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Abstract

We propose novel exact and approximate solutions for mean-value and probabilistic analysis of

closed queueing networks with limited load-dependent nodes. The main result is the derivation of

an exact correction factor between the equilibrium solution of a load-dependent model and the

one of a related model with fixed-rate queueing stations. This enables the reuse of state-of-the-art

methods for fixed-rate stations in the computation of performance metrics for load-dependent

systems. As many such algorithms are available, our findings significantly increase the range of

techniques available to study load-dependence. We further interpret the correction factor as a

load-dependent normalizing constant and propose two novel integral forms, in the real and in the

complex domains, which can be used for its efficient computation. These integral forms are also

shown to be applicable to evaluate more general limited load-dependent systems, as we illustrate

in a sojourn time distribution analysis problem. Lastly, the proposed algorithms are numerically

examined through thousands of experiments, which reveal accuracy in the range 1%-6% mean

absolute relative error.
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1. Introduction

The analysis of queueing networks with limited load-dependent (LLD) stations is a challenging

problem, aimed at understanding the performance impact of service rates that depend on the

number of resident jobs in a station, up to a finite population level. A common example of an LLD

station is a multi-server queue, which has service rates that scale proportionally to the population

at the station, until reaching a maximum value that depends on the number of servers.

Load-dependent modeling applies to capacity planning [1], symmetric multi-threading [2],

cellular networks [3], wireless systems [4], logistics [5], service rate control [6], among others.

Load-dependent service rates are also of theoretical interest for analyzing moments of performance

metrics [7], to evaluate networks with state-dependent routing [8], non-product form systems [9],

fork-join networks [10], and to apply the flow-equivalent server method [11].
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Unfortunately, despite a long history of work on this subject [12], when LLD stations are

considered in multiclass closed networks, which are used to abstract systems with finite levels of

parallelism, they become expensive to analyze. Indeed, commonly employed evaluation techniques

for models with fixed-rate stations, such as the convolution algorithm (CA) [13, 14, 15] and mean

value analysis (MVA) [16] or its approximate versions [17], are much more expensive to apply when

extended to the LLD setting. These methods can also incur numerical instabilities [18], as we

further discuss in Section 8.

Motivated by these shortcomings, we develop novel computational algorithms to solve product-

form LLD closed queueing networks. Our main result, developed in Section 3, is the determination

of an exact correction factor between the solution of a LLD model, expressed in terms of the

normalizing constant of the equilibrium state probabilities, and the solution of a similar model with

fixed-rate stations. This finding paves the way to analyze LLD models by solving simpler fixed-rate

models, which can be efficiently analyzed using established algorithms, for example approximate

MVA methods [19]. We show that this correction factor may also be directly used to compute

mean performance metrics, such as throughputs, from the corresponding metrics obtained in the

fixed-rate models. Other mean performance metrics are studied in Appendix A.1, showing that

expressions for mean queue-lengths and utilizations in LLD models may also be formulated in

terms of normalizing constants and thus leverage correction factors for their computation.

The above developments further motivate the need for methods to efficiently compute the

correction factor. The starting point of this investigation is that the correction factor is itself found

to be a special multiclass normalizing constant for a related model defined on a very much reduced

state space compared to the original LLD queueing network. Stemming from this observation the

following results are obtained:

• We develop in Section 4 an approximate variant of the correction factor that has much

lower computational requirements than the exact one developed in Section 3. In essence, the

method involves determining the correction factor by summing a collection of single-class

LLD normalizing constants. The resulting proposed approximation, called reduction heuristic

(RD), is based on this result.

• In Section 5, we show that the multiclass LLD normalizing constant can be expressed as

a finite difference of single-class LLD normalizing constants. We develop a multivariate

integral form for the multiclass normalizing constant that leverages the Norlund-Rice integral

representation of the finite difference operator [20]. The integrand is shown to be related to

a queueing network model with complex-valued parameters, for which we develop several

characterization results.

• Section 5 also proposes a novel integral form for the multiclass LLD normalizing constant
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expressed as an integral over the unit simplex. This extends to the LLD setting some

evaluation schemes for such integrals recently proposed for fixed-rate models [21].

To further show the practical benefits of our results, we report an extensive experimentation,

evaluating more than 100, 000 models with varying sizes and parameters. Our results indicate

average errors as low as 1.21% for mean performance metrics in large models, as well as normalizing

constant approximation errors around 6.46%. We also give examples that demonstrate how our

results can be applied to non-product-form multiclass LLD stations. We show in this setting that

mean and percentiles of response times in multiclass first-come first-served (FCFS) queues may be

more accurately estimated with the proposed RD heuristic than with baseline methods.

Summarizing, our work provides novel exact insights in the analysis of limited load-dependence,

leading to novel ways to efficiently analyze LLD models. The rest of this paper is organized as

follows. Definitions and background are given in Section 2. Sections 3-5 develop the contributions

we have listed above. A quantitative study to validate the accuracy of our approximations is

reported in Section 6. Section 7 we illustrate the application of the proposed analysis methods to

non-product-form models. A summary of the state-of-the-art in computational methods for LLD

models is given in Section 8. The paper concludes in Section 9. The appendix gives proofs, further

background, and additional validation experiments.

Lastly, we remark that a short abstract showing a preliminary version of this work has appeared

in [22]. The present paper includes many more results, as well as proofs not included therein. In

particular, this work develops the RD heuristic, the LLD correction factors, a large-scale numerical

validation, and the complex-domain derivations related to Norlund-Rice integral form.

2. Reference model

2.1. Closed product-form queueing networks

We focus on closed product-form queueing networks consisting of M load-dependent stations

and R job classes. Such models have been extensively investigated in prior work, we point the

reader for an introduction to [14, 23]. A table summarizing the model notation is given in Table 1.

Scheduling policies compatible with the product-form assumptions include processor sharing,

first-come first-served with identical service rates per class, and infinite server, among others [24].

Indexes i, j, k are used to denote queues (i, j, k = 1, ... ,M), whilst indexes r, s are used for classes

(r, s = 1, ... , R). Each class r is populated by Nr jobs. After receiving service, jobs in class r depart

from node i joining station j with probability prij ; self-loops are allowed. Jobs are assumed to

remain of the same class at all times, since models with class switching can be reduced to this case

without approximation error [25, 23]. We also define the population vector N = (N1, ... , NR) and

the total number of jobs in the network N = |N | = N1 + ...+NR, where | · | denotes vector sum.
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Table 1: Summary of main notation

Notation Description

i, j, k station indexes

r, s class indexes

M Number of queueing stations

R Number of service classes

Nr Population of jobs in class r

N Total population of jobs in the model

N Population vector

βr Fraction of class r jobs in the mix (βr = Nr/N)

nk Total number of jobs at node k in a given state

θ Demand vector

θk Mean single-class service demand at node k

θk,r Mean service demand of class-r jobs at node k

θ0,r Think time of class r

σ Scaled demand vector

σk Scaled single-class mean service demand at node k (σk = θk/αk(sk))

σk,r Scaled mean service demand of class-r jobs at node k (σk,r = θk,r/αk(sk))

Vk,r Mean number of visits of class-r jobs at node k

αk(nk) LLD scaling function for node k

sk LLD limit (αk(nk) = αk(sk), ∀nk ≥ sk)

Hθ(N) multiclass LLD normalizing constant with demands θk,r

hθ(N) single-class LLD normalizing constant with demands θk

Gσ(N) multiclass fixed-rate normalizing constant with demands σk,r

gσ(N) single-class fixed-rate normalizing constant with demands σk

Cr(N) system response time for class r in LLD models

Xr(N) system throughput for class r in LLD models

Xσ
r (N) system throughput for class r in fixed-rate models with demands σk,r

Qk,r(N) mean queue-length of class-r at node k in LLD models

Qσ
k,r(N) mean queue-length of class-r at node k in fixed-rate models with demands σk,r
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The state space of the Markov process underlying the queueing network may be defined as

S(N) = {(n1,1, ... , nM,R) |
∑M

k=1 nk,r = Nr, nk,r ≥ 0}, where nk,r is the number of class-r jobs

residing at station k, either queueing or receiving service. We denote by θk,r = Vk,r/µk,r the

mean service demand of class r at station k, defined as the ratio of the mean number of visits

Vk,r of class r jobs to queue k over the mean service rate µk,r of class r jobs at queue k. The Vk,r

value can be obtained from the routing probability matrix prij by means of the network traffic

equations [26]. The sum of the demands of class r jobs at infinite server stations is denoted by

θ0,r and referred to as the class-r think time. Due to known equivalence results, we may assume

without loss of generality that all infinite server stations are merged into a single one having class-r

demand θ0,r [27, Thm. 3.1.1].

2.2. LLD scaling factors

In a load-dependent queueing station k, the service rate changes instantaneously with the

number of jobs presently at the station. In a state where nk =
∑R

r=1 nk,r jobs are resident in the

station, including the job in service, the instantaneous service rate is αk(nk)µk,r, nk ≥ 0, with

αk(0) = 1. For example, a multi-server station with sk homogeneous servers is known to be a

load-dependent station with αk(nk) = min(sk, nk). Single-server fixed-rate station are instead

captured by the assignment αk(nk) = 1. Several other load-dependent scaling factors αk(nk) have

been used in the literature [28, 29].

Limited load-dependence (LLD) adds to the above the mild restriction that each scaling function

αk(nk) must become constant after a large enough nk. That is, we can associate with each LLD

station k a constant sk such that

αk(nk) = αk(sk), ∀nk ≥ sk (1)

For example, a multi-server node meets this condition since its service rate becomes constant

whenever nk ≥ sk. LLD is common in prior work [30, 31], as in practice only restricts the ability

to study the asymptotic behavior of the system when sk varies as N → +∞. For any finite value

of N , and in all real-world applications, the class of models we consider is entirely general. The

sk constants are collected in a vector s = (s1, ... , sM ), and hence fixed-rate models are those

with s = (1, ... , 1). Throughout, we shall thus parameterize models both in terms of the original

demands θ = (θk,r) and of the scaled demands σk,r = θk,r/αk(sk), grouped in matrix σ = (σk,r).

2.3. Equilibrium distribution

From the previous definitions, it can be shown that the equilibrium state probability mass

function of the network is given by [24]:

π(n) =
1

Hθ(N)

M∏
k=1

Fk(nk), Fk(nk) ≡
nk!∏nk

t=1 αk(t)

R∏
r=1

θ
nk,r

k,r

nk,r!
(2)
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where n ∈ S(N) and nk = (nk,1, ... , nk,R). Here, the normalizing constant Hθ(N) ensures that

the state probabilities sum to one and may be expressed as

Hθ(N) =
∑

n∈S(N)

M∏
k=1

Fk(nk) (3)

Throughout, single-class normalizing constants are distinguished by a lower-case font, class

indexes absent, and a scalar population N rather than a vector N , e.g., hθ(N).

2.4. LLD mean performance metrics

We now introduce standard expressions for computing performance metrics, the interested

reader can find further justification of these metrics in [13, 32, 14] In the considered class of models,

the system throughput for class-r jobs, which represents the completion rates of class-r jobs per

unit visit at an arbitrarily chosen reference station, may be computed using the standard expression

Xr(N) =
Hθ(N − 1r)

Hθ(N)
(4)

where 1r is a vector of all zeros except for a one in position r and Hθ(N − 1r) stands for the

normalizing constant of a model with a class-r job less. The previous quantity can be applied to

computing throughputs at each station in the model. At a station i that is visited by class-r jobs

Vir times on average before completion, the station i throughput is Xir(N) = VirXr(N).

The mean queue-length in the general LLD case is instead given by the R-dimensional convolution

Qk,r(N) =
∑

0≤nk≤N

Fk(nk)H
−k
θ (N − nk)

Hθ(N)
(5)

Note that the time and space complexity of the last expression are both exponential in the number

of classes R.

A different approach to compute mean LLD queue-lengths is proposed in [33, Thm. 3], which

defines an algorithm to construct modified service rate functions αk(n) so that, by adding a special

station to the model parameterized with such functions, it is possible to recover from this new model

the mean-queue length for station k in the original system. To compute all mean queue-lengths,

this process needs to be repeated M times, by solving one auxiliary model for each station k in the

original queueing network.

The approach is generalized in the present paper and obtains multiclass mean queue-lengths

in the LLD setting more efficiently than with (5), at the cost of solving MR independent LLD

models. We show this novel generalization in Appendix A.1. The computation of these quantities

can leverage the results developed in sections 3 and 4-5.
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2.5. LLD normalizing constants

Closed-form expressions for fixed-rate normalizing constants are derived in [30]. Similarly, [34,

Eq. (29)] obtains the following closed-form solution for single-class LLD models with multi-server

stations

hθ(N) =
∑

0≤v<s

M∑
i=1

(θi/si)
N+M−v−1∏

j ̸=i(θi/si − θj/sj)

M∏
k=1

θvkk
vk!

(
1− vk

sk

)
(6)

This expression is valid only under the assumption that each θi/si is distinct and thus does not

include the general LLD case. Using scaling properties of the normalizing constant [35] and known

asymptotic limits for networks with multi-server nodes [36], it can be shown that the leading term

of the exact asymptotic expansion of (6) is given by

hθ(N) ∼ ρNmaxN
B−1

(B − 1)!

B∏
k=1

θskk
sk!

M∏
j=B+1

(
1 + θj +

θ2j
2!

+ ...+
θ
sj−1
j

(sj − 1)!
+

θ
sj
j

sj !(1− ρj)

)
(7)

where ρmax = maxj ρj , with ρj = θj/sj , and B is the number of stations with ρj = ρmax that are

also assumed to have indexes i = 1, ..., B. The exact scaling factor ρNmax in the expression ensures

that the service demands are normalized in [0, 1] as in [36].

In this paper, we derive and leverage a more general explicit expression for the normalizing

constant for a single-class model, which contrary to (6) applies to every LLD model. The result,

stated here and derived in Appendix A.2, gives an algebraic equivalent of a result concerning

generating functions obtained in [37, Eq. (8)].

Theorem 1. In a single-class LLD closed queueing network with M stations

hθ(N) =
∑

0≤v<s

gσ(N − v)Φθ(v) (8)

where v = (v1, ... , vM ), v = |v|, s = (s1, ... , sM ), and we define Φθ(v) =
∏M

k=1 ϕk(vk), and

ϕk(vk) =
θvkk∏vk

t=1 αk(t)

(
1− αk(vk)

αk(sk)

)
for 0 ≤ vk < sk.

In the above theorem, αi(0) defined to be 0 and the convention that
∏0

t=1 · = 1; the term

gσ(N−v) is the single-class normalizing constant of a fixed-rate model with demands σk = θk/αk(sk)

and a population of N − v jobs (gσ(n) = 0 for n < 0). Note that in the special case of a network of

multi-server stations with distinct scaled demands the last result specializes into the earlier result

shown in (6). An example that validates this property is given in Appendix A.3.

For large values of N , the exact asymptotics of hθ(N) in the general LLD case is obtained

in [37] assuming that the model has a strictly positive think time θ0 > 0. To our knowledge, no

similar derivation is available for the general case. We here obtain this result, extending (7) to the

general LLD case.
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Theorem 2. The single-class LLD normalizing constant hθ(N) admits the exact asymptotics

hθ(N) ∼ ρNmaxN
B−1

(B − 1)!

∏
j:ρj<ρmax

1

1− ρj
·

M∏
i=1

si−1∑
ni=0

ϕi(ni) (9)

where ρmax = maxj ρj , with ρj = θj/αk(sj), and B is the number of stations with ρj = ρmax.

A proof of this result is given in Appendix A.4.

Few exact closed-form expressions for the LLD normalizing constant are available in the

multiclass case. For networks with multi-server nodes, [28, (A14)] proposes an integral that utilizes

Bessel functions of the first kind of order zero. The result, besides not addressing the LLD case

in full generality, is difficult to evaluate numerically due to the rapid oscillations of the Bessel

function, which reduce the efficiency of quadrature methods and Monte Carlo sampling commonly

used for numerical integration. A formula in [28, Eq. 2.18] is also available for more general models,

however, the paper addresses only networks with a single LLD station and the evaluation of the

integrand is expensive as it requires to calculate high-order derivatives.

2.6. Motivating example

To further motivate the need for novel analysis methods for LLD models, we illustrate with a

toy example some numerical difficulties that affect two state-of-the-art methods for load-dependent

analysis: MVA-LD [16] and an AMVA algorithm for load-dependent models with default settings [29].

The example consists of a single-class queueing network with R = 1 class, a single multi-server

station with demand θ1 = 10 and s1 = 100 servers, think time θ0 = 10, and job population

N = 256. Numerical solution is done with the underlying CTMC, discrete-event simulation based

on JMT [38] (106 samples), MVA-LD and AMVA returns the results shown in Table 2.

The table indicates that MVA-LD and AMVA incur very large errors due to numerical issues. For

MVA-LD, this is because high station utilization results in numerical instabilities in the computation

of idle probabilities, with errors recursively propagating to the marginal queue-length probabilities.

The problem faced by AMVA is instead a numerical issue associated to the internal representation

of the scaling factors. This method needs to interpolate scaling factors with continuous functions,

which for the present example is the soft-min, which depends on a κ parameter, see Appendix A.12

for more details. This parameter value is by default κ = 20, however we find that only when this is

decreased below about κ = 6, AMVA converges to a correct result, as shown in the corrected AMVA

column in Table 2. Unfortunately, the correction to the κ value is model-dependent, leaving unable

to determine upfront whether AMVA will be reliable or not for a given model. This numerical

issue of AMVA, to our knowledge, has not observed before in the literature. Moreover, the lower

the κ value, the looser the approximation of the multi-server scaling is, besides violating in some

cases the monotonicity assumption required in QD-AMVA for convergence [29].
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Table 2: Toy example illustrating inaccurate solutions obtained with existing methods

Metric Symbol CTMC SIM MVALD AMVA AMVA (corrected)

Mean queue-length Q1 140.06 139.47 219.09 256.99 140.37

Utilization U1 0.9995 0.9994 0.3250 0.0000 0.9968

System throughput X1 11.694 11.725 3.7906 0.0008 11.663

We have also run similar experiments with larger multiclass models, observing similar numerical

instabilities. Overall, this suggests that both MVA and AMVA methods incur numerical problems

that require further research to address and motivate the investigations in the present paper.

3. A Novel Exact LLD Mean-Value Analysis

In this section, we propose our new exact method to efficiently compute LLD mean performance

metrics, which relates the solution of a LLD model to the one of a fixed-rate queueing network.

In particular, we first derive a novel general expression for the normalizing constant of a LLD

model. We then show that this result allows us to express the normalizing constant as a product

between a correction factor and a related normalizing constant of a fixed-rate model. These results

can be directly applied to the computation of other performance metrics using the formulas in

Appendix A.1.

Let us begin by considering a fixed-rate model with scaled demands σ = (σkr), with σk,r =

θk,r/αk(sk). We then can write

Gσ(N − 1r) = Gσ(N)Xσ
r (N) (10)

by equation (4), where Xσ
r (N) is the class-r throughput in the fixed-rate model. Given an arbitrary

integer vector d such that 0 ≤ d ≤ N , we may now recursively expanding the expression on the

left-hand side, obtaining

Gσ(N − d) = Gσ(N)
∏

(s,r)∈P (d,N)

Xσ
r (s) (11)

where P (d,N) is the collection of choices of r and resulting population vectors considered during

the re-iterated application of (10). For example, a valid choice of P (d,N) may be

P (d,N) =
{
(s, r) | s = (N1, ... , Nr−1, nr, Nr+1−dr+1, ... , NR−dR) : ∀r = 1, ... , R;∀nr = Nr−dr, ... , Nr

}
(12)

The last expression can now be related to the LLD model under study through the next result,

which is also a consequence of (8).

9



Theorem 3. The normalizing constant for a model with M LLD queueing stations and R classes,

having demands θk,r and scaling functions αk, admits the following reduced convolution expression

Hθ(N) =

V∑
v=0

∑
d≥0:
|d|=v

Gσ(N − d)Eθ(d) (13)

where d = (d1, ... , dR) and V = min(N,
∑M

k=1(sk − 1)). Here, Gσ is the multiclass normalizing

constant of a fixed-rate model with scaled demands σk,r = θk,r/αk(sk), and we define

Eθ(d) =
∑

v∈S(d)

M∏
i=1

vi!∏vi
k=1 αi(k)

(
1− αi(vi)

αi(si)

) R∏
r=1

θ
vi,r
i,r

vi,r!
(14)

A proof is given in Appendix A.5. Note that the last expression refers to the state space S(d)

and therefore it is defined on a smaller state space than the original state space S(N) whenever

V < N . It should also be noted that, after algebraic simplifications, Eθ(d) may be itself seen as a

LLD multiclass normalizing constant for a model with demands θk,r and scaling functions

ηk(nk) =


1 if nk = 0

αk(nk)
(αk(sk)− αi(nk − 1))

(αk(sk)− αk(nk))
if 1 ≤ nk < sk

+∞ if nk ≥ sk

(15)

for k = 1, ... ,M . Here, we use the degenerate assignment ηk(nk) = +∞ to restrict the summation

that defines the normalizing constant over states where nk < sk. However, ηk(nk) is invalid if

αk(nk) = αk(sk), for some positive nk < sk. The definition of Eθ(d) avoids this issue by expressing

(14) directly in terms of αi(nk) rather than using the ηk(nk).

By combining (11) and (13), the normalizing constant of a LLD model may now be seen as a

multiple of the normalizing constant for the corresponding fixed-rate model with scaled demands

σ. This unexpected property is derived in the next theorem.

Theorem 4 (Exact LLD correction). The normalizing constant for a model with M LLD queueing

stations and R classes, having demands θk,r and scaling functions αk, may be obtained from the

normalizing constant of a related fixed-rate model with scaled demands σ as follows

Hθ(N) = Γ(N)Gσ(N) (16)

where the LLD correction factor is the quantity

Γ(N) =

V∑
v=0

∑
d≥0:
|d|=v

∏
(s,r)∈P (d,N)

Xσ
r (s)Eθ(d) (17)

where P (d,N) is defined in (12), V is defined in Theorem 3, Xσ
r (N) is the mean system throughput

of class r in the fixed-rate model, and Eθ(d) is given in (14).
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As discussed in the introduction, the above determines the exact correction factor for a LLD

model to be obtained from the solution of a fixed-rate one. In this result, it is unexpected to

observe a full factorization between the load-dependent and fixed-rate terms, given that the two

cannot be intuitively decomposed looking at the original normalizing constant definition (13). The

result further extends to exact expressions for the class-r system throughput as follows.

Theorem 5. The exact relationship between the mean system throughput Xr(N) of a LLD model

and the corresponding metric Xσ
r (N) in a fixed-rate model with scaled demands σ, is given by

Xr(N) =
Γ(N − 1r)

Γ(N)
Xσ

r (N) (18)

for all classes r = 1, ... , R, and in which Γ(·) is the LLD correction factor defined in (17).

Note that the complexity of (18) is asymptotically the same as the reduced convolution

expression in (13) and therefore enjoys similar properties, namely that it can be determined using

efficient methods for fixed-rate models, which can solve for performance measures in log-quadratic

time, up to higher-order logarithmic terms, as shown in [39]. This is a major computational gain

compared to the O(NR+1) time and space of existing exact methods such as MVA-LD.

4. Approximate LLD mean-value analysis

Stemming from the exact results obtained in the previous section, we now develop an heuristic

approximation for LLD mean-value analysis that is scalable on large models. We being with noting

that the constant in (14) admits the following property∑
d≥0:
|d|=v

cd1
1 · · · cdR

R · Eθ(d) = Eθc(v) (19)

where c = (c1, ... , cR) are real coefficients, θc = (
∑

r θk,rcr) is a vector of M demands, in which

θc is a matrix-vector product, and eθ(d) is a single-class LLD normalizing constant, defined as

eθ(d) =
∑
v≥0:
|v|=d

M∏
i=1

1∏vi
k=1 αi(k)

(
1− αi(vi)

αi(si)

)
θvii (20)

Formula (19) stems from general scaling properties of the normalizing constant [35] and an

application of the multinomial theorem.

The last property can now be leveraged to simplify (16) and approximate the LLD correction

factor using a single-class LLD model, instead than a multiclass one. To do so, we consider the

throughputs in front of the Eθ(d) terms in (17) and simplify their product by the interpolation1

Xσ
r (N − 1r) ≈ Xσ

r (N)
N − 1

N
(21)

1Interpolations of the throughput function, as opposed to interpolation of mean queue-lengths, are rare but have

been used before in AMVA methods, e.g., [40, p. 649].
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which yields the expression∏
(s,r)∈P (d,N)

Xσ
r (s) ≈ (Xσ

1 (N))d1 · · · (Xσ
R(N))dR

(
N − (d− 1)+

N

)
where (d− 1)+ = max(0, d− 1). Combining the last result with (19) allows us to aggregate the

multiclass normalizing constants Eθ(N)(d) into a tractable single-class LLD normalizing constant∑
d≥0:
|d|=v

∏
(s,r)∈P (d,N)

Xσ
r (s)Eθ(N)(d) ≈

(
N − (v − 1)+

N

)
eρ(N)(v)

where ρ(N) = θXσ(N) may be seen as a vector of utilizations and Xσ(N) = (Xσ
1 (N), ... , Xσ

R(N))

is the throughput vector in the fixed-rate model with scaled demands σ.

Summarizing, with the above derivations we have obtained the following result.

Approximation 1 (LLD correction heuristic). The LLD correction (16) may be approximated as

Hθ(N) ≈ γ(N)Gσ(N) (22)

where the correction factor is estimated by

γ(N) =

V∑
v=0

(
N − (v − 1)+

N

)
eρ(N)(v) (23)

where (v − 1)+ = max(0, v − 1), ρ(N) = θXσ(N) and eρ(N)(v) defined as in (20).

Expression (23) can be efficiently evaluated to obtain the normalizing constant Hθ(N). We

first evaluate eρ(N)(v) by approximating the solution of a multiclass fixed-rate model to estimate

the ρ(N) vector, which may be done by using standard AMVA methods for fixed-rate models

to determine the throughputs Xσ(N), e.g., AQL [19]. After computing ρ(N), we are ready to

determine the V single-class LLD normalizing constants eρ(N)(v) using a normalizing constant

evaluation method for single-class LD or LLD models, such as (8) or (9).

It is also useful to note that the only approximation involved in the LLD correction heuristic

is the interpolation (21). In the special case V = 1, which arises for example when the network

includes a single LLD station with si = 2, this interpolation is however not required since the

correction factors depends only on the throughputs Xσ
r (N). In this special case, (22) is exact

provided that the terms Xσ
r (N) are evaluated with an exact solver for fixed-rate models.

A similar approach as the one we have just discussed can be further applied to mean-value

analysis without explicitly computing the normalizing constant Hθ(N). The next result follows

immediately from (18) and enables this development.

Approximation 2 (RD Heuristic). The class-r system throughput of a LLD closed queueing

network may be approximated as

Xr(N) ≈ γ(N − 1r)

γ(N)
Xσ

r (N) (24)
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for all classes r = 1, ... , R, where γ(·) is defined as in (23) and Xσ
r (N) is the class-r system

throughput in a model consisting only of fixed-rate stations with scaled demands σk,r = θk,r/sk.

We call the above approximation to the exact formula (18), the reduction heuristic, or for short,

RD heuristic. This is because the result is a consequence of the reduced convolution expression

given in (14).

Besides computational savings, two key benefits of (24), are that: (i) single-class normalizing

constants used within the γ(N) and γ(N − 1r) factors are usually numerically stable to compute

using the standard LD convolution algorithm after applying an appropriate scaling to their

demands [35]; (ii) there exist many AMVA methods (e.g., AQL [19]) that can efficiently estimate

the throughputs Xσ(N) and Xσ(N − 1r) used to determine the ρ(N) and ρ(N − 1r) vectors

within the correction factors.

In terms of complexity analysis, the terms eρ(N)(v), v = 0, ... , V , can be computed exactly in

O(MV 2) time and space using convolution. The throughputs Xσ(N) can instead be computed

efficiently using AMVA methods, such as AQL [19] or the Linearizer [41], in constant time and

space with respect to the total number of jobs N in the network. Thus, as N grows large, for fixed

V , the proposed approximation in equation (24) can also be computed in constant time and space

with respect to N , and without requiring marginal probabilities.

It should be noted that, for very large V , for example in the order of thousands, it is still

possible that (23) exceeds the floating-point range. The latter may occur even when the individual

summands can be computed in a stable fashion. Several strategies can be used to deal with these

two issues. To approximate large single class normalizing constants, one may rely on a number of

existing results for single-class models, such as (7) for models with multi-server nodes and [37] for

more general LLD models, as well as the Gaussian approximations we develop in the next sections.

All these methods allow to work directly in the log-domain effectively providing numerical stability

for realistic parameterizations used in applications.

To address floating-point range exceptions due to large summation it is instead possible to

either neglect all terms except the largest one, or apply a log-sum-exp approximation [42]. For the

latter, we first rewrite the ratio appearing in (24) as follows

γ(N − 1r)

γ(N)
≈ exp(log γ(N − 1r)− log γ(N)) (25)

Then, we let log γ(N) = log
∑

v exp(log lv), where lv = log((N − (v − 1)+)/N) + log eρ(N)(v) and

apply the log-sum-exp approximation

log γ(N) ≈ lvmax
+ log

V∑
v=0

v ̸=vmax

exp(lv − lvmax
) (26)

where vmax = argmaxv lv. A similar expression is also used to compute log γ(N − 1r) in (25).
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5. Integral forms

In this section, we develop exact integral forms for LLD normalizing constants that can be used

to numerically obtain the exact correction factors we have found in the last section. While the

next developments are motivated by our need to obtain the LLD correction factors, our results

apply in general to arbitrary LLD normalizing constants. For this reason, in the next sections we

always refer to the normalizing constant with the general notation Hθ(N), rather than with the

Eθ(d) notation introduced for the LLD correction factors.

5.1. Exact integral forms

5.1.1. Norlund-Rice integral form

In order to introduce a new method to compute LLD normalizing constants, we first apply

a representation for LLD normalizing constants based on forward differences. Let the notation

∆k
n· = ∆

kp
np∆

kp−1
np−1 · · ·∆k1

n1
· indicate the composition of the differences of orders k1, ... , kp in the

discrete variables n1, ... , np. Additional notation and properties for the finite difference operator

∆N
n,0 are given in Appendix A.6. The following result now holds.

Lemma 1. In a multiclass closed queueing network with M LLD queueing stations and R classes,

the normalizing constant may be written as

Hθ(N) =
∆N

n,0hθn(N)

N1! · · ·NR!
=

∑
0≤n≤N

(−1)N−n

N1! · · ·NR!

R∏
r=1

(
Nr

nr

)
hθn(N) (27)

where n = (n1, ... , nR), n =
∑R

r=1 nr, and in which

hθz(N) =
∑
n≥0:
|n|=N

M∏
k=1

(∑R
r=1 zrθk,r

)nk∏nk

t=1 αk(t)
(28)

The proof is given in Appendix A.7. Observe now that a property of forward differences of a

discrete function f(n) is that they may be defined equivalently as a Norlund-Rice integral [20]

∆k
nf(n) =

k!

2πi

∮
f(z + n)

z(z − 1)(z − 2) · · · (z − k)
dz

where i denotes the imaginary unit and the contour of integration needs to encircle the poles

at 0, 1, ... , k. This follows using the definition ∆n = Fn − I and expanding ∆k
n by the binomial

theorem.

Let us now consider a vector of real variables t = (t1, ... , tR) and define Θ(t) = θ·(eit1 , ... , eitR)T ,

as a column vector composed of M complex-valued demands

Θk(t) =

R∑
r=1

θk,re
itr (29)

one for each station k. We then have the following result.
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Theorem 6 (Norlund-Rice Integral Form.). The multiclass LLD normalizing constant can be

computed by the following R-dimensional integral

Hθ(N) =
1

(2π)R

∫ 2π

0

· · ·
∫ 2π

0

hΘ(t−βT t)(N)dt (30)

where β = N−1N is the class mix vector and the integrand is a single-class LLD normalizing

constant with the elements of the demand vectors Θ(t− βT t) with entries specified according to

(29).

The proof is given in Appendix A.8. We refer to the integral form above as the Norlund-Rice

integral for the normalizing constant Hθ(N). Noting that (30) evaluates to a real number Hθ(N),

it is possible to equivalently rewrite the last integral form as

Hθ(N) =
1

(2π)R

∫ 2π

0

· · ·
∫ 2π

0

ℜhΘ(t−βT t)(N)dt (31)

where ℜ denotes the real part of its argument. The last expression is convenient for implementation

purposes, as it yields an integral of a real function over a real domain.

5.1.2. Simplex integral form

We now derive a second method for evaluating LLD normalizing constants based on integration

over the unit simplex. It is known that the single-class fixed-rate normalizing constant gσ(N) in

(8) may be written as [21]

gσ(N) =
(N +M − 1)!

N !

∫
TM

(σ1t1 + ...+ σMuM )Ndt (32)

where the integration domain TM = {t ≥ 0 : |t| = 1} is the unit simplex in M dimensions. We

here extend the result to the LLD case, obtaining a novel integral form for Hθ(N).

Theorem 7. The multiclass LLD normalizing constant can be computed by the following M -

dimensional integral

Hθ(N) =
1∏R

r=1 Nr!

∫
TM

∑
0≤v<s

αv∆
N−v
l0

∆v
l

R∏
r=1

( M∑
k=1

σk,r(lk + l0tk)

)Nr

dt (33)

where v = |v|, l = (l1, ... , lM ), and

αv =
(N +M − 1− v)!

(N − v)!

M∏
k=1

αk(sk)
vk∏vk

t=1 αk(t)

(
1− αk(vk)

αk(sk)

)
The proof is given in Appendix A.9. The above expression is exact and, differently from the

Norlund-Rice form, requires integration on RM , M being the number of stations. As such, the

simplex form should be preferred in models with many classes, where it is more computationally

efficient than the Norlund-Rice form. The latter is instead more efficient on models with many

stations.
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5.2. Numerical evaluation of integral forms

Numerical methods may be used to estimate the integral forms in (31) and (33). Here we focus

on two approaches: second-order approximations based on Gaussian methods and Grundmann-

Möller (GM) cubature rules [43]. We summarize the essential ideas in the main text, pointing to

appendices A.10 and A.11 for more details.

5.2.1. Gaussian approximations

Gaussian approximations to the integral form of normalizing constants have been used before

for models with fixed-rate stations [44, 21], however they are to the best of knowledge novel in the

context of LLD queueing models. The closest methods in the load-dependent case are probably

the saddle point techniques proposed in [37], which however require restrictive assumptions on the

network structure.

In this evaluation approach, we first apply a change of variables t(x) to (31) and (33) to map

the integrand over the whole Euclidean space. In doing so, we also introduce a Jacobian J(x)

that decays at exponential rate with the distance from the mode of the transformed integrand.

Subsequently, the resulting integral is approximated by a multivariate Gaussian. Afterwards, we

apply approaches such as Monte Carlo sampling or Laplace-type approximations to numerically

evaluate the integral. These approximations require the first-order and second-order derivatives

of the integrand, which are analytically obtained in appendices A.10 and A.11 for the proposed

integral forms. A high-level summary of the key insights is given below.

Norlund-Rice form. Obtaining the gradient and Hessian corresponding to (31) is quite complex,

as one needs first to undertake an analysis of normalizing constants when the service demands

are defined in the complex domain. This is required since the Norlund-Rice integral form depends

on the demand matrix Θ(t) defined in (29). The detailed expressions of these derivatives are

presented in Appendix A.10. In particular, our derivations of the gradient and Hessian for the

integrand of (31) depends on the change of variables t(x) : (−∞,∞)R → (−π, π)R chosen to map

the integral form to RR. We restrict our attention to changes of variables where the transformation

along the r-th dimension depends only on xr, i.e., t(x) = (t1(x1), ... , tR(xR)). Let us also define

the shorthand notation

f(x) = (f1(x), ... , fR(x)) = t(x)− βT t(x) (34)

where x = (x1, ... , xR) and β = N−1N is the class-mix vector. Let the Jacobian of the change of

variables be J(x) = det
(

∂t(x)
∂x

)
, then we wish to estimate

Hθ(N) =
1

(2π)R

∫
RR

hx(N)J(x)dx (35)
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where we use the shorthand notation hx(N) = hΘ(f(x))(N) = hΘ(t(x)−βT t(x))(N). Two concrete

examples of a suitable change of variables that may be used to map the Norlund-Rice integration

domain to RR are the logit and the probit transformations.

• Logit transformation. We consider a scaled logit transformation xr = log( tr
2π−tr

) which implies

tr = tr(xr) = 2πexr/(1 + exr ). This then gives a Jacobian J(x) = (2π)R
∏R

r=1
exr

(1+exr )2 .

• Probit transformation. The scaled probit transformation is xr =
√
2 erf−1(π−1tr − 1) which

implies tr(xr) = 2πΦ(xr) where Φ is the cumulative distribution function of the standard

normal distribution. This then gives a Jacobian J(x) = (2π)R
∏R

r=1 ϕ(xr) where ϕ is the

probability density function of the standard normal distribution.

It is possible to verify that, for both logit and probit transformations, the maximum of the

transformed integrand is located at x = 0. This is because, in both transformations, this choice yields

t = [π, ... , π] so that the Norlund-Rice integrand becomes ℜhΘ(0)(N) =
∑

n≥0:
|n|=N

Hθ(n) = hθ1(N),

where 1 = (1, ... , 1)T is a column vector of ones.

Knowing that the maximum is at the origin, under a Gaussian approximation centered at that

location, we may approximate the Norlund-Rice integral (31) as

Hθ(N) =
1

(2π)R

∫
RR

hx(N)J(x)dx ≈ (2π)−R/2√
det(−A(0))

hθ1(N)J(0) (36)

Here, A(0) is the Hessian matrix of the function hx(N)J(x), evaluated at the origin in the

transformed space. This expression is based on a standard closed-form for high-dimensional

Gaussian integrals used in Laplace’s approximation [45]. It should be noted that this is in general

an heuristic, since small fluctuations are possible far from the maximum that make, in general,

the integrand not perfectly Gaussian. However, this is generally not an impediment to accurate

numerical evaluation, since the exponentially decaying Jacobian rapidly dampens such fluctuations.

Simplex form. In the case of the simplex form (33), we transform the integrand using an additive

logistic transformation [46, 21]. Appendix A.11 develops derivations up to finding exact expressions

for the partial derivatives of the integrand. We then sample the transformed integrand using Monte

Carlo integration, centered at the maximum and parameterized with the Hessian of the integrand.

5.2.2. GM cubature rules.

The application of GM rules to fixed-rate normalizing constants is known [43, 21] and our result

here is only to generalize their use to LLD models via (33). For polynomial integrands, cubature

rules can also produce exact results, for large enough degree. In particular, a GM cubature rule of

degree 2S + 1, involves sampling the integrand at a fixed collection points, so that we may write

Hθ(N) =
1∏R

r=1 Nr!

S∑
i=0

wi

∑
b≥0:

|b|=S−i

∑
0≤v<s

αv∆
N−v
l0

∆v
l

R∏
r=1

( M∑
k=1

σk,r(lk + l0bik)

)Nr

(37)
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Figure 1: Percentage error of the proposed RD heuristic on tractable, exactly solvable, models.

where bik = (2bk + 1)/(2S +M − 2i) and in which we use the weights

wi = (−1)i2−2S (2S +K − 2i)2S+1

i!(2S +K − i)!

For a polynomial of order N , as in the case of the integrand of (33), the GM method returns

exact estimates if S = ⌈(N − 1)/2⌉, in O(NM+1) time and O(1) space, slightly improving over the

complexity of the RECAL algorithm for LLD models [47].

6. Numerical results

6.1. Methodology

In this section, we evaluate in separate studies the accuracy in approximating mean value

indexes and normalizing constants for the methods we have proposed in the earlier sections.

For mean value analysis, we focus on the system response time Cr(N) = Nr/Xr(N) − θ0,r,

as this is less sensitive than the system throughput Xr(N) to the think times θ0,r, and thus

challenging to approximate under large think time values. We obtain estimates of Cr(N) with the

methods shown in Table 3. For an approximation A, and a baseline method B (in our case, either

EX or SIM), the error metric used in the validation is the mean absolute percentage error (MAPE)

over the job classes: ε = R−1
∑R

r=1

∣∣1− CA
r (N)/CB

r (N)
∣∣.

Since the normalizing constant grows rapidly beyond the floating-point range, in the val-

idation we attempt to approximate logHθ(N). Estimates are obtained using the methods

shown in Table 4. For an approximation method A we evaluate the absolute percentage er-

ror ε =
∣∣1− logHA

θ (N)/logHB
θ (N)

∣∣, and set EX as the baseline B.

Additional implementation remarks for the methods listed in Table 3 and Table 4 are given in

Appendix A.12.

6.2. Random models

We have generated two large sets of random queueing network models of varying sizes, as

detailed in Table 5. In total, this resulted in over 100, 000 models. Each network consists of
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Table 3: Mean value analysis methods in Section 6

RD (24), where Xσ
r is evaluated with AQL [19]

AMVA Queue-dependent AMVA algorithm [29]

ODE Kurtz’s mean field approximation [48]

EX Exact solution [16]

SIM Discrete-event simulation

Table 4: Normalizing constant methods in Section 6.3.3

NRL (36), with t(x) defined as a logit transformation

NRP (36), with t(x) defined as a probit transformation

RDA Asymptotic approximation based on RD throughput (c.f Appendix A.12)

RDH Heuristic in (22)

EX Exact solution [13]

M multi-server stations, each with sk homogeneous servers. Note that if M = 1, the network

consists also of a think time captured by an infinite server station, so there are always at least

two stations. Stations are visited by a population of N jobs equally split across R classes, possibly

up to a small remainder that we allocate to class R. The population is constrained to feature

a job in each class at least and it is assigned one of two values associated with low and high

load (Nlo, Nhi). A value smax is assigned to each model so that either we choose at random the

number of servers sk ∈ [1,min(N, smax)] at each station, termed the heterogeneous case, or we set

s1 = ... = sM = min(N, smax) at all nodes, termed the homogeneous case. For each combination of

parameters, the demand matrix θ is varied within a fixed pool of pre-generated random matrices,

sampled from a uniform distribution. Think times are also sampled uniformly at random.

Table 5: Random models used for validation. The population levels are Nlo = R+M ·smax and Nhi = R+2M ·smax.

Tractable Large

Parameter Models Models

Demand matrix pool size (θ) 1000 100

Number of stations (M) 1,2,4 8,16,32

Number of classes (R) 2,4 8,16,32

Total population (N) Nlo, Nhi, Nlo, Nhi

Maximum LLD limit (smax) 1,2,4,8 1,2,4,8

Random sk? true, false true, false

Baseline solution EX SIM

Number of models 96000 14400
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Figure 2: Percentage error of the proposed RD heuristic on large-scale models.

6.3. Validation results

6.3.1. Mean value analysis results

Figure 1 and Figure 2 compare the MAPE metric on the system response times for the mean

value analysis approaches, namely RD, AMVA, and ODE. It is clear that RD delivers the most

accurate results of the three methods in all instances, with an average error of 1.20% on the

tractable models and 1.21% on large models. On the same instances, AMVA has respectively 3.56%

and 2.49% errors, while ODE incurs 9.29% and 11.53% errors. These differences are significant,

e.g., we show later in Section 7 how the increased precision of RD in this case results in far larger

gains compared to AMVA and fluid ODEs in approximating non-product-form models.

Errors grow with smax, slightly more in the homogeneous case than in the heterogeneous case.

The results also indicate that for large M and smax, the error of RD decreases compared to the one

showed for smaller models. Accuracy is fairly insensitive to the number of classes R and moderately

sensitive to the total population N , with higher loads being better for RD.

We now report timing results for the experiments described in Table 5. The timings are run

using a AMD Ryzen 7 2700X 8-core desktop computer with 32GB of RAM. Each measurement

captures the time to solve a model with the given number of stations, averaged over the different

random seeds as well as different values of number of classes, total population, and LLD limit

shown in Table 5. We compare AMVA, fluid ODEs, RD and also discrete-event simulation

using the Java Modelling Tools suite (SIM) [38]. The latter tool leverages transient detection

techniques to automatically terminate the simulation at steady-state. The fluid ODEs and AMVA

implementations are those available in the open source LINE tool [49].

Table 6 reports the timing results and indicates that simulation and fluid ODEs incur the

largest overhead. The larger times incurred by the fluid ODE result are explained by the cost of

the setup and numerical solution of the ODEs, we point to Appendix A.12 for implementation

details. Faster implementations may be possible in individual instances at the expense of accuracy.

Conversely, AMVA and RD display rather similar running times, which show that RD is more
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Table 6: Timing results for the experiments in Table 5

Num. of stations Time [s]

M RD AMVA ODE SIM

1 0.0024 0.0116 0.2525 1.4099

2 0.0067 0.0127 0.3344 1.6630

4 0.0157 0.0167 0.5320 2.1726

8 0.0376 0.0252 1.0406 3.1247

16 0.1116 0.0473 2.2294 5.1678

32 0.3051 0.1282 4.8575 9.5968

efficient on smaller models than AMVA, while with more stations the growth rate of AMVA and

RD appears similar. We also remark that memory consumption was negligible with for methods.

Summarizing, the proposed RD method improves over the state of the art and it is applicable

to both small and large scale models. Timing results indicate that RD tends to be faster than all

other methods in networks with few stations and matches the timing growth of the faster of the

baseline methods, namely AMVA.

6.3.2. Further mean value analysis examples

We here further illustrate the performance of the methods when the model approaches a “fluid”

large-scale regime, i.e., with thousands of jobs, many stations and many servers. We refer to

these examples as many-server models. We generate a set of 1102 random random models with

M ∈ {1, 2, 4, 8, 16, 32} stations, R ∈ {1, 2, 4}, smax ∈ {16, 32, 64, 128}. As before, the population

levels are Nlo = R+M · smax and Nhi = R+ 2M · smax, so that the large population reached in

these experiments is N = 8196 jobs. The demands are generated randomly, in a similar fashion as

for the random instances we have studied in the previous sections.

Stable numerical computation is achieved by approximating in several cases the correction factor

γ(N) using the single-class LLD asymptotics in (9), which takes time and space both independent

of N . The asymptotic formula is used in approximating models with N ≥ 64, while for small

models we use the exact convolution algorithm to compute the correction factor [50]. For increased

efficiency, the RD method is applied by approximating γ(N) and γ(N − 1r) by computing only the

last term of their defining summations, which is the largest one. The throughput for the fixed-rate

model in the RD approximation is obtained with AQL [19].

The results are given in Table 7. As expected, ODEs are highly accurate in these models as

they are close to the assumptions for which fluid approximations become exact. However, as the

model scale grows, RD becomes increasingly competitive and more accurate for the large network

sizes M = 32. Moreover, timing results indicate that RD is over 40 times faster than fluid solutions.
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Table 7: Accuracy and timing results for many-server models

Num. of stations MAPE [s]

M RD AMVA ODE

1 0.0939 2278.4 0.0079

2 0.0424 1953.7 0.0072

4 0.0257 1041.5 0.0039

8 0.0116 627.5 0.0033

16 0.0051 374.6 0.0056

32 0.0041 210.5 0.0139

Num. of stations Time [s]

M RD AMVA ODE

1 0.0038 0.0140 0.4238

2 0.0161 0.0167 0.4814

4 0.0308 0.0225 0.7203

8 0.0559 0.0332 1.3979

16 0.0863 0.0628 2.8494

32 0.2048 0.1710 6.4122

As remarked before, such differences vary with implementation details but hint at high efficiency

for the RD method. On the contrary, in these experiments AMVA faces numerical instabilities in

the soft-min approximation of the scaling functions. Similarly to what discussed in Section 2.6,

we have attempted to resolve these issues by adjusting the soft-min parameter κ, but a single

assignment of the parameter was not able to sanitize all the random models considered in the

experiments. As such, AMVA displays large errors.

6.3.3. Normalizing constant analysis results

Additional validation results for the formulas we have developed for normalizing constants are

given in Appendix A.13. We show therein that our integral forms provide the best performing

methods for LLD normalizing constant analysis. In particular, the Norlund-Rice integral form

instantiated with a logit transformation generally performs best, with an overall error in the

experiments of just 6.46% for NRL, based on the logit transformation, as opposed to 11.72% for

NRP, 0.49% for RHA, and 26.62% for RHD. We also observe that, as the number of classes R

grows, both methods based on the Norlund-Rice integral (NRL and NRP) are less accurate than

RHD, which may therefore be preferred for large R. Conversely, the NRP method, based on the

probit transformation and the RHA method are dominated in accuracy by NRL and RHD.

In addition to the results shown on random models, we also report in Appendix A.13 further

examples that demonstrate the speed of convergence and accuracy of the Norlund-Rice and simplex

approximations to the integral form. Some of these examples have already been presented in a

preliminary version of this work [22].

7. Applications

7.1. Approximations for non-product-form systems

In this section, our main aim is to show that the increased accuracy of RD with respect to

AMVA in computing mean-value indexes can translate into large accuracy gains when the RD
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method is iteratively applied to approximate challenging non-product form systems.

We consider as a prototypical example a finite repairmen model, i.e., a cyclic multiclass closed

queueing network with an infinite server node and a multi-server FCFS queue with non-exponential

service time. This model has two core features that cannot be treated exactly by product-form

analysis: multiclass FCFS scheduling and non-exponential service at a FCFS station. The FCFS

queue, being multi-server, is here seen as a LLD station, but due to its non-product-form nature it

is beyond the assumptions of the class of systems we have studied so far.

The performance of the RD approximation is illustrated on four non-product-form examples:

• Example I (Exp, 2 classes). R = 2 classes. The FCFS queue has 2 servers and exponential

service times with mean r in class r. The infinite server has mean think time θ0,r = r, ∀r.

• Example II (Exp, 8 classes). R = 8 classes. The FCFS queue has 2 servers and exponential

service times with mean r in class r. The infinite server has mean think time θ0,r = r, ∀r.

• Example III (Increasing c2). R = 8 classes. The FCFS queue has 2 servers and hyper-

exponential service times with mean r and squared coefficient of variation c2 = r in class r.

The infinite server has mean think time θ0,r = r, ∀r.

• Example IV (Decreasing c2). R = 8 classes. The FCFS queue has 2 servers and hyper-

exponential service times with mean r and squared coefficient of variation c2 = R− r in class

r. The infinite server has mean think time θ0,r = r, ∀r.

We study the total population range N ∈ {5, 10, 15, 20}, and set the class populations all equal to

Nr = ⌈N
R ⌉, ∀r. We seek in particular to quantify mean and maximum absolute percentage errors

on the mean response times

Ck,r(N) =
Qk,r(N)

Xr(N)
(38)

at the FCFS queue, for all classes r = 1, ... , R.

AMVA does not require a new approach to deal with this case as the standard FCFS-AMVA

approximation [51] applies. The RD and fluid ODE methods we have studied before in LLD mean-

value analysis are instead adapted to deal with multi-class FCFS in the following way. At start,

the FCFS station is treated as a processor-sharing queue, so that the model admits a product-form

solution and the approximations can be applied to obtain an initial solution. Afterwards, a fixed

point iteration is used to sequentially correct the service demands θk,r at the FCFS station (k = 1),

which is analyzed at each iteration again as a PS queue but with the newly formed demands. The

process is repeated until convergence of all the θk,r values within a 10−4 tolerance, after which

the response time errors are computed. The demand update at each iteration is based on a FCFS

multiclass approximation formula in [49], which is a weighted polynomial interpolation of the

approximate decay rates for the multiserver G/G/1 nodes [52, Section 7.2.2] and of the asymptotic
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Table 8: FCFS multiclass models approximation using the RD method

Exp - 2 classes Exp - 8 classes

Average error Maximum error Average error Maximum error

N RD AMVA ODE RD AMVA ODE RD AMVA ODE RD AMVA ODE

5 0.0551 0.1046 0.0915 0.1542 0.2284 0.2095 0.0522 0.3289 0.1722 0.1611 0.8841 0.6522

10 0.0370 0.1439 0.1366 0.1186 0.2992 0.2838 0.1289 0.3635 0.2101 0.2857 0.8100 0.7378

15 0.0482 0.1477 0.1527 0.1188 0.2972 0.3123 0.1279 0.3627 0.2091 0.2838 0.8098 0.7375

20 0.0509 0.1452 0.1589 0.1158 0.2894 0.3261 0.1682 0.3526 0.2171 0.3513 0.7495 0.7537

Increasing c2 - 8 classes Decreasing c2 - 8 classes

Average error Maximum error Average error Maximum error

N RD AMVA ODE RD AMVA ODE RD AMVA ODE RD AMVA ODE

5 0.0600 0.0748 0.0936 0.1240 0.2395 0.2116 0.0641 0.0836 0.0859 0.1289 0.2030 0.2051

10 0.0292 0.1252 0.1365 0.1070 0.3020 0.2945 0.0346 0.1348 0.1327 0.1207 0.2841 0.2722

15 0.0485 0.1427 0.1522 0.1200 0.3084 0.3078 0.0437 0.1402 0.1522 0.1130 0.2892 0.3173

20 0.0477 0.1395 0.1591 0.1103 0.2953 0.3299 0.0518 0.1433 0.1552 0.1225 0.2936 0.3111

decay rate of Kobayashi’s diffusion approximation [53]. While a formal proof of convergence is

neither available for this method nor for the similar methods in the literature, we have not observed

cases where the demands failed to converge after a sufficiently large number of iterations. Similar

iterative schemes as the one described above are known in the literature [52, 49]. What is novel

here is that, at each iteration, the approximate PS model with corrected demands is solved using

RD, as opposed to methods such as AMVA or fluid ODEs used in earlier works.

Results are shown in Table 8. As we can see, the increased accuracy of the RD method produces

a considerable increase in the precision of the approximation, which achieves significantly less error

than AMVA and ODE. The average is in the worst case about 16.82% for RD, whereas the error

grows to 35.2% for AMVA and 21.7% for ODE. The largest populations deliver the largest gaps,

with RD featuring at worst 35% error, against about 75% for AMVA and ODE. It is particularly

significant to observe the large gap between RD and the ODE method, which is based on the same

iteration as RD.

Overall, this study clearly highlights the advantage of resorting to the RD approximation for

such models. It should be further noted that the case we have covered here is applicable to a wide

range of software modeling applications. This is because the class of layered queueing network

models [54], which is widely used for software system performance evaluation, are often simply as a

collection of inter-related closed multiclass FCFS models similar to the one studied in this section.
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Figure 3: Sojourn time distribution analysis for a closed model of a FCFS multi-server station. McKenna’s

approximation can now be efficiently computed using the LLD correction factor we have derived in (16).

7.2. Sojourn time distribution analysis

As a further application, we consider the issue of estimating sojourn time distributions in

multiclass closed queueing networks. Such distributions are relevant to system design, for example,

where they provide a foundation for service-level agreement analysis [55].

Sojourn time distribution analyses are often performed using fluid ODE approximations [56] or

analytical product-form methods [57, 58]. We here focus on the multiclass FCFS analysis technique

given by McKenna in [58], which being exact provides a reliable evaluation technique. This method

is not used in practice since it requires tens of independent normalizing constant evaluations, one

for each point of the distribution, to produce an estimate of the distribution. Thus, it is generally

very slow, and quickly becomes infeasible as the model complexity grows in terms of classes or

stations. This situation illustrates a case where the RD approximation can enable the practical use

of normalizing-constant methods like McKenna’s.

A numerical example is given in Figure 3. The model has think times θ01 = 5 and θ02 = 5,

and a first-come first-served station with mean demands θ11 = 5 and θ12 = 3, and N1 = N2 = 2

jobs within each class. The figure plots the sojourn time distribution for class-1 jobs at the

queueing station obtained via simulation, fluid ODEs arising from the same method studied in the

previous section, and an analytical evaluation produced by means of McKenna’s method with the

formula (16). It is clear that McKenna’s method is nearly exact, and far more accurate than a

fluid ODE approximations. The latter struggles to capture the non-preemptive characteristics of

FCFS, which are instead fully accounted for in McKenna’s normalizing-constant based formula.

Overall, this provides additional evidence of the significance of the proposed LLD correction factor.
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8. State-of-the-art

Exact analytical techniques for performance metrics, such as the convolution algorithm

(CA) [50, 13], can be applied to mean performance metrics for both fixed-rate and LLD models.

In general, the complexity of CA grows combinatorially with the number of classes R, requiring

the use of approximations in large models. Moreover, working with normalizing constants implies

implementation overheads related to numerical stability, since such constants can rapidly exceed

floating-point range limits. RECAL is an alternative used also in LLD models [59, 47], but it

shares similar difficulties with CA when the number of stations M is moderate-to-large. To

overcome numerical issues, in the fixed-rate setting it is common to solve closed networks using

mean-value analysis (MVA) [16]. However, MVA does not fully resolve instabilities in the case

of LLD models [18], where an exact variant exists (MVA-LD) [14], besides being considerably

more expensive than in the fixed-rate case as its complexity remains exponential in the number of

classes [14, 15, 60]. Conditional MVA (CMVA) is exact and addresses this problem [33], but the

method is effective only in single-class models as it becomes very expensive in the multi-class LLD

setting.

Approximate MVA (AMVA) methods for LLD models were first introduced in [61, 62], but these

methods are difficult to implement and overall brittle. This is a significant difference compared

to AMVA in the fixed-rate setting where methods are robust and highly accurate, e.g., AQL [19],

Linearizer [41]. The authors in [63] and [64] address this limitation by fixed point interpolations,

for models that include multi-server nodes. However, these methods do not address the LLD case

in full generality. Recently, the Stable MVA (SMVA) presents a new scheme valid for LLD models,

restricted to a subclass of models where the scaling factors satisfy certain monotonicity assumptions

that do not always hold [65].

More recently, [29] describes an iterative scheme, called QD-AMVA, that is applicable to general

LLD models, but that is only guaranteed to converge to a unique solution under monotonicity

assumptions on the shape of the scaling functions αk. Similar conditions exist in also in the SMVA

method mentioned above. In addition, QD-AMVA requires the scaling function to be replaced by a

continuous interpolation, in particular the soft-min function for multi-server queues. Such functions

introduce small numerical perturbations, which can affect the monotonicity of the scaling function

required for convergence. As such, in general, there exist cases where QD-AMVA operates outside

the assumptions and does not convergence. For example, numerical experiments with QD-AMVA

suggest that under scaling functions such as αk(nk) = enk it converges, while it does not terminate

after 106 iterations when αk(nk) = e−nk . The RD method proposed in this paper has been shown

to have greater average accuracy than QD-AMVA. Moreover, it is guaranteed to converge if one

uses an AMVA method with convergence guarantee (e.g., [40]) to obtain the Xσ
r terms.

Bounding and asymptotic approximations also exist in the single-class LLD setting [66, 37, 67, 36].
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Extensions to closed non-product-form LLD models of techniques such as Marie’s method are also

actively studied [68]. However, similar results are not available for multiclass LLD systems.

9. Conclusion

In this paper, we have developed a range of novel computational tools for estimating in LLD

closed queueing networks both mean performance metrics and normalizing constants used in

probabilistic analysis. Noticeably, we have show that the solution of a LLD model can be exactly

obtained, thanks to a correction factor, from the solution of a model with fixed-rate stations. This

result has been leveraged to define a novel approximate mean-value analysis algorithm, called

reduction (RD) heuristic. Additional results obtained in this paper have been shown to enable the

efficient and accurate estimation of LLD normalizing constants by means of two integral forms. An

implementation of the RD heuristic and of the proposed integral forms is available in the open

source LINE solver2 [49].

Possible directions for future research include the generalization of the present results to more

general models, such as those with class-dependent scaling functions or with a mix of open and

closed job classes.
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Appendix A.

A.1. Mean LLD performance metrics

In this section, we give additional results concerning a number of LLD performance metrics,

completing the discussion in Section 2.4. In particular, we focus on mean queue-lengths and

utilizations. Using Little’s law, a formula for mean response times can be easily derived, as shown

in (38).

A.1.1. Single class metrics

Consider a closed single-class LLD queueing network with population N . The work in [33] shows

that it is possible to compute the expectation of an arbitrary function f(ni), ni being the random

variables for the number of jobs in a given station i, by studying a modified network that includes

a suitably-defined LLD station called a functional server. This server can have negative LLD rates,

but although the modified system does not admit a physical interpretation, a normalizing constant

can still be obtained with these values. This normalizing constant can then be suitably scaled to

find E[f(ni)] in the original model.

We now give the definition in [33] of the functional server when f(ni) = ni + c, for some

arbitrary constant c. This can be used to compute the mean number of jobs Qi(N) in station i in

the original network. If the original network has M queues, the functional server for station i in

the modified system is a LLD station with index M + 1, demand θM+1 = θi, and with a scaling

function αM+1 that is recursively computed from the scaling factors of station i as follows [33]

αM+1(1) =



αi(1)

1 + c
n = 1

n∏
v=1

αi(v)

n−1∏
h=1

αM+1(h)


1−

n−1∑
k=1

n∏
v=n−k+1

αi(v)−
n−1∏

v=n−k

αi(v)

k∏
h=1

αM+1(h)


−1

otherwise

where c ̸= −1 is an arbitrary constant chosen so that αM+1(n) ̸= 0, for all 1 ≤ n ≤ N . As an

example, the assignments c = 0 and c = −1/2 are often valid. In verifying the condition on c, we

take the convention that if αM+1(m) = +∞ for a population m, then the successive values are all

set to αM+1(n) = +∞, ∀n > m.

Denote by H−i
θ (N) the normalizing constant of the original network after removal of station i

and let H
(i)
θ (N) be the normalizing constant for the modified model that includes both station i

and its functional server. The results in [33] then show that

Qi(N) =
H

(i)
θ (N)

Hθ(N)
− 1 + c

(
H−i

θ (N)

Hθ(N)
− 1

)
=

U
(i)
M+1(N)

1− U
(i)
M+1(N)

− cUi(N)
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where Ui(N) is the utilization of i in the original model and U
(i)
M+1(N) is the utilization of the

functional server in the modified model. The derivation uses that the utilization of node i in the

original model is

Ui(N) = 1−
H−i

θ (N)

Hθ(N)
(A.1)

and for the functional server

U
(i)
M+1(N) = 1− Hθ(N)

H
(i)
θ (N)

(A.2)

The results derived in the present paper for LLD normalizing constants can be readily applied to

the above formulas to determine utilizations and mean queue-lengths in a LLD model.

A.1.2. Multiclass aggregate metrics

We now explain how the derivations in [33] generalize to multiclass networks. With very similar

passages as in [33] one finds that

Qi(N) =
H

(i)
θ (N)

Hθ(N)
− 1 + c

(
H−i

θ (N)

Hθ(N)
− 1

)
(A.3)

or in terms of mean values

Qi(N) =
U

(i)
M+1(N)

1− U
(i)
M+1(N)

− cUi(N) (A.4)

where U
(i)
M+1(N) and Ui(N) are now aggregate utilizations at stations M +1 and i summed across

all classes, defined as

Ui(N) = 1−
H−i

θ (N)

Hθ(N)
(A.5)

and for the functional server

U
(i)
M+1(N) = 1− Hθ(N)

H
(i)
θ (N)

(A.6)

A.1.3. Multiclass per-class metrics

Given a LLD station i with utilization Ui(N), we call load-dependent demands the quantities

θ̂i,r such that

Ui(N) =

R∑
r=1

Ui,r(N) =

R∑
r=1

θ̂i,rXr(N) (A.7)

where Xr(N) is the system throughout for class-r. In a fixed-rate system, the quantities θ̂i,r

match the mean service demands θi,r. However, in a general load-dependent they also include the

time-averaged effect of the varying service rate at which the jobs were processed, according to the

specified scaling factors αi.

Given a station i, let Ĥθ(N − 1r) be the normalizing constant of a modified model with

population N − 1r and where the scaling factors for station i are modified as follows

α̂i(n) = αi(1 + n)
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for n = 1, ... , N − 1. The scaling factors for the other stations k ̸= i are instead left identical to

the values αk(n) in the original model. Let Q̂i(N) be the mean queue-length for station i in the

modified model.

The following expressions are obtained in [69]

θ̂i,r =
θi,r
αi(1)

Ĥθ(N − 1r)

Hθ(N − 1r)
(A.8)

Qi,r(N) = Ui,r(N)(1 + Q̂i(N − 1r)) = θ̂i,rXr(N)(1 + Q̂i(N − 1r)) (A.9)

Equation (A.8) allows one to compute the load-dependent demands, and therefore the per-class

utilizations Ui,r(N) = θ̂i,rXr(N). Equation (A.9) follows by an application of Little’s law to the

corresponding mean response time formula derived in [69]. The terms appearing in the above

expressions can be efficiently computed by applying the methods developed in the present paper.

Since [69] does not report proofs for the multiclass case, we give here brief derivations of

(A.8)-(A.9). The work in [69] shows the following load-dependent generalization of the convolution

expression [13] for multiclass normalizing constants

Hθ(N) = H−i
θ (N) +

R∑
s=1

θi,s
αi(1)

Ĥθ(N − 1s) (A.10)

where H−i
θ (N) refers to a modification of the original model where station i is removed. Equa-

tion (A.8) follows immediately from (A.10), (A.5), (A.7), and the definition of per-class system

throughput Xs(N).

To obtain (A.9), we instead apply the following expression for load-dependent models in [70,

Eq. (15)]
∂Hθ(N)

∂θi,r
=

Qi,r(N)

θi,r
Hθ(N) (A.11)

to each normalizing constant in (A.10). Equation (A.9) the follows with algebraic manipulations,

after recognizing that ∂
∂θi,r

H−i
θ (N) = 0 since the model no longer includes station i.

A.2. Proof of Theorem 1

Throughout the paper, we denote generating functions in calligraphic font and note that the

generating function of the normalizing constant function hθ is

Hθ(z) =

∞∑
N=0

hθ(N)zN =
∑
n≥0

M∏
k=1

(θkz)
nk∏nk

t=1 αk(t)
=

M∏
k=1

∞∑
nk=0

(θkz)
nk∏nk

t=1 αk(t)
(A.12)

This definition generalizes to a multiclass model with R classes as follows

HR
θ (z) =

∞∑
N1=0

...

∞∑
NR=0

Hθ(N)

R∏
r=1

zNr
r (A.13)
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The generating function of the normalizing constant hθ(n) is given by equation (A.12) as Hθ(N) =∏M
j=1 Fj(z) where

Fj(z) =

∞∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)

=

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
+

∞∑
nj=sj

(θjz)
nj

(αj(sj))nj−sj
∏sj

t=1 αj(t)

=

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
+

(θjz)
sj∏sj

t=1 αj(t)

∞∑
nj=sj

(
θjz

αj(sj)

)nj−sj

=

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
+

(θjz)
sj∏sj

t=1 αj(t)

1

1− θjz/αj(sj)

=
1

1− θjz/αj(sj)

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
−

sj−1∑
nj=0

(θjz)
nj+1

αj(sj)
∏nj

t=1 αj(t)
+

(θjz)
sj∏sj

t=1 αj(t)


=

1

1− θjz/αj(sj)

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
−

sj−2∑
nj=0

(θjz)
nj+1

αj(sj)
∏nj

t=1 αj(t)


=

1

1− θjz/αj(sj)

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
−

sj−1∑
nj=1

(θjz)
nj

αj(sj)
∏nj−1

t=1 αj(t)


Noting that αj(0) = 0, we can rewrite the last expression as

Fj(z) =
1

1− θjz/αj(sj)

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)
−

sj−1∑
nj=0

αj(nj)(θjz)
nj

αj(sj)
∏nj

t=1 αj(t)


=

1

1− θjz/αj(sj)

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)

(
1− αj(nj)

αj(sj)

)

=
1

1− θjz/αj(sj)

sj−1∑
nj=0

znjϕj(nj)

Therefore Hθ(N) = G(z)
∏M

j=1 Qj(z), where

G(z) =
M∏
j=1

1

1− θjz/αj(sj)

is the generating function of the normalizing constant gσ(n) in a fixed-rate model with demands

θj/αj(sj) and

Qj(z) =

sj−1∑
nj=0

znjϕj(nj)

The derivation until now matches a known result in [37], following a derivation strategy similar to

[34]. However, the next steps obtain the final result that proves the theorem.

Let us observe that hθ(N) is the coefficient of zN in G(z)
∏M

j=1 Qj(z), which is obtained by

differentiating N times with respect to z at the origin and dividing by N !. This yields, using
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Leibnitz’ rule for multiple differentiation of a product,

hθ(N) =
1

N !

N∑
v=0

N !

(N − v)!
G(N−v)(0)

∑
0≤v<s:∑

vj=v

M∏
k=1

ϕk(vk)

But gσ(N − v) = G(N−v)(0)
(N−v)! since G(z) is the generating function of gσ(n) and so

hθ(N) =

N∑
v=0

gσ(N − v)
∑

0≤v<s:∑
vj=v

M∏
k=1

ϕj(vk)

=
∑

0≤v<s

gσ(N − v)

M∏
k=1

ϕj(vk),

defining gσ(n) = 0 for n < 0.

A.3. Generalized formula for single-class LLD normalizing constants

Theorem 1 is derived in A.2 and as mentioned gives an algebraic equivalent of a result concerning

generating functions obtained in [37, Eq. (8)]. We here further discuss the significance of the result,

followed by an example. Note first that the outer summation in (8) may be equivalently rewritten

as a sum of vectors v such that 0 ≤ |v| ≤ V , where V = min(
∑M

i=1(si − 1), N). Significantly, we

note that (8) is an explicit formula since a closed-form expression for the normalizing constant

gσ(N − v) is known from [30], which, incidentally, can be computed in O(1) time and space as the

population N grows, for fixed M . Note that the above formulas are such that delay stations and

fixed-rate nodes (si = 1) can be accounted for into the gσ(N − v) terms, there is no requirement

for them to be accounted for in Φθ(v) and the outer summation over v .

Example. We now show that the proposed closed-form solution reduces to (6), i.e., the known

result of Gordon [34], in the special case of multi-server stations with distinct scaled demands.

Note first that, under the assumption that each σi = θi/si is distinct, it follows that [71]

gσ(N − v) =

M∑
i=1

(θk/sk)
N+M−v−1∏

k ̸=i(θi/si − θk/sk)
.

In multi-server stations αk(nk) = min(nl, sk) and because the ϕk(vk) terms in Theorem 1 ap-

pear only for vk ≤ sk, it is always αk(vk) = vk. As such, we obtain the expression ϕk(vk) =

θvkk

(
1− vk

sk

)
/vk!, for vk ≤ sk, which gives precisely Gordon’s result of (6) when plugged into (8).

A.4. Proof of Theorem 2

As shown in A.2, the product-form factor for a LLD station j admits the generating function

Fj(z) =
1

1− θjz/αj(sj)

sj−1∑
nj=0

(θjz)
nj∏nj

t=1 αj(t)

(
1− αj(nj)

αj(sj)

)
(A.14)
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Let F̃j(z) = Fj(z
−1) be the corresponding z-transform, that is

F̃j(z) =
z

z − θj/αj(sj)

sj−1∑
nj=0

(θj/z)
nj∏nj

t=1 αj(t)

(
1− αj(nj)

αj(sj)

)

=
1

1− zαj(sj)/θj

−zαj(sj)/θj +

sj−1∑
nj=1

(θj/z)
nj−1∏nj

t=1 αj(t)
(αj(nj)− αj(sj))


=

1

1− z/ρj

−z/ρj +

sj−1∑
nj=1

(θj/z)
nj−1∏nj

t=1 αj(t)
(αj(nj)− αj(sj))


Following a similar argument as in [36, Thm. 4], we can show that the leading term of the

asymptotic expansion

hθ(N) ∼ CBN
B−1

is obtained by the following application of the final value theorem

CB = lim
N→∞

hθ(N)

NB
=

1

(B − 1)!
lim
z→1

(z − 1)B

zB−1

M∏
j=1

F̃j(z)

Consider first the case where the service demands θj are scaled so that ρmax = maxj ρj = 1, with

ρj = θk/αj(sj). Recall that indexes are ordered such that ρ1 = ... = ρB = ρmax. Then

CB =
1

(B − 1)!

B∏
i=1

(
1 +

si−1∑
ni=1

θni
i∏ni

t=1 αi(t)

(
1− αi(ni)

αi(si)

))
·

M∏
j=B+1

1

1− ρj

1 +

sj−1∑
nj=1

θ
nj

j∏nj

t=1 αj(t)

(
1− αi(ni)

αi(si)

)
which may be rewritten as

CB =
1

(B − 1)!

M∏
i=1

si−1∑
ni=0

ϕi(ni) ·
M∏

j=B+1

1

1− ρj

The final expression is obtained by pre-multiplying the expression by a scaling factor ρNmax to

handle the general case where ρmax ̸= 1.

A.5. Proof of Theorem 3

For vk ≥ sk, we let the terms ϕk(vk) = 0, so that Φθ(v) = 0. Then we may rewrite (8) as

hθ(N) =

V∑
v=0

gσ(N − v)
∑
v≥0:
|v|=v

Φθ(v) (A.15)

under the convention that gσ(n) = 0 if n ≤ 0. The last right-hand side term may now be rewritten

as

eθn(v) =
∑
v≥0:
|v|=v

Φθn(v) =
∑
v≥0:
|v|=v

M∏
i=1

(∑R
r=1 θi,rnr

)vi∏vi
k=1 αi(k)

(
1− αi(vi)

αi(si)

)
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The structure of this expression is identical to that of a single-class LLD normalizing constant, as

far as its dependence on n is concerned. Then, using a similar argument to that in the proof in

A.7, we find that

Eθ(d) =
∆d

k,0eθk(v)

d1! · · · dr!

Using Lemma 1 and (A.15) we now get

Hθ(N) =
1

N1! · · ·NR!
∆N

n,0

V∑
v=0

gσn(N − v)eθn(v)

The Leibnitz product rule for derivatives has an equivalent for finite differences, namely that for

two polynomials g(n) and f(n) in R variables, of orders v and N − v respectively (0 ≤ v ≤ N),

we have

∆N
n,0f(n)g(n) =

∑
0≤d≤N

(
N

d

)
∆N−d

n,0 f(n)∆d
k,0g(k) (A.16)

where
(
N
d

)
=
∏R

r=1 Nr!/(dr!(Nr − dr)!). This follows since the difference operator is linear and can

be applied term-by-term in the polynomial product. Then, using (A.19) and (A.19) the result can

be seen.

Since finite difference is a linear operator, this yields

Hθ(N) =
1

N1! · · ·NR!

V∑
v=0

∑
0≤d≤N

(
N

d

)
∆N−d

n,0 gσn(N − v)∆d
k,0eθk(v) (A.17)

Because eθk(v) is a polynomial of order v, if |d| < v then ∆d
k,0eθk(v) = 0 by (A.19). Similarly,

since gθn(N − v) is a polynomial of order N − v, if |d| > v then ∆N−d
n,0 gσn(N − v) = 0. Hence,

the inner sum can be restricted to |d| = v, so that

Hθ(N) =
1

N1! · · ·NR!

V∑
v=0

∑
d≥0
|d|=v

(
N

d

)
∆N−d

n,0 gσn(N − v)∆d
k,0eθk(v) (A.18)

Substituting for
(
N
d

)
, the result follows from Theorem 1.

A.6. Finite shifts and differences

We use the following definitions of finite shifts and differences on the kth element a(k) of a

sequence (a(0), a(1), ...) [20]:

• Analogously to the differentiation operator d
dx , the forward shift operator Fn is defined by

Fna(n) = a(n+1) for n ≥ 0. Higher-order shifts of size k ≥ 1 are defined by F k
na(n) = a(n+k).

When applied to a particular element of the sequence rather than the generic one, e.g. the

ith, we write F k
n,ia(n) ≡ F k

na(n)
∣∣
n=i

= a(i+ k). In our analysis we will usually take i = 0.
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• The forward difference operator ∆n = Fn − I, where I is the identity function, so that

∆na(n) = a(n+ 1)− a(n) and ∆n,ia(n) = a(i+ 1)− a∗. Since Fn is a linear operator, we

have

∆k
na(n) =

(
k∑

m=0

(−1)k−m

(
k

m

)
Fm
n

)
a(n) =

k∑
m=0

(−1)k−m

(
k

m

)
a(n+m)

and, in particular, ∆k
n,ia(n) =

∑k
m=0(−1)k−m

(
k
m

)
a(i+m) for i ≥ 0.

In the special case that a(n) = np, p ∈ N, it is straightforward to prove the following result.

Proposition 1. For non-negative integers k, p,

∆k
n,0n

p =

k∑
m=0

(−1)k−m

(
k

m

)
mp =

0 if p < k,

k! if p = k

(A.19)

Proof.

∆k
nn

p =

(
k∑

m=0

(−1)k−m

(
k

m

)
Fm
n

)
np =

k∑
m=0

(−1)k−m

(
k

m

)
(n+m)p

giving the required expression at n = 0. In the case that p = k = 0, ∆k
nn

p = 0 and for k = 1,

∆k
nn

0 = 0,∆k
nn

1 = 1. Now assume inductively that the result holds at p, k ≥ 0. Then, if k > p+ 1,

∆k
nn

p+1 =

k∑
m=0

(−1)k−m

(
k

m

)
mp+1 =

k∑
m=0

(−1)k−m

(
k − 1

m− 1

)
kmp

= k

k−1∑
m=0

(−1)k−1−m

(
k − 1

m

)
(m+ 1)p

= k

k−1∑
m=0

(−1)k−1−m

(
k − 1

m

) p∑
j=0

(
p

j

)
mj = 0

by the inductive hypothesis. If k = p+ 1, the last line becomes k
∑k−1

m=0(−1)k−1−m
(
k−1
m

)
mp = k!

by the inductive hypothesis since p = k − 1.

In fact this result is just k! multiplied by the Stirling number of the second kind, S(p, k) =
1
k!

∑k
m=0(−1)k−m

(
k
m

)
mp, for which it is known that S(p, k) = 0 for p < k and 1 if p = k.

This implies that for univariate discrete polynomials

∆k
n,0

(
c0 + c1n+ ...+ cnn

k
)
= cnn! (A.20)

so providing an alternative means to multiple differentiation for finding the coefficient of nk in a

polynomial of degree k in the integer variable n.

The previous results are easily generalized to multivariate polynomials g(n), where n =

(n1, ... , np) is a set of integer variables. We introduce the notation ∆k
ng(n) = ∆

kp
np∆

kp−1
np−1 · · ·∆k1

n1
g(n1, ... , np)

for the composition of the differences of orders k1, ... , kp in the discrete variables n1, ... , np. The

following result is now immediate.
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Proposition 2. Let g(n) be a polynomial of degree k = k1 + · · ·+ km in the integer variables

n = (n1, ... , nm). Denote by a0 the coefficient of nk1
1 nk2

2 ... nkm
m in g(n). Then,

∆k
n,0g(n) = a0

m∏
i=1

ki! (A.21)

The proof follows easily from (A.20) by induction on m.

A consequence of the last proposition is that for arbitrary coefficients ui ∈ R, 1 ≤ i ≤ M ,

1

n!
∆n

k,0

(
m∑
i=1

kiui

)n

=
1

n!
∆n

k,0

∑
v≥0:
v=n

n!

v1! · · · vm!

m∏
i=1

kvii uvi
i

= un1
1 un2

2 · · ·unm
m (A.22)

where v = (v1, ... , vm), v =
∑m

i=1 vi, and we have used the multinomial theorem and Proposition 2.

A.7. Proof of Lemma 1

Before giving a proof, we need to give a few preliminaries. The following result first obtained in

[37] shows that the normalizing constant, Hθ(N), of a multiclass LLD model with class-independent

scaling functions αk(nk) may be written as a weighted sum of normalizing constants of single-class

models.

Proposition 3. The generating function of the normalizing constants in an R-class model with M

nodes, HR
θ (z) is the same as the generating function in a single-class model Hθ(w) with demand

at node k set to
∑R

r=1 zrθk,r/w and the same scaling functions αk.

Proof.

HR
θ (z) =

∞∑
N1=0

...

∞∑
NR=0

Hθ(N)

R∏
r=1

zNr
r =

∑
n≥0

M∏
k=1

nk!∏nk

t=1 αk(t)

R∏
r=1

(zrθk,r)
nk,r

nk,r!

by equation (2), where n is a matrix of non-negative integers (nk,r | 1 ≤ k ≤ M, 1 ≤ r ≤ R) and

nk =
∑R

r=1 nk,r. Hence

HR
θ (z) =

M∏
k=1

∞∑
nk=0

1∏nk

t=1 αk(t)

nk∑
nk,r=0

nk!∏R
r=1 nk,r!

R∏
r=1

(zrθk,r)
nk,r

=

M∏
k=1

∞∑
nk=0

1∏nk

t=1 αk(t)

(
R∑

r=1

zrθk,r

)nk

(A.23)

by the multinomial theorem, and the result follows.

The normalizing constant Hθ(N) is, by construction, the coefficient of zN1
1 ... zNM

M in HR(z)

and we can proceed as in Theorem 1 to pursue a closed form expression. We can also obtain Hθ(N)

by finding the coefficient of zN1
1 ... zNM

M in just the term

hθz(N) =
∑
n≥0:
|n|=N

M∏
k=1

(∑R
r=1 zrθk,r

)nk∏nk

t=1 αk(t)
, (A.24)
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where z = (z1, ... , zR)
T and hθz(N) is a single-class normalizing constant with demands θz,

which are determined by a product of the multiclass demands matrix θ with column vector z. This

follows because hθz(N) contains all the terms of total degree N that occur in HR(z). Perhaps the

best known way to find this coefficient is by multiple differentiation at the origin. We show that an

alternative approach is to use forward differences defined on a real sequence.

As already noted, Hθ(N) is the coefficient of zN1
1 ... zNM

M in HR(z) and also in the finite

sum hθz(N) (equation A.24). Therefore, by Proposition 2, when z is the integer vector m,

Hθ(N) =
∆N

m,0hθm(N)

N1!···NR! , proving the first part of the theorem.

For the second part, applying the multinomial theorem to the terms
∑R

r=1 θi,rmr yields

hθm(N) =
∑
k≥0:
|k|=N

∑
v≥0:∑R

r=1 vi,r=ki

M∏
i=1

ki!

R∏
r=1

mVr
r

(
θ
vi,r
i,r

vi,r!αi(ki)

)

where v = (v1, ... ,vM ), vi = (vi,1, ... , vi,R), and Vr =
∑M

i=1 vi,r. Therefore combining the last

result with Proposition 2

∆N
m,0hθm(N)∏R

r=1 Nr

=
∑
v≥0:

Vr=Nr

M∏
i=1

vi!

R∏
r=1

(
θ
vi,r
i,r

vi,r!αi(ki)

)

where vi =
∑R

r=1 vi,r and we have noted that the constraints
∑M

i=1 ki = N are implied by∑R
r=1 vi,r = ki and Vr = Nr, ∀r. The right hand side of this last formula is simply Hθ(N) as given

by the product-form expression in equation (2).

Note that a merit of (27) is that one can evaluate the formula exactly (up to numerical precision)

without recourse to symbolic manipulation, which is necessary when using derivatives. It is also

generally more memory efficient than convolution, requiring constant storage requirements as

opposed to O(NR). However, in this paper we are mainly interested in the fact that (27) leads to

new expressions and integral representations for Hθ(N).

A.8. Proof of Theorem 6

According to (27), Hθ(N) can be computed using R independent finite difference operators.

Since the integrand is a normalizing constant, it is a multivariate polynomial in the demands.

Therefore hθz(N) is polynomially bounded and holomorphic, which allows us to apply the Norlund-

Rice integral

Hθ(N) =
1

(2πi)R

∮
hθz(N)∏R

r=1 zr(zr − 1)(zr − 2) · · · (zr −Nr)
dz (A.25)

where z = (z1, ... , zR). This expression can be evaluated numerically by ensuring that integration

contour for each variable zr encircles the poles 0, ... , Nr.

In particular, let us consider R circular contours centered at the origin with common radius

X > maxNr, which encircles all the poles of the Norlund-Rice integrand. On the contour,

42



zr = Xeitr and dz = iXeitr for 0 ≤ θ ≤ 2π and 1 ≤ r ≤ R. With these changes of variable, as

X → +∞, the integrand becomes

he(t)(N)

R∏
r=1

ieitr

ei(Nr+1)tr
= he(t)(N)

R∏
r=1

i

eiNrtr

since, referring to equation (A.24), hθz(N) is a multinomial in {zr|1 ≤ r ≤ R} of uniform degree

N . Using the transformed integrand, we then have

Hθ(N) =
1

(2π)R

∫ 2π

0

· · ·
∫ 2π

0

hΘ(t)(N)e−iN1t1 ... e−iNRtRdt (A.26)

where t = (t1, ... , tR).

If we define β = N−1N to be the class-mix vector and exploit the scaling property of the

normalizing constant [35], i.e., aNhz(N) = ha·z(N), for arbitrary scalar a, the Norlund-Rice integral

can be rewritten using (A.26) as

Hθ(N) =
1

(2π)R

∫ 2π

0

· · ·
∫ 2π

0

hΘ(t−βT t)(N)dt (A.27)

where t = (t1, ... , tR).

A.9. Proof of Theorem 7

We begin by first rewriting (8) as

hθ(N) =
∑

0≤v<s

gσ(N − v)

M∏
i=1

σvi
i (αi(vi))

vi∏vi
t=1 αi(t)

(
1− αi(vi)

αi(si)

)
(A.28)

or, more compactly, as

hθ(N) =
∑

0≤v<s

αvgσ(N − v)

M∏
i=1

σvi
i (A.29)

Using in a sequence (32) and the following result [72, 73]

tn1
1 tn2

2 · · · tnm
m =

1

n!

∑
0≤k≤n

(−1)n−k
m∏
i=1

(
ni

ki

)( m∑
i=1

kiti

)n

(A.30)

we may express the single-class LLD normalizing constant as

hσ(N) =
∑

0≤v≤s

αv

∫
TM

(
M∑
k=1

σkuk

)N−v M∏
i=1

σvi
i du

=
∑

0≤v≤s

αv

N !

∫
TM

∆N−v
t0 ∆v

t

(
t0

M∑
k=1

σkuk +

M∑
i=1

tiσi

)N

du

Combining the last result with (27), we get

Hθ(N) =
∆N

n hθn(N)

N1! · · ·NR!
=

1∏R
i=1 Nr!

∫
TK

∑
0≤v<s

av
N !

·∆N−v
t0 ∆v

t∆
N
n

( M∑
k=1

R∑
r=1

σk,rnr(t0uk + tk)

)N

du

Using (A.22) we finally obtain

Hθ(N) =
1∏R

i=1 Nr!

∫
TK

∑
0≤v<s

av ·∆N−v
t0 ∆v

t

R∏
r=1

( M∑
k=1

σk,rnr(t0uk + tk)

)Nr

du
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A.10. Gradient and Hessian for the Norlund-Rice integral form

A.10.1. Gradient formula.

Because the integrand in (35) is a complex-valued function of the real vector x, we can

differentiate it using the derivatives of its real and imaginary parts with respect to the variables in

x. We wish to study the stationary points of the integrand, thus by the product-rule we have the

complex-valued gradient

∂hx(N)J(x)

∂xr
= hx(N)

∂J(x)

∂xr
+ J(x)

∂hx(N)

∂xr
(A.31)

for r = 1, ... , R.

Before, we need to give an auxiliary result. Hθ(N) can be shown to be a Fourier coefficient by

virtue of (A.26), given in the proof of Theorem 6. This implies the following inversion formula.

Proposition 4.

hΘ(t)(N) =
∑
n≥0:
|n|=N

Hθ(n)e
i
∑R

r=1 nrtr (A.32)

Proof. Hθ(N) is a Fourier coefficient and we know that it is the coefficient of eiN1t1 ... eiNRtR in

the R-dimensional Fourier series

HR
θ (t) =

∞∑
N1=0

...

∞∑
NR=0

Hθ(N)

R∏
r=1

eiNrtr

from equation (A.23). Restricting the series to terms with N =
∑R

r=1 Nr yields

hΘ(t)(N) =
∑
n≥0:
|n|=N

Hθ(n)

R∏
r=1

einrtr

as required.

In particular, the last expression implies, by Euler’s formula for the complex exponential, that

the integrand in (31) is

ℜhΘ(t−βT t)(N) =
∑
n≥0:
|n|=N

Hθ(n) cos

(
R∑

r=1

nr

(
tr −

R∑
s=1

βstr

))
(A.33)

where βs = Ns/N .

We can now give an analytical expression for the derivatives of hx(N) after introducing some

definitions. Let h
(k)
x (N − 1) be the normalizing constant of a queueing network derived from the

model of hx(N) by moving one job into a dedicated class C. In this modified model, the new class

c consists of a single job, called a self-looping job, whose routing probabilities are modified so to

make it perpetually loop at station k placing there a demand θk,c = 1. By this definition, it is

therefore θj,c = 0, ∀j ̸= k. The modified model is therefore no-longer single-class: it is a multiclass

LLD model with modified demands and that retains the same scaling factors αk(·) as the original

model.
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Theorem 8.

∂hx(N)

∂xr
= i

∂tr(x)

∂xr

(
M∑
k=1

θk,re
ifr(x)h(k)

x (N − 1)− βrNhx(N)

)
(A.34)

Proof. From Proposition 4, using a similar argument as the one to derive (A.33), we find after

applying the change of variable t(x) to the integrand that

ℜhx(N) =
∑
n≥0:
|n|=N

Hθ(n) cos
(
f(x)Tn

)
(A.35)

ℑhx(N) =
∑
n≥0:
|n|=N

Hθ(n) sin
(
f(x)Tn

)
(A.36)

where ℜ and ℑ respectively denote real and imaginary part and f(x) is defined in (34). In this

derivation, it is useful to recall that hx(N) = hΘ(f(x))(N).

Let us now define δrs = 1 if and only if r = s, and δrs = 0 otherwise. We first show that

∂

∂xr
ℜhx(N) = −

R∑
s=1

∂fs(x)

∂xr

(
cos(fs(x))

M∑
k=1

θk,sℑh(k)
x (N−1)+sin(fs(x))

M∑
k=1

θk,sℜh(k)
x (N−1)

)
(A.37)

∂

∂xr
ℑhx(N) = −

R∑
s=1

∂fs(x)

∂xr

(
sin(fs(x))

M∑
k=1

θj,kℑh(k)
x (N−1)−cos(fs(x))

M∑
k=1

θk,sℜh(k)
x (N−1)

)
(A.38)

We only give the proof for ∂
∂xr

ℜhx(N), since the proof for ∂
∂xr

ℑhx(N) follows similar passages.

We begin by noting that

∂

∂xr
ℜhx(N) = −

R∑
s=1

∂fs(x)

∂xr

∑
n=(n1,...,nR):
n1+...+nR=N

nsHθ(n) sin
(
f(x)Tn

)
We now plug-in the RECAL recurrence relation for load-dependent models [59, 74]

nsHθ(n) =

M∑
k=1

θk,sH
(k)
θ (n− 1s) (A.39)

where H
(k)
θ (n− 1s) is the multiclass normalizing constant of model with n− 1s and a self-looping

job with unit demand perpetually looping at station k. In the case ns = 1, this term needs to be

evaluated using the termination conditions obtained in [74, Eq. (2.47)].

We get

∂ℜhx(N)

∂xr
= −

R∑
s=1

∂fs(x)

∂xr

M∑
k=1

θk,r
∑

n:ns>0

H
(k)
θ (n− 1s) sin

(
f(x)Tn

)
= −

R∑
s=1

∂fs(x)

∂xr

M∑
k=1

θk,r
∑

n:
∑

r nr=N−1

H
(k)
θ (n) sin

(
R∑

r=1

fr(x)(nr + δrs)

)
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where δrs = 1 if and only if r = s, and δrs = 0 otherwise. The last passage is standard and used in

the derivation of known formulas such as the convolution algorithm [13].

Using standard relations for trigonometric functions, we may write

sin

(
R∑

r=1

fr(x)(nr + δrs)

)
= sin

(
f(x)Tn

)
cos (fs(x)) + cos

(
f(x)Tn

)
sin (fs(x))

which concludes the proof of (A.37). As mentioned, the proof for (A.38) is similar and omitted.

Using expressions (A.37) and (A.37), it is now possible to obtain the partial derivative of the

Norlund-Rice integrand. Note that by Euler’s formula for the complex exponential

∂hx(N)

∂xr
=
∂ℜhx(N)

∂xr
+ i

∂ℑhx(N)

∂xr

=−
R∑

s=1

∂fs(x)

∂xr

(
eifs(x)

M∑
k=1

θk,sℑh(k)
x (N − 1)− ieifs(x)

M∑
k=1

θk,sℜh(k)
x (N − 1)

)

=i

R∑
s=1

∂fs(x)

∂xr

M∑
k=1

θk,se
ifs(x)h(k)

x (N − 1)

Plugging in
∂fs(x)

∂xr
=

∂ts(x)

∂xr
−

R∑
c=1

βc
∂tc(x)

∂xr

we get
∂hx(N)

∂xr
= i

R∑
s=1

∂fs(x)

∂xr

M∑
k=1

θk,se
ifs(x)h(k)

x (N − 1) (A.40)

Since we assumed that the change of variables satifies tr(x) = tr(xr), we now have

∂hx(N)

∂xr
= i

R∑
s=1

∂fs(x)

∂xr

M∑
k=1

θk,se
ifs(x)h(k)

x (N − 1)

= i

R∑
s=1

∂ts(x)

∂xr

M∑
k=1

θk,se
ifs(x)h(k)

x (N − 1)− i

R∑
s=1

R∑
c=1

βc
∂tc(x)

∂xr

M∑
k=1

θk,se
ifs(x)h(k)

x (N − 1)

= i
∂tr(xr)

∂xr

M∑
k=1

θk,re
ifs(x)h(k)

x (N − 1)− iβr
∂tr(xr)

∂xr

R∑
s=1

M∑
k=1

θk,se
ifs(x)h(k)

x (N − 1)

The result now follows with a little algebra applying to the last term the RECAL recurrence

relation (A.39) for the normalizing constant hx(N), namely

Nhx(N) =

M∑
k=1

(
R∑

s=1

θk,se
ifs(x)

)
h(k)
x (N − 1) (A.41)

where the terms within brackets are the elements of the demand vector Θ(f(x)).

The final expression for the first-order partial derivative of the Norlund-Rice integrand is then

computed by (A.31), where the expression of the Jacobian depend on the selected change of

variables, e.g., the Jacobians of the probit or logit transformations. We also remark that the above

derivation also obtains a more general expression (A.40) for the case where the components of t(x)

are multivariable functions tr(x).
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A.10.2. Hessian formula.

It is now possible to derive the expressions for the entries of the Hessian matrix

∂2hx(N)J(x)

∂xr∂xs
=

∂hx(N)

∂xs

∂J(x)

∂xr
+

∂J(x)

∂xs

∂hx(N)

∂xr
+ hx(N)

∂2J(x)

∂xr∂xs
+ J(x)

∂2hx(N)

∂xr∂xs
(A.42)

where

∂2hx(N)

∂xr∂xs
= i

∂2tr(x)

∂xr∂xs

(
M∑
k=1

θk,re
ifr(x)h(k)

x (N − 1)−Nβrhx(N)

)
+ i

∂tr(x)

∂xr

(

iδrs
∂fr(x)

∂xs

M∑
k=1

θk,re
ifr(x)h(k)

x (N − 1) +

M∑
k=1

θk,re
ifr(x)

∂h
(k)
x (N − 1)

∂xs
−Nβr

∂hx(N)

∂xs

)
(A.43)

Even though h
(k)
x (N − 1) consists of two classes, one being the self-looping customer class, it is

possible to show that (A.34) remains valid for this normalizing constant since the additional class

is independent of x. That is

∂h
(k)
x (N − 1)

∂xr
= i

∂tr(x)

∂xr

(
M∑
j=1

θj,re
ifr(x)h(k,j)

x (N − 2)− (N − 1)βrh
(k)
x (N − 1)

)
(A.44)

where h
(k,j)
x (N − 2) adds a second self-looping class at node j.

Complexity analysis. The Hessian matrix can thus be computed from the definitions, (A.34) and

(A.44) by computing the single-class normalizing constants hx(N), hk
x(N − 1), and h

(k,j)
x (N − 2)

which are in total O(R2M2). On models where the RECAL algorithm is applicable, they can all

be obtained in a single invocation of the method to obtain hx(N).

A.11. Gradient and Hessian for the simplex integral form

To evaluate the integral form (33), an additive logistic transform may be applied to induce a

change of variables

ti(x) =


exi

(
1 +

∑i
k=1 e

xk

)−1

i = 1...M − 1(
1 +

∑i
k=1 e

xk

)−1

i = M

This yields the integral in the following form

Hθ(N) =
1∏R

r=1 Nr!

∫
RM

e−k(x)dx (A.45)

where we have integrated the contribution of the Jacobian within k(x). Then, the logarithm of the

integrand is given by

−k(x) = log

( ∑
0≤v<s

αv∆
N−v
l0

∆v
l e

−dθ(x,l0,l)

)
(A.46)

and

−dθ(x, l0, l) =

R∑
r=1

Nr log

(M−1∑
k=1

σk,r(lk + l0e
xk)

)
+

M−1∑
k=1

xk − (N +M) log

(
1 +

M−1∑
k=1

exk

)
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A.11.1. Gradient formula.

It is now straightforward to derive an expression for the gradient of the log of the integrand

∂(k(x))

∂xi
= −ek(x)

∑
0≤v<s

(
αv∆

N−v
l0

∆v
l

[
− ∂

∂xi

(
dθ(x, l0, l)

)
e−dθ(x,l0,l)

])
(A.47)

Where the derivative of dθ(x, l0, l) is given by

− ∂

∂xi

(
dθ(x, l0, l)

)
= ui(x)

(
l0

R∑
r=1

[
Yr(u(x), l0, l)

(
σir −

M∑
k=1

σkruk(x)

)]
−M

)
+ 1

and

Yr(u(x), l0, l) = Nr

( M∑
k=1

σkr(lk + l0uk(x))

)−1

A.11.2. Hessian formula.

The Hessian at the stationary point is then given by the following equation

− ∂2(k(x̂))

∂xi∂xj
= ek(x̂)

∑
0≤v<s

αv∆
N−v
l0

∆v
l

[
− ∂2

∂xi∂xj

(
dθ(x̂, l0, l)

)

+

(
− ∂

∂xi
dθ(x̂, l0, l)

)(
− ∂

∂xj
dθ(x̂, l0, l)

)]
e−dθ(x̂,l0,l) (A.48)

and the Hessian of dθ(x̂, l0, l) can be written as

− ∂2

∂xi∂xj

(
dθ(x, l0, l)

)
=

(
− l20

R∑
r=1

σirσjr
Yr(u(x), l0, l)

2

Nr
− δij

(uj(x))2

)
∂up(x)

∂xj

∂uq(x)

∂xi

− ∂

∂up(x)

(
dθ(x, l0, l)

)
∂2up(x)

∂xi∂xj
(A.49)

where the Hessian of up(x) is as follows

∂up

∂xi
= δpj − upuj

∂2up

∂xi∂xj
= δpjδpiup − δpjupui − δijupuj − δpiupuj − 2(upuiuj)

where δij is the standard Kronecker delta, and we use the shorthand notation up = up(x).

A.12. Implementation remarks

Detailed implementation remarks for the methods listed in tables 3 and 4 are as follows.

• SIM is a discrete event simulation of the queueing network model, based on an explicit

simulation of the queueing nodes. Simulation is stopped after collecting 106 samples, which

returns very accurate estimates on the considered models.
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• EX provides an exact analysis solution by the MVA-LD method [14]. It should be noted

that, using the definition of LLD throughput it is Hσ(N − 1r) = Hσ(N)Xσ
r (N). With this

relation, MVA-LD can also be easily adapted to determine the exact value of the normalizing

constant in a numerically stable fashion, from the values of the computed throughputs.

• RD is implemented using AQL [19] to solve the fixed-rate model and convolution for the

correction factor.

• AMVA is based on the algorithm in [29]. In this method, the scaling function αk(nk) =

min(nk, sk) of multi-server stations needs to be approximated with a continuous interpolation.

As suggested in the original paper, we set this to be the soft-min function αk(nk) ≈ a(nk, sk) =

(nke
−κ·nk + ske

−κ·sk) · (e−κ·nk + e−κ·sk)−1, for large κ > 0. We here set κ = 20.

• ODE implements Kurtz’s mean-field approximation [48, 56] and becomes increasingly accurate

in the limit of a model with large N and M . The underpinning ordinary differential equations

(ODEs) are solved using MATLAB’s ode45 solver and available in the open source LINE

solver [49].

• NRL is the closed-form approximation (36) of the Norlund-Rice integral form, for the integrand

obtained after applying a logit transformation.

• NRP is defined similarly to NRL, but we use instead a probit transformation.

• RDH is the RD heuristic in the form shown in (22), which directly applies to the normalizing

constant. The normalizing constant Gσ is estimated using Monte Carlo sampling for fixed-rate

models using 107 samples [44], which is efficient and takes 1-2 seconds at most.

• RDA is a baseline approximation of the recurrence relation Gσ(N − 1r) = Gσ(N)Xσ
r (N)

based on the fact that for a large enough population we expect Xr(N − 1r) ≈ Xr(N) so that

we may approximately write Hθ(N) ≈
∏R

r=1 Xr(N)Nr . This baseline is used to illustrate

a basic method that one may use to approximate Hθ(N) without the techniques we have

developed.

All the above methods are implemented in MATLAB and tested on commodity hardware.

A.13. Additional validation: normalizing constant approximations

Large-scale models can only be evaluated in simulation, since exact methods are not applicable to

those instances. Thus we cannot obtain, in the group of large models, estimates for the normalizing

constant Hθ(N). Since there is no way to estimate the ground truth on those instances, we focus

in this section on the 96, 000 smaller, tractable, models with up to 4 classes and stations.
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Figure A.4: Percentage error of normalizing constant analyses on tractable, exactly solvable, models.

Since integral forms are estimated more accurately when demands are scaled in [0, 1], as this

generally renders the integrand more symmetric, we apply without loss of generality the methods

on the related system with demands

θ′i,r =
θi,r

max
k=0,...,M

θk,r

for i = 0, ... ,M . After running the method, we re-scale exactly the result to be a normalizing

constant for the original model using the exact technique proposed in [35]. For the sake of the

validation, we represent the think times using a LLD multi-server station with N homogeneous

servers.

We can see in Figure A.4 that the NRL method, based on the logistic transformation, consistently

outperforms the other methods. Overall, the average error is 6.46%, as opposed to 11.72% for NRP,

0.49% for RHA, and 26.62% for RHD. As an exception, in the heterogeneous case, as the number

of classes R grows the Norlund-Rice integral is less accurate than RHD, which may therefore be

preferred for large R. Conversely, the NRP method, based on the probit transformation and the

RHA are dominated in accuracy by NRL and RHD.

Lower performance for the RHD method is evident in models with a large smax, which is

consistent with the fact that the RD heuristic in this case is less accurate, moving from Eθ(d) to

eθ(v) generally incurs more error in this scenario, where the state space of Eθ(d) is larger. In such

models, one may either use NRL. For a large number of classes one can use directly Monte Carlo

sampling for the simplex form (33), which as shown earlier in Figure A.5 rapidly converges to an

accurate solution after relatively few samples.

A.13.1. Further normalizing constant analysis examples

The Monte Carlo integration method of the simplex integral form (33) is not included in the

study reported in the previous section. This is because this method is a computationally-demanding

iterative approximation. Thus, we illustrate it here separately.
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Table A.9: Norlund–Rice evaluation example

Integration Integral Time

Step size Value Error [s]

2π/16 26178327.051 7.5% 0.08

2π/32 25184536.348 3.4% 0.30

2π/64 24745885.054 1.6% 1.16

2π/128 24541120.421 0.8% 4.93

2π/256 24442378.359 0.4% 19.13

2π/512 24393917.391 0.2% 75.40

Hθ(N): 24346063.132 Exact

Figure A.5: Monte Carlo sampling of the simplex integral form (33): average errors in estimating Hθ(N)

We generate random instances with the following characteristics: number of classes R ∈ [1, 2];

number of stations M ∈ [2, 3]; class populations Nr ∈ [1, 5]; numbers of servers si ∈ [1, 2]; random

service demands θkr ∈ [0, 1]. For the Monte Carlo integration method described in Section 5.2, the

maximum of the integrand is first obtained by running a conjugate gradient search, implemented

using multi-precision arithmetic to avoid numerical issues associated with finite differences and

normalizing constants. The average errors in estimating Hθ(N) are shown in Figure A.5, aggregated

and distinguished by number of stations, indicating a rapid decrease in the magnitude of the errors

as the number of samples grows.

Lastly, we showcase a further validation example of the convergence properties of the Norlund-

Rice integral form. In this example, we consider two models with M = 2 multi-server stations

and R = 2 classes. The demands are set to θk,r = k · r. We consider an unbalanced scenario

(s1 = 1, s2 = 8). The integral (31) is evaluated numerically using a step size δ = π/k in which we

increase the number of integration points k. Figure A.9 illustrates the accuracy in approximating

the normalizing constant as the number of integration points increases up to k = 512. The exact

values of Hθ(N) are obtained using the LD convolution algorithm of [13]. The table refers to

the case R = 2 and show that with as little as 32 points the Norlund-Rice integral obtains an

approximation for Hθ(N) having less than 5% error, with increasing accuracy for large samples.
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