AutoCAT: Automated Product-Form Solution of
Stochastic Models

Giuliano Casale and Peter G. Harrison

Abstract We propose algorithms to automatically generate exact pptbaimate
product-form solutions for large Markov processes thancaite solved by di-
rect numerical methods. Focusing on models that can beibdedas cooperating
Markov processes, which include queueing networks anchastic Petri nets as
special cases, it is shown that finding a global optimum foo@-convex quadratic
program is sufficient for determining a product-form sadati Such problems are
notoriously hard to solve due to the inherent difficulty cdisghing over non-convex
sets. Using a potential theory for Markov processes, cdfigakon techniques and
a class of linear constraints that follow from stochastiareleterization of product-
form solutions, we obtain a family of linear programmingapations that can be
solved efficiently. A sequence of these linear programslisesiaunder increasingly
tighter constraints to determine the exact product-foriatem of a model when
one exists. This approach is then extended to obtain appeigisolutions for non-
product-form models. Finally, our new techniques are ‘aéd with examples and
increasingly complex case studies, which show the effec@gs of the method on
both conventional and novel performance models.

1 Introduction

Performance modeling often involves the abstraction ofdr@®us components of
a system under study and their mutual interactions as a Mamaress. Although
there exist several high-level formalisms for specifyimagtizular classes of Markov
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processes, such as queueing networks or stochastic Ps{rilreestate space explo-
sion problem typically limits our ability to compute mesicelated to the long-term
behavior of the system. A notable exception is the class efiyct-form models,
in which the equilibrium probability of a state is a scaledduct of the marginal
state probabilities of the Markov processes that reprekerihdividual components
of the system. Foremost examples of models enjoying a ptedum include open
and closed queueing networks with single and multiple sergiasses [6,29], possi-
bly supporting various forms of blocking [5] and differemtigal types [17, 19, 20],
stochastic Petri nets [3], Markovian process algebras §@] stochastic automata
networks [18].

We introduce AITOCAT, an optimization-based technique that automatically
constructsexact or approximate product-forms for a very large claspefor-
mance models. We consider models that may be described agparation i.e.,
synchronization) of Markov processes over a given set ofathactions [41]. This
class of processes includes as special cases queueingkgtstochastic Petri nets,
stochastic automata and several other model types thabartdgy in performance
evaluation [27]. While certain Markov processes enjoy a benof useful prop-
erties for determining a product-form solution, such asrswility [31], quasi-
reversibility [30, 37] and local balance [38], cooperatiarkov processes addi-
tionally benefit from their compositional structure, whistconducive to recursive
analysis and the reversed compound agent theoreaT]) in particular [24,25]. As
we discuss in Section RCAT defines a set of sufficient conditions for cooperating
Markov processes to enjoy a product-form solution. To thet beéour knowledge,
RCAT is the most general formalism available to construatipict-forms by means
of simple conditions that do not require direct solutiontod foint probability dis-
tribution of the model at equilibrium. We leverage on thisukand show thaCAT
product-form conditions are equivalent to a non-lineairojzation problem with
non-convex quadratic constraints. Non-convex globalnoigtition is\“P-hard in
general [11], thus we derive efficient linear programminB) kelaxations that are
solved sequentially to find the exact product-form of a mededn one exists. Since
the length of such a sequence depends on the tightness dPtreddxations, we de-
fine a hierarchy of increasingly tighter linear programsdzhon a potential theory
for Markov processes [12], convexification techniques @& a set of linear con-
straints that we derive from tiRCAT product-form conditions.

Most importantly, this procedure is extended to dpproximateanalysis of non-
product-form Markov processes — as arise in the vast mgjofipractical systems.
Itis applied first in ‘toy’ examples, to illustrate the meth@nd then in case studies
to validate its main features and to assess its numericahtrdity and accuracy.
Among these models, it is shown that such approximationsheayseful to investi-
gate closed queueing network models with phase-typelliséd service times [8].
Recently, it has been shown in [14,15] that such models mappeoximated quite
accurately by approximate product-form solutions. We Ipgoxide an example il-
lustrating that the ATOCAT approximation may provide improved accuracy with
respect to the methods of [14, 15].
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Our method provides one of the first available, non-appboaspecific algo-
rithms for product-form analysis; moreover, at the sameetiih constructs auto-
matically workable approximations for the equilibrium pebilities of interacting
Markov processes without product-form. A preliminary doastive tool of this
type was proposed by Argent-Katwala in [2], where a symls@iger was proposed
for product-forms based on the sufficient conditionROAT. This tool constructed
product-forms for Markov processes composed from othersviach a product-
form was already known, but it was not able detectwhether a given Markov
process admits a product-form solution. Moreover, the absymbolic linear alge-
bra inevitably makes the technique applicable only to sengwbcesses. In [9, 10],
Buchholz defines the first general-purpose automatic tgaierfior identifying ex-
act and approximate product-form solutions in stochastidets. The methodology
minimizes a residual error norm using an optimization téghe based on efficient
quadratic programming. Using the stochastic automataar&t¢8AN) formalism,
Buchholz’s method uses a Kronecker representation of tbhperations to avoid
generating the joint state space. Then, an iterative tgalensearches for a local
optimum that is used to compute an approximate product-forid, 34], Marinet
al. propose INAP, a fixed-point method to estimate reversed iatRCAT product-
forms. The main benefit of the INAP algorithm is computaticeféiciency, which
enables the analysis of large models.

Summarizing, our main contributions are the following:

e We present an algorithm to automatically decide whethevergMarkov model
has a product-form solution and, if so, to compute it withgaling the under-
lying global balance equations. Specifically, in Sectiow8&,ntroduce a formu-
lation of the problem in the form of a quadratically consiead optimization and
we obtain efficient linear relaxations in Section 4.

e In Section 5, we show that this algorithm guarantees, withéboundaries of
the numerical tolerance of the optimizer, to find a prodwctd solution if it
exists.

e Next, approximation techniques stemming from our methogiphre developed
in Section 6. Such approximations can be applied to a widsdéperformance
models that are represented as cooperations of Markovgsese

Our methodology is validated on small examples and caseestuidl Section 7,
which testify to the effectiveness of the approach on peréorce models of practi-
cal interest. These include stochastic Petri nets andalgseueing networks with
phase-type distributed service times.

2 Preliminaries

We consider a collection af/ Markov processes that cooperate over a sefl of
actions. Each cooperating process might represent, fongbea a queue, a stochas-
tic automata, a Petri net or an agent in a stochastic prodgsbra. Process is



4 Giuliano Casale and Peter G. Harrison

defined on a set aV;, > 1 states, such that the joint state space of the Markov pro-
cess comprising the cooperation has upMg@.q = [[, NNk States. Process indices
arek,m =1,...,M, m # k, action indices are,b,c = 1, ..., A and (marginal)
state indices for procegsaren;, nj, = 1,. .., Ni. An actiona labels a synchroniz-
ing transition in a pairwise cooperation between two preegsandm # k, which
can only take place in both processes simultaneously. \ienfahe convention of
definingactiveandpassiveroles for each action in the pair of processes it syn-
chronizes. The set of active (respectively passive) astionprocess: is denoted
by Ay (respectivelyPy). Consider an action such thatw € A, anda € P,,, i.e.
which is active ink and passive im # k. Further, assume that when actiois en-
abled, it triggers with ratg,, state transitions, — nj andn,,, — n,, in processes
k andm respectively. We summarize this informationrate matricesA, andP,,

of ordersN;, and N,,, respectively. That is, we set the valuds [n,n}] = pa
andP,[n,,n,,] = pm, for each pair(ny,n},) and(n,,,n,,) wherea is enabled,
wherep,,, is the probability of the transition,,, — n/,, in the passive process when
actiona takes place, and1|i, j| stands for the element at roixand column; of
matrix M. Note that the rate of the passive action is unspecified |ates being
assigned according to the equilibrium behavior of the aqgtinocessi(e., process
here) [24]. Observe also that the rates of transitiops— nj lie on the diagonal
of A,. Such rates defineidden transitionsvhich do not alter the local state of the
active process but can affect the local state of the passaeepsm. Finally, we
account for local state-jumps that are not due to coopearstiohich we callocal
transitions The rates of all local transitions for procdsare stored in théVy, x Ny
matrix Ly,.

2.1 Product-Form Solutions

We assume the joint process underlying the cooperation grdmdic and the goal
of our analysis is to determine a product-form expressiothfe model’s joint state

probability function at equilibrium. Unless otherwisetstd we always refer to the
RCAT product-form defined in [22]; note that this is a supersetrofipct-forms that

can be obtained by quasi-reversibility [35]. Our goal is tmifimarginal probability

vectorsry (ny) for each cooperating proceBsuch that the equilibrium solution of
the model enjoys the product-form expression

a(nl, RN 17 ,nM) = Gilm(nl)ﬂg(ng) . 7TM(TLM) (1)

whereG is a normalising constant and(nq,...,ng,...,na) is the joint state
probability function. Under theCAT methodology, finding a product-form solution
such as (1) requires one to analyze each prokéssisolation’, i.e., to study its
transitions over the marginal state spage= {n; |0 < n, < N;}. If process
k cooperates passively on one or more actioms Py, their (passive) rates of oc-
currence in isolation are undefined. Thus, they cannot besddbr the marginal
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probabilitiesm (ny) before such rates are assigned. This is because the rate of a
passive action in procegsmay depend on the state of the cooperating progess
as we elaborate below. THeCAT theorem introduced in [24, 25] establishes that,
if we can define a generator mati,, on Sy, satisfying the conditions RC1, RC2
and RC3 stated at the end of this section, then the equitibviectorsm; satisfy-
ing w,Q, = 0, 7,1 = 1for1 < k < M, provide a product-form solution (1).
Specifically, if the three sufficient conditions REAT are met, a certain outgoing
ratexy, called areversed ratgis associated with each passive actian Py, in each
staten;, whereb is enabled. We point to [24] for a probabilistic interpréetatof x;,

as a rate in a time-reversed Markov process. RbaT conditions together with the
reversed rates then allow the genera@jysof each Markov component-process to
be defined uniquely as follows:

QL=Qi(x) =L+ > Au+ > mPp— Ag(z), (2
aEAy bePy
wherez = (z1,...,7,,...,74)7 > 0is the vector of reversed rates aid, () is

the diagonal matrix ensuring th@;, 1 = 0. From@Q,,, we can compute the product-
form solution of the cooperation based on (1). This provalesjor computational
advantage over direct solution of the joint process.

2.1.1 RCAT Sufficient Conditions

The original formulation oRCAT was expressed using the stochastic process algebra
PEPA [24, 25]. We provide here a reformulationRIfAT’s conditions using matrix
expressions that are simpler to integrate in optimizatimgmams.

e RCAT Condition 1 (RC1)Passive actions are always enabled, P,1 > 1, for
alla € P, 1 <k <M.

e RCAT Condition 2 (RC2)Fora € Ay, each state in procegshas an incoming
transition due to active actioni.e, AZ1 > 0, foralla € A;,1 < k < M.

e RCAT Condition 3 (RC3)There exists a vector of reversed rates
x=(21,...,Ta,...,24)" >0,

such that the generato€®, have equilibrium vectors, that satisfy the follow-
ing rate equationsrty A, = x,m, foralla € A;,1 < k < M. (Note that
we use the generalized expression introduced in [35] ineptcthe original
condition in [24], although the two forms are equivalent.)

If the above conditions are met, then the vectogsmmediately define a product-
form solution (1). We stress, however, that verifying RCBiisch more challenging
than RC1 and RC2 as it is necessary in practidinta reversed rate vectarthat
satisfies the rate equations.
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Fig. 1 The bilinear surface = zy is non-convex since it includes both convexy z = z2) and
concave €.9.z = z(1 — z)) functions.

3 Does a Product-Form Exist?

Let us now turn to the problem of finding an algorithm that auétically con-
structs &RCAT product-formif one exists. We assume initially that evesynponent-
process has a finite state spadé. (< oo Vk), the generalization to countably in-
finite state spaces being simple, as discussed in Appendic&rding to RC3,
to construct eRCAT product-form we need to find a solutian > 0 of the &act
non-linear gstem of equations

ENS : TEAL = T, a€ Ap,1<k<M
mQ(x) = 0, I<k<M
ml =1, 1<k<M

This defines a non-convex feasible region due to the bilipeaductsz, 7, and
xp7y, N the first two sets of constraints. Such a region is illustlan Figure 1. We
now provide the following characterization.

Proposition 1. Consider vectorse™? = (z[* 25° ... 25%%7T and U0 =
(0,250 25")T defined by the values

z = min 35 Ai, gl w0 = max 3 Al j]
whereZ" = {i | 3, A.[i, j] > 0}. Then any feasible solution &Ns satisfies the
necessary conditiom™? < z < V0.

Proof. The statement follows directly from RC3 singg = z,mp1 = wipA.l.
Thus,z, = . A,1 > i (2L:01) = 2L-0 andz, = w1 A1 < 1 (2701) = 20,
O



AutoCAT: Automated Product-Form Solution of Stochasticddis 7

Let us also note that satisfiesENS if and only if it is a global minimum for the
quadratically onstrained pgram

QCP:  fyep= min Za(s;r +s,)

wpA, — T = 8 — 8, ac€ A, 1<k<M
T Qr(z) =0 I1<kE<M
mrl=1 1<k<M

s >0,s,>0 a € A

ol < g < gU0

which hasO(A + Ngum) variables andD(AM Nmax) constraints, wheréVgym =
> Ni and Npax = maxy, Ni,. Heres! ands; are slack variables that guarantee
feasibility of all constraints in the early stages of the #imear optimization where
the solver may be unable to determine a feasible assignmaniroENS. By con-
struction, fqcp > 0. Furthermore, RC3 holds if and only ffp, = 0. Since all other
quantities are bounded, we can also find upper and lower tsoomd} ands; .

As such,QCP is a quadratically constrained program with box constsiatclass
of problems that is known to h&"P-hard [11]. The difficulty in direct solution
of ENS or QCP is clear even in ‘toy problems’, such as identifying prodfarims

in Jackson networks,e. queueing networks with exponential servers. For exam-
ple, searching for a product-form in a Jackson queueingar&twith 2 feedback
gueues one often finds that MATLABI&incon function fails to identify inENS
the search direction due to the small magnitudes of the gnésliQCP has better
numerical properties thaeNs, but it can take up to 5-10 minutes on commonly
available hardware to find the reversed rateseeded to construct the product-form
(1). ThusQcP quickly becomes intractable on models with several quelies.
shows that constructing product-form solutions by nunaieptimization methods
is, in general, a difficult problem. Moreover, it motivatesiavestigation of convex
relaxations ofeENS and QCP to derive efficient techniques for automatically con-
structing product-forms. Indeed, automatic product-famalysis is fundamental to
generating approximations for non-product-form modedsya show in Section 6.

4 Linearization Methodology

We now seek to obtain efficient linear programming (LP) rateons ofENS which
overcome the difficulties of solving the non-linear systeimectly. To obtain an
effective linearization, we first apply, in Section 4.1, atablished convexification
technique [36]. A tighter linear relaxation specificROAT is then developed in Sec-
tion 4.2 and is shown to dramatically improve the qualityld telaxation. Finally,
Section 4.3 obtains a tighter formulation based on a patktiteory for Markov
processes.
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4.1 Convex Envelopes

In order to obtain a linearization @&Ns, we first rewrite the generator matrix of
process: asQ.(x) = T + >, zp Py, whereP, is the sum of theP;, matrices
bEPy
and of the component @\ (x) that multipliesz;. Then we condense the non-linear
components oENS into variablesz. ;, = x.m; such that we replace the bilinear
termsz.my in Q) (x) by z. 1. Consequently, the only non-linear constraints left
arez., = z.m; Which we linearize to obtain a LP relaxation BRS. We first
observe that all variables involved in the bilinear produget; are bounded, as a
consequence of Proposition 1 and the fact that probabiléfe bounded. We can
thereby always write bounds’:* < z < V% andwf < m, < w{. Under these
assumptions, for att € A4, andl < k < M, 2., is always enclosed in the convex
envelope proposed by McCormick in [36], which is known to bhe tightest linear
relaxation for bounded bilinear variables. Adding the ¢ast z. ;1 = =z, this
yields a_Inear pogramming elaxation ofENS:

LPR(n) : figr =min f(x, mk, 2c,k)

7TkAa — Za,k = 0

ﬂ'kf'k + Zb Z@ki’b =0

L7n L,n

L.n L,n
Zeg 2> v, xem) —

Zek < xf’"ﬂ'k +x.my —x

Un L.n

Un
c ;

Ty
Un L,n

Lo
Zep < almp +aem " — 20w

1<k<M,ac A
1<k<M
1<k<M,ce A, UPy
1<k<M,ceA,UP,
1<k<M,ce A, UPy

Zek > Uy, —|—a:c7r,g’" — a:g"ﬂ'kU” 1<k<M,ce A, UP;
Zerl =2, 1<k<M,ce A, UPy

mrl=1 1<k<M

wﬁ’"gnkgwg’" 1<k<M

wL,’I’L S €T S mU,’I’L

for an arbitrarylinear objective functionfyy, = f(-), wheren is an integer, used
in Section 5 to parameterize a sequence of upper and lowerdirgi vectors on
x andr. The above optimization program is a LP that can be solvediyno-
mial time using interior-point methods. The number of Vvialés and constraints in
ENS grows asymptotically a®(A + Nsym) andO(AM Nmax), respectively. In the
above linearized versiorPR, the number of variables increases(dsA Ng,m) and
the number of constraints remaing&AtAM Nmax) asymptotically.

Rejecting Existence of Product-Form&/henLPR is infeasible we can conclude
that arRCAT product-form does not exist for the model under study. Totkes it
is sufficient to observe thaPR is a relaxation oENS. Thus, all solutions oENR
are feasible points afPR, but there exist points inPR which do not solveENS.
Thus, since the feasible region (¥R is larger than that ofNR, we conclude that
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if LPR is infeasible, then so IENS. This provides an interesting innovation over
existing techniques for determining product-form solagsince none is currently
able to exclude the existence of a product-form when oneatara found. (Note
that, although we can then conclude that there ig@ar product-form, we cannot
exclude the possibility that there is a nBGAT product-form, were such to exist.)

4.2 Tightening the Linear Relaxation

We now define our first method for obtaining tighter lineatimas of ENS, based

on specific properties of theCAT theorem. This is useful because McCormick’s
bounds are known to be wide in many cases [1]. Applying receissthe rate
equations in RC3 times we may writer, AT = 20+, for all a € Ay,

1 < k < M, since RC3 implies that we can exchange scaling bwith right mul-
tiplication by A,,. Summing over alb > 0, we getr, A, H, = x4(1 — x,) Ly,
whereH , = (I — A,)~! and we have assumed, without loss of generality, that the
units of measure of the rates are scaled suchahat = < 1 andp(A,) < 1,
wherep(M) denotes the spectral radius of a math€. Rearranging terms and
usingz, r = z,mk, We get the new linear constraint

7"-16440,Ha - za,k(I + AaHa) (3)

for all active actions € A, and processes, 1 < k < M. This provides an extra
set of constraints that can be added to the linear relaxafiens to refine (reduce)
the feasible region. Note that singg, is a constant matrix, (3) is a linear equation
in 7, andz, .

The advantages of the method outlined above become everappaeent when
we consider the generator constraintiR. For example, if we left-multiply by,
we get B B

2aQp = ZakTh + > ) 2o,k AaPy =0 (4)

where we use the fact that the exchange rule holds{gr too, sincexr,zy ) =
Loy = TpTRA, = 2y A, foralla € A, 1 < k < M. Equation (4) creates
a direct linear relationship between terms, andz, ; for active and passive ac-
tions that cannot be inferred directly frarRR since it is based on exact knowledge
of the bilinear relatiore;, ;, = z,m;. As we show in an illustrative example at the
end of this subsection, the additional constraints (3)g¢éatly improve the LP ap-
proximation ofENS. Furthermore, following a similar argument, we can gereeaat
hierarchy of linear constraints fer= 0,1, . ..

za,,kAZTk: +> zb,kAZHle =0 (5)
together with the condition obtained by summing owver 0:

za,k:Ha,Tk + Zb zb,kAaHa,-ﬁb =0. (6)
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In summary, we have refined the linearization into the hamarof tight linear
programming_elaxationsTLPR(n, V') which extends.PR by including the con-
straints (5) fow = 1,...,V and (6).

We remark that, even though the above formulation is mucterdetailed than
LPR, it inevitably requires an increased number of constraimktsch now grows as
O(V AM Nmax), while the complexity in terms of number of variables is theng
asLPR. Thus, increased accuracy is obtained at a cost of addittmmaputational
complexity.

4.3 Potential-Theory Constraints

Potential theory is often applied in sensitivity and transianalyses of Markov pro-
cesses and in Markov decision process theory [12]. We usedigtive tighter lin-
earizations oENS; to the best of our knowledge, this is the first time that ptités
are applied to product-form theory.

Consider a process with generator ma#x (x) and equilibrium probability
vectorm,(x), and define the vectof (ny) = (f1,..., fi,..., fn,,)T wheref; =
1if ¢ = ng and f; = 0 otherwise. The linear metrig,(x) = w(x)f(ny) =
7 (ng) is then the marginal probability of statg in processk, givenx. Potential
theory provides compact formulas for studying the changehke values of linear
functions such asy. () under arbitrarily large perturbations of the generatorinat
Q. (xz). Letxy > 0 be an arbitrary reference point far such thatQ,,(zo) is a
valid generator matrix with equilibrium vectat? andny, (xo) = 72 (ny). Thenitis
straightforward to show that the difference betwegfi) andn (xo) is (as in [12]):

(@) — ne(@o) = 71 (2)(Qr () — Q. (20))g(20, 121) (7)

whereg(z, n;) = (—Q,(x) + 1m(x)) "L f(nk) is the so-calledero-potentiabf
the functionny(x). (Notice thatry(z) = mk(x)(—Qy(x) + 1wk (x)).) For the
system under study, we can use (2) to rewrite (7) as

me(nk) — () = 32, (zpk(w) — 2)mr(x) Pog (o, ng)

By defining thepotential matrixG(xo) = [g(xo,n1) g(xo,n2) ... g(xo, Ni)]
we obtain a new set of linear constraints

o — 7y = > (zo k() — 2)mi(z)) PyG (o) (8)

This provides a further tightening of the linear relaxatfiENS.

Note that zero-potentials can be memory consuming to etehecause the ma-
trix inverse(—Q,.(x) + 17 (x))~! does not preserve the sparsity@f . Further-
more, the rank-1 updater;, cannot be performed efficiently sin€g, is a singular
matrix and updating techniques such as the Sherman-Maorfismula do not ap-
ply [39]. We address this computational issue by the algorishown in Figure 2,
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which modifies the classical Jacobi iteration [40] to takeaadage of the rank-
structure of the term 7. That is, at each iteration, we isolate a vedidirom the
residual matrix in such a way that the matiix;, is never explicitly computed.
Thus, only vectors of the same ordermof are stored in memory and al€p,, re-
mains in sparse form. In this way, each potential can alwaymputed efficiently
with respect to storage requirements and in the worst casadyanptotic computa-
tional costO(JN?), J being the number of Jacobi iterations. The potential matrix
G is therefore computed i0(JN}) steps and, for the fixed reference point,
needs to be evaluated only once, requiring a computationtivat is usually small
compared to the time required to solve the linear optimiwgirograms. Moreover,
even for the largest models, it is always possible to comsidiestraints arising from

a subset of the columns 6, again posing a trade-off between computational costs
and accuracy. Finally, using the exchange rule discuss&#ation 4.2, we again

Input: Q(xo), 7(xo), f(nk), €tor; Output: g(xo, nr)
k=0, =m(zo), R = diag(—Q(z0) + 17 (o)) + Q(x0)
do k=k+1
g*) = (diag(—Q(w0) + 17 (x0))) " (RgF =1 — 1mp(20)g* 1)) + f(nk))
while ||g®) (z0, ni) — g5~V (20, 1) |l2 > €rotllg™®) (2o, 121 || 2
return g (aq, ny)

Fig. 2 Memory-efficient computation of potentialiag (M) defines a diagonal matrix from the
diagonal of M.

get the hierarchy of constraints
T AL —aomy = 2, (2o k() Ay — 2y () AL) PyG (o) )
and the asymptotic condition after simple algebra becomes

ﬂ'kA;Ha — aj(,,ﬂ'g = Zb(Z(,7k(.’13) — xgﬂ'k (.’L‘))A;H(LP},G(.’IJQ) (10)
where A/, 2 A, - Ai. Summarizing, we can add (8), (9), and (10)L&R to
generate tighter relaxations. We denote the resultemg-ptential elaxation as
ZPR(n, V). Note thazPR(n, V') has the same asymptotic complexityraPR(n, V).

5 Exact Product-Form Construction

We now consider a technique for finding the solutiorENE that solves a sequence
of the linear relaxations defined in the previous secti@/PR(n), TLPR(n), or
ZPR(n). Since the approach is identical for all relaxations, watlime discussion
to LPR(n).

The iterative algorithm defines a sequence of progressiigiyer boundse™™
and 2" on the reversed rates, such that for sufficiently large, LPR(n) de-
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termines a feasible solutian of ENS if one exists. Initial conditions areZ® =
L, V0 £ 2V wherez” andzV are the bounds defined in Proposition 1. We
have the following result.

Proposition 2. For eachn = 1,2, .. ., consider a sequence 2 linear relaxations
of ENS, the firstA with objective functiory,);* = max z. and the remaining! with
objective functiory,,;” = min z., for action¢, 1 < ¢ < A and boundse™", %",
as above.

o If fir = al™ or gin® = x> then thec™ component of the linear relaxation
solutionz satisfies the bilinear constrairt. ,, = x.m;, that is necessary for a
solution ofENS.

e Otherwise,fy,;” < =" and the bounds at iteration + 1 may be refined to

xg,n+1 dZEfflglr,c7 x([;,n+1 def IT;;F
for all actionse, 1 < ¢ < A, which define a feasible region faPR(n + 1) that
is strictly tighter than folLPR(n).

Proof. Consider the casg, = rlm| so thatLPR(n) makes the assignment =
xL-m, Then the first two McCormick constraints become
Zek > xcL,nﬂ_k + xcL,nﬂ_éyn o xchﬂ_é,n

Ln_Un Ln_Un
c 7Tk — T, ﬂ-k)

Zei < xf"wk +x
which readily imply the bilinear relation. , = xch"wk = x.mp. A similar proof
holds for fi, =«

Otherwise, if fiz. > %", then the feasible region &fR(n + 1) does not in-
clude any point outsidePR(n) and excludes points, = xL-". Hence it is strictly
tighter than the feasible region faPR(n). O

The above result guarantees that, if the sequence of liekations yields feasible
solutions, then the bounding box foPR(n) defined by

[xfmvxll]ml] X [xQLmla x;]m] XX [Iin?x%n]
can only decrease its volume or keep it constant &ascreases. The volume must
therefore converge asincreases, and for sufficiently large 27" ~ z¥"+! and
xln ~ gL+l in each dimensior. However, this implies that the outcome of
iterationn + 1 needs to b@”lgfl’c = zU™ andg"T"¢ = U, which givesz, =
x.7) by the first case of Proposition 2. Thus, for sufficiently &rg the border
of the bounding box intersects points which are feasibleEfes, at least along
one dimensionr. This yields several possible outcomes for the sequendeesr
relaxations:

e The constraints in the linear relaxations are infeasibkeoBserved earlier, this
allows us to conclude that no feasilte AT product-form exists for the model
under study.
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e One or more solutions of the2A linear relaxations are also feasible solutions
of ENS. This allows us to construct directly a product-form salatby (1).

e No solutionz of the2 A linear relaxations is feasible f@Ns for all dimensions
c=1,...,A. We have never encountered such a case in product-forntidetec
for stochastic models; however, it can be resolved by a arahdranch-and-
bound method and re-applying the iteration on each partitibthe feasible
region.

Summarizing, a sequence of linear relaxations is suffidiendentify a product-
form solution if one exists. No guarantee on the maximum nema linear pro-
grams to be solved can be given since the problem7#s-hard in general, however
we show in Section 7 that this is typically small. In Sectigm@ further illustrate
how this sequence of linear programs can be modified to iyeati approximate
product-form for a cooperation of Markov processes.

5.1 Practical | mplementation

Pure Cooperationslf = 0 is a valid solution oENS, we call the model g@ure
cooperationThis is because = 0 implies thatr;, = 0, which in turn requires all
entries ofLj, to be zero for all processes. Hence, the model’s rates agly shbse
of cooperations. Pure cooperations represent a very ldage of models of prac-
tical interest, e.g. closed queueing networks with exptakor hyper-exponential
service, but their product-form analysis is harder due ®dkistence of infinite
solutionsz.

Suppose a model is a pure cooperation and consider a grapkdieff thel/ x
M incidence matrixG' such thatG[:, j] = 1 if and only if processg is passive in
a cooperation with the active proces$) otherwise. Then if- = rankG) < M
the model has\/ — r degrees of freedom in assigning the values ofihesctor.
Thus, for these models, there exists a continuous solutioface iNENS, rather
than a single feasible solution. As we show in Section 7.8, dteates difficulties
for existing product-form analysis techniques. However,shiow that our method
finds the correct solutiom > 0 under the condition that only objective functions
of the typemax2¥ are used in the linear relaxations. This is because thelsearc
algorithm would otherwise converge, due to a lack of a stilomger bound, to the
unreliable solutiorz = 0.

Numerical propertiesAs the area of the bounding boxes decreases, the linear
relaxations can be increasingly challenging to solve, duthé presence of many
hundreds of constraints on a small area and to the numecalal sf the equilibrium
probabilities, which can become very small whEp is several tens or hundreds of
states. In such conditions, and without a careful spedificatf the linear programs,
the solver may erroneously return that the program is intiéssvhereas a feasible
solution does exist. However, a number of strategies caveptesuch problems.
First, it is often beneficial to reformulate equality coastis as ‘soft’ constraints,
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e.g., forasmal;,; > 0
Q=0 = —€o1Tk < Q) < €Ty

which differentiates tolerances depending on the valueaoheéndividual term in
7. Another useful strategy consists of tuning the numerigl@rances of the LP
solver. For instance, in IBM ILOG CPLEX’s primal and dual gilex algorithms,
this may be achieved by setting the Markowitz numericalreoiee to a large value
such a%).5. In addition, if the relaxation used PR or ZPR, it is often beneficial
for a numerically challenging model to revert to ttrR formulation, which is less
constraining. Finally, for models where the feasible radg#osufficiently small, one
could solveQcp directly without much effort and with the benefit of removitig
extra constraints introduced by the linear relaxation®aunimplementation, such
corrections are done at run-time though a set of retrial upas detection that a LP
is infeasible.

6 Automated Approximations

Using the preceding LP-based method, a non-product-fotatisn may be ap-
proximated using a product-form. The particular approxiorawe propose differs
depending on which condition out of RC1, RC2, and RC3 is w&mlaTwo approx-
imations are now elaborated.

6.1 Rate Approximation

RC3 becomes infeasible when the solver cannot find a singérsed rate:, that
satisfies the condition for some actiansAssuming that a solutiom defines a valid
RCAT product-form, for each processve can always define a Markov-modulated
point process\,, ;, associated with the activation of actiane A;, in the Markov
process with generator matr@@,,. Let the random variabl&(, ;, denote the inter-
arrival time between two consecutive activations of actiom M, , and define
the rate), i to be the reciprocal of the mean inter-arrival tith€X, ;]. Then we
approximate: .
)\a,k E[ka]
The principle of the rate approximation is to assume (inypthat (11) is a suffi-
cient condition for a product-form solution. L&t= (71, 7o, ..., T4 ) be an approx-
imate solution that can be found by theproximateENS program which is defined
by replacing RC3 with (11) ilENS and its relaxations. We note thatincludes the
exact solutiore = x when it exists; thug\ENS is a relaxation oENS. Note that
using the approach introduced in Section 4.2, one may futigjigen the relaxation

~mLAl = a7l = 2, (11)



AutoCAT: Automated Product-Form Solution of Stochasticddis 15
using a quadratic constraint
mA%1 =32 Vae A (12)

which provides a more accurate approximationgby 7, but involves relaxation

of a convex, and thus efficiently solvable, quadraticatiystrained program. Such
an extension is left for future work. . The above approxim@aitan be applied to

all programs introduced in the preceding sections, e.g.B& we define the rate

approximatiorLPR.

6.2 Structural Approximation

Example cases where RC1 is violated are models with blo¢ckihgre a cooperat-
ing process is not allowed to synchronize passively owingajoacity constraints,
e.g, a queue with a finite size buffer. Similarly, violations dER are examplified by
models with priorities, where a low priority action is disadb until higher priority
tasks are completed. Structural approximation iterativgldates the rate matrices
A, and P, in order to account for the blocked or disabled status obagtransi-
tions. Then, the search algorithm presented in Section @nisvormally, if needed
using rate approximation to address any violations of R@®duced by the up-
dates. The updating process is detailed in the pseudo-epdeted in Appendix 11.
First, we correct the blocked (respectively disabled)ditions in P, (respectively
A,) by hidden transitions in the synchronising process thatlgmge the state of
the passive (respectively active) process. Agr such hidden transitions need to be
set to the reversed rate of actiotin order to satisfy RC3. Next, a local iteration is
done to scale the rates of the active (respectively pagsieess to account approx-
imately for the probability that the event could not occuttia passive (respectively
active) process prior to the updates. Note that the paaticmbly in whichA, and
P, are updated may be customized to reflect how the particudas abf models
under study handles the specific types of blocking or jobrjtiés. For example,
the pseudo-code applies to the case of blocking followedelyats; variants are
discussed in Section 7.5.

Example
Consider two small processésandm with N, = 2 andN,,, = 3 states. Suppose

there is a single action = 1, a € Ax, a € P,,. The rate and local transition
matrices are

010 000
M:{%ﬂ’ Af{?fyuwzooo, P,= 1001
000 100
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Procesg has a high transition rate between its two states and th& ene requires
synchronization with procesa. However, when process is in statel, no passive
action is enabled (all zeros in the first row #f,). Hence,k is prevented from
transiting from staté to state2.

The structural approximation sef3,(1,1) = 1 and corrects the rates in pro-
cessk to account for the blocking effects. In the resulting modg|,and L,,, are
unaffected, instead

100
At(zl) = 10+8"’115 (1 a OE)(L71)15 s Pl(ll) = 0 O 1
100

whereo, ;1 = 7r7(79) [1] andwﬁff) is the equilibrium probability distribution for process

m in the model for iteratiom = 0 having rate matrices\”) = A, andP\¥) =
PV In this way, we have adjusted the active rates in such a waty tor the
fraction of time where process is in statel, process: has the rate of actioa’'s
transitions to another state proportionally reduced. Rigréxample, it is found that
the fraction of the joint probability mass incorrectly péacby the product-form
approximation converges aftériterations t05.9%, while it is 45% if we just add
PM(1,1) = 1 and do not apply corrections 4.

7 Examples and Case Studies

7.1 Example: Lpr and TLPR

We use a small example to illustrate and compare typicaldefd¢ightness obtained
by TLPR andLPR. The results are shown in Figure 3, where throrm for the
current optimal solution with respect to the RC3 formulavaleated forLPR(n)
andTLPR(n, 1). The algorithm, described in Section 5, increases the Id@wend
on the reversed rates in each iteration. The model is condpaisé/ = 2 agents
that interact overd = 2 actionse andb with A; = {a}, P, = {b}, A3 = {b}, and
P2 = {a}. Process hasN; = 2 states, procesxsis defined byV; = 4 states. Rates
of active actions and local transitions are given in TablEhke passive rate matrices
haveP,(1,4) = P,(2,1) = P,(3,2) = P,(4,3) =1andP(2,1) = 1.

For this example, the LP solver finds a product-form in bogesawith reversed
ratesz, = 0.659039 andx;, = 0.646361. Linear programs here and in the rest of
the paper are generated from MATLAB using YALMIP [32] andwaa by IBM
ILOG CPLEX's parallel barrier method with software threads [28]. CPU time is
28ms forLPR(n) (20 variablesg82 constraints and bounds) afitims forTLPR(n, 1)
(20 variables,106 constraints and bounds).

The case studies in Section 7.3 and 7.4 focus on exact préatincisolutions and
are used to evaluate the proposed methodology againsiodtttte-art techniques,
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Table 1 two processes cooperating @n= 2 action types.
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element value | element value | element value
L, (1,2) 1.000000] A, (1,1) 0.312700| A, (2, 1) 0.758394
L1(2,1) 0.092800| A, (1,2) 0.012900| Ay (2,2) 0.000096
L2(1,2) 0.624292| A, (2,1) 0.384000| A(3,2) 0.684848
L2(2,3) 0.867884| A, (2,2) 0.644700| Ay (3,3) 0.521905
L2(3,4) 0.823686| Ap(1,1) 0.180881| A(4,3) 0.073012
Lo(4,1) 0.999997| Ay, (1,4) 0.574032| Ay (4,4) 0.064987

2 0.03 20.03

3 [ ILPR(n) 3 M [ ILPR(n)
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Fig. 3 Example showing increased tightnessTaPR compared to McCormick’s convexification
in LPR. The metric is the 2-norm of the error on RC3 at the curreméiien of the search algo-
rithm. Note thafTLPR finds the product-form at iteration 4, whild®R takes 7 iterations.

namely Buchholz’s method [9] and INAP [34]. Conversely, tRet 7.5 illustrates
the accuracy of rate and structural approximations on twdetsowith resource
constraints.

7.2 Example: zrr

The example in this subsection illustrates certain berafitse zero-potential relax-
ation overLPR andTLPR. Consider the toy model studied in [34, Fig. 5] composed
of M = 2 processesn = 1 andk = 2 defined overV,, = 4 and N, = 3 states.
The processes cooperate on actions A4, andb € A,, and are defined by the
rate and transitions matrices given in Appendix 10. On thisleh, all relaxations
find a product-form solution associated to the reversed mate (0.70,1.90). LPR
requiresl 4 linear programs to converge to such solution withh = 10~ tolerance.
ConverselyzZPR obtains the same solution in justinear programs. Noticeably, at
the first iterationzPR achieves a 2-norm for the residual of RC3 that is achieved
by LPR only after 5 linear programs. This provides a qualitativsief the benefits

of ZPR overLPR. Comparatively torLPR, insteadzPR offers similar accuracy, in-
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cluding in this example whereLPR completes afte linear program. However, we
have foundzPR numerically more robust tharLPR on several instances.

7.3 Closed Stochastic Model

Next, a challenging model of a closed network comprisingehgueues, indexed
by £ = 1,2,3, that cooperate with a parallel system modeled by the ssticha
Petri net shown in Figure 4, indexed lBy= 4. This Petri net abstracts a generic
parallel system where some operations are synchronizeebattwo servers, e.g.,
mirrored disk drives. The special structure of this modsl @en shown recently to
admit a product-form for certain values of the transitiotesg23]. The place$;
and P, receive tokens, representing disk requests, from transifi;, 71, and75.
Such transitions are passive, meaning that they are aadiv|t other components.
The other transitions are active and fire after exponeptihifitributed times when
their input places all have at least one token. The ratesaitiderlying exponential
distributions arer; = 0.4 for T}, 0o = 0.1 for 7, ando12 = 0.33 for T7,. Place
P, receives passively jobs from transiti@ii and actively outputs int@; with rate
u1 = 0.5 (actions4 and1, respectively); similarly, placé’ receives jobs fronis
and feedd’, with rate s = 0.6 (actions3 and6). Similarly, queue: = 3 receives
from Ty and outputs td@7, with rateus = 0.9 (actions2 and5). Thus,N;, = +o0,
k =1,...,M, and the model is a cooperation &f = 4 infinite processes on
A = 6 actions. In the RCAT methodology, any cooperating proces®nsidered
in isolation with all its (possibly infinite) states, evenpgért of a closed model.
This is consistent with the fact that the specific populatiothe model affects the
computation of the normalizing constant, but not the strecbf the product-form
solution for a joint state [38].

In addition, note that the model is a pure cooperation, dubddack of local
transitions, having dependency graph

0001
0001
0001
1110

G:

Since G has rankr = 2 there areM — r = 2 degrees of freedom in as-
signing the reversed rate vector = (x1,x2,...,x¢). Specifically, it is shown
in [23] that the following necessary conditions hold for agwuct-form solution
Tl = X4,T2 = T5,T3 = Tg, T = 0'121'41'6(0'10'2)71. We apply our method and
the INAP algorithm in [34] to determine a product-form sautof type (1). INAP
is a simple fixed-point iteration that starting from a randguess of the vectar
progressively refines it until finding a product-form saobuti For an actior, the
refinement step averages the value of the reversed rateti@i adn all states of
the active process. Buchholz’'s method in [9] cannot be useti@present example
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T Thp T

Ty O T3

Fig. 4 Petri net process withtransitions an@ places. The process abstracts a system where some
operations may be synchronized between servers, e.g.abgbatorage system.

because it does not apply to closed models. For both INAP anchethod, we trun-
cate the queue state spaceé\ip = 75 states, the Petri net v, = 100 states. Thus,
the product-form solution we obtain is valid for closed misdeith up toN = 75
circulating jobs.

Numerical ResultsThe best performing relaxation on this exampleLiBRr(n, 1),
which returns afteB5.82s a solution

2" = (0.4023, 0.3323,0.1004, 0.4014, 0.3315, 0.1003)

that matches the RC3 conditions with a tolerancel@f?. Since the tolerance
of the solver ise;,; = 1074, we regard this as an acceptable value consider-
ing that TLPR(n, 1) describes a tight feasible region which may require the LP
to apply numerical perturbations. Note that this is a steshdeature of modern
state-of-the-art LP solversPR(n, 1) provides a more accurate solutia¥” =
(0.4008, 0.3305,0.1001, 0.4001, 0.3300, 0.1001) but require234.879s of CPU time

to converge and24 linear programs. INAP seems instead to suffer a significza# |

of accuracy with this parameterization and does not cormvérge returned solution
after48.64s andl5, 000 iterations is

P = (0.3651, 1.0464, 0.6566, 0.3236, 1.0411, 0.4307)

which is still quite far from the correct solution, espeli@loncerning the necessary
conditionzs = 4. We have further investigated this problem and observeditha

contrast to our algorithm, INAP ignores ergodicity conistts; hence most of the

mass in this example is placed in states near to the trumchaticder. This appears
to be the reason for the failed convergence.

7.4 A G-Network Model

We next consider a generalized, open queueing network,entiestomers are of
positive and negative typeise., a G-network [20]. These models enjoy a product-
form solution, but this is not generally available in clodedn and requires nu-
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Table 2 Reversed rates returned bR for the G-network. The indexing is identical to the one

Giuliano Casale and Peter G. Harrison

in [4].
71 = 11615 |2 = 1.7424 | 3 = 2.3230 | 4 = 0.5806
x5 = 0.1162 | 26 = 0.2324 | z7 = 0.4646 | 25 = 0.2324
2o = 0.5228 |21 = 0.8712| 211 = 0.3486|z12 = 0.6970
213 = 1.6262|214 = 0.7317|z15 = 0.2559|z16 = 0.0852
217 = 0.4268|215 = 0.0852|719 = 1.9355|200 = 0.1215
221 = 0.2430| 222 = 0.0241|z25 = 0.4709| 04 = 0.1178

merical techniques to determine it. Hence, G-networksipgeoa useful benchmark
to compare different approaches for automated produat-foralysis. The queue
parametrization used in this case study is the one giver] o4 large model with

M = 10 queuesA = 24 actions. Model parameters are given in Appendix 12. The
infinite state space is truncated such that each queu¥has75 states. The size of
the joint state space for the truncated modélés - 1018 states, which is infeasible
to solve numerically in the joint process.

Numerical ResultsFor this model ENS and QCP fail almost immediately, re-
porting that the magnitude of the gradient is too small. @osely,LPR returns
the solution in Table 2. Quite interestingBRR returns a different set of reversed
rates, but these are found to generate the same equilibistribdtionsz;, for all
processes within the numerical tolerargg = 10~%. Thus, this case study again
confirms that our approach provides valid answers also inatsagith multiple so-
lutions. A comparison of the convergence speedr®f andzPR is given in Figure 5;
TLPR fails in this case due to numerical issues since the feasglen is very tight.
We have investigated the problem further and found that #redy method is re-
sponsible for such instabilities, and that switching to $heplex algorithm solves
the problem and provides the same product-form solutiamPRs

We now compare our technique against Buchholz’s methodieapim finding
product-forms of type (1). Buchholz’'s method involves a dpadéic optimization
technique that minimizes the residual norm with respectgomauct-form solution
for the model. This is done without explicitly computing floént state distribution;
hence it is efficient computationally. Comparison with thetihod proposed here is
interesting since Buchholz’s method seeks local optim@adsof the global optima
searched for by ATOCAT. We have verified that, on small to medium scale mod-
els, the method is efficient in finding product-forms. Howetlee local optimization
approach for large models does not guarantee to find a prdoiunatsolution when
one is known to exist. In particular, we used random init@ihgs, and found that,
even though the residual errors are similar to those of thienopn solution ofLPR,
the specific local optimum returned by Buchholz’s method diffier substantially
in terms of the global product-form probability distriboi. In particular, for some
local optima, the marginal probability distribution at aege is not geometric and
the error on performance indices can be very large. This cosfihe importance
of using global optimization methods, such as the one prgpas this paper, for
product-form analysis, especially in large-scale modelsthermore, we believe
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Fig. 5 Convergence speed bPR andZPR(n, 1). An iteration corresponds to the solution of a
linear program.

that including RC3 in Buchholz’s method would help to endheegeometric struc-
ture of the marginal distribution.

7.5 Modelswith Resource Constraints

Finally, we consider an automated approximation of pertoroe models with re-
source constraints. We have considered an open queueiwgrketomposed of
M = 5 exponential, first-come first-served queues with finitednusizes described
by the vector(By, Bs,...,By) = (7,2,400,3,10). Routing probabilities and
model parameters are given in Appendix 13. In particulaiyalrrates are chosen
so that the equilibrium of the network differs dramaticeigm that of the corre-
sponding infinite capacity model, where the first queues dibel fully saturated.
In order to explore the accuracy of rate and structural apprations, we have con-
sidered two opposite blocking typdsocking before servicéBBS) [5], where a job
is blocked before entering the server if its target queuelisdnd the classicdbss
policy where a job reaching a full station leaves the network. Sudtcips apply
homogeneously to all queues. In both models, we study asthettperformance
metric the mean queue-length vecior= (nq,...,n, ) because such values are
typically harder to approximate than utilizations as thepehd more strongly on
the entire marginal probability distributions of the queue

The BBS model requires structural approximation to impitxeaccuracy of the
initial ALPR rate approximation. In order to adapt thg corrections to this specific
blocking policy, itis sufficient to delete the term,nA(Ago)l) from the updating in
the structural approximation pseudo-code, thus implyirag jobs are not executed
while the target station is busy. For this case study, thelatesvalues of the queue-
lengths obtained by simulation are = (5.946,1.262,0.327,1.1631, 1.653). The
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estimates returned by structural approximation convefgg the 5th iteration to
n**®) = (5.9580,1.3117,0.2871, 1.0631, 1.3559) with an error on the bottleneck
gueue of jusd.20%.

For the loss model, we found that queue-lengths are estihaaieurately by the
ALPR rate approximation alone, after adding hidden transititmnthe P, matri-
ces to correct RC1. In particulas™ = (5.0792,0.9599, 0.2688, 0.5050, 0.5273)
where the result of the simulationsis = (5.4877,1.0642,0.2766, 0.5248,0.5536)
which has an average relative gap72%.This confirms the quality of the rate
approximation in the loss case. Note that both in this caseirathe BBS model
computational costs are less than 5 minutes.

We remark that we have also tried to apply Buchholz's methdkdése examples,
but similarly to the model of Section 7.4, the technique @ges to a local optimum
that differs from the simulated equilibrium behavior. Cersely, INAP does not
apply to approximate analysis.

7.6 Closed PH Queueing Network

We now describe an example of approximate analysis of clggedeing networks.
For illustration purposes, we focus on a machine repairmadeincomprising a
single server first-come first-served queue in tandem witimiamte server station.
The same methodology can be used for larger models. Theten8erver station
has exponentially distributed service times with rate= 20 job per second. The
queue has phase-type (PH) service times (we point to [8] fioinkoduction to
PH models). The distribution chosen has two states andsept&tion«, T') with
initial vectora. = (1,0) and PH subgenerator

—1.2705 0.0118

T=1 00457 —0.0457|"

This PH model generates hyper-exponential service timigsmear).9996, squared
coefficient of variatior9.9846, and skewnes$9.6193. With this parameterization,
the model is solved for a populatiavi = 15 jobs by direct evaluation of the under-
lying Markov chain obtaining a throughpixt.,, = 0.6303 jobs per second. This is
lower than the throughput, s = 0.6701 job per second provided by a correspond-
ing product-form model where the PH service time distributis replaced by an
exponential distribution.

We then approximate the solution of this model by ®CAT and study its rel-
ative accuracy. In order to cope with the lack of explicit stvaints to find feasible
reversed rates different from the degenerate anes(x,z2) = 0, we use the fol-
lowing iterative method. Initially, we set, = X?f. Based on this educated guess,
we run our approximation method based onithRR formulation to find an approx-
imate value forz,. This allows the model to be solved after computing numeri-
cally the normalizing constant of the equilibrium probélgk, and readily provides



AutoCAT: Automated Product-Form Solution of Stochasticddis 23

an estimateX (V) for the network throughput. In the following iteration wesam
z; = X and re-optimize to find a new value of and corresponding throughput
X () This iterative scheme is reapplied until convergencelisexed.

For the model under study, this approximation provides asece of solutions
X5) = 1.0004, X2 = 0.6291, X2 = 0.6089, X, = 0.6107, and X|.) =
0.6105 job per second, for a total @0 solver iterations. The last solution provides
a relative error on the exact one 6f3.14% compared to th&.31% error of the
product-form approximation, thus reducing the approxiareérror by abou§0%.

We have also compared accuracy with a recent iterative appation technique
for closed networks, inspired by RCAT and proposed in [14, This technique
involves replacing each /P H/1 queueing station by a load-dependent station such
that the state probability distribution for a model with queues is

M
Pr(ni,ng,...,nyp) = G ! H Fi(n;)
i=1

wheren; is the number of jobs in queugG is a normalization constant, and

Fi(n;) = Lo e
o pi(l —ni)n;" ni >0

wheren; is the largest eigenvalue of the rate matrix for the quashbieath process
obtained by studying thih station as an opeRH/PH/1 queue with appropriate
input process and utilizatiop;. We point to [15] for further details on this con-
struction and here we just stress that this particular apmation differs from the
AUTOCAT one by using only the slowest decay rate of the queuetthemgrginal
probabilities for such # H/ P H/1 queue, whereas in this paper we developed more
general approximations that do not resort to asymptotiaragnts to simplify the
model and that may be applied also to stochastic systems thde queueing net-
works.

The comparison with the method proposed in [14, 15] revéalsthe throughput
returned by the approximationié = 0.5843 jobs per second with a relative error of
—17.30%. While classes of models exist where it can be shown thairtbibiod is far
more accurate than the product-form one [15], this exangieiacingly illustrates
a case where theWoCAT approximation is the most accurate available.

8 Conclusion

We have introduced an optimization-based approach to ptefdum analysis of
performance models that can be described as a cooperatiar&bv processes,
e.g. queueing networks and stochastic Petri nets. Our rdekbgy consists of solv-

1 Note that all test cases did converge, but we no rigorousergawce proof is available.
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ing a sequence of linear programming relaxations for a ramwvex optimization
program that captures a set of sufficient conditions for apctform. The main
limitation of our methodology is that we cannot represergparations involving
actions that synchronize over more than two processes. Howmaultiple cooper-
ations are useful only in specialized models, e.g., queueetworks with catas-
trophes [19]. We believe that such extension is possibikpagh it may require a
sequence of independent product-form search problemsdgolibed. Hence, com-
putational costs of such solutions should be evaluated &atets of practical inter-
est.

Finally, we plan to study the effects of integrating new daaists into the linear
programs, such as costs or bounds on the variables that ni@ynhéetermining
a particular reversed rate vector among a set of multipleifiéasolutions. For in-
stance, for models which enjoy bounds on their steady-#tatenay be expressed
as linear programs, e.g., stochastic Petri nets [33], thiddcenable the generation
of exact or approximate product-forms that are guarantede twithin the known
theoretical bounds.
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APPENDIX

9 Infinite Processes

Numerical optimization techniques generally require mea# of finite size. In both
ENS and its relaxations, we therefore used exact or approxiaggeegations to
truncate the state spaces of any infinite processed’l-etl be the maximum ac-
ceptable matrix order. Then we decompose the generatoixraatt its equilibrium

probability vector of an infinite procegsas

C,C AC, o0
Q= [ fo,c cljooo:| y Tk = [7"%77"20} )
r Qp

wherlel’Cz is aC; x Cy matrix. Similar partitionings are also applied to the
transition matrixL, and to the rate matriced, and Py, a € Ag,b € Pr. We
define the truncation such that the total probability masth@nfirstC' states is 1
relative to the numerical tolerance of the optimizes, wi°1 < ¢;,. Notice that
the latter condition can also be used to determine erggdifithe infinite process.
Furthermore, from condition RC1 (respectively RC2) we needccount for the
cases where passive (respectively active) actions assdaidth the firstC' states
are only enabled ilPkc’C>O (respectively only incoming frorm,j‘”c). Such problems
are easily handled by adding one fictitious state to the atettset{1,2,...,C}.
For example, forA,, and P, we consider the truncated matrices
c,c C,o00 c,c C,00
Aazlifaoo.CAa 1:|7Pb:|:fbooCPb 17
17 A 0 1'PS 0

wherel is now an infinite column of ones. Note that the fictitiousesiatexcluded
from the validation of the conditions RC1 and RC2, thus tHeeaf the diagonal
rate on the last row is irrelevant with respect to finding adpici-form.

Finally, we comment on the choice of the parametefor a given process.
Since this determines the number of statgsfor the truncated process, an optimal
choice of this value can provide substantial computatisagings. Let us first note
that starting from a smadl’, it is easy to integrate additional constraints or poténtia
vectors in the linear formulations for a valdg > C'. Recall that we propose in
the rest of the paper a sequence of linear programs in ordebtiin a feasible
solutionzx. Then, if a linear program is infeasible, this can be either th a lack
of a product-form or due to a truncation wheteis too small. The latter case can
be readily diagnosed by adding slack variables similarl{heoones imQCP to the
ergodicity condition and verifying if this is sufficient testore feasibility. In such a
case, the” value is updated to the smallest value such that feasilslitgstored in
the main linear program.
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10 ZPR Example Model

o0 s
A, =] 0 0 0.2170 Pa= 1000
2.91052.2575 0 | 1000
0 0 0 0]
010
565 0 0.522.13
A =1"0"700 0 0 Py = (1)(1)8
0 0 0 0
0 8 0 3
0 0 0
L — 6.15 0 8.287.67 Li—| 0 0 378
15 970 0 0 309974 0
6 0 0 0 e
11 Structural approximation pseudo-code
Input: RLXE {ALPR, ATLPR, AZPR}, Ly, A, Py, Ai, P, Yk, a; Output: x, 7, Q, Vk

ignore RC1 and RC2, get approximate product-form solutith by RLX
fork=1,....M [+ correct RCl1 and RC2 */
forall a € A, do A,(j,j) =2\, Vi € To, To = {j | 3, Aali, j] = 0} end for all
forall b € P, do Py(i,i) =1, Vi€ L, I, = {i| >_; Py[i,j] = 0} end for all
aeo =1, A" = a.0A., ¢=1,2,... A,
Beo=1, PO =B.0P., ¢c=1,2,... A;
while current iteration numbet > 1 is less than the maximum number of iterations
get byRLX an approximate product-form solutiai™ for L;, A", P\
forc=1,..., A, wherec € A, andc € P,, /+ update bl ocking probabilities =/
Qen = ZieIr TTm (w(n))[i]; Agn) =(1- ac,n)Ago) + O‘C,nA(AEO)l)
Bem = Y jeq, me(@™)[jl; PIY = (1= Bon) PO + Bon AP
end for
if maXc(Hac,n - O4(:,17,—1”27 ||ﬁc,n - ﬁc,n—1||2) < €401 return w(n), Tk (w(n)), Qk(w(n))
end while
return (™, (™), Q,(x™)
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12 G-Network Case Study

We report the parameters for the G-network given in [4]. Tegvwork consists of
M = 10 queues with exponentially distributed service times hgvatesu; = 4.5
andu; = 4.0 4+ (0.1)i for i € [2,10]. The external arrival rate defines a Poisson
process with rate. = 5.0. The routing matrix for (positive) customers has in row
and columry the probabilityrifj of a (positive) customer being routed to quele
as a positive customer, upon leaving queéua this case study, this routing matrix
is given by

OO0 O O
[ e R e Rl e Rl e Ml e Wl Wi e Bl e B
e e e e e W e W e W e B I
CoO00COoOO0O0OO N
OO0 O O iw O
o000 MmO O
cCoocococoGwo o
OO0 W, OO O
oo oococo oo
cCooRrmOooo oo

Conversely, the probability; ; of a customer leaving quedeind becoming a neg-
ative signal upon arrival at queyas

(00001000 0 0
00000400 0 0
00000000 0 0
00000000 0 O
L 00000000 0 O
R™=Iriyl= 100000001 0 .1
00000000 0 0
00001000 0 0
10000000 0 0
100000 0.20.050]
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13 Loss and BBS Models

The model is composed dff = 5 queues that cooperate on a setdf= 12 ac-
tions, one for each possible job movement from and inside¢work. The routing
probabilitiesR|[k, j] from queuek to queuej are as follows:

0.16 0 0.04 0.500.30
0.08 0.29 0.02 0.08 0.52
R=]0 0 078 0 0
0.290.24 0 0.250.22
0 049 0 0.20 0O

Service times are exponential at all queues with rateg = k, k =,1...,5. Fora
queuek, the probability of departing from the networkiigg = 1 — Z?:1 Rk, j].
The Poisson arrival rates from the outside worlds are giyethé vector:

A = (0.6600,0.1500, 0.0750, 0.1650, 0.4500).



