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Abstract— We introduce the Class-oriented Method of Mo- always more efficient than AL, but still remains too expensive
ments (CoMoM), a new exact algorithm to compute performance for evaluating models with hundreds or thousands of request
indexes in closed multiclass queueing networks. Closed meld In this paper, we dramatically improve over the requirersent

are important for performance evaluation of multi-tier app li- of the above algorithms by a new exact approach called the
cations, but when the number of service classes is large they

become too expensive to solve with exact methods such as Mearr|2ss-oriented Method of Moments (CoMoM). Compared to the
Value Analysis (MVA). CoMoM addresses this limitation by a MVA, which recursively computes mean queue-lengths, CoMoM
new recursion that scales efficiently with the number of clases. is based on a recursive evaluation of higher-order momets o
Compared to the MVA algorithm, which recursively computes queue-lengths. At each recursive step, CoMoM considersna ne
mean queue-lengths, CoMoM carries on in the recursion also model with increased population and solves a linear system o
information on higher-order moments of queue-lengths. Welsow  ¢quations to update the value of the higher-order moments of

that this additional information greatly reduces the numbe of . L
operations needed to solve theg modyel and makes CoMoM the queue-lengths. This approach minimizes the number of steps

best-available algorithm for networks with several classg. required to complete execution since they grow only linewith

We conclude the paper by generalizing CoMoM to the efficient the total population size. Finally, CoMoM returns the noliziag
computation of marginal queue-length probabilities, whid finds ~constant from the computed queue-length moments. By cempar
application in the evaluation of state-dependent attribues such ison with existing methods, we find th&@oMoM is the best-
as energy consumption or quality-of-service metrics. available algorithm for evaluating queueing networks veigveral

I ndex Terms— Multiclass applications, queueing networks, per- classesFor example, we show a model of a real J2EE application
formance modeling, exact analysis, state-dependent atirites where CoMoM is several orders of magnitude faster and more

memory-efficient than MVA. We also compare CoMoM with the
Method of Moments (MoM) [3], [4], which solves the model
I. INTRODUCTION by recursively computing binomial moments of queue-lesgth

Closed y . E4_]. The analysis reveals that the combinatorial charasties

product-form queueing networks are popular quanti -

) . o of the data structures used by CoMoM and MoM are similar,
tative models for performance evaluation and capacity rpten b
of multiclass systems, such as multi-tier applicationscessing . . .
several types of transactions [2], [7], [13], [18], [22]. & while MoM is preferable on models yv!th many queues.
systems are best modeled as closed due to the presence in re\é\fe cor!clude the Ppaper by generalizing COMOM to the efficient
Web servers, application servers, and database serveisitf | computation of marginal queue-lengths, which are needed to

on the maximum number of concurrent user sessions [22]. i aIL_Jate state_—depend_ent indexes su_ch as energy conanmpti
here focus on the probabilistic evaluation of models withesal quality-of-service metrics. This analysis has never besfopmed

service classes, a case that cannot be handled efficientty V\ﬁfﬁmently by analytical methods, but we find that a geneedion

algorithms such as the widely-used Mean Value Analysis (P)/IVAOf CoMoM, called Pro-CoMoM, can perform the computation by

[20], but which is often found in models of real applications"jmTehf_fICIent recursive §ch§me.f I After givi iredid
The main contribution of this paper is a new solution techajq . . IS paper IS organized as 1oflows. Alter giving required-de
called the Class-oriented Method of Moments (CoMoM), whicﬁItlons in Sec“of‘ I, we_mtrodu_ce the basic ideas beh'“"'("?“
can solve efficiently queueing networks with several classe In Section |.” using an |Ilystrat|\{e example. A ggneral dm
The probabilistic evaluation of multiclass models is haed b of the algorithm is given in Section 1V, followed in Sectionty

cause the closed-form expressions of the state probabifitiund a detalled.analyss of its numerical angl Imear algebraupprtps:
) . I : . Computational costs and case studies validating the eftigie
in [2] include a normalizing constant that is very expensive

. . of CoMoM are given in Section VI. In Section VII, we derive
to evaluate [3], [6], [9], [11], [19]. In particular, modelsith . . . '
several classes are often infeasible since both MVA andctads the Pro-CoMoM algorithm for computing marginal queue-kng

Convolution [19] have requirements that grow exponertiai probabilities. A comparison of CoMoM with MoM is given in

. o Section VIII. Conclusive remarks are reported in Section 1X
the number of classes. TheeRAL class recursion [9] is tailored Aopendix A describes a hvbrid algorithm for sinaular modie
to models with several classes, but the limited scalabdftyhis pp y 9 9

technique with respect to the population size makes it egble point the interested reader to [5] and to the authors homepa

only to models with few tens of requests. Recent studies en 9" additional material on CoMoM.
analytical inversion of the generating function of the nalizing
constant have led to the RGF class recursion [11], [12], vidc Il. BACKGROUND

ut CoMoM scales much better on models with several classes,
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oo R
constant populatioV = (N, ..., Nr..., Ng), N =3,y Nr, SUMMARY OF QUEUEING NETWORK NOTATION

whereR is the number of service classes a¥gis the number of

jobs (henceforth also called requests) of clas§he IV jobs visit Symbol | Description

M constant-rate queues according to a state-independetitigou k,J Queue indexes (rangke. .. M)

scheme. The mean service demand of a clasb at queuek is TS Class indexes (range. .. R)

denoted byD;, ., 1 < k < M, 1 < r < R, which is computed as a i Vector of zeros with a one in theth position

product between a mean service time and a mean visit ratio [1} Dy Mean service demand of a classequest at queug
G(N) Normalizing constant

Z, is the think time of class-jobs before re-entering the network o . )
. . . ) . N G(1,N) | Norm. constant of model with a replica of quekemore
after completion; jobs in think state wait in a delay statimtexed M Number of queues
by & = 0. Scheduling at the queues can be first-come first-served, Population vector
processor sharing or last-come first-served preemptiverre$2]. N; Number of jobs (also called requests) of class

The equilibrium probability of the network being in state= P(J“\|71\7) EOta_'l_S“_mber OLj‘:)t_’li in ;het ’:efworf\(: 2 Nr) :
M _ ; il quilibrium probability of state? = (no, n1,. ..,nar
(0,1 My s UMLR)s Do ke = Ny LS 7 S R, S [2] R Number of service classes
Zr Think time of classe requests
R 1 R an,,,‘ 1]\_1[ 11_31 DZJCJ
P(ilN) = — | [[ = ng! ), @)
G(N) r=1 nO,r! k=1 r=1 nk’T!

I1l. COMOM ILLUSTRATIVE EXAMPLE
where ny, . is the number of class-jobs in stationk, n; =
Zle Mo, s andG(N) is a normalizing constanHenceforth, we
focus on the problem of computirg(N) and related quantities
such as marginal queue-lengths obtained by summation of (1

Among the recurrence equations for computing normalizir‘igpI
constants presented in the literature, we use ¢bavolution
expression(CE) [6], [19]

To build intuition on the CoMoM approach and compare it
with the standard MVA recursidnwe first show how to solve by
CoMoM a small network with? = 2 classes and/ = 2 queues.

e focus on the computation of the normalizing constant for
e population(1000, 1000) and we initially discuss the critical
intermediate recursive step faN = (1000,1), which is the
first population that cannot be evaluated by basic singlescla
algorithms. A graphical representation of the recursivacstire
of MVA in a neighborhood of N = (1000,1) is given in
Figure 1(a). MVA reacheg1000, 1) in a bottom-up approach,
evaluating step-by-step models with populations sumnony =

. - S o . Ny + Ny = 1,...,999,1000,1001. The recursive step of MVA
position. Here,G(1;, N — 1,) is the normalizing constant of Qtor N — 1001 is depicted in Figure 1(a), see the caption for a

model with a class- job less and augmented withraplica of - . -
gueuek. A replica is an additional queue having service demangsescnptlon' Figure 1(b) illustrates the approach of tha/aw

Dy ., 1 <r < R, identical to the demands of quetein the recursion. COMOM computesy (1000.’ 1) d|rectl3_/ from the
- S " solutions of the single class models with populatigm800, 0),
original model. For consistency we defingN) = G(0,N), . . :
- . . (999,0), and (998,0), which avoids evaluating almost half of
where0 = (0,0, ...,0). Equation (2) can be seen as a recursiv;

formula for computing mean queue-lengths because the anusst € populations, i.e., the states, 1), (2, 1),...., (997, 1) are all

G(1},N) andG(1;, N —1,) may be interpreted as un-normalizec\PPedby CoMoM. On larger models, while the number of
. states evaluated by MVA gronsombinatoriallyas the set of all
gueue-length values, see [16] and (4) given later.

! . possible populations component-wise less than or equal, tine
We also use theopulation constrain(PC) set of states spanned by CoMoM groVisearly with the total
population sizeV, because the algorithm can recursively reapply
the same step depicted in Figure 1(b) for all populationss Th
efficient schema is made possible by simultaneously evafyat
the CEs and PCs (2)-(3) in a linear system of equations.
; In order to understand how the CoMoM technique performs
We conclude observing that the mean clastiroughput . .oc rsive step, let us consider the state= (1000,1) and

Xr(N) and the mean classqueue-lengthyy, . of queuek are 554 me that we want to compute the set of normalizing caisstan
computed from normalizing constants respectively as [19] A(1000,1) = {G(I1,1000,1),G (12,1000, 1), G(1000,1)}, i.e.,

the normalizing constant' (1000, 1) of the model and, according

G(Iy, N)=G(N)+F | Dy, G, N - T), (2

for arbitrary 1 < k < M, where the notationl; stands for
a vector composed of all zeros except for a one in thh

NG(N) = Z:G(N = Tp) + Y4l Dy G(1, N = T1),  (3)

for 1 < r < R. Equation (3) is equivalent to the ERAL
recurrence equatiori3], [9].

Xr(N) = C:(Nij’”), Q;w(]\?) = D,WM, (4) to (4), the un-normalized mean queue-lengths of staticasd 2.
G(N) G(N) Let us also assume to know from the previous recursive steps t

Response times and utilizations are easily obtained froouth- similarly-defined V(_actors\(_looo, 0), )‘(999’.0)’ A(998,0), which

puts and mean queue-lengths using Little’s Law [17]. We 'poirr]efe.r to models with ?.S'”g'? class of jobs.-These vectors are

to comprehensive material in [17] for additional backgmwmn easily pomputed by pfﬁc_mnt smgle-clgss algorlthms. TpMGM

multiclass product-form queueing network models. recursive step consists in the following recursive comginaof
the vectorsh.

1Equation (3) can also be regarded as an un-normalized wessibittle’s 2|n order to perform a comparison using the normalizing camsapproach,
Law [3] when used to compute the number of jabg; in the delay server. here we implicitly refer to the LBANC algorithm, i.e., then-normalized
This gives the expressioy; = N — Zi,”:le,T(N) = Z,X,(N). By version of MVA which computes normalizing constants indtezf mean
(4) it is easy to verify that the last equivalence reduces3jo ( indexes (see [6], [16]).



unknowns related by” = 6 linear equations (2)-(3) and the
degrees of freedom becomdg = p” — ¢’ = 0, which allows the
exact computation of all unknowns by inverting a linear egst

(1000, 0) ‘
T

,(9990) ,9951, @52/ of ¢” equations (2)-(3). Note that the degrees of freedom are
s s A reduced under thamplicit assumptiorthat theq” equations are
”9\98“”\) Wy linearly independent, a fact that in general depends ongéeific
Cono)] Coono)) values of the service demandy, .. We discuss cases of linear
e e dependence between CEs and PCs in Section V-C, while in the
(@) MVA (b) CoMoM rest of the paper we focus on non-degenerate cases.

Summarizing, starting from the vectod1000, 0), A(999,0),
Fig. 1. lllustrative Example. Recursive structure of MVA (Figure (a)) and gng A(998,0), CoMoM has computed (1000, 1), A(999, 1), and

CoMoM (Figure (b)) in a neighborhood av = (1000, 1). Dashed states . o "
indicate populations of models solved previously by theunsion and not A(998,1). These vectors provide the new initial conditions for

involved in the current recursive step; solid arrows indieaelations (e.g., recursively applying the same scheme to models with more
(2)-(3)) that are exploited by the algorithm in the curretgs of the recursion. than one job in clasg. With CoMoM we can easily reach the

final model solution for the populatiofil000, 1000) after 1000
recursive steps on class Conversely, MVA in Figure 1 still
Observation 1:U5ing the PC in equation (3) for= 2, we can requiresQQOOOO evaluations to rea.C(’ﬂOOO7 1000). ThUS, CoMoM
immediately computeZ(N) = G(1000, 1) from the normalizing can solve problems that are much harder than the ones that can
constants inA(1000,0) which are assumed known. Thus, thée solved efficiently by the MVA algorithm. A general definiti

unknowns that we still need to determiné1000, 1) are of the CoMoM algorithm for models with arbitrary populati®n
number of queues and classes is given below.

{G(11,1000, 1), G(12,1000, 1)} CA(1000,1). (5)
Observation 2We compute the constants (5) by the CEs (2). In IV. THE CLASS-ORIENTEDMETHOD OFMOMENTS
fact, applying the PCs to comput& 1, 1000, 1) or G (12, 1000, 1)
would require the availability of constants with two queeplicas
that are not includedin the vectors). Instead, the CEs can be
used to evaluate(1000, 1) by including in the analysis also the.
constants in the vectox(999, 1) which appear in the summation
of (2) for » = 1. Note that also\(999, 1) is not known in advance
and thus we have to expand the set of unknowns as

Following the illustrative example, we give a general déifomi
of CoMoM. The theorems and corollaries of this section are
organized as follows. We first define thasisof CoMoM, which
is a set of normalizing constants that summarizes the sestithe
past recursive steps performed by the algorithm and fronchvhi
we can computer performance indexes by (4). We show later in
the section that the basis of CoMoM can be seen as a set of
{G(11,1000,1), G(T2,1000, 1)} CA(1000, 1), (6) higher-order moments of queue-lengths. In Theorem 1, wiaixp
(G(T1,999, 1), G(Ta, 999, 1)} CA(999, 1), @ how a baS|§ may be computed _re_c_urswely. Fl_naI_Iy, in C_oryallk-_l
we give evidence that our definition of basis is parsimonious
whereG(999,1) is omitted being easily computed by the PC for.e., CoMoM uses the minimum possible information needed to
r = 2 from the known constants in(999, 0). perform its simple recursion.
Observation 3:The unknowns (6) are related to the unknowns Definition 1: Consider a model with/ queuesR classes, and
(7) by two CEs fork = 1,2, and the other constants which appeag population ofN jobs, N, > 1, 1 < r < R. ThebasisA(N) of
in these CEs are all known. The unknowns (7) are related to eatoMoM is defined as the set
other by the PC forr = 1. Therefore, by extending the set of . . . .
unknowns also to the(999, 1) vector we have moved from the A(N) =A0)UA(11) U...UX1p), (8
initial problem (5) withp = 2 unrelated unknowns to a newwhere)\(~) — (G, N —7)| Zfz_ll ny < M Ang = 0} includes

problem withp’ = 4 unknowns (6)-(7), but which are related byth lizi tants of all models with lationt
¢ = 3 equations (2)-(3). This reduces the degrees of freedp © normalizing constan's of all Mocels With popuration et

fth vsis f ¢ P having up toM jobs less tharV and where these jobs are chosen
of the analysis fromif =p =2of 5) todf =p'—¢ =4-3=1 5500 the firstr — 1 service classés

of (6)-(7). In other wordsthe extension of the analysis to the The above definition of\(V) always makes available enough
vector A(999, 1) in (7) has reduced the degrees of freedom 'E?Es and PCs to reduce the degrees of freedpmof the analysis

determining the normalizing constaniEhis is a counter-intuitive to zero for any value ofi/, R and N. This statement is proved
property of multiclass models, since we are stating thatising in the next theorem, which is the main result of this paper.

the d|ff|culty of the analysis by addlr_lg to the unk_nowns _ah;e t Theorem 1: The basis (8) satisfies the linear matrix recureen

constants in\(999,1) has the opposite effect of increasing our

information about the system. A(N)A(N) = B(N)A(N —1g), 9)
Observation 4:Using the last observation, we can extend . )

the analysis to include as unknown also the vect@os, 1) in  Where A(N) and Bz(éV)R are square matrices of order

addition toA(1000, 1) and A(999, 1). Using the same argumentscard(A(N)) = (M+1)(MHI1), defined by all equations (2)-(3)

given above, we conclude that the new problem p4s= ¢ that relate only constants ”A( V) and A(N — 1g).

3]t is interesting to note that the MoM recursive step in [Jfatis from the 4By definition, for populationsN — 7 with one or more negative com-
CoMoM step described here because dheector is modified to include also ponents, the normalizing constant is equal to zero; noringliconstants of
constants with two or more queue replicas. This makes the Meddrsion models with populatiorD are instead equal to one. Thus, in models where
significantly different from the CoMoM recursion. We poirtt {3], [4] and some populations havévV, < M, some constants of (8) are immediately
Section VIII for additional details. computed as one or zero.



Proof: The normalizing constants in(0) C A(N) are A. Probabilistic Interpretation

immediately computed from\(N — 1z) using the PC for- = We interpret CoMoM as a recursion on a set of higher-order

R. The remaining normalizing constani§1;) U ... U A(1x)  moments of queue-lengths. We show in Theorem 2 that these

are MM (mAR-D-1y _ 3 r(M+R-1) whore we have o - s
>m=o ( m ) = v higher-order moments are conditioned on a group of jobsliresi

observed that the sef§-) are uniquely defined by combinationsy; 5 tagged station, which is consistent with previous warkhe
with repetition ofm € {0,1,2,..., M} jobs chosen among —1  cnaracterization of product-form models [24].

classes. Observing that each PC requires to add a queuearepli Thegrem 2: The basia(N) is equivalent to the following set
and remove a job with respect to the model in the Iefg-hgnd sigf conditional higher-order moments of queue-lengths:

of (3), we can define? — 1 PCs for each constant ifG(0, N —

)| SE e < M —1Ang =0} ¢ A(N), which are thus in B (k) ‘ B G0N
number(R — 1) (*7#72). For each normalizing constant in this _ > (11 (k) ex

Mg >Cr \r=1

subset, we can also defind CEs, one for each possible queue
k replica to be added to the network, bringing the total number R
of available equations toM + R — 1) (V1 #7%) = m (M), (
which is exactly the cardinality of(17)U...UX(Tys). Therefore, 77k =Ck
the matricesA(N) and B(N) defined by all the PCs and CEswhere(z). = z(z—1)--- (z—c+1), (z)e = 0if z < ¢, and &, =
relating only the constants in(N) and A(N — 1) are both (¢, 1, ..., ¢ g), S5 ¢, < M, is a vector of jobs conditioned
square of ordetM +1) (M%), and this also includes the PCsto reside in queud:, 1 < k < M.
used to compute\(0) C A(N). B Due to limited space, we point to [5] for a proof of Theoremr2. |
We now examine in the next corollary the minimality of thehe above expressions, the left-hand sides are conditfdghér-
definition of the basis\(NV). order moments, while the normalizing constants in the figirid
Corollary 1: The basis\(NV) has the minimal size to Ié&§(N)  side together form the basis of CoMoM. The intuition behind
and B(N) be always square on models with arbitrary number dhis finding is that, differently from the MVA that only evaites
queuesM, number of classe®, and populations\V. mean values, CoMoM carries on in the recursion also higher-
Proof: Suppose to reduce the size afN) by defining order information on the performance behavior of each serve
M) = {G(,N — )] Zfz—ll n, < CAnp = 0} for some The importance of higher-order moments is that CoMoM can use
integer0 < C < M, then the size of the basis would bethis extra information to decrease the degrees of freedotheof

(M + 1)(0%%1)7 and the number of available equations woul@nalysisdf and define by (10) a recursion that is scalable with the

drop to(M + R— 1)(0451_?/1*2)_ Equating the number of unknownshumber of classedhis is achieved by using the extra information
and equations to have both(N) and B(N) at least square, we of the higher-order moments to prevent CoMoM from stepping

get (M + R—1)(C572) = (M +1)(CF~1), which simplifies into the recursive branches of the classes 1,..., R—1, as we
to (M + R —1)C = M(C + R — 1) that is linear inC' and thus have shown in the illustrating example in Section IlI.

has the unique solutio@ = M that proves the minimality of (8).
u V. NUMERICAL AND LINEAR ALGEBRAIC PROPERTIES

The Class-oriented Method of Moments (CoMoM) algorithm In this section, we discuss extensively the solution of the
follows from Theorem 1 by noting that, k() is an invertible linear system (9). We first describe in Section V-A a perniotat

matrix, thenA(NV) is computed recursively as to block triangular form of the coefficient matriA (N) which
. e improves scalability of CoMoM. Numerical properties of the
A(N) = A (N)B(N)A(N —1R). (10)  recursive evaluation of (9) are discussed in Section V-Bre/hee

Iso give recommendations on the best linear system sdieers
oMoM. Finally, in Section V-C we discuss degenerate models
gvhere (9) is singular and define strategies to address tlasss.c

Note that (10) can be implemented in several ways, typical
avoiding inversion ofA(N), see Section V.B for a discussion.
Singularity of A(N) is also possible depending on the specifi
values of the demand®y ,, we discuss the implications for
CoMoM in Section V-C. CoMoM pseudo-code and a compuA. Block Triangular Form and Fine-Grain Decomposition
tational procedure for generating the matrickéN) and B(N) We define a block triangular form (BTF) fok (N) in (9) by

are reported in the technical report [5]. We also remark #mat observing that, while recurring on clags the only entries of
effective initialization of the recursion (10) can be dongdn A(N) that change fromA(N — 1) are theNy coefficients in
hybrid algorithm. That is, focusing on the un-normalizedsi@n the PCs of class:. These PCs are needed only to compute the
of MVA which makes use of normalizing constants instead @onstants im\(0), which suggests the following improvement.
mean-values, i.e., the LBANC algorithm [6], [16], we not@tth  Theorem 3: The matriA (N) can be permuted to the BTF

the set of normalizing constants i(Ny,0,...,0) is exactly the

set of constants computed by LBANC when evaluating the singl A(N) = {Alﬂl Al } (11)
class populationgvy, Ny —1,..., Ny — M. Thus,A(Ny,0,...,0) 0 Nrlp
can be efficiently initialized by LBANC. whereA, ; is square of ordey = (M*5~1) M, the blocksA;

and A, » are independent aVg, andI,, is the identity matrix of
SEquation (10) holds also wheVz = 0 and thus the right-hand side order p = (1\149‘1}71) associated to the columns af0) C A(N).
recursion must be performed on a class< R. The only difference in this . ;
case is thatA(N) and B(N) are defined without the PCs of clags and Proof: The proof Otthe Statqment follows ny permutatlor_w of
some normalizing constants in the basis have negative gomus (and thus "OWS and columns oA () according to the previous observation

these constants are set by definition equal to zero). that only the PCs used to compute the unknowna (i) depend



N . TABLE Il
on Ngi. The formulas for the cardinalities and ¢ follow im-

. . : . S B T F 14) oF CoMoM
mediately by the intermediate results in the proof of Theofe CALABILITY OF THE BLOCK TRIANGULAR FORM (14) oF COMO
. . N . u MODEL | ORIGINAL FORM (9) BLOCK TRIANGULAR FORM (14)
Denote by A,(N) the partition of A(N) associated to the ALY AN umber of Cmaz Gmar
unknowns in A(0 ) by Aq(N ) the partition for the remalnlng M R order  non-zeros| micro-blocks grder non{lzero
constants, and b, and B, the related sub- -matrices &N )_ 2 2 9 22 7 2 8
which are independent oV as well. We rewrite the recursive| 2 4 30 95 19 4 8
step of CoMoM as 2 8 108 397 67 4 8
o B B B B 2 10 165 626 103 4 8
Ag(N) =ATT(BAN — 15) — A1 oAp(N — 1)),  (12) [4 2 25 76 11 16 40
~ . - 4 4 175 777 47 24 84
Ap(N) =Np BpA(N —1g). (13) |4 s 1650 9494 433 24 84
. . : — 4 10 3575 21870 975 24 84
'[heﬁmaln advanFage of this form |§ thAtLl.IS smaller than 8 2 a1 280 ) 62 176
A(N) and, more importantly, all matrices are independenvgf 8 4 1485 8481 181 448 2464
thus they can be computed and possibly factorized only ohce & 8 57915 487311 6571 560 3640
the beginning of the iteration on clags io ;O 218172910 2033;2%3 248223? fgg 326;8
A:nother_ optimization can be obtained by fine decompositig No 2 3146 19071 304 1200 6960
of Ay ;. Figure 9, reported at the end of the paper, depicts | 10 8 | 213928 1988987 19586 2520 20160
for models with different number of service classes. We @ § 10 10 | 1016158 10575708 92900 2520 20160
that alsoA ; admits a permutation to a fine-grain BTF.
Theorem 4: The matriA; ; admits the BTF
YeNie, 0 0 0o more effective wherk > M, e.g., the BTF is better for/ = 8
0 (—:01 c 0 0 and R = 10 than for M = 10 and R = 8. This is a desirable
0 01 CH 0 0 feature of the BTF because the focus of CoMoM is on models
A= . _2 . . . (14) with large number of classeR, see Section VIl for additional
’ : : : : : comments.
0 o 0 ... Cq, Cy 5
0 0 0 0 C . . .
- 2 - B. Numerical Solution of CoMoM Linear Systems
where H = min(M,R — 1) and the macro-blockC, =

We discuss the numerical evaluation of (9) in CoMoM with
BTFs (12)-(14), focusing on the properties ofrrectnessand
efficiencyof the recursive solution.

Correctness of CoMoMRegarding correctness, we argue that
= M, ns > 0, which we partition the solution of (9), similarly to the MoM algorithm in [3], shld
according to the number and position of non-zerosiiinWe  pe performed using exact linear algebra. This consideratitses
associate to each partition a valéeequal to the number of fom the fact that the solution of sequencef linear systems of
non-zeros ini associated to its elements; it is easy to verifices and PCs using standard (inexact) linear algebra is cittoje
that the range of: is 0 < h < H, H = min{M,R — 1}. two numerical issues: floating-point range exceptions ofrrad-
The macro-blocksC), are obtained by selecting the columns ofzing constants [15] and potential round-off error accuatiohs
A;; and related rows associated to the normalizing constagjgije recurring on the sequence of linear systems [3]. While
with population N' — i, where i hash non-zeros. The matrix floating-point range exceptions may be addressed usingaedie
C), includes all micro-blocksC”, which in number are equal numerical precision (e.g, quad-precision arithmetic) pnainic
to the way of assigning the posmons of thenon-zeros to the scaling [15], we have observed that, similarly to MoM [3],
first R — 1 classes ofi, i.e., (;"). It is easy to verify that the the error accumulation in CoMoM becomes uncontrollablehwit
cardlnallty( "YM counts the number of feasible CEs and PGgexact algebra when the populations exceed more than a few
in each micro-block and satisfies Vandermonde convolutBin [tens of requests. The instability is visible also if eachiittlial
which StateS(MJ“R DR=y1 0 (F 1 (B M. where the left- jinear system (9) is numerically well-conditioned (e.gndition
hand side is exactly the order &f; ;. B numberk,,,s < 10?) and the error accumulation can only be
The form (14) implies new computational savings, since (1%)owed, but not avoided, if extended precision arithmetiased.
can be computed by solution of a sequence of small linegpr instance, Table Ill shows an error accumulation exarfple
systems with coefficient matI‘ICQS( that are much smaller than g small model with\/ = 2 queues andk = 2 classes, see Section
A; ;. Table Il reports order and number of non- ZeI'OSAl(lN) V-C for A(N ) andA(N ) structure. Here we have sBf ; = 10s,
and in the micro-block of (14) with largest order denoted by, ; = 5s, D12 = 5s, Dag = 9s, Z1 = Z3 = 0s, N1 = 150
C'29%. The great majority of micro- bIock@Ef) has much smaller jObS and we have studied the error propagation in CoMoM
order thanC7;“*, hence the properties @7,** characterize the solution as the claszpopulationN, grows. We have tested with
hardest Iinear system solved by CoMoM. We also report thi@ear system solution methods based on Gaussian eliminati
number of micro-block-level linear systems evaluated i2){1 and iterative algorithms, including CG, BiCG, GMRES, and RM
(14). Table 1l indicates that the improvements of the BTF aiienplemented from the templates defined in [1]. Table Il sk@w
dramatic. Prohibitive linear systems with hundreds of #amds ror accumulation for Gaussian elimination (implementethwiU
of equations are decomposed into a long sequence of mumdtk-substitution) and for the iterative algorithm thatfpened
smaller, feasible, linear systems. We also observe thaBTiteis in the most stable fashion, i.e., QMR with a maximumi6f000

diag(CV, €2, . c(g” ., €T 0 < h < H, hasT), =
(1) micro-blocksC;); Y of order (H.

Proof: The ba5|sA( V) is uniquely defined by the set of
vectors @ with > F7 1



TABLE Il

Efficiency of CoMoMFrom now on, we assume that CoMoM
ROUND-OFFERRORPROPAGATION WITH INEXACT LINEAR ALGEBRA

recursive evaluation of (9) is implemented using exact taige

Relative Error Function:A — |1 — Geomom(N)/Gezact (N)| Amon.g existing exact solution technlques. fpr Ilpear.sys;tenh
Gaussian Elimination lterative Approximation equations, we recommend to use sparse finite-field lineabedg
N LU 32-bit LU 128-bit | QMR 32-bit QMR 128-bit (FFLA) for the evaluation of (9), see [23] and referencesédire
1 | 1.33-1071%  2.83.1071% | 217-107'*  2.83.1071° for background. Compared to other exact methods, FFLA has
25 | 1.73-107''  6.46-10716 | 7.84.-1078  9.86-10716 - ;
50 | 2.908.10-5 1.94.10-16 0.15 475 . 10-10 minimal memory requirements thanks to the use of modulo
75 .02 256 10-15 1.00 6.40 - 104 grithmeti@ and time requirements grow only quadratically in the
100 1.00 2.06- 109 1.00 0.99 linear system order.
125 1.00 2.80- 107" 1.00 1.00 The best algorithm for solving (9) using FFLA depends on the
150 1.00 1.00 1.00 1.00

linear system size and sparsity. To achieve maximum sdigdabi
one may use the Wiedemann algorithm [14], which is the stahda
solution method for large-scale systems in the high-perémce
iterations and convergence tolerani¢e 2. In all four cases the Linbox library (http://www.linalg.org, a C++ library resulting
numerical solution of (9) becomes unstable when the padpulat from 4 |arge collaborative research effort for the impletagan
grows too largé Extended precision arithmetic helps in slowingss state-of-the-art FFLA algorithms. The Wiedemann mettsoa
down the error accumulation, but its effectiveness dependtie ropapilistic algorithm for sparse linear systems ovetdifields
values of the service demandy, ,.. As a further remark, even if \which may be seen as a FFLA counterpart of iterative algorith
not immediately visible from the most significant digits@{N), gyuch as conjugate gradient and Krylov subspace methods [14]
error accumulation starts as soon as the normalizing aonstgne Wiedemann algorithm preserves the sparsity of the matri
value exceeds the arithmetic range. This strongly suggesise A (N), which is crucial for CoMoM efficiency on large-scale
exact algebra to avoid introducing round-off errorscan). models. For a linear system of orderwith w non-zeros, the
FO"OWing the last Observation, we recommend for CoMoM éomputational costs of Wiedemann algorithm growcagﬂ) in
definitive solution to all correctness problems based owis®l time andO(n+w) in space [14], resulting in a much more efficient
(9) with exact linear algebra, which clearly imposes a trad@inear system solution than Gaussian elimination whichuires
off with computational efficiency. Numerical stabilizatiaising O(n®) time andO(n?) space. It should however be noted that
inexact linear algebra is a difficult open problem which E=vV for models that are not too large, e.df < 8 AR < 8, the
room for increasing the efficiency of CoMoM, see Section IXBTF (14) results in a sequence of linear systems that havél sma
The use of exact algebra is motivated in the context of queueiorder (few tens of elements) and where the coefficient matrix
network models by a fundamental observation: the commutati js not very sparse, see Table II. In these small linear system
overhead introduced by exact linear algebra can be upperdeodu the cubic costs of LU factorization are often acceptable th
theoretically and it is found in Section VI to be much lessittize  fjjl-ins do not grow too quickly, and LU back-substitution sha
gains resulting from the increased recursion efficiency@¥6M  quadratic costs which are generally much smaller than tobse
compared to existing methods. Therefore, accepting ei@ean the Wiedemann algorithm. This can be explained by noting tha
algebra (9) as a method to stabilize CoMoM grants the caresst the Wiedemann algorithm and iterative methods usually irequ
of the results while leaving a consistent margin of compota@l  some tens of iteratioishefore finding the exact solution of (9).
gain with respect to the MVA and other methods. An upper bourghsed on these observations, the Wiedemann algorithm memai
on the computational overheads of exact algebra is givehen the method of choice for CoMoM on large-scale models, while
next result obtained in [3]. Gaussian elimination is the best choice in all other casesshgw
Theorem 5 (Exact algebra overhead, [3]): The computationgter in Case Study 3 of Section VI an example of model where
overhead of adopting exact linear algebra in normalizings@nt the Wiedemann algorithm is much more scalable than Gaussian
computations is upper bounded by the cost of adopting @fimination in the evaluation of (9).
arithmetic with operands having up to = N[log(Dmaz(N + Computational ComplexityThe complexity formulas of the
M+ R))] digits, whereDpmae = maxy, .{Dy. ., Zr} and[-] is the  Wiedemann algorithm allow to estimate the computationatso
ceiling operator. For instance, when multi-precision aritetic is of CoMoM under asymptotic growths of/, R, and N. In
used, the computational overheads of arithmetic operatgmow particular, from the intermediate results in theorems 14ndhich
as O(nlognloglogn) [21]. describe the number of CEs, PCs, and micro-blockAifV),

Proof: (Sketch of the proof, see [3].) The proof follows byit is not difficult to show that for (9) with BTF (14) the time
observing that the number of digits required by the stadil@ requirements grow approximately as

is upper bounded byn = [logG], where G is the largest ) H o Re1u 2
normalizing constant used in computations. The value: @an N=log(Dmax(N + M + R)) 32—y (7,7) () M~

_ max
be bounded_a_& < Mmag, Whe.re.nm“”” = [log G™"] is the which is the cost of solvingv micro-block level linear systems
number of digits of the normalizing constant of a model where

we replace allDy ,.'s by Dmas = maxy {Dy,., Zr}. Noting "We recall that in modulo arithmetic a linear system is decoseg into a
that G™** refers to a model with balanced demands, it is easyt of finite-field linear systems over different modulose3é can be solved
to determine a closed-form expression f&f*** which returns sequentially or in parallel' using s_tandard floating-poirithenetic a_nd with
memory costs similar to inexact linear algebra. The contbs@utions are

nmaz = N[log(Dmaz(N + M + R))]. B |ater assembled into the final result by the Chinese remaitie®rem.

8This is consistent also with the recommendations of the dinkibrary

6Note that in Table Il the errors converge fo = 1.00 because CoMoM tutorials, where it is observed that Gaussian eliminatiboutd be used as
returns a normalizing constant that is several order of ribadm smaller than the method of choice for solving small-scale or mediumescglarse FFLA
the exact one. systems, whereas the Wiedemann algorithm is best for largferss.




using the Wiedemann algorithm multiplied by the maximum Sparse yes Remove unused
norm. constants

numerical overhead of exact alge?)rSimiIarly, it is not difficult demands? e —
to show that space requirements grow approximately as

|n0

!

(max; < g (W) M)+MNlog(Dmaz(N+M+R)) (M)

Reduce number

Identical yes
+ (M(R+1) + ROM + 1) (FE72), ek &

where the first term is the maximum Wiedemann algorithm [ o
space overhead, the middle term is a bound on the size of l
the basisA(N), and the last term is the storage costAofN) Singulariy first Stip temporacily
and B(N). Since existing methods such as the MVA, RECAL, ez ten dlzzp pad

N ) . processing class s Pprocess it as last
and RGF grow in time and space requirementsCg®v’?) or
O(NM), respectively, it is simple to conclude that for large I
enough populations CoMoM will be always more efficient than oot Fiybeid
these methods since its complexity with respect to the ool Second MVA/CoMoM

singularity detected Algorithm

is O(N?%log N) in time andO(N log N) in space. In practice, the
value of N after which CoMoM becomes preferable is of the order ) ) o ]
of tens if the number of classes is not too small (eig:> 3).  H0. 2 AddESEng Sraulrty n Covolr, Surmar of tecniues
We point to Section VI for experiments confirming the effiaggn

of CoMoM. We conclude by remarking that the expressions for

computational complexity of Gaussian elimination, impéared . .

with LU factorization and back-substitution, are worsertthe Where2; = 215, rows 1 and 5 are CEs (2) fdr= 1, rows 2
ones of the Wiedemann algorithm: the time complexity rezgiir and 4 are CEs fok = 2, rows 3 and 6 are PCs (3) for= 1, and
to add a cubic terny> | (B (1}3)3M3 for LU factorization: fows 7-9 are PCs (3) for = 2. The coefficients of (2)-(3) not

the storage complexity requ?res to replace the memory eeeth included above appear in the right hand side of (9). In thev@bo

M ; A (r-1\(M\2,,2 example, the coefficient matrix has determinaet(A(N)) =
(maxlghgg(h)M) by_a _quadrau_c termd 2,y (%5 (1) M D Dp (D31 — D1 1)N3, and, sinceNy > 1 singul(arigty )a)rises
that accounts for the fill-in resulting from the LU factoriim. ” Md 2=1| 2le L1 f2’ P 22 S D e Do Wi
Nevertheless, the hidden constants of the asymptotic einpl " 2" _don ¥hl t’“vl =0, for any til ’ ,gr Ih Llhi 2,1. We I
notation make in practice Gaussian elimination more effidiean consider the two cases separately and show how we can solve

the Wiedemann algorithm for small- and medium-scale modeléhese Qegeneracies. . . .
1) Singularity Condition: Sparsity of Service Demandst

] us assume without loss of generality that it % ; = 0.
C. Analysis of Degenerate Models Then, column3 and column5 in A(N) are zero which im-
CoMoM can solve problems that are much harder than the onges det(A(N)) = 0. This singularity can be prevented by
that can be solved efficiently by the MVA, but the method reegii removing from the basis the unknowns of colunsand 5, i.e.
independence between CEs and PCs. Occasionally, CEs and BQCs, ]\7—T1) andG(1y, ]\7—51), which leaves an overdetermined
are linearly dependent and this implies th&tN) is singular linear system. The other unknowns can still be computeduseca
and the linear system (9) does not have a unique solutiomidn tthey are independent of these two constants. In the general
subsection, we discuss singularity conditionsAdfV) and outline case, singularity due to sparsity of demands in larger nsoel
technical remedies to solve the queueing network modelis ttaddressed similarly by reducing the basis size.
case. To simplify exposition, we illustrate singularitynditions 2.a) Singularity Condition: Identical Queue$he caseD; ; =
using a small case study. We also explain how to generalize th, ; is an example of degenerate demands belonging to a same
techniques to models with larger number of queues or classsesrvice class. In this specific case, we can further disisguvo
Figure 2 summarizes the analysis of this section. possibilities: (a)D1,2 = D22 and queuel and 2 are identical
Singularity Case StudyLet us consider a small model com-for all demands; (b)D1 2 # D2 2 Which is discussed in the next
posed byM = 2 queues and: = 2 classes. While recurring on singularity condition.
class2, the left hand sideA (N)A(N) of the linear system (9) is  The singularity in subcase (a) can be handled easily because
identical queues can be treated as one thanks to the fotjowin

10 0 0 -Dyy 0 0 0 -1 G(11,N) o

01 o 0 0 —Dss 0 0 -1 G(1, N) generalization of the PC [3]

0 0-D11—D2; 0 0 —-Z1N1—10 G(11,N—21) N G o M Poe T

0 0 0 —Dy; O 1 0 -1 0 G(12,N - 2) NeG(N) = ZrG(N = 1r) + 3=y mp Dy G (1, N = 1), (15)

8 (OJ_Dol ! 8 _5 _3 (0] __Zl ]8 g(h’]\f - %1) for 1 <r < R, wherem,, > 1 is the number of queues identical
o0 0 o o0 o N 0 o0 S(QNN 5 )1) to queuek (including queusk itself). We point to [3] for a proof
0 0 0 0 0 0 0 Ny O G(N — Tl) of this equation. For instance, i ; = D 1, we consider the
0 0 0 0 0 0 0 0 N2 G(N) ! model as composed by = 1 distinctqueues and? = 2 classes.

Thus, A(N) reduces to the non-singular matrix
9We refer to the worst-case scenario where the prime nupbefining the

finite field is of the order of the normalizing constant, thbhe bverheads of 1 =Dip 0 -1 G(llJ N)ﬂ
exact arithmetic ar® (n logn loglogn) [21] with n = N[log(Dmaz (N + 0—miD11—21 N1 G ;N - 11)

M + R))]. To simplify expressions, we do not write explicitly the plolg- 0 0 Nz 0 G(N - 11) '
arithmic factorlog log n which has a very small impact on the complexity. 0 0 0 No G(ﬁ)



wherem; = 2 because there are two identical queues, row 1 is /Q Delay

the CE fork = 1, row 2 is the generalized PC (15) fer= 1, and A >
rows 3 and 4 are the generalized PCs #foe= 2. Note that the ,Application Servers Q
linear system order decreases becausél/for 1 the basisA(N) :m_@ : Database Sorver

is smaller than forM = 2. We conclude this case by remarking
that this solution approach based on (15) generalizes tcelmod
of larger size by replacing sub-networks of identical quelg a
single station and setting in (15) the multiplicities, accordingly.

2.b) Singularity Condition: Degenerate Demands for a Sng|
Service ClassThe singularity condition of subcase (b), in which
D12 # Do, is instead more difficult, because the two queues
are not identical and (15) does not apply. However, this cage'%'l
can be handled effectively by changing the order in which we
evaluate the service classes. Instead of processing fastlélss-

1 populations(1,0), (2,0), ..., (N1,0), we first solve the model yore scalable than existing methods and can evaluate retwor
on the class populations(0, 1), (0,2), ..., (0, N2), which can be that are prohibitive with existing solution techniques. Gase
done by single-class algorithms without incurring intogsifarity  stydy 2, instead, we focus on a smaller case of model witfethre
problems. After this step, CoMoM processes the clagspula- c|asses where MVA performs well and we prove that CoMoM
tions (1, N2), (2, N2),..., (N1, N2). Since we have inverted the can pe valuable also on these small models. In Case Study 3, we
grdgr in which we process the two classes, the coefficientixnatspow an example of model where the Wiedemann algorithm is
A(N) is now expressed as a function0f, 5, Z2, andN; instead  mych more scalable than Gaussian elimination. Finallygictisn

of the corresponding parameters of classhich were responsible v/|_p, we explore the general scalability of CoMoM and conepar

—

for singularity of A(N). That is, while recurring on class to it with previous work as the model parameters increase.
reach(Ny, N»), the parameter®,, , Z;, andN; are now always

included only inB(N) and hence cannot affect the singularity of .
A(N). This is sufficient to eliminate the singularity conditioh o Case Study 1: J2EE e-Business Model
identical demands in the linear system. Summarizing, thssilt We illustrate CoMoM on the queueing network model pre-
is made possible by the fact that the demands of the currensignted in [13] of a real J2EE e-business system, see Figure 3.
processed class areverused as coefficients i (N) because, The model captures the performance of a real software system
from the structure of (2)-(3), they appear only B(N). This in execution on a multi-tier architecture composed by atelus
means that on larger models we can addrascases where of nine application servers (AS) and a dual-processor datab
some demands of a specific class are responsible for siityulaserver (DB). Queues indexed — 9 are application servers,
by processing the population of this class as last. queuesl0 — 11 represent database processors, queumodels

3) Singularity Condition: Multiple DegeneracieBesides the HTTP communication overheads. The network does not include
conditions discussed for the cag¢ = 2 and R = 2, other communication loops between the AS and the DB because their
degenerate values of service demands arise in models withage effect on performance is already accounted within the mean
queues and classes. For example, it is possible to showrtlzat inumber of visits that define the service demamys, [13], [17].
model with M = 3 queues andR = 3 classes the coefficient All queues use either processor sharing (queuesil1) or first-
matrix A(N) can become singular due to several degenerateme first-served scheduling (quel®, with the exception of the
demands, e.g., foDy 5 = D3 2D2 1/D3 1. Since the number of delay server where jobs wait in think state (no queueingprgef
singularity conditions increases with the model compieiitis re-entering the network. The system procesRes 5 classes of
possible to find cases where there are simultaneous degenepasiness workloads:

demands belonging to different classes. These cases may nqt NewOrder, enters a new order in the system (class C1);
be addressable by changing the order of processing of service ChangeOrder, changes an existing order (class C2);
classes. Instead, we define in Appendix A a hybrid MVA/CoMoM , OrderStatus, reads the status of an existing order (class C3);
algorithm that can be used for models with multiple degeriesa « CustStatus, lists orders of a given customer (class C4);
This is a general solution strategy where we focus only on the, WorkOrder, enters a hew manufacturing order (class C5);

—

independent equations iR (N). We stress that it is not possiblerhg seryice demands found in [13] for the five classes arengive
to evaluate the singular linear system by approximate s®IVe, Taple IV. We set the mean think times 0 = Zy = 23 =
because of the error accumulation issue, see Section V-B. 74 = 2s and Zs = 3s, respectively.

3. Multi-tier Application Case Study. Queueing network model of a
J2EE e-business system [13].

TABLE IV
SERVICE DEMANDS Dy, ,. [MS] OF THE J2EEAPPLICATION MODEL

VI. EFFICIENCY ANALYSIS
In this section we illustrate the increased efficiency of @dM

with respect to MVA [20], multiclass Convolution [19], RECA Queues vElasses| C1 C2 C3 Ca c5

[9], and RGE® [11]. We begin by two case studies of real multi- -9 1298 13.64 2.64 254 24.22
i iaati ; TR 10-11 532 518 1.24 1.04 17.07
tier applications. In Case Study 1, we examine a model with si 2 112 127 o058 o003 169

classes of requests and provide evidence that CoMoM is much

1001 models withZ, > 0 for some class, RGF is run withZ, = 0 All population are kept of identical size while increasing
since no theoretical formulas are available to cope withktttimes in RGF.  i.e., Ny = Ny = ... = N = N/R. Because some queues



TABLE V
J2EE &sTEM CASE STUDY QDeIay
NvsTime | MVA | Conv. | RECAL| RGE | CoMoMLU /©>_. II @ T

10 1s 1s 1s 1s 1s

50 1s 1s limit 1s 1s

100 2s 1s limit 5s 2s

500 n/a n/a limit limit 528 Fig. 4. PeopleSoft Application Case StudyQueueing network model of a
1000 n/a n/a limit limit 327s two-tier PeopleSoft client-server system [7].

N vs Space| MVA Conv. | RECAL | RGF | CoMoM/LU

10 1MB 1MB IMB | 1MB 1MB

50 7™B 2MB n/a 1MB 2vMB instead of the load-dependent station in [7]. The relateslging

égg 1‘|1ig1'\i’t'5 ‘ﬁ?r:\]’:tB 2;: 12;': ?mg network model is shown in Figure 4. We use the benchmarking
1000 limit limit a a OMB characterization and measurements in [7] to parametehiee t

gueueing network. The benchmark has three classes of veaiklo
Stress Insert, Stress Update, and Stress Delete which differ

are replicated, we use in CoMoM the generalized PC (1533.r the type of SQL operations in the workload [7]. The seevic

The comparison of CoMoM with the computational costs G emands for the different classes and resources given iarg7]

MVA [20], multiclass Convolution [19], RECAL [9] and RGF reported in Table VI. We set the think times at the delay gerve
[12] is given in Table V. The table reports time and spacté) Z1 =22 =23 = 5s.

requirements for the different methods. Results are radinge TABLE VI

to the larger integer. The notation “limit” indicates thdtet SERVICE DEMANDS Dy, - [MS] OF THE PEOPLESOFT MODEL
algorithm has exceed either space or time requirementshwhic

are set to 1GB of RAM and0 minutes on a Intel Core Duo Queues vElasses| C1 C2 C3

2 x 1.60 GHz, respectively; “n/a” indicates that the value cannot Ec)i‘;t ;g'gé 513431 g;'gg

be measured because of the infeasible requirement of anothe Net 1612 2646 2851

physical resource (time or memory). Numerical stabil@atof

the normal.izing constant for existing methods i§ done byi@a We have performed a comparison of CoMoM and MVA using
of the service demands [9], [15]. We have experimented bath W, anproach similar to Case Study 1, but without the use of

Gaussian elimination based on LU back-substitution and WigTEs Also in this case, the implementation based on LU back-
the Wiedemann algorithm. On this example, we report resullgpgiitytion was significantly faster than the Wiedemargo-al
from the Gaussian elimination implementation which hasnbegjihm, (at least two orders of magnitude) because of the ssizl
found at least one order of magnitude faster than the Wiedemay¢ the model under consideration. The results, shown ineTsH
algorithm in all experiments, e.g., fav = 100 the Wiedemann f,ther confirm the increased scalability of CoMoM with resp
algorithm takes40s instead of thels of Gaussian elimination. (5 MvA. MVA becomes memory inefficient as soon as the total
The results in Table V indicate that CoMoM is the only methof,, jation grows beyondoo jobs, whereas the memory occu-
capable of solving models for all ranges of populations ei#ted ation of CoMoM in all experiments is always less thaMB.

in the experiments. For larger populations values that M€SO rhe comparison of computational times is instead favorabtbe
considered here, the gains of CoMoM are even better, €.9.. jgya thanks to the small number of classes which make the MVA
N = 5000 theoretical formulas indicate that the MVA time cost$gqrsion not too expensive. Nevertheless, on this smaleinthe
would be about five orders of magnitude larger than CoMol.qjirements of CoMoM remain good also without BTFs. This
and the memory occupation would be eight orders of magnitug@yicates that, even using the simplest possible impleatient
larger. We remark that the much larger requirements of RECA} (9), one may obtain a solution algorithm that is much more

with respect to the other methods derive from its inefficjeic memory efficient than MVA and with similar running times.
processing networks with queue replicas [12].

C. Case Study 3: Applicability of the Wiedemann Algorithm

B. Case Study 2: Two-Tier PeopleSoft Application Model In the previous case studies, we have reported that Gaussian
We now illustrate a case study of multi-tier architectureeveh elimination based on LU factorization and back-substitutper-

CoMoM shows increased effectiveness with respect to the M\ifdrmed better than the Wiedemann Algorithm recommended in

algorithm also on models with a small number of classes=( Section V for the evaluation of large-scale models. In thistion,

3). Differently from Case Study 1, here we consider the basie show cases of linear systems (9) where the Wiedemann

implementation of (9) without BTFs. Our aim is to explore algorithm outperforms Gaussian elimination.

small model where the simplest implementation of CoMoMtstar We consider a model wit/ = 4 queues and? = 8 classes

to be more effective than MVA. and service demand®,, , = k". We compare the solution of a
We consider a queueing network similar to the two-tier applsingle recursive step of (9) with Gaussian elimination arith w

cation model in [7] of a PeopleSoft client-server systemei@l the Wiedemann algorithm. From Table 2, it is possible to see

applications access a remote database server and are thatelehat A(N) in this case has ordem50 with 9494 non-zeros. We

the queueing network as a delay server. The database serverave performed experiments where Gaussian eliminatiamnes)

instead modeled by two queues representing its CPU and digls of CPU time and244MB of memory to complete a single

drive. Because we focus on constant-rate servers, we myiresecursive step when processing classOn the same machine,

the network bandwidth contention by a processor-sharireuegu the Wiedemann algorithm performs the same recursive stép in



TABLE VII Time Requirements Comparison Space Requirements Comparison

PEOPLESOFTAPPLICATION CASE STUDY MVA _
— = RGF — — RGF

—— CoMoM/LU

9 7 9
Time [s] - no BTF Space [MB] - no BTF % j % j
N | MVA | CoMoMLU | MVA | CoMoMLU g £ 6
100 1s 1s 2MB 3MB £ s S s
300 1s 55 38MB 5MB g 4 § 4
600 3s 27s 280MB SMB g 3 ég 3
900 | 11s 82s 938MB 10MB ’ g,
1200 n/a 191s limit 14MB 23 4 s 6 7 8 9 10 1 12 273 4 s 6 7 8 9 10 1 12
Number of Classes — R Number of Classes

(@) (b)

and the memory occupation is dramatically loweredMB. This Fig. 5.  Parametric Analysis of CoMoM Requirements Parametric

; ; ; ; mparison of computational requirements for differeriti@a of the number
is a consequence of the fact that the Wiedemann algorithm IS @ 1 ces. On the considered modaf — 3, N = 1000, Ny — N/R,

iterative methods which preserves the SparSit}AQN)- 1 < r < R. Results for models with different number of queues or
We have also performed the same experiment ¥6r= 4 populations are qualitatively similar.

and R = 10 and we have observed that Gaussian elimination

becomes infeasible due to the high computational requinésne

that would require approximateB20s and1.2GB for the solution. has the largest memory requirements, one may simply use the
The Wiedemann algorithm is instead able to solve the regursimplementation based on Wiedemann algorithm that has even
step in69s with only 7MB of memory occupation. Note that thesenegligible storage costs, see the formulas in Section V-B fo
values are relative to the evaluation of (9) without BTF; néxeer memory occupation estimates in this case.

BTF is used, the advantages of the Wiedemann algorithm becom

evident only when the size of the micro-blocks is of the orofer ~ VII. EVALUATION OF STATE-DEPENDENTCOSTINDEXES

thousands, see Table II. In this section, we define a generalization of CoMoM, called

Probabilistic CoMoM (Pro-CoMoM), that can efficiently coatp

D. Parametric Analysis of Computational Costs marginal probabilities in multiclass models. The margipaiba-

We conclude the section by showing with a parametric arsilysqmty of observingn jobs in queust is defined as [19]

that the computational requirements of CoMoM scale effityen Py (n|N) = Y5 ... —, Fi(iix)G(—1i, N — iiy,) /G(N), (16)
with the number of service classes. The requirements of GéMo . R oo
are compared to those of MVA and RGF in Figure 5 for increasitynereé Fr(iix) = ni!I1,—; D}, )" /n,!. Pro-CoMoM computes
values of the number of class@s In the experiments, we vary the marginal probabilities by first obtaining the un-normatizealues
number of classes ik = 1,2,...,12 and setM = 3, N = 1000, By(n| N) = Py(n| N)G(N)
Ny = N/R, Diaz = 1 and Z, = 0, 1 < r < R. Experiments
with different populations or number of queues give resul@&nd then scaling back these terms into probabilities by imap
that are even more favorable to CoMoM. In the evaluation of v N 5 v
computational requirements, we do not consider the Wiedema GIN) = 2o Pu(n [ N)
algorithm because this is a probabilistic algorithm andceenthat follows from the conditiorEfL0 Pi(n|N) =1.
its computational requirements vary significantly depegdon We obtain Pro-CoMoM in two steps. First, we generalize CEs
the actual value of the service demants ,.. We instead focus and PCs to the computation of marginal queue-length proba-
on the CoMoM implementation based on Gaussian eliminatidpilities. Then, we combine these equations into linear esyst
(LU factorization and back-substitution), which providesvorst- to obtain a recursive computational scheme similar to CoMoM
case estimate of CoMoM efficiency. In order to show the expeGeneralization of CEs and PC$he fundamental prerequisite for
behavior of the methods also on models that are infeasibtee development of a recursive scheme for marginal quengte
estimates are obtained from theoretical formulas. similar to CoMoM is the existence of equations similar to the

The figures show that CoMoM has typically the lowest require2Es and PCs and which relate marginal probabilities inst#fad
ments among the considered methodskagrows beyond3 or normalizing constants. Theorem 6 investigates this géinatian.
4 classes. MVA and RGF can be better only for models with Theorem 6: The un-normalized probabilitigs;, (n | N), 1 <
a very small number of classes. In general, CoMoM becomes< N, satisfy the probabilistic convolution expressions (PCE)
inefficient only if both M and R grow simultaneously, because ~ oo~ - R ~ R
the size of the blocks (14) depends &h = min{M, R — 1}, Py(n]1j, N) =Pg(n| N) + 3 r—y DjrPe(n] 1, N = 1r), (17)
but this inefficiency is present also in all existing algomiis and for all 1 <n < N, 1 < k< M, 1< j < M, j # k, and the
remains an open issue of multiclass models. probabilistic population constraints (PPC)

The analysis of storage requirements indicates that RGF has _ _
minimal memory costs. However, CoMoM is much faster than NPy, (n|N) = Z.P,(n|N — 1) + nDy, . Pi(n — 1| N — 1)
RGF while keeping good memory requirements that are also Yk D, Py(n|1;,N—T,), (18)
dramatically lower than the MVA memory occupation. We have :
found with additional analyses that, as the number of quelue for arbitrary 1 < r < R, where Py (n| Tj,N) and Py, (n —
grows, the memory requirements of CoMoM and RGF beconid TJ-,N — 1,)) refer to models with a replica of queyemore.
similar, while the time costs remain much more favorable to Proof: We use the notation, e.gG,(fj—Tk,N), to describe
CoMoM. We also remark that, for the models where CoMoMhe normalizing constant of a model obtained from the oabin
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network by adding a replica of queyeand removing queué. used in the PPCs and thus are omitted from the bagis | V).
Formula (17) follows by writing The Pro-CoMoM recursion is introduced below. Pseudo-cdde o
the recursions and algorithms for generating the matrisesl in

Pe(n] 15, N) = 25 =n Fi(ir) G (15 — 1y N — i), the recursive step are reported in [5]. We also note thategih7)-

and applying toG(1; — 1j,, N — i) the CE for queug, i.e., (18) involve only marginal probabilities of the same quéti¢he
analysis of a queue marginals can be performed indepegdentl
G(; -1, N —ity) = G(~1j, N — i) from the other queues. A complete evaluation of all marginal
R C N S S S probabilities is then performed b/ successive runs of Pro-
+3 DG — 1, N — 1, — ).
2r=1 D GLj = 1 r ) CoMoM for k=1,2,..., M.
The resulting convolution withF;, gives immediately (17). Theorem 7: The probabilistic basisy (n | V) satisfies

Instead, the derivation of (18) starts by observing that

ipinnen T Fe ()G (=T, N=iy) = nDy  P(n—=1| N=T,).  Ay(n| N)(n| N) = By (n| M (n|N — 1)
which implies the following equivalence + Cp(n| N)Iy(n—1|N) + Dy (n| N)I(n—1|N —Tp),

2 tim=n (Nr —fkvr)lik(”’“)G(_lf’ N- "k)ﬂ forall 0 <n < N and1 < k < M, where the four matrices have
= Ny Py(n|N) =nDy . Pp(n— 1[N =T:). (19) all order M(M*%%~1) and are defined by the coefficients of all

equations (17)-(18) relatingl, (n | N), Iz (n—1| N), I (n | N —

1), and Il (n — 1| N — 1,).

L. L L Proof. Similarly to the approach in Theorem I (0) is

ZrG(=1p, N = 1p — i) + 3252, Djr G(1; — 1, N — 1r —7ig),  first computed using the PPC of claBsWe prove the rest of the

statement by induction on the set of known marginal prokias|

Casen = 0. In this case (17)-(18) have the same identical

ptructure 9f (2);(3) except for the missing marginal pralitds

P, (0|1, N — N) which reduce the number of unknowns in the

Noting thatG(—1j, N — ii;) in the left-hand side of (19) can be
expanded by (3) as

which accounts for the fact that quekeis not anymore in the
network, the proof of (18) follows by applying the last expizm
to the left-hand side of (19) and observing that the resmilti
convolutions overi, immediately give (18). ) i - L

The PCEs and PPCs equations provide generalizations of & differencell (N)/m(0) to (M — 1)(M1;\? 1)' Similarly to
CEs and PCs that hold also outside their application in th eﬁﬂcj)%o_fgc’f Theorem 1, we can therefore formulalé + K —
Pro-CoMoM algorithm. In particular, one may solve any o (311 7). where the first coefficient is now/+ R—2) instead
the two equations in isolation by a recursive scheme simil F(M+R_1) because we can formulate onty —1 PCEs due to

to MVA/LBANC for the PCEs, or to RECAL for the PPCs,t fe mkissmg m"".rﬁi”ﬁ' pmbﬁb"i“fs' By Corﬁp"’(‘jrishon ‘:t:lmbar .
and obtain the value of the marginal probabilitig% (n|V). of unknowns with the number of rows, we find that the degrees o

While the computation of marginal probabilities with a resian frﬁidjg_"; areifﬂzg\{l— 1) (Mt\f}; 1)__ (M + 3 —2) (Ml\jﬁl 2) =
similar to the MVA has been already explored in the literatur(" ar—1 ) — ("' 27 ) < 0 equations, which make the linear
(load-dependent MVA, [20]), a recursive evaluation of tHeCg  System always square or over-determined.

would produce an algorithm with different computationatldte- Inductive stepWe assume that, when processing the queue-
offs with respect to state-of-the-art methods, i.e., whighws length sizen, the solution forn — 1 is already available. In this
efficiently with the number of classes, but exponentially with case (17)-(18) have again the same structure of (2)-(3k dine

the number of queued/. However, this appears of limited terms depending on the marginal probabilities for quenette
practical applicability due to the high cost of recursioimsiar n — 1 are known. Therefore, the same considerationsnfet 0

to RECAL on models with more than a few tens of requésts apply readily to this case and complete the proof.

Pro-CoMoM Algorithm.We now define the Pro-CoMoM al- [ ]

gorithm by solving PCEs and PPCs into a recursive lineghe Pro-CoMoM recursive solution is qualitatively similty
system of equations similar to (9). We proceed similarlytte t the CoMoM recursion. The only significant differences are:tw
derivation of CoMoM by first defining a basis of marginal queuga) the slightly different structure of (17)-(18) can odoaslly
length probabilities, and then describing a matrix equef@ its  result in an over-determined linear system, but this cah i

recursive computation. _ . ~ solved, e.g., by the Wiedemann algorithm; (b) for each pajn
Definition 2: Theprobabilistic basidl,(n | N) for queuek is  vector N, Pro-CoMoM needs to evaluate a set’of+ 1 marginal
the set of un-normalized marginal probabilities probabilities P, (n| V') using a different linear system for each of
N = - them. This implies that the computational costs of Pro-ChMo
(| N) =m(n,0)  |J  mnd), (20 P P

grow asN + 1 times the computational costs of CoMoM. Since
B also the MVA algorithm for marginal queue-length probadtat
where 7,(n,%) = {Py(n|7,N —@)|7 # 1), A ©F 3 ne < (ie., the load-dependent MVA) has computational requéets
M A ng =0} is the set of un-normalized marginal probabilitiesthat areN + 1 times those of the original MVA, it is immediate
associated to models withqueues replicasWe remark that the to conclude that the computational gains of CoMoM over MVA

values Py(n — 1|1z, N = 1,), 1 <n < N, 1 < k < M, are not apply also to the Pro-CoMoM algorithm when compared to the

load-dependent MVA. For illustration purposes, we showowel
11Although we focus on the extension of CoMoM, the developroéCEs

! . . it an example of model that is too computationally expensive to
and PPCs suggests that it may also be possible to derive glspeaalization . . h
of the MoM algorithm in [3] to compute marginal queue-lengtiobabilites.  SOIve With the load-dependent MVA and which can instead be

However, this generalization of MoM lies outside the scopéhis paper. solved exactly and efficiently by the Pro-CoMoM algorithm.

1<G<M A j#k
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Fig. 6. Energy Consumption Case StudyThe application servers—3 can Fig. 7.

) b ; GPF ‘ Energy Management Case Study: Marginal Queue-Length
reconfigure dynamically their frequency to minimize enecgysumption.

Probabilities. The three curves represent the marginal probabilifiz$n)
computed by Pro-CoMoM for the model in Figure 6.

A. Energy Consumption Analysis Example /@)\

We apply the Pro-CoMoM recursive technique to a simple case A

study of energy management in Web applications. We evahiate \GD/ @ @ @

Web application running on two heterogeneous applicagovess N N

and serving a population of requests arriving from a shared e

communication channel, see Figure 6. The servers are able t? A i "

i decrease their frequency without significaattead &) MoM basisv (N) for a model (b) CoMoM basis A(N) for a

Increase or a y o g ’ o with M = 2 queues andR = 2 model with M/ = 2 queues and

We assume that the frequency scaling in first approximat@esd classes R = 3 classes

not alter the mean service time perceived by the requestalste ‘ _ L

assume that both serves- 3 in Figure 6 implement frequency Fi9- 8- MoM and CoMoM basis comparison The MoM basisV' (V)
ling and we define an energy management poliéy) as a corrlblnatorle_llly increases the number of queue replicas,GbMoM basis

scall ] 9 . ay g . p yL A(N) combinatorially removes customers from the network.

function of the number of jobs at queuek which specifies the

CPU frequency of that server associated to that particuée.s

In this example, we consider are AP = 70.13%. Instead, starting from the MVA results,
max one may assume that the marginal probabilities are uniforml

1.00 n > 15, o . X L

_ s - distributed around the mean. According to this approxiomti

Fre(n) = 4 0.50f; 5=n <15, the power saving of the application senZepredicted by MVA is
0.25f"** n <5, AP = 52.64%, with a large error with respect to the exact Pro-

where £% is the maximum operational frequency of the app”g:oMoM estimate. Similarly, using_ f_requency scaling for_vmr
cation servelk’s CPU. Table VIII gives the service demands for» Pro-CoMoM computes a negligibl&P = 0.01% saving,

the five service classes considered in the example. The m'EEﬂthh”e the MVA _predicti_on isAP = 12.42% which is three
times areZ, = 10ms, Zy = 4ms, Zs = 2ms, Z4 = 5ms, an orders of magnitude different. This shows that both for low

7Zs = 3ms. The total request population i = 70 distributed utilized and heavily utilized servers, the predictions of/Mare
across the classes with a mi% = (0.36,0.21,0.2,0.14, 0.09) affected by consistent errors that make the estimatesiablel
8 = Ny/N, 1 < r < 5. Throughout th;a exémp]e Wé assijmghe Pro-CoMoM algorithm, instead, can provideactestimates
T — K il = = . . . o . .
that on average requests pay a single visit to the servewsebef2! e energy savings thus supporting with correct inforamat

completing, a condition that follows by imposipg = p2 = 0.25. the energy mgnagement Qecisions. .
As an additional experiment, we show the scalability of Pro-

CoMoM in evaluating marginal probabilities compared to the

TABLE VI load-dependent MVA. For the same experiment discussedeabov

SERVICE DEMANDS Dy, - [MS] FOR THE MODEL INFIGURE 6 we were able to solve with CoMoM models where the total
population iSN = 2 x 70 = 140, N = 4 x 70 = 280, and

Queues v&lasses| C1 €2 C3 C4 G5 N = 7 x 70 = 490. In these evaluations, the total memory re-
queue 1 13 35 75 70 55 .
queue 2 50 59 26 89 15 quirement of Pro-CoMoM was always less tt#oMB, whereas
queue 3 96 23 51 96 16 the load-dependent MVA is infeasible in all three casesjrtav

a computational requirement ranging fratdGB to 40TB. This

We begin by showing that the MVA approach cannot evaluafé’”firm_s that Pro-_CoMoM is _t_h_e best algorithm for the exact
accurately power consumption levels in this example. Thaive €valuation of marginal probabilities.
power saving due to energy management during the periods
where the servers is non-idle is approximately = (1 — f3), VIIl. M ETHODS OFMOMENTS: COST COMPARISON
where the cubic dependency on frequency follows from [1@ an In the previous sections we have focused on the comparison
f is the ratio of the mean CPU frequency under the energy CoMoM with established solution algorithms. In this sewct
management policy to the maximal CPU frequengy*“. The instead, we compare CoMoM with the linear algebraic computa
marginal probabilities computed by Pro-CoMoM for this exden tional algorithm recently presented in [3], hencefortheredd to
are plotted in Figure 7. Using the energy management polieg the Method of Moments (MoM). In both MoM and CoMoM
fa(n) for server2, the relative savings due to frequency scaling basis of normalizing constants is recursively computedgus

12



e

(@) M =3, R = 4, order= 60, (by M = 3, R = 5, or- @M = 3 R = 4 or by M = 3, R = 5, or-

4 macro-blocks,8 micro-blocks, der = 105, 4 macro-blocks, der = 60, 3 macro-blocks, der = 105, 3 macro-blocks,

maximum inverted block size 9 15 micro-blocks, maximum in- 7 micro-blocks, maximum in- 7 micro-blocks, maximum in-
verted block size= 9 verted block size= 12 verted block size= 30

Fig. 9. CoMoM Block Triangular Form . Sparsity structure of the CoMoM Fig. 10. MoM Block Triangular Form . Sparsity structure ofA;; in
coefficient matrixA.1,1 for models with different number of service classesMoM on the models used in Figure 9. As the number of claggesows, the
Points indicate nonzero entries; on the main diagonal, ethdéihes indicate CoMoM BTF in Figure 9 generates smaller diagonal blocks that MoM
macro-blocks, continuous lines identify micro-blocks. BTF shown above.

a linear system of CEs and PCs. However, the two methoWéth the size O_fV(N) given in [3] proves_the theqrem. u ]
greatly differ for the choice of the basis of unknowns coreput 1he result in (8) proves that the simplest implementation
at each recursive step. In the simplest implementation coa COMOM is always much more efficient than the simplest
on an equation similar to (9), MoM defines its basi¢N) by implementation of MoM. Howgyer, wher!_ considering the BTFs
combinatorially increasing the number of queue replicashin ©f the two methods, the coefficient matr, ; of CoMoM has
Ctﬁle same identical size of the coefficient matfx ; of MoM.

model up to R queues more. Then, MoM evaluates at ea ) 1
recursive step the related normalizing constants on thalptipns 12Ple IX compares the properties of the most efficient MoM and
CoMoM implementations based on BTFs.

N,N-1y,..., N—Tx_;. Instead, CoMoM evaluates normalizing
constants on a much larger set of populations (up/t@mbs less), TABLE IX
but without adding more than one queue replica. Both stiegeg

of MoM and CoMoM increase the number of PCs and CEs so to

COMPARISON OFMOM AND COMOM

reduce the degrees of freedaif of the analysis to zero. Algorithm Property CoMoM MoM

Figure 8 compares the basis of MoM for a model with= 2 Linear system order Ay (MEYM | A (MTEDR
queues andR = 2 classes with the basis of CoMoM in a| H/H coefficients H:min{M,R—1} | H :min{M, R}
model with M = 2 and R = 3. Even though the CoMOM | macro-blocks Ch:H+1 C,:H
model has one class more, the combinatorial structure (oY) Number of micro-blocks c . ) c?. (N
anq A(N) is symmetric. Th|s is a consequence of the fact that,icro-piock order CS) (M C;t) (DR
while CoMoM uses conditional higher-order moments of queu

Iengt_hs, MoM is based on binomial moments of queue-lengths,The formulas for the micro-blocks order indicate the foliogv
and it can be shown that the two sets of moments grow with

similar combinatorial structure. We also remark that thsidba rule of thumb for determining which between MoM and CoMoM

of CoMoM is quite different from the information carried on'> More efficient on a model with/ queues and classes. if

1) micro.
by other methods. Focusing on class recursions such as REC%L2 R, then theCh micro-blocks are the smallest and MoM

. . . . i At mi
and RGF, which have a linear recursion on the population thgould be adopted, otherwise the) ‘micro-blocks are smaller
is comparable with that of CoMoM, it is possible to show tha@Nd CoMoM is the method of choice. These observations are
RECAL implicitly uses a basis that is similar to that of Mom,confirmed by Figures 9-10 which show the fine-grain decompo-
but where the number of elements is not fixed withand grows Sition of MoM and CoMoM on models with increasing number
combinatorially with the current population sizé. That is, at Of service classes. While CoMoM is able to effectively regluc
each recursive step, a new “level” is added on top of a badfe order of the micro-blocks and minimize the computationa
similar to the one in Figure 8(a). Also RGF has a basis sinar requirements, the coefficient matrix of MoM remains compase
RECAL: RGF performsR recursive steps, one for each servic& few large diagonal blocks which impose larger costs initteal
class, in which the basis of normalizing constants is irseday Systeém solution. Therefore, MoM does not scale as effegtive
N, levels after the step for class These comparison clarifies COMOM on models with many service classes. This makes
that the structure of the basis of CoMoM is different withpest CoMoM the best exact algorithm for models with several @ass
to methods in the literature.

In general,V(N) and A(N) have different cardinalities. We IX. CONCLUSION
prove the following statement. We have introduced CoMoM, a new efficient algorithm for
Theorem 8: The basi&(N) of CoMoM hf{S(MJ“]?_l)(R— 1)  the solution of multiclass queueing network models widedgd)
normalizing constants less then the bagigV) of MoM. in capacity planning and performance evaluation of multsl

Proof: MoM evaluatesR constants for each models with upsystems such as multi-tier architectures. CoMoM solvestimul
to R queue replicas more. The cardinality of its bdsisV) is thus class performance models several orders of magnituder faiste
Sho MY R = (MY (M + R), which by comparison less memory consuming than MVA and existing methods. We
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have also shown that the algorithm generalizes to the rweurs[21] A. Schonhage and V. Strassen. Schnelle multiplikatjwaer zahlen.

computation of marginal queue-length probabilities, Wwhere
important to estimate state-dependent performance w@tsb

A possible line of future research for CoMoM is the numerical

stabilization of the linear recursion (9). This would opédre t
possibility of solving quickly queueing network models kitns
of classes and thousands of requests, which would make e
methods computationally competitive with approximate hods,
but without the drawback of returning inaccurate solutioks

would be also interesting to study if new approximate meshod

can be derived directly from (9).
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