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Abstract—We introduce a product-form approximation for  joint state space and has been shown to unify existing pteduc
tandem networks with Poisson arrivals and non-exponential form results for queueing networks, stochastic Petri reats,
service times. The proposed technique perturbs the model&e 1, qrive the construction of new product-forms [1]. In RCAT,

space to match the sufficient conditions for product-form stution .
provided by the Reversed Compound Agent Theorem (RCAT). & feed-forward tandem network is represented by two commu-

After characterizing the relationship between RCAT produg- hicating Markov processes with infinitesimal generaiQrs:
forms and matrix geometric solutions, we develop an algoritim  (n, k) — (n’, k') for queuea and Q" : (m,h) — (m’, h') for

based on nonlinear programming that automatically searchs for  queueb, wheren is the number of jobs in queueandk is
an approximating product-form model. the active phase in its service process, the populaticand
phaseh are similarly defined for queué. The equilibrium
. INTRODUCTION probabilities of Q® and Q° are denoted respectively by the
We consider a tandem pair of queues processing requé&storsa,, n > 0, and3,,,, m > 0, wherea,, ;; is the kth
that arrive at the first queue according to a Poisson proc&igment ofa,,, the equilibrium probability of statén, k);
with rate \. Both queues have infinite capacity and schedufgmilarly, 3,,.» in 3,, is the probability of statgm,h) in
requests according to a first-come first-served policy. ierv queueb. The tandem network state space is readily obtained
times are phase-type distributed, so they can fit a wide rahgedy composingQ” andQ”, see [4] for related material.
distributions including exponential, hyper-exponenttatpo- RCAT’s conditions for a product form solution in the joint
exponential, and approximate certain heavy-tail distiims. Process given by the composition @ and Q" are as
Phase-type distributions are defined using the method feflows [4]:
phases, so that time delays are modeled in terms of passagel) queueb can accept an incoming job in any of its

times in continuous-time Markov chains; upon activation of states(m, h) — such local state-transitions are called

a tagged transition, a service time sample is generatedeas th passive;

cumulative time elapsed from the last activation of a taggedC2) each statén, k) of queuea has an incoming tran-

transition. sition for each tagged event corresponding to a job
In this paper, we represent phase-type distributed service arrival at queueb — such local state-transitions are

times using the Markovian arrival process (MAP) notation. called active;

Denote by, the rate of a tagged transition between statesC3)  the sum of the reversed rates of all active transitions

k andk’, a MAP is described by a pair of matricéB, D) incoming to any statén, k) is constant (within each

where yi, 1 is the entry in rowk and columnk’ of Dy, class of transition in a multi-class model).

while Do = Q@ — D Q is the infinitesimal generator of \ve here consider the formulation of C3 proposed in [7]. If

the underlying continuous-time Markov chain that does ngj \he apove conditions are simultaneously satisfied, then
distinguish between tagged and untagged transitions. Setéﬁuilibrium distribution of the model becomes
call queues the first queue to receive jobs, and let quéure

the second queue. We denote {92, D}) and (D}, DY) the 7(n, kym, h) = g Bm.n 1)
service processes of the first and second queue respectively

and assume that their numbers of phasesFarand H. wheref,, j is determined after setting to an appropriate value
the arrival rate at the second quebi@ccording to RCAT's

II. RCAT CONDITIONS FORTANDEM QUEUES rate equations [4]. We refer to (1) as RCAT product-formsinc

Product-form approximations of state probabilities are o9ther product-form conditions also exist, e.g., ERCAT prctd
tained in the present work by applying the RCAT reforms [1]. _ N _
sult [4]. RCAT provides sufficient conditions for commurtica " the tandem models we consider, condition C1 is always

ing Markov processes to enjoy a product-form solution irirtheSatisfied since queuk has infinite buffer size. We propose
to modify the state space @“ to match RCAT conditions
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synchronizing betwee®® and Q°, i.e., all active transitions We now make the fundamental observation that, for a product-
(tagged events) are marked with an identical label [4]. Whiform model that satisfies C3, inserting (2) in the global
the results provided here are general under this assumftien balance equations a® for state(n, k) always cancels out
single-class case does restrict, in practice, the ranggstdims the probability flux of the incoming transitions from thetstsa
where we can find an approximating model that admits &n’, ') contributing to the summation in (2). This can be
RCAT product-form. We plan to characterize, in future workequivalently expressed in matrix notation by first notingtth
the class of models that admit such single-class RCAT ptedu€3 implies

forms afslwell as to e_xtend our approagh to mgltiple classes anl = an 1B, n>1 4)

of transitions. In particular, it would be interesting tosass

the applicability to nonrenewal MAP service times whichy which we define

are hard to approximate using a single-class of transitions

Under the single-class assumption, condition C3 is ecemtal @01 0 0 - 0

to verifying the existence of a constapsuch that 0 g2 0 --- 0

Z an’,k’q((n/a k/) - (nvk))

U = q_7 V(TL, k) (2) 0 0 0 e q(SK

(n’,k")
\é@ere 0 is 1 if the kth column of DY has at least one

where the summation considers only active transition rat | t andlotherwise. Then i ting (4) into (3
4((1'. 1) — (n. 1)) Detween States’ i) and (n, ) in Q" Hon2er0 element, ardotherwise. Then insertng (4)ito (3)

that result in an arrival to queue
The basic idea of the product-form approximation we pro-

pose is to introduce perturbations on the structure and en th

rates of theQ* process to make the tandem network a produddince 1, has an inverse, alsb + I, has an inverse and so

form model. Throughout the next sections, we take the same

qualitative approach proposed in [5] fof/Ey/1 — —/M/1 a, = oy, 1 H, n>2 (6)

networks, wherdvs is an Erlang-2 service process, but greatly

extend its scope to queues with phase-type distributedcgerwwhere H = — F(L + i,)—l, Note that this is also the solution

times. This leads to substantial differences in the approasf the matrix equationF + HL + HL = 0. However, the

since, without the special structure of &l process, it is N0 matrix geometric solution requires that there exist a raaérim

longer tractable to symbolically solve fgiin (2). Determining R such that

the g value is fundamental in verifying RCAT’s conditions and

in determining3,,, using RCAT's rate equations [4], [5].

on  F+a,(L+L)=0, n>2 (5)

a, =a, 1R, n>2 (7

where R is the non-negative minimum norm solution Bf-+

A. Matrix Geometric Solutions and RCAT Product-Forms RL + R’B = 0. Thus, we find that if the QBD process

L . . , _ satisfies C3 there exist a rate matrix
We begin with observing that since the behavior of the first

queue is independent of the second queue, we can solve for pr — _p(L + L)' = R(L + RB)(L + L)',

the equilibrium state probabilities @ using the quasi-birth-

death (QBD) process that provides an additional geometric relation (6) for the
computation of the equilibrium solution. Note thdf is

Ly Fo 0 0 O : -
BO LO F 0 0 different from R wheneverRB # L, yet (6) and (7) clearly
. 00 B L F o imply dependencies between the spectral propertidd @nd
Q" = 0 O B L F T R. In fact, we note that in the limit — oo, o, = knjanfj

for some constart, wheren € [0, 1] is the largest eigenvalue

of R that describes the asymptotic decay rate of the queue-
length probabilities. However, by (6),must also be the largest
eigenvalue ofH. Thus,R and H must have the same spectral
radius

where the arrival and service rates define the forward ttiansi
matrix F' = A\I, the local transition matrid. = —\I + Dy,
and the backward transition matri8 = D{. The transition
matrices Ly, By, and F, describe boundary conditions for p(R) = p(H) =1 (8)
states where the first queue is empty. The aim of this section. . ) . . . .
is to develop a characterization of the relationship betwed/NiCh imposes identical stability conditions on the QB .
RCAT condition C3 and matrix geometric solutions of th@(R) < 1. The importance of (8) is that one can compgte
above QBD. We find in particular that an RCAT product-foridy Searching for thd, matrix that satisfiep(R) = p(H) and
imposes special properties on the equilibrium of the QBD. the€n extracy directly from its main diagonal. _

We begin by writing the global balance equations for states 0 complete the characterization, we are left with the

where queue has population of two or more jobs, i.e. implications of C3 on the global balance conditions for the
vectors oy and a1; such global balance equations are not

o, 1F+a,L+a,1B=0, n > 2. (3) considered in (3). Following the same argument used before,



we see that C3 implies the following conditions the iteration that arise when searching directly for a tadasi
solution to the nonlinear system of equations (4) and (8)-(1

aFo+onl+aRB=0 ©®) inthe unknownsgFy, ag, andae;. A summary of the proposed
oLy +01By=0 (10) technique to impose C2 and C3 is given in the following
ol +a(I-R)'1=1 (11) pseudocode:
aolo — a; By =0 (12) 1) DetermineR for given F. L B
b — a,RB — 0 (13) 2) Compute the largest eigenvalyes [0, 1] of R

3) Determineg in L such that
where we have used the fact thmt = a1 R, 1 is a vector Fy—1y _
of ones of proper size, (11) normalizes the probabilitiesl a pF(L+ L)) =n
L is defined similarly taL but relative to the states in which 4) Using the rate; found in the previous step, search for
the QBD is empty. Note that in (9)-(13) only the last two values of the entries itF'y satisfying (4) and (9)-(13).
equations are specific to C3, since (9)-(11) hold for all QBDs At each iteration,ag, a; are immediately determined
by the linear conditions (9)-(13) for assignéd.
I1l. PRODUCT-EORM APPROXIMATION 5) Add self-looping transitions with ratgto states that do
not match C2
6) The rateg provides the unknown rate of arrivals to
gueuebd to be used to determine the probability distri-
bution3,, in Q,. See [5], [4] for additional details.

In order to obtain a product-form model that behaves as
closely as possible to the original tandem network, we psepo
to introduce two perturbations in the state space. The first
assumes that the rates H, can be perturbed in order to
satisfy condition C3 on the entire state space. The second
perturbation involves adding a self-looping active tréiosi IV. CASE STuDY
to each statgn, k) in Q® that does not satisfy the RCAT We illustrate our product-form approximation on a case
condition C2; such transitions are referred to iasisible study. We consider a tandem netwotd/Hypos/1 —
transitions and to match condition C3 must have ratBlote —/FE»/1, where E; denotes an Erlang-2 distribution and
that the activation of an invisible transition does not agan Hypos indicates a hypo-exponential process composed of
the steady state distribution of queug and its only effect three sequential stages with ratas; = 1, p2 2 = 2, 3,3 = 3,
is to have a new job arriving to quewdebut that isnot due whereyu, 1, u22 € Do andus s € D1. The arrival process to
to a departure from queue Following an argument similar the first queue is Poisson with rate= 0.25. The QBD for
to [5], the invisible transitions are found to describe tbdan Q*° is then defined by
of an exogenous Interrupted Poisson Process (IPP) that is

superposed with the departure flow of the QBD. Thus, the _ 8 8 8 I — _10'25 _2125 g

modified Q“ process also communicates, without changing 30 0 ’ 0 O _3.95 ’

state, withQ” by enabling job arrivals from the IPP procéss '
Since C2 can easily be imposed, the main challenge of 025 0 0 0

the proposed approximation is to search for appropriatsrat F=|0 025 0|, By=10

in Fy that ensure an equilibrium probability distribution 0 0 0.25 3

satisfying (4) and (9)-(13) which are equivalent to C3. |
order to meet the infinite conditions (4) we first observe th L )
any set of K powers of R must be linearly dependen® and its eigenvalues are found todg(R) = 0.3522,0.0856+

being a square matrix of ordei. Thus, C3 is satisfied if 0-0087,0-0856 —0.008i, thusy = p(R) = 0.3522. Using this
(9)-(13) and (4), forn = 1,.... K, hold true. To impose value, we determine numerically the minimum|pf—F(L +

) S N i ;
this, we search over the space of the ratesFin using a L)I ) —f77|tyhth_|3 Ifunctlczn_ 'E pllt_);ted |_n_F|_gu?e 1;o:jdn;frt]ar$nt
nonlinear optimization program. After initial computatiof values ot theg element inL. The minimization finds that a

R, at each iteration we determine the valuesogf and a; product form requires a reversed rate-= 0.54, so that

the rate matrixR is computed using the tool presented in [2]

for the current assignment of the rates Ity; this may be 054 0 0
done using tools such as [2] which automatically determine L=|l0 00
ap and a; satisfying conditions (9)-(11). The values af), 0 0 0

a1, and F for the current iteration can then be used to drivehere the zero diagonal values are due to zero columia in
the minimization of the objective function w z 'ag vaiu u z u !

“ We now defineF, = A+ zo,21,...,2K], Wherez; are

fobj = |loLo — a1 Bolla + S5, [laaR™'L — oy R'B||,  the perturbations we introduce iy to obtain a product-
o i form. We set up a non-linear optimization program searching

which is zero if C3 holds on all states of the QBD. We hav%r the values ofzg,z1,...,zx to generate a distribution

observed that the above formulation often avoids stagmatio that satisfies (4) and (9)-(13), and use MATLABisincon

1Since the above approximation only injects new load intosiystem, the function to solve this and obtain the fOllOWIhg resutt; = 0,

resulting product-form model may be used as a pessimistim&g on the X1 = 0.1623, 2 = 0.1278. Thus
performance of the tandem network, see [3], [6] and referertberein for

related techniques. Fy= [0.2500 0.1623 0.1278] , Lo = [—0.5401} ,



TABLE |
G VALUES IN (2) AFTER PERTURBATION OFF
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q value state q value

8
8
£ 04 (0,0) 0.54012951 | (10,1) 0.54013125
£ (1,1) 054013191 | (11,1) 0.54013125
§ o3 (2,1) 0.54013167 | (12,1) 0.54013125
802 (3,1)  0.54013140 | (13,1) 0.54013125
] (4,1) 054013131 | (14,1) 0.54013125
go1 (5,1)  0.54013125 | (15,1) 0.54013125
o (6,1) 0.54013125 | (16,1) 0.54013125
0 0102 0304 050607 0809 1 (7,1)  0.54013125 | (17,1) 0.54013125
¢ (8,1) 0.54013125 | (18,1) 0.54013125
Fig. 1. Plot of the absolute spectral radius difference betwH and R. (9,1) 054018125
The minimum is forg = 0.54. TABLE Il

MARGINAL PROB. OF QUEUEb IN A M /Hypos/1 — —/E2/1 MODEL

population | original model | product-form approx.
p“‘k l:\ ho 0 0.7525 0.3997
1 0.2075 0.2790
. ~.®_. 2 0.0347 0.1529
A A A 3 0.0046 0.0782
- li)“ 4 0.0007 0.0425
he O A 5 0.0001 0.0233
23 n 3 6 0.0000 0.0121
\Z)/ 7 0.0000 0.0058
8 0.0000 0.0040
a a a 9 0.0000 0.0018

Fig. 2. The single-class RCAT product-form approximatisrbased on the

(invisible) self-looping transitions in phases 2 and 3 andhe new transitions . . L
z1 and z2 (highlighted in blue) introduced inFy. All active transitions second queue, there exist perturbatlons that result imegato

(highlighted in red) generate arrivals to queie at the second queue, in this case the approximation does not
return a valid product-form model. We plan to characterize
conditions under which these cases arise in future work.

where Ly is defined by the element\ — o — 21 — 25 =

—0.5401 that appears on the main diagonal of the QBD; note V. CONCLUSION

that this is equal to-g similarly to what found in [5] for the We have proposed a new approximation method for tan-

Erlang-2 case. . .dem networks of queues. We have found that product-form
For validation purpose, we compute numerically the entire

P . . conditions applied to QBDs reveal a novel matrix geometric
> . . o .
probability distributiona,,, n > 0, which gives the reversed relationship between state probabilities. This allows as t

rate g in (2) that needs to be the same at all instances i"}egrate the RCAT conditions into an optimization program

order to satisfy conditions C3 of RCAT. Table | shows tha}b at constructs an approximate product-form
a .

this is the case with good precision, hence we can reason . L .
ossible generalization of the above results include con-

condition C3 to hold. Based on this result, the state space of . : : :
: . L idering generalized arrival processes and nonrenewatser
the first queue is corrected as shown in Figure 2, where tpe

o . imilarly, network structures that are more general tham ta
red transitions represent marked events that produce mmalarr
. . dem have for long been accommodated by RCAT, and these
to the second queue. Note in particular that red self-loops a = . . L
. )E)rowde another obvious research direction.
used to denote arrivals to the second queue due to the extra
IPP flow with rateq.
We conclude the case study by considering the marginﬁl S Bal b6, Hari A, Marin. A unifyi Athoroduct
. s . balsamo, P.G. Rarrison, A. Marin. unitying appro proauct-
probabilities of quel"é In _the al?ov?‘ Case _StUdy‘ PrOba_blllt)I forms in networks with finite capacity constraints, to appeaProc. of
values are obtained by simulation initializing both queires ACM SIGMETRICS 2010.
the empty state. Table Il reports simulation results; simil[2] D-f-Bini, m’leini{ SI- S_tr%ﬁéf B-f \g\lﬂnc_':(ggdl_t-s ggggure‘“afkov chains
. . . . . . solver: software 100ls. Ifrroc. O .
differences are O.bserved if the ErIaﬁghs_tanUop IS _replac_ed 3] P. Buchholz. Bounding stationary results of Tandem oeks with MAP
by an exponential or hyper-exponential distribution. listh ™~ input and MAP service time distribution®roc. of ACM SGMETRICS,
experiment, the utilization of queueis p, = 0.458 in the " é@g—aoz,goos.T o back fime in Markoui -
original model andp/, = 0.462 after the modification off. 14 Comp g'soznéo(g)ml'g%j%sgmzeo'& arkovian procesgesia. theor
For queus it is p, = 0.25 in the original model and becomess] P.G. Harrison and M.G. Vigliotti. Perturbation of a npmeduct-form
p, = 0.60 in the product-form approximation. Thus, we see network if:_to adﬂeW_ prodUCft-\fxlf_nle%gifriU% OSQtate protisibs and
that the additional jOb_S injected i!’] the_syStem by the IPP fl /r:sl[-)gi]r?;. Ig:co;npsgs)?tzgtr:{ (()Jf general queﬁeing networkighwMMPP
and by ther; perturbations result in an increased load at queue inputs and customer losseBerf. Eval., 51(2—4), 117-136, Feb 2003.
b. In fact, all product-form values for states where the qusuel?l A. I'Vlt?rin af;dMM-E- Viglionia AI ;eneraf' %ﬁ/“;;nggoplfgdua'fom
busy are greater than the corresponding values for thenatigi solutions of Markovian models-roc. @ ’ ’

model. Indeed, depending on the service characteristitgeat
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