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ABSTRACT

Matrix exponential (ME) distributions generalize phase-type
distributions; however, their use in queueing theory is ham-
pered by the difficulty of checking their feasibility. We pro-
pose a novel ME fitting algorithm that produces a valid dis-
tribution by construction. The ME distribution used during
the fitting is a product of independent random variables that
are easy to control in isolation. Consequently, the calcula-
tion of the CDF and the Mellin transform factorizes, making
it possible to use these measures for the fitting without sig-
nificant restriction on the distribution order. Trace-driven
queueing simulations indicate that the resulting distribu-
tions yield highly accurate results.

1. INTRODUCTION

Markovian models are ubiquitous tools for the performance
evaluation of network traffic as their queueing behavior is
well understood [14, 20]. However, these models usually
assume correct parameters that are hard to obtain in prac-
tice. Therefore, a notable branch of stochastic modeling is
focused on fitting distributions to real-world data traces.
Existing fitting methods can be placed in two categories
based on whether they use the whole trace or only certain
parameters of the trace as their input. Most methods in
the former category are of the expectation-maximization
(EM) type [17, 4]. The main limitation of EM-based meth-
ods is their efficiency. These methods are not suitable to
fit longer traces that are required to capture heavy-tailed
distributions. Most fitting methods in the latter category
use moment matching techniques [16, 18]. Within moment
matching techniques, we can distinguish between exact mo-
ment matching [19] and approximate moment matching [7].
These methods are more scalable in theory; however, scal-
ing them requires the estimation of higher moments from
traces to be provided as inputs for the fitting algorithm. In
practice, empirical higher moments are often inaccurate [6].
Another classification of fitting methods is based on the
type of distribution that is fitted. Omne of the most com-
monly used family of distributions is phase-type (PH) dis-
tributions [17, 18]. Their main advantage is that the set
of PH distributions is dense in the set of non-negative dis-
tributions; therefore, any non-negative distribution can be
arbitrarily well-approximated by a PH distribution. Their
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limitation comes from the fact that PH distributions im-
pose non-negativity constraints on the off-diagonal elements
of their corresponding state transition matrix. These con-
straints add significant complexity to the optimization prob-
lem of finding a PH distribution close to a given empirical
distribution. PH distributions underpin Markovian arrival
processes (MAPs) which are used to model the burstiness
of network traffic [8]. The matrix-exponential (ME) distri-
bution is another possible generalization of PH distributions
that relaxes the above mentioned non-negativity constraints
on the parameters of PH. In terms of the optimization prob-
lem, this is very beneficial. Furthermore, queueing results
stated for PH and MAP distributions stay intact when us-
ing ME distributions [2]. In the case of PH distributions the
non-negativity constraints guarantee that any vector-matrix
parameter pair produces a valid (non-negative) density func-
tion. However, this is no longer the case for ME distribu-
tions. It is difficult to check if a given set of parameters
produces a valid ME density function. Therefore, whilst PH
fitting algorithms are ubiquitous, there are very few fitting
algorithm for fitting ME distributions. One example of an
ME fitting algorithm using an exact moment matching tech-
nique is [12]. Laplace-Stieltjes transforms (LST) are used
for fitting in [10]; however, it is not guaranteed that the
resulting LST belongs to a valid distribution. This issue is
resolved in [9] but the resulting algorithm converges even
slower than EM algorithms.

We propose a novel ME fitting algorithm that has the abil-
ity to produce high order ME distributions and produces a
valid density function at every step of the fitting process.
The rest of the paper is structured as follows. Theoretical
results on how the proposed family of ME mixtures is con-
structed are presented in Section 2. Section 3 details how
these distributions are used in the fitting algorithm. Nu-
merical results are presented in Section 4.

2. MIXTURE OF ME DISTRIBUTIONS

The family of distributions used for the fitting is constructed
as the product of a valid ME distribution of low order and a
finite number of independent random discrete scaling fac-
tors. Even though the original ME distribution has few
degrees of freedom, the scaling factors ensure that the re-
sulting ME mixture is significantly more flexible. Due to
this increased flexibility and the fact that it is a product of
independent random variables, each of which is easy to con-
trol in isolation, the constructed ME mixture is an excellent
candidate for fitting. Formally, we have:



Definition 1. Let C' be a random variable that takes val-
ues A = (A1,...,An) € R with respective probabilities p =
(p1,-..,pn), where >  p; = 1 and p; € [0,1]. Then
C ~ CAT(X, p) is called a categorical distribution, .

Definition 2. Let Y be a random variable with density
function

f(t) = —ade?1l >0 (1)

where a € R™™ A € R™™ and 1 € R™*! is a vector
of ones. This is called a matrix exponential distribution of
order n, Y ~ ME(a, A).

When n is large calculating the density is inefficient due to
the matrix exponential component.

PROPOSITION 2.1. Let X =YCy---Ch, where Y and C;
are independent random wvariables, i = 1,...,n. Further-
more, ¥ ~ ME(a,A) and C; ~ CAT()\(i),p(i)), where
XD >0 i=1,....n. Then X is a finite mizture of matriz
exponential distributions.

ProoOF. The product of independent categorical distri-
butions is categorical; therefore, it is enough to prove for
X =YC where C ~ CAT (A, p) and A is a strictly positive
vector. Conditioning on the values of C, the conditional dis-
tribution is X|{C' = X\;} =Y \; ~ ME(a, %J,A). Therefore,
X is the mixture of ME distributions, where each ME in the
mixture is a scaled version of Y. []

An immediate consequence of Proposition 2.1 is that X
is matrix exponentially distributed since the class of ME
distributions is closed under finite mixtures [3]. The propo-
sition above assumes that Y has a valid ME distribution.
As stated before, there is not an efficient way to check if a
vector ar and a matrix A produces a valid non-negative den-
sity function. In order to overcome this, we restrict Y to a
subclass of matrix exponential distributions which produces
a valid density by definition [5, 13]. Here we only include
the definition for odd n:

Definition 3. Y ~ ME(w, ¢) with w € R and ¢ € R" has
a matrix exponential distribution of order n = 2k — 1 with
unnormalized density f(t) =e™* HEZIU/Q cos?(wt — ¢;).

PROPOSITION 2.2. In the special case where Y has a PH
distribution, Y ~ PH(a,A), X defined as in Proposition
2.1 has a KPC-PH distribution,

X~YRC0I®...0C,

where C; ~ HyperEzp(p™, AY) and A is a diagonal ma-
triz with diag(A®) = —1/A®,

It is easy to see that X has a phase-type distribution, since
the class of PH distributions is also closed with respect to
finite mixtures [15]. Showing that it has a KPC-PH distri-
bution with the above parameters is through the equality of
Mellin transforms. The detailed proof is omitted to conserve
space.

3. FITTING ALGORITHM

The next step is to choose the measures based on which
the fitting is performed. Defining X as in Proposition 2.1 has
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Figure 1: ECDF of the BCAug89 trace and CDF of the fitted
distributions.

several advantages. First, the CDF of the chosen subclass
of ME distributions have a closed-form. Furthermore, the
scale factors can only take a finite number of different values.
Therefore Fx, the CDF of X, can be calculated efficiently
even for a large number of states. Next, since X is a prod-
uct of independent random variables, F(X) also factorizes,
or more generally, the Mellin transform, Mx (s) = E(X*™!)
and s € C, factorizes. This is important as the Mellin trans-
form of an ME distribution has a matrix exponential com-
ponent. We use the Mellin transform as it allows the cal-
culation of half moments (i.e. E(X"?)) on top of ordinary
moments; therefore, higher moments can be avoided by in-
stead using the first |n/2] moments and half moments for
the fitting. Both the empirical CDF (F},) and Mellin trans-
form (M) are easily obtainable from a trace. Therefore the
objective function C to be minimized during the fitting is

C(@,5) = [|[Fir (@) — Fx @) + [Mer(5) = Mx(5)[ - (2)

where 7, s are the inputs at which the CDF and Mellin trans-
form are calculated, respectively.

4. NUMERICAL TESTS

Since the optimization problem is highly non-convex the fit-

ting is run several times and the best distribution is chosen
in the case of all fitting methods. T'wo traces have been cho-
sen to demonstrate the adequacy of the proposed method.
The first one is the Bellcore pAug89 (BCAug89) trace which is
often used in literature for the evaluation of the accuracy of
fitting methods [1, 11], the second one is the BuildServer00
trace' recorded on 11-28-2007 at 7:55PM. Both traces were
randomly shuffled in order to remove temporal dependence.

Figure 1 shows the empirical CDF of the BCAug89 trace
and the fitted ME distribution on the left 1(a), where size-75
refers to the number of states in the distribution. It is com-
pared against the KPC-PH method, moments based ME fit-
ting [12], Prony’s method and hyperexponential parameter
fitting on the right 1(b). The mixture of ME distributions
produces a much closer fit than any of the other methods
considered. Figure 2 shows the same for the BuildServer00
trace. Once more, the mixture of ME distributions consid-
erably outperforms the other methods.

Next, the ME mixture fitted based on the empirical Mellin
transform and the empirical CDF (ECDF) is compared to
the ME mixture that is fitted based on the ECDF alone.
Table 1 shows how including the Mellin transform in the
fitting makes sure the moments are matched correctly. This
in turn improves how well the tail of the distribution is fitted
(Figure 3).
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Figure 2: ECDF of the BuildServer00 trace and CDF of
the fitted distributions.

Table 1: Log-moments of BCAug89 trace and ME dists (fitted
with and without the Mellin transform).

log(E(X™)) | Trace | ME w/ Mellin | ME w/o Mellin

n=1 0 0 0

n=2 1.44 1.44 24.53
n=3 4.17 4.17 49.58
n=4 7.53 7.56 75.04
n=>5 11.32 11.65 100.81

Finally, the fitted ME distributions are sampled and a
queueing process is simulated with a fixed hyperexponen-
tial arrival process and the fitted distribution as the service
process at 50% utilization. Figure 4 shows the steady state
queueing probabilities obtained during the simulation first
using the shuffled BCAug89 and BuildServer00 traces, fol-
lowed by the corresponding ME mixture samples. Queueing
results solved analytically for a fitted KPC-PH and hyper-
exponential distribution are also displayed for comparison.
As expected, the increased accuracy of the fitted distribu-
tions translates to the increased accuracy of the queueing
probabilities.

The results clearly show the potential of the proposed fit-
ting method. The CDF is followed much more closely by the
ME mixture than any of the other fitted distributions. The
practical advantage of the improved fitting is demonstrated
by the strong improvement in the accuracy of queueing pre-
diction. Given these promising results, the next step is to
extend the method to Random Arrival Processes (RAP) in
order to be able to fit the auto correlation of traces.
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Figure 3: Empirical CCDF of the BCAug89 trace and CCDF
of the fitted ME distribution.
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