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Abstract—A large number of random environments leads
to Markov processes where average-environment (AVG) and
near-complete-decomposability (DEC) approximations suffer
unacceptably large errors. This is problematic for queueing
networks in particular, where state-space explosion hinders the
application of numerical methods. In this paper we introduce
blending, a novel fluid-based approximation for queueing
models in random environments. The technique is here first
introduced for random environments with two stages. Blending
estimates the equilibrium of the model by iteratively evaluating
transient-analysis subproblems for each of the two stages. Each
subproblem is solved by means of a very small system of
ordinary differential equations, making the approach scalable
and simple to implement. Random environments supported
by blending are either state-independent, as for models with
breakdown and repair, or state-dependent, such as for Markov-
modulated queues where the service phase changes only during
busy periods. Comparative results with AVG and DEC approx-
imations prove that blending tackles the limitations of existing
methods for evaluating queues in random environments.

I. INTRODUCTION

Random environments are useful abstractions to represent
variability in the behavior of a system. For example, a
network with server breakdowns may be seen as operat-
ing in an environment that causes failures according to a
stochastic law [1]. Similarly, the recent diffusion in server
farms of dynamic voltage-scaling technologies has spawned
interest for random environments (policies) that change over
time the frequency of a processor (service rate) and thus
its power consumption [8]. Furthermore, non-exponential
arrival processes described by Markov-modulated Poisson
processes (MMPPs) or Markovian arrival processes (MAPs)
may be seen as random environments, where the active stage
determines the current rate of arrival to the system [1].
Random environments that evolve depending on the sys-
tem state allow to easily generalize the methodology, e.g.,
to queueing networks with non-exponential MMPP/MAP
service times, state-dependent routing, variable threading
levels, and blocking.

Markov random environments generate events according
to Poisson processes, thus they are compositional with
large Markov models used in performance evaluation and
reliability analysis. Here, we focus on closed queueing
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network models, where the analysis of random environments
have received limited attention due to the difficulty of
dealing with the state-space explosion problem. Because
of this issue, queueing networks in random environments
are usually tackled either by average-environment (AVG) or
near-complete-decomposability (DEC) approximations [1],
[18]. In the AVG approximation, the system is studied
with exponential state transitions having rates equal to their
average value in the environment at equilibrium. This is
equivalent to studying a single exponential network that
enjoys a product-form solution. In the DEC approximation, a
separate model is formulated for each environment stage and
the solutions are weighted using the equilibrium distribution
of the environment stages. In general, AVG captures well
environments where events happen frequently with respect
to the representative time-scales of the system. Conversely,
DEC accurately describes random environments that evolve
rarely compared to the system dynamics. However, in inter-
mediate situations both methods tend to be loose, especially
when their estimates are significantly different. This makes
a case for developing more robust approximation techniques
for random environment analysis.

To cope with these difficulties, we introduce blending, a
simple and scalable approximation for queueing models in
random environments. Here, we focus on the case of two-
stage random environments, leaving the generalization for
future work. Similarly to decomposition methods, blending
estimates mean performance metrics by evaluating a sub-
model for each stage of the random environment. However,
rather than seeking equilibrium solutions for the sub-models,
blending studies their transient behavior using a simple fluid
limit approximation. The transient analysis is initialized with
the system state observed at the instants of occurrence of the
events, thus it is able to capture their representative time
scales, which are instead ignored by the AVG and DEC
approximations. An iterative approach is used to identify
the average system state seen upon arrival of an event.
Experimental results indicate that blending is promisingly
accurate for both state-independent and state-dependent ran-
dom environments.

The paper is organized as follows. Section II motivates



this study using examples. Fluid models and blending are
introduced in sections III and IV. Numerical results are
given in Section V. Related work is discussed in Section VI
followed by conclusions in Section VII. The final Appendix
proves a characterization result used in Section II.

II. MOTIVATING EXAMPLE

The challenges in analyzing random environments are
illustrated by a simple tandem closed network composed by
a first-come first-served queue and a delay station (infinite
server queue). We provide two examples which show the
two classes of environments studied in this paper, namely a
state-independent and a state-dependent one consisting in a
MMPP service process, where the term state refers to the
current condition of the queueing process.

A. State-independent environment

The population is composed by N = 2 jobs which receive
an exponential delay with rate \ between successive visits at
the queue. The network is immersed in a state-independent
Markov random environment that causes server breakdown
at the queue with rate S and successive repair with rate «.
The queue normally processes jobs with rate pq > 0, but
upon a breakdown it proceeds with reduced rate 0 < pg <
w1 until repaired. This simple system can be described by
a continuous-time Markov chain (CTMC) with infinitesimal
generator () (6 states) immersed in an environment with
generator I (2 stages), where
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where, as usual, each state in () represents a reachable
state of the queueing network. The states of the random
environments are 0 and 1 and are called stages in the rest of
the paper. Let the equilibrium distribution of the network be
the probability vector m = [mg, 1] such that 7QQ = 0. Here,
mo (resp., m1) represents the equilibrium distribution vector
for the states in (g (resp., J1). We derive in the appendix
the following necessary conditions for my and ;:
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This characterization is interesting as it explains the relation
between the exact solution m = [mg, 7] and the AVG and
DEC approximations, as we show next. First, note that the
coefficients 3/(a + ) and o/ (v + 3) are simply the equi-
librium probabilities of the random environment for stages 0
and 1, respectively. Thus, Q"9 = ((%B) Qo+(%+ﬁ) Q1 is
just an equivalent exponential network where we averaged
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Figure 1: Accuracy of AVG and DEC approximations.

the queue rates according to the environment equilibrium,
i.e., the AVG approximation for the model under study. In-
stead, Qo and (), are exactly the infinitesimal generators for
the subproblems studied in the DEC approximation. Observe
now that, as the aggregate event rate ¥ = « + (3 decreases,
the solution approaches that of the DEC approximation up
to scaling factors, i.e.,
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where by standard decomposition arguments ¢y = 5/(« +
B) and ¢; = a/(a + (). Conversely, if v becomes large
compared to the rates in (g and ), one finds that the AVG
solution is asymptotically exact:
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Perhaps not too surprisingly, it can be shown that for v —
+o0 the service process of the queue seen by an external
observer as the environment evolves describes a Poisson
process. This is consistent with the qualitative intuition of
the limits.

Figure 1 illustrates the behavior of the approximation
error incurred by AVG and DEC as a function of v. The
considered metric is the ratio between the length of the
queue and the total population N, for different values of
v. The experiments show that AVG and DEC are insensitive
to v for fixed ratio between o and 3, whereas this can sig-
nificantly affect the values of the queue-length. For general
networks, it is not simple to identify the switching point
between large and small values of the queue-length since this
depends on the dominating eigenvalues of the infinitesimal
generators (Qp and ()1, which are difficult to estimate.



Note also that the error becomes larger with the variability
between the rates po and pq, thus suggesting that Markov
environments describing rare events (e.g., MMPP with fat-
tailed distributions) may be the hardest to approximate by
AVG and DEC.

To summarize, AVG and DEC provide asymptotically
exact results for models in random environments where
the frequency of events is either very large or very small
compared to the state transition rates of the system. How-
ever, in intermediate cases, (1)—(2) show that the probability
distributions 7y and m; depend also on matrices QyQ1
and Q1Qy, which are not in general CTMC infinitesimal
generators.! Furthermore, these matrices do not preserve the
structure of @)y and (1, hence they do not even describe
queueing network models. In light of this, our results suggest
that there may not exist a robust way to approximate 7y and
71 based on simple linear combinations of the equilibrium
solutions for Q*$, g, and Q1.

B. MMPP service environment

To better illustrate the intuition given in this section about
the impact of the random environment on the behavior
of the queueing network, let us consider an environment
describing a MMPP service process. It has arrival rate matrix
A = diag(10,0.01) and the same infinitesimal generator £
of the previous example. However, the random environment
is state-dependent since it may change stage only during the
busy period of the queue. The job population size — which
was previously set to 2 to be able to analyze the network
exactly — is now increased to N = 70 to show another
feature of random environments, i.e., the transient effects
due to job migrations.

Figure 2 illustrates representative queue-length sample
paths for different values of the aggregate event rate. Fig-
ure 2(a) shows the case of a high event rate with aw = 0.60
and # = 0.30, where the AVG approximation is typically
accurate. This is because the random environment events
arrive too frequently with respect to the system representa-
tive time scales, hence the network is weakly sensitive to
the stage changes.

Figure 2(c) shows the opposite case with rare arrivals
of events with @« = 0.006 and 8 = 0.003. Note that
the time scale represented on the z-axis is much longer
than that in the other plots since stage transitions happen
infrequently. Upon arrival of an event, the network enters
a long transient period where jobs migrate from the queue
into the delay station during the “normal” stage 1; instead,
upon a breakdown in state 0 the jobs quickly accumulate
in the queue. DEC typically performs accurately on such

'Indeed, mg and 71 are component of the solution for the Markov
process . Thus, (1)-(2) allow only to draw considerations on whether
such components can also be seen as solutions for a queueing network
model not in a random environment.

models because the length of the transient period remains
quite short compared to the overall sojourn time in a stage.

Figure 2(b) considers o = 0.12 and S = 0.06, i.e.,
a typical condition of comparable time scales between
environmental events and service rates. Similarly to the
decomposable model in Figure 2(c), the network cyclically
enters transient periods where jobs migrate from one station
into the other. However, the length of such transients is often
comparable to the sojourn time of the random environment
in each stage. Noticeably, the queue-length value observed
at the instant of occurrence of a stage change is a random
variable that is tightly coupled with the specific duration of
each stage sojourn time.

In conclusion to this section, the analysis of a sample
MMPP environment suggests that a source of inaccuracy
in approximate analysis may come from the fact that both
AVG and DEC fail to take into account the transient behavior
of the network between stage transitions, whose effects are
more pronounced when the environment’s time scales are
comparable to the queue service rates. This motivates our
interest for the application of transient analysis methods to
the problem under study. In order to develop a computation-
ally competitive analytical method, we study the transient
behavior using fluid approximation, as discussed next.

III. THE DIFFERENTIAL MODEL

We here focus on the transient analysis of ordinary closed
queueing networks with exponential servers, leaving it to
Section IV the extension to random environments. Through-
out the paper, we consider a closed queueing network with
M stations having exponential service rate u;. Let s; be
the number of servers at station ¢, we consider only delay
stations (s; = —+oo) and first-come first-served queues
(finite s; > 1). The number of circulating jobs is N
and the topology is specified by the routing probabilities
pij, 1 < 4,5 < M, which give the probability that
upon departure from station ¢ a job joins station j. The
CTMC underlying the queueing network has state vector
n = (n1,ne,...,np), where n; gives the number of jobs
at station ¢. Let §; be a vector of zeros with a 1 in the ith
component. The CTMC transitions are

Pigjps min(ng,s;)

p D — 6+ 65, 1<i,j <M. (3

Note that the state space size grows as O(N™M), thus it is
often prohibitive to evaluate transient performance metrics
using Kolmogorov forward equations directly.

A. Deterministic Approximation

We now overview a fluid limit approximation methodol-
ogy proposed by Kurtz [10] which enables the scalable eval-
uation of transient and equilibrium behavior of a queueing
network. The methodology allows one to obtain a determin-
istic limit of the CTMC as the network size goes to infinity.
The approach considers quite general population models and
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Figure 2: Transient analysis of tandem network (delay station and queue) for decreasing aggregate event rate v. Dashed
lines indicate stage transitions in the random environment (The maximum value is for stage 1).

holds under mild assumptions. As such, it has found a wealth
of applications in a very broad range of disciplines, including
chemistry [11], ecology [16], randomized algorithms [14],
and communication networks [4].

A fluid limit is obtained by taking family of CTMCs
{Xv(t),V € N} indexed by the parameter V' that has the
interpretation of the system’s size. Let s = (s1,...,5Mm)
denote an initial vector of server multiplicities and let & be
the initial state of the CTMC. The CTMC X, (¢) (V = 1)
is the one with state-space reachable from & with server
multiplicities s. The CTMC X3(t) (V = 2) has initial state
2% and server vector 2s, and so on, i.e., Xy (t) has the
initial state V1 and server vector V's, for all V. The fluid
approximation of interest here consists in studying the limit
behavior of the normalized stochastic process Xy (t)/V
for V large. This process is still a CTMC, with rates of
order O(V). For a queueing network the transitions of the
normalized process become

n/V Vpijps min(n; /V,s; /V)

Intuitively, for sufficiently large V' a sample path of the
normalized process takes increasingly small jumps at in-
creasingly fast rates. The transition rates are in the so-called
density-dependent form V f(n/V'), where n/V is interpreted
as a density. This is a continuous approximation of the
sample path and is obtained by considering the vector field

F(z) = Z (65 —6i) f(x)

VF(n/V)
n/V———>(n—6;+6;)/V

M .
=9 > (05 — 6;)pijp min (x;, 5;)
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where the first summation is across all the transitions that
define the normalized CTMC and change the states of
queues ¢ and j, 1 < 4,5 < M. The vector field is set to

n/V—6;/V+68;/V, 1 <ij< M.

define the system of ordinary differential equations (ODEs)
da(t)/dt = F(a(t)),

where z(t) = (x1(t),z2(t),...,xa(t)), where x;(¢) is
intended to be the continuous approximation of the sample
path of the normalized queue-length process at station 4.
These ODEs, together with the initial condition z(0) = Z,
give an initial value problem whose solution is the fluid
limit of the CTMC in the sense of [10]. Informally it states
that a sample path of Xy (¢)/V, for V large, becomes
indistinguishable from x(t) at all time points in which
the differential equation is defined. In particular, in our
model the fluid limit can be shown to imply convergence
in mean [2]:

Vlim E{|Xv(t)/V —x(t)|} =0, for any t,
—00

which constitutes the motivation for us to consider the
approximation E{X (¢)} ~ Vz(t) that relates the expected
queue length to the re-scaled differential trajectory. This is
the interpretation herein used because the ODE solution will
be compared against the mean performance indices of the
queueing network.

In practice, for a given network under study with initial
. . M .
population vector 7, Y =1y = N, one would solve the
ODE system with initial condition £ = n, i.e., the first
CTMC of the family for the fluid limit is exactly the one
under study. Therefore, since we consider V' = 1 the solution
x(t) will need no re-scaling.

B. Transient Analysis of Queueing Networks

To illustrate the accuracy of the fluid limit technique for
transient analysis of queueing networks, we consider again
a simple tandem network composed by a delay server with
rate 1 and a first-come first-served queue with rate po. The
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Figure 3: Representative comparisons between the expected
values and the fluid approximation of the queue length at
station 2 in the running example, with pyo = 1.0. (a) =
(10,0),s = (00,1); (b) & = (20,0), s = (00, 2). Solid lines:
ODE solutions; dashed lines: CTMC expected values.

ODE system for this running example is

dzy(t)/dt = —pr21(t) + po min(xa(t), s2),
dxo(t)/dt = +pr21(t) — pe min(xa(t), s2).

Figure 3 shows some representative plots of the CTMC
expected values and their fluid approximations during the
transient regimes of the running example. Figure 3(a) plots
the queue-length processes at station 2 for the first CTMC
{X;(t)} of the family induced by the initial conditions
s = (400,1) and & = (10,0). Three instances are con-
sidered by varying the delay at station 1, while uo was
kept fixed at 1.0. The ODE solutions (solid lines) are solved
by standard numerical integration whereas the CTMCs were
simulated with tight convergence criteria to obtain smooth
trajectories for the expectations (dashed lines). The figure
shows a generally acceptable quality of the approximation
which here tends to increase with . The case p; = 0.2
has a maximum error of about 10% (at ¢ ~ 3.2) although
the trend is still captured well. It is interesting to note that
these conditions are quite far away from the many jobs/many
servers parameterization considered by the limit theorem,
nevertheless the fluid approximation is still usable.

This is further backed up by Figure 3(b) which considers
the CTMC {X>(t)}, i.e., a total population of 20 jobs and 2
servers in station 2. Here, the maximum error is reduced to
about 6% (at t ~ 4.0, for ;1 = 0.2), and generally behaves
very well in all the cases considered. Summarizing, the
examples illustrate that fluid limit approximations provide
an inexpensive way of evaluating the transient of a queueing
network. This feature is at the basis of the blending ap-
proximation we introduce in the next section for evaluating
queueing in random environments.

IV. BLENDING

We focus on two-stage environments with generally dis-
tributed stage durations. For ease of exposition, we describe
the algorithm for the state-independent Markov environ-
ment with two stages (0 and 1) and the same infinitesimal
generator 2 which was discussed in Section II. The state-
dependent case is presented as an extension in Section IV-C.
The generalization concerning environments with more than
two stages is discussed in Section VII.

We assume that in environment stage 0, the queueing
network has routing probabilities p?j, number of servers s?,
and service rates ;L?, 1 <14,57 < M; in stage 1 the network
has instead parameterization pgj, si, and p}; the number of
jobs N is always constant.

The influence of the Markov environment is represented at
the CTMC level by extending the state vector to (n, e) where
the random variable e € {0,1} describes the active stage.
Transitions (n,e) — (n',e) are defined as in Section III,
whereas the stage transitions in the random environment are

(n,0) % (n,1), (n,1) 2 (n,0). 4)

As observed in Section II, the activation of stage transitions
requires the network to undergo a transient period where jobs
migrate to compensate the changes in the system parameters.
For instance, under a MMPP service, the stage changes make
a server cyclically alternate between fast and slow rates, thus
creating job migrations which potentially lead to bottleneck-
switch effects, as discussed in [3]. This complicates the
analysis of the model by techniques concerned with equi-
librium probability distributions. Complications also arise
when determining the fluid limit in the sense defined in
Section III, since the stage transition rates (4) are not in
the density-dependent form V' f(n/V).

To resolve these issues, blending performs a separate fluid
analysis for each of the two stages. The inter-dependence
between the two stages, i.e., the state of the stations at
the instant in which the random environment changes, is
encoded in the initial conditions provided to each fluid
analysis. Hence, the denomination blending hints at the fact
that we attempt to combine the transient analyses so as to
capture the coupling of the two stages.

A. Stage Analysis

The transient analysis of a single stage follows by a direct
application of the technique discussed in Section III. That
is, for each stage e € {0, 1} we consider a system of ODEs

dz€(t)/dt = F(z°(t)),

where the superscript e highlights that the queue-lengths and
the vector field depend on the network parameters for stage
e, ie., pj, sf, and pf.

The main challenge of this formulation, addressed in
Section IV-B, is to determine an appropriate initial condition



x°(0) = z° for each stage such that the equilibrium solution
of the global model may be approximated as a function of
the time-averaged values of the vectors 2°(t) and x!(¢). That
is, let LY denote the time-averaged queue length of station ¢
at the instant when the sojourn in stage e elapses, and let
L; be the average queue-length at equilibrium for the global
queueing network model. For a Markov environment, L;
may be approximated using the fluid limit technique as

+oo
Li=Ywli Li=[ «nod o
e 0

for 1 <17 < M, where w, is the probability that the random
environment is in stage e at equilibrium and p.(t) is the
probability density function for the sojourn time in stage e.
For instance, in the example two-stage Markov environment
we have wy = 8/(a+ ), w1 = a/(a+B), po(t) = ae™*
and p; (t) = Be~Pt. From (5), the average queue length at
equilibrium is then

(P o a 1
Li= (Q+B)L’+(a+ﬂ>LZ'

The system throughput X;, measured at the output of an
arbitrary reference station j, is similarly approximated by

X =) wX§,

where min(z§(t),s;) is the occupancy measure for the
servers of station j. Other performance measures such
as utilizations and waiting times are approximated’ from
mean queue-lengths and throughputs using Little’s law and
basic operational analysis formulas [12, Chap. 3]. Finally,
we remark that for semi-Markov random environments,
where sojourn times in a stage might not be exponentially-
distributed, our technique generalizes easily by replacing
pe(t) with the sojourn time distribution for stage e.

B. Blending Algorithm

The choice of suitable initial conditions ¢ for the ODE
model requires a technique to determine the number of jobs
seen in the queues at the instant of a random environment
transition into stage e. In general, this is a random variable
with a distribution dependent on the sojourn time in the
previous stage, as shown in Section II.B. The blending
approximation simplifies this representation by using the es-
timated expectation of such a variable as the initial condition
#¢. In other words, 29 would be set to L}, and, conversely
we would let 2} = LY. An iterative scheme, initialized
with the initial condition of the overall network under study,
breaks this circular dependence.

The algorithm, shown in Figure 4, runs until the difference
between the estimates of two successive iterations is less

“+o00o
X¢ :/0 pj min(z5(t), s5)pe(t)dt.

2In a strict sense, transient metrics the usual Little’s law and operational
analysis formulas do not apply. However, these may be used as reasonable
first approximations.

1. k=0
2. L%(k) = LY(k) = #, >t =N;
3. repeat:

3a. k=k+1;

3b. for each state e € {0,1}:
i. Solve the ODE system:

dz(t)/dt = F°(z(t)),  a°(0) = L (k—1),
withe =1ife=0,and e =0 if e = 1.
ii. Compute, for all 1 <¢ < M,

Li(k) = /O+OO x5 (t)pe (t)dt.

iii. Compute throughput at reference station j:

+oo
X5 = [ yminage). o (0.
3c. end for;

4. until 1Ln§§[|L?(k)—L?(k—1)|+|L%(k:)—L%(k—1)| <&
5. Compute mean queue lengths and throughputs:

L; = woLY (k) +w L} (k), forall 1 <i < M,

X; = woXj (k) + w1 X] (k), forall 1 <j <M.
6. return L;, X;, 1 <i<M,1<j< M.

Figure 4: Algorithmic description of blending for generally
distributed environmental transitions between two stages.
The variable k ranges over the iterations and A(k) means the
value of the estimate for a performance index A computed
at the k-th iteration.

than a threshold ¢, set to 107° in our experiments. We have
not observed cases where this technique does not converge,
apart for rare cases where very small oscillations (< 1%)
around a fixed-point are presumably due to the numerical
tolerances of the ODE integrators. Such cases can be easily
handled by averaging the oscillating values.

We also remark that blending implicitly carries the fol-
lowing assumption on the class of models that can be
evaluated by the approach. Blending implicitly assumes that
upon arrival of an event from the environment all jobs are
affected by the stage change. This is true for queues with
first-come first-served scheduling, but it is not necessarily
representative of other disciplines such as processor sharing.
For instance, assume that a queue has a Markovian arrival
process such that requests alternate deterministically (i.e., in
a cyclic manner) between a fast rate 7 and a slow rate pg.
With our present definition, upon arrival of a stage change
while the current stage is 1, all jobs in the queues would
switch into rate pp, which introduces an approximation error
with the Markov model where only half of them could be



served with a rate pp. We have observed this error to be
significant on some models.

C. State-Dependent Environments

The generalization of the blending algorithm in Figure 4
to state-dependent environments is simple and involves a
different definition of the sojourn-time densities po(¢) and
p1(t). The main issue is that, if the environment events are
enabled only while the network is in a subset of states S,
then the rate of stage change in the environment should
be scaled by the probability Pr(S) of being in such a
subset. In general, such a probability varies with time.
However, in blending we use the time-averaged probabilities
as computed during the previous iteration. In particular,
for a Markov-modulated service process in station j, the
probability can be expressed as the server utilization, which
can be approximated in the fluid model as a product of the
average throughput and service time. Specifically, at the k-th
iteration of blending one would set:

polt) = a® = a(XO(k - 1)/u),
pr(t) = pWe= 8 B0 = p(XH(k —1)/ub),

where X7 (k—1) and X | (k—1) are the throughputs obtained
at iteration k£ — 1.

—_ak)
(k)e o t’

V. NUMERICAL RESULTS

This section assesses the quality of the blending approx-
imation on state-independent and state-dependent Markov
environments. The aim is to perform a comparative evalu-
ation of our methodology against the average-environment
and the decomposition methods.

The validation considers networks with M = 3 stations
and N jobs, where N is varied such that the CTMCs are
kept sufficiently small to allow a direct numerical solution.
Blending scales well to larger networks since the system
of ODEs grows in cardinality as O(M). However, for
validating purposes, M was kept to a small value for ease of
interpretation; it has been shown several times that this type
of analysis for queueing networks gives very useful insights
into the error behavior of analytical approximations (see [6]
for a notable example).

Due to limited space, we focus on random environments
that change the service rate of a single queue, referred to
as the switching queue. The metric of interest is the queue-
length value for such a queue. For ease of interpretation, we
consider a set of representative case studies which show the
behavior of the methods under varying network topologies
and different values for service times and job populations.
We believe this to be more representative than random
experiments which often tend to skew the results towards
models with a dominating bottleneck queue.

We consider both the state-independent and the state-
dependent cases. For the latter, we assume that the envi-
ronment stage can change only while the switching queue

It

(a) Cyclic Network

(b) Parallel Network

Figure 5: Case Studies Topologies. The switching queue is
represented with a boxed server.

is busy, as introduced in Section II. Thus, such an en-
vironment defines service times at the switching queue
that are governed by a Markov-Modulated Poisson Process
(MMPP) with infinitesimal generator E and arrival rate
matrix A = diag(p9, pd).

Another choice in our parametrization is to consider mod-
els with a limited number of servers and jobs, even though
this is sufficient to cover utilization values for the switching
queue in the range 0.30-0.90. It is worth noticing that these
may be regarded as very unfavorable worst-case conditions
for the fluid approximation, which is instead expected to
yield more accurate estimates for larger population sizes.

The following two case studies are investigated, with
topologies shown in Figure 5 where the switching queue
is represented by a boxed server.

Cyclic Network. This is a case of a tandem network
with M = 3 stations having s; = 400, ss = 1, and
s3 = 1 servers, see Figure 5(a). This topology simplifies
the redistribution of jobs across the two queues since jobs
find no obstacles in migrating to another queue. The service
rates are 1 = 0.03, 9 = 10, u3 = 0.1, uz = 1. Results are
shown in Figure 6.

Parallel Network. A parallel topology, shown in Fig-
ure 5(b), is considered using the same server rates and
multiplicities as in the cyclic network. The branch towards
the switching queue has routing probability p;2 = 0.9,
making it hard for the jobs to migrate from the switching
queue into the other exponential queue due to the high
probability of loops. Results are shown in Figure 7.

Discussion. By performing an experimental campaign on
several model parameterizations, not limited to the ones
shown in the figures, we have found the following qualitative
considerations arising from Figure 6 and Figure 7 to be
representative of the performance of blending with respect
to the AVG and DEC approximations:
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As already noted in Section II, AVG and DEC are
insensitive to the time scales of the random environment.
This is evident by comparing plots on the same rows of
Figure 6 and Figure 7, which show that the queue lengths
predicted by AVG and DEC are always the same.

Conversely, blending is highly sensitive to the
parametrization of the random environment and
yields excellent accuracy in general. As expected, the
case of a parallel network appears to be more difficult
than the cyclic network, but the overall accuracy
is affected significantly only for a single case, the
state-dependent model for « =1 and 8 = 0.1.

As expected, state-dependent environments are harder to
approximate than state-independent ones—again, this is
visible in particular in the intermediate case with o = 1
and 5 =0.1.

Relatively to AVG and DEC, blending outperforms DEC
in all the cases considered here. It improves significantly
over AVG except for the case a = 5 and = 0.5.
A reason for this is that in this case the environment
evolves very quickly with respect to the service rates.
This complicates the estimation of the queue-lengths
LY and L} observed at occurrence of stage transitions.
In fact, we observe that for such models the number

20 30
Job population
e)a=1,4=0.1

[
[
o

40 10 40

20 30
Job population
f)a=5,8=0.5

Figure 6: Case Study: Cyclic Network with gy = 0.03, 9 = 10, ul = 0.1, u3 = 1. The topmost figures are for a state-
independent Markov environment; the bottommost figures for a state-dependent one (MMPP service).

of required iterations for blending is in the range 30—
200, slightly higher than in the state-independent case.
Conversely, for « = 1 and 8 = 0.1 the range is 9—40
iterations, while for & = 0.1 and 5 = 0.01 it is just 5-11
iterations. Despite a slightly better accuracy of AVG for
a =5 and 8 = 0.5, we stress that blending turns out to
be much more robust than both AVG and DEC across all
the situations considered in this validation study. Indeed,
AVG and DEC both grossly fail to capture the network’s
behavior in a large number of cases; particularly, AVG in
decomposable networks and DEC in models with high
event rate.

In all experiments the algorithm converges without nu-
merical difficulties. A prototype MATLAB implementa-
tion has run times per iteration in the range 100-200 ms
on an ordinary personal computer, with the majority
of cases being around 130ms. Indeed, we expect an
optimized implementation in a compiled programming
language to be at least one order of magnitude faster. The
memory occupation was negligible in all experiments.

Summarizing, the above results indicate that blending is

able to capture the qualitative trend of a queueing network
in a random environment. The main result is that the method
is sensitive to the representative time scale of the random
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Figure 7: Case Study: Parallel Network with 1 = 0.03, 49 = 10,ud = 0.1,u3 = 1. The topmost figures are for a
state-independent Markov environment; the bottommost figures for a state-dependent one (MMPP service).

environment events, whereas AVG and DEC are insensitive
as they depend only on the ratio between « and (3, but not on
their absolute values. Overall, this makes blending a valuable
new approach for accurate and scalable analysis of queueing
models in random environments.

VI. RELATED WORK

Queueing models in random environments have been
investigated for several decades as a tool for modeling prob-
lems in reliability and performance evaluation [15], [13], [1].
Economou derives in [7] necessary and sufficient conditions
for a queueing network model in a random environment
to enjoy a product-form solution. The RCAT methodology
can be used to determine similar characterizations in state-
dependent environments [9]. Approximations are instead the
main analysis tool for models without product-form solution,
popular examples are the average-environment approach [1],
which reduces to product-form analysis for queueing net-
works where service is exponential in each environment
stage, and decomposition methods [5], [18].

Recent work in approximation techniques has mainly
investigated queueing networks with arrival and service
processes of Markov-modulated type [3]. In [3] it is shown
that ignoring the random environment behavior at depar-
ture instants of jobs can lead to severe underestimation of

performance indices. Our approach differs from the above
methods in focusing on the evaluation of the system state
observed at arrival instants of environment events (i.e., the
instant of phase change in a Markov-modulated service
or arrival process). This allows to apply transient analysis
techniques that are not readily applicable to the standard
model description.

To the best of our knowledge, the only method that
proposes the application of transient analysis methods for
Markov processes to describe a system in a random envi-
ronment has been recently proposed by Romano et al. [17].
Based on analytical expression for the M/M/1 queue
transient state, accurate equilibrium approximations for a
MMPP /M/1 queue are derived by numerical methods. Our
work differs from this technique in two ways. First, we
use fluid limits for scalable transient analysis in models
that suffer the steady-state explosion problem. Furthermore,
blending tackles the difficult issue of determining the equi-
librium of the system at the arrival instant of environment
events.

VII. CONCLUSION

Blending is a new technique for the analysis of queueing
models in random environments. The approach defines a



system of ordinary differential equations (ODEs) to esti-
mate the mean queue-lengths at the instants of occurrence
of random environment events. These values are used to
initialize coupled ODE systems by an iterative approach that
returns an approximate solution for the model. Comparison
with average-environment and decomposition approxima-
tions confirms that blending captures trends in performance
indexes that established techniques do not capture.

A natural extension of this work would be to consider
environments with more than two stages, where the fluid
limits would hold with minor changes. Instead, it is unclear
if the time-averaged queue-lengths L§ would be sufficient for
characterizing the transients in such models since these may
show correlations with the last stage (or sequence of stages)
visited before entering in stage e. Another generalization
of interest would involve the definition of blending for
multi-class models. This is complicated by the problem of
representing first-come first-served scheduling in a multi-
class setting within the fluid limit approach.
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APPENDIX

In order to prove (1)-(2), let us first study the evolution of the
Markov process () embedded at arrival instants of repair events.
Define 77(()” to be the exit probability distribution vector from
Qo after the ith repair event. Then for the Markovian random
environment under study

. . too oo
nél) _ nélfl) / / ae(Q1*ﬁf)biﬂe(QO*aI)ndbidm’
0 0

for ¢ > 1, where b; (resp. r;) denote the inter-arrival time of the
jth breakdown (resp. repair) in the random environment. However,

since for a sub-generator A it is [, eMtdt = (—A)71, we write

o " = apng’ Qi — A1) (Qo —al)
(2)

Observe now that a limiting vector no = lim; ;o0 7y~ surely
exists if () admits an equilibrium distribution 7, since 7y =
moa/aeor, being auor the aggregate arrival rate of repair events.
(Note that for state-independent random environments aor = «,
while in general it may depend on the probability mass of states
where random environments events are enabled.) Thus we have

o = afne(Q1 — A1)~ (Qo —al) ™,
or equivalently since 70 o 7o
mo (Bl — (Qo — ad)(Q1 — BI)) = 0.

Using a similar argument for the exit distribution 7; after a
breakdown we write

m (afl = (Q1 = BI)(Qo — al)) = 0.

The characterization (1)-(2) is then obtained with simple passages
after expanding the products and dividing both sides by « + .
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