreds of stations.

The rest of the paper is structured as follows. Section II
gives a brief example to introduce closed queueing networks



Fig. 1: A closed queueing network model containing 1 delay
and 2 switching queues (SQ1 and SQ2).

in random environments. Section III and Section IV present
the original blending method and our proposed generalization.
Section V provides the numerical results and a case study on
mobility. Section VI reviews related work on modeling random
environments, followed by conclusions in Section VII.

II. RANDOM ENVIRONMENT EXAMPLE

To better illustrate the definition of the RE, we first give
an example of a Markovian RE. A Markovian RE is a state-
dependent RE and the service rate in each station is defined
by the corresponding stage. The Markov-modulated Poisson
process (MMPP) is a common model to describe this kind of
RE. A two-stage MMPP can be defined by the following two
matrices [12]

Q =

(
−r1 r1
r2 −r2

)
, Λ =

(
λ1 0
0 λ2

)
(1)

The matrix Q is an infinitesimal generator for the continuous-
time Markov chain (CTMC) that describes the hidden transi-
tions between the stages. The diagonal elements in matrix Λ
are the arrival rates in each stage. Q can be seen to modulate
the service rates and λi is the service rate in the corre-
sponding MMPP state. The transition times are exponentially
distributed. Thus, using the MMPP as the service process for
a queue, we can model the service behaviors under an RE.

For multiple MMPP queues, we assume that the stage of
one queue will not impact the stage of another queue in the
network. We generate all combinations of the stages from dif-
ferent queues and Q can then modulate the service parameters.
For example, for a queueing network model consisting of a
delay station and two MMPP queues shown in Fig. 1, if the
service process of these two queues is both modeled by a two-
stage MMPP, the RE of this model has 4 stages in total. We
have the stage set S = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2)};
for example, S = (1, 2, 2) describes a RE stage where the
switching queues are all in stage 2 of their corresponding
MMPP. The RE has an infinitesimal generator

E =


−r11 r′1 r1 0
r′2 −r12 0 r1
r2 0 −r21 r′1
0 r2 r′2 −r22

 (2)

where r1 and r2 denote the transition rates of the RE modu-
lating the first queue, r′1 and r′2 represent the ones modulating
the second queue, and rij = ri + r′j . Suppose r1, r2, r

′
1 and

r′2 are set to 1, 0.2, 1 and 0.5. λ1, λ2, λ
′
1 and λ′

2 are 1, 2,
0.1 and 10 respectively. We compare the results with the case
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Fig. 2: Difference in performance for queueing network ex-
ample with exponential and MMPP service.

when there is no RE and the service rates for the queues are
7/6 and 4 derived by averaging the service rates in MMPP
using the equilibrium probability. Fig. 2 shows the mean queue
length difference divided by the jobs in the corresponding
station, indicating that non-exponential service can lead to
large variations in performance metrics. The method proposed
in the next sections tackles, among others, the problem of
approximating models of this kind.

III. BACKGROUND

A. Mean-Field Approximation

An effective methodology to analyze the transient behaviors
of population models is mean-field approximation [13]. In
this method, the population size and its flows are modeled
as continuous and their dynamics are captured by means of
a set of ODEs. By solving the ODEs, we can obtain the
expected performance metrics over time and also approximate
their equilibrium values.

The mean-field approximation method can be used to deal
with a wide range of queueing networks. When the servers
have exponential service processes, Kurtz’s fluid limit has
been shown to converge in mean for networks of processor
sharing queues, delay nodes, and in single-class first-come
first-serve (FCFS) stations [6], [14]. The above results also
support service processes modeled by phase-type distributions.
This method has also been used in the LINE queueing network
solver to handle multi-class FCFS scheduling [15].

Throughout, we consider a single class of jobs moving in a
closed queueing network. The queueing stations use the FCFS
scheduling policy and the servers have exponential service
distributions with a rate controlled by the active RE stage.
Let M and s = (s1, s2, . . . , sM )T denote the number of
stations in the queueing network and the number of servers
in each station, respectively. For an infinite server station, we
set si = N , where N is the total number of jobs in the model.
Let R be the routing probability matrix so that Rij indicates
the probability that a job is sent to station j after completing
service at station i. µi is the service rate at station i and xi

is the number of jobs at station i. When we only consider the
change in the number of jobs at station i, we can formulate
the following expression to describe the rate of change at time
t [11]:

F (xi(t)) =

M∑
j=1

−Rijµi min(si, xi(t))+

Rjiµj min(sj , xj(t))

(3)



where xi(t) is the number of jobs in station i at time t. In
the above equation, the negative term represents the outgoing
job flow rate to other stations and the positive term describes
the arriving job flow rate from others. Let x(t) be the state
vector (x1(t), x2(t), . . . , xM (t))T , the change in the jobs at
each station can be represented by

F (x(t)) =

M∑
i,j=1

(I −RT )(µ ·min(x(t), s)) (4)

and the ODEs are then defined as
dx(t)

dt
= F (x) (5)

In practice, the initial condition for the ODEs to be solved is
set as xi(0) = N/M .

B. Markovian Random Environments

To model a Markovian random environment, when the
number of stages is K, we consider the following infinitesimal
generator to describe the transition rate between stages

E =


−λ1 λ12 · · · λ1K

λ21 −λ2 · · · λ2K

...
...

. . .
...

λK1 λK2 · · · λKK

 (6)

where λk =
K∑
e=1

λke. λke is the transition rate from stage k to

e and λk is the rate of leaving stage k. Combining and solving
the two equations πE = 0 and πe = 1 where e is a vector
with all elements being 1, one can obtain the equilibrium
probability of this random environment. Given the equilibrium
probability π, the embedded probability pke which represents
the probability of jumping from stage k to stage e can be
calculated by [5]

pke =
πkλke∑

h̸=e

πhλhe
(7)

where πh is the equilibrium probability in stage h. In our
assumptions, the stage switches in each station are not syn-
chronized since the random environment of one station is
independent of the others, i.e., when one station changes
the stage, the remaining stations may not change. For this
reason, if a queueing network model contains more than one
station whose service process will be affected by the random
environment, we combine each possible state of each station.
The total number of combinations determines the number of
stages in this model. S = {(c1, c2, . . . , cM )|1 ≤ ck ≤ Ki, k =
1, . . . ,M} is used to represent combined stages, where Ki is
the number of stages at station i.

C. Blending Method

The blending method is an iterative fixed-point method
that seeks to approximate steady-state queue length values
embedded at stage transition times. Let fk(t) be the probability
density function of the sojourn time in stage k, the blending
algorithm derives the time-averaged queue length Lk

i at station

i in stage k by Laplace transform and has the following
expression [11]

Lk
i = lim

T→∞

1

T

∫ T

0

xi(t)fk(t)dt (8)

and the utilization Uk
i of the reference station i is

Uk
i = lim

T→∞

1

T

∫ T

0

min(si, xi(t))fk(t)dt (9)

Thus the mean queue length and the utilization across all the
stages at equilibrium can then be approximated by

Li =
∑
k

πkL
k
i , Ui =

∑
k

πkU
k
i (10)

The initial values of the ODEs, which is the queue length at
the instant of switching stages, will greatly affect the accuracy
of the transient behaviors at the beginning of the system
entering the next stage. For a stage i, there might be multiple
stages that can switch to this stage. The blending method
considers all possible stages and adopts an iterative approach
to approximate this value. In each iteration, the initial value
xe
i (0) in stage e at iteration n can be computed by

xe
i (0) =

K∑
k ̸=e

pkeL
k
i (n− 1) (11)

where n = 1, 2, . . . is the number of the current iteration.
In most cases, as the number of iterations increases, the
difference in initial values between consecutive iterations will
decrease and the approximated queue length will also converge
gradually. However, there exist scenarios when the queue
lengths may not converge. Non-convergent cases in heavy-
load and corresponding analysis can be found in [5]; even in
these scenarios, an average approximation can be returned by
the model by averaging across a time-window of iterations.

IV. GENERALIZED BLENDING METHODOLOGY

A. Semi-Markov Random Environments

We now extend the original blending algorithm to include
random environments modulated by more general distributions
and use a semi-Markov process (SMP) to define the random
environments.

Given the initial state probability v0 and a semi-Markov
kernel H(t), one can define a specific SMP. Let Zn denote
the current stage when n transitions have occurred and Yn

represent the sojourn time before the nth transition takes place.
This semi-Markov kernel gives the probability of transiting to
stage e when the current stage is k and is defined by [16]

H(t) = (Pr{Yn ≤ t, Zn = e|Zn−1 = k})ke (12)

In our context, we adopt the simulation mechanism which is
to draw samples from every possible sojourn time density
and choose the stage with minimum time as the next one
according to [17]. Let Fke(x) and fke(t) be the cumulative
distribution function (cdf) and probability density function
(pdf) of the sojourn time when transitioning from stage k to



stage e, respectively. The derivative of the semi-Markov kernel
entries is given by

hke(t) =
dHke(t)

dt
= fke(t)

∏
h̸=e

(1− Fkh(t)) (13)

where fke(t) can be regarded as the probability that the SMP
will transition to stage e and

∏
h̸=e

(1 − Fkh(t)) describes the

case when it has not jumped to stage h before time t [17].
The sojourn time distribution in each stage k can then be

transformed to calculate the distribution of minimum order
statistics in these non-identical distributions, which is given
by [18]

Fk(t) = 1−
|S|∏
e=1

(1− Fke(t)) (14)

By substituting fk(t) in (8) with the derivative of Fk(t) in
(14), we now obtain the time-averaged queue length in stage
k of the SMP random environment.

The approach to deriving the infinitesimal generator of the
SMP environment is similar to the MMPP case. We need first
to derive the rate of the transitions between the two stages.
If the transition is from state k to e, the mean transition
time is approximated by the expectation of the corresponding
distribution. We then use the reciprocal of the time to obtain
the rate λke when fke(t) ̸= 0

λke =
1∫∞

0
tfke(t)dt

(15)

To obtain the equilibrium probability of each stage, we then
construct the infinitesimal generator E as shown in (6).

B. State-Dependent Random Environments

For the state-dependent RE, the transition rates are approx-
imated according to the probability that the stage switches are
enabled [11], which can be represented by the utilization of an
arbitrary reference station. In the exponential transition case,
the modification is to multiply the utilization of the reference
station with the transition rates λ and use the updated rate as
the parameter. Since the transitions are not only exponentially
distributed in SMP, a straightforward multiplication is not
applicable.

As per (9), the utilization of the reference station i in stage
k is Uk

i . The pdf of the sojourn time in stage k at iteration n
is approximated as

f ′
k(x) = Uk

i fk(U
k
i x) (16)

By (16), the mean of the updated distribution is the previous
mean divided by Uk

i under the assumption that the support of
the pdf is [0,∞]. Since

∫∞
0

xfk(x)dx = λk
−1, we can derive

the mean of the updated distribution as follows:∫ ∞

0

xf ′
k(x)dx =

∫ ∞

0

Uk
i xfk(U

k
i x)dx

Substituting t = Uk
i x, we have∫ ∞

0

xf ′
k(x)dx =

∫ ∞

0

tfk(t)
1

Uk
i

dt =
1

λkUk
i

We can now approximate the time-averaged queue length by

Lk
i = lim

T→∞

1

T

∫ T

0

Uk
i xi(t)fk(U

k
i t)dt (17)

After changing the integration formula for the queue lengths
in each stage, each row in the infinitesimal generator E also
needs modifications. The transition rate λ is now approximated
as Uiλ. Each row of matrix E is then multiplied by the
utilization of the corresponding stage. The updated matrix is
as follows:

E′ =


−U1

i λ1 U1
i λ12 · · · U1

i λ1K

U2
i λ21 −U2

i λ2 · · · U2
i λ2K

...
...

. . .
...

UK
i λK1 UK

i λK2 · · · −UK
i λK

 (18)

The processes for the state-dependent blending algorithm are
shown in Algorithm 1. Lines 1 to 4 are to calculate the
infinitesimal generator and the sojourn time cdf for each
combined stage. Lines 5 to 13 illustrate the procedure of each
iteration. In the inner loop from lines 7 to 11, each stage is
traversed and the time-averaged queue length is approximated.
The infinitesimal generator E′ and corresponding probability
will be updated after the inner loop ends. In practice, we use
the utilisation of the queue instead of a single server for the
multi-server queue.

V. NUMERICAL RESULTS

A. Methodology

We adopt simulation for validation. The random envi-
ronments are modelled by queueing Petri nets using Java
Modeling Tools (JMT) [19]. Each simulation has 106 samples.

Let L and L′ be the vector of queue lengths in each station
derived by simulation and the blending method, respectively.
We use the following δ to measure the error compared to the
simulation results

δ =
||L−L′||1

2N
(19)

The 2N factor ensures that, in the worst case where the two
solutions place the whole probability mass on entirely different
stations, then δ = 1.

B. Running Example

We first illustrate how to process the model discussed in
Section II which contains 1 delay and 2 MMPP switching
queues in the state-dependent environment. Its infinitesimal
generator for the state-independent case is shown in (2). We
generalize the transition distribution to SMP. For switching
queue i, the matrix describing the stage transition in a single
station is

Hi(x) =

(
0 F i

1(x)
F i
2(x) 0

)
(20)



Algorithm 1 Blending algorithm

Input:
R: the routing matrix denoting the topology of the queue-
ing network
F : an array containing transition matrices between stages
for each station in the network. Each entry in the matrix
is the cdf of sojourn time
itermax: the maximum number of iterations
ϵ: the error tolerance

Output:
Li, i = 1, . . . ,M

1: Derive the combinations of stages S
2: Construct the infinitesimal generator E by (15) and (6),

which describes the transition between stages in S
3: Compute the sojourn time distribution Fk(x) for each

stage by Fk(t) = 1−
∏|S|

e=1(1− Fke(t))
4: iter = 0
5: while ϵ > max |Li(iter)−Li(iter−1)

Li(iter−1) | and iter < itermax

do
6: iter = iter + 1
7: for each stage k ∈ S do
8: Update the pdf of sojourn time distribution by

f ′
k(x) = Uk

j fk(U
k
j x)

9: Solve the ODEs:
dxk(t)

dt
= F (xk(t))

where xk(0) =
|S|∑
e ̸=k

pkeL
e
i (iter − 1)

10: Compute queue lengths and utilization of the refer-
ence station j by (8) and (9)

11: end for
12: Calculate matrix E′ by (18) and the corresponding

equilibrium probability and embedded probability
13: end while
14: Compute the mean queue lengths and the utilization:

Li =
∑
k

πkL
k
i , Uj =

∑
k

πkU
k
j

15: return Li, Uj , i, j = 1, . . . ,M

TABLE I: The parameters of the transition in the two switching
queues. The columns in mean and SCV correspond to the
moments of F i

1(x) and F i
2(x)

.

mean SCV

Switching queue 1 1 0.2 0.5 2

Switching queue 2 1 0.5 0.5 2

where F i
1(x) and F i

2(x) are assumed to be lognormal cdf in
this example. The parameters used are listed in Table I.

Combining the stages of stations, we derive the set S and
the following matrix describing the transition probability

H(x) =


0 F 2

1 (x) F 1
1 (x) 0

F 2
2 (x) 0 0 F 1

1 (x)
F 1
2 (x) 0 0 F 2

1 (x)
0 F 1

2 (x) F 2
2 (x) 0

 (21)

Each row corresponds to a combined stage in S. Consequently,
we can generate the sojourn time cdf and pdf in each stage.
For example, in stage (1, 1, 1), the cdf F1(x) is F1(x) = 1−
(1 − F 2

1 (x))(1 − F 1
1 (x)). If the utilization of the reference

station in stage k is denoted as Uk, the pdf of the sojourn
time in stage (1, 1, 1) is then modified to f ′

1 = Ukf1(U
kx)

and the infinitesimal generator of the combined stages is

E′ =


−U1r11 U1r′1 U1r1 0
U2r′2 −U2r12 0 U2r1
U3r2 0 −U3r21 U3r′1
0 U4r2 U4r′2 −U4r22


where rij = ri + r′j . In practice, we choose the second
switching queue as the reference station. The matrix E′ can
be calculated in our example as

E′ =


−2 1 1 0

0.2132 −0.3198 0 0.1066
5 0 −6 1
0 1.1655 0.4662 −1.6317


We set the number of jobs in the network as 10 and δ
is 3.12%. The time spent on simulation is 229.68 seconds
while the blending method takes 25.256 seconds. The blending
algorithm takes 23 iterations to converge.

C. Numerical Results

To validate our proposed algorithm, we now use random
models with different numbers of stations and stages. If not
specified, we set the number of servers in the switching queue
to 1, 4, 7 and 10. The number of jobs in the entire network
varies at intervals of 10, ranging from 10 to 100. Erlang,
gamma and lognormal distributions are considered to model
the transitions for each model. For each model, the mean and
SCV of the same transition modeled by different distributions
are the same. The values of SCV are set to 0.2, 0.5 and 0.8
randomly.

1) Cyclic models with only delay and switching queues:
First, we use a cyclic topology to evaluate Algorithm 1.
Table II illustrates the parameters of each model. The number
of stations ranges from 2 to 5 and the number of stages in E
varies as 2, 4, 8 and 16. Fig. 3 shows the results of the four
models in both state-independent and state-dependent cases. δ
is averaged across the same model for different total numbers
of jobs and servers. It can be seen that the error is below 4%
in all models.

2) Models with servers down in a stage: Now we try
to address the case when the servers are idle in a stage.
Setting the service rate to 0 might incur a singular infinitesimal
generator for the state-dependent case because the jobs may all
accumulate in the idle queue and the utilisation of the working
queue can be 0. We use 10−3 as the service rate in that stage
instead. The topology of the models we use is the same as
the first and second models in table II. We refer to these
two models as D-SQ∗ and D-SQ-SQ∗. Figure 4 shows the
error of these two models with Erlang and gamma transitions
respectively when the switching queue only has a single server.



TABLE II: Description of the cyclic models. D and SQ denote
a delay station and a switching queue, respectively. The models
we use are all cyclic queueing networks. The station sequences
in the table correspond to the arrangement of stations in the
models.

Number of Stages Model

2 D-SQ

4 D-SQ-SQ

8 D-SQ-SQ-SQ

16 D-SQ-SQ-SQ-SQ

2 4 8 16

Number of stages

0

0.005

0.01

0.015

0.02

0.025
erlang

gamma

lognormal

(a) state-independent

2 4 8 16

Number of stages

0

0.01

0.02

0.03

0.04
erlang

gamma

lognormal

(b) state-dependent

Fig. 3: Numerical results of cyclic models with only delay and
switching queues

For both models, the error tends to decrease as the number of
jobs increases and the error can be generally satisfactory in
both the state-independent and the state-dependent cases.

3) Other models: We also experimented on a network
which contains a delay, a switching queue and a non-switching
queue, and one where there is one delay connected with two
switching queues that run in parallel. Each switching queue
also contains two stages and the transitions are modeled by the
Erlang, gamma or lognormal distributions. For simplicity, we
refer to the former one as the D-SQ-Q model and the latter as
the parallel model. Table III summarizes the numerical results
derived. Similar to the results in subsection V-C1, the average
error remains below 4%.

4) Sensitivity analysis on SCV: To better analyze the impact
of the distribution SCV values, we now keep the mean of
distributions the same and vary the SCV. The model we use
has the topology D-SQ-Q and switching queues have a single
server. The service rates of the switching queue in each are
10 and 0.1 respectively. We keep the mean of the transition
to 1 and 0.1 and the transitions are modeled by the gamma
distribution. The SCV values used to fit are 0.5, 2, 10 and 20.
Fig. 5 shows the error under different SCV values.

D. A Case Study - Modeling the Oslo Bysykkel System

Lastly, we apply blending to a vehicle-sharing system model
with SMP-modulated service rates. The motivation of using
REs in this context is to model inhomogeneities in customer
arrivals at different stations. Such inhomogeneity is common
in vehicle-sharing systems (VSS) [20], [21]. Modeling changes
in customer arrivals, and their impact on the system, may be
of interest to mobility providers. For example, surge pricing is
often used to mitigate and exploit inhomogeneity [22], [23].

0 20 40 60 80 100

Number of total jobs

0
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0.04
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0.08
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*
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(a) state-independent

0 20 40 60 80 100

Number of total jobs

0
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D-SQ

*
(Erl)

D-SQ-SQ
*
(Gamma)

(b) state-dependent

Fig. 4: δ variation with number of jobs for model D-SQ∗ and
D-SQ-SQ∗ with single server

TABLE III: Average δ of the D-SQ-Q and parallel model

Dist. state-independent state-dependent

Parallel

Erlang 0.0138 0.0169

Gamma 0.0139 0.0170

Lognormal 0.0139 0.0157

D-SQ-Q

Erlang 0.0225 0.0206

Gamma 0.0313 0.0206

Lognormal 0.0229 0.0180

Changes in customer activity can be divided into local and
global activity cycles. In [20], Kaltenbrunner, et al., analyze
the Bicing bikeshare system in Barcelona, and detect frequent
changes in local customer activity, independent of larger global
changes. These changes in demand have been attributed to a
large variety of factors, such as multimodal transportation and
rush-hour effects [20]. Given the wide variety of causes of
customer demand changes, which might not be evident based
on the data, SMPs are a flexible tool as they allow for a general
distribution of changes between stages.

Queueing models, particularly closed queueing networks,
are standard models for vehicle-sharing [24]–[27]. In a typical
VSS model, −/M/1 queues are used to model points at which
customers can access vehicles, such as a bike rack or a general
location of a city. −/G/∞ delays are used to model vehicles
in transit between stations. In this case, the vehicles in the
system are modeled as jobs in the network. The fleet size
corresponds to the job population. Customers are assumed
to be impatient, they leave if they find the queue empty.
Therefore, the service process of the jobs at −/M/1 stations
represents the process at which customers arrive to access a
certain vehicle. It is important to differentiate the process of
vehicle arrivals, which is modeled by arrivals into the queue,
from the process of customer arrivals, which is modeled by
the service rate of vehicles in a queue.

Next, we present a queueing model of the Bysykkel network
in Oslo. This model has been parameterized by a sample of
248, 041 Saturday trips 1, taken between 10:00 am and 5:00
pm, from this bikeshare network. The total number of stations
is equal to 285, and therefore it is not tractable to model
independent changes in demand for each station. Therefore,
in each experiment, only one station changes its service rate
according to the SMP-modulated random environment, and

1https://oslobysykkel.no/en/open-data/historical
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Fig. 6: Trajectories for two Oslo stations

the rest use the mean service time based on the trip data, in
order to model inhomogeneity of customer arrivals at a given
station. The SMP process is fitted based on a variation of the
backward-forward algorithm, which bears a resemblance to the
algorithm presented in [28]. We also present the baseline case,
without any changes in the service rate. Every pair of stations
in the model is assumed to be connected by a delay. Two stages
are used in the random environment model, which typically
corresponds to one stage with a very low customer arrival
rate at each station, and another with a very high customer
arrival rate. A simplifying assumption is that we do not include
rebalancing in our model, which is a standard method for
preventing imbalances in a vehicle sharing system [27], [29].
Furthermore, 2 out of the 290 stations, with different IDs for
a single station name, were excluded from the analysis.

In Figure 6, we present the trajectories for two Oslo stations,
Olaf Ryes Plass and Kirkeristen, within each stage. Both
results show significant changes in the queue length between
stages, with the system switching between high-load and low-
load as the RE transitions. A surprising result is that customer
arrival variability can improve access to vehicles at a given
station. At Olaf Ryes Plass, the mean queue length is 0.467,
without modeling the random environment. With modeling the
random environment, the overall mean queue length increases
to 0.496, which indicates a 6.07% increase in queue length
and utilization. However, this effect is not universal, as placing
the RE at Kirkeristen yields a 14.9% decrease in mean queue
length.

In Table IV, we show the variations in the trip rate based
on the SMP-modulated station. Let ei be the visit ratio, Ti

the throughput at station i, and S be the set of indices of all
queueing stations. Then, the trip rate is calculated as,

Trips =

∑
i∈S Ti∑
i∈S ei

(22)

TABLE IV: RE impact on trips (Oslo)

Trips (Stage 1) Trips (Stage 2) Avg Trips

None — — 86.4328

Olaf Ryes Plass 84.8415 89.5909 86.4327

Kirkeristen 89.3235 85.0651 86.4327

When changes in Olaf Ryes Plass are modeled, the trip rate
in the high customer arrival stage is 5.6% higher than the low
customer arrival stage. Kirkeristen shows similar results with
5.1% higher total trips in the high customer arrival stage vs
its low arrival stage. Despite the changes in the queue length
at the RE-modulated station and a strongly disproportionate
impact on the number of trips at each stage, the average
long-term trip rate remains nearly identical in the default
and RE-modulated cases. We interpret this to be due to the
relatively fast changes in the RE compared to the characteristic
timescales of the overall system dynamics; fast RE changes
can retain the same mean equilibrium performance albeit the
performance conditional on RE stage is different [11]. This
indicates that RE modeling on this time scale is more useful
for local and conditional analysis in the system, as opposed
to it being a necessity for large-scale modeling.

VI. RELATED WORK

Non-renewal processes such as the MMPP or the Markovian
arrival process (MAP), are often used to describe temporally-
dependent service times [8], [30], [31]. The work in [30]
decomposes the analysis of an MMPP/M/1 queueing system
into a transient analysis problem for the M/M/1 queue and
approximates lower and upper bounds on the response time
distribution. For open queueing networks with MAP processes,
[8] uses a moment-based decomposition method to analyze
performance metrics. Closed queueing networks are instead
tackled analytically by the bounding method in [31], which uti-
lizes decomposition and linear programming to obtain bounds
on performance metrics.

MMPPs and MAPs may both be seen as special cases of
SMP, which relaxes the restriction on transition times among
stages being exponentially distributed. SMP transitions can
instead be modeled by arbitrary probability distributions. Due
to its non-Markovian nature, SMPs can model a wide range
of application scenarios, such as real-world failure and repair
process in the dependability analysis that is known not to
be necessarily Markovian [32]. However, the complexity of
analyzing queueing network models in random environments
is made visible by the limited literature on this topic, which
is particularly scarce in number for closed queueing network
models. General methods for modeling queueing networks in
the SMP random environment may include non-Markovian
analysis methods [33]. However, closed models with tens or
hundreds of jobs have intractably large state spaces that ham-
per the application of direct numerical methods. To address
these scenarios, [34] provides an average environment method
to analyze queueing networks in a random environment. How-



ever, the accuracy of these approximations is high only when
the rate of environment transitions is much faster than the
service rate [5]. The work in [16] deals with the SMP random
environment using the decomposition method by transforming
it to MMPP or a renewal process, which depends on the SCV
value of this SMP. Yet, the method is available only for SMPs
with 2 stages. More recent work includes [35] which analyzes
M/GI/∞ queues in a semi-Markov environment and obtains
the probability distribution of the number of jobs in the system.

Compared to the above approaches, the proposed technique
does not rely on specific assumptions on the SMP transitions,
which can be general. However, the proposed approach re-
quires, as in the original blending method, that a fluid ODE
solver is available for the associated queueing network model.

VII. CONCLUSION

In this paper, a method to analyze the closed queueing
networks in non-Markovian random environments is proposed
as a generalization of the blending algorithm. This iterative
fixed-point method is based on mean-field approximation and
can estimate mean performance metrics. We have conducted
experiments on models with up to 16 stages, showing the good
levels of accuracy of the approach. We also analyze a real-
world vehicle-sharing system, which illustrates the effective
application of the proposed algorithm.

Future work may generalize the blending method to multi-
class models in the semi-Markov RE. Another extension may
be to explore a more efficient way to analyze the sojourn time
distribution in the SMP than symbolic representations.
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