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Abstract

Performance evaluation of distributed systems and service-oriented architectures is
often based on stochastic models, such as closed queueing networks which are com-
monly solved by the Mean Value Analysis (MVA) algorithm. However, the MVA
algorithm is unable to solve models with hundreds or thousands of users access-
ing services of multiple classes, a configuration that is often useful to predict the
performance of many real-world applications. This paper introduces the Method
of Moments (MoM), the first exact algorithm for solving closed queueing networks
with large population sizes.

Compared to the MVA algorithm, which is based on a recursive evaluation of
mean queue-lengths, MoM defines a recursion on higher-order moments of queue-
lengths that is solved at each step by a linear system of equations. This approach
dramatically decreases the costs of an exact analysis compared to the MVA algo-
rithm. We prove that MoM requires log-quadratic time and log-linear space in the
total population size, whereas MVA complexity expressions grow combinatorially
as the product of class populations. This extends the feasibility of exact methods
to a much larger family of multiclass performance models than those that can be
solved by the MVA algorithm.

Key words: Performance analysis, capacity planning, multiclass systems, closed
queueing networks, exact evaluation

1 Introduction

Queueing networks are an established class of analytical models for capac-
ity planning, performance evaluation, optimization, and design exploration
of software and hardware systems [17,28]. A typical performance analysis
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based on queueing networks consists in studying the growth of performance
indexes such as throughput, response time, or server utilization, under an
increase of the number of users of the system. To overcome state-space explo-
sion problems, product-form queueing networks are often used by researchers
and practitioners as an efficient formalism to model the scalability of real-
world systems [1,31,38]. The main advantage of product-form models is that
the continuous-time Markov chain underlying the queueing network enjoys
a closed-form expression of the equilibrium state probabilities which makes
the analysis computationally tractable. This enables efficient computation of
system performance metrics.

We here focus on closed networks, which are models of systems where a con-
stant population of users is served by a network of servers with heterogeneous
processing speeds [1]. Closed networks have been intensively investigated in
performance evaluation [28] and are frequently used in capacity planning for
static and dynamic provisioning of modern multi-tier and service-oriented ar-
chitectures [31,32,39]. Despite the availability of many exact analysis tech-
niques for closed networks [2,4,10,11,13,14,16,20,21,30,34,35], a long-standing
issue of these models is their inability to evaluate exactly systems with many
users belonging to several workload classes, a case that often arises in appli-
cations because transactions of different types are often modeled as distinct
workload classes. For instance, recent measurements on large scale J2EE web
applications suggest that exploring the behavior of a real multi-tier application
from low to heavy load requires modeling many hundreds of users and at least
five workload classes [24]. However, models of this dimension are prohibitive
for exact analysis algorithms like the Mean Value Analysis (MVA) [35], which
is the de-facto standard for solving closed queueing networks. In practice,
MVA is scalable up to models with 3 to 4 classes since complexity expressions
grow combinatorially as the product of class populations. This difficulty of
the MVA approach has been addressed in previous work only by approximate
techniques such as local iterative methods [9,15,37], bounds and asymptotic
expansions [30, 40], numerical inversion methods [11], diffusion approxima-
tion [23], and Monte Carlo integration [25], but it is difficult to validate the
robustness of these methods on large multiclass networks because of the lack of
exact solution methods that are scalable on models with many users and many
classes. That is, no efficient algorithm exists that can provide exact values of
the queueing network performance indexes under large multiclass workloads.

In this paper, we overcome the computational limitations of MVA and es-
tablished exact solution algorithms by introducing the Method of Moments
(MoM), a new exact analysis technique which is able for the first time to solve
efficiently models with large multiclass populations. The basic idea of MoM
is to solve queueing networks by recursively computing a set of higher-order
moments of the stations’ queue-length distributions. This is in contrast with
the classic MVA approach where one evaluates mean queue-lengths only, but



we find that these higher-order moments equivalently determine the equilib-
rium solution of the model. The advantage of higher-order moments is that
they can be computed efficiently in a recursive manner using a system of lin-
ear equations involving normalizing constants. The equations of this linear
system correspond to the fundamental recursions used in algorithms such as
RECAL [14] and LBANC [10], which are called in this paper the population
constraint (PC) and the convolution expression (CE). The main result is that
the simultaneous evaluation of such equations into a linear system allows MoM
to avoid the combinatorial growth of the recursion on the population sizes that
affects all known exact methods, noticeably the MVA algorithm. In particular,
for a queueing network with a multiclass population of N jobs, one needs to
evaluate just IV linear systems to solve the model.

The present work summarizes and extends [5] as follows. First, we introduce
a compact formulation of MoM; the algorithm presented in [5] is instead dis-
cussed in Section 5.3. The new MoM formulation presented in this paper is
much easier to implement compared to the one proposed in [5]. Next, we derive
an extended analysis of computational costs and we report experimental re-
sults on several models and case study that help in understanding the benefits
and limitations of MoM.

We also remark that in a recent paper we have proposed CoMoM [7], a new
algorithm for closed queueing networks that specializes in the computation of
normalizing constants for models with large number of classes. CoMoM stems
from the MoM theory presented in this paper to derive a novel approach,
where the basis is no longer defined in terms of queue replica addition, but a
larger number of population vectors is considered in the basis definition. We
point to [7] for an investigation of the mutual relationships between MoM and
CoMoM, proving that MoM is more efficient on models with more queues than
classes; in the opposite case CoMoM is more efficient. The result presented
in [7] also shows that the MoM approach is not limited to the applications
discussed here, but may be used as a starting point for the definition of new
methods for the exact evaluation of product-form models. Additionally, in a
very recent paper [8] we have shown how the MoM theory leads to hybrid
approaches for the solution of closed queueing network models that further
increase the efficiency of the solution.

The remainder of this paper is organized as follows. In Section 2 we give
background and preliminary definitions. We give motivation in Section 3 by
reviewing the computational limitations of existing exact algorithms. Section 4
defines the basic MoM algorithm, which is later improved in Section 5 for in-
creased efficiency. Computational costs of the proposed algorithms are studied
in Section 6. Section 7 gives experiments and case studies. Finally, Section 8
gives final remarks.
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Fig. 1. A closed product-form network with M = 3 queues. In the proposed notation,
D1, is the service demand of a job of class v at queue 1 and Z, is the delay of
class v spent in the infinite server station depicted in the figure. Note that routing
probabilities are implicitly accounted for by the number of visits that define the values
D, and D3 .

2 Performance Model

Thanks to the large availability of material on product-form theory, we refer
the reader to books and surveys such as [3,14,18,27-29, 33| for comprehensive
background and we limit here to definitions and required concepts.

Notation. We consider a computer system that may be modeled as a queue-
ing network processing jobs belonging to R workload classes (i.e., transaction
types). The non-negative integer N, is the number of jobs of class r, the net-
work population is N = (N1, N, ..., Ng), and the total number of jobs in the
model is N = 25:1 N,.. Without loss of generality, we consider a network of
M load-independent queues serving jobs according to a first-come-first-served,
processor-sharing or last-come-first-served-preemptive-resume scheduling dis-
cipline [1]. Queues with load-dependent service times are not considered in this
paper. We denote by Dy, the service demand of class r at queue k, that is the
product of the mean service time and the mean number of visits of class r jobs
at station k [18]. Finally, we indicate with Z, the mean delay of class r, i.e.,
the mean time spent by job at infinite-server stations. If not otherwise stated,
in examples we assume Z, = 0 for all classes. The main notation introduced
above is summarized by Figure 1.

Model Evaluation. Recall that a queueing network model is a high-level ab-
straction of a continuous-time Markov chain where each state describes a
distribution of jobs across the network [3]. For a model with M queues and R
classes, a state of the chain is uniquely identified by a tuple

S = (71071,710,2, e ,TL07R, . ,TLkJ,TLkQ, e ,’I’Lkﬁ«, N ,TL]%R, Ce ,TLM7R),



where ng, is the total number of class r jobs in infinite-server stations and
ngy, 1 < k < M, is the number of class r jobs in queue £, either waiting or
receiving service. The state space of the Markov chain is thus

M
S(N):{S\an,err,léréR; nk,TEO,nggM,lgrgR}
k=0

which defines a process that cannot be solved by the global balance equations
because of its prohibitive dimension [28]. A direct evaluation of the state space
can be avoided by the BCMP theorem [1], which asserts that the equilibrium
state probabilities of the model are

where S € S(N), n, = S, ny,,, and G(N) is the normalizing constant which
assures that the state probabilities sum to one, i.e.,

o - 5, (1125 i 11 25)]
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Given an efficient computational scheme for normalizing constants, perfor-
mance indices such as server utilizations or mean response times can be read-
ily computed [34]. For instance, the mean server utilization of class r jobs at
queue k is given by

- G(N —1T1,)
Upr(N) = Dy ,————=, 1
ke (N) = D, o) (1)
where G( ) is the normalizing constant of a model having population

N — 1, ie., N with a job of class r removed. Similarly, the mean queue-length
of class r JObS at queue k is

— —

G(lku ]\7 - 17“)

Qk,r(N) = Dk,r G(N)

, (2)

where G(fk, N — TT) denotes the normalizing constant of a model where we
artificially add a replica of queue k to the network, i.e., a new station k&’ with
mean service demand Dy, = Dy, for all classes r. Thus the solution of the
model under study is G(]\7) = G(ﬁ, ]\7), 0= (0,0,...,0). Note that other mean
indexes such as the mean response time th(]\_f ) of class r jobs at queue k,
the mean class r throughput of the system! XT(]V ), and the mean class r

1 We assume system throughput to be observed at a reference station j for which
the mean number of visits is V; = 1. We point to the force flow law in [29, Chap. 3]
for further details on the relation between the local throughput at each station and
the system throughput.



end-to-end response time R, (N) are readily obtained from utilizations and
response times as Ry (N) = Qrr(N)/ X (N), X, (N) = Uy (N)/ Dy, for any
queue k, and R.(N) = N/X,(N), see [29] for further details.

3 Previous Work

The analysis of product-form models can be done either by the MVA ap-
proach [35], in which one recursively computes mean queue-lengths and mean
throughputs, or by the normalizing constant approach [4], where one focuses
on the computation of G(N) and related constants and then obtains perfor-
mance indexes by (1)-(2) and similar formulas. In this section, we review pre-
vious work in computational algorithms for the normalizing constant G(NN).
Note that the MVA algorithm can be equivalently seen as a scaled version of
the LBANC normalizing constant algorithm [10]. Therefore, we refer in this
section to MVA and LBANC indifferently, since the two algorithms differ sig-
nificantly only from a numerical standpoint, but not for their computational
costs or for the fundamental structure of their recursion [10,35]. Other exact
approaches in the literature not considered in this section have essentially the
same asymptotic computational costs of the methods presented below.

Convolution algorithm. In the Convolution approach [4,34], the normalizing
constant is computed using the following expression

R
G(Am, N) = G(Am — T, N) + Y Dy, G(Am, N — 1,), (3)
r=1

for 1 < k < M, where Am — 1), indicates the removal of a replica of queue k
from the network if Amy; > 0 and the full removal? of queue k if Amy = 0.
The above equation holds for any choice of the queue k to be removed and
therefore can be solved recursively up to the termination conditions which
are G(N) = [T, ZN/N,! for a model without queues and G(-,0) = 1 for a
model without jobs. However, it is well-known that the computational costs of
this recursion grow exponentially with the number of classes in the model and
polynomially with the total population size, that is, as O(N®) in both time
and space. As a result, the Convolution algorithm is not scalable in practice
on models with more than 3 to 4 classes and with population of the order of
a few tens of requests.

2 This is valid if all stations in the model under study are distinct. We point to [8]
for a discuss of applications of this formula involving the full removal of one or more
stations.



Class recursion algorithms. The RECAL algorithm [14] and the RGF algo-
rithm [20,21] require O(N™) time and storage and are best-suited for models
with a small number of queues. In particular, the recurrence equation under-
lying RECAL is the population constraint (PC)

o M

N,G(An, N) = Z,G(A, N =T,) + 3| (m + Amy) Dy G (A4 Ty, N =T,

k=1

(4)

for arbitrary choice of the class r, 1 < r < R, and where m;, > 1 is the number

of queues with same demands Dy, 1 <7 < R, in the model under study. For

simplicity, we assume throughout the rest of the paper that in the model under

study all queues are distinct 3, i.e., my = 1. Using (2) it can be proved that (4)

implicitly states the conservation law for the population in closed networks,

ie, N, =S¥, ri(ﬁ) +X,,(]\7)ZT, where by Little’s law [29] XT(N)ZT is the
total number of class r requests waiting at the delay servers.

The fundamental property of methods such as RECAL and RGF is that the
recursion is performed by changing the population of a single class at a time,
thus the recursion tree is substantially different from that of Convolution, as
shown in Figure 2(a). The diagram illustrates that, as the recursion on the
different population proceeds, (4) considers an increasingly large number of
normalizing constants at each step and it can be shown that this number
grows as O(NM) with the total population [14]. This increase is due to the
summation in the right-hand side of (4), which requires evaluating M models
with different number of queue replicas. Thus, similarly to the fundamental
equation of the Convolution algorithm, the PC cannot be used alone for the
efficient evaluation of large multiclass models.

LBANC and MVA algorithms. The LBANC approach is based on a recursive
evaluation of a reformulation of (3), i.e.,

R
G(A + Ty, N) = G(Am, N) + . Dy, G(Aifi + 1, N = 1,),  (5)
r=1

for arbitrary choice of the queue k, 1 < k < M. Because of the fundamental
role played by the above equation in the MoM algorithm, we henceforth refer
to (5) as the convolution expression (CE). In the CE, differently from (3),
queues are added to the model instead of being removed, and the value of
G(Ari, N) appearing in (5) is computed from the intermediate results of the
previous recursive step based on a formula that is very similar to the PC (4).
It can be shown by (1)-(2) that if A7 = 0 then the above recursion reduces to

3 However, the MoM pseudo-code given in the appendix is valid also for my > 1.
We observe that in some models the multiplicity m; may change throughout the
recursion, we point to [5,8] for further details.
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Fig. 2. Recursion tree for the model in Figure 1 with N = (2,3), R = 2 classes,
M = 3 queues, and Z1 = Zy = 0. Fach state is a different population vector
spanned by the recursion. The values in the boxes indicate the number of constants
evaluated by the recursion for that population vector.

a computation of un-normalized throughputs and mean queue-lengths which
has the same properties of the MVA algorithm.

Figure 2 compares the population recursion trees of the PC (4) and of the CE
(5) for a small model with R = 2 classes, M = 3 queues, and N = (2,3) jobs.
Through the recursion, the constants G (6 ,-) can be obtained immediately from
the normalizing constants of the populations with a job less with no effort,
see the LBANC algorithm for details [10]. It is interesting to observe that the
recursion tree of the CE grows combinatorially with the population as Nj X Ny,
but the number of evaluated constants remains fixed to 3 at each recursive
step. Conversely, the PC evaluates a minimal set of populations, but during the
recursion the number of evaluated constants grows significantly from 1 to 21
constants, which is very large for a model of this simplicity. These observations
extend to the algorithms of previous works which employ relations similar to
(4)-(5) and explain the high computational requirements of these methods on
models with large populations where the number of evaluated constants can
be even of the order of millions or more.

Clearly, it would be ideal to have an algorithm which performs a recursion
on a small population such as for the PC in Figure 2(a), but in which the
number of evaluated constants stays fixed for each population as for the CE
in Figure 2(b). The main result of this paper, given in the next section, is to
show that (4) and (5) can be used simultaneously to obtain this result, i.e.,
MoM has a recursion tree that grows linearly with the total population and
where the number of terms evaluated at each step remains constant.
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Fig. 3. The basis V(N ) for a model with M = 2 queues and R = 2 classes. Each

state represents a different value of Ami; the boxed numbers indicate the number of
constants G(Ani,-) in V(N).

4 Method of Moments

In this section we introduce the MoM algorithm. We begin by considering a
set of higher-order moments such that CE and PC can be used simultaneously
and efficiently in computing the normalizing constant.

Definition 1 (Basis of Moments) For a model with R classes, a basis of
higher-order binomial moments is the set

— — — —

V(N)=v(N)Uv(N —1;)U...Uv(N = Tz_1),

where v(ii) = {G(Am, 1) | M, Amy < R, Amy > 0} is the set of normaliz-
mg constants of all possible models with population 1 € {N N — I,.. N —
1R_1} and | = >, Amy, added queues for all 0 <1 < R.

An example of basis V (N) for a model with M = 2 queues is shown in Figure 3.
We remark that the moments in 1/(N — 1g) are not included in the basis
V(N) because these moments are immediately available from the knowledge
of V(N — 1g) which is an intermediate result of the MoM recursive scheme.

We now give the main theoretical result of the paper.

Theorem 1 There exist square matrices A(N) and B(N), defined by the co-
efficients of (4)-(5), which relate in a linear expression all and only the nor-
malizing constants in the bases V(N) and V(N —1g). That is, V(N) satisfies
the matrix difference equation

-

ANV(N) = B(NV(N - Tg), (6)
where both A(N) and B(N) have order independent of the total population N .

Proof 1 We first note that all constants in V(N) augmented with [, 0 < [ <
R —1, queue replicas can be immediately computed from V(N — TR) using the
PC of class R. It is therefore only left to prove that we can compute recur-
sively also the remaining elements of V(N ), which are normalizing constants



of models having R additional replicas. Note that in V(]\7' ) there are

M+ R—-2
(el

constants, each having R — 1 additional replicas, For each of this normalizing
constants, we can write R — 1 PCs of class s # R and M CEs, therefore the
number of equations obtained to estimate such unknowns is

M+ R—-2 M+R-1
M+R-1)= R
S N
However, the number of unknown constants with [ = R additional replicas is
exactly
M+ R—-1
R.
)

— —

This proves that A(N) and B(V) are square matrices. O

— —

A pseudo-code that generates the matrices A(NN) and B(N) using the deriva-
tions in the proof of Theorem 1 is given in the appendix. We remark that the
structure of the matrices can be updated from population N to N + 1r by
changing the values N in A(N) to Ng + 1. This is discussed in details in
Section 5.1.

We also observe that, from the given definition of basis, the knowledge of
V(N) and V(N — 1) immediately implies the knowledge of G(N), G(N —1,),
1<r<Rand G(I;,N —1,),1 <k < M, 1<r <R, which are all elements
of the two vectors. These normalizing constants are sufficient to compute the
mean performance indices of interest using (1)-(2) and related formulas. The
remaining normalizing constants included in the vectors V(N) and V(N —15)
are instead higher-order quantities that, for instance, may be used to estimate
queue-length variances and covariances [22].

—

The recursive computation of the basis V(N) can be performed directly from
(6) by interpreting the matrix difference equation as a system of linear equa-
tions where the right hand side vector of known terms is the result of a re-
cursive step on a model with population N — 1z Consistently, we define the
Method of Moments (MoM) algorithm as follows.

Definition 2 (Method of Moments) If A(N) is non-singular, then the ba-
sis V(N) is computed recursively from V(N — 1g) by

—

V(N) = A" (N)B(N)V(N — Tg). (7)

Upon reaching the population Nr = 0, the recursion proceeds in a similar
way on class R — 1. Finally, the recursion terminates when V(0) is reached,

10
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Fig. 4. Recursion tree of the MoM algorithm for a model with M = 2 queues and
R = 2 classes. Note that the number of normalizing constants evaluated at each step
remains fixed throughout the recursion.

since this vector contains only normalizing constants that take known values
G(Am,0) =1 or G(Am,0—1,) =0 for all classes r.

—

We remark that, if A(N) is singular, then the MoM approach fails because
a part of the normalizing constants in the basis V(N) cannot be computed
from V(N —Tz) due to the linear dependencies between CEs and PCs. In this
degenerate case, additional independent information is required to complete
the evaluation of the queueing network model. We point to Appendix B for
an overview of how the MoM approach changes under these degenerate cases
and to [7] for further discussion of the problem. The following pseudo-code

summarizes the general structure of the MoM recursion.

Method of Moments (MoM)

1: Compute V(Ny,0,...,0) using an efficient single class method, e.g., convolu-
tion [4] or LBANC [10].

2: for r =2 to R do

3:  Initialize elements of V(Ny,...,N,_1,0,...,0) based on the previous class
results and the termination conditions G(A,0) = 1 and G(Am,0—1,) = 0.

4: forn,=1to N, do

5: Setup and evaluate (7) obtaining V = (Ny,...,N,_1,n,,0,...,0)

6: end for

7: end for

8: Return mean performance indexes using (1)-(2) and the normalizing constants

in V(Nl,...,NR) and V(Nl,...,NR— 1).

Remark 1: MoM Features. The key feature of MoM with respect to established
methods such as MVA, Convolution, or LBANC, is that MoM requires just
N steps to solve the queueing network model as illustrated in Figure 4. Com-
pared to RECAL, instead, the number of normalizing constants evaluated by
MoM remains fixed throughout the recursion and equal to the cardinality of

V(N), whereas throughout the RECAL recursion the number of normalizing
constants grows combinatorially. We show in Section 6 that the complexity

11



—

expressions for the size of V() are independent of the total population size
N, thus the requirements of MoM in both time and space are always better
than existing methods at least for a sufficiently large population N (typically
a few tens of jobs in a model with more than three or four classes, even less
for models with many classes).

Remark 2: Higher-Order Moments of Queue-Lengths. One of the main tech-
nical ideas behind the MoM algorithm is to add a certain number of queue
replicas to the network in order to recursively compute higher-order moments
of queue-lengths for the model under study. To provide intuition, we here in-
troduce a probabilistic interpretation of the queue replica addition operation
used in formulas such as (2).

Theorem 2 Let Ami = (Amy, Ama,...,Amy) be a vector of nonnegative
integers and let the normalizing constant G(Am, N) be for a model which
differs from the original queueing network only for the inclusion of Amy > 0
additional replicas of queue k, for all queues 1 < k < M. Further, assume
that all queues are distinct, i.e., my, = 1. Then, the (joint) binomial moment

of queue-length
) pris), )

s computed in terms of normalizing constants as

o ! G(Aiii, N)
E[Am7N] - (AWH!AWLQ!"'AWLM!> G(N> ’

where G(0,N) = G(N), and 0 = (0,0,...,0).

The proof is reported in Appendix A. The immediate conclusion following
from the statement of Theorem 2 is that a normalizing constant with a num-
ber of additional queue replicas can be interpreted as an un-normalized joint
binomial moment of queue-lengths. Note that the use of binomial moments in
place of the most popular power moments E[X*] provides an equivalent repre-
sentation. In fact well-known queue-length descriptors such as mean, variance,
skewness are readily computed from binomial moments as well, we point to [22]
for moment conversion formulas.

Remark 3: Probabilistic Interpretation of MoM. A high-level probabilistic in-
terpretation of (7) is as follows. The normalizing constants in the bases are
interpreted as moments of order | < R of the queue-lengths. Higher-order
moments in V(N) and V(N — 1) are not independent of each other because
of the linear relations (4) and (5). Compared to all existing approaches in
the literature, MoM is able to simultaneously exploit all these dependencies

12



thanks to a linear system of equations. In particular, the existence of a suffi-
cient number of equations to avoid A(N) being under-determined is the main
result and it is also the main driver behind Definition 1. For instance, if we
set in V(]\7 ) a different maximum number of additional replicas, say R — 1
instead of R, then the linear system (6) would be under-determined and the

MoM recursion would not be possible.

Remark 4: Intuitive Justification. We now sketch a simple illustration of the
linear dependencies exploited by the MoM approach; this can help in the
definition of new efficient algorithms for queueing networks. Let us begin by
observing that each G(Am, N) € V(N) may be considered as the solution of a
queueing network that is more complex than the model under study because
of the additional queue replicas. Therefore, it is not immediately clear how
this may lead to the simplifying result (7). We explain the intuition behind
this by an example. Consider the recursive computation of the normalizing

—

constant G((1,0), N) using the PC of class 1
N1G((1,0), N) = D11G((2,0), N —11) 4+ Dy, G((1,1), N — 1),

where we assume to avoid unnecessary complexity that Z; = 0. Assume now
to evaluate also the constant G((0,1), N), then we can write the PC

N1G((0,1), N) = D11G((1,1), N —13) 4+ D5, G((0,2), N — 1).

Noting that the two PCs share the same normalizing constant G((1,1), N —
1}), it follows that the cost of adding G((0,1), N) to the analysis is the new
unknown G((0, 2),]\7 — 1), but this is compensated, in terms of the linear
system rank in (7), by the extra equation added. If we now repeat the same
reasoning on normalizing constants with two or more additional replicas, it is
found that the degree of overlapping between the equations is much greater,
e.g., it is possible to formulate several CEs in addition to the PCs. That
is, we found that the number of shared normalizing constants between the
equations grows faster than the number of equations itself. MoM exploits this
remarkable property of closed models to perform a recursion with length that

grows linearly with the population size.

Remark 5: Numerical Properties. Normalizing constant computations are known
from long time to be numerically difficult [26], often due to floating-point range
exceptions that arise in large models where the number of states can exceed
many billions. Such numerical issues affect MoM as well, and they are even
worsened by round-off errors that often accumulate in the solution of a long
sequence of linear systems. Despite this difficult, MoM addresses effectively
both problems using an exact linear system solver in implementations, such
as those available in many popular computer algebra systems, e.g., MAPLE,
Mathematica, MATLAB Symbolic Toolbox, Maxima. Essentially, exact solvers
provide arbitrary solution accuracy at the expense of some overheads due to

13



multiprecision computations or modulo representations. Since this is a simple
and definitive solution to all numerical issues of normalizing constant compu-
tations, we no longer focus on this problem except in the analysis of compu-
tational overheads in Section 6.

4.1 Illustrating Example

The structure of (6) is now illustrated on a small model with M = 2 queues,
R = 2 classes, a population of users* N = (N7, Ny), and where my, = 1,
1 < k < M. We start from an intermediate step of the recursion where we
know V(Nl, 0) and we need to compute V(Nl, Ns) by progressively computing

— — — —

using (6) the vectors V(Ny,1), V(Ny,2), ..., V(Ny,n2), ..., V(Ny, Ny — 1),

4 Throughout the paper we refer to users and jobs indifferently.
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V (N1, N»). In this case, we can write

3
S

A(Nl, nz) =

o O O o o o o o o o ©

N

B(N1,n2) =

o O O O O o o o o o o

where we use the following basis

iﬂﬁ):gﬂﬁﬁ)
1,

G(1;, N-1,), G(15,

ng

o o o O

£
[\

o O O o o o o o o o

o O o o o o o o o

N, G
2

o O o o o +, o o o o o o©

(T
I,

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 ny O 0 0 0 0
0 0 0 ny O 0 0 0
0 0 0 0 no 0 0 0
0 0 0 0 0 —Li, 0 0
1 0 0 0 0 0 =L O
1 0 0 0 0 0 —Loy 0
0 1 0 0 0 0 0 —Lgy
0 0 0 —Z, 0 —2L1; —Ly; O
0 0 0 0 —Z 0 —Liy 2Ly
0 0 0 0 0 0 0 0 0
2015 Loy O 0 0 0 0 0 0
0 Lis2Lss, 0O 0 O O 0 O
0 0 0 Zy Liglys, 0 0 0
0 0 0 0 Zy 0 2LisLys 0
0 0 0 0 0 Zy 0 Lig 2L59
Lio 0 0 0 0 0 0 0 0
0 Lijs O 0 0 0 0 0 0
0 Lgo O 0 0 0 0 0 0
0 0 L O 0 0 0 0 0
0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0
 N),G(21,,N),G(1,+1,, N),G(2-1;, N), G(0
 N-1)),G(11+1,, N-1}), G(2-T,, N-1))]"
(10)
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Here, the variable ny is incremented throughout the MoM iterations starting
from Ng = 1. For a model where Dl,l = ]_0, DLQ = 5, D271 = 4, D272 = 9,
Z1 =0, Zy =0, Ny = 3, the intermediate vector we start from to apply (6) is

V(3,0) = [1624, 5584, 2536, 12944, 7616, 3800, 156, 396, 228, 736, 508, 3167
Using (6) for ny = 1, we immediately compute

V(3,1) =A"(3,1)B(3,1)
=[50744, 197984, 106480, 519024, 347840, 198760, 4032, 11932, 8228, 25632, 20328, 14520]”

and similarly for ny, = 2 we have

V(3,2) =A7(3,2)B(3,2)
:[974120, 4160400, 2658440, 12031680, 9219840, 6023840, 66856, 219636, 181500, 527616, 482!

which are the exact values of the normalizing constants in the ‘7(3, 2) vector,
in particular G(0, N) = 974120.

5 Optimized Method of Moments

This section investigates structural properties of (6)-(7) and shows how to
minimize the computational costs of the MoM recursion.

5.1 Block Triangular Form

A significant computational cost associated to (7) is that we need to solve
the linear system for all the N populations evaluated during the recursion. In
general, because of the numerical properties discussed in the previous section,
one may only use exact or iterative methods that provide an exact solution
to the linear system. We henceforth assume that Gaussian elimination is used
in MoM together with LU decomposition [19] which provides an upper bound
on the computational requirements of the linear system solution.

In order to optimize MoM, we begin by observing that if LU decomposition
is used to compute (7), a new decomposition needs to be performed at each
step of the recursion. We now show that the structure of A(]\7 — TR) can be
largely reused for defining A(]\7' ).

Proposition 1 The matriz A(]\_f) can always be permuted to the block upper
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triangular form

S A A
ANy =" (11)
0 Ngl,
where Ay is square of order ¢ = (MJF;_l)R, the blocks A1 and A, are

independent of Ngr, and L, is the identity matriz of order p = (M;R)R —q.

—

Proof 2 The block triangular form of A () follows by observing that, during
the recursion on class R, the only coefficients that change are the Ng’s of the
PC of class R. The size of A, is ¢, as observed in the proof of Theorem 2;

—

thus, since the size of A(N) is

R /M+1-1 M
Z( +1 )R:< +R>R7
— l R

p follows immediately. O

The last result can be exploited to avoid unnecessary LU decompositions as

— — —

follows. Let us partition V' (V) into vectors V,(N) and V,(N) with respectively

— —

the ¢ and p rows considered in the above Theorem. Let B,(N) and B,(N) be

—

analogous partitions of B(N). We can reformulate (7) as

Vo(N) =AT1(By(N)V(N — Tr) — AV, (N)), (12)
Vo(N) =Ng'B,(N)V(N — Tg). (13)

in which we reuse the same LU decomposition of Aﬁ while processing the
population in class R?. That is, at each step of the recursion we can compute
(12) by LU back-substitution [19] instead of the more expensive LU decompo-
sition. This implies a significant computational saving, since back-substitution
has quadratic complexity in the order of A, ; instead of the cubic time of LU
decomposition. With the proposed approach, LU decomposition only needs to
be performed at the beginning of the recursion on a new class. For example, in
the recursion tree in Figure 1(b) this would be performed when the recursion
reaches populations (1,0) and (2,1).

5.2 Fine-Grain Decomposition

A further optimization is obtained by decomposing the matrix A;; in (12).
Figure 5 depicts A;; for models with different values of M and R. It is im-

% Indeed, to optimize time and space requirements, inverse matrices are never ex-
plicitly computed in MoM and the inverse matrix notation used throughout the
paper indicates the solution of a linear system of equations.
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(a) M =4, R =3, order = 60 (b) M =3, R =4, order = 60

(¢) M =R =3, order =30

Fig. 5. Sparsity structure of Ay 1 for different model sizes. Points indicate nonzero
entries; lines indicate the fine-grain decomposition. The decomposition generates
blocks with much smaller order than Ay and is more effective as M grows. Note
that the order of A1 is independent of the populations in N.

mediate to see that also A;; is a structured matrix. In particular, we prove
below that A;; admits a simple block triangular form.

Theorem 3 The matriz Ay, admits the block triangular form

C,Cp 0 ... 0 0
0 C,Coy... O 0
0 0 Cy... O 0
A, = , (14)

0 0 0 ...Cy1Cphap
O 0o o0 ... O Cuy

where H = min(M, R) and
C, = diag(C”,c?,....c? .. c™) 1<h<H,

is block diagonal composed by T}, = (A,f) blocks Cﬁf), each having order (ﬁii)R-
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—

Proof 3 Consider the set of normalizing constants G(As, N) in V(N) with
I = R additional queues. This is uniquely defined by the set of vectors Am
with M Amy, = R, Amy, > 0, which we partition according to the number
and position of non-zeros in Am. E.g., for M = R = 3 we have the partitions
V11 = {(3,0,0)}, V12 = {(0,3,0)}, Vi1 = {(0,0,3)}7 V21 = {(1, 2,0), (2, 170)},
vee = {(1,0,2),(2,0,1)}, va3 = {(0,2,1),(0,1,2)}, and v3; = {(1,1,1)}, where
we have used the notation vy, to indicate a set of vectors Am with h non-zeros
placed according to the pth pattern. It is possible to verify that the range of h
is 1 <h < H, H=min{M, R}. The block Cg) are then obtained by selecting
the columns associated to a set of normalizing constants with A vector equal
to v, and the rows for the related CE’s and PC’s. The matrix C}, includes
all blocks ¢;,., which in number are equal to the way of choosing the positions
of the h non-zeros in Am, i.e.,

=)

Using Vandermonde’s convolution [12], we have also

M+R-1 A (M\ (R -1
R = R
(e ()G
where the left-hand side is exactly the order of A, ;. This implies that the
cardinality of each C), matrix is exactly T}, = (]\,f ) blocks of order (g:i) R. O

The form (14) implies new computational savings, since (12) can be computed
by operating on the small diagonal blocks Cg). Since the costs of LU decompo-
sition and back-substitution are respectively cubic and quadratic in the order
of the coefficient matrix of the linear system this optimization immediately
translates in large computational savings in both time and space.

5.8  Fine-Tuning the MoM algorithm

An optimized MoM algorithm is obtained by recursively solving (12)-(14) in
place of (6). The block triangular forms provide substantial computational
savings and they can be applied directly to the basis V(]\_f ). However, for in-
creased efficiency, one could further fine-tune the implementation by making
the composition of the basis adaptive with respect to the number of non-empty
classes. That is, for an intermediate population 7 = (ny, ng,...,ns0,...,0),
i <N , in which only the first s classes are non-empty, the fine-tuned opti-

mized MoM defines a basis of normalizing constants

VER) = v (R) U (A — 1) U...Uvs(d — L),
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Fig. 6. Recursion tree of the optimized MoM algorithm with fine-tuning. The model
has M = 2 queues and R = 2 classes. Note that the adaptive base makes the number
of normalizing constants evaluated at each step dependent on the currently processed
class. Compared to Figure 4, it is also possible to see that the basis size is always
smaller than in the basic MoM algorithm.

where v°(77) = {G(Am, 1) |s — 1 < >, Amy < s}. Such a basis can be seen
a set of binomial moments of order s and s — 1. It is simple to show with
a proof similar to the one of Theorem 2 that the system of linear equations
that relates the basis V(i) with V*(@ — I,) has coefficient matrix A*(7)
that is square. Therefore, during the recursion on the intermediate classes
s < R, such a basis can be used without making the MoM approach fail.
This basis, originally proposed in [5], is much smaller than the one used in
this paper since it ignores the normalizing constants for >, Am; < s — 1. A
comparative evaluation of the basis size in MoM and its optimized version is
given in Section 6. Figure 6 shows the recursive tree of the optimized MoM in
comparison with the one of the basic MoM is presented in Figure 4.

We remark that the reduced basis size requires an increased implementation ef-
fort. Besides the implementation of an adaptive basis, which requires generat-
ing different A*(7) and B*(7) matrices depending on the number of non-empty
classes s. Furthermore, one needs to compute V*(ny,ny, ..., n,0,...,0)
from V*(ni,ng,...,n,0,...,0) when starting the iteration on class s + 1.
This can be done by using directly the equations (4)-(5) which relate all and
only the unknown constants in V™! (7) with the constants in V*(77). The re-
sulting linear system has the same A; ; matrix used for class s+1 and therefore
is always invertible. Computing performance indices also requires solving the
inverse problem of determining V*~1(77) from V*(7), for all 1 < s < R, which
is similarly solved by direct application of (4)-(5).
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6 Computational Costs

In this section we give an asymptotic complexity analysis of the basic and
optimized versions of MoM as the population N grows.

6.1 MoM requirements

The recursive evaluation of (7) requires solving N linear systems with order
equal to the cardinality of the basis V(N) which consists of (M]\;R)R normal-
izing constants. Assume that the linear system is solved by LU decomposition,
then the cost of the solution is cubic in the order of the matrix, and the overall
time requirement is approximately

[ (3

operations, where a(N) accounts for the additional costs due to the use of
exact algebra in linear system solution. The «(N) factor is implementation-
dependent; assuming that multiprecision arithmetic is used to achieve an exact
solution of the linear system, o(/N') accounts for the number of significant digits
in the normalizing constants. In order to determine the complexity of MoM
we first study the asymptotic properties of a(N)©.

Lemma 1 The number of digits of the entries of A‘l(]\7) and B(]\7) grows
asymptotically as O(log N) for increasing N.

Proof 4 We focus on A‘l(]\7 ), but the proofing technique applies similarly
to B(IV) leading to the same conclusion. The digits of the entries of A(N)
grow as O(log N) for the entries N,, 1 < r < R, and as O(1) for all other
elements. Note that the computation of the inverse involves at worst products
of the type N{“ 52 e NER for some constants kq, ko, . . ., kg depending on the
order of A(N). But being the order of A(N) constant with respect to N,
the digits in A~'(N) grow as O(log(NF N§2 ... NER)) = O(ky log(Ny) + - - - +
knlog(Np))) = O(log N).

Lemma 2 The number of digits ofG(]\7) grows asymptotically as O(N log N).

6 Throughout the section, we assume that all multiprecision numbers are rational
numbers, and that the number of digits is the maximum between the digits of the
numerator and of the denominator. This is consistent with the representation used
in most multiprecision libraries and, as long as the service demands can be defined
as rational numbers, it does not affect in any way the generality of MoM.
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Proof 5 Let us first consider the case Z, = 0, 1 < r < R. By the definition
of G(N) given in Section 2, the maximum number of digits is for the case
where all service demands are equal to D = maxy,, Dy . Since the system is
balanced, using an approach similar to the proof of Theorem 2 we have that

= N! M+ N -1 M+ N-1)!

DN

and the asymptotic grow of digits is dominated by (M + N — 1)! which is
O(Nlog N). The case where one or more classes are Z, > 0 follows sim-
ilarly by considering a model with M + 1 queues with identical demands
D = max,{Z,, maxy Dy}, and no delay. Replacing the delay with a queue
introduces an additional factor in the normalizing constant summation, and

hence the new normalizing constant has an increased number of digits but still
grows as O(N log N).

Let O™~(+) be the standard “soft-Oh” notation which, for readability, ignores
poly-logarithmic factors, e.g., O(N log N loglog N) becomes O~ (N). We can
now bound the growth of a(N) as follows.

Theorem 4 The asymptotic growth of a(N) is O~(N) and approzimately
O(NlogN).

Proof 6 The computation of (7) requires first the multiplication of normal-
izing constants with the coefficients in A=*(N) and B(N), and then the
summation of the results. The cost of these operations grows no more than
O(nlognloglogn) with the number of digits n of the operands [36]. According
to the previous lemmas, n grows at most as O(NN log N), and we finally obtain
that the growth of a(N) is

O(N log N log(N log N)loglog(N log N))
which is O~(N) and approximately O(N log N).
Since a(N) grows as O~(N), the asymptotic time complexity of MoM is
O~ (N?) which largely improves the O(N®) = O~ (N*) and O(NM) = O~(NM)

of existing methods for multiclass models.

Given the order <M+R> R of the linear system, the storage cost is approximately

e (e

multiprecision values ", where the first term accounts for the matrices A(N );

7 Here and in the rest of the section we only account for the storage costs of A ()

—

and A 1(N), since all other matrices have few non-zeros.
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Table 1
Comparison of Linear System Size in MoM

Order Sparsity (0= 1)
M R MoM* opt. MoM* | MoM opt. MoM
2 2 12(12) 6(2) | 0.181 0.333
2 3 30(30) 12(6) | 0.073 0.208
2 4 60(60) 20(12) | 0.036 0.140
2 5 105(105) 30(20) | 0.020 0.100
3 2 20(20) 12(2) | 0.125 0.188
3 3 60(60) 30(6) | 0.045 0.100
3 4 140(140) 60(12) | 0.019 0.058
35| 280(280) 105(30) | 0.010 0.037
4 2 30(30) 20(2) | 0.091 0.120
4 3| 105(105) 60(6) | 0.029 0.056
4 4] 280(280) 140(12) | 0.011 0.029
4 5 630(630) 280(30) | 0.005 0.016
5 2 42(42) 30(2) | 0.069 0.083
5 3| 168(168) 105(6) | 0.020 0.034
5 4 504(504) 280(12) | 0.007 0.016
5 5 | 1260(1260) 630(30) | 0.003 0.008

*: the order of largest matriz or block solved in a linear system is given between brackets

the latter is the storage size of V(N) and V(N — Ig). Hence, the asymptotic
storage is O~(N) due to a(N) since the number of stored values for the linear
system matrices is independent of the population size.

Indeed, in actual implementations the hidden constants in the O™(-) notation
may have a non-negligible computational impact. For this reason, we report in
the following subsections experimental results on the actual time and storage
requirements of the method on various instances.

6.2  Optimized MoM requirements

Despite the asymptotic complexity of the optimized MoM algorithm is theo-
retically the same of MoM, i.e., O~(N?) time and O~(N) storage, the former
performs much better than the latter. Consider, for instance, Table 1, which
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—

compares the actual order of A(N) for MoM with the size of A;1(N) in the
linear system (12) used by the optimized MoM. The latter is approximately
half of the former. For instance, for a model with M = R = 5, MoM needs

—

to invert a matrix A(N) of order 1260, while the optimized MoM considers a

—

matrix Aj1(N) of order 630; further, it only inverts a set of matrix blocks in
the block triangular form of A;;(/N) with order no greater than 30. Since the
cost of inversion grows cubically with matrix order, the optimized MoM is far

more efficient that the basic MoM.

Recalling that LU decomposition needs to be performed only once for each
class, and later one only needs LU back-substitution [19], the time cost of the
optimized MoM is approximately

o0 [ )l ot [ MYl

operations, where the first term accounts for LU decompositions and the sec-
ond for LU back-substitutions. Note that in the first term a(/N) indicates the
cost of the entries of A(N) only, which grows as O(log N), nevertheless the
second term dominates asymptotically yielding a O~ (N?) time complexity.

—

Regarding storage, the cardinality of the basis V*(N) is

<M—|—s—2> (M—l—s—l)
S + S
s—1 S

normalizing constants, and thus the maximum storage cost is for s = R and
is approximately

(e ([ R (5 )

multiprecision values. The first term accounts the store requirements of A(N);
the second term is the memory occupation of the bases. Since the number of
stored value is again independent of N, the optimized MoM storage require-
ments grow asymptotically as O~ (N).

7 Experimental Evaluation and Case Studies

To provide intuition on the actual performance of MoM and of the opti-
mized MoM, we performed an experimental campaign on a Intel Centrino
2 - 1.30GHz. During experiments, the available physical memory was approx-
imately 4GB, and we interrupted execution whenever this limit was exceeded.
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Table 2
Ezxperimental Comparison of MoM, the optimized MoM, and MVA - CPU Time.

Class populations are N, = [N/R], 1 <r < R.
CPU [s]
M R N MoM* | Opt.MoM* | MVA
3 3 100 2.45 0.02 0.02
3 3 350 5.99 0.06 0.56
3 3 600 10.96 0.12 2.84
3 3 850 17.53 0.22 8.10
3 3 1100 | 24.74 0.35 17.39
3 3 1350 | 32.87 0.93 limit
4 3 100 7.32 0.03 0.02
4 3 350 | 23.19 0.16 0.68
4 3 600 | 43.54 0.38 3.46
4 3 850 66.67 0.69 9.76
4 3 1100 | 85.62 0.69 21.07
4 3 1350 | 122.47 0.99 limit
3 4 100 11.17 0.03 0.16
3 4 350 39.30 0.16 25.63
3 4 600 71.86 0.37 45.13
3 4 850 | 108.22 0.65 limit
3 4 1100 | 145.58 0.75 limit
3 4 1350 | 174.05 1.07 limit

*: includes numerical stabilization overhead.
limit : memory exceeded (4GB).

The comparison was performed against the MVA algorithm [35] due to its
wide diffusion, and also because for large populations it is typically the best
performing among existing methods, albeit inefficient. For the optimized MoM
and MVA we developed fine-tuned C implementations; for MoM, we have used
a Java implementation. The multi-precision arithmetic has been implemented
in the fine-tuned optimized MoM using the GNU GMP libraries, conversely
for MoM we have used the standard Java BigNum class.

We consider in this section simple models with no more than M = 4 queues
or R = 4 classes, for which existing methods can be feasible under large
populations and can be compared with MoM and the optimized MoM. The
experimental results for different values of the total population N are given in
Table 2 and Table 3. For instance, the first experiments are done on a model
with M = R =3, N = 100, and each population N,, 1 < r < R, is set equal
to the integer value closest to N/R, i.e., N, = 33. For each experiment, we

25



Table 3
Ezxperimental Comparison of MoM, the optimized MoM, and MVA - Memory. Class
populations are N, = [N/R], 1 <r < R.

Memory [MB]
M R N | MoM* | Opt.MoM* | MVA
3 3 100 0.41 0.22 2.15
3 3 350 0.44 0.39 61.74
3 3 600 | 0.46 0.64 310.43
3 3 850 | 049 0.87 874.45
3 3 1100 | 0.52 1.10 1886.29
3 3 1350 | 0.55 1.32 limit
4 3 100 | 0.68 0.31 2.75
4 3 350 | 0.72 0.57 86.19
4 3 600 | 0.77 0.90 434.33
4 3 850 0.82 1.20 1223.98
4 3 1100 | 0.87 1.50 2640.44
4 3 1350 | 0.92 1.82 limit
3 4 100 0.94 0.41 18.09
3 4 350 1.00 0.78 2288.31
3 4 600 1.05 1.11 3528.38
3 4 850 1.11 1.49 limit
3 4 1100 | 1.17 1.94 limit
3 4 1350 | 1.23 2.31 limit

*: Includes numerical stabilization overhead.

limit : memory exceeded (4GB).

collected CPU time and peak memory occupation. The results in the tables
indicate the improved applicability of MoM and its optimized version with
respect to the MVA algorithm, as discussed in the following remarks.

Remark 1. The CPU requirements are always favorable to the optimized MoM
algorithm, with the exception of the two cases with just N = 100 jobs. Indeed,
for smaller population values existing methods like the MVA are very effective,
and tend to be faster than the optimized MoM since they do not employ multi-
precision algebra. However, as N increases, the degradation of performance of
the MVA is much faster than for the optimized MoM, and this confirms the
effectiveness of the MoM approach on models with large populations.

Remark 2. The most striking computational gain is however for the storage

costs, where the optimized MoM largely outperforms MVA. Among the twelve
experiments, the MVA failed several times due to its prohibitive storage costs
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which greatly exceeded the available memory; on the same experiments, the
optimized MoM occupied no more than 1.7MB. Thus, this feature is a fun-
damental advantage of MoM over MVA, which allows one to evaluate models
with large populations. Note that, despite the theoretical worst-case storage
complexity is linear in the population size, the storage occupation and its
growth rate are both negligible on all examples.

Remark 3. MoM without optimization is slower than the other methods, yet
it is able to solve in a few minutes models that are prohibitive for the MVA.
However, the implementation of MoM in Java requires about 400 lines of code,
whereas the optimized MoM needs more than 1000 lines of code due to the
additional complexity in handling the block diagonal form decomposition and
the change in basis size described in Section 5.3.

Remark 4. Figure 7 illustrates the practical limits of the MoM algorithm on
commodity hardware (Intel Centrino 2 - 1.30GhZ). We have run a series of ex-
periments considering models with random service demands drawn uniformly
in [1,10000] with minimum possible population N = (1,1,...,1) such that
each class has a single job. Since the MoM recursion in the number of jobs
is efficient, the objective of this experiments is to determine when either the
storage requirements or the cost of the matrix factorizations using LU decom-
position become too large for practical use. In this analysis, we have used a
time limit of 5 hours and a memory limit of 3.5GB. The results in Figure 7
indicate that the number of queues that can be considered as the number of
classes grows decreases quite quickly, although models with a few queues and
more than 10 classes are still manageable. This is a result of the combinatorial
growth of the size of the basis ‘7(]\7 ) and consequently of the linear system
order in (6). In comparison, the MVA algorithm becomes too expensive to
apply already with 4 —5 classes. Conversely, MoM is applicable also to models
with tens of classes, and experiments not reported in the figure indicate that
with just M = 2 queues one may consider in the model up to R = 50 classes.
For models with fewer than 4 classes, models with more than 100 queues can
be solved efficiently by MoM, however models of this size are seldom used
in practice. Summarizing, MoM is far more scalable than MVA but it may
not be applicable to models with very large number of queues or classes. To
address this issue we have proposed in [7,8] related algorithms that explore
in new ways the potentiality of the higher-order moment approach to solve
closed queueing networks. In those works, it is found that models with many
classes and many queues can be solved more efficiently with recursions that
differ from the one proposed in the present paper. Still, MoM is much simpler
and practical to implement than methods such as the ones in [8].
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Fig. 7. Applicability of the optimized MoM on commodity hardware

Table 4
Service demands Dy, [ms] of the J2EE application model in [24]

Subnetwork  Queues C1 C2 Cc3 (4 C5

AS mas =9 1298 13.64 2.64 2.54 24.22
DB mpp =2 532 518 124 1.04 1707
(6{0) mco=1 112 127 058 0.03 1.68

7.1 Case Study: a J2EE application

We continue the experimental evaluation considering a real application model
which is prohibitive for current solution methods. The results provide intu-
ition on how MoM improves the analysis of real-world computer systems. We
consider the large-scale distributed J2EE service application recently modeled
by Kounev et al. in [24]; we point to that paper for a description, and we limit
here to give a synthetic overview.

The application runs on a two-tier architecture with a cluster of m g repli-
cated application servers (AS) and a back-end composed of a dual-processor
database server (DB). The workload is represented in terms of R =5 classes,
here labeled C1-C5, e.g., representing a new order placement or an order
status query. We consider the most complex architecture among those eval-
uated in [24], which has mags = 9 clustered AS, and an overall number of
M = 12 queues which also include a queue modeling communication over-
heads (CO). The delay varies with experiments, here we consider the case
Z1 = ... = Zy = 2s for the first four classes and Z5; = 3s for the last work-
load class. The service demands for the five classes are given in Table 4.
Following [24], we solve models corresponding to three workload profiles:

e Low load: N = (30, 10, 50, 40, 50)
e Medium load: N = (50, 40, 100, 70, 100)
e Heavy load: N = (100, 50, 150, 50, 200)
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Table 5
Service demands Dy, . [ms] of the stress case with N = 16660 jobs

Queuve C1 C2 C3 C4 C5 Co6 C7

J1 64 77 93 27 19 60 8
J2 68 70 14 22 32 2 64
J3 28 2 68 34 22 47 81
J4 35 97 69 15 82 83 10
Jb 10 8 8 71 62 79 98

The storage requirements of the MVA exceeded the memory limit on all three
models. Using the optimized MoM, we were able to solve the low load model
in 0.9s using 1.6MB of memory. Similarly, the medium load case was solved in
4.7s with 2.3MB of memory, and the heavy load model in 14.1s using 3.4MB.
These results further confirm the applicability of MoM on models practical
interest.

7.2 Case Study: Stress Case 1

We now consider a model with 5 distinct queues labeled J1-J5, R = 7 workload
classes labeled C1-C7, and 16660 jobs. The random demands are given in
Table 5; the population vector is

—

N = (10000, 5000, 1000, 500, 100, 50, 10).

On the same machine used before, the solution is obtained with the optimized
MoM in 409s. The computed normalizing constant is G(N) = 2.43756 x 1037591
We also determined throughputs and queue-lengths for all classes and queues,
e.g., the throughput of class 2 is XQ(JV) = 3.89724 x 1073 jobs per ms, and the
mean class 1 queue-length of J1 is Q11 = 9982.23 jobs. During recursion, the
memory occupation is monotonically increasing and reaches a maximal value
of 407TMB. The storage requirement of convolution, LBANC and MVA, would
be approximately 10'°GB which is infeasible. All other existing methods, such
as RECAL, have on this example larger storage requirements than MVA.
As for the previous experiments, this example further stresses that the key
computational advantage of MoM and the optimized MoM is the low space
complexity.

29



8 Conclusion

We have introduced the Method of Moments (MoM), a new algorithm for
the exact analysis of multiclass queueing networks. MoM addresses the classic
problem of infeasibility of exact solution methods on large multiclass closed
queueing networks. The proposed algorithm is based on the recursive evalua-
tion of higher-order moments of queue-lengths instead of mean-values, which
is the established approach follows by the MVA algorithm. We have shown
that studying higher-order moments allows one to formulate a recursion with
a number of steps that grows linearly in the total population. At each step,
the number of evaluated constants is fixed and independent of the number of
jobs in the model. Numerical experiments and case studies have shown that
MoM remarkably outperforms MVA, especially for the storage requirements.
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A Proof of Theorem 2

From (8) and from the BCMP formula (1) of the equilibrium probability Pr(S) we
rewrite (8) as

R nOr
E[Am, N =G ' (N) > (H ) I Gx (i (A1)

nO,r
where

nk: T
Gy (7iy) = Amk'<”’“ iy Am’“) < AT 2 )
re—1 kr

We prove that the summation in (A.1) is G(Anm, N) by showing that Gy () is
the normalizing constant of a subnetwork composed by queue k together with its
Amy, replicas and with population vector 7y, = (ng 1, nk2, ...,k r). After proving
this fact, the final result in (9) follows straightforwardly by convolution [4,34]; in
fact, the convolution of the G, 1 < k < M, is equivalent to the convolution of the
normalizing constants of M subnetworks.

Recalling that the class r throughput of a queueing network with population N may

be written as [34]

G(iy, — 1)
G(7ix)

if this formula is applied to the individual subnetworks with normalizing constants

Gr(7)) then we have

However, from the analysis of balanced systems [40] it follows that for a model
composed of Amy + 1 identical queues we have

_ Nk.r
Dkﬂ“ (Amk + nk)

The formula for Gy (7ix) thus follows by unfolding the recurrence (A.3) for all classes
up to the obvious termination conditions G(0) = 1.
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B Analysis of Degenerate Models

—

As mentioned in Section 4, degenerate models exists for which det(A(N)) = 0 and
thus (7) does not apply. We categorize these models in groups and we propose
strategies to address the problem in each case.

Sparse routing matrices

A second important class of degeneracies is that of networks with one or more
Dy, = 0. The non-singularity of A(]\_f ) can be readily restored by removing all
columns composed of zero elements and the related variables in V(]\_f ). Note that
this can significantly reduce computational costs for models with sparse routing
where several demands are set to zero.

Generic singularity

The third and last class includes all other singular models that arise due to particular
choices of the demands Dy, ,.. It is quite difficult to encounter such problem if the
Dy, are measured from real applications, where the measurement errors hardly
allow demands that are perfectly linear dependent, and thus singularity often can be
resolved by considering additional significant digits® in Dy .. However, to achieve
maximum generality we propose three possible solutions; the first two are exact
methods, the last one is an approximation where arbitrarily small error can be
achieved by increasing computational costs.

The first approach applies when a single class s has some demands Dy, ¢ that are
responsible for singularity, and consists in re-labeling class indices such that class s
becomes class R. This indeed solves the problem, since the entries of A(]\7 ) never
depend on the demands of class R which appear in B(]\_f ) only.

In the second approach, if demands of several classes are responsible for singularity
it is possible to compute recursively part of the basis V(]\7 ) using traditional, more
expensive, recursive schemes, such as LBANC or RECAL. We point to [7] for a
description on how an hybrid algorithm of this type could be defined for degenerate

models.

Finally, a practical technique which does not require additional implementations
consists in perturbing the service demands Dy, , responsible for singularity by ar-
bitrary small quantities € ,. In traditional inexact linear solvers, this approach

8 We recall that, since MoM and the optimized MoM have to be implemented in

multi-precision algebra (see Sect. 4), there is virtually no limit to the number of
significant digits that can be considered in computations.
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would not be viable, since perturbations are lower bounded by machine accuracy
and thus may not always be small enough; more importantly, they may produce
ill-conditioned linear systems. However, these limitations do not apply to exact
multi-precision algebra, where the main drawback is that the additional digits re-
quired to represent the perturbation just add computational overhead. By definition
of Dy ,, it is also intuitive that the perturbed network with servers having speeds
Dy, + €1, performs arbitrarily close to the reference model for sufficiently small
€k,»'s, which is not difficult to prove isolating the components of G (]\7 ) affected by
the perturbation. For instance, recall that the utilization Uj(]\7) = Zle Uj,r(]\_f) of
queue j may be computed as [34]

G7I(N)

Uj(N)=1- i

)

where G~J (]\7 ) is the normalizing constant of a model with queue j less. Setting
Dj 1+ €j,1, then the perturbed utilization is

ﬁj(ﬁ):1—w_1—(;j(f\7)
G(N) G(N)

)

where GJ(N) = G4 (N) being independent of queue j service demands, and

. R no,r ) ) i1 R Dnj’l‘ nkr
G- 5 (25 o (2™ T2 ) T T2
| , ,

§€S(]\7 r=1 r=2 ]T k#£j r=1 k,r

Note that, by definition of normalising constant, |@(]\7 ) — G(N)] is a continuous
function that is monotonically decreasing with |€; 1|, we have
GI(N)

lim G(N)=G(N)= lim Uj(N)=1- lim ——2 = U;(N),
i (N)=G(N) = Jim (N) = e (V)

which justifies the perturbation approach.

To provide intuition on the accuracy of the perturbations, we report a simple nu-
merical example.

Example 1 Consider a model with M = 2 queues, R = 3 classes, and demands
D1 = 80ms, D12 = 40ms, D13 = Tms at queue 1, and Dyq = 20ms, Dyo =
10ms, Do 3 = 13ms at queue 2. Let also Zy = Zy = Z3 = 1s, and N1 = Ny = N3 =
15. During the recursion on the second class, since

det Diy Diz =0,
Ds 1 Doo

it is found that Ay includes singular blocks, and we cannot solve the model. The

exact value, e.g., of the utilization of queue 2 would be Ug(]\7) = 0.7433. Using the
perturbation approach, with a perturbation €12 = 0.1 such that D12+ €12 = 40.1 we

35



restore singularity and obtain the estimate (71 (N) = 0.7431; similarly, for e 2 = 0.01

we have D12 + €12 = 40.01 and [71(]\7) = 0.7433 which is the same as the exact
value. In larger models a few tests are sufficient to size the perturbation, however

these may be defined to a reasonable value by considering the relative difference with
respect to the service demands.
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C. Algorithm 1 - Generation of the matrices A(N) and B(N) in MoM.
Let A(N ) be square of order (M +R)R with element a;; on row 7 > 1 and column j > 1

R
Let B(Z\_f ) be square of order (MER)R with element b;; on row 7 > 1 and column j > 1
Initialize all a;; and b;; to zero
1:=0
for [ from0Oto R—1
ifil=R-1
forall Am with M non-negative elements and 224:1 Amp=R—-1
for k from 1 to M /* Add CFE for queue k */
1:=1+1
j := index of G(Am + Ig, N) in V(N)
aij =1
j := index of G(Am, N) in V(N)
Q5 1= —1
for r from1to R—1
j := index of G(Am + Ty, N — 1,,) in V(N)
ajj := — Dy
end for
j := index of G(Am + 1, N — 1) in V(N — 1)
bij := Dkr
end for
end forall
forall Am with M non-negative elements and Z]kvil Amp=R—-1
for r from 1 to R —1 /* Add PC of class r */
1:=1+1
j := index of G(Am, N) in V(N)
aij = Ny
j := index of G(Am, N —1,) in V(N)
Q5 1= —Zr
for k from 1 to M
j := index of G(Am + 1), N — T,,) in V(N)
aij = —(my + Amy) Dy,
end for
end for
end forall
end if

forall Am with M non-negative elements and ch\/lzl Amy, =1
for s from 0 to R —1 /* Add PC of class R */

1i=1+1
j := index of G(Am, N — 1) in V(N), where N — Ty = N
CLij = NR
bij = ZR

for k from 1 to M
j := index of G(Am + 1, N — 1, — 1) in V(N — 1)
bij = (mk + Amk)DkR
end for
end for
end forall
end for
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