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Layered queueing networks (LQNs) are an extension of ordinary queueing networks useful to model simultaneous resource
possession and stochastic call graphs in distributed systems. Existing computational algorithms for LQNs have primarily
focused on mean-value analysis. However, other solution paradigms, such as normalizing constant analysis and mean-field
approximation, can improve the computation of LQN mean and transient performance metrics, state probabilities, and
response time distributions. Motivated by this observation, we propose the first LON meta-solver, called LN, that allows for
the dynamic selection of the performance analysis paradigm to be iteratively applied to the submodels arising from layer
decomposition. We report experiments where this added flexibility helps us to reduce the LQN solution errors. We also
demonstrate that the meta-solver approach eases the integration of LQNs with other formalisms, such as caching models,
enabling the analysis of more general classes of layered stochastic networks. Additionally, to support the accurate evaluation
of the LQN submodels, we develop novel algorithms for homogeneous queueing networks consisting of an infinite server
node and a set of identical queueing stations. In particular, we propose an exact method of moment algorithms, integration
techniques for normalizing constants, and a fast non-iterative mean-value analysis technique.

Additional Key Words and Phrases: Layered queueing networks, meta-solver, computational algorithms, performance measures,
multi-formalism.

1 INTRODUCTION

Layering is a widespread feature of computer and communication networks, which can be analyzed using
stochastic models such as layered queueing networks (LONs) [24, 54]. LONs build upon extended queueing
network models to enable the analysis of simultaneous resource possession and stochastic call graphs in distributed
systems. The underpinning stochastic models are typically analyzed by decomposition methods, which map
the original LQN into an ensemble of interacting submodels, each being an extended mixed queueing network
featuring open and closed job classes [25]. The submodels can then be solved iteratively, updating their input
parameters across the iterations until the performance metric estimates converge.

Many performance evaluation paradigms exist for evaluating the mixed queueing networks associated with
each LON submodel, ranging from stochastic simulation (SSA), continuous-time Markov chain analysis (CTMC),
normalizing constant evaluation (NC), matrix analytic methods (MAM), mean-field approximations (Fluid), and
mean-value analysis (MVA) [14]. However, the current scientific literature on LQNs emphasizes only a few,
mainly MVA methods [24] and, more recently, mean-field approximations [41, 50]. We argue that the availability
of multiple solution paradigms motivates the development of a richer approach to solving LQNs, namely a
meta-solver framework that can dynamically select the most appropriate algorithm to analyze each submodel
arising from LQN decomposition. In particular, we show numerical evidence that this added flexibility helps in
reducing the maximum LON solution error compared to using a single submodel evaluation paradigm.
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To build upon this observation, we present LN, an open-source meta-solver for LQN analysis. We define a
layered network meta-solver as a framework that builds upon a collection of independent solvers to analyze
each network layer in isolation. A key goal of a meta-solver is to maintain abstraction in the interaction with
these solvers. This enables greater generality, extensibility, and fewer dependence on solver-specific concepts
and methods than in existing LON solvers. LN builds its meta-solver capability on top of a suite of ordinary
queueing network solvers implemented in the LINE software package, which offers several tens of exact and
approximate solution algorithms for extended queueing networks [15]. In LN, the submodels passed to LINE
solvers are generated using loose layering [25, §3.2] and thus consist of a single infinite-server node and m
replicated queueing stations, i.e., stations having identical parameterization in every class of jobs. We refer to
such models as homogeneous queueing networks. For such models, we develop specialized methods that are more
accurate, or more efficient, than existing solution techniques for ordinary queueing networks, providing a case
for systematically adopting in LN the loose layering decomposition style.

Our main contributions to the theory of homogeneous queueing networks are threefold. First, we propose a
method of moments algorithm for solving exactly homogeneous models in linear time as the total population
size grows. This is first developed for single server queueing stations. An extension to the multiserver case is also
introduced, which can quickly solve large multiclass models with significant speedups compared to MVA. For
example, we report on the ability of these algorithms to solve exactly multiclass models with thousands of jobs
in milliseconds and without requiring exact algebra implementations, which is a crucial gain compared to the
existing method of moment algorithms [12, 13].

Next, we develop Gaussian quadrature methods for approximating the normalizing constants of homogeneous
models. By controlling the order of the quadrature, these methods can trade accuracy for speed while remaining
efficient in models with large population sizes. Moreover, integral expressions are more straightforward to use
than recurrence relations on some models, such as those with fractional populations.

Lastly, we introduce a non-iterative MVA-based approximation for homogeneous models, which allows for a
fast model solution in return for slightly degraded accuracy in the submodel evaluation. Although not as accurate
as iterative methods, this new technique is significantly faster and offers much greater accuracy than comparable
non-iterative approximations, such as asymptotic bounds [23, 34], which are sometimes used to initialize LQN
submodels.

The contribution is organized as follows. Section 2 and 3 describe related work and background, respectively.
Section 4 gives motivation for meta-solution approaches in LQNs. Section 5 introduces novel solution algorithms
for homogeneous queueing networks. Experiments and case studies are presented in Section 6. Finally, Section 7
is dedicated to the conclusions. Proofs are given in the Appendix. Additional material on the software architecture
of the LN tool is given in the online supplement. Compared to a preliminary version of this work [16], this paper
formalizes the meta-solver approach and demonstrates its benefits using random experiments. The paper also
develops the novel non-iterative approximation in Section 5.4 and extends in Section 5.2 the method of moment
approach to multiserver stations.

2 RELATED WORK

Several state-of-the-art solvers specific to LQNs have been proposed over the years, including for example
LONS [24] and DiffLQN [50, 51]. LONS is an established solver with many applications to real-world software
engineering case studies. At heart, the tool applies to the LQN layers approximate mean-value analysis for
extended queueing network models [24]. The toolchain also offers LQN analysis based on generalized stochastic
Petri nets via its petrirsrvn tool, which relies on the GreatSPN [2] tool, and via discrete-event simulation, through
the Igsim tool. We point to [24] for a comparative analysis of LQONS with earlier tools.
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DiffLON is instead a solver that is based on the mean-field approximation theory developed in the context
of PEPA models to scalably analyze LQNs [50, 51]. The mean-field fluid paradigm is particularly suited to the
solution of large models, as it becomes asymptotically exact in layers with multiserver FCFS stations once the
number of jobs and servers grows large in a fixed ratio. Subsequent work on mean-field approximations has
further generalized the fluid solutions to processor sharing (PS) stations, class switching, random environments,
response time percentiles [41], differentiated service weights [57], multiclass FCFS approximations [15], and
mixed models [47].

The LINE tool is the main software baseline for this work [15]. The package offers exact, approximate,
asymptotic, and simulation-based analysis of open, closed, and mixed multiclass queueing network models. Some
solution methods in LINE are also dependent on external solvers that include JMT [5], LONS [24], BuTools [29],
KPC-Toolbox [19], and Q-MAM [6]. Similar tools in the literature include Octave queueing [35] and PDQ [28].

LN is built around the experience of these solvers, integrating many of the approximate MVA and Fluid methods
used in tools such as LQNS and DiffLQN. In addition, LN enables the analysis of LONs using the other solution
paradigms (e.g., CTMC, NC, MAM) which have seldom been considered in the LQN literature. Moreover, the tool
generalizes the LQN formalism to include models of cache replacement policies, which are unavailable in other
solvers.

3 BACKGROUND AND PRELIMINARIES
3.1 Extended queueing networks

In this paper, LQNs are decomposed into collections of ordinary (i.e., non-layered) queueing network models,
each representing a specific subset of client-server interactions within the layered network. In these submodels,
jobs are probabilistically routed across a set of nodes, primarily queueing stations, where they receive service,
possibly subject to contention by other jobs. Each job belongs to a class, i.e., a type that defines its service, routing,
and arrival characteristics at every node. The set of reachable classes for a job defines its chain. Typically, routing
among the stations is probabilistic, and a job can switch class upon departing from a station, before reaching the
next one, by traveling through specialized class-switching nodes.

Compared to standard product-form queueing networks [4], the submodels we consider here can feature
extensions commonly required in applications. In particular, the LN solver uses the class of extended queueing
networks considered in [15], which includes product-form queueing networks [4] and their extensions to model
priorities, load-dependence, class-switching, and instantaneous transitions. A difficult problem is to obtain in
such models station and system performance measures such as average queue lengths, utilization, response times,
throughputs, and arrival rates. Several analytical and simulation-based methods have been proposed over the
years to analyze extended queueing network models of this kind. We briefly overview in the next subsections the
MVA, NC; and Fluid paradigms.

The tool also leverages the caching extensions developed in [15]. We point to [8, §8-10], [15], and [26], for
an introduction and discussion of these features, several of which are standard in the performance evaluation.
Throughout, we focus on models without caching and priorities, emphasizing instead analysis methods for
networks with PS, FCFS, or infinite-server stations, which are the most common in LQN applications. We briefly
illustrate in Section 6.2 the support in our solver for LQNs that feature caching.

3.1.1  Mean value analysis. The MVA paradigm is rooted in the arrival theorem, which offers a recurrence
relation for mean response times in product-form queueing networks [44]. The subsequent development of the
Linearizer [22] has led to many accurate approximation schemes for both product-form and extended queueing
network models. An overview of such methods, commonly referred to as approximate MVA algorithms, is availble
in [8, §10]. Such methods are often fixed-point iterative approximations, which typically converge in milliseconds
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even on large-scale models. Due to this efficiency, LON theory has been largely based on the approximate MVA
theory [24].

3.1.2  Normalizing constant methods. Probabilistic analyses typically require a different approach. The evaluation
of marginal and joint distributions for the CTMC underpinning the queueing network normally requires the
obtain the normalizing constant that ensures that state probabilities sum to one. A large number of normalizing
constant (NC) methods, starting from the classic convolution algorithm [11], are available. They include both
recursive and asymptotic approximations, we point to [14] for an overview. To our knowledge, NC methods have
not been considered in past works on LQN analysis.

3.1.3  Mean-field approximation. We refer to the Fluid paradigm as the analysis style for queueing networks
consisting of techniques derived from Kurtz’s mean-field approximation theory, see [9] for a tutorial. Queueing
network applications of these methods can scalably approximate large models, offering estimates for both
transient and steady-state metrics [41, 47, 50]. However, such methods can face numerical difficulties in the
presence of stiff ordinary equations as well as incur some inaccuracies in models with low parallelism levels.
Recent works such as [27, 42] are progressively reducing the severity of the last problem.

3.2 Layered queueing networks

Layered queueing networks (LQNs) are a rich class of extended queueing network models that has found
application in software performance engineering, distributed system analysis, and modeling of stochastic networks,
among other fields [3, 24, 49]. Compared to ordinary queueing networks, the distinguishing feature of LQNs is the
ability to model stochastic workflows and simultaneous resource possession. Due to their long history, a number
of variants and specializations of these models have appeared in the literature, e.g., networks with simultaneous
resource possession [30], semi-open queueing networks [31], and stochastic rendezvous networks [54]. We here
only introduce the essential background concepts on the LON formalism and point the reader to [53] for more
details.

In an LQN, jobs issued by clients pay visits to a network of queueing resources following a workflow modeled
as a directed acyclic graph (DAG). The DAG includes calls made by the job to entries exposed by tasks running on
host processors. For example, an LON model of a software system may use calls to describe service invocations,
entries to describe service endpoints, tasks to describe software servers, and host processes to describe hardware
resources. Informally, these concepts bear some resemblance to the standard queueing theoretic notions of routing
(calls), classes (entries), and stations (tasks and host processors), as we discuss in more detail in Section 3.3.2, yet
they enable the description of a more complex dynamics on a layered network topology.

Upon invocation of an entry e through a call, a DAG-based workflow of one or more activities (i.e., service
phases) is-executed until completion of the call. This workflow is called the activity graph bound to the entry e.
Within this workflow, an activity may issue a synchronous call to an entry of another task while keeping a server
in its parent task blocked, leading to simultaneous resource possession. Asynchronous calls and forwarding calls
are also possible, we point to [53] for additional details.

Figure 1 shows a small-scale example that summarizes the above definitions for the basic elements of LON
models: tasks, host processors, entries, and activities. Tasks are depicted as stacked parallelograms.A task runs
on a single processor (e.g., P3), represented by a circle. Specific services provided by a task are called entries and
drawn as smaller parallelograms at the top of the task. Each rectangle denotes a particular activity performed
during the execution of an entry. The number between square brackets specifies the service demand of the activity
(e.g., 1.6 for activity A1). Jobs in LQNs are generated by a special task termed the reference task, e.g., tasks T1 and
T2 in Figure 1 which model two classes of 3 and 2 users, respectively, both calling entry E3 exposed by task T3.
The number between curly brackets represent the server multiplicity of the task, which is the maximum execution
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Fig. 1. Example of an LQN model.

parallelism for a task, e.g., T3 has a pool of 3 servers that can process calls to its entry E3. The processors of T1
and T2 are not drawn for conciseness. Larger models are typical in applications; we point to [24, 45, 46] and the
bibliography at [1] for further examples.

3.3 Decomposition-based analysis techniques

Extensive prior work in the area has shown that an LQN can be accurately solved by iteratively evaluating a
collection of ordinary mixed queueing networks, obtained using decomposition, until reaching a fixed-point
iterative solution [24]. Each decomposed submodel conceptually represents a layer of the system under study [46].
The collection of submodels forms an interactive ensemble, in the sense that the output parameters of a model
for a lower layer, such as the response times at the queueing stations, become an input parameter of the upper
layer models, typically service times at the queueing stations. We now briefly discuss the strategy to divide a
given LON into multiple layers and basic definitions concerning the obtained submodels that have been adopted
in the proposed solver.

3.3.1 Layering strategy. Layering strategies are methods for decomposing an LQN model into an ensemble of
ordinary queueing networks. Prior work has noted a relatively weak sensitivity of the LQN solution accuracy
based on the layering style [25, §3.2]. In the proposed evaluation solver, we adopt loose layering [25, §3.2], which
ensures that each layer includes a single queueing station, representing either a task or host processor, coupled
with an infinite-server node to model the inter-request times of clients. The station may be replicated, with
stations having identical demands.

For example; under loose layering decomposition, the model in Figure 1 yields four submodels: T1— P1,
T2—P2, T3—P3, and (T1,T2)—T3, where — indicates a client-server relationship. Note that each of these four
models describes a single server in the LQN (P1, P2, P3, T4), thus corresponding submodels do not exist for the
reference tasks (T1, T2), which are pure clients issuing calls to the system.

The rationale for choosing, unlike existing tools such as LQNS or DiffLQN, loose layering as the default
strategy in our solver is that, while some queueing network algorithms such as MVA display linear complexity
as a function of the number of stations m within a submodel, other paradigms rely on computations that have
polynomial or exponential complexity with respect to m. While the asymptotic complexity of methods such
as MVA is nearly unaffected! if one solves m homogeneous models with a single type of station, rather than a
monolithic model comprising m different queueing stations, methods of the latter kind are computationally more

IThis applies to exact MVA methods. For approximate MVA methods, linear complexity holds at each iteration, but the number of iterations
can be affected by m, although typically rather weakly.
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Fig. 2. A layer of the LQN model with replication m = 2 and multiplicity ¢ = 3.

efficient in analyzing smaller models. For example, a CTMC solver may be fairly scalable in models with a single
queue, but quickly incurs state space explosion with multiple stations. A similar issue is displayed by Monte
Carlo sampling methods in the NC approach, which approximate a multidimensional integral in m dimensions
and thus are quite sensitive to the growth of this parameter [52]. A drawback of loose layering is that certain
features, such as heterogeneous load balancing or fork/join sections, are somewhat inconvenient to model, as the
participating stations may be scattered across different submodels, requiring specific solutions to cope with this
difficulty?.

3.3.2  Submodel generation. We now outline the mapping between LQN abstractions and the above models.
Under loose layering, we abstract a layer [, which models a specific server in the LQN, as consisting of an extended
queueing network with m identical stations, modeling the server and its replicas, and a single infinite-server
station, modeling the client think times. Thus, m denotes the replication factor of the server. We shall refer to
such a queueing network as a homogeneous model. In more detail, the homogeneous models we consider are
mixed queueing networks with m identical c-server queues and a delay (i.e., infinite-server) node. Such networks
can be mapped using standard techniques into closed queueing networks, after suitable correction of the service
demands of the queueing stations [8]. Jobs in class r have service demand D, at the multiserver station and
think time Z, at the infinite-server station. We allow service distributions to be either phase type or degenerate
distributions, in particular the immediate distribution, which models zero processing times. The handling of the
latter typically relies in our solver on the stochastic complement technique that allows hiding selected transitions
in a Markov chain [37]; we point to [12] for more details.

The number of servers in the queueing stations is equal to the multiplicity c of the server in that layer. Figure 2
gives the model of a layer for the LON where T3 acts as a server. Clients issuing synchronous calls to layer [ are
represented as jobs initialized in a reference class at the delay. In the example of Figure 2, these may be classes T1
and T2. Subsequently, jobs cycle between the delay and the queues, switching their class to represent the specific
tasks, entries, and activities that the clients visit (or invoke) during execution. For example, according to Figure 1,
in the submodel for server T2, a job starting in reference class T1, will first switch to class E1, then to class A1,
spending time in these classes at the delay station of the submodel. Then, the job will be routed to the server into
a class labeled A1—E3, to distinguish it from similar calls to E3 issued by jobs starting in the other reference
class T3, which is also present in the submodel. Calls issues from the latter would be in a class labeled A2—E3.
Lastly, the job will complete at the station in class A1—E3 and return into class T1 at the delay.

Parameters such as think times and service demands are iteratively updated as per the method of layers [46].
For example, if certain sections of the client activity graph require access to another layer I’ # [, the corresponding

2For example, to address situations of this kind, if the response time of a station in layer I’ needs to be evaluated within layer I < I’, it is
possible to add a surrogate infinite server to layer [ to represent such a station, iteratively synchronizing its think time with the response
time observed in I’. Adding such a new infinite server station to layer I does not significantly change the submodel structure since these
nodes can normally be aggregated with little approximation error.
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execution times are modeled as think times in the submodel for / that already incorporate the queueing contention
in layer I’. Moreover, the probability of a client executing a particular entry is set proportional to the last
throughput of this entry. We then update routing probabilities at each iteration, because not all solution paradigms
are visit-based.

Clients that send asynchronous calls to layer I are instead represented as open Poisson arrival streams. The
coexistence of open and closed classes, therefore, gives rise to mixed models, which can be reduced to closed
ones by demand scaling [8]. This allows us to analyze mixed models directly using solution paradigms for closed
queueing networks.

Service classes are mapped to a set of R chains, obtained by computing the strongly connected components of
the routing matrix. Each chain j represents a client task to the layer and has an associated number of jobs N;
that are initialized at the infinite-server station, starting in the chain reference class. Note that this does not loses
information as it is possible to exactly recover the per-class performance metrics from the per-chain ones [8, 55].

For ease of presentation, since a multi-chain model can always be reduced to a corresponding multiclass model
with R classes, one per chain, we shall use the terms “chain” and “class” interchangeably.

3.3.3  Performance metrics. Performance metric computation is solver-dependent. We illustrate their definitions
here taking the NC approach as a reference. We assume for simplicity that scheduling leads to product-form
models and single server stations (¢ = 1). Moreover, we give definitions for cases where the station is a queueing
resource, but similar definitions apply when this is instead an infinite server node. Approximations to handle
other cases, such as multiclass FCFS scheduling, are discussed later in the paper.

Let N = (Ny,...,NR) be the population vector for a layer, [N| = Zle N,, and recall that G(m, N) is the
normalizing constant of the state probabilities for the associated product-form model, which consists of m
identical queueing stations and an infinite-server node. Denote by 1, a row vector of all zeros with a one in the
r-th dimension. We may exploit the following relations for the mean class-r throughput X, (N) and for the mean
class-r queue length Q,(N) at any of the identical queueing stations:

G(mN—1,) 0i(N) :DrG(m+1,N 1)

G(m, N) G(m,N)
The system throughput X, (N) is assumed to be computed at a reference station, i.e., the infinite server, for
which we set the mean number of visits of class r to unity. Little’s law may then be combined with the previous
relations to obtain other metrics at the queueing station, such as mean response times, mean residence times,
and resource utilization [23; 34]. Let V,. be the mean number of visits that a job in class r pays to the queueing
station. The class-r residence time R,(N) is the mean time accumulated by class r in visits to the queue prior to
completing at the reference station, i.e., W, (n) = Q,/X,. The response time is then the average residence time
per visit, i.e., W.(N) = R,(N)/V.. Lastly, the utilization is the percentage of time the processor is busy, given by
U,(N) = X;(N)D,. In the case of c-server stations, we assume U, (N) to be always re-scaled by ¢ so as to range
in [0, 1], except if the station is an infinite server in which case we assume that U,(N) = Q,(N), since ¢ — oo.

Before discussing the novel algorithms proposed to compute these metrics, we remark that specific simplifica-
tions arise in evaluating normalizing constants for homogeneous models due to the structure of the product-form
solutions. At first, if either Z, = 0 A D, = 0 or N, = 0 holds for a class r, then this class can be removed from the
model as it does not contribute to the normalizing constant. Define Rp as the set of remaining classes for which
D, = 0. We note that the contribution of such classes to G(m, N) is given exactly by a factor [];cg,, ZNe NG,
which can be efficiently computed. Hence, every model can be reduced without loss of generality to one where
all classes have D, > 0, which we will assume throughout.

Xr(N) =

3.3.4 Fixed point LQN solution. Solutions of interactive models in an ensemble are reconciled through fixed-point
iterations until performance metrics across the layers are consistent within a numerical tolerance. To this end,
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Table 1. Solver selection statistics for 20,000 randomly generated homogeneous models with FCFS and PS stations

Server multiplicit Class populations
Solver Tow id P H)i)gh Tow p]\l/;id High Total percentage
MVA | 26.625 | 1.895 1.210 | 20.500 | 6.735 | 2.495 29.730
NC 35.655 | 22.830 | 11.580 | 45.190 | 18.465 | 6.410 70.065
Fluid | 0.125 0.055 0.025 0.200 0.005 | 0.000 0.205

after topological sorting, the LONS solver adopts an elevator algorithm whereby the graph that describes the
client-server relationships is traversed top down and bottom up in alternation, thus cyclically inverting the order
in which the layers are analyzed [25]. This algorithm is also used in our LN solver to iterate over all the models
within an ensemble.

Convergence testing in LN proceeds as follows. At each iteration, and for each submodel /, the largest change
in per-class mean queue-length between iterations i and i + 1 is recorded as Af“ = maxr(Qr(i) - Qfm))/Nr,
where Q) denotes the mean queue-length of class r obtained at iteration i. If there are L submodels, then LN
stops when A™*! = 31 Al*! falls below a given tolerance. If this is not achieved within a maximum number of
iterations, LN then assumes that input parameters are oscillating across iterations and applies a moving window
is applied to the residence time and through estimates at each layer to ease convergence. If this is not reached
within a maximum number of iterations, the algorithm returns the current results.

4 LQN META-SOLUTION
4.1 Motivating example

To compare different solution methods for solving closed queueing network models with varying characteristics,
we investigate a set of 20,000 random models. Each model consists of a delay and a queue, with the scheduling
strategy for each queue being randomly chosen as either FCFS or PS. The service time distribution for each job
class is chosen uniformly at random to be either exponential, hyper-exponential, or Erlang. Note that the latter
distributions admit product-form solution under PS but not under FCFS except for the case where exponential
service times are identical [4], which occurs in our random models only in single-class networks. The models are
designed to handle low, medium, and high loads, with the total job population ranging in [1,10] (low), [11,30]
(medium), and [31,40] (high), respectively.

Each model is solved using the MVA, NC, and Fluid solvers available in LINE? 2.0.27. To determine the optimal
solution for each model, we measure the performance of each method using a combined metric that considers both
accuracy and execution time, computed through a weighted geometric mean of the two factors with coefficients
0.75 and 0.25, respectively. Specifically, the accuracy metric is the arithmetic mean of the absolute relative errors
on the system response time and the absolute relative error on the system throughput, computed relatively to
discrete-event simulation values. We use for the simulation the JSIMgraph tool, part of the JMT suite [5]. The
solution method that exhibits the maximal accuracy metric is selected. The resulting distribution of the selected
solution paradigm across all 20,000 models is illustrated in Table 1.

The results shown in Table 1 reveal that the majority of models in LINE are best solved by the NC and MVA
methods, with Fluid being the best solver only in approximately 0.2% of models. Specifically, Table 1 indicates
that the NC and MVA methods both exhibit comparable performance for small-scale models, with a difference of
9.03%. However, for medium-scale and large-scale models, the NC solver performs better than the MVA method.
On the other hand, Table 1 demonstrates that the NC method outperforms the MVA method for models serving

3Version available at: https://github.com/imperial-qore/line-solver
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either low, medium, or high workloads, with an advantage of 24.69%, 11.73%, and 3.91%, respectively. The Fluid
model is fairly accurate, but it is worse than MVA and NC in solution speed. This is because integrating the
ODE:s is fairly expensive, especially when the differential equations are stiff. For example, consider a cyclic closed
queueing network model including a delay station with unit think times and two FCFS nodes. There are two
classes of jobs with 10 jobs each. Class 1 has mean demand 1.5 at both queues, while class 2 has demand 3.0
at both stations. Averaging execution times over 100 repetitions, MVA and NC complete in about 16 ms, while
the Fluid solver takes about 42 ms and displays similar, but slightly lower, accuracy than MVA and NC, due to
the fact that the model has single server stations and therefore does not perfectly align to the assumptions of
Kurtz’s theorem [41]. Nevertheless, the Fluid solver remains a useful tool for transient analysis and response
time distribution evaluation, as illustrated later in Section 6.2.

It should be noted that the above conclusions hold for the specific implementations in the considered version
of LINE. However, they illustrate the fact that no solver dominates the other, since each between MVA and NC
can handle best a large fraction of models. This gives a case for developing automated methods for selecting the
best algorithms to run within meta-solver approaches so as to leverage individual paradigm strengths.

In summary, the NC and MVA methods are generally better suited for solving most models, with the choice
between the two methods depending on the expected load as well as the scale of the model: The Fluid method
may be suitable for a small percentage of models, yet as we show later in Section 6, it still offers good average
performance with low maximal error.

4.2 LN meta-solver

Stemming from the previous motivating example, the LINE Layered Network solver (LN) is a concrete imple-
mentation of a meta-solver approach to LQN analysis. All the solution paradigms available in LINE, including
analytical methods (NC, MVA, MAM, and Fluid), discrete-event simulation (JMT, SSA), and CTMC analysis, can
thus be leveraged to evaluate LQNs. Given an input LQN model, LN first produces an ensemble of submodels
according to the principles discussed in Section 3. An initial assignment of performance metrics is made to each
submodel assuming no queueing, after calculating essential quantities such as the visit ratios of client entries
to tasks. Upper bounds to the multiplicity levels of the servers are also applied at this stage at infinite server
stations to ensure that multiplicity coefficients are all finite. Then, a set of solvers is prepared for the analysis of
the generated submodels.

After the initialization phase, LN starts to iteratively solve the ensemble of submodels, updating the model
parameters after each iteration. The order in which the submodels are processed is arbitrary, and a submodel may
be skipped at a certain iteration if its parameter changes are negligible. In particular, the current implementation
adopts the same ordering as.in the LQN elevator algorithm [25]. Each time the ensemble of submodels is analyzed
and modified, a global update of the solver parameters ensues. The iterative solution procedure stops and returns
the obtained results after detecting convergence of the performance metrics within a threshold or after exceeding
an iteration limit.

Compared to existing solvers, such as LONS, the main differences are the selection of the solver to be applied
to each submodel and the range of algorithms within each solver. The process of selecting a solver for a submodel
is either chosen manually by the end user or automated via heuristics. Table 2 illustrates the main heuristic
selection criteria used in LN shipped with LINE version 2.0.27. Given that non-product-form models are difficult
to characterize exactly, it is challenging to come up with universal rules to decide when a method is better than
another; thus, the heuristic rules in the table summarize our empirical observations from the execution of the
solvers on random instances. The conditions for selection are applied top-down; for example, a small population
model will always be processed by the NC solver, also when it features multiclass multiserver stations.
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Table 2. LN automated paradigm selection heuristics in LINE 2.0.27

Paradigm | Selected if: Main Methods
NC « Single class models « CoMoM, Section 5.1
« Multiclass models with single server queues » Multiserver CoMoM, Section 5.2

« Small population models (including multiservers) | « Gauss-Legendre, Section 5.3
« RD heuristic [18]

MVA | « Multiclass models with multiserver queues « QD-AMVA [20]
« High or medium population models » Linearizer [21]
« Non-product-form models « Non-iterative approximation, Section 5.4

Each solver offers a selection of several algorithms, a selection of the main methods is highlighted in the table.
At present, LINE offers about 70 different algorithms across its solvers, each applicable to a specific family of
submodels. An inner selection function is applied within each solver to choose which algorithm to run based
on the characteristics of the model. Several algorithms are introduced in this paper in the sections listed in the
table. The logic for selecting algorithms within each solver is hidden to the LN meta-solver, which interacts
with the individual solvers only via abstract interfaces; we point to the online appendix for more details on
the specification of such interfaces. The selection rule of MVA prioritizes QD-AMVA on models where some
classes have fractional populations with less than one job; otherwise, the Linearizer algorithm is chosen. Instead,
the NC solver uses the Gauss-Legendre presented later in Section 5.3 as default and the Logistic Expansion
proposed in [14] for very large models. The CoMoM and multiserver CoMoM exact methods we propose later
in sections 5.1 and 5.2 can also be selected by the user for additional accuracy and the latter is the default for
multiclass homogenous models with a multiserver queue.

In LINE MVA solver, Linearizer is applied by default to models with homogeneous single server queues.
QD-AMVA is implemented similarly to [20] and used by default to handle homogeneous multiserver PS queues,
which are treated in this approximation as stations with load-dependent rates. QD-AMVA is also preferred to
Linearizer to approximate models with very low population, including those with less than 1.0 job in some
classes. This is because the QD-AMVA queue-length interpolation is class independent, therefore avoiding some
inaccuracies that arise in this case when using Linearizer. Linearizer is instead used to approximate multiserver
FCFS stations based on either Seidmann’s approximation or the Rolia-Franks approximation [24, 46, 48].

In LINE NC solver, the default methods are the algorithms presented in the next section, in particular, the
Gauss-Legendre integration is used by default unless the model has multiserver stations in which case multiserver
CoMoM is preferred. In addition to these, the RD method is used to handle the corrections required to handle
load-dependent stations [18].

5 ALGORITHMS FOR HOMOGENEOUS QUEUEING NETWORKS

From now on, we focus on LQN decomposition based on loose layering and present the algorithmic innovation
developed to increase accuracy and performance of the solution algorithms for individual LQN layers.

5.1 CoMoM algorithm for homogeneous models with single server queues

Recall that mixed queueing network models can be mapped with suitable transformation to a model consisting
only of closed classes [8, §8.2.3]. A closed product-form network solution approach that demonstrates a specific
advantage of relying on the NC paradigm instead than mean-value analysis is the Class-oriented Method of
Moments (CoMoM) algorithm proposed in [12] for exact analysis and several approximations derived from integral

ACM Trans. Model. Comput. Simul.



LN: A Flexible Algorithmic Framework for Layered Queueing Network Analysis « 11

forms for the normalizing constant G(m, N) that enable probabilistic analyses, e.g., asymptotic expansions [14, 36].
We now describe the extensions developed for the two families of algorithms.

We now propose a method of moments algorithm that exactly solves homogeneous models in linear time as
the total population size grows, assuming models with single server queueing stations. As opposed to existing
methods such as MoM [13] and CoMoM [12] that can theoretically achieve linear complexity, the proposed
technique is the first one that realizes this in concrete implementations by avoiding the use of exact arithmetic,
which introduces overheads up to about log-linear in the total population size [12, 13]. Moreover, it does so
without solving systems of linear equations usually appearing in methods of moment algorithms. The result
allows the efficient solution of submodels arising from loose layering in milliseconds. Also, it serves as a basis for
efficient approximations for more complex networks with multiserver stations [18, 48] and for non-product-form
models. We also discuss here an extension for the exact analysis of homogeneous models of multiserver nodes.

For a model with N jobs belonging to a fixed number of R classes, CoMoM implementations require approxi-
mately log-quadratic time and log-linear space in |[N| to obtain an exact solution, thus being more scalable than
the exact MVA algorithms. The latter has a time and space complexity of O(|N|¥). Moreover, contrary to other
moment-based methods, CoMoM can avoid degeneracies when the model consists of one or more replicated
queueing stations, as in the case of loose layering. An equivalent result is not currently available for MVA. Among
the complications, it is worth noting that MVA expressions such as the celebrated arrival theorem are bi-linear in
their defining terms, mean queue lengths and mean throughputs, yielding systems of non-linear equations that
are not as tractable as CoMoM linear matrix recurrence relation.

We enhance CoMoM by developing explicit solutions to its system of linear equations for homogeneous models.
Such solutions apply to models with an arbitrary number of classes R. For a vector v with d dimensions, let
lo| = Z?:l v; and define diag(v) as a diagonal matrix with the elements of v placed on the main diagonal. We now
give an exact result.

THEOREM 5.1. Consider a product-form queueing network model with R classes, having m identical single server
queueing stations with service demand D,> 0 in class r and an infinite-server node with think time Z, in classr.
Define the collection of normalizing constants

g(m,N) = [G(m,N)* G(m,N-1;) --- G(mN—1g_1)].
and the basis
AN) = [g(m+1,N)  g(m,N)]"

Then the following matrix recurrence relation holds

A(N) = (Fyr + Ny 'Fp) A(N — 1g) (1)
in which
Fip= DrE;; 0 _ mDRrS Zg$S
LR=1 9 o| 2R 7 |mDrI ZgI

s | -INl-m zr
- —diag(D)"!N  diag(D) ! diag(Z)
where E 1 is of order R with a single nonzero entry in position (1, 1), N=(Ny,...,Nr-1)7, D= (Dy,...,Dr-1)7,
Z =(Zy,...,Zr_1)T, I is the identity matrix of order R, and 0 is the zero matrix of order R.

A proof of the theorem is in Appendix A. Note in particular that the knowledge of A(N) and A(N — 1g) is
sufficient to determine the expression of all the mean performance metrics introduced in Section 3.3.3. Termination
conditions for (1) are obtained noting that G(+,0) = 1 and that, whenever any element of N is negative, G(-, N) = 0.
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Table 3. Relative error and runtime upon computing log G(m, N) exactly.

Classes | Total jobs Method Runtime [s]

8 40 Convolution 0.0033

8 40 CoMoM (original) 0.0047

8 40 CoMoM (enhanced) 0.0014

8 400 Convolution 1.4201

8 400 CoMoM (original) 1.1433

8 400 CoMoM (enhanced) 0.0016

8 4000 Convolution Memory exhausted
8 4000 CoMoM (original) Timeout

8 4000 CoMoM (enhanced) 0.0017

8 10° Convolution Memory exhausted
8 10° CoMoM (original) Timeout

8 10° CoMoM (enhanced) 0.2591

In terms of numerical stability, to prevent floating-point range exceptions, the proposed solution can either
be computed using exact or multi-precision arithmetic. In practice, we have observed that scaling at each step
the vector A(N) so that |[A(N)| = 1, and removing the effect of such scaling only in the final result, is sufficient
to sanitize numerical problems in practical uses, except for negligible numerical fluctuations. This makes the
theoretical and implementation complexity identical and, empirically, much faster than using exact arithmetic.

Lastly, we remark that the result in this section assumes integer populations since for fractional values an exact
CTMC solution is undefined. In this case, we solve the models with integer populations [N] and | N| and linearly
interpolate the mean performance metrics. For example, the mean class-r queue-length would be estimated as
0;(N) = O, (IN]) + n(Qr(IN1) — Or(LN])), with n = N — | N|. Similar expressions can be used for the other
metrics.

5.1.1  Numerical example. To illustrate the performance of the enhanced CoMoM algorithm, we consider a
challenging model with R = 8 classes, where m = 1, Z, = rand D, = 107", r = 1,..., R. Jobs are split equally
across the classes. The exponential spacing of the demands and the large population make the analysis numerically
challenging. We set a timeout of 10 seconds to solve a model. The original CoMoM leverages exact arithmetic in
Java, whereas the enhanced method implements in MATLAB the recursion we have proposed in Theorem 5.1
using standard floating-point arithmetic. Table 3 shows numerical results, which corroborate the high scalability
of the enhanced CoMoM for homogeneous models. Results are obtained on an AMD Ryzen 7 2700X Processor
with 64GB of RAM. Note that at population [N| = 4000 convolution becomes unviable due to excessive memory
requirements, but since the normalizing constant reaches order 107% it would have exceeded the floating-point
range during execution. Scaling methods for Convolution have been proposed in [33], however, it is not difficult in
our experience to generate examples of large models where this technique still cannot prevent floating-point range
exceptions. Instead, the enhanced CoMoM can also solve the largest model with 10° jobs, agreeing within the first
11 digits of log G(m, N) with the results of the logistic expansion (LE) proposed in [14], which is asymptotically
exact. We have also observed in all cases that at least the first 6 digits of the mean per-class throughputs computed
by the enhanced CoMoM were identical to the ones obtained by the AQL approximate MVA method [56]. As no
other exact method can reach this model scale, it is difficult to rigorously verify exactness, yet the result suggests
no, or at least negligible, presence of error accumulation.
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5.2 CoMoM algorithm for homogeneous models with multiserver queues

Using normalizing constants instead of MVA simplifies the calculation of probabilistic measures on each layer, as
illustrated in this section. Thanks to loose layering, specialized results can be derived to allow simple computation
of marginal probabilities in a layer, which enables the exact analysis of load-dependent service behavior, which
encompasses multiserver stations as a special case [8, 18]. We focus here in particular on computing using the
CoMoM approach the marginal probability zzx (m, n) that n jobs are queueing or receiving services at any of the
m identical queueing stations. This is also equal to the probability that 7y (m, |[N| — n) jobs are waiting at the
infinite server station.

Computing ny(m, n) is generally a difficult problem since with R classes there is a combinatorially-large
number of job mixes that result in the same total job population n at the m queueing nodes. In this case, our
evaluation solver leverages a novel result, developed in the next theorem, which obtains marginal probabilities
in O(|N|?) time and O(|N|) space when applied to homogeneous models. For m = 1, this improves over MVA
methods that require instead O(|N|F) time and space, while matching the complexity of CoMoM extension to
marginal probabilities [12, §VII], but without requiring the solution of a system of linear equations as in the
original CoMoM method. Other key novelties are that, unlike the original method, the expression below applies
also to homogeneous models with m > 1 and with load-dependent service.

THEOREM 5.2. Consider a product-form queueing network model with R classes, having m identical c-server
queueing stations with service demand D, > 0 in class r, and an infinite-server node with think time Z, in classr.
Let mn(m, k) be the marginal probability that the m queueing stations have k resident jobs in total, k = 0,...,|N]|.
Define the following basis of unnormalized probabilities:

TI(N) = G(m, N) [y (my[N]), ..., (m, 0)]
with T1(0) = (0,...,0,1)T. Then G(m, N) = |TI(N)| and the following exact recurrence relation holds

II(N) = N; 'TRII(N - 1) (2)
in which b
Zr  IN|—=2 0 0
p(INT)
0 ZRr (|N| — 1)L Ce 0
p(IN|=1)
Tr= : :
’ D
0 0 0 Zr =
p(1)
0 0 0 0 Zr |

and where the load-dependent rate ji(n) can be computed as the throughput of a single-class product-form queueing
network consisting of m identical c-server queueing stations, each having unit service demand.

Proof of this exact result is given in Appendix D. Note that the service rates u(n) can be pre-computed offline
in O(|N|?) time, for example using the load-dependent MVA algorithm [10], as their values are independent of
R,D,,and Z,, 1 < r < R. Note that this preliminary step has the same asymptotic complexity as the proposed
algorithm for growing values of |N|.

5.2.1  Numerical results. We have verified with numerical examples, comparing with the load-dependent MVALD-
MX [10], that the formulas in Theorem 5.2 match the exact solution while avoiding the exponential time and
space requirements of traditional methods as the number of classes grows. Applying the same scaling as the one
used for the multiserver CoMoM, we are able also to solve large models. For example, a model with R = 8 classes,
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|N| = 40 jobs, m = 2 identical PS queues with ¢ = 2 servers, similar to the first row of Table 4, is solved exactly by
MVALD-MX in 238 seconds, occupying about 76MB of memory, while the recurrence relation in Theorem 5.2
completes in about 1.5 milliseconds with negligible memory consumption.

5.3 Gaussian quadrature methods

As illustrated in the numerical examples, the CoMoM method for single server stations faces a slight increase
in time requirements as the population grows. This also occurs as R increases, since the CoMoM basis has 2R
elements. While tens or hundreds of milliseconds may be negligible for a single model, LQNs are solved iteratively
and can feature many layers, hence solution times compound quickly. In large models, it can be useful to trade
accuracy for speed.

A simple expression for the normalizing constant is given by the McKenna-Mitra integral form [36]. This is
generally a multidimensional integral, with one dimension for each queueing station in the model. Thus, in a ho-
mogeneous model for a layer one would expect a m-dimensional integral. We show however that inhomogeneous
models this integral form takes the following simpler expression.

THEOREM 5.3. Under the same assumptions of Theorem 5.1, the normalizing constant of state probabilities for the
queueing network model admits the following integral form

+00 R

1 -u,,m- r
G(m,N) = . 5_1Nr!‘/ e “u 11_[(Zr+Dru)N du (3)

u=0 r=1

A proof is given in Appendix C. The main difficulty associated with evaluating G(m, N) directly is that (3)
is prone to numerical difficulties. This is because quadratures do not operate directly in the log domain and
are therefore numerically sensitive to the magnitude of the factors under the integration sign, one being an
exponentially decaying function (e ™), the other being a polynomial of high order |N| + m — 1. A novel strategy
developed in the NC solver to evaluate (3) is to use Gaussian quadrature methods coupled with the log-sum-exp
trick [7]. We have implemented both Gauss-Legendre and Gauss-Laguerre quadratures for (3), finding them
empirically better suited at evaluating normalizing constants than MATLAB’s default integral method and overall
the best evaluation methods unless job populations are asymptotically large. We point to Appendix B for a brief
introduction to both Gauss-Legendre and Gauss-Laguerre quadratures.

Generally, Gauss-Laguerre quadrature enables increasingly precise evaluations of (3) for growing values
of its order K. However, it also faces numerical difficulties under a large population of jobs N, for which the
quadrature weights and the integrand can display vastly different magnitudes. In such cases, we evaluate instead
log G(m, N) in the quadrature summation by applying to the expression the log-sum-exp method using, e.g.,
with the implementation in [7].

5.3.1  Numerical example. We consider the same models considered for CoMoM and numerically evaluate the
integral form (3). The integral method of MATLAB is run with an absolute tolerance of 1072, Node and weights
for the Gaussian quadratures are pre-computed offline: due to numerical instability, we can reach for the Gauss-
Laguerre method up to order 300, while for Gauss-Legendre we could pre-compute weights up to order 20,000 in
the range u € [0, 10°]. We also include in the test the LE asymptotic expansion implemented in NC, which is a
scalable method for models with few stations and many classes. The method applies a Laplace approximation to
the simplex integral form for the normalizing constant in [14]. Asymptotically the LE results are tight to the
exact solutions.

The results are given in Table 4. Errors are computed using the exact CoMoM results. Overall, we see that
Gauss-Legendre is typically sufficient except in large asymptotic models where LE solutions are closer to optimal.
The lower performance of Gauss-Laguerre is interpreted as being due to the restriction of using up to 300
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Table 4. Relative error and runtime upon approximating log G(m, N).

Classes | Total jobs Method Rel. error [%] | Runtime [s]
8 40 MATLARB integral 0.0000 0.0006
8 40 Gauss-Legendre 0.0000 0.0004
8 40 Gauss-Laguerre 0.0000 0.0010
8 40 Logistic expansion -0.1249 0.0012
8 400 MATLAB integral 0.0144 0.0005
8 400 Gauss-Legendre -0.0001 0.0006
8 400 Gauss-Laguerre -0.0001 0.0010
8 400 Logistic expansion 0.0033 0.0013
8 4000 MATLAB integral Unstable 0.0008
8 4000 Gauss-Legendre -0.0006 0.0021
8 4000 Gauss-Laguerre -0.0006 0.0010
8 4000 Logistic expansion 0.0003 0.0013
8 10° MATLAB integral | Unstable 0.0008
8 108 Gauss-Legendre -0.0592 0.0095
8 10° Gauss-Laguerre 0.2508 0.0011
8 10° Logistic expansion 0.0000 0.0013

nodes and weights in the interpolation due to numerical instability in their computation. Since Gauss-Legendre
quadratures of order K = 2n — 1 are exact for polynomials up to order n. Since the normalizing constant is the
integral of a polynomial of order n = |N|+m — 1, it is possible to use the K = 2|N|+ 2m — 3 order as a threshold for
when the quadrature will cease to be exact and switch afterward to LE. For example, with Gaussian integration of
order n = 300 and m = 1 the solution would switch to LE for [N| > 6000. Note that, on top of this, approximation
errors are incurred in Table 4 by the log-sum-exp trick used for numerical stabilization, which explains why
small errors are incurred by Gauss-Legendre and Gauss-Laguerre also in cases where the quadrature should be
exact. Another source of errors is that Gauss-Legendre requires a finite interval and has therefore been truncated
to the range u € [0, 10°], whereas the normalizing constant integral is defined in the range u € [0, co].

In summary, the numerical analysis reveals that a combination of Gauss-Legendre quadrature, for models with
tens or hundreds of jobs, and LE, for larger models, provides an effective way to approximate homogeneous
models.

Multiserver models. We remark that contrary to CoMoM, the above technique is not immediate to extend to
multiserver stations. An integral form for this case is available in [38, Eq. (A20)], yet it is a multiple integral and
depends on a Bessel function with oscillatory behavior, which renders the numerical quadrature more difficult.
Seidmann’s approximation may then be preferred to apply Gauss-Legendre and Gauss-Laguerre quadratures to
models with multiserver stations [48]. This simple method replaces a c-server station with demands D, with
a sub-network consisting of a single server queueing station with demands D, /c and an infinite server station
having demands D, (¢ — 1)/c. Under this transformation, as in the original system, a class-r job can traverse the
two stations in D, time overall when these are found both empty upon arrival. Moreover, the new infinite server
station delay can be exactly aggregated within the pre-existing infinite server think time so that the model retains
overall the same number of stations. This approximation style may be also instantiated with the multiserver
CoMoM method of Section 5.1.

ACM Trans. Model. Comput. Simul.



16 « Giuliano Casale, Yicheng Gao, Zifeng Niu, and Lulai Zhu

5.4 Non-iterative MVA approximation

Lastly, we leverage the ability of our solver to encompass multiple solution paradigms to develop a fast, non-
iterative, MVA-based approximation scheme for multiclass models. As mentioned in Section 4.2, non-iterative
methods can be used for example to quickly initialize performance measures in submodels. We consider here
single server stations and assume to approximate the multiserver case using Seidmann’s approximation we have
discussed before [48]. We also take product-form assumptions, but the expressions may be extended to the FCFS
case using the standard approximate MVA FCFS approximation and following similar passages.

For each class r, the standard MVA expression for the throughput in that class is

N,
Zr + mDr + Zf:l Dr(Ns - 5rs - Xs (N - 1r)Zs))

X,(N) = (4)
where s, = 1if s = r and 0 otherwise, and we have used that the total population of jobs in the queue is
Zle (N5 — 6,5 — Xs(N —1,)Z;), since Xs (N — 1,) Zs represents by Little’s law the number of jobs of class s residing
at the delay node as seen at the instant of arrival at any of the queues in the homogeneous model.

To obtain a non-iterative formula, we use two approximations. First, we apply the interpolation [40, p. 649]

N, -1

X, (N-1,) ~ X (N) (5)

f
Next, we estimate the contributions of classes s # r in (4) using twice the asymptotic upper bounds for the
throughput [23, 34], obtaining

R R N.Z

E D, Xs(N-1,)Zs =~ B, B, = E D, = S8

s=1 s=1 Zs+Ds(m+|N| - 1- c=1 Zc(Ne = ¢r)[(Ze + De(m + |N| = 2)))
s#r s#r

(6)
Plugging (5) and (6) into (4) and re-arranging terms, these two approximations together make (4) a second-order
univariate polynomial in the variable X, (N). This can therefore be solved explicitly, yielding the final expression

Zy — By + D;|N| — v/B2 + DZ|N|? + 2D,|N|Z, + Z% — 2B,D,|N| — 2B,Z, — 4N,D,Z,
Xr(N) = (7)
2D, Z,
The last expression can be computed in exactly R steps, one for each class r, thus with O(1) complexity with
respect to the total population size |N|.
The mean queue-length at-any of the m replicas is then simply Q,(N) = m~}(N, — Z,X,(N)), since the
population not resident at the delay will be, on average, equally distributed among the m queueing stations. Using
X, and Q, for all classes, it is immediate from Little’s law to obtain response times and utilization values.

5.4.1  Numerical example. To illustrate the accuracy and speed of the proposed method, we consider the approxi-
mation of random closed product-form models for a varying number of classes R and jobs N. We set m = 1 station,
N =[1+ p50], where § is a vector of non-negative uniform random numbers summing to 1.0, the demands D,
are chosen uniformly at random with mean 1.0, and the think times are also randomized as Z, = 70 + 5Rlog,, RU,
where U is a uniform random number in [0, 1]. With this parameterization, we generate 10,000 models for each
value of R € [2,10] and compare (6) to the solution of the AQL approximate MVA algorithm, which is highly
accurate [56].

Figure 3a illustrate the approximation error of (7) as the number of classes increases. The average utilization
across all the models generated by the particular choice of Z, is such that it remains fairly constant as R increases,
falling in the narrow range [0.72,0.80]. The error grows slightly from 4.35% for R = 2 classes to about 7.51% with
R =10 classes, confirming the good accuracy of the non-iterative approximation in (7) in light of its negligible
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Fig. 3. Mean absolute percentage error for X, on 10,000 for (a) the non-iterative approximation (7) compared to (b) an
asymptotic upper bound [23]. Figure (c) shows the ratio of runtime of (7) compared to AQL [55], showing that the non-
iterative approximation is much faster and the gap grows with more classes.

computational cost. Figure 3b compares in the same experiment the performance of a standard asymptotic upper
bound for the throughput [23], showing that the error is much larger than with (7), about 33% on average.

Figure 3c shows the ratio between the execution time of AQL and the execution time of the proposed non-
iterative method. As shown, the computational gains grow roughly linearly with the number of classes. In our
test, (7) on average took about 0.35ms to compute with R = 10 classes:

6 EXPERIMENTS AND CASE STUDIES

The developments presented in the previous sections focus on improving the solution of a single layer and meta-
solver methods. In this section, we first assess the computational gains arising from the meta-solver approach on
a set of random instances evaluated for mean performance metrics. Then, we illustrate further advantages of the
meta-solver approach in supporting advanced analyses that are difficult to handle in the MVA paradigm. Lastly,
we provide a case study to demonstrate the extensibility of the meta-solver approach, which allows us to embed
with solvers for other stochastic formalisms in LQN analysis, as illustrated by means of integrating caching and
queueing analyses.

6.1 Experimentson random models

To evaluate the performance of LN, we generate a set of 30 random LQNs featuring a varying number of tasks,
processors, layers, and synchronous calls. The detailed parameters of these models are listed in Section A of the
online supplement. In these models, we also assign random values to demands, multiplicities, and call means.
Each LON is solved with LN using the methods shown in Table 5.

A comparison of the performance of different solution methods in this experiment is then shown in Figure 4.
The results highlight the mean, median, and maximum absolute error of the system throughput, as seen at the
entry of the reference task that models the client workflow. The figure reveals that the heuristic proposed in
Section 6 (In.auto) outperforms all other LN solution methods, despite being a combination thereof. Specifically,
In.auto achieves a mean, median, and max error on the throughput seen by the client of 0.032, 0.022, and 0.171.
We have observed that during the execution of In.auto on the random LQNs, the heuristic chooses MVA about
9.6% times and NC the remaining times. Yet, it is interesting to note that, while CoMoM and the Gauss-Legendre
methods often produce indistinguishable results, small deviations can still produce noticeable differences when
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Table 5. Solution methods for solving LQN models

Solution method | Description
In.mva LN with approximate MVA in each layer.
In.nc.comom LN with the homogeneous CoMoM algorithm of Section 5.1 in each layer.
In.nc.gleint LN with the Gauss-Legendre integration of Section 5.3 in each layer.
In.fluid LN with the mean field approximation from [41] in each layer.
In.auto LN with the automated solver selection heuristic of Section 4.2 in each layer.
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Fig. 4. Performance of different solution methods in analyzing LQN models: (a) mean error, (b) median error, (c) max error

looking at the iterative solution of an LQN. Yet, both methods appear to be useful since Gauss-Legendre is better
in mean while CoMoM is better in median.

The Fluid, NC and MVA algorithms, albeit being in general very accurate, are less effective when used
in isolation than when combined using the In.auto method. This gives an indication of the gains resulting
from using a meta-solver. We explain this due to accuracy variations in the solvers on submodels that require
approximations falling outside product-form assumptions. The most common instance is a FCFS model with
different (or non-exponential) service times, which is handled in the MVA solver using standard high-variability
MVA approximations [43]. This case is instead handled differently in the NC and Fluid solvers leveraging the
decay-rate interpolation presented in [15]. The latter is a heuristic that replaces FCFS queues with PS queues
where demands are identical across the classes. The demands values are assigned by means of a non-iterative
heavy-load diffusion approximation of the original FCFS queueing system [8, §10.1]. The resulting model is then
tractable using product-form solution algorithms. In practice, models exist where each of the three solvers is
more accurate than the others, leading to a benefit in using a meta-solver.

We also remark that the Fluid solver performs better in this experiment than in Table 1 as the error metric
here looks only at throughput accuracy without weighting in execution speed. Overall, these findings indicate
that the proposed meta-solver heuristic of Section 4.2 can be useful for solving LON models with heterogeneous
submodels.

6.2 Case study: multi-solver based layer analysis

Once the LN iteration has reached a fixed-point for the input parameters of the submodels, multiple paradigms
can be applied to obtain the metrics of interest. We here focus on the latter case. We illustrate this feature in the
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Fig. 5. Leveraging LINE meta-solver capabilities in analyzing LQN models.

example shown in Figure 1, which describes a scenario where two job classes T1 and T2 require services from a
server T3. Let S be a scale factor, in the model we assume 35 and 2S jobs for class1 and class2 respectively, and
T3 is an FCFS service station with multiplicity ¢ = 2S.

We consider transient analysis, for which LINE provides multiple solver options. With the Fluid solver, one
can compute transient metrics and passage time distributions in each layer. This solver performs mean-field
approximations for PS nodes based on the theory presented in [41]. As mentioned, FCFS stations are also treated
as PS nodes with service demands corrected through a decay-rate interpolation [15]. Figure 5a shows the transient
average queue length when the scale factor is set to S = 1 for the two job classes, representing T1 and T2 as
clients, for the layer where T3 is modeled as a server. The plot shows a tight matching between the figures given
by both CTMC and Fluid solvers. We can observe that the system reaches steady-state at around ¢ = 16. In
the figure, the Fluid solver looks very accurate for this non-saturated single queue scenario. Generally trends
of CTMC and Fluid tend to be close under different parameterizations, but the two curves may not overlap at
different loads and with varying number of servers.

The NC and CTMC paradigms allow the computation of joint and marginal state probabilities in each layer.
This makes it possible to obtain probabilistic measures, which may be useful in parameter inference and buffer
overflow analysis. Figure 5b displays the joint steady-state probabilities calculated by NC and CTMC solvers for
the whole state space at T3, given the service demand of A3 as 50 and again a scale factor of S = 1. The results
from both solvers are almost the same, but the speed of NC solver is much faster. In this example, the calculation
of each probability takes CTMC solver around 4 seconds while the NC solver takes less than 50 milliseconds.

It is also notable that, despite in this example the queue is multiserver FCFS with heterogeneous service times,
the M/G/k-diffusion approximation in NC allows us to compute the state probabilities very accurately, even
if these do not admit a product-form solution. We have also attempted to scale up the same analysis to several
tens of jobs, however the CTMC becomes infeasible. In these scenarios, the simulation cost becomes orders of
magnitude slower than NC.

Beyond joint probabilities, LN allows us to compute response time percentiles at each layer using the Fluid
and CTMC solvers. In the model, the operations of T3 are executed by the processor P3, here we use both solvers
the obtain the response time distribution at the layer where T3 acts as a client to P3. Results for S = 1 are shown
in Figure 5¢, demonstrating agreement of the solutions. With S = 200 the infinitesimal generator matrix has an
order of tens of thousands and too large for the CTMC solver, which is unable to produce an answer. Conversely,
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Fig. 6. Example of a multi-formalism model containing a caching layer (middle task)

the Fluid solver has a cost invariant with the scale S and can solve the same model in less than a second, both for
the cases S =200 and S = 1.

We have repeated the last analysis only on the layer where T3 acts as a server. Since T3 is a multiclass FCFS
station, the state space grows much faster than before for increasing values of S. For example, with S = 50 the
CTMC is already intractable. Yet, the Fluid solver remains scalable, taking about 2 seconds to solve the model for
S = 50. The increased time compared to the previous experiment is due to the additional iterations required by
the M/G/k-diffusion approximation. On this layer, it is also possible to use the CoMoM algorithm for multiserver
stations presented in Section 5.2, which is exact and produces visually identical results to the Fluid solver. We
find that NC solver based on CoMoM is more scalable than the Fluid solver, taking about 1.4 seconds with S = 50,
using the response time distribution analysis method proposed in [38]. If one excludes the cost of computing the
load-dependent scaling factors used in the technique proposed in [38], only 88 milliseconds are actually required
by CoMoM to solve the model.

Recently, we have also demonstrated the possibility of using the queueing network solution mixture density
networks (MDNs) for response time distribution analysis [39]. The MDN-based approach considerably increases
the precision of computing percentiles for LQN response times compared to analytical approximations, which
are notoriously difficult for multiclass networks.

6.3 Case study: multi-formalism capabilities

LINE can analyze, analytically or via simulation, models with integrated queueing and caching formalisms. That
is, the tool extends the LQN formalism, enabling the inclusion of cache nodes. When visiting a cache, a job reads
an item according to some probability, resulting in either a cache hit or a cache miss. The subsequent processing
activities can depend on whether the read outcome was a hit or miss. Cache reads also activate a replacement
policy (e.g., random replacement, FIFO, LRU) to evict infrequently used items. The LN solver features the ability
to define caches in an LQN using specialized tasks and entries named CacheTask and ItemEntry, which capture
the data access requirements of jobs traversing the LQON. More details can be found in [26].

LN can therefore also solve LQNs with caching, such as the three-layer model in Figure 6. The host processors
P1, Pc, P2 adopt the processor-sharing scheduling policy. The number of users is represented by the multiplicity of
task T1 and the number of jobs is represented by the multiplicity of task T2 and the cache task CT. A cache task is
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Fig. 7. Capabilities of LINE in analyzing multi-formalism LQN models

anovel LQN element introduced by LN to describe data item reads from a cache, with different activities occurring
based on whether a cache hit or a cache miss occurred. This is modeled using state-dependent class-switching.

In the example under study, item access probabilities obey a discrete uniform distribution and the cache is
configured with a random replacement (RR) strategy. Arbitrary access probability distributions may be configured
in LN and replacement strategies such as FIFO or LRU are supported. Jobs requested from T1 retrieve the items in
the cache task CT. If the required items are cached, jobs will be processed by the hit activity with a probability of
Phir- Otherwise, jobs will be transformed to the miss activity with a probability of p;,;ss and be further processed
by task T2.

To solve an LQN model containing caching, LN first decomposes the entire model into a group of layers, as
illustrated in Section 3.3. For the layer without cache nodes, the solutions are given in Section 5. On the other
hand, for the layer that involves a cache node, LN additionally divides the layer into two submodels. In the
upper submodel, the cache node is isolated in an open model with Poisson arrivals, as shown in Figure 7a. In the
lower submodel, the delay and the queueing station are contained in a closed queueing network with routing
probabilities dynamically obtained from the pp;; and p,;ss values obtained at the last iteration on the upper
submodel. More details can be found in [26].

For this model that combines both the queueing and caching stochastic formalisms, numerical results given
by LN are shown in Figure 7. Figure 7b demonstrates the miss probabilities against different numbers of items,
which decrease with the improvement of the cache capacity. Figure 7c compares the throughput accuracy for
cache solved by MVA and NC solver respectively. MVA analyzes caches by the fixed-point iteration method (FPI)
proposed in [17], whereas NC implements the normalizing constant asymptotics proposed in the same paper.
The solvers are both compared against an equivalent model constructed with a JMT model using both queueing
and Petri net formalisms, similar to the validation model used in [26], but adapted to the example at hand. The
results indicate high accuracy of both MVA and NC in capturing the cache layer throughput, which is generally a
function of the cache hit ratio.

7 CONCLUSION

We have presented a novel meta-solver framework to evaluate LQN models, discussing a concrete implementation
in the LN solver, part of the LINE software package. The paper argues that it is beneficial to consider multiple
queueing network solution paradigms at once, to leverage their distinctive strengths. We have illustrated the
concept also by introducing new analysis methods for homogeneous queueing networks, such as those obtained
through LON loose layering, in particular Gaussian integrals, a specialized and numerically-stable version of the
exact CoMoM algorithm [12], and a non-iterative mean-value analysis approximation. These new algorithms
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can efficiently analyze LQN layers in milliseconds or less. Case studies have shown, with a concrete tool
implementation, the ability of the methodology to combine several formalisms and solution methods within
LONs. Future work may focus on developing solver-independent methods for LON interlock correction and
learning-based techniques to automate solver selection. The latter development could in particular avoid the
adoption of heuristic rules, such as the ones listed in Table 1, which may otherwise require updating every time a
new solution method is added to the solvers.
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A  PROOF OF THEOREM 5.1
For a homogeneous model, the CoMoM recurrence relation may be written as AA(N) = BA(N — 1g), where

Ay Al,Z] B= [31,1 0 ]

A=
0 Ay By1 By,

Let 077 indicate a block of zeros of size I X J. Defining D= (Dy, . ... DR)T, we have

1 -DT } _[—1 01r-1
1,2

Or-11 —mdiag(D) N —diag(ZN)} Az2 = Ngl

Ay = [

Bi1=DRrE11 Bpi=mDrl By, =Zgpl
The inverse of the block upper triagonal matrix A is now computed as
A | A SA
0R—1,1 Az_’g
with § = _A1_, }Al,g. Observe first that
1 —m~tel
Ay = - A, = Np'I
1,1 [OR—l,l _m—l dlag(D)—l 2,2 NR
where el = DT diag(ﬁ)_1 =(1,...,1). Thus

<A 1 —m’leT~ -1 Our-1 | _ ~IN|=m zT
©|0g1p =mTldiag(D)7| | N —diag(2)| —diag(D)"'N  diag(D)™! diag(2)

Note that A; is the only block that depends on Ni. We can therefore write
A7'B=F g+ N;'Fzr
where

A7; O||DgrE;; 0 | |DgrEi; 0
mDRI ZRI

Fl’R:[o’ 0 o 0

_ 0 S DREl,l 0 _ mDRS ZRS
mDRI ZRI - mDRI ZRI
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B GAUSSIAN QUADRATURES

A Gauss-Laguerre quadrature of order K evaluates exponentially-weighted integrals using the approximation

o0 K
[ e fwix =Y mf ®
x=0 k=1
where x; denotes the k-th root of the Laguerre polynomial Lg(x) = 5?:0 (If) (_jl!)j x/, and with weights wy =

xi ((k + 1)? [Lis1 (xk)]z)_l. Gauss-Legendre methods are similar but applicable to finite ranges [a, b]. Setting
a = 0 and large b they can also help evaluate the normalizing constant. Their main benefit is that nodes and
weights do not incur the same floating-point range exceptions as observed instead for Gauss-Laguerre quadratures
of large order. We point to [32] for further details on Gauss-Legendre methods.

C PROOF OF THEOREM 5.3

For a homogeneous model with m identical single server stations, the McKenna-Mitra integral takes the form
1 +00 +0o
G(mN) = ——— / e / e~ Wtetta) pyy 4 g duy - - diiy,
Hr:l Nr' u;=0 Upm=0

where h(u) = [TX, (Z, + D,u)™r. We note that the multidimensional integral may be interpreted as computing
E[h(U; + ...+ Uy)] for the i.i.d. exponential random variables U; ~ Exp(1). The result then readily follows after

m—-1,-u

noting that U; +. .. + U, is Erlang-m distributed with density f(u) = ﬁu e

D PROOF OF THEOREM 5.2
Initially, consider a load-independent model with service rate u(n) = 1. Let the entries of II(N) be indicated with

7zn(n), n=|N],...,0. A probabilistic population constraint holds for homogeneous models with m = 1 [12, Thm.
6]

Nr7in(n) = ZR7N-1,(1) + nDRAN-1,(n — 1) 9)
foralln=1,...,|N| and where n_1,(n — 1) = 0 if n = 0. With a load-dependent queueing station (m = 1), we
generalize here the derivation in [12] with similar passages to the following form

~ ~ Drp _
NR7N (n) = ZrAN-1,(n) + nﬂ(_S”N—lR(n -1 (10)

where p(n) is the load-dependent scaling at the queueing station. Note that the service rate p(n) is the same
irrespective of the number of classes R and the current class r, due to the structure of the product-form solution.
Then, leveraging the flow-equivalent server theorem [21], it can be computed as the throughput of an equivalent
single-class model for the sub-network consisting only of the queueing stations. Organizing (10) in matrix form,
we get (2).
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