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Abstract

There has been renewed interest in recent years in McKinsey and Tarski’s interpreta-
tion of modal logic in topological spaces and their proof that S4 is the logic of any separable
dense-in-itself metric space. Here we extend this work to the modal mu-calculus and to
a logic of tangled closure operators that was developed by Fernandez-Duque after these
two languages had been shown by Dawar and Otto to have the same expressive power
over finite transitive Kripke models. We prove that this equivalence remains true over
topological spaces.

We extend the McKinsey—Tarski topological ‘dissection lemma’. We also take advan-
tage of the fact (proved by us elsewhere) that various tangled closure logics with and
without the universal modality V have the finite model property in Kripke semantics.
These results are used to construct a representation map (also called a d-p-morphism)
from any dense-in-itself metric space X onto any finite connected locally connected serial
transitive Kripke frame.

This yields completeness theorems over X for a number of languages: (i) the modal
mu-calculus with the closure operator <; (ii) < and the tangled closure operators (t) (in
fact (t) can express <); (iii) ©,V; (iv) ©,V, (t); (v) the derivative operator (d); (vi) (d)
and the associated tangled closure operators (dt); (vii) (d),V; (viii) (d),V, (dt). Soundness
also holds, if: (a) for languages with ¥V, X is connected; (b) for languages with (d), X
validates the well-known axiom G;. For countable languages without V, we prove strong
completeness. We also show that in the presence of V, strong completeness fails if X is
compact and locally connected.

Keywords derivative operator; dense-in-itself metric space; modal logic; finite model prop-
erty; strong completeness. 2010 MSC: primary 03B45; secondary 54E35

1 Introduction

Modal logic can be given semantics over topological spaces. In this setting, the modality
<& can be interpreted in more than one way. The first and most obvious way is as closure.
Writing [¢] for the set of points (in a topological model) at which a formula ¢ is true, [y
is defined to be the closure of [¢], so that g holds at a point z if and only if every open



neighbourhood of x contains a point y satisfying ¢. Then, O becomes the interior operator:
[O¢] is the interior of [¢]. Early studies of this semantics include [40, 41, 26, 27, 28, 29].

In a seminal result, McKinsey and Tarski [27] proved that the logic of any given separable!
dense-in-itself metric space in this semantics is S4: it can be axiomatised by the basic modal
Hilbert system K augmented by the two axioms O¢ — ¢ (T) and Op — OO0y (4).

Motivated perhaps by the current wide interest in spatial logic, a wish to present simpler
proofs in ‘modern language’, growing awareness of the work of particular groups such as
Esakia’s and Shehtman’s, or involvement in new settings such as dynamic topology, interest
in McKinsey and Tarski’s result has revived in recent years. A number of new proofs of it have
appeared, some for specific spaces or embodying other variants [30, 4, 1, 31, 39, 24, 17]. Very
recently, strong completeness (every countably infinite S4-consistent set of modal formulas is
satisfiable in every dense-in-itself metric space) was established by Kremer [20].

In this paper, we seek to extend McKinsey and Tarski’s theorem to more powerful lan-
guages. We will extend the modal syntax in two separate ways: first, to the mu-calculus,
which adds least and greatest fixed points to the basic modal language, and second, by adding
an infinite sequence of new modalities <y, of arity n (n > 1) introduced in the context of
Kripke semantics by Dawar and Otto [7]. The semantics of <,, is given by the mu-calculus
formula

On(@hu-#ﬁn) =vq /\ O(SOZ/\Q)7

1<i<n
for a new atom ¢ not occurring in ¢, ..., @,. The order and multiplicity of arguments of <),
is immaterial, so we will abbreviate <, (y1,...,9) to (£){71,..., ¥ }. Ferndndez-Duque used

this to give the modalities topological semantics, dubbed them tangled closure modalities (this
is why we use the notation (t)), and studied them in [9, 10, 11, 12].

Dawar and Otto |7] showed that, somewhat surprisingly, the mu-calculus and the tangled
modalities have exactly the same expressive power over finite Kripke models with transitive
frames. We will prove that this remains true over topological spaces. So the tangled closure
modalities offer a viable alternative to the mu-calculus in both these settings.

We go on to determine the logic of an arbitrary dense-in-itself metric space X in these
languages. We will show that in the mu-calculus, the logic of X is axiomatised by a system
called S4p comprising Kozen’s basic system for the mu-calculus augmented by the S4 axioms,
and the tangled logic of X is axiomatised by a system called S4¢ similar to one in [10]. We
will establish strong completeness for countable sets of formulas.

We will also consider the extension of the tangled language with the universal modality,
V", (Earlier work on the universal modality in topological spaces includes [36, 25|.) This
language can express connectedness: there is a formula C valid in precisely the connected
spaces. Adding this and some standard machinery for V to the system S4t gives a system
called ‘S4t.UC’. We will show that every S4t.UC-consistent formula is satisfiable in every
dense-in-itself metric space. Thus, the logic of an arbitrary connected dense-in-itself metric
space is S4t.UC. We also show that strong completeness fails in general, even for the modal
language plus the universal modality.

A second and more powerful spatial interpretation of < is as the derivative operator.
Following tradition, when considering this interpretation we will generally write the modal
box and diamond as [d] and (d). In this interpretation, [(d)¢] is defined to be the set of
strict limit points of [¢]: so (d)y holds at a point x precisely when every open neighbourhood

!The separability assumption was removed in [32].



of x contains a point y # x satisfying ¢. The original closure diamond is expressible by the
derivative operator: ¢y is equivalent in any topological model to ¢V (d)y, and Op to o A[d]e.
So in passing to (d), we have not reduced the power of the language.

Already in [27, Appendix I|, McKinsey and Tarski discussed the derivative operator and
asked a number of questions about it. It has since been studied by, among others, Esakia and
his Thilisi group ([8, 3|, plus many other publications), Shehtman [34, 38|, Lucero-Bryan [25],
and Kudinov—Shehtman [23], section 3 of which contains a survey of results.

In the derivative semantics, determining the logic of a given dense-in-itself metric space is
not a simple matter, for the logic can vary with the space. As McKinsey and Tarski observed,
(d)((z A (d)=z) V (—z A (d)x)) > (d)z A (d)=a is valid in R? but not in R ([34] attributes
this observation to Kuratowski (1922)). This formula is valid in the same topological spaces
as the formula Gq, where for each integer n > 1,

Go= (1) \/ Q) ~> \/ [d-Q.

0<i<n 0<i<n

Here, po, ..., pn are pairwise distinct atoms, and for ¢ =0,...,n,

Qi =pi A /\ —pj-

i#j<n

The formulas G,, were introduced by Shehtman [34, p.43|. A sufficient (but not necessary)
condition for G,, to be valid in a space is that every open neighbourhood of an arbitrary point
x contains an open neighbourhood N of x such that N \ {z} can be partitioned into at most
n non-empty open sets (cf. [34, lemma 2, p.3]). So, for example, G is valid in R?, and G5 in
R. See remark 8.6 below for further discussion.

We now recall some relevant results on [d]-logics.

R1. In [34], Shehtman proved that the logic of every separable zero-dimensional dense-in-
itself metric space (such as Q and the Cantor space) is just KD4, axiomatised by the
basic system K together with the axioms (d)T (D) and [d]p — [d][d]p (4). This is the
smallest possible logic of a dense-in-itself metric space in the derivative semantics.

R2. [34] also proved that the logic of R™ for finite n > 2 is KD4Gy, axiomatised by KD4
plus Gi. In fact, rather more is shown: see remark 8.6 below.

R3. The logic of R was shown by Shehtman [38] and Lucero-Bryan [25] to be KD4Gy, and
KD4G,.UC if V is added.

R4. In [16], R1 and R3 were extended to tangled closure modalities and the separability
assumption in R1 was eliminated.

R5. [5] proved that there are continuum-many logics of subspaces of the rationals in the
language with [d].

R6. It is plain that Gy F Go F Gg F ---, so the logics KD4G; O KD4Gy O -+ form a
decreasing chain, and by [25, corollary 3.11]|, its intersection is KD4.

Shehtman [34, problem 1] asked if KD4G; is the largest possible logic of a dense-in-
itself metric space in the derivative semantics. In this paper, we answer Shehtman’s question



affirmatively: every KD4G-consistent formula of the language with (d) is satisfiable in every
dense-in-itself metric space. Thus, the logic of every dense-in-itself metric space that validates
Gy is exactly KD4G;. This strengthens R2 above. We also establish strong completeness for
such spaces.

Adding the tangled closure operators, we prove similarly that the logic of every dense-in-
itself metric space that validates G is axiomatised by KD4G1t (including the tangle axioms).
We also prove strong completeness.

Further adding the universal modality, we show similarly that KD4G;¢.UC (and KD4G;.UC
if the tangle closure operators are dropped) axiomatises the logic of every connected dense-in-
itself metric space that validates Gi. Strong completeness fails in general, as a consequence
of the proof that it already fails for the weaker language with O and V.

The reader can find a summary of our results in table 2 in section 10.

Our proof works in a fairly familiar way, similar in spirit to McKinsey and Tarski’s original
argument in [27]. There are two main steps.

1. We establish Tarski’s ‘dissection lemma’ [41, satz 3.10], [27, theorem 3.5] and a variant
of it.

2. These topological results are used to construct a map from an arbitrary dense-in-itself
metric space onto any finite connected KD4G; Kripke frame, preserving the required
formulas.

Step 2, together with results from [14] and the mu-calculus canon establishing the finite model
property for the various logics in Kripke semantics, proves completeness for all the languages,
which is then lifted by a separate argument to strong completeness for languages without V.

It can be seen that our results concern the logic of each individual space within a large
class of spaces (the dense-in-themselves metric spaces), rather than the logic of a large class
of spaces, or of particular spaces such as R. This is as in [27]. We do not assume separability,
we consider languages that have not previously been much studied in the topological setting,
and we obtain some results on strong completeness, a matter that has only recently been
investigated in this arena.

2 Basic definitions

In this section, we lay out the main definitions, notation, and some basic results.

2.1 Notation for sets and binary relations

Let X,Y,Z be sets. We let p(X) denote the power set (set of all subsets) of X. We write
X\Y for {x € X : z ¢ Y} Notethat (X NY)\Z =XnN (Y \Z), sowe may omit the
parentheses in such expressions. For a partial function f : X — Y, we let dom f denote the
domain of f, and rng f its range.

A binary relation on a set W is a subset of W x W. Let R be a binary relation on W.
We write any of R(wi,ws), Rwiwsy, wiRwsy to denote that (wy,we) € R. We say that R is
reflexive if R(w,w) for all w € W, and transitive if R(w1,w2) and R(wse,ws) imply R(wi, w3).
We write R* for the reflerive transitive closure of R: the smallest reflexive transitive binary



relation that contains R. We also write
Rl = {(wg,wl) eW xW: R(wl,wg)},

R = {(wi,wz) € W x W R(wy, w2) A R(wz,w1)} RNR,
R* = {(wl,wg) eW xW: R(wl,wg) A —\R(’wg,wl)} = R\R_l.

The notation is loosely motivated by the traditional use of o for a reflexive world and e for an
irreflexive world in diagrams of frames in modal logic. For w € W, we say that w is reflexive if
Rww, and irreflezive otherwise. We let R(w) denote the set {w’ € W : R(w,w’)}, sometimes
called the set of R-successors or R-alternatives of w. For W' C W, we write R | W’ for the
binary relation RN (W' x W') on W'.

We write Z for the set of integers, Q for the set of rational numbers, R for the set of real
numbers, and w for the first infinite ordinal. A set will be said to be countable if its cardinality
is at most w.

2.2 Kripke frames

A (Kripke) frame is a pair F = (W, R), where W is a non-empty set of ‘worlds’ (sometimes
referred to as the domain of F), and R is a binary relation on W. We attribute properties to
a frame by the usual extrapolation from the frame’s components. So, we say that F is finite if
W is finite, reflezive if R is reflexive, serial if R(w) # 0 for every w € W, and transitive if R
is transitive. Two frames are said to be disjoint if their respective sets of worlds are disjoint.
And so on.

A root of F is an element w € W such that W = R*(w). Roots of a frame may not exist,
nor be unique when they do. We say that F is rooted if it has a root. At the other end,
an element w € W is said to be R-mazimal if R*(w) = (). Such an element has no ‘proper’
R-successors, of which it is not itself an R-successor.

If F is transitive, a cluster in F is an equivalence class of the equivalence relation R° U
{(w,w) : w € W} on W. A cluster consists either of a single irreflexive world, in which
case we say it is degenerate, or a non-empty set of reflexive worlds, in which case we say it is
nondegenerate. For example, if w is R-maximal then R*(w) is a cluster.

A subframe of F is a frame of the form F' = (W', R | W’), for non-empty W' C W. It
is simply a substructure of F in the usual model-theoretic sense. We call F’ the subframe
of F based on W'. We say that F’ is a proper subframe of F if W' # W. We say that
F' is a generated or inner subframe of F if R(w) C W' for every w € W' — equivalently,
RIW' =RnN (W' xW). For w e W, we write:

e F(w) for the subframe (R(w), R | R(w)) of F based on R(w),
e F*(w) for the subframe (R*(w), R | R*(w)) of F generated by w.

For an integer n > 1, we say that F is connected if it is not the union of two pairwise
disjoint generated subframes (recall that subframes are non-empty), and locally connected if
for each w € W, the subframe F(w) is connected. Note that F is connected iff the equivalence
relation (RUR™1)* on W has a single equivalence class (i.e., it is the global relation W x W).
Every rooted frame is connected.



2.3 Topological spaces

We will assume some familiarity with topology, but we take a little time to reprise the main
concepts and notation. A topological space is a pair (X, 7), where X is a set and 7 C p(X)
satisfies:

1. if SC 7 then S e,
2. if § C 7 is finite then (S € 7, on the understanding that (|0 = X.

So 7 is a set of subsets of X closed under unions and finite intersections. By taking & = 0, it
follows that @, X € 7. The elements of T are called open subsets of X, or just open sets. An
open neighbourhood of a point x € X is an open set containing x. A subset C' C X is called
closed if X \ C is open, and clopen if it is both closed and open. The set of closed subsets
of X is closed under intersections and finite unions. If O is open and C closed then O\ C' is
open and C'\ O is closed.

We use the signs int, cl, (d) to denote the interior, closure, and derivative operators,
respectively. So for § C X

e intS=J{O €7:0C S} — the largest open set contained in S,

o clS={C C X :C closed, S C C} — the smallest closed set containing S; we have
clS={z e X :5Nn0 #{ for every open neighbourhood O of z},

o (d)S={xeX:5Nn0\{z} # 0 for every open neighbourhood O of x}.
Then int S € S CclS D (d)S. For all subsets A, B of X, we have

cl(AUB) = clAUclB,
(d)(AuB) = (d)AU(d)B,
int(ANB) = intANintB.

That is, closure and (d) are additive and interior is multiplicative. It follows that each of these
three operators is monotonic: if A C B then clA C clB, (d)A C (d)B, and int A C int B. It
is also standard that int(X \ A) = X \ clA and cl(X \ A) = X \ int A.

We follow standard practice and identify (notationally) the space (X,7) with X. The
reader should note that we do allow empty topological spaces, where X = (). This is particu-
larly useful when dealing with subspaces.

A subspace of X is a topological space of the form (Y,{ONY : O € 7}), for (possibly
empty) Y C X. It is a subset of X, made into a topological space by endowing it with what
is called the subspace topology. It is said to be an open subspace if Y is an open subset of
X. As with X, we identify (notationally) the subspace with its underlying set, Y. We write
inty, cly for the operations of interior and closure in the subspace Y. It can be checked that
for every S CY we have cly S =Y NclS, and if Y is an open subspace then inty S = int S.

We will be considering various properties that a topological space X may have. We leave
most of them for later, but we mention now that X is said to be dense in itself if no singleton
subset is open, connected if it is not the union of two disjoint non-empty open sets, and
separable if it has a countable subset D with X = clD. We say that X is T1 if every
singleton subset {z} is closed, and Tp if the derivative (d){z} of every singleton is closed,
which is equivalent to requiring (d)(d){z} C (d){z}. The Tp property, introduced in [2], is
strictly weaker than T1.



2.4 Metric spaces

A metric space is a pair (X, d), where X is a set and d : X x X — R is a ‘distance function’
(having nothing to do with the operator (d) above) satisfying, for all z,y,z € X,

1. d(z,y) >0,

2. d(z,y) =0iff z =y,

3. d(x,y) = d(y,»),

4. d(z,z) < d(x,y) + d(y, z) (the ‘triangle inequality’).

We assume some experience of working with this definition, in particular with the triangle
inequality. Examples of metric spaces abound and include the real numbers R with the
standard distance function d(z,y) = |z —y|, R™ with Pythagorean distance, etc. As usual, we
often identify (notationally) (X, d) with X.

Let (X, d) be a metric space, and z € X. For non-empty S C X, define

d(z,S) = inf{d(z,y) : y € S}.

We leave d(z, () undefined. For a real number € > 0, we let N.(x) denote the so-called ‘open
ball’ {y € X : d(x,y) < e}. A metric space (X,d) gives rise to a topological space (X, 7y) in
which a subset O C X is declared to be open (i.e., in 74) iff for every z € O, there is some
e > 0 such that N.(x) € O. In other words, the open sets are the unions of open balls. We
frequently regard a metric space (X,d) equally as a topological space (X,74). So, we will
say that a metric space has a given topological property (such as being dense in itself) if the
associated topological space has the property. As an example, it can be checked that every
metric space is Tp.

A subspace of a metric space (X, d) is a pair of the form (Y,d [ Y xY), where Y C X. It
is plainly a metric space, and the topological space (Y, 74y xy) is a subspace of (X, 74).

2.5 Fixed points

Let X be a set and f : p(X) — p(X) be a map. We say that f is monotonic if f(S) C f(S")
whenever S C S’ C X. By a well known theorem of Knaster and Tarski [42], actually
formulated for complete lattices, every monotonic f : p(X) — ©(X) has a least and a greatest
fized point — there is a unique C-minimal subset L C X such that f(L) = L, and a unique
C-maximal G C X such that f(G) = G. We write L = LFP(f) and G = GFP(f).

There is a useful way to ‘compute’ these fixed points. A subset S C X is said to be a
pre-fized point of f if f(S) C S, and a post-fized point if f(S) 2 S. Now, the Knaster—Tarski
theorem [42] states that LFP(f) is the intersection of all pre-fixed points of f, and dually for
GFP(f):

LFP(f) = ({SCX:[f(95)Cc S
GFP(f) = U{SCX:1(8)28)

For f: p(X) — p(X), define f': p(X) — p(X) by f/(S) = X\ f(X\S). It is an exercise
to check that f is monotonic iff f’ is, and in that case, GFP(f) = X \ LFP(f’).

Least fixed points are used in the semantics of the mu-calculus, coming up next.



2.6 Languages

We assume some familiarity with modal languages and the mu-calculus. We fix an infinite
set Var of propositional variables, or atoms. We will be considering various logical languages.

The biggest of them is denoted by E’é%gt), which is a set of formulas defined as follows:

1. each p € Var is a formula (of ﬁ’é%yt)),

2. T is a formula,
3. if o, are formulas then so are =, (¢ A1), Oy, [d]p, and Yo,
4. if A is a non-empty finite set of formulas then (¢)A and (dt)A are formulas,

5. if ¢ € Var and ¢ is a formula that is positive in ¢ (that is, every free occurrence of ¢
as an atomic subformula of ¢ is in the scope of an even number of negations in ¢; free
means ‘not in the scope of any pq in ¢’), then pgy is a formula, in which all occurrences
of ¢ are bound. Bound atoms arise only in this way.

For formulas ¢,1, and ¢ € Var, the expression ¢(10/q) denotes the result of replacing every
free occurrence of ¢ in ¢ by 1, where the result is well formed — that is, all of its subformulas
of the form upf are such that 6 is positive in p. We leave ¢(1/q) undefined if the result is
not well formed. For example, if ¢ = upq then ¢(—p/q) is undefined, since pup —p is not well
formed.

We use standard abbreviations: L denotes =T, (¢ V ) denotes =(—¢ A =), (¢ — )
denotes —(p A =), (¢ <> ¢) denotes (p — ) A (P — @), Op denotes ~O-p, (d)p denotes
—[d]—p, I denotes =V, and if ¢ is positive in g then vgp denotes —pug—p(—g/q) (this is well
formed). We let O*¢ abbreviate ¢ A Oy, and [d]* ¢ abbreviate ¢ A [d]¢. For a non-empty finite
set A = {61,...,0,} of formulas, we let A A denote ;1 A...Ad, and \/ A denote §; V...V,
(the order and bracketing of the conjuncts and disjuncts will always be immaterial). We set
A0 =T and \/ ) = L. Parentheses will be omitted where possible, by the usual methods.

The connectives (t), (dt) are called tangle connectives, or (more fully) tangled closure op-
erators.

We will be using various sublanguages of E’é%ffdw, and they will be denoted in the obvious
way by omitting prohibited operators from the notation. So for example, E’év denotes the

language consisting of all E’é}fi)}édw—formulas that do not involve [d], (t), or (dt).

2.7 Kripke semantics

An assignment or valuation into a frame F = (W, R) is a map h : Var — o(W). A Kripke

model is a triple M = (W, R, h), where (W, R) is a frame and h an assignment into it. The

frame of M is (W, R), and we say that M is finite, reflexive, transitive, etc., if its frame is.
For every Kripke model M = (W, R,h) and every world w € W, we define the notion

M, w = ¢ of a formula ¢ of Eg%édt) being true at w in M. The definition is by induction on
v, as follows:

1. M,w = piff w € h(p), for p € Var.
2. MwET.



M, w | = iff M w = .
M,wE ANy iff Mjw = ¢ and M, w = 1.
M,w = Op iff M, v = ¢ for every v € R(w).

- W

The truth condition for [d]¢ is exactly the same as for .

M, w = Vo iff M, v = ¢ for every v € W.

. N«

M, w | (t)A iff there are worlds w = wg, w1, ... € W with R(wp, wp41) for each n < w
and such that for each § € A there are infinitely many n < w with M, w,, |= 0.

9. The truth condition for (dt)A is exactly the same as for (¢)A.

10. The truth condition for ugp takes longer to explain. For an assignment h : Var — (W)
and S C W, define a new assignment h[S/q| : Var — p(W) by

S, if p=gq,

h[S/ql(p) = {

h(p), otherwise,

for p € Var. Suppose that ¢ is positive in ¢ and (inductively) that the set [¢], = {w €
W (W,R,h),w = ¢} is well defined, for every assignment h into (W, R). Define a map
fp(W) = (W) by

f(S) = l¢lnis/q for S CW.

Since ¢ is positive in ¢, it can be shown that f is monotonic, so it has a least fixed point,
LFP(f) (see section 2.5). We define M, w |= pqy iff w € LFP(f).

In the notation of the last clause, it can be checked that M, w = vqyp iff w € GFP(f).

For a set I' of formulas, we write M,w =T if M, w |E « for every v € T.

A word on the semantics of (t) and (dt). Let us temporarily write ¢ = 1) to mean that
M, w = ¢ <> 9 for every transitive Kripke model M = (W, R, h) and every w € W. Then it
can be checked that for every non-empty finite set A of formulas,

HA = Vq/\ (6N q),
JeA

(dtyA = I/q/\ YO A q),
deA

(2.1)

if ¢ € Var is a ‘new’ atom that does not occur in any formula in A. For more details, see
lemma 4.2. In a sense, (2.1) is the ‘official” definition of the semantics of the tangle connectives,
which boils down to clause 8 above in the case of transitive Kripke models.

Let M = (W, R, h) be a Kripke model. A generated submodel of M is a model of the form
M = (W' R, 1), where (W', R') is a generated subframe of (W, R) and h' : Var — p(W’) is
given by h'(p) = h(p) N W' for p € Var. The following is an easy extension to £ ﬁ(dt) of a
well known result in modal logic:

LEMMA 2.1. Let M' = (W', R',}) be a generated submodel of M = (W, R,h). Then for
each ¢ € £D<[d>]< D and w € W', we have M,w [ ¢ iff M',w E .

2There is no distinction between O and [d] or between (t) and (dt) in Kripke semantics. This is not so in
topological semantics, our next topic.




2.8 Topological semantics

Given a topological space X, an assignment into X is simply a map h : Var — p(X). A
topological model is a pair (X, h), where X is a topological space and h an assignment into X.
We will also be considering topological models where Var is replaced by some other set of
atoms. Details will be given later. As with Kripke models, we attribute a topological property
to a topological model if the underlying topological space has the property.

For every topological model (X, h) and every point = € X, we define (X, h),z | ¢, for a

E’é%édw—formula ©, by induction on ¢:
1. (X,h),z Epiff x € h(p), for p € Var.
2. (X,h),x =T
3. (X,h),xz = —piff (X,h),z [ .
4. (X,h),z E e AY iff (X,h),z = ¢ and (X,h),z = 1.

6. (X,h),z = [d]e iff there is an open neighbourhood O of z with (X, h),y = ¢ for every
y € O\ {z}. We do not require ¢ to hold at z itself.

7. (X,h),z =EVp iff (X,h),y = ¢ for every y € X.

8. For a non-empty finite set A of formulas for which we have inductively defined semantics,
write [0] = {z € X : (X,h),z |= d}, for each § € A. Then define:

o (X,h),z |= (t)A iff there is some S C X such that z € S C (5ca cl([6] N S),
o (X,h),z |= (dt)A iff there is some S C X such that 2 € S C (5o () ([0] NS).

9. Suppose that ¢ is positive in ¢ and (inductively) that [¢]p = {z € X : (X, h),z | ¢} is
well defined, for every assignment A into X. Define a map f: p(X) — p(X) by

f(S) = [wlns/q for SC X,

where h[S/q| is defined as in Kripke semantics. Again, f is monotonic, and we define
(X, h),z = pqy iff © € LEP(f).

The definition makes sense but has no content if X is empty: there are no points z € X to
evaluate at. Writing [¢] = {z € X : (X, h),z | ¢}, we have [O¢] = int([¢]), [C¢] = cl([¢]),
and [(d)¢] = (d)([¢]) for each ¢, h. Again, [vqp] = GFP(f), where ¢, f are as in the last
clause.

As with Kripke semantics, for a set I' of formulas we write (X, h),z = T if (X,h),z =~
for every v € I

REMARK 2.2. Again we briefly discuss the semantics of (t) and (dt) (see clause 8 above).
With ¢ = 1) redefined to mean that (X, h),z = ¢ <> 1) for every topological model (X, h) and
x € X, the equivalences in (2.1) above continue to hold, and indeed they motivate clause 8.
However, there is a perhaps more intuitive meaning for (¢) and (dt) in terms of games, which
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are used extensively in the mu-calculus. Let players V, 3 play a game of length w on X.
Initially, the position is x. In each round, if the current position is y € X, player V chooses an
open neighbourhood O of y and a formula § € A. Player 3 must select a point z € O at which
0 is true (and with z # y in the case of (dt)). If she cannot, player V wins. That is the end of
the round, and the next round commences from position z. Player 3 wins if she survives every
round. It can be checked that (X,h),x = (t)A (respectively, (X,h),z E (dt)A) iff 3 has

a winning strategy in this game (respectively, the game where she must additionally choose
z #y).

As an aside, a transitive Kripke frame (W, R) can be made into a topological space X =
(W,7), where 7 = {S € W : R(x) C S for every # € S}. Then for each assignment
h:Var — (W) and w € W, if R is reflexive then (W, R, h),w |= ¢ iff (X, h),w = ¢ for every
RS Eg@, and if every v € W is irreflexive then (W, R, h),w = ¢ iff (X,h),w [= ¢ for every

(dt)
Q€ Eﬁl]v .

2.9 Topological semantics in open subspaces

Let X be a topological space and Y a subspace of X. Each assignment h : Var — p(X)
into X induces an assignment hy into Y, via hy(p) = Y N h(p), for each p € Var. Thus, we
can evaluate formulas at points in Y in both (X, h) and (Y, hy). Because the semantics of
the connectives O, [d], (t), (dt) depend on only arbitrarily small open neighbourhoods of the
evaluation point, it is easily seen that if Y is an open subspace of X, we get the same result
for every formula not involving V. That is, the following analogue of lemma 2.1 holds:

LEMMA 2.3. WheneverY is an open subspace of X, we have (X, h),y E ¢ iff (Y, hy),y |E

L)

@, for everyy €Y and ¢ € old]

(This holds vacuously if Y is empty.)

2.10 Hilbert systems

These are familiar, and we will be informal. A Hilbert system H in a given language £ C
LA dt)

old)v is a set of azxioms, which are L-formulas, and inference rules, which have the form

Ply---yPn
/(/) )
for L-formulas ¢1,...,on, . A derivation in H (of length 1) is a sequence @1, ..., ¢, of L-

formulas such that each ¢; (1 < i <) is either an H-axiom or is derived from earlier ¢; by
an H-rule — that is, there are 1 < 71,...,J, <1t such that

(2.2)

Pjrs - Pin
Pi
is an instance of a rule of H.

A theorem of H is a formula that occurs in some derivation in H. An H-logic is a set of
L-formulas that contains all H-axioms and is closed under all H-rules. The set of theorems
of H is the smallest H-logic. Sometimes we identify (notationally) H with this set, or present
H implicitly by defining an H-logic.

A formula ¢ is consistent with H if —p is not a theorem of H. A set ' of formulas is
consistent with H if A\ T is consistent with H, for every finite I'g C T.
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2.11 Satisfiability, validity, equivalence

Let F = (W, R) be a Kripke frame and X a topological space. A set I' of E’éﬁl)]édw—formulas is
said to be satisfiable in F if there exist an assignment A into F and a world w € W such that
(W,R,h),w |=T'. Similarly, I" is said to be satisfiable in X if there exist an assignment h into
X and a point z € X such that (X,h),z =T.

Let ¢ be an £é<[2>]<vdt>—formula. We say that ¢ is satisfiable in F, or in X, if the set {p}
is so satisfiable. We say that ¢ is valid in F (respectively, in X ) if —p is not satisfiable in F
(respectively, in X'). We may also say in this case that F or X wvalidates .

We also say that ¢ is equivalent to a formula 1 in F (respectively, X) if ¢ <> 9 is valid in

F (respectively, X).

2.12 Logics

Let K be a class of Kripke frames or topological spaces. In the context of a given language
L C Lg({?édﬁ, the (L£)-logic of K is the set of all £-formulas that are valid in every member of
K. A Hilbert system H for £ whose set of theorems is T, say, is said to be

e sound over K if T is a subset of the logic of I (all H-theorems are valid in K),

e weakly complete, or simply complete, over K if T contains the logic of K (all K-valid
formulas are H-theorems),

e strongly complete over K if every countable H-consistent set I' of £L-formulas is satisfiable
in some structure in K. Recall that in this paper, ‘countable’ means ‘of cardinality
at most w’. The restriction to countable sets will be discussed at the beginning of
section 10.2.

The logic of a single frame F is defined to be the logic of the class {F}; similar definitions are
used for the other terms here.

We say that a Kripke frame F is an H frame, or that F validates H, if H is sound over F.
To establish this, it is enough to check that each axiom of H is valid in F, and that each rule
of H preserves F-validity (in the notation in (2.2) above, this means that if pq,..., ¢, are
valid in F then so is 1).

It can be checked that H is weakly complete over K iff every singleton H-consistent set
is satisfiable in some structure in K. Hence, every strongly complete Hilbert system is also
weakly complete. The main aim of this paper is to provide Hilbert systems that are (where

possible) sound and strongly complete over various topological spaces, with respect to various

p(t) (dt)

sublanguages of £ (v

3 Hilbert systems for mu-calculus

We now present a very brief diversion on a Hilbert system ‘S4p’ for the mu-calculus that
is (sound and) complete over the class of finite reflexive transitive Kripke frames. This will
be used in two places: in theorem 8.3, to show that in the language Lfi, the system S4u
is complete over every dense-in-itself metric space; and in corollary 4.7, together with deep
results of Dawar—Otto [7| and the evident soundness of S4y over topological spaces, to show

(t)

that £ is no more expressive than LY over topological spaces, a fact used in theorem 9.3 to
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establish strong completeness of S4u over every dense-in-itself metric space in the language
Lh.
In this section, all formulas are £f-formulas, and all Hilbert systems are for this language.

DEFINITION 3.1. Consider the Hilbert systems:

K: the axioms comprise (i) all instances of propositional tautologies (e.g., ¢ — (¥ — ¢), etc.)
and (ii) all formulas of the form O(¢ — ) — (Og — O) (the so-called ‘normality’
scheme). The inference rules are:

y P — .
modus ponens: w O-generalisation: b
(G Dy
The well known substitution rule (:5 70 is not always sound in the mu-calculus and is
pY\w/q

not needed in other systems, so we omit it.
Kpu: this is K augmented with the following for each formula ¢ positive in ¢:

e fized point axiom: p(uqe/q) — pqe, provided that no free occurrence of an atom
in pqe gets bound in ¢(puqe/q) — consequently, ¢(uqp/q) is well formed. The idea
is roughly that pqy is a pre-fixed point of .

e(/q) = ¥

1gp — Y
gets bound in ¢(10/q) — hence, ¢(¢/q) is well formed. The idea this time is roughly
that gy is the least pre-fixed point of .

e fixed point rule: , provided that no free occurrence of an atom in

We write Ku F ¢ if ¢ is a theorem of this system. It is well known (see, e.g., |6, §6])
that the system is equivalent to the original equational system of Kozen [19].

K4p: this is Ky plus the ‘4’ scheme Op — O0w. We write K4u - ¢ if ¢ is a theorem of this
system. K4y is not needed in our spatial completeness results, but it is used in proving
equivalence of L"[fﬂ and Efg}w over Tp spaces (remark 4.8).

S4p: this is Ky plus the S4 schemes Op — ¢, Op — OOp. We write S4u F ¢ if ¢ is a
theorem of this system.

The following combines some famous and difficult work in the mu-calculus.
FACT 3.2 (|19, 44, 18]). Ku is sound and complete over the class of all finite Kripke frames.

We are going to extend it to show that S4u is sound and complete over the class of finite
reflexive transitive frames (and, much later, over every dense-in-itself metric space). First, a
form of the substitution rule can be established.

LEMMA 3.3. Suppose @, are formulas such that for each atom s occurring free in 1, there
is no subformula of ¢ of the form ps@. If S4u 't ¢, then S4ut= (v /p) for any atom p.

Proof (sketch). Let o, 1), p be as stipulated. For a formula a, write af = a(1)/p). We show
that S4p F ¢ = S4u F ©f (when the stipulation holds) by induction on the length of a
derivation of ¢ in S4pu.
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If ¢ is an instance of one of the S4 axiom schemes, then ¢! is an instance of the same
scheme, so S4p - !, Suppose that ¢ is an instance o(uqa/q) — puqa of the fixed point axiom.
If p = ¢, then ! = ¢, so certainly Sdu b of. If p # ¢, then ¢ = af(ugal/q) — pugal, another
instance of the fixed point axiom; hence again, S4u - ¢f.

If ¢ is obtained by MP from formulas v, ©» — ¢ occurring earlier in the derivation, then
inductively, S4u F T and S4u F (v — )T — that is, S4u F ¢T — . That S4pu F ©f now
follows by MP. Similarly, if ¢ = O, where ¥ occurs earlier in the derivation, then inductively,
S4p 9T, so by generalisation, S4yu - Oyt — that is, S4u - T, as required.

Suppose that ¢ is derived by the fixed point rule, so that ¢ = puga — g for some «, 8, q
meeting the condition of the rule, and «a(8/q) — [ occurs earlier in the derivation. If s
occurs free in ¢ then there is no ps in pugae — 3, so none in «(B/q) — [ either. So the
inductive hypothesis applies, to give S4u F (a(B/q) — B)!. Let us evaluate this. If p = ¢, it is
S4u - o(BY/q) — BT. By our stipulation, the fixed point rule applies, giving S4u F puga — BT,
But (uqa)t = pga. So S4p b ot as required. If instead p # ¢, then it is S4u F of (81/q) — BT.
Again, the rule applies, to give S4u - puga’ — B1. But this is exactly Sdu - of. O

Plainly, the analogous result for K4p and indeed Ky can be proved in the same way.
DEFINITION 3.4. For a formula ¢, define a new formula ¢* by induction:

e p* =p for p € Var;

* * *

commutes with the boolean connectives and pu. That is, T* = T, (m¢)* = —p*,
Ap)" =" Ay, and (uge)” = pgp*.

. J—
(¢
o (Op)* =vq(p* AOg), where g € Var is a ‘new’ atom not occurring in ¢*.

The formula ¢* is plainly well formed, for all ¢ € L.

LEMMA 3.5. Let ¢ be any formula. Then for every Kripke model (W, R,h) and w € W,
we have (W, R, h),w = ¢* iff (W,R*,h),w = ¢, where (recall) R* is the reflexive transitive
closure of R.

Proof. The proof is by induction on ¢. The atomic and boolean cases are easy. Assuming the
result for ¢, it is a well-known exercise in the mu-calculus to check that (W, R, h), w = (Op)*
ifft (W,R,h),u = ¢* for every u € R*(w). Inductively, this is iff (W, R*,h),u = ¢ for every
u € R*(w), iff (W, R*,h),w = Oy as required.

Finally assume that the result holds for ¢, positive in ¢, for every Kripke model. For a
formula ¢ and Kripke model (W, R, h), write [¥']w,rn) = {w € W : (W, R, h),w |= ¢}. Then
(W,R,h),w = (ugp)* iff (W,R,h),w E pqe*, iff w is in the least fixed point of the map
fip(W) — p(W) given by f(S) = [¢*](w,rns/q)- But inductively, f(S) = [¢]w,r ns/q)-
So this is iff (W, R*,h),w = pqe as required. O

REMARK 3.6. For each formula ¢, define a formula ¢ in the same way as for ¢* but
using the clause (Op)T = vgd(p™ A ¢). It can then be shown that (W, R,h),w | T iff
(W, R, h),w = ¢, for every formula o, Kripke model (W, R, h), and w € W, where R* is the
transitive closure of R.

DEFINITION 3.7. For a formula pqy, define formulas " (n < w) by induction: ¢ = 1,
and "1 = p(¢"/q). (Below, the relevant ¢ will be determined by context.)
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LEMMA 3.8. For every formula pqp, if 0 is well formed then Ku b o™ — ugp for every
n < w.

Proof. By induction on n. (It can be checked that every " is well formed.) The case n =0
is trivial. Assuming inductively that Ky F ¢™ — uge, we can use [19, proposition 5.7(iii)]
(‘monotonicity’) to obtain Ku F o(¢"/q) — w(uqp/q) — that is, Ku F " — o(uge/q).
By the fixed point axiom, Ku = o(uqe/q) — pqp, and Ku = "t — ugp now follows by
propositional reasoning. O

LEMMA 3.9. S4u - @ < ©* for every .

Proof. Again, the proof is by induction on ¢. We write just ‘-’ for ‘S4u F’ in the proof.
We also write a = B for - a <» (. First, replace all bound atoms in ¢ by fresh ones, to
give a formula @. More formally, ¢ is defined for each subformula 1 of ¢ by induction:
uq = ps((s/q)), where s is a new atom associated with 1 and not occurring in ¢, and
=~ commutes with all other operators. By fact 3.2 or [19, proposition 5.7(i)], ¥ = ¢ and
(@)" = ¢*. So, replacing ¢ by @, we can suppose without loss of generality that for each
atom ¢ that occurs free in ¢, there is no subformula of ¢ of the form pgf. The —* operator
preserves this condition, so it holds for ¢* as well.

For atomic ¢, the result is trivial since ¢* = ¢, and booleans are fine.

Assume inductively that ¢ = ¢* and consider Op. We need to show that Oy = vq(¢*AOq),
for ‘new’ ¢ — that is, dp = —ug—(¢* A d—q). By a tautology, it is enough to show -0y =
ug—(* A O=q). By fact 3.2, =O¢p = O and pug—(p* A O-q) = pg(—e* V <q). So, letting
1 = -, it is enough to prove

O = pgx, where x = 9" Vv Oq. (3.1)

Note that the inductive hypothesis gives ¢ = ¢*. Towards (3.1), we first show that - i —
pqx. Observe that inductively, ! = 9* vV OL = ¢ and % = ¢* v Ox! = ¢ v O, By
lemma 3.8, Ku - x2 — ugx. As S4u extends Ku, we get = x? — ugy. So by propositional
logic, = OY — ugx.

Now we show F ugxy — <. By the fixed point rule, it is enough to show F x (O /q) — .
That is, F ¢¥* vV OOy — Oib. But given the inductive hypothesis, this is just what the S4
axioms say. This proves (3.1) and completes the case of Ogp.

Finally assume the result for ¢ positive in ¢, and consider the case ugp. All formulas
below meet all necessary conditions because of our initial assumption on . By the inductive
hypothesis and lemma 3.3 we get - ¢(ugp*/q) = ¢*(nge*/q). The fixed point axiom gives
F o (nge*/q) — nqe*. Putting the two together gives F o(uqe*/q) — nqe*. This says that
uqp* is a pre-fixed point of ¢, so the fixed point rule gives F ugp — uqe*. The converse,
F uge* — pqep, is similar. O

THEOREM 3.10. The system S4u is sound and complete over the class of finite reflexive
transitive Kripke frames.

Proof. Soundness is easily checked. Conversely, assume that ¢ is consistent with S4u. By
lemma 3.9, ¢* is consistent with S4u and hence with Ku as well. By fact 3.2, there is a finite
Kripke model M = (W, R,h) and a world w € W, with M,w = ¢*. We do not know that
(W, R) is reflexive or transitive. However, by lemma 3.5 we have (W, R*,h),w = ¢ as well,
and R* is reflexive and transitive. O
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REMARK 3.11. Continuing remark 3.6, it can be shown in a similar way to lemma 3.9 that
K4pu b ¢ < @7 for each formula ¢. We leave this as an exercise, since we will use it only in
remark 4.8. It then follows as in theorem 3.10 that K4u is sound and complete over the class
of finite transitive frames.

4 Translations
e
(but not vice versa). We can also express (t), (dt) with y — and often vice versa, using results
of Dawar and Otto [7].

Later, we will need translations that work in both topological spaces and (possibly re-
stricted) Kripke models. In this section, we will explore translations — but only to the extent
needed later.

The language has some redundancy. We can express O with [d], and (¢) with (dt)

4.1 Translating (d) and (dt) to p

This is the simplest case. We have already seen the idea, in the equivalence of (t)- and
(t)-formulas to v-formulas given in (2.1).

DEFINITION 4.1. For each Eg}%@dw—formula p, we define a Ué[ dw—formula ot as follows:

1. p* = p for p € Var.

2. —H commutes with the boolean connectives, O, [d], V, and pu (cf. definition 3.4).
3. (A = vq Nsea (6" A q), where g € Var does not occur in any §* (§ € A).
4. ((dt)A)* = vq Nsea (d)(6" A q), where g € Var does not occur in any 6 (6 € A).

These formulas can be checked to be well formed. The translation simply replaces (t) by
an expression using p and O, and similarly for (dt). So if ¢ € £ then ot e LB if e EE{?
then ot € Ele , etc.

This trans]lation is faithful in all relevant semantics:

LEMMA 4.2. Let ¢ be any Eé@](vdt) -formula. Then @ is equivalent to " in every transitive
Kripke frame and in every topological space. (See section 2.11 for the definition of equivalence.)

Proof. An easy induction on ¢. We consider only the case (t)A (for finite A # (), in Kripke
semantics (the case (dt)A is of course identical). Assume the lemma for each § € A. Take
any transitive Kripke model M = (W, R, h) and any w € W. Inductively, M, w |= ((t)A)* iff
M,w = vg Asep O(0 A q). By the post-fixed point characterisation of greatest fixed points
given in section 2.5, this holds iff (x) there is S C W with w € S and such that for every s € S
and § € A, there is t € S with sRt and M, t |= 0.

Assuming (%), it is easy to choose a sequence w = sgRs1Rs2 ... in S by induction so that
{n <w: M,s, |= ¢} is infinite for every 6 € A. It follows that M,w = (t)A. Conversely,
if M,w = (t)A then there are worlds w = woRwiRws ... in W with {n < w : M,w, = 6}
infinite for every 6 € A. Let S = {w,, : n < w}. Then w € S, and for each w,, € S and § € A,
there is m > n with M, w,, = 0. Then w,, € S, and by transitivity of R we have w, Rw,,.
So (*) holds. O
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4.2 Translating O to [d] and (t) to (dt)

Just replacing O by [d] and (t) by (dt) in a formula ¢ € Eé@]lédw yields an L' Oét) -formula

[d
equivalent to ¢ in all Kripke frames. But the two are not equivalent in topologica}l spaces, SO
we seek a better translation that works in both semantics.

DEFINITION 4.3. For each £\ -formula ¢, we define a £{;}1/'-formula ¢? as follows:

1. p¢ =p for p € Var.

2. —? commutes with the boolean connectives, [d], (dt), V¥, and p.

3. (D) = o A [d]pt.
4. (HA) = (AAD) V() (A AY) v (d) A, where A% = {5 : 5 € A).

Again, ¢ is always well formed. It turns out that the translation —¢ is faithful in reflexive
frames and Tp spaces (recall from section 2.3 that a space is Tp if the derivative of every
singleton is closed).

LEMMA 4.4. Each £g<[2>]<vdt> -formula ¢ is equivalent to ¢% in every reflexive Kripke frame.
Proof. An easy induction on ¢. To show, e.g., that Oy implies (O¢)?, we need reflexivity.
We also note that A A and (d) A A both imply (¢)A in reflexive Kripke models. 0

LEMMA 4.5. Fach ﬁ’é%@dw -formula ¢ is equivalent to o in a topological space X if, and
only if, X 1s Tp.
Proof. Let X be a Tp topological space. We prove by induction on ¢ that each L”é}szdw—
formula ¢ is equivalent to ¢ in X. We consider only two cases: Oy and (t)A. Inductively
assume the result for ¢ and each formula in the finite set A of formulas, let h be an assignment
into X, and let x € X. In the proof, we write ‘z =’ as short for ‘(X,h),z =, and for a
formula ¢, we write [¢] = {y € X : y = ¢}.

We prove that 2 = O <+ (Op)%. We have 2 |= O iff for some open neighbourhood O of
x, we have (X, h),y |= ¢ for every y € O. This is plainly iff x = ¢ A [d]¢. Inductively, this is
iff z = @? A [de? — ie., iff z = (Op)?.

Now we prove that x = (t)A < ((t)A)%. Recall that

(A = (AA) V() (AT v (A,

First we prove that x = ((t)A)? — (t)A. Suppose that = |= ((t)A)4. To show that x |= (t)A,
we need to find S C X with z € § C Nseac([] N S). If z = AAY take S = {z}. If
x = (d) NA?, take S = {z} U[AAY. And if z = (dt)A?, there is S C X with x € S C
Nsea (d)([6] N'S); then z € S C Nsca cl([0] NS) as required.

It remains to prove that z = (H)A — ((t)A)%. So suppose that z = (t)A. If z |=
(AAD v (d)(N\ AY), we are done.

So suppose not. Thus, there is an open neighbourhood U of 2 with y = = A A? for every
y € U. So for every y € U, there is §, € A with y = ﬁdg.

We prove that z = <dt>Ad.

Since z |= (t)A, there is S € X with 2 € S C (5o cl([6] N S).
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Claim 4.5.1. Put ' =UNS. Thenz € 5" C Nen (d)([09) N S).

Proof of claim. Plainly, z € S’. For the other half, let y € S’ and § € A be arbitrary; we
show that y € (d)([69] N S’). So let O be any open neighbourhood of 3. As X is Tp, (d){y}
is closed, so since it does not contain y, O NU \ (d){y} is an open neighbourhood of y too. As
ye S CSCa([6,]NS), there is some z € ONU NS\ (d){y} with z |= §,. But y = =62, so
inductively, y = —d,. It follows that z # y.

Now we have z ¢ {y} U (d){y} = cl{y}, so ONU \ cl{y} is an open neighbourhood of z.
Since z € S C cl([0]NS), there is some t € ONUNS\cl{y} = ONS"\cl{y} with ¢ = 6. Then
t #y. Since O was arbitrary, this shows that y € (d)([6] N S’). Since inductively, [§] = [§],
this proves the claim.

By definition of the semantics, claim 4.5.1 immediately yields = = (dt)A¢ as required.
This completes the induction and the proof that each ¢ is equivalent to ¢?. (The reader may
like to construct an alternative proof using the games described in remark 2.2.)

Conversely, to show that the Tp hypothesis is necessary, we first prove

Claim 4.5.2. In any space X, for any x € X, cl{(d){z} \ (d){z} C {z}. Hence (d){x} is
closed iff x ¢ cl{(d){x}.

Proof of claim. For the first part, since (d){z} C cl{z} and the latter is closed, cl (d){z} C
c{z} = (d){z} U {z}. This implies cl(d){x} \ (d){z} C {x}.

For the second part, (d){x} is closed iff ¢l (d){z}\ (d){z} = 0. By the first part, this holds
iff z ¢ cl(d){z}\ (d){z}. But = ¢ (d){z}, so x & cl{(d){x} \ (d){x} iff ¢ cl(d){x}. This

proves the claim.

Now suppose the space X is not Tp. Then there is some point z of X with (d){x} not
closed. By claim 4.5.2, x € cl(d){z}. Hence cl{z} C cl(d){z}. Let p € Var and h : Var —
pX satisfy h(p) = {z}. Then (X,h),a = (t){p, {d)p}, but (X,2),z & ((&){p, (dph)? ie.
(X, h),x = (pA{d)p) VvV (d)(p A {(d)p) V (dt){p, (d)p}, giving a case of ¢ not being equivalent
to ¢¢. That x [ (p A (d)p) V {d)(p A (d)p) follows because [p A (d)p] = {z} N (d){z} = 0.
That x (= (dt){p, (d)p} follows as no ‘punctured neighbourhood’” O \ {z} contains a point
of [p] = {z}. To see that = = (t){p, (d)p}, let S = cl{z}. Then S is included in both
c([p] N S) = cl{z} = S and cl([(d)p] N S) = cl({(d){z}) (because cl{z} C cl(d){x} as noted
above). Since z € S, it follows that = = (t){p, (d)p}. O

4.3 Translating u to (t)

We use this translation only to prove strong completeness for £ in theorem 9.3(2). Fortu-
nately, most of the hard work involved has already been done by others. We will need only
the fact below, but its proof was a major enterprise.

FACT 4.6 (Dawar-Otto, |7, theorem 4.57(5)|). For each formula ¢ of LE, there is a formula

o' of £<Dt> that is equivalent to ¢ in every finite transitive Kripke frame.
To lift this to topological spaces, we will use the proof theory from section 3.

COROLLARY 4.7. Each LE-formula ¢ is equivalent to ©' in every topological space.
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Proof. By fact 4.6 and lemma 4.2, ¢ < (©!) is an LB-formula valid in every finite transitive
Kripke frame. By theorem 3.10, S4u F ¢ <+ (p!)H.

Now it is easy to check that S4p is sound over every topological space. (The S4 axioms
are sound by definition of the topological semantics of O, and the fixed point axiom and rule
are sound by the semantics of p.) Hence, ¢ + (¢!)# is valid in every topological space. But
by lemma 4.2, (p!)H is equivalent to ¢! in every topological space. We conclude that ¢ is
equivalent to ¢’ in every topological space, as required. O
By the corollary and lemma 4.2, £ and £\<3t> have the same expressive power over the class
of all topological spaces.

REMARK 4.8. We can translate £’ﬁd} into £[<j]t> in a similar way. Since O, [d] and (t), (dt)
o

are indistinguishable in Kripke semantics, each formula ¢ of E[ d is equivalent to (!)* on
(dt)
[d]

remark 3.11, K4y is complete over this class, so Kdu F ¢ < (¢')*. Now as Esakia showed
(e.g., [8, proposition 2|), the ‘4" scheme [d]¢ — [d][d]¢ is valid in a topological space precisely
when the space is Tp. So K4y is sound over every Tp space, and hence its theorem ¢ <+ (¢!)*
is valid in every such space. Lemma 4.2 now yields that ¢ € Eﬁl} is equivalent to ¢! € Efjf) in

every Tp space.

the class of finite transitive frames, where ¢! € £ is obtained exactly as in fact 4.6. By

5 More topology

Not surprisingly, for our completeness theorems we will need some simple and standard topo-
logical definitions and results. They are collected here. We will see some more substantial
ones in the next section. We begin with the following very simple fact.

LEMMA 5.1. Let X be a topological space, and suppose that N C X has empty interior.
1. If C C X is closed, then int(C UN) = int C.
2. If O C X s open, then cl(O\ N) = clO.

Proof. For the first part, int C' C int(C' U N) by monotonicity of int. For the converse, if
int(CUN) € int C, then int(C UN) € C. So int(C' U N) \ C is a non-empty open subset
of (CUN)\ C and so of N, a contradiction. The second part follows from the first, since
X\c(O\N)=mt(X\ (O\N)) =int((X \O)UN) =int(X \ 0) = X \ clO. O
5.1 The (d) operator on sets

Let X be a topological space. For a set S C X, recall that (d)S ={z € X : SNO\{z} #0
for every open neighbourhood O of z}, the set of strict limit points of S. The (d) operator
has the following basic properties.

LEMMA 5.2. Let S,T C X.
1. clS=SU(d)S.
2. (d) is additive: (d)(SUT) = (d)SU(d)T.
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3. {d)S = 0 iff every subset of S is closed.
4. If X is Tp then {(d){d)S C cl{d)S = (d)S = (d) cl S.
5. If X is dense in itself, then (i) int S C (d)S and (ii) if S is open then (d)S = clS.

Proof. We prove only part 4, leaving the other parts to the reader. Recall from section 2.3
that X is Tp if (d){x} is closed for every x € X. Aull and Thron showed in [2, theorem
5.1] that in fact, X is Tp iff (d)S is closed for every S C X. (They say that this theorem
is due to C. T. Yang and that it motivated their definition of Tp.) With part 1, this yields
(d)(d)S C cl{d)S = (d)S. (Esakia showed that Tp is necessary here: see remark 4.8.) With
parts 1 and 2, this gives (d) cl.S = (d)(S U (d)S) = (d)S U (d)(d)S = (d)S. O

This leads to the following.

LEMMA 5.3. Suppose that X is dense-in-itself and Tp. Then every non-empty open subset
of X is infinite.

Proof. Suppose not. Let O C X be a non-empty finite open set of least possible cardinality.
Take any z € O. By lemma 5.2(2,5), O = int O C (d)O = o (d){y}. Choose y € O with
z € (d){y}, and let Q@ = O\ (d){y}. As X is Tp, (d){y} is closed, so @ is open. Moreover,
Q C O since z ¢ @Q; and Q # 0 (as plainly y ¢ (d){y}, so y € Q). This contradicts the
minimality of O. O

5.2 Regular open sets

Let X be a topological space. A regular open subset of X is one equal to the interior of its
closure. We will mainly be interested in regular open subsets of open subspaces of X, so we
give definitions directly for such situations.

DEFINITION 5.4. Let U be an open subset of X. A subset S of X is said to be a regular
open subset of U if S = int(U NclS).

As ‘int’ is multiplicative and U is open, it is equivalent to say that S = UNintcl .S, and we
sometimes prefer this formulation. In such a case, S C U and S is open. So S = inty cly S:
that is, S is a regular open subset of the subspace U of X. It is worth noting that if S C U
is arbitrary then inty cly S is a regular open subset of U.

It is known (see, e.g., [13, chapter 10]) that for every open subset U of X, the set RO(U)
of regular open subsets of U is closed under the operations +, -, —, 0,1 defined by

e S+5 =Unintcl(SUS)
e S5.8=85n¢

o —S=U\clS

e 0=0and 1="U,

and (RO(U),+,-,—,0,1) is a (complete) boolean algebra. We will also use the notation
RO(U) to denote this boolean algebra. The standard boolean ordering < on RO(U) coincides
with set inclusion, because for S, € RO(U) we have S < T iff - T =S5,iff SNT =5, iff
S CT. We will need the following general lemma.
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LEMMA 5.5. Let V C U be open subsets of X, and S, S’ be reqular open subsets of U.

1. If T = U\ clS, then T is also a regular open subset of U, with S = U \ clT and
U\SCclT.

2. IfUnclSNeclS =0, then S+ S =SUS’.
3. If SCV, then S is a reqular open subset of V.

4. Bvery regular open subset of S is a reqular open subset of U.

Proof. 1. The first two points follow from boolean algebra considerations, and can easily
be shown directly; of course, the first point is equivalent to RO(U) being closed under
—. The third point, U \ S C cl T, follows from U \ cIT = S.

2. Since 5,5’ < S+ S" and < coincides with C, we obtain 5,5’ C S+ 5" and so SU S’ C
S 4+ S’. Conversely, it is easy to check® that

intcl(SUS") Cintel SUintcl S U (cl.SNels’).
Since U NeclSNelS =,
S+S8 =Unintcl(SUS) C (UnintelS)U (UNintclS)=SuU Y,
as required.

3. VNnintel S=(VNU)Nintcl S=V N (UNintelS) =V NS =S5.

4. Let T be a regular open subset of S. Clearly, intclT C intclS. So U NintclT =
UNn(intclSNintclT) = (U NintclS)NintclT = SNintclT =T.
O

5.3 Normal spaces

DEFINITION 5.6. A topological space X is said to be Hausdorff (or T2) if for every two
distinct points xg, z1 € X, there are disjoint open sets Op, O1 with xg € Oy and x1 € O1, and
normal (or T4) if it is Hausdorff and for every two disjoint closed subsets Cy, Cy of X, there
are disjoint open sets Og, O1 with Cy C Og and Cy C O;.

Equivalently, X is normal iff it is Hausdorff and if C' C O C X, C'is closed, and O is open,
then there is open @ with C C Q C cl@ C O. It is standard that every T2 (and hence every
normal) space is T1, and hence also Tp.

LEMMA 5.7. Let Cy, C be disjoint closed subsets of an open subset Q) of a normal topological
space X. Then there are reqular open subsets Og,O1 of X with disjoint closures, such that
CoC 0O CQand C; CO; CQ.

3Indeed, OO (p V q) — OOp vV OOq V (Op A Oq) is valid in reflexive transitive frames, so by classical modal
logic, it is provable in S4. Since S4 is sound over X, the formula is valid in X.
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Proof. Since @ \ Ci is open and contains Cp, by normality there is open O, with Cy C
Oy CclOy CQ\Ci. Let Og = intclOy. Then Oy is regular open in X and Cy C Oy C
Op CclOg =clO; CQ\Ci. Then C; C Q\ clOp, an open set, so repeating the argument
gives a regular open subset O; of X with C; € O1 C clO; € @ \ clOg. Now Og, O; are as
required. O

The following is well known (see, e.g., [32, III, 6.1]), but is so important for us that we
include a quick proof.

LEMMA 5.8. Every metric space is normal.

Proof. Let X be a metric space. It is easy to check that X is Hausdorff, and we leave this
to the reader. Let C, D be disjoint closed subsets of X. It is enough to show that (x) there
is open O D C with ¢l(O) N D = (. For then, applying (x) to the disjoint closed sets D and
cl(0), we find open P D D with cl(P) Ncl(O) = 0, as required.

We proceed to prove (x). If C = (), take O = 0. If D = () take O = X. So we can suppose
C,D # (0, and thus define

O={zxeX:dzC)<d(z,D)/2}

(recall from section 2.4 that d(z,S) = inf{d(z,s) : s € S} for non-empty S C X). Then
C C O, because if x € C then d(z,C) = 0, while x ¢ D, so d(z,D) > 0 as D is closed.
It is easily seen that O is open. Let K = {x € X : d(z,C) < d(z,D)/2}. Then K is
closed, so cl(O) C K. So it is enough to show that K N D = (). But if x € D N K then
d(z,C) < d(z,D)/2 = 0, so x € C as C is closed. This contradicts the assumption that
CcnD=4. O

6 Tarski’s ‘dissection theorem’ and relatives

A ‘dissection’ of a space (or a non-empty open subset of it) is a partition of it into subsets
that have topological relationships allowing them to represent the structure of certain Kripke
frames. The original dissection results of Tarski, developed further by others, involved finitely
many partition sets. Here we strengthen the analysis by allowing (countably) infinitely many
partition sets; permitting each partition set to contain any given starting set, so long as any
union of the starting sets is closed and nowhere dense; and making each partition set be within
some prescribed distance of any point. We also develop a closely related result in which the
subsets need not partition the space but each of them has the same predetermined set of limit
points.

We will use these results in proposition 7.10, to represent finite Kripke frames. We will
state them and discuss them in section 6.1, and prove them in section 6.2. Section 6.3 contains
a corollary also needed in proposition 7.10.

6.1 The dissection theorems

The first ‘dissection theorem’ is as follows. We will use it in corollary 6.5, and in our main
proposition 7.10 to handle frames with irreflexive roots. It is also used in [16].
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THEOREM 6.1. Let X be a dense-in-itself metric space. Let there be given open subsets
T,U of X with ) # T C U; a non-empty countable* index set £; pairwise disjoint subsets
E; CT (i € &) with (d)U,ce Bi = 0; and a real number ¢ > 0. Then there are pairwise
disjoint non-empty sets I; with E; C1; CT (for eachi € £), such that for everyi € € we have
d(z,1;) < e for every x € clT, and

(d); = cl(T) \ U.

EXAMPLE 6.2. We give an instance of theorem 6.1 for X = R, ignoring the F; and e.
Suppose that T = (0,1) and U = (0,2). Choose pairwise disjoint infinite sets K; (i € &) of
positive integers, and let I; = {1/n : n € K;} for each ¢ € £. Then the [; are non-empty and
pairwise disjoint subsets of T with (d)I; = {0} = cl(T) \ U for each i € £.

Next is our second dissection result, which will be used in proposition 7.10 to handle frames
with reflexive roots. Recall that a subset N C X is nowhere dense if int cl N = (). Any such
set plainly has empty interior.

THEOREM 6.3. Let X be a dense-in-itself metric space. Let G be a non-empty open subset
of X. Let G, B be disjoint countable index sets with B # (). Let E; (i € GU B) be pairwise
disjoint subsets of G such that | J;c g E; is closed and nowhere dense for every S C GUB. Let
a real number € > 0 be given. Then there are non-empty subsets G;,B; C G (i € G, j € B)
with the following properties.

1. E; C G; for each i € G, and E; C B; for each j € B.
2. (G;:i€G)U(Bj:je€ B) is a partition of G.
3. Each G; (i € G) is open. (The B; need not be open.)

4. Letting
D =cl(G)\ | JGi,
i€g
we have cl(G;) \ G; =D for each i € G, and (d)B; =D for each j € B.

5. d(z,G;) < e and d(z,B;) < e for every x € clG, i € G, and j € B.

This theorem is largely known, and has a long history. Paraphrasing slightly, Tarski [41,
satz 3.10] proved the following, which was perhaps the original ‘dissection theorem’. (He
credited the proof to Samuel Eilenberg, noting that he had originally proven the result himself
for R and its dense-in-themselves subspaces.)

Let X be a dense-in-itself normal topological space with a countable basis of open
sets (see below). Then for every r < w, every non-empty open subset G of X can

be partitioned into non-empty open sets Gy, ..., G, and a non-empty set By such
that cl(G) \ G CclBy CclGiN...NclG,.

“Recall from section 2.12 that we use ‘countable’ to mean ‘of cardinality at most w’.
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Here and below, the empty intersection (when r = 0) is taken to be X. This statement is
equivalent to the statement of theorem 6.3 (parts 2-4) above, when r = |G| < w, |B| =1, and
with (d)B; replaced by c1B;. We observe that if r > 2 then actually cIBg = c1G1N...NclG,.

A topological space (X, 7) has a countable basis of open sets iff there is countable 79 C 7
such that 7 is the smallest topology on X containing 7y. Given this and normality, Urysohn’s
theorem [43] yields that 7 = 74 for some metric d on X. Any metric space is normal, and has
a countable basis of open sets iff it is separable (see section 2.3). So Tarski’s stipulation on X
boils down to stipulating that X is a separable dense-in-itself metric space.

EXAMPLE 6.4. We give an instance of Tarski’s result for X = R and r = 1. Take a
copy of R. Replace each rational in it by a copy of the real interval [0,1]. Let Gy be the
union of the interiors of these intervals, and By be the set of all other points. (Formally, let
I, = [0,1] for z € Q, I, = {0} for 2 € R\ Q, and consider I = |J,cp({z} x I), ordered
lexicographically by (z,p) < (y,q) iff z <y or (zx =y and p < q). Let Gy = Q x (0,1) and
By = I\ G1.) The resulting linear order (formally, (I, <)) is Dedekind complete, separable,
and without endpoints, and hence order-isomorphic to the open interval G = (0,1) of R
(see, e.g., [33, theorem 2.30]). We identify it with this interval. It can be checked that
clG\ G CclBy C clGy, and (cf. theorem 6.3) that c1G \ G; = clG; \ G1 = (d)By.

Removing the restriction to |[B| = 1 but with the same hypotheses on X, McKinsey and
Tarski [27, theorem 3.5] proved that

for every r, s < w, every non-empty open set G can be partitioned into non-empty
open sets G, ..., G, and non-empty sets By, ...,B; with cl(G)\G CclBy =--- =
clBs, CclGin...NclG,.

This statement is equivalent to parts 2—4 of the statement of theorem 6.3 above, with r =
|G| < w, s = |B| < w, and with (d)B; replaced by clB;. It was used in [27] to prove (in modal
terminology) that the Lp-logic of X is S4; a form of the result ‘readily available to those whose
main interest lies in sentential calculus rather than in topology or algebra’ was given in [29,
theorem 1.3].

Removing the assumption of separability, Rasiowa and Sikorski 32, III, 7.1| proved parts
24 of theorem 6.3 essentially as formulated above, but for finite G, B and with (d)B; replaced
by c1B;. Our use of (d)B; strengthens this, since part 4 implies that B; C D = (d)B;, so by
lemma 5.2(1), cIB; = (d)B;. But it is only a formal strengthening, since the same effect can
be achieved by first obtaining disjoint sets ]B%;? with cl Bg"‘? =D for j € Band k£ =0,1, and then
defining B; = IB%? u IB%} for each j. As IBS? N IB%jl- = (), using lemma 5.2(1-2) we have

D C (D\B)) U (D\Bj) = (cIB) \ BY) U (cIB} \ B}) C (d)B) U (d)B} C cIB) U clB} = D.
N—————
(d)B;
So (d)B; = D as required.

In this paper, we will not need the e-conditions (theorem 6.3(5)), nor infinite index sets.
However, they may be useful in future work. Indeed, analogous e-conditions (for finite G, B)
have already been proved by Kremer |20, lemma 6.1], and infinite index sets can also be helpful
in arguments like Kremer’s.

Other recent related results include [23, proposition 6.7], which (roughly speaking and
among other things) replaces part 5 in theorem 6.3 by the statement that each G; is the union
of pairwise disjoint open balls Q;; (k € K;) such that every open neighbourhood of every
point in UjeB B; contains some Qjy.
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6.2 Proof of theorems 6.1 and 6.3

We will sometimes use without mention lemma 5.2(1-2) and the consequent additivity and
monotonicity of (d) and cl. We will get to the theorems shortly, but first, fix a non-empty
countable index set £ and pairwise disjoint subsets £; C X (i € £) such that (J;cg E is closed
for every S C £. (Hence each Ej; is closed.) Two players, V (male) and 3 (female), play a
game, &(F; : i < w), to build pairwise disjoint subsets I; (i € £) of X with E; C I; for each i.

The game is co-operative, with no winners or losers. It has w rounds, numbered 0, 1,2, . ...
At the start of round n (for each n < w), subsets I]* C X (i € £), whose closures are pairwise
disjoint, are in play. Initially — at the start of round 0 — we put I = E; for each i € &.
Then cl IZQ (i € &) are pairwise disjoint by assumption on the E;. Round n is played as follows.

1. V plays a pair (O, i), where i,, € £ and O,, is an open subset of X of his choice,
satisfying
O N (d) | I = 0. (6.1)
€€
2. dresponds by defining I;‘H = I} for all j € £\ {in}, and extending I to a set IZLH of

her choice, such that

cl' CIMYC O Ul (6.2)
So 3 must include cl I7' in IZZH, but all other points she includes must lie in O,,. These
inclusions are needed in claim 6.2.3. As the game requires that cl I]’”l (j € &) are
pairwise disjoint, she must also ensure that cl Ii’:rl is disjoint from cl I for each j €

E\ {in}. Since she can satisfy these requirements by simply playing I{ffl = clI}!, she
never gets stuck.

That completes the round, and the sets Ii"+1 (1 € &) are passed to the start of round n + 1.
Plainly, IZQ C Iil C ... for every 7 € £. The following claim will be useful later.

Claim 6.2.1. | J;cgclI] is closed — equivalently, cl({J;cq I7') = U;jcg el I* — for each S C &
and n < w.

Proof of claim. Fix n,S as stated. Let N = {i,, : m < n}. By the game rules, only I]"
changes in round m, so IT' = E; for each i € S\ N. So U,egcll]' = U;egnn L' UlUes\y Ei-
But Uz‘eS\N E; is closed by assumption on the E;, so [J;cg cl I} itself is a finite union of closed

sets, and so closed. The equivalence to cl({U;cg 1) = U,cg ¢l I]* is easy. This proves the claim.
After w rounds, the game ends. Its outcome is the sequence (I; : i € £) of subsets of X,
where I; = |, I for each i € £. Since the I} (i € £) are pairwise disjoint for each n, the

n<w 1t
I; (i € £) are also pairwise disjoint, and E; = IZQ C I; for each 1.

We say that V plays well if:
Al. {n <w: i, =i} is infinite for each i € £,
A2. O, # () whenever n < w and i,, # i,, for every m < n,
A3. O,, C O, whenever n < m < w and i,, = iy,

A4. N, ., On=({On:n <w, i, =1} for each i € £.

n<w
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In short, V chooses each index in £ infinitely often, and his choices of O,, whenever he picks
a particular index form a decreasing chain whose largest member is non-empty and whose
intersection is independent of the index.

Now fix ¢ > 0. Let ¢, = ¢/(n+ 2) for each n < w. Thene >¢e9g >¢e; > --- > 0 and
lim,, o0 €, = 0. We say that 3 plays well (this notion is dependent on ¢ but we do not make
e explicit in the notation) if in each round n, she defines

P, =0y \dl ( U J;L), (6.3)

€€

chooses (using Zorn’s lemma) a maximal subset Z, C P, such that d(z,y) > ¢, for each
distinct x,y € Z,, and ensures that Z,, C IZLH.
Let us make some observations about P, and Z,,.

Z1. (d)Z, = 0 (because for each x € X, the set N, /o(z) N Z, has at most one element). So
by lemma 5.2(3,5), Z, is closed and int Z,, = ().

Claim 6.2.2. cl P, = clO,.

Proof of claim. Let S = J;c¢ ' and N = cl(S5) \ (d)S. By (6.3) and (6.1), P, = O, \ clS
and O, N (d)S = 0. So P, = O, \ (c1S\ (d)S) =0, \ N.

By lemma 5.2(1), N C S, so by lemma 5.2(5), int N € NNintS € NN {(d)S = 0. So
int N = (), and by lemma 5.1(2) we obtain cl P, = cl(O,, \ N) = clO,,. This proves the claim.

If O, = 0 then plainly P, = Z,, = (). Suppose then that O,, # (). By the claim, P, # 0,
and:

Z2. Z, is non-empty (because P, is non-empty and any singleton subset of P, satisfies the
e, condition),

Z3. d(x,Zy,) < ey for every z € P, (else x can be added to Z,,, contradicting its maximality).
Recall that d(z, Z,) = inf{d(x, z) : z € Z,}, which is defined because Z,, is non-empty.
By claim 6.2.2 we get d(x, Z,) < &, < € for every = € cl P, = clO,,.

Clearly, if 3 plays well, the Z,, (n < w) are pairwise disjoint and Z,, C I! forallm <n < w.
Claim 6.2.3. Suppose that both players play well. Then for each i € E:
1. T; # 0.

2. If n <w and iy =1, then d(x,1;) < € for every x € clO),.

3. |Jdncr.

nw

4o Ad)L = [ (@)1 U () 1Oy

n<w n<w
Proof of claim. Fix i € £. For part 1, using Al, let n < w be least such that i, =i. By A2,
O, #0. Soby 22, Z, # 0, and Z, C IZfl C I; since 3 plays well.
For part 2, let z € c1O,. So O, # 0, and hence Z,, # (). By Z3, d(z, Z,) < . But again,
Zn C IZLH C I; as 3 plays well, so d(z,1;) < d(x, Z,) < € as required.
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For part 3, let n < w. By Al, there is m > n with 4, = i¢. By (6.2), clI* C clI/™ C
It Cr.

We move to the last part. First we prove that | J, ., (d)I]* U, c1On C (d)1;. For each
n < w we have I]' C I; and so (d)I' C (d)I;. It follows that (J, ., (d)I]* € (d)I;. To show
that (1, ., clOn C (d)]; as well, take x € [, clOy,. Let § > 0. By Al and since the Z, are
pairwise disjoint, we may choose n < w such that e, < 0, i, = i, and = ¢ Z,,. By assumption,
x € clOy, so by Z3, d(z, Zy,) < &, < d. So there is z € Z, N Ns(z) with = # z (since © ¢ Z,,).
Since Z,, C I;, the point z witnesses Ns(z) N1; \ {z} # (. This holds for all § > 0, and it
follows that = € (d)I;. So (), clO, C (d)l; as required.

To prove the converse inclusion (d)I; C |, ., (d)I]' U, 1 On, fix n < w with 4,, = i.
We first show by induction on m that I/ C clI' UclO, for each m > n. For m = n it is
clear. Assume inductively that it holds for m. If 4., # ¢ then Il-m'H =I" CclI*UclO, by
the induction hypothesis. If instead %,, = ¢, then

mtt c O, udIr by (6.2)
C OpUcll® since iy, = iy, and so (by A3) O,, € O,
C OpUcl(clI?UclOy) by induction hypothesis and monotonicity of cl
= OpUcll’uclo, as clI]' UclO, is closed
= cl?UclO, since O,, C clO,,.
This completes the induction. Hence, I; = UJ,,>, {]"* C clI]' UclO,. Now we obtain
(d)I; C (d)(clI'UclOy,) by the above and monotonicity of (d)
= (d)cl I" U (d) cl O, by additivity of (d)
= (d)I'U(d)Oy by lemma 5.2(4), since X is Tp
C (Um<w Im) UclO,, by definition of union, and lemma 5.2(1)

This holds for all n with i, =14, so

(@L< N (( U <d>1{”) Uc10n> - ( U <d>1§”) U o, = ( U <d>1{n) U O,

n<w m<w m<w n<w m<w n<w
in=1 in=1
the last step using A4. This proves the claim.
With these results in hand, we can prove our two theorems. First, theorem 6.1.

Proof of theorem 6.1 As in the theorem’s statement, let there be given open sets () # T C
U, pairwise disjoint subsets E; C T (i € &) with (d) U;cs Ei = 0, and a real number € > 0. By
lemma 5.2(3), every subset of | J;c¢ Es is closed, so certainly ;. g E; is closed for every S C £.
We are also given that £ is non-empty and countable. So V and 3 can play &(E; : i € £). 3
will play so that

d) U I' =0 for each n < w. (6.4)

1€€

We have IZ-O = E; for each i, so (6.4) is true for n = 0 by assumption on the E;. Recall that
en =¢/(n+2) for each n < w. In round n, V picks (Op, i), where

. {']I‘, if 4, # i for all m < n, (6.5)

Tn Uxecl(T)\U N, (z), otherwise.
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By (6.4), this trivially satisfies (6.1). He also arranges to let i,, = 4 for infinitely many n, for
each i € &, so condition Al will hold. A2 holds because T # ). Given Al, it follows from (6.5)
that A3 and A4 also hold, and thus, he plays well.

3 responds to ¥’s move in round n by choosing Z, as above and letting Igfl =1 UZ,
(so she plays well), and I'"t* = I7 for every i € € \ {in}. We check (6.2). By (6.4) for
n and lemma 5.2(3), I} is closed; by Z1, Z, is closed too; and by (6.3), Z, C P, C Oy.
Hence, clI! =1 C I' U Z, = IZLH C clI}! UOy, as required for (6.2). Also, Z,, C P, =
On \ Ujegcl I}, and it follows that cl I (i € &) are pairwise disjoint. Moreover, since
(d)Z,, = 0 by Z1, her move preserves (6.4).

Let the outcome of play be the sets I; (i € £). We check that these sets meet the conditions
of the theorem. Being the game’s outcome, they are pairwise disjoint, and E; C I; for each 1.
Let i € €. First, we check that ) # I; C T and d(z,1;) < ¢ for each = € clT. By claim 6.2.3,
I; # 0. Let n < w be least such that i,, = i. By the first clause of (6.5), O,, = T, and claim 6.2.3
yields d(z,1;) < e forevery x € cIT. Also, I; = E;UU{Z, : n < w, i, =i} € TU, ., On=T.

Second, we check that (d)I; = cl(T) \ U. By (6.4), (d)I* = 0 for each n. So claim 6.2.3
yields (d)I; =),,., ¢l Op. It is therefore sufficient to prove the next claim.

nw

Claim 6.2.4. () __clO, =cl(T)\ U.

n<w

Proof of claim. Certainly, each z € cl(T)\U lies in cl O,, for each n, because for every 6 > 0,

OnN Né(:p) 2 (T N U Nsn (y)> N Nmin(é,an)(x) =TnN Nmin(d,an)(x) 7é 0.
yecl(T)\U

So cl(T)\ U C (,,«,, €1 Op.

Now we prove the converse, [, 1O, C cl(T) \ U. First note that if cI(T) \ U = ) then
by Al and (6.5), infinitely many O, are empty as well, so (1, c1O, = () and we are done.

Suppose then that cl(T) \ U # 0. Certainly, ., c1O;, € clOg = clT. It remains to show
that UN(,,.,, 1O, = 0. Suppose for contradiction that there is some z € UN(, ., clOy,. As
U is open, we can choose § > 0 with Ns(z) C U. AsV played well, we can pick m < n < w such
that i, = iy and €, <. Then Op = TN U, cqerpu Ne. () by (6.5). So d(y,cl(T) \ U) < en
for each y € O,, — note that this is defined since cl(T) \ U # 0. Since = € clO,, it follows
that d(z,cl(T) \ U) < e, <. As Ns(z) C U, this is a contradiction, and proves the claim,
and the theorem. O

We can also prove theorem 6.3.

Proof of theorem 6.3 Let G,G,B, E;,¢ be as in the theorem’s statement: so G is non-

empty and open, |G|, |B| <w, GNB =0, and B # 0. Fix arbitrary b € B, and let £ = G U B;

so &£ is non-empty and countable. It is given that E; C G (i € &) are pairwise disjoint and

Uics Ei is closed and nowhere dense for each S C £. So ¥ and 3 can play &(E; :i € £).
They play as follows. In round n, ¥V plays (Oy, i, ), where

O, = G\ {d) ( U 1;1). (6.6)
i€E

Condition (6.1) is trivially met. He chooses ig = b, and also arranges to choose each index in
& infinitely often. As we will see below, he plays well.
3 will play so that the following properties hold for each n < w:
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P1. clI* (i € £) are pairwise disjoint subsets of G.
P2. J;cp Ij' is nowhere dense.

P3. I is open for each i € G N {ip, : m < n} (that is, for each i € G that V already picked
in some round earlier than n).

When n = 0, we have I = E; for each i € £&. P1 and P2 are then given, and P3 holds
vacuously.

Assume that P1-P3 hold for n. 3 responds to V’s move (O, iy) in round n as follows. Of
course she sets I"™! = I7 for i € £\ {i,}, and defines Z,, as described above.

Case 1: i, € B. Then 3 sets IZLH = cl(I}! ) U Z,,. This clearly satisfies (6.2). The set Z, is
a closed (by Z1) subset of G (since Z, C O, C G by (6.3) and (6.6)), and it is disjoint
from cl|J;c¢ Ij* (by (6.3) and Z,, C P,), so P1 for n 4 1 follows. P2 is kept, since

int ol Ujep 7 = intel (Uiepy gy I Ul U Z,) by F's move
= int ((U;es ") U Zy) by additivity of cl, and Z1
= intclU;ep I by Z1 and lemma 5.1(1)
=0 by P2 for n.

P3 is unchanged because i, ¢ G.
Case 2: i, € G. Then 3 chooses an open set IZH satisfying

LE AUz, CIptcdpt e\ |J dir R (6.7)

je&\{in}

We need to check some things here. First, L is closed, since (by Z1) Z,, is closed. Second,
R is open, since G is open and (by claim 6.2.1) UjeS\{in} clI7 is closed. Third, L C R,
since cl I]' € Rby P1, and Z,, C P, = Op\clU;ce I' € G\ U;eg el I]* € R by definition
of Z,, (6.3), (6.6), and (6.7). So as X is normal (lemma 5.8), an open set @} with
LCQCcl@ C R can be found. 3 lets IZLH be any such @, so satisfying (6.7).

Next we check that 3's move satisfies (6.2). We have cl [}’ C IZL'H by (6.7). Also,

T CR = G\Ujep gy A1} by (6.7)
C (G\UjegcI})uclll® asAC(A\B)UB
= (G\cdUjee I}) UclL® by claim 6.2.1
C (G\(d) Ujee I]") UclI! by lemma 5.2(1)
= O,uUdlIl by (6.6).

This confirms (6.2). Finally we check that P1-P3 still hold. P1 follows from (6.7) and
since it holds for n. P2 is unchanged, and P3 holds since 3 chose I Z:’fl to be open.

Since Z, C IZLH in both cases, 3 plays well. We will soon see that V plays well too, but first,
a handy claim.

Claim 6.2.5. G C cl(O,) U ;g clIT' for each n < w.
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Proof of claim. Let n < w be given. By (6.6) and lemma 5.2(1), G\ clO, C G\ O, C
<d> UZGE 7 - cl Uzeg i

G\clO, C intcllJ;ce I} as G\ cl O, is open

int (cl UzGB FUclUeg I ) by additivity of cl and € =BUG
int cl{U;eg 17" by P2 and lemma 5.1(1)

Uieg el I} by claim 6.2.1

(Nl

The claim now follows.

We can now see that V plays well. He chooses each i € £ infinitely often, so Al holds.
A2 holds because every Oy, is non-empty, as we now show. Write £ = (J;.¢ Ei. By (6.6),
Op = G\ (d) U;ee I! = G\ (d)E. Since E is nowhere dense, we have int (d)E C intcl E = (.
So by lemma 5.1(2),

clOg = clG. (6.8)

As G # 0, this yields Oy # 0. So as 3 plays well, by Z2 we have 0 # Zy C I}. Now let
n > 0. Then I} is non-empty because it contains Il}. Also, by P1 and claim 6.2.5 we have
I C G\ Ujeg el I}* € clOy,. Tt follows that cl Oy, and hence Oy, are non-empty as required.
So indeed A2 holds. Since I C I for each n, i, it follows from (6.6) that Op 2 O D
So, using A1, we see that A3—A4 hold, and therefore V indeed plays well.

At the end of the game we define I; = J, _ I for i € £, and let

n<w 1
Gi = HZ fOI‘ Z c g
Bj = Hj fOl“jEB\{b}
B, = G\ |J T (6.9)
1€E\{b}
D = d@)\|JG
i€g Y,

We check that the requirements of the theorem are met. Being the game’s outcome, the I; are
pairwise disjoint and F; C II; for each ¢ € £. As both players played well, by claim 6.2.3 each
I; is non-empty. By P1, I; = {J,., I;* € G for each 4. It follows by (6.9) that I;, C By — so
I; € B; for every j € B. This is enough to show that the G;,B; are non-empty and pairwise
disjoint subsets of G. So (G;,B; : i € G, j € B) is a partition of G. Also, E; C I; = G; for
each i € G, and F; C I; C B; for each j € B. For each ¢ € G, by Al there is m < w with
im = 1; then G; = J{I]' : m < n < w}; by P3, this is a union of open sets, and so is open.
For the remaining requirements (points 4-5) of the theorem, we need a claim.

Claim 6.2.6. D C (d)I; for each i € £.

Proof of claim. Let n < w be arbitrary. By claim 6.2.5, G C cl(O,) U J;egclI]*. By
claim 6.2.1, {J;cg cl I} is closed, so we actually have cIG C cl(Oy) U ;g cl 7. So by (6.9),

D=dG\|JGic (cl(On) vl clIi") \[JG. (6.10)

e i€ 1€G

But by claim 6.2.3(3) and (6.9), U;cgcl ]’ € Ujcgli = Uieg Gi, so by (6.10) we obtain
D C clOy,. This holds for all n, so by claim 6.2.3, D C (), __clO, C (d)]; for each i € £. This
proves the claim.

n<w
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Now we can finish easily. For point 4 of the theorem, we first show that D = clG; \ G; for
i € G, and D = (d)B; for j € B. For each j € B, by (6.9) we have B; C G \ ;¢ Gi € D.
Since D is clearly closed, (d)B; C cIB; C D. Conversely, since I; C B;, by claim 6.2.6 we get
D C (d)I; C (d)B;.

Similarly, take ¢ € G. Since the G; (I € G) are pairwise disjoint open subsets of G, we
have c1G; C cl(G) \ Ujeg (3 Gi and hence cl(G;) \ G; € cl(G) \ U;eg Gi = D. Conversely, by
claim 6.2.6 and lemma 5.2(5) we have D C (d)I; = (d)G; = clG;. By (6.9), DNG; = 0. So
D C cl(Gy) \ Gi, as required.

Finally, for point 5, let * € cIG. By (6.8), x € clOp. Since ig = b, claim 6.2.3 yields
d(z,I) < e. So there is y € I, with d(x,y) < e. Now let i € G. We showed that I, C B, C
D C clG;. So y € clG;, and hence we can take z € G; with d(y,2) < € — d(x,y). Then
d(z,G;) < d(z,z) < d(z,y) +d(y, z) < € as required. The proof that d(z,B;) < ¢ for j € B is
similar, using that D C clB;. O

6.3 A corollary

We will use the following corollary in proposition 7.10 to handle non-rooted frames. In the
simple case where Sy = S1 = () and (so) T = U, it says that any non-empty open set U
has regular open subsets Uy, U; whose closures (1) are disjoint within U and (2) contain
all ‘boundary points’ of U (points in clU \ U). It is proved using lemma 5.7 (essentially
normality) to ‘fatten’ two sets (obtained from theorem 6.1) whose derivatives are exactly the
set of boundary points.

COROLLARY 6.5. Let U be an open subspace of a dense-in-itself metric space X, and
suppose that Sy, Sy are open subsets of U such that UNclSoNel Sy = 0 and T = U\ cl(SoUS;) #
(). Then there are reqular open subsets Uy, Uy of U such that UNclUgNclU; = 0, and for
each 1 =0,1:

1. UnclS; C U,
2. writing T; = U; \ clS;, we have T; # 0 and cl(T) \ U C clT;.

Proof. Since T is a non-empty open subset of U, we can use theorem 6.1 to choose disjoint
non-empty subsets Ip,I; C T such that (d)Ip = (d)I; = cl(T) \ U.

We now work in the subspace U. Recall that cly denotes the closure operator in the
subspace topology on U, so cly K = UNcl K for subsets K C U. The sets

cly Sp, clySy, Io, Iy

are pairwise disjoint (by assumptions) and closed in U. (Each I; is closed in U because by
lemma 5.2(1), cly; = UNcll; =UN(LU(d)L) =UN LU (c(T)\U)) =UNI =1;.) Hence,
Iy Ucly S and I; Ucly Sy are disjoint closed subsets of U. The subspace U is a metric space in
its own right, and so, by lemma 5.8, normal. Using lemma 5.7 in U (taking @ = U), we can
find regular open subsets Ug, U; of U with

LUuclyS; CU;, CU fori=0,1, (6.11)
and cly Up Ncly Uy = (). Working back in X again, this says that

UNclUgneclU; = 0. (6.12)
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For each i = 0,1, write T; = U; \ clS;. By (6.11), I; C Uj;, and by definition of I; we have
LCT=0U\cl(SoUSy) CUN\clS;. Hence, I; CU; NU\ clS; = U; \ clS; = T;. This gives
T; # 0 (since I; # ), and also

A(T)\ U = (d)I; C clI; C el T;. (6.13)

By (6.11), UNclS; = cly' S; C U;. With (6.12), (6.13), and T; # (), this proves the corollary. O

7 Representations of frames over topological spaces

Our next aim is to use the results of the preceding section to construct a ‘representation’
from an arbitrary dense-in-itself metric space to any given finite connected locally connected
transitive serial Kripke frame. The notion of representation is chosen so as to preserve El[fi}v"
formulas, and this will allow us to prove completeness theorems in the next two sections.

Until the end of section 7.5, we fix a topological space X and a finite Kripke frame F =
(W, R). We will frequently regard the elements of W as propositional atoms.

7.1 Representations

The following definition seems to originate with Shehtman: see equation (71) in [34, §5, p.25].

DEFINITION 7.1. A map p : X — W is said to be a representation of F over X if for
every w € W we have

(d)p~H (w) = p~ (R~ (w)).

Here, recall from section 2.1 that R™'(w) = {u € W : Ruw}. There are numerous
equivalent formulations of this definition. One is (d)p~1(S) = p~1(R71(9)) for every S C
W, where R71(S) = U,es B Hw) (see [34, lemma 20, p.25]; the proof of equivalence uses
finiteness of F and distributivity properties). Another is therefore (X,p~! o h),z = (d)p
iff (F,h),p(z) = (d)p for each z € X, p € Var, and assignment h : Var — oW, using
that p : X — W induces a dual map p~! : pW — pX. In the light of this formulation,
proposition 7.5 below is not surprising.

One more equivalent formulation, which we will use frequently, is

(X, p Y,z E (dw < R(p(z),w) forevery z € X and w € W. (7.1)

Here, p~! assigns an atom w € W to the possibly empty subset {z € X : p(z) = w} of X.

The condition says that for every & € X, the set of points of W with preimages under p in
every open neighbourhood of = but distinct from z itself is precisely R(p(x)).

Note that p need not be surjective. Indeed, the empty map is vacuously a representation
of F over the empty space — and we definitely do allow empty representations.

It can be checked that if p : X — W is a representation then rngp is the domain of a
transitive generated subframe of F. Endow W with the topology generated by {R(w) : w €
W} (so the open sets are those A C W such that a € A implies R(a) € A). Then every
representation of F over X is an interior map from X to W: that is, a map that is both
continuous and open. The converse fails in general. For example, let F be the two-world
reflexive frame ({0,1}, <), and let X = R with its usual topology. Let p : R — {0,1} be
given by p(z) = 0 if z € Z, and p(z) = 1 otherwise. Then p is an interior map, but not a
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representation, since (d)p~1(0) = (d)Z = 0, but p~1(<71(0)) = p~1(0) = Z. Alternatively,
using (7.1), for z = 0 € R we have p(x) < 0 but (X, p~ 1),z F~ (d)0.

We remark that if F is reflexive, then p : X — W is an interior map iff p~1(R™}(w)) =
cl p~!(w) for each w € W. Indeed, interior maps are suitable notions of representation for Lo,
and many topological completeness proofs use them. See [3, 25| for more information.

Although Shehtman uses the term ‘d-p-morphism’ (when p is surjective), here we call p a
‘representation’ because it is closely related to the representations of algebras of relations seen
in algebraic logic. Indeed, if p is a surjective representation of (W, R) over X then p~! induces
an embedding from (W) into p(X) that preserves the algebraic structure with which these
power sets can be naturally endowed.

7.2 Representations over subspaces

Our main interest is in representations over X itself, but representations over subspaces are
also useful in proofs. Given a subspace U of X, a map p : U — W induces a well defined
assignment p~! : W — o(X) by p~H(w) = {x € X : 2 € U and p(x) = w}, for w € W.
Put simply, preimages under p of elements of W are obviously subsets of U, but they are
also subsets of X, and so p~! can be regarded equally as an assignment into U or X, as
appropriate. The following easy lemma gives some connections between the two views. It is a
specialisation of a more general result in which p~! is replaced by any assignment and w by
any atom (see also lemma 2.3).

LEMMA 7.2. Let U be a subspace of X and let p: U — W be a map. Let x € U andw € W
be arbitrary.

1. If (U, p7Y), 2 = (d)w then (X,p™ 1),z = (d)w.
2. If U is open in X, then (U, p~1),x = (d)w iff (X, p~ 1),z & (d)w.

Proof. For the first part, assume that (U, p~!),z |= (d)w and let O be any open neighbour-
hood of z in X. Then O NU is an open neighbourhood of = in U, so by assumption, there
isy € ONU\ {z} with (U,p7!),y E w. Then y € O\ {z} and (X,p~ 1),y = w. Hence,
(X,p), E (d)w.

The second part is a special case of lemma 2.3. For a proof, assume that (X, p~1), 2 & (d)w.
Let N be an arbitrary open neighbourhood of x in U, so that N = O NU for some open
neighbourhood O of x in X. As U is assumed open in X, we see that IV is also open in X,
so by assumption, there is y € N \ {z} with (X, p~ 1),y = w. Plainly, (U,p~!),y = w. This
shows that (U, p~!), z |= (d)w, and the converse follows from the first part. O

By part 2 of the lemma, if p is a representation of F over an open subspace U of X, then
(X,p7 1),z = (d)w iff R(p(z),w) for every x € U and w € W. So we can work in (X, p~!)
instead of (U, p~!). To avoid too much jumping around between subspaces, we will do this
below, often without mention. Part 3 of the next lemma makes it a little more explicit. The
lemma gives some general information on the relationships between representations of different
generated subframes of F over different subspaces of X.

LEMMA 7.3. Let G = (W', R') be a generated subframe of F. Let T, U, and U; (i € I) be
open subspaces of X, with T C U = J;c; Us. Finally, let p: U — W' be a map. Then:

1. p is a representation of F over U iff it is a representation of G over U.
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2. p is a representation of F over U iff for each i € I, the restriction p | U; is a represen-
tation of F over Us.

3. If p | T is a representation of F over T, then (X, p~ 1),z = (d)w iff R(p(x),w), for each
reT andwe W.

Proof. Simple. O

7.3 Representations preserve formulas

Here, we will show that surjective representations preserve all formulas of U[fi}V' Since rep-
resentations are like p-morphisms, albeit between different kinds of structure, this is entirely
expected and the proof is essentially quite standard — see [34, lemma 20| and [3, corollary
2.9|, for example. We do need, however, that F is finite. We will be able to handle larger
sublanguages of E’éﬁg}(vdw by using the translations of section 4.

Let us explain the setting. Suppose we are given a representation p : X — W of F over X.
Recall that Var is our fixed base set of propositional variables, or atoms. For each assignment
h : Var — (W) of atoms in Var into W, the map p~! o h : Var — p(X) is an assignment of

atoms into X, given of course by

(p~toh)(p)={x e X :p(x)ch(p)}, foreachpec Var.

So p, or rather p~!, gives us a way to transform an assignment into F to one into X, and then

to evaluate a formula in the resulting model on X. Clearly, we would like to get the same
result as in the original model on F, and this leads to the following definition.

DEFINITION 7.4. Let p: X — W be a map, and let ¢ be a formula of EM[ >}<vdt>. We say

that p preserves ¢ if for every assignment h : Var — p(W) and every z € X,

(X,p oh)a =g i (W, RR),px) = ¢ (7.2)
We are now ready for our main preservation result.

PROPOSITION 7.5. Let p: X — W be a surjective representation of F over X. Then p
preserves every formula of Lﬁﬂv

Proof. The proof is by induction on ¢. The atomic and boolean cases are easy and left to the
reader. Let ¢ be a formula, and inductively assume (7.2) for every assignment h : Var — o(W)
and every x € X. It is sufficient to consider the cases (d)¢, Vo, and uqep.

First, consider (d)¢. Fix h,z. Suppose that (W, R, h), p(z) = (d)p. Choose w € R(p(z))
with (W,R,h),w = ¢. As p is a representation, (X,p~ 1),z = (d)w. So for every open
neighbourhood O of z, there is y € O\ {z} with p(y) = w. Since (W, R,h),w = ¢, for any
such y we inductively have (X, p~! o h),y = . It follows that (X, p~! o h),z = (d)¢.

Conversely, suppose that (X,p 1 oh),z = (d)¢. Let [o] ={y € X : (X,p toh),y = ¢}.
As F is finite and (d) is additive (lemma 5.2(2)), we have

z € (el = @) ([l N X) = () (el 0 |J o7 (w)

wEW
=@ ( U ([elne@)) = U @delnpw)).
weW weW
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So we can take w € W with z € (d)([¢] N p~t(w)). Then (X,p~ 1),z = (d)w, so as p is a
representation, R(p(x),w). Moreover, [p] N p~t(w) # 0. Take any y € [p] N p~*(w). Then
(X,p7toh),y | ¢ and p(y) = w. Inductively, (W, R,h),w = ¢. By Kripke semantics,
(W,R,h), p(z) = (d)p, as required.

Next, consider V. Then (X,p~toh),z | Vo iff (X,p~ o h),y = ¢ for all y € X, iff
(W,R,h),p(y) E ¢ for all y € X (by the inductive hypothesis (7.2)), iff (W, R, h),w = ¢ for
all w € W (since p is surjective), iff (W, R, h), p(x) |= V.

Finally consider the case uqy, assumed well formed. For a formula ¢ and assignment
h :Var — (W), write

[¥]n = {weW: (W R,h),w= v},
[[w]]p—loh = {zeX: (X,p_l oh),x =1}

Fix arbitrary h : Var — o(W). Define f : p(W) — o(W) by f(S) = [¢]as/q, for S € W.
Similarly define g : p(X) = ©(X) by g(U) = [¢](,-1on)jv/q), for U € X. These functions are
monotonic. By semantics, [uqp]n, = LFP(f) and [uqp],-10, = LFP(g), so we need to show
that p~}(LFP(f)) = LFP(g).

Inductively, for every S C W we have

9(p71(9) = [el(p-1om)p-1(5)/q) = el p-10@nissap = P ([elnis/q) = P (F(9)). (7.3)
By the Knaster—Tarski pre-fixed point characterisation of LEP (see section 2.5),

LFP(f) = (}{S C W : f(S) C 5},
LFP(g) = ({U € X : g(U) € U}

Let S C W satisfy f(S) € S. By (7.3), g(p~1(S)) = p~1(f(S)) C p~1(S). By
LFP(g) C p~!(S). This holds for all such S, so by (7.4), LFP(g) C N{p~'(S): S C W, f(S) C
St=p"HN{S S W: f(S) € S}) = p~ (LFP(f)).

Conversely, let S = {w € W : p~'(w) C LFP(g)}. Plainly, p~!(S) C LFP(g). So by (7.3)
and because g is monotonic, p~(f(9)) = g(p~(S)) C g(LFP(g)) = LFP(g). This says that
every w € f(S9) satisties p~!(w) € LFP(g), and hence w € S by definition of S. That is,
7(S) C S. By (.4), LEP(f) C 5. So p~{(LFP(f)) C p1(S) C LEP(g).

So indeed, p~}(LFP(f)) = LFP(g). This completes the induction and the proof. O

We proved the proposition only for Eﬁﬂv’ but later we will apply it to larger languages, using
the translations of section 4.
7.4 Basic representations

Certain very primitive representations called basic representations will play an important role
later, because they can easily be extended to more interesting representations.

DEFINITION 7.6. Let S,U be open subspaces of X, with S C U, and let o : § — W be
a representation of F over S. We say that o is U-basic if for every x € U and w,v € W, if
(X,071),2 | Ow A Ov, then Ruww.

Note that we use & and not (d) here.
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REMARK 7.7. In the setting of this definition:
1. Vacuously, if o is empty then it is U-basic.

2. More generally, but equally trivially, if rng o is contained in a nondegenerate cluster C'
in F, then o is U-basic. For, (X,071), 2 | Ow A Ov implies that w,v € tngo C C, and
so Rwv as C' is a nondegenerate cluster.

We remark (but will not formally use) that o is U-basic iff rng o is a (possibly empty) union
of R-maximal clusters in F whose preimages under ¢ have pairwise disjoint closures within
U. Moreover, each such preimage is a clopen subset of S.

7.5 Full representations and full representability

In induction proofs, we often need a stronger inductive hypothesis than formally required for
the final result. This will be the case in proposition 7.10 below, where we build a representation
by combining several ‘smaller’ representations obtained inductively. For this to work, we will
need these smaller representations to be well behaved on the boundaries of their domains.
The following definition will help to do this.

DEFINITION 7.8. Let T C U be open subspaces of X. A representation p: U — W of F
over U is said to be T-full if

1. p is surjective,
2. for every x € cl(T') \ U and w € W, we have (X, p~ 1),z = (d)w.
Every surjective representation is vacuously @-full.
DEFINITION 7.9. We say that F is fully representable (over X ) if whenever
1. U C X is open,
2. S is a regular open subset of U,

3. 0:5 — W is a U-basic representation of F over .S,
4. T U\ s £0,

then o extends to a T-full representation p : U — W of F over U. Moreover, if F is rooted
then for any given root wy of F and z¢ € T', we can choose p so that p(zg) = wo.

Notice that in the boolean algebra RO(U) of regular open subsets of U, we have T'= —S so
{S,T} is a partition of 1. That is, S,T € RO(U), S-T =0,and S+ 7T = 1.

In proposition 7.10 below, we will fulfil our main aim, to prove (surjective) representability
of every finite connected locally connected serial transitive frame. We are going to do it by
induction on the size of the frame. We appear to need a stronger inductive hypothesis, namely
full representability, than is needed for the conclusion. T-fullness and extending ¢ are mainly
to do with this, but the extending of ¢ is also helpful in the proof of strong completeness in
theorem 9.1 later. Note that if F is fully representable over X, and X # (), then by taking
U=X and S = 0 = (), we see that there exists a surjective representation of F over X. So
we do obtain our desired conclusion from the stronger hypothesis of full representability.

36



7.6 Main proposition

The following proposition has relatives in the literature: see, e.g., [27, theorem 3.7|, [34
proposition 22|, [25, lemma 4.4], and [23, lemma 6.9]. It actually holds for any dense-in-itself
topological space X for which theorems 6.3 and 6.1 and corollary 6.5 can be proved.

PROPOSITION 7.10. Suppose that X is a dense-in-itself metric space. Then every finite
connected locally connected serial transitive frame F = (W, R) is fully representable over X.

Proof.  The proof is by induction on the number of worlds in F. Let F = (W, R) be a finite
connected locally connected serial transitive frame, and assume the result inductively for all
smaller frames. Recall from sections 2.1-2.2 that we write

e R° = {(w,v) € W?: Rwv A Rvw},
e R* = {(w,v) € W?: Rwv A ~Rvw}.
and, for w € W,
o F(w) for the subframe (R(w), R | R(w)) of F with domain R(w),

o F*(w) for the subframe (R*(w),R | R*(w)) = (R(w) U {w}, R | R(w)U {w}) of F
generated by w.

Let U C X be open, let S be a regular open subset of U, and let ¢ : S — W be a U-basic
representation of F over S. Write
T=U\clS,

and suppose that 7' # (. We need to extend o to a T-full representation p : U — W of F
over U. Further, if F is rooted and we are given a root wg of F and zg € T', we wish to choose
p so that p(zg) = wg. There are three cases.

Case 1: F = F*(w) for some reflexive wy, € W.

Choose any such wy (it may not be unique). Then wy is a root of F, and since wy is reflexive,
R(wp) = W and wy € R°(wp). So R°(wp) # 0. Since T is clearly a non-empty open set, we
can use theorem 6.3 to partition 7' into non-empty open sets Gye (v* € R®(wp)) and other
non-empty sets Byo (v° € R°(wy)) such that for each v* € R®*(wp) and v° € R°(wg) we have

cl(Gpe) \ G = (d)Be =)\ |J G, € D. (7.5)

vER® (wo)

By taking E,,, = {zo} and E, = 0 for v € W \ {wp} in theorem 6.3, we can suppose that
To € Bwo-

For each v* € R*(wy), the frame F*(v*®) is connected (as it is rooted) and locally connected,
serial, and transitive (as it is a generated subframe of F). Since wy is a world of F but not
of F*(v*), the frame F*(v®) is smaller than F. By the inductive hypothesis, F*(v®) is fully
representable over X. So, taking the regular open subset ‘S’ of Gye to be () and ‘T” to be
Gy \ ¢l = Gye, which is non-empty, we can find a Gye-full representation pye of F*(v*)
over Gyes.
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Define p: U — W by:

pve(x), if 2 € Gye for some (unique) v* € R*(wy),

v°, if x € Byo for some (unique) v° € R°(wy),
plz) = .

o(x), ifzxels,

wp, otherwise,

for each x € U. The map p is well defined because the Gye, the By, and S are pairwise
disjoint, and plainly it is total, extends o, and satisfies p(z¢) = wq.

We aim to show that p is a T-full representation of F over U. The following claim will
help.

Claim 7.10.1. Let z € D (see (7.5)). Then (X,p~ 1),z = (d)w for every w € W.

Proof of claim. Let x € D and w € W be given. There are two cases. The first is when
w € R*(wp). Now (7.5) gives z € clGy, \ Guw. As py is a Gy-full representation of F*(w), a
frame of which w is a world, we have (X, p'), 2 |= (d)w, and hence (X, p~!), z = (d)w (since
pw € p)-

The second case is when w ¢ R®(wp). Since w € W = R(wp) = R*(wo) U R°(wy), we
have w € R°(wp). By (7.5), z € (d)B,, (since x € D). Since p | By, has constant value w, we
obtain again that (X, p~!),z = (d)w. This proves the claim.

We now check that p is a representation of F over U. Let x € U and w € W. We require
(X, p™ ),z = (d)w iff R(p(x),w). There are four cases.

1. Suppose that z € Gye for some v®* € R*(wg). Since Gye is open and p [ Gye = pye,
a representation over Gye of the generated subframe F*(v®) of F, lemma 7.3 yields

(X, p7), 2 | (d)yw iff R(p(x),w).

2. Suppose that z € Bye for some v° € R°(wp). Then p(x) = v°. As v° € R°(wy), we have
Rv°wg. As wy is a root of F, by transitivity of R we have R(p(z),w) for every w € W.
So we need to prove that (X,p~!),z | (d)w for every w € W. But 2 € Bye C D by
definition of D (7.5), so this follows from claim 7.10.1.

3. If x € S, then since S is open and p [ S = o0, a representation of F over S, the result
follows from lemma 7.3 again.

4. Suppose finally that x € U \ (SUT). Then p(x) = wp. Since R(wp,w) for all w € W,
we require that (X, p~1), z = (d)w for all w € W as well.

Now as S is a regular open subset of U, by lemma 5.5 we obtain U \ S C clT. Hence,
x €cdT\T C Dby (7.5). As in case 2, claim 7.10.1 now gives (X,p~ 1),z = (d)w for
all w e W.

So p is indeed a representation of F over U. We check that it is T-full. First let x € c1T\U.
Then = € D by (7.5). By claim 7.10.1, (X, p~ '),z = (d)w for every w € W, as required. We
also need that p is surjective. Take any = € B,,,. Then x € D by definition of D in (7.5). By
claim 7.10.1, (X, p™ 1),z = (d)w, and so p~1(w) # 0, for every w € W. Hence, p is surjective.
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Case 2: F = F*(wp) for some irreflexive w, € W.

Choose such a wq (it is unique this time). Then wy is the root of F, and W is the disjoint
union of {wp} and R(wp). Using theorem 6.1, select non-empty I C T with E = {z¢} C I
and

(d)I =clT\U. (7.6)
Write

U = U\I,

T = T\I

We aim to use the inductive hypothesis on these sets and o : S — F(wp), so we check the
necessary conditions.

Claim 7.10.2. U’ is open, S is a regular open subset of U', and T" = U’ \ clS # 0.
Proof of claim. First, U’ is open. For, by lemma 5.2(1) and (7.6),

U\l I=U\(U(dI)=U\IU(Cl(T)\U)=U\I=U,

and the left-hand side is open.

We are given that S is a regular open subset of U. Since SCU and I CT =U \ cl S, we
have S C U\ I =U’. By lemma 5.5(3), S is a regular open subset of U’.

Next, U'\clS=(U\I)\cdlS=U\cdS)\I=T\I=T".

Finally, we check that 7" # (0. Well, (d)I = clT \ U by (7.6), while ()T = clT by
lemma 5.2(5), since T is open by definition. But these are distinct sets, because (d)I N'T =
(clT\U)NT = 0, while ()T NT = clT NT = T, which is non-empty by assumption. So
I #T, whence I C T and T =T\ I # (). This proves the claim.

Claim 7.10.3. o is a U'-basic representation of F(wgp) over S.

Proof of claim. First we show that o : S — R(wg). We know that o : § — W =
{wo} U R(wp). Assume for contradiction that there is some x € S with o(z) = wg. Then
plainly, z € U and (X, 07 !), 2 = Gwg. As o is a U-basic representation of F over S, we obtain
Ruwywy, contradicting the choice of wy as irreflexive. So indeed, rngo C W\ {wp} = R(wo).
Since o is a representation of F over S, by lemma 7.3 it is also a representation (over S) of
the generated subframe F(wg) of F. It is trivially U’-basic, since if z € U’, w,v € R(wyp), and
(X,07 1), 2 = Qw A Ov, then z € U and w,v € W as well, so Rwv since o is U-basic. This
proves the claim.

In summary, U’ is open, S is a regular open subset of U’, ¢ is a U’-basic representation of
F(wp) over S, and T" =U"\ cl S # 0.

Now F(wyp) is smaller than F (since wg ¢ R(wy)), connected (since F is locally connected),
and locally connected, serial, and transitive (since it is a generated subframe of F). By
the inductive hypothesis, F(wq) is fully representable over X. So o extends to a T’-full
representation p’ : U — R(wyg) of F(wp) over U’. By T'-fullness,

(X, '™,z = (d)v for every v € R(wg) and = € c1T"\ U'. (7.7)

We extend p’ to a map p: U — W by defining

plx), ifzel,
pla) = 4770
wo, ifrxel,
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for x € U. This is plainly well defined and total, with p(z) = wp. Since p extends p/, it also
extends 0. We will show that p is a T-full representation of F over U. To do it, we need
another claim.

Claim 7.10.4. cIT\U CeclI CeclT"\U'".

Proof of claim. By (7.6) and lemma 5.2(1), we have c1T \ U = (d)I C clI.

Using openness of T'= T'UI, the assumption that X is dense in itself, and lemma 5.2(5,2),
we have I CT CclT = (d)T = (d)T" U (d)I. But by (7.6), IN{(d)I CUNcIT\U = 0. So
in fact, I C (d)T" C clT’. Hence, c1I C clT’. Since INU’' = () and U’ is open (claim 7.10.2),
we have clINU =0. So clI C clT’\ U, proving the claim.

Claim 7.10.5. p is a representation of F over U.

Proof of claim. Let x € U. We require (X, p~ 1),z = (d)w iff R(p(x),w), for each w € W.

There are two cases here. The first is when x € I. Then p(x) = wy, so we require first
that (X, p~1),z E (d)w for each w € R(wp). So pick any w € R(wp). By claim 7.10.4,
€l CcllCcT' \U', soby (7.7), (X, oY),z | (d)w. As p' C p, the result follows.

We also require that (X, p~ 1),z & (d)w for each w € W\ R(wg) — that is, (X,p~ 1),z £
(d)wp. But as x € U, we have z ¢ cIT \ U = (d)I by (7.6). Since p~!(wq) = I, we do indeed
have (X, p~1), z £ (d)wy.

The second case is when = ¢ I. In this case, € U’, an open set, and p | U = p/, a
representation over U’ of the generated subframe F(wp) of F. By lemma 7.3, (X,p~ 1),z |=
(dyw iff R(p(x),w) for every w € W, as required. The claim is proved.

Claim 7.10.6. p is T-full.

Proof of claim. Let z € cIT\ U and w € W. We require (X, p~ '),z = (d)w.

Suppose first that w = wg. By (7.6), z € (d)I. Since I = p~'(wp), we obtain (X, p~ 1),z |=
(d)wp. Suppose instead that w € R(wp). By claim 7.104, = € 1T\ U'. So by (7.7),
(X, oY, 2 = (d)w. As p' C p, we obtain (X, p~1), z = (d)w as required.

We must also show that p(U) = W. Well, I # (). Take z € I. Then p(x) = wy, and by
the proof of claim 7.10.5, (X, p~ 1),z | (d)w for every w € R(wp). This can only be if p is
surjective.

This proves the claim and completes case 2 of proposition 7.10. Only case 3 remains, but
this is the hardest case.

Case 3: otherwise — that is, F is not rooted.

By the case assumption, F has proper connected generated subframes — for example, F*(w)
for any w € W. So let Fy = (Wp, R | Wy) be a mazimal proper connected generated subframe
of F. Then W \ Wy # (). Since F is connected, (W \ Wy, R| W \ W) is not a generated
subframe of . So there are a € W\Wy and b € Wy, with Rab. Let Fy = F*(a) = (W1, R | W),
where Wi = R*(a).

Claim 7.10.7. Fy and F; are proper connected generated subframes of F. Also, WoNW1y # ()
and W = Wy U W7.

Proof of claim. By definition, Fy is a proper connected generated subframe of F. Since
F1 is rooted, it is connected, and a proper subframe of F (which by the case assumption is
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not rooted). It is a generated subframe of F by definition of F*(a). Clearly b € Wy N W1y, so
Wo N Wy # (). The subframe (Wy U Wy, R [ Wy U W) of F is plainly a generated subframe of
F. It is connected, since Fy, F are connected and Wy NWy # (). It properly extends Fy since
a € Wi \ Wy. By maximality of Fy, we have Wy U W; = W. This proves the claim.

Being generated subframes, Fy and JF are locally connected serial transitive frames. Since
they are proper connected subframes of F, by the inductive hypothesis they are fully repre-
sentable over X. Our plan is to combine suitable representations of them to give a represen-
tation of F over U.

Recall that S is a regular open subset of U and ¢ : S — W is a U-basic representation of
F. We use Wy, W1 to split S (and, later, o) in two. Let

So = o '{(Wy)={zxecS:0(x)ec Wy},
Si = S\ S

So U(So) Q W() and J(Sl) Q W\WO g Wl. AlSO7 S() = S\Sl
Claim 7.10.8. Sy and Sy are regular open subsets of U, and U N cl(Sp) Ncl(S1) = 0.

Proof of claim. We prove the last point first. Suppose for contradiction that there is some
x € Uncl(So) Ncl(S1). As z € clSp, we have (X, 07 1),z = OV e, w- As O is additive
and Wy finite, it follows that there is some wg € Wy such that (X,07!), 2 &= Owg. Similarly,
as o € cl Sy and o(S1) € W \ Wy, there is some wy € W \ Wy with (X,071),2 = Qw;. As
o is a U-basic representation, we obtain Rwowi. Since Fy is a generated subframe of F, this
implies that wy; € Wy, a contradiction. So U N cl(Sy) Ncl(S1) = 0 as required.

Now let 7 < 2. We show that S; is regular open in U. First note that S; is open. To see
this, observe that S; = S\ cl.S1_;, an open set. For,

S; C SNnUNclS; as S; € S C U by definition and assumption
C SNU\clSi—; by the above
= S\cSi; as S C U by assumption; and
S \ cl Slfi g S \ 517@' as Slfi Q cl 517@'
= 5 by definition of .S;.

Similarly, S1_; is open. It follows that Cl(Si) NSi_; = @, soS; CSnecls; C 8 \ Si1—_; = 5;.
Thus, SNclS; = S;, and so int(SNeclS;) =int S; = S; as S; is open. So S; is regular open in
S, and as S is regular open in U, lemma 5.5(4) yields that S; is regular open in U. The claim
is proved.

The claim and the assumption at the outset that 7' # ) are more than enough to apply
corollary 6.5, to obtain open subsets U;, T; of U, for ¢ = 0, 1, satisfying the following conditions:

Cl. UnclUyneclU; =0,
C2. UnNnclS; CU;,

C3. T, =U; \ clS; £ 0,
C4. (T)\U C cl(Ty),

Cb. U; is a regular open subset of U.

41



We now work in the boolean algebra RO(U) of regular open subsets of U. By C5, we have
Uo,Ur € RO(U). We define further elements of RO(U):

C6. M = —(U() + Ul),
C7. Vi=M+U, fori=0,1.
The main property of these sets is as follows.

Claim 7.10.9. {M, Sy, S1,To,T1} is a partition of 1 in the boolean algebra RO(U). That is,
the five elements are pairwise disjoint reqular open subsets of U, with
Uo Vl
—N— ——
U=5+Ty+M+ 51 +1T1. (78)
—_—— ——
Vo Ui

Proof of claim. Let i < 2. By claim 7.10.8 and condition C5 above, S;,U; € RO(U). By
this and condition C3,

T;;:Ui\clsizUiﬂU\ClSi:Ui'—SiGRO(U). (79)

So S; - T; = 0 and, since S; C U; by condition C2, also U; = U; - S; + U; - —S; = S; + T;.
Condition C1 above gives Uy - Uy = ). By definition, M = —(Up + Uy), so M € RO(U) and
M is disjoint from T;,5;. Also, U =Uy+ Uy + M = So+ Ty + 51+ 11 + M. It is now plain
that M + S; +T; = M + U; = V;. This proves the claim.

We aim to apply the inductive hypothesis to V;, M + S;,T;, F;, for each ¢ = 0,1. We
will construct a Vj-basic representation of F; over M + S;, and extend it inductively to a
representation over V;. We will arrange that these two representations over Vj and Vi agree
on M, so their union will be our desired representation over U.

Our first step, then, is to find a Vj-basic representation of F; over M + S;, and the next
claim helps us get one.

Claim 7.10.10. For eachi < 2 we have UNcl M NeclS; =0, and M+ S; = MUS; in RO(U).

Proof of claim. By definition, M = —(Uy + Uy) = U \ cl(Up + Uy) C U \ U;. Since U; is
open, clM NU; = 0. But U NclS; C U; by condition C2 above, so U NeclM NeclS; = 0. By
lemma 5.5, M + S; = M U S;. This proves the claim.

By the claim, in order to find a Vj-basic representation of F; over M + S;, all we need is to
find suitable representations over M and S; and take their union.

By claim 7.10.7, WoNWj # (). Fix some R-maximal by € WyNWj. So R*(by) = (). Clearly,
F*(bo) is a proper subframe of F. It is obviously connected (since rooted), and a generated
subframe of F, so a locally connected serial transitive frame. By the inductive hypothesis, it
is fully representable over X. So we can find an (M-full) representation

B: M — R(bo)

of F*(bp) over M, by using the definition of ‘fully representable’ if M is non-empty, and
trivially by taking 8 = ) if M is empty. Also, for each i < 2 let

Oi:(JfSi) : SZ—>W1
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Claim 7.10.11. For eachi < 2, fUo; : MUS; — W; is a well defined V;-basic representation
of F; over M U S;.

Proof of claim. Since F*(by) is a generated subframe of F;, it follows from lemma 7.3(1)
that g is a representation of F; over M. Similarly, o; is a representation of F; over .5;. Since
M and S; are disjoint open sets, B U a; : M US; — W; is well defined and, by lemma 7.3(2),
a representation of F; over M U S;.

To prove that it is Vj-basic, let = € V; and v, w € W; be given, and suppose that (X, (5 U
o)1), = Ow A Ov. We require Ruww.

Plainly, z € cl(M U S;) = cdM UclS;, and z € V; CU. But UNclM NelS; = () by
claim 7.10.10. So there are two possibilities.

The first one is that 2 ¢ cl M. In this case, we must have (X, Ui_l),x E Cw A Ov. As
0; C o, we also have (X,07!), 2 | Ow A Ov. As o is U-basic, we obtain Rwv.

The other possibility is that = ¢ clS;. So (X, 57 !),z = Ow A Ov. Since 3 is a representa-
tion of F*(by), we have w,v € R(by). But by is R-maximal, so R®*(by) = 0. Hence, w € R°(by),
so Rwby, and since Rbyv, we deduce Rwwv by transitivity. (Essentially we are using that F*(bg)
is a nondegenerate cluster.) This proves the claim.

In summary, for each ¢ < 2:
e 1V is open (by claim 7.10.9).

e M+S;,V;e RO(U)and M + S; C V;, so by lemma 5.5, M +S; is a regular open subset
of V;.

e working in RO(U), we have V; = (M + S;) + T; and (M; + S;) - T; = ) by claim 7.10.9.
In a boolean algebra, if v =s+tand s-t =0thent =v-—s. SoT; =V;-—(M +S;) =
VinU\ c(M + S;) =V; \ cl(M + S;). Also, T; # () by condition C3.

o M+S; =MUS,; (by claim 7.10.10), and fUo; : MUS; — W; is a V;-basic representation
of F;j over M +S; (by claim 7.10.11).

So for each ¢ < 2, recalling that F; is fully representable, we see that fUag; : MU S; — W;
extends to a T;-full representation p; : V; — W; of F; over V;. We have

(X, p; 1),z |= (d)w  for every w € W; and z € cl T} \ V;. (7.10)

Finally define
p=poUp:U—W. (7.11)

We check first that p is well defined and total. Working in RO(U) again, we have dom py N
domp; =VonVi =V -Vi = (M+Uy)- (M +Uy) =M by claim 7.10.9. But py [ M =
B =p1] M. So pis well defined. Also, V; = —U;_; = U \ clU;_; (for i = 0,1) by (7.8), and
UnclUyneclU; =0 by condition C1 above, so

domp=VoUVi =U\clU)U(U\clUy) =U\ (clU;Ncllyp) =U. (7.12)
Hence, p is total. Plainly, p extends o, since p=poUp; 2 (BUoo) U (BU0o1) =L Uo.

Claim 7.10.12. p s a representation of F over U.
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Proof of claim. Leti < 2. Then p [ V; = p;, a representation of F; over V;. By lemma 7.3(1),
this is also a representation of F over V;, which is an open set by claim 7.10.9. By (7.12),
U = VoUWV, so by lemma 7.3(2), p is a representation of F over U, proving the claim.

Claim 7.10.13. p is T-full.

Proof of claim. Let z € 1T\ U. We require (X, p~ '),z = (d)w for every w € W.

For each i < 2, as clT \ U C clT; by condition C4 above, and = ¢ U D V;, we have
x € clT; \ V;. Since p; C p, it follows from (7.10) that (X, p~ 1),z |= (d)w for every w € W;.
This holds for each i = 0,1. Since Wy U W7 = W, we have (X,p~ 1),z & (d)w for every
weW.

Finally, we show that p(U) = W. Since each p; is a T;-full representation of F; over V;, it
is surjective, and by (7.12) we obtain p(U) = p(Vo)Up(V1) = po(Vo)Up1(V1) = WoUW; = W.
This proves the claim, and with it, proposition 7.10 (as F is not rooted, the value of p(x¢) is
immaterial in this case). O

REMARK 7.11. We end with some technical remarks on the definition of ‘fully repre-
sentable’ (definition 7.9) and its relation to the proof just completed. They are not needed
later, and the reader can of course skip them if desired.

It is very helpful throughout the proof that U is open — see, e.g., lemma 7.3. However,
we cannot assume in definition 7.9 that U is regular open in X. For if we did, then in case 2
of the proof, we have clI C clT” C clU’ by claim 7.10.4 and T/ C U’, so U’ # U = intclU =
int(clU' Ucll) =int clU’. Therefore, U’ is not regular open in X, and we can not apply the
inductive hypothesis to it. We use that X is dense in itself to show that I C c17”, as well as
to use the results of section 6.

At least according to the construction we gave, S should be open. In case 1, if S is not
open then there is z € S\int S C cl(U\S), and a little thought shows that (X, p~!), z |= (d)wo
for any such x. For p to be a representation, we would need R(p(z),wp). Since p 2O o and
x € S, this says that R(o(z),wp), which we have no reason to suppose is true.

The problem if S is not regular open in U is that, again in case 1, we used that U\ S = clT.
If this were to fail, there may be points x € U \ (SUclT) (so x € U NintclS). We have to
define p on these z, and defining p(z) = wy as in the proof may not give a representation.
However, as o is U-basic, it is possible to define p(z) using o instead. This effectively extends
o to UNintclS. So we can assume without loss of generality that S is regular open in U. It
is therefore easier to do so and avoid the problem completely.

We could just suppose in definition 7.9 that S' is regular open in X, but we cannot suppose
this of U, and we have to work in RO(U), so there is little gain in doing so.

We need that o is U-basic in order that in case 3, the subsets Sy, S1 have disjoint closures
in U (claim 7.10.8). This in turn is needed to apply normality in the proof of corollary 6.5.

We cannot assume instead in definition 7.9 that o is X-basic, because in case 3, we cannot
guarantee that 8 U o; is X-basic. This is because we do not know that M NclS; = 0, but
only that U N M NclS; = (. We could solve this problem by assuming further that c1S C U
(which implies that S is regular open in X), but this weakens the proposition sufficiently to
cause trouble in theorem 9.1 later, where we would need to ensure that cl S, UclS,11 C U,
for each n.

We require that T' # () in definition 7.9 because proposition 7.10 trivially fails without this
condition, unless o is already surjective. We include surjectivity in the definition of ‘full repre-
sentation’ (definition 7.8) because surjective representations preserve V (see proposition 7.5).
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We might try to drop surjectivity from definition 7.8 and simply prove it from the second part
of the definition, as in cases 1 and 2 of the proof, but it is not clear how to do this in case 3.
Finally, we mention that actually p(7) = W — not only p but also p | T is surjective.

8 Weak completeness

We are now ready to prove our first tranche of main results, showing that Hilbert systems

pit){(dt)
O[d)v

empty dense-in-itself metric space. Several of the proofs use the translations —% and —# of
section 4. We establish only weak completeness here. We will discuss strong completeness
later, in section 9.4.

for various sublanguages of £ are sometimes sound and always complete over any non-

8.1 The Hilbert systems

We will use the Hilbert systems for the mu-calculus in definition 3.1, and also the following
ones. The two basic systems are

K: asin definition 3.1. The axioms comprise all instances of propositional tautologies and all
formulas of the form O(p — ¢) — (Op — Ov). The inference rules are modus ponens
and O-generalisation.

S4: this is K plus all instances of the S4 schemes: Oy — ¢ and Oy — OOp.

As usual, we denote particular Hilbert systems extending K or S4 by sequences of letters
and numbers indicating the axioms mustered. For example, S4.UC denotes the extension of
S4 by the axioms generated by the two schemes given in U and C below. The relevant schemes
are as follows. Recall that O%p abbreviates ¢ A Op.

4: all instances of the ‘4’ scheme Oy — OOy
D: &T
t: all instances of the following schemes, sometimes referred to as the tangle axioms.
Fix: ({)I' - O(y A (H)T), for each v € T,
Ind: O*(¢p = A\ er C(Y A 9)) = (¢ = (HT).
U: all instances of the S5 schemes and rules for V (Vo — ¢, ¢ — Vg, Vo — YW, and the

V-generalisation rule Vi)’ plus the scheme V¢ — Ogp.
¥

C: all instances of the scheme V(O*p V O*=p) — Vo V V.
G1: all instances of the scheme O(0%*p V O*=¢) — O V O-¢p.

We have formulated these Hilbert systems using O and (t), and we will refer to them below as
the O-form of the systems. Analogous systems written with [d] and (dt) can be obtained by
replacing each O above by [d] and each (t) by (dt) (recall that & abbreviates =0-). Below, we
will refer to these as the [d]-form of the systems. Which form is meant in a particular context
will sometimes be determined by the ambient language. For example, theorem 8.5 concerns
Liq and E[g]w and so the [d]-form of systems is intended.
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8.2 Soundness

Soundness of (the O-form of) S4u over the class of all topological spaces was already observed
in corollary 4.7. We proceed to examine soundness of the Hilbert systems just introduced.
First, we consider validity of the axioms. (We postpone discussion of G; to remark 8.6.) For
short, we say that a scheme is valid in a topological space X (or class K of spaces) if all
instances of the scheme are valid in X (resp., K).

LEMMA 8.1.

1. In O-form, the axioms of S4tD.U are valid in every topological space.
2. In [d]-form,

(a) the azioms of Kt.U are valid in every topological space.
(b) the 4-scheme is valid in every Tp topological space.
(c) the D aziom ((d)T ) is valid in every dense-in-itself topological space.

3. In both O- and [d]-forms, the C scheme is valid in every connected topological space.

Proof. Tt is easy to check that in both O- and [d]-forms, the axioms of K.U are valid in every
topological space. Every instance of Op — ¢ is trivially valid in every topological space. (This
is not true for [d]y — ¢, of course.) The 4-scheme in its O-form is easily seen to be valid in
every topological space, while its [d]-form was shown to be valid in precisely the Tp spaces
by Esakia (see, e.g., [8, proposition 2|). Turning to the D axiom, plainly ¢T is valid in every
space, and (d) T is valid in precisely the dense-in-themselves spaces.

Next, working in any model (X, h) on an arbitrary topological space X, we show that
the tangle axioms in both O- and [d]-forms are true at all points. We write [¢] for the set
{zr € X : (X,h),x = ¢}, as usual. The result for Fix is immediate from the fixed-point
semantics, which tells us that

[OTT = Myer S(HINLOTD),
[{d)T] = Nyer (D (2] N [(@)T]).

For the [d]-form of Ind, suppose z |= [d]" (¢ — A,cp (d) (v A p)) and z [= ¢. Then there is
an open neighbourhood O of z such that for every v € I' we have O C [¢ — (d)(y A ¢)]. Let
Q=0nN]¢]. Then Q C (d)([v] N [¢]) for each ~.

But then @ C (d)([y] N @) for each =, because if y € @, then for any open neighbourhood
O of y, ONO"\ {y} intersects [v] N [¢], hence O"\ {y} intersects [v] N O N [¢] = [v] N Q.

Since by definition, [(dt)['] = U{S C X : S C M, (D([7]NS)}, we see that @ C [(dt)I].
But z € ON[p] = Q, so then x = (dt)T", confirming that Ind is true at z.

The argument for the O-form of Ind is similar.

Finally we show that the C scheme is valid in every connected topological space. The
meaning of C is the same in O- and [d]-form, since 0% is equivalent to [d]*¢ (and to Oyp) in
any space. Suppose that X is a connected topological space. Let h be an assignment into X.
Let O ={z € X : (X,h),x E O%} and O' = {x € X : (X, h),z | O*-~p}. By semantics of
O, these sets are open and disjoint. Suppose that (X, h),z | O%p V O*=p for every z € X.
This says that O U O’ = X, so X is partitioned by O,0’. As X is connected, one of them
must be X. If O = X, then (X,h),z | ¢ for all x € X, while if O’ = X then (X, h),z E —¢
for all x € X. Either way, we have (X, h),z = Vo V V-p for all x € X. This establishes that
Cis valid in X. O
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This lemma is sufficient to prove soundness theorems, for the following reason. Let I be a
class of topological spaces, and H a Hilbert system whose rules are at most those listed above
(modus ponens and the two generalisation rules). These rules plainly preserve validity over
K. So as mentioned in section 2.12, if the axioms of H are valid in IC then H is sound over
K. For example, if Gy in [d]-form is valid in K then we can conclude from the lemma that
Kt.UG; in [d]-form is sound over K.

8.3 Finite model property

Given a class K of frames, a Hilbert system is said to have the finite model property over K if
it is sound and complete over the class of finite frames in .

Our completeness theorems rely critically on several results on the finite model property.
Two of them come from fact 3.2 and theorem 3.10, but the majority were proved in [14, 15],
using special kinds of filtration: we recall the relevant ones in fact 8.2 below. Related earlier
results on the finite model property include [10, 12|, [34, theorem 15|, [36, theorem 10], and
[45].

FACT 8.2. The finite model property results shown in table 1 hold.

Logic(s) has the finite model property over the class of proved in
S4t reflexive transitive frames [14, §9]
54.UC, S4t.UC reflexive transitive connected frames [14, §11]
KD4G;, KD4G;t serial transitive locally connected frames [14, §14]
KD4G,.UC, serial, transitive, connected

KD4G;t.UC and locally connected frames [14, §14]

Table 1: Finite model property

So armed, we can proceed to prove soundness and completeness theorems.

8.4 Weak completeness for ££ and £l

The pioneering result in this field was the theorem of [27] that the Lg-logic of every separable
dense-in-itself metric space is S4. The assumption of separability was removed in [32]. We be-
(t)

gin by generalising this theorem, establishing (weak) completeness results for £f; and £y’ over
any dense-in-itself metric space. We will go on to prove strong completeness in theorem 9.3.

THEOREM 8.3. Let X be a non-empty dense-in-itself metric space.

1. The Hilbert system S4pu is sound and complete over X for LB-formulas.
2. The Hilbert system S4t is sound and complete over X for £<Dt> -formulas.

Proof. For part 1, soundness is easy to check and indeed we have already mentioned it in
corollary 4.7. For completeness, let ¢ be an Lf-formula that is not a theorem of S4u. By
theorem 3.10, we can find a finite reflexive transitive frame F = (W, R), an assignment h into
F, and a world w € W with (W, R, h),w = —p. By replacing F by F(w), we can suppose
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that w is a root of F — this can be justified in a standard way using lemma 2.1. Since F
is rooted, it is clearly connected. Since it is reflexive and transitive, it is locally connected
and serial. So by proposition 7.10, it is fully representable over X. So, taking U = X and
S = o = 0 in the definition of ‘fully representable’ (definition 7.9), for any z € X we may
choose an X-full, hence surjective, representation p of F over X with p(z) = w. Then

(W,R,h),w = ¢ iff (W,R,h),w = ¢? by lemma 4.4, since F is reflexive,
iff (X,p'oh),z k= ¢? by proposition 7.5, since p? € Eﬁﬂv,
iff (X,p~'oh),z=¢ bylemma 4.5, since X is Tp.

We obtain (X, p~!oh),z = =p. Thus, ¢ is not valid in X, proving completeness.
The proof of part 2 is similar. The differences are: for soundness, use lemma 8.1; for

completeness, ¢ is assumed to be an E@—formula that is not a theorem of S4t; we use fact 8.2

in place of theorem 3.10 to obtain a finite reflexive transitive Kripke model satisfying —¢ at

a root; and having obtained, for any z € X, a surjective representation p of F over X with
p(x) = w, we use the additional translation —* from section 4, as follows. Note that ¢ € £|<3t>,

(dt)
phe Ly, and (9 € Liy C Loy,

(W,R,h),w |= ¢ iff (W,R,h),w = ¢? by lemma 4.4, since F is reflexive,
iff (W, R,h),w = (p?)* by lemma 4.2, since F is transitive,
iff (X,p7'oh),z = (p))* by proposition 7.5, since (p?)* € Eﬁl]v,
iff (X,p~'oh),z = ¢? by lemma 4.2 again,
iff (X,p7toh),zE¢ by lemma 4.5, since X is Tp.

Note that we have shown that in each case, any consistent formula is satisfiable in X at any
chosen point. O

8.5 Weak completeness for L5y and Eg@

Completeness for languages with V follows the same lines, although soundness requires that
the space be connected.

THEOREM 8.4. Let X be a non-empty dense-in-itself metric space.

1. The Hilbert system S4.UC 1is complete over X for Loy-formulas, and sound if X is
connected.’

2. The Hilbert system S4t.UC is complete over X for Eét)v—formulas, and sound if X 1is
connected.

Proof. For part 1, soundness was shown in lemma 8.1. For completeness, even when X is not
connected, suppose that ¢ € Loy is not a theorem of S4.UC. By fact 8.2, or by [36, theorem
10], S4.UC has the finite model property, so we can find a finite reflexive (hence serial and
locally connected) transitive connected frame F = (W, R), an assignment h into F, and a

5In [36, theorem 18], Shehtman states this result when X is additionally assumed separable. However,
[23, footnote 7] states that [36] “contains a stronger claim: [the Lov-logic of X is S4.UC] for any connected
dense-in-itself separable metric X. However, recently we found a gap in the proof of Lemma 17 from that
paper. Now we state the main result only for the case X = R"; a proof can be obtained by applying the
methods of the present Chapter, but we are planning to publish it separately.”
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world w € W such that (W, R,h),w = —p. (F may not be rooted.) As in theorem 8.3,
we may take a surjective representation p of F over X. Using surjectivity, take x € X with
p(z) = w. Then as before, (X, p~ o h),z |= —¢, so ¢ is not valid in X.

Part 2 is proved similarly. O

We have no results for C’év because we are not aware of any completeness theorem for
this language with respect to finite reflexive transitive connected frames. If one is proved in
future, we could take advantage of it.

8.6 Weak completeness for L; and Efj]t>

In one way this is even easier, as we do not need the translation p%. But again, soundness
requires a condition on the space.

THEOREM 8.5. Let X be a non-empty dense-in-itself metric space.

1. The Hilbert system KD4Gy is complete over X for Lig-formulas, and sound if Gy is
valid i X.

2. The Hilbert system KD4Gqt is complete over X for E%ﬂ -formulas, and sound if Gy is
valid in X.

Proof. For part 1, soundness follows from lemma 8.1 and the assumed validity of G;. For
completeness, even when X does not validate Gi, suppose that ¢ € L4 is not a theorem of
KD4G;. Now KD4G; has the finite model property (see [34, theorem 15| or fact 8.2), so we
can find a finite serial transitive locally connected frame F = (W, R), an assignment h into F,
and a world w € W such that (W, R, h),w = —¢. As usual, by replacing F by F*(w), we can
suppose that F is connected and w is a root of it. Let x € X be arbitrary. By proposition 7.10,
F is fully representable over X, so there is a surjective representation p of F over X with
p(z) = w. Then (X,p~!oh),z = —p by proposition 7.5. So ¢ is not valid in X.

The proof of part 2 is similar, but in order to apply proposition 7.5, we first use the
translation —* to turn ¢ € Efg]t)
and in X.

Again, we have shown that any consistent formula is satisfiable at any given point of X. O

into an E’[il]—formula M equivalent to ¢ in transitive frames

REMARK 8.6. Theorem 8.5(1) is related to earlier work of Shehtman [34]. In [34, theorem
23, p.39], the following is proved for the language Lig:

(i) Let X be a topological space having an open set homeomorphic to some R,
n > 0. Then L(D(X)) C D4G; [the Lg-logic of X is contained in KD4Gy].

(ii) If additionally X satisfies conditions of lemma 2 then L(D(X)) = D4Gj.
Lemma 2 [34, p.3] states the following.

Let X be a topological space satisfying the following condition: for any open U
and any x € U there is open V C U such that z € V and (V' \ {z}) is connected
|as a subspace of X|. Then X = G.
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Shehtman’s results (i), (ii) above follow from theorem 8.5(1). We remark that the converse
of his lemma 2 fails in general — the reader may check that the subspace R? \ {(1/n,y) :
n a positive integer, y € R} of R? validates Gy, but for no open neighbourhood V' of (0,0) is
V'\ {(0,0)} connected. [25, theorems 3.12, 3.14| give a characterisation of when a topological
space validates G, for n > 1.

Shehtman [34, p.43| also states two open problems:

1. To describe all [L(g-]logics [of| dense-in-itself metric spaces X. In particular,
is [K]D4G; the greatest of them?

2. Is theorem 23(ii) extended to the infinite dimensional case? In particular,
does it hold for Hilbert space £2 (with the weak or with the strong topology)?

Theorem 8.5(1) appears to resolve problem 2 and the second part of problem 1, both positively.

Shehtman also proved in [34, theorem 29| that the Lig-logic of any separable zero-dimen-
sional dense-in-itself metric space is KD4. This does not follow from theorem 8.5. The
separability assumption was removed, and the result extended to tangled closure operators,
in [16].

8.7 Weak completeness for Ly and Efj]@

The following is now purely routine.
THEOREM 8.7. Let X be a non-empty dense-in-itself metric space.

1. The Hilbert system KD4G1.UC s complete over X for Ligy-formulas, and sound if X
1s connected and validates Gy.

2. The Hilbert system KD4G1t.UC is complete over X for E[g]t\;-formulas, and sound if X
1s connected and validates Gi.

Proof. There are no new elements in the proof, so we leave it to the reader. O

9 Strong completeness

Here, we will prove that KD4Gt is strongly complete over any non-empty dense-in-itself

metric space X: any countable KD4G1t-consistent set of Efj}w—formulas is satisfiable over X.

(t)

The analogous results for £ and the weaker languages Lg and Lg" will follow. The analogous
result for Lo also follows, but this is a known result, proved recently by Kremer [20].5 We
will then show that strong completeness frequently fails for languages with V.

SKremer’s argument does not appear to work in our situation. One difficulty is that strong completeness
even for L& fails in Kripke semantics (an example in [14, §5] can be used to show this). Even without
the tangled closure operators, satisfying an infinite set of formulas over a connected locally connected frame
presents further difficulties.
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9.1 The problem

Let us outline a naive approach to the problem. It does not work, but it will illustrate the
difficulty we face and motivate the formal proof later.

Let I be a countable KD4G1t-consistent set of [Z[(j]w
I' is maximal consistent. Write I' as the union of an increasing chain I'y C I'y C --- of
finite sets. Fix z € X. As we saw at the end of the proof of theorem 8.5, each T, (n < w)
is satisfiable at the point x. So we can find an assignment g, on X with (X, g,),z | T.
Suppose we could build a new assignment g that behaves like g, for larger and larger n, as we
approach x. Then we might hope that (X, g),z =T, for all n, and so (X, g),z =T

To define such a g, we choose a countable sequence X = Sy O S1 D --- of open neigh-

bourhoods of x, such that

-formulas. For simplicity, assume that

S1. every open neighbourhood of z contains some S,, (that is, the S, form a ‘base of open
neighbourhoods’ of z).

X is a metric space, so we can do this. Since we can make the S,, as small as we like, and the
I',, are finite sets, we can suppose that for each n < w:

S2. for each [d]p € T, we have (X, g,,),y | ¢ for every y € S, \ {z},
S3. for each (d)p € I'y, there is y € Sy, \ cl Sp41 with (X, gn),y = ¢.

We can now define a new assignment g by ‘using g, within .S,,’, for each n < w. More precisely,
we let

g<p) N (Sn \ Sn—i—l) = gn(p) N (Sn \ SH—H)

for each atom p and each n < w. We also need to define g at z itself, but we can use I' to
determine truth values of atoms there.

Now we try to prove that ¢ € I' iff (X, g),z | ¢ for all formulas ¢, by induction on ¢.
The atomic and boolean cases are easy. Consider the case (d)p.

If (d)p €T, then (d)p € I, for all large enough n, so by S3, there is y € S, \ cl Sp41 with
(X, 9n),y E . As Sy \clSp41 is open and g, agrees with g on it, it follows that (X, g),y | ¢.
This holds for cofinitely many n, so (X, g),z = (d)¢.

Conversely, if (X, g),z | (d)e, then for infinitely many n, there is y € S, \ Sp4+1 with
(X,9),y E ¢. If we could find such ay € Sy, \ cl Sp+1, then as above, (X, ¢g,),y E ¢, and it
would follow by S2 and maximality of I' that (d)¢ € T.

But it may be that we can only find such y € cl S,+1. The truth of ¢ at such y may not be
preserved when we change from ¢ to g,, because it may depend on points in S, 11, and at such
points, g agrees with g,41, not g,. (We cannot just make S,, 11 smaller to take the witnesses
y out of cl.S,, 11, because g will then change, and we may no longer have (X, g),y = ¢.)

So we would like to arrange a smooth transition between g, and g, 1, avoiding unpleasant
discontinuities. It would be sufficient if there is some closed 7,11 C Sp4+1 such that g, and
gn+1 agree on the ‘buffer zone’ S, 41 \ Tp,+1. Much of the formal proof below is aimed at
achieving something like this for atoms occurring in I';, — see claim 9.1.3 especially.

However, the argument clearly would work if we could arrange that the S,, are clopen.
This can easily be done for 0-dimensional spaces [16].
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9.2 Strong completeness for [,Eg’?

THEOREM 9.1 (strong completeness). Let X be a non-empty dense-in-itself metric space.
Then the Hilbert system KD4Gqt is strongly complete over X for Efj]w -formulas, and sound if

G1 s valid in X.

Proof.  For soundness, see lemma 8.1. For strong completeness, let I' be a countable KD4G1t-
consistent set of ,Cfs]t>—formulas. We show that I' is satisfiable in X. We can suppose without
loss of generality that I' is maximal consistent. Since I' is countable, we can write it as
= Un<w Iy, where I'g C I'y C --- is a chain of finite sets. Let Var, be the finite set of atoms
occurring in formulas in I',,, for each n < w. So Varg € Var; C ---. For each n < w, as [,
is KD4Gt-consistent, by fact 8.2 there is a finite serial transitive locally connected Kripke

model M,, = (W, Ry, hy,) and a world w,, € W,, with
My, wy, E Ty

We can assume without loss of generality that the W, (n < w) are pairwise disjoint. For
each n, fix an arbitrary e, € W,, with R,w,e, and such that e, is R,-maximal — that is,
R} (en) = 0.

For 7 < j <w and w € W; write

tp;(w) = {pe€Var;: Mj,wkE=p} € pVar

1 = {tp;(w) : w € Rj(ej)} € ppVar;

(2

So tp;(w) is the ‘atomic type’ of w in M; with respect to the finite set Var; of atoms. We do
not need to write tpg (w) since the W), are pairwise disjoint so j is determined by w. And Tg
is the set of such types that occur as types of points in the cluster R;(e;).

The following claim shows that we can actually assume without loss of generality that
= 7} whenever i < j < w, so that Tl-j is independent of j.

i
T
Claim 9.1.1. There are sp < s1 < .-+ < w such that s, > n and 7, = 7, whenever
n<m<uw.

Proof of claim. Essentially Konig’s tree lemma. We will define by induction infinite sets
w=S8125825 2. Welet s, = minS,, and we will arrange that 0 = s_1 <
sop < 81 < --- and s, > n for all n. Let n < w and suppose that we are given S,_1 and
Sp—1 = minS,_1 > n — 1 inductively. Using that pgVar, is finite and S,,_1 infinite, choose
infinite S, € S;,—1 \ {sn—1} such that 75 € ppVar, is constant for all s € S,,. The term 73,
is defined for all s € S,,, because s > min S,, > s,_1 > n — 1 and so s > n. Of course define
S$p = min S,. Then s, > s,_1 and s, > n as required. This completes the definition. Then
for any n < m < w we have s, € S, and s, € S, € Sy, so 7;;" = 7,7, as required. This
proves the claim.

Now replace My, wp, e, by Mg, ,ws, ,es, for each n < w. Do not change I'y, or Var,,.
Since n < s,, we have I';, C I'y , and consequently we still have M,,, w,, = T, for each n.
Moreover, if i < j < w we have 77" = Tfj , and consequently after replacement, 77 = 77.

For each n < w, define the frames
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Figure 1: rough guide to the sets O,,, P,,, Uy, Sn

Fn is a generated subframe of (W,,, R,), so inherits its serial, transitive, and locally connected
properties. Also, F,, is connected since (W, R,) validates G;. The reason for considering
Fn, instead of just (W, R,) or (R} (wy), Ry | R} (wy,)) will be seen in claim 9.1.6. As e, is
R,-maximal, C, is a nondegenerate cluster, so trivially a connected serial transitive locally
connected frame, and (as R, is transitive) a generated subframe of F,,. We conclude from
proposition 7.10 that F,, and C, are fully representable over X, for all n < w.

Now fix arbitrary xg € X. Let O be an open neighbourhood of xy. Since X is a metric
space, all singletons are closed, and since it is dense in itself, we can pick y € O\ {z¢}. By
lemma 5.7, there is a regular open subset P of X with xg € P CclP C O\{y} € O. So every
open meighbourhood of xo properly contains the closure of some reqular open neighbourhood
of xy. Using this repeatedly, we may choose regular open subsets O,,, P, of X (for n < w)
containing xg, with Op = X, and with the following properties:

1. clOp4+1 € P, and cl P, € O, for each n < w.

2. Op € Nyyp(z0) for each n > 0.

It follows that for every open neighbourhood O of xg, there is n < w with O,, € O. That is,
the O,, form a base of open neighbourhoods of xg. For each n < w define open sets

Un = On\C1Pn+1,
Sp = Op\clP,.

See figure 1. It is easily seen that

U0\ On1) = X\ {mo}, (9.1)

n<w

U Un = On\{zo} foreachn <w. (9.2)

n<m<w
The following claim lists some other basic facts about our situation.

Claim 9.1.2. For each n < w:

1. Un N Un+1 - Sn+1 7’5 @
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2. S, USpy1 CU,.
3. clS,Nel Sy =0.
4. Sn, Spnt1, and S, U Sp41 are regular open subsets of U,.
5. Up\ cl(Sp U Spt1) # 0.
Proof of claim.
1. Easy.

2. From the definitions we have S,, = O, \ cl P, C O, \ cl P11 = U, and Sp41 = Opiq \
Al Pyp1 C Op \ el Payt = Un,.

3. It is clear that
clS, CclOy\ Pp. (9.3)

Applying this for n + 1 and n gives cl.S, 41 NclS, CclOpy1 \ P, C P\ P, =

4. O, and P, are regular open subsets of X, so by lemma 5.5, S,, = O,, \ cl P, is a regular
open subset of X too. Since clS, NclS,41 = 0 by part 2, lemma 5.5(2) yields that
Sn U Sp41 is also a regular open subset of X. Since each of these three sets is a subset
of Uy, by part 2, by lemma 5.5(3) it is also regular open in U,,.

5. By (9.3) (for n and n+1), c1.S,, and cl S,,11 are disjoint from P, \cl O, 1, so by additivity
of closure, U, \ cl(S, USp4+1) = Uy \ (c1 S, UclSy11) 2 P\ clOpyq # 0.

Claim 9.1.3. There are surjective representations py, of F, over Uy, (n < w) such that

6P (pn(2)) = t(pus1()  for cvery @ € Spar. (9.4)
Proof of claim. We define the p,, by induction on n to satisfy (9.4) and additionally
(%) pn | Sp+1 is a representation of C,, over Sy1.

First let n = 0. Since Cy is fully representable over X, we can choose a representation
o : 51 — Cy. Because Cy is a nondegenerate cluster, o is actually a Uy-basic representation
(see remark 7.7). By claim 9.1.2, S is a regular open subset of Uy, and Up \ ¢l S1 # 0. Now
Fo is also fully representable over X, so o extends to a surjective representation pg of Fy over
Up. Clearly, condition (%) above is met.

Let n < w and assume inductively that for each m < n, a surjective representation pp,
of Fp, over U, has been constructed, such that p,, [ Sm+1 is a representation of C,, over
Sm+1, and tpm (pm () = tpm(pm+1(x)) for all z € Sy, 41 when m < n. We will define p,,41 to
continue the sequence.

Note first that since C,, is a nondegenerate cluster, p,, | Sy+1 is Up-basic — see remark 7.7.
It is also surjective. For, let w € R,(e,) be given. Take x € S,41 (note that S, is non-
empty by claim 9.1.2). As C,, is a nondegenerate cluster, R, (pn(x),w), so as p, | Spt+1 is a
representation, (Sn+1, (pn | Sni1)™!),z | (d)w. This certainly implies that p,(y) = w for
some y € Sp1.
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Figure 2: illustration for claim 9.1.3

For each w € Ry,(ey), define

Dy = {z € Sp1:pn(z)=w} C Spti,
Hy, = {’U € Rn+1 (en+1) : tpn(v) = tpn(w)} - Wn+17
Hw - (Hwa Rn+1 F Hw)

See figure 2. Because p, [ Snp+1 is surjective onto C,,, each set D,, is non-empty, and plainly,
Sp1 is partitioned by the D, (w € Ry,(en)). Because 727! = 77 each H,, is non-empty
and UwERn(en) Hy, = Ryt1(ent1). (The sets Hy, may not be pairwise disjoint, but any two of
them are equal or disjoint.) Observe that

Sp+1 € (d)D,, for each w € Ry (ey). (9.5)

To see this, let x € Sy,+1 and w € Ry, (ey,). Because C, is a nondegenerate cluster, Ry, (pn(x), w).
As pp [ Spy1 is a representation of C, over S,11, we have (Spi1,(pn [ Sns1)™), 2 = (d)w.
Since (pn, | Spy1) H(w) = Dy, this says exactly that = € (d)D,,.

Let w € Ry(e,) and consider D,, as a subspace of X. We show that it is dense in itself.
Let z € D,, and suppose for contradiction that {z} is open in D,,. So there is open O C X
with D,, N O = {z}, and as S,4+1 is open, we can suppose that O C S, ;1. But by (9.5),
x € Dy C Spt1 € (d) Dy, s0 Dy N O\ {2} # 0. This contradicts D,, N O = {x}.

So D,, is a dense-in-itself metric space in its own right. Since C,+1 is a nondegenerate
cluster, so is its subframe H,,. Hence, H,, is trivially a finite connected locally connected
serial transitive frame. So by proposition 7.10, there is a surjective representation

ow : Dy — Hy
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of Hy over Dy,. We have (Dy,,0,'), 2z = (d)v for every € Dy, and v € H,. By lemma 7.2,
(X,0,Y),2 = (dv for every z € Dy, and v € Hy,. (9.6)

Now let

0 = ( U Uw) D Spy1 — Rn—i—l(en-i-l)-
wWER (en)

The sets D,, partition S,41, so o is a well defined and total map. It has the following
property. Let x € S,41. Writing p,,(z) = w, say, we have x € D,, and o(z) = o,(z) € Hy,
so tp,,(o(x)) = tp,,(w) by definition of H,,. That is,

tp,(o(z)) = tp, (pn(x)) for each x € Sp41. (9.7)

We show that o is a representation of C,41 over S,4+1. Since Cpy; is a nondegenerate
cluster, we need show only that (X,07!),z |= (d)v for every 2 € S,11 and v € Ry 1(eny1).

So take such x,v. Suppose that p,(z) = w, say, so x € D,,. Choose w' € R,(e,) such
that v € H,, (it may not be unique). By (9.5), x € (d)D,,. But by (9.6), (X,o7 1),y = (d)v
for every y € Dys. It follows that (X,0 1),z = (d)(d)v, and hence (X,071),2 = (d)v as
required.

So o is indeed a representation of C,,41 over Sp4+1. As Cpy1 is fully representable over X,
we may choose a representation ¢’ of C,1 over S, 2. By claim 9.1.2, S;,.1 NS0 = 0, so
by lemma 7.3, 0 U ¢’ is a well defined representation of C,y1 over the regular open subset
Spnt1 U Spto of Uyy1. And since Cpy1 is a nondegenerate cluster, o U ¢’ is U,y1-basic (see
remark 7.7 again). Also, Upt1 \ cl(Sp+1 U Spt2) # 0 by claim 9.1.2 again. We can now use
the fact that F, 1 is fully representable over X to extend o U¢’ to a surjective representation
pn+1 of Fniq over Uyy1. Then ppiq | Spye = o is a representation of Cp4q over Sp19, and
by (9.7), tpn(pn(x)) = tp,(0(x)) = tpn(pnt1(z)) for each z € Sy, 41, proving (9.4). This proves
claim 9.1.3.

Let n < w. Define an assignment g, : Var — pU, by

9n(p) = p,, (hn(p)) for each atom p € Var. (9.8)

By claim 9.1.3, if p € Var, and z € S,41, we have z € g,(p) iff p(z) € hn(p), iff p €

tpy(pn(2)) = tPp(pnt1(2)), if poy1(z) € hnta(p), iff @ € gni1(p). So gn and gni1 agree on
Sn41 With respect to atoms in Var,:

Sn+1 N gn(p) = Sp+1 Ngnt1(p)  for each p € Var,. (9.9)
Finally, define an assignment g on X as follows. Let p be an atom.

e For z € X \ {zo}, define z € g(p) iff = € g,(p), where x € O,, \ Op41.
Since the Oy, \ Opy1 are pairwise disjoint, and (J,,.,(On \ Ony1) = X \ {20} by (9.1),
this is well defined.

e Define zp € g(p) iff p € T".

Claim 9.1.4. Letn < w, let x € U,, and let ¢ € 5[(;1]0 be a formula whose atoms lie in Var,,.

Then (X, g),z | ¢ iff Mn, pu(x) E ¢.
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Proof of claim. Let p € Var, be arbitrary. Recall that U, = O,, \ cl P,+1. By definition of
g,if x € Oy \ Op41 then z € g(p) iff x € g,(p). If instead x € Op41, then z € Opy1 \cl Pry1 =
Sn+1 € Opt1 \ Opnt2, and the definition of g gives = € ¢g(p) iff z € gn41(p). But by (9.9), this
is iff = € g, (p) again. So g and g, agree on U, as far as atoms in Var,, are concerned, and it
follows by a trivial induction on formulas that (U, gn),z = ¢ iff (Un,9gu, ), = ¢, where ¢ is
as given, and gy, : Var — p(U,) is given by gy, (p) = U, N g(p) for each p € Var. Since p,, is
a representation over U, of the generated subframe F,, of (W, R,,), by lemma 7.3 it is also a
representation of (W,,, R,) over U,. The claim now follows by observing that

(X,9),z=¢ iff (Un,gu,),x = ¢ by lemma 2.3, as U, is open
iff ( ns9n), T =@ by the above
ifft (Un,gn),z =" by lemma 4.2
iff n,pn( ) = ¢* by proposition 7.5 and (9.8), since p* € E’[ZW
iff M, pn(x) =¢ by lemma 4.2 again, since M,, is transitive.

We are now ready to prove a ‘truth lemma’. We begin with formulas of the form (d)¢p.
Claim 9.1.5. For every ¢ € Efj}t) we have (X, g),xo = (d)p iff (dyp € T.

Proof of claim. Suppose first that (d)p € I'. Choose n < w such that (d)p € I',. Let
i > n be arbitrary. Then (d)p € I';, so M;,w; = (d)p, and hence there is v € R;(w;) with
M, v = @. As p; : U; — Ri(w;) is surjective (see claim 9.1.3), there is = € U; with p;(x) = v.
Since (d)p € I';, the atoms of ¢ lie in Var;, so claim 9.1.4 applies: (X, g),z = ¢. We conclude
that for every ¢ > n there is x € U; with (X, g),z = ¢. As U; C O; \ {zo} and the O; form a
base of neighbourhoods of zy, it follows that (X, g),zo = (d)¢.

Conversely, suppose that (X, g), zo = (d)¢. Since I' is maximal consistent, either (d)p € I’
or =(d)p € T'. Choose n < w such that either (d)p € T';, or =(d)p € T';,. As O,, is an open
neighbourhood of xg, there is z € O, \ {zo} with (X, g),2 |= ¢. Since O, \ {20} = U, <jc0, U
by (9.2), we have x € U; for some i > n. The atoms of ¢ lie in Var;, and p; : U; — R;(w;), so
M, v |= ¢ for some v € R;(w;) (by claim 9.1.4). So by Kripke semantics, M;, w; = (d)p (we
defined F; as based on R;(w;) rather than on W; or R} (w;) so that we can take this step).
Since M, w; =T, we have =(dyp ¢ T'; D T',,. So (d)p € T',, C T, proving the claim.

The general case now follows:

Claim 9.1.6. For every ¢ € Efg}t) we have (X, g),x0 = ¢ iff p €T.

Proof of claim. By induction on ¢. For atoms, the result follows from the definition
of g. The boolean operators are handled in the usual way by induction, using the maximal
consistency of I'; they are the only cases in which the inductive hypothesis is used. The case
[d]e follows from claim 9.1.5. Finally, consider the case (dt)A, where A is any non-empty
finite set of formulas. It was shown in [14, section 4| that K4t - (dt)A < (d)(dt)A. It follows
by soundness (lemma 8.1) that (dt)A < (d)(dt)A is valid in X, so (X,¢),z0 = (dt)A iff
(X,9),z0 = (d)(dt)A. By claim 9.1.5, this is iff (d)(dt)A € T". Since I' is maximal KD4Gt-
consistent, this is iff (dt)A € T, as required. The claim is proved. Hence, (X, g),z9 E T, so
the theorem is proved as well. O

9.3 Strong completeness for Ly

We can now easily derive the analogous result for ‘modal’ Lg-formulas, essentially by showing
that KD4Gqt is a conservative extension of KD4Gj.
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THEOREM 9.2. Let X be a non-empty dense-in-itself metric space. Then the Hilbert system
KDAG; s strongly complete over X for Lig-formulas, and sound if Gy is valid in X

Proof.  For soundness, see theorem 8.5. For strong completeness, let I' be a countable KD4Gq-
consistent set of Lig-formulas. Let Iy C I' be finite and put v = ATo. Then v is KD4G-
consistent, so by fact 8.2 it is satisfiable in some finite serial transitive locally connected frame
F. It is easily seen that F is a KD4G;t frame, and it follows that + is KD4Gt-consistent.
Since I'g was arbitrary, I' is KD4Gt-consistent. By theorem 9.1, T" is satisfiable over X. O

9.4 Strong completeness for £¥ and LE

This also follows, using the translations —% and —? of section 4.

THEOREM 9.3. Let X be any dense-in-itself metric space.
1. The Hilbert system S4t is sound and strongly complete over X for E@ -formulas.
2. The Hilbert system S4p is sound and strongly complete over X for LB-formulas.

3. (Kremer, [20]) The Hilbert system S4 is sound and strongly complete over X for Lo-
formulas.

Proof. Soundness is clear in all cases: cf. theorem 8.3. We prove strong completeness. For

part 1, let ¢ be an S4t-consistent L@—formula. By fact 8.2, ¢ is satisfiable in some finite

reflexive transitive Kripke frame F. Recall from section 4 the translation —d of EQ—formulas
to .Cfg]t>—f0rmulas. Since F is reflexive, it follows from lemma 4.4 that ¢? is equivalent to ¢ in
F. So % is satisfiable in F. Plainly, F is a KD4G1t frame, so ¢? is KD4G1t-consistent.

4 commutes with A, it is now easily seen that if T' C E<Dt> is a countable S4t-

Since —
consistent set then T'Y = {y? : 4y € T} C Efj]w is a countable KD4Gqt-consistent set. By
theorem 9.1, T'¢ is satisfiable over X. Since X is Tp, by lemma 4.5 each v € T is equivalent
to 7% in X, so I is also satisfiable over X.

For part 2, for a set I' C LF we write It = {4t : v € T} C E<Dt>, where the translation
- £<gt> is as in fact 4.6. Let ' C L& be a countable S4p-consistent set. Let I'g C T’
be any finite subset. By assumption, the formula A Ty is S4u-consistent. So by theorem 3.10,
there is a finite reflexive transitive frame F in which ATy is satisfiable. By fact 4.6, ¢ is
equivalent to ¢ in F, for each ¢ € L. So A(T'}) is also satisfiable in F. Since F is clearly an
S4t frame, it follows that A (T'f) is Sdt-consistent. As 'y was arbitrary, I'" is S4¢-consistent.

By part 1, I'? is satisfiable in X. But by corollary 4.7, each v € I is equivalent to v/ in X.
So I' is also satisfiable in X.

Part 3 can be proved similarly, by showing in the same way that for Lg-formulas, S4-
consistency implies S4¢-consistency, and then appealing to part 1. O

9.5 Universal modality

We do not include the universal modality in our strong completeness results, for good reason.

THEOREM 9.4. There is a countable set 3 of Lay-formulas such that for every non-empty
compact locally connected dense-in-itself metric space X, each finite subset of 3 is satisfiable
mn X, but X as a whole is not.
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Compact means that if S is a set of open sets with |JS = X, then X = [J&p for some
finite So € S. Every compact space X is sequentially compact — for every sequence x;
(i < w) of points of X, there is z € X such that for every open neighbourhood O of z, the
set {i < w : x; € O} is infinite. Locally connected means that every open neighbourhood
of a point z contains a connected (in the subspace topology) open neighbourhood of x. An
example of a compact locally connected dense-in-itself metric space is the subspace [0, 1] of R.

Proof. The proof is based on the following model M = (W, R, h), where we suppose that
Var = {r,g,b} U{p; : i < w}.

1. W ={an, by : n < w}, where the a,, and b,, are pairwise distinct.
2. R is the reflexive closure of {(ay,bn), (an,bpy1) : 1 < w}.

3. h(r) = {bsn : n < w}, h(g) = {bsn+1 : n < w}, h(b) = {bspi2 : n < w}, and h(p,) =
{b3n, ban+1} for each n < w.

Figure 3: M

The model is shown in figure 3 — it goes off to the right forever, roughly repeating after every
three steps. Of course R is reflexive. Note that the underlying frame (W, R) is connected.
We let 3 be the set comprising the following formulas:

X1, 3(Opi A Or AOg) for each @ < w
Y2, V- (Opi AOpj) fori < j <w

¥3. V=(Or A Og A Ob)

¥4, YV(Op; AO=b — OOp;) for i < w.

They are plainly true at every world in M. So for every finite subset %9 C 3, we have
M, ag = Xp. As can be checked, the frame of M validates S4.UC, and it follows that ¥ is
S4.UC-consistent. Hence, by theorem 8.4, 3 is satisfiable in X.

Assume for contradiction that X is true at some point of some model (X, h) on X. Below,
we will write = = ¢ instead of (X,h),z | ¢. By X1, for each i < w there is z; € X with
z; E Opi AN Or A Og. As X is compact, it is sequentially compact and contains a point z
such that for every open neighbourhood O of z, the set {i < w : x; € O} is infinite. Then
z = Or A Og as well. By X3, z = 0-b. As X is locally connected, there is a connected open
neighbourhood N of z with y = —b for all y € N.

Take i < j < w with z;,2; € N. Let U = {& € N : 2 |= Op;}. Then U is an open subset
of N, because for every u € U we have u = Op; A O-b, and ¥4 gives u = OCp;. And N\ U
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is also open, because U’ = {z € X : z |= Op;} is closed and N\U = N\ U’. We have z; € U,
but by ¥2, z; € N\U. So N is the union of two disjoint non-empty open sets (U and N\ U),
contradicting its connectedness. O

COROLLARY 9.5. Let X be a non-empty compact locally connected dense-in-itself metric

space, and L C £D<[d>]<vdt> a language containing Loy or Ligy. Then no Hilbert system for L is
sound and strongly complete over X.

Proof. Assume for contradiction that the Hilbert system H is sound and strongly complete
over X. Let ¥ be as in theorem 9.4 (use the translation —¢ if necessary to ensure it is a set
of L-formulas). Since every finite subset of ¥ is satisfiable in X, and H is sound over X, it
follows that X is H-consistent. But H is strongly complete over X, so ¥ is satisfiable over X,
contradicting the theorem. O

This does not rule out the possibility of strong completeness of a system having inference
rules (2.2) with infinitely many premises.

10 Conclusion

This paper has presented some completeness theorems for various spatial logics over dense-
in-themselves metric spaces. Table 2 summarises them. The numbers in parentheses refer to
our earlier results. The first line of the table is of course known, included here to give a more
complete picture. For handy reference, table 3 summarises the ingredients of each logic.

Language Logic sound complete strongly complete
Lo S4 yes yes [27]  yes [20]

Lh Sdp yes yes (8.3)  yes (9.3)

cd S4t yes yes (8.3) yes (9.3)

Loy S4.UC if X connected ves (8.4) not in general (9.5)
£|<jt\>7 S4t.UC if X connected yes (8.4) not in general (9.5)
Lig) KD4G, if Gy valid in X yes (8.5) yes (9.2)

iy KDA4G 1t if G valid in X ves (8.5)  yes (9.1)

Ly KD4G;.UC if X connected & validates G;  yes (8.7) not in general (9.5)
Efj}@ KD4G;t.UC if X connected & validates G; yes (8.7) not in general (9.5)

Table 2: Soundness and completeness for a non-empty dense-in-itself metric space X

There are of course many problems left open by our work, and we present some of them
here. For simplicity, in this section we take metric spaces to be non-empty.

10.1 Extensions

PROBLEM 10.1. Can the results be extended to more general topological spaces?
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S4 Op — ¢, Op — O0p
S4p fixed point axiom and rule: see definition 3.1
KD4 ()T, [d]p — [d][d]y

t tangle axioms from section 8.1
U Vo — Oy or Vo — [d]p, S5 axioms for V, V-generalisation rule
C V(O*p vV O*=p) = (Ve V V), where O%p = p A Ogp

or V([d]"¢ V [d]"=p) = (Yo VV=p),  where [d]"p = ¢ A[d]p
Gi  [d([d"e V [d]"~p) = [dle V[

Table 3: Parts of the logics

For example, consider the topological space T defined as follows. For ordinals a, 8 write
“B for the set of all maps f : o — . The set of points of T"is |, <, "2, and the open sets are
unions of sets of the form {f € T : f D g} for some g € J,,,, "2. This space is dense in itself,
and T0 — that is, no two distinct points have the same open neighbourhoods. It is not even
Tp, but still it may be that the methods in this paper can be applied to it. So we ask:

PROBLEM 10.2. What is the logic of T in the various languages discussed above?

PROBLEM 10.3. Can the results be extended to stronger languages, for example, the mu-
calculus with [d] and/or ¥V, languages with the difference modality or graded modalities, hybrid
languages, and so on? Results of Kudinov [21, 22| are relevant. Recently, Kudinov and
Shehtman [23] proved numerous results about logics of topology with O, [d], V, and the
‘difference modality’ [#]. In particular, they determine the logic of R™ for n > 2 in the
language with [d] and [#]. However, results for general dense-in-themselves metric spaces
appear to be lacking.

10.2 Strong completeness

Our strong completeness results for languages with [d] are limited to logics with G;. We could
ask for more:

PROBLEM 10.4. Let X be a dense-in-itself metric space and let L be Lig or Effll]t>. Is the

L-logic of X strongly complete over X ?

By theorems 9.1 and 9.2, the answer is ‘yes’ if X validates Gj.
We saw in corollary 9.5 that in the language Loy, there are many dense-in-themselves
metric spaces over which S4.UC is not strongly complete. So we ask:

PROBLEM 10.5. Can strong completeness for languages with ¥ be proved for each dense-
in-itself metric space in some reasonably large class, and for R™ forn > 17

PROBLEM 10.6. In the language Loy, ts S4.UC strongly complete over the class of con-
nected reflexive transitive Kripke frames?

Even without V, an example in [14, §5] can be used to show that strong completeness fails
(t)

in Kripke semantics for all our systems for languages containing L£3’. But we saw that strong
completeness does hold for some of these systems over dense-in-themselves metric spaces.

Taking the example of S4¢ for £S>, it is striking that this logic is sound and complete for two
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different semantics (the class of S4 frames, and any non-empty dense-in-itself metric space),
but strongly complete for only the latter. For more information about different notions of
modal strong completeness, see, e.g., [35, 37].

Our definition of strong completeness is limited to countable sets of formulas. We have
not investigated the extent to which the strong completeness results in section 9 generalise to
uncountable sets, but strong completeness will fail over any given dense-in-itself topological
space X for any Hilbert system H that is sound over X, for large enough sets of formulas.

To see this, let k > |p(X)|, and let I' = {Cp; 1 i < k}U{=O(ps Apj) i < j <k} ThenT
is H-consistent, because every finite subset of I' is satisfiable in X. But given any assignment
h:{pi:i <k} = p(X), by the pigeonhole principle there are i < j < & with h(p;) = h(p;),
so that Op; A =O(p; A pj) is everywhere false under h. Hence, I' is not satisfiable in X (we
thank the referee for this simple proof).

DEFINITION 10.7. For each language £ with Lo C £ C £é<[td>]<vdt>, and each dense-in-itself
metric space X, let o(L, X) be the least cardinal x such that some set I' of formulas with
II'| = k is unsatisfiable over X but every finite subset of I' is satisfiable over X.

So o measures the degree of strong completeness of a language over a space. The larger
o(L, X) is, the more strong completeness we have. Here are some facts about o.

1. By the proof just given, w < (L, X) < (2|X‘)Jr for any L, X, so o is well defined.

2. If Lo € £ C L C LATE then o(L, X) > o(L!, X).

3. In terms of section 2.12, a Hilbert system in a language £ that is sound and complete
over X is strongly complete over X iff o(£, X) > w.

4. By theorem 9.3, o(£L%, X) > w and o(L8, X) > w.

5. By theorems 9.1 and 9.2, if X validates G; then a(ﬁfg]w,X) >w and o(Lig, X) > w.

6. By theorem 9.4, 0(Lay, X) = w whenever X is compact and locally connected.

PROBLEM 10.8. Determine o(£Lo,Q) and o(Lo,R). Do the same for Liq. More generally,
determine the function o.
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