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Abstract

We define Sahlqvist fixed point formulas. By extending the technique of Sambin and Vaccaro we show that (1) for each
Sahlgvist fixed point formula ¢ there exists an LFP-formula y(¢), with no free first-order variable or predicate symbol,
such that a descriptive u-frame (an order-topological structure that admits topological interpretations of least fixed
point operators as intersections of clopen pre-fixed points) validates ¢ iff y(¢) is true in this structure, and (2) every
modal fixed point logic axiomatized by a set ® of Sahlqvist fixed point formulas is sound and complete with respect
to the class of descriptive u-frames satisfying {y(¢) : ¢ € ®}. We also give some concrete examples of Sahlqvist fixed
point logics and classes of descriptive u-frames for which these logics are sound and complete.
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1. Introduction

Modal p-calculus, or synonymously, modal fixed point logic is obtained by adding to the basic modal logic the
least and greatest fixed point operators. The attractive feature of modal u-calculus is that it is very expressive, but
still decidable, e.g., [9, Section 5]. Many expressive modal and temporal logics such as PDL, CTL and CTL* are all
embeddable into the modal u-calculus, e.g., [9, Section 4.1].

In [21] Kozen defined the syntax and semantics of modal p-calculus, gave its axiomatization using the so-called
fixed point rule (see Definition 2.13), and showed soundness of this axiomatization. Walukiewicz [28] proved com-
pleteness of Kozen’s axiomatization using automata and tableaux. His proof, however, is complicated and has not
been generalized to other axiomatic systems of u-calculus. Ambler, Kwiatkowska, Measer [1] proved soundness and
completeness of Kozen’s axiomatization of modal p-calculus with respect to non-standard, order-topological seman-
tics. They also extended this result to all normal fixed point logics — logics obtained by adding extra axioms to Kozen’s
axiomatization of p-calculus. Later Bonsangue and Kwiatkowska [8] showed that in this semantics the least fixed point
can be computed as the intersection of clopen pre-fixed points. Hartonas [18] extended these completeness results to
the systems of positive (negation-free) modal u-calculus. Santocanale [25] proved that modal operators have adjoints
on free modal p-algebras and that the canonical embedding of the free modal u-algebra into its Dedekind-MacNeille
completion preserves all the operations in the class of the fixed point alternation hierarchy. Later Santocanale and
Venema [26] used these results and coalgebraic methods to prove completeness for flat modal fixed point logic. Flat
modal fixed point logic is obtained by replacing the fixed point operators by logical connectives; this has (among other
things) the effect of severely restricting nesting of fixed point operators. Ten Cate and Fontaine [10] used non-standard
semantics of modal fixed point logics for proving the finite model property result for the modal fixed point logic ax-
iomatized by the formula uxUlx. Van Benthem [2], [3] also investigated this logic and posed a question whether a
version of the Sahlqvist theorem holds for the systems of u-calculus.

Sahlqvist’s completeness and correspondence theorem is one of the most fundamental results of classical modal
logic (see e.g., [7, Sections 3.6 and 5.6]). It states that every modal logic obtained by adding Sahlqvist formulas (a
large class of formulas of a particular syntactic shape) to the basic modal logic K is sound and complete with respect to
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a first-order definable class of Kripke frames. In [24] Sambin and Vaccaro gave an elegant proof of Sahlqvist’s theorem
using order-topological methods. An important ingredient of their proof is the Esakia lemma of [14]. Generalizations
of the Sahlqvist completeness and correspondence (first-order definability) result to larger classes of modal formulas
can be found in [16], [17] and [20]. Other generalizations of Sahlqvist correspondence for modal formulas (definability
in first-order logic with fixed point operator) were obtained in [22], [2], [3] and [11]. See Remarks 5.14 and 5.15 below
for more information on some of these generalizations.

In this paper we prove a version of Sahlqvist’s theorem for modal fixed point logic. Our language is the modal
language extended with the least fixed point operator u (we do not have the greatest fixed point operator v in our
language). Following [1] we consider the order-topological semantics of modal u-calculus. Descriptive frames are
order-topological structures extensively used in modal logic, e.g., [7, Chapter 5]. In [1] the authors define, what
we call in this paper, descriptive u-frames — those descriptive frames that admit a topological interpretation of the
least fixed point operator. Unlike the classical semantics of fixed point logics, in this semantics, the least fixed point
operator is interpreted as the intersection of not all pre-fixed points, but of all clopen pre-fixed points. We prove that
for this semantics of modal fixed point logic an analogue of the Esakia lemma still holds (Lemma 4.6). We also define
Sahlqvist fixed point formulas (Definition 5.1) and extend the Sambin—Vaccaro method [24] of proving Sahlqvist’s
completeness and correspondence results (Theorems 5.3 and 5.11) from modal logic to modal fixed point logic.

More specifically, let LFP denote first-order logic with the least fixed point operator. (Again the least fixed point
operator is interpreted topologically, that is, as the intersection of clopen pre-fixed points.) We prove that for every
Sahlqvist fixed point formula ¢ there exists an LFP-formula y(¢), with no free first-order variable or predicate symbol,
such that a descriptive u-frame validates ¢ iff y(p) is true in this structure. Our main result (Theorem 5.13) states
that every modal fixed point logic axiomatized by a set ® of Sahlqvist fixed point formulas is sound and complete
with respect to the class of descriptive u-frames satisfying {x(¢) : ¢ € ®}. We also give some concrete examples of
Sahlqvist fixed point logics and classes of descriptive u-frames for which these logics are sound and complete.

Note that these results can also be formulated without mentioning any topology. A general frame is a Kripke
frame with a distinguished set § of ‘admissible’ subsets of this frame. A general u-frame is a general frame in which
all modal p-formulas are assigned to admissible sets under any assignment of propositional variables to admissible
sets, when the least fixed point operator is interpreted as the intersection of all the admissible pre-fixed points. A
descriptive p-frame can be seen as a general u-frame where § is the collection of all clopen sets. In this paper we
show (Theorem 5.13(1)) that the Sahlqvist completeness and correspondence results also hold for this general-frame
semantics of modal fixed point logic.

It needs to be stressed that our Sahlqvist completeness and correspondence results apply only to order-topological
structures (descriptive u-frames) and general u-frames, and do not imply that every Sahlqvist modal fixed point logic is
sound and complete with respect to Kripke frames (we discuss this in detail after Theorem 5.3). Sahlqvist correspon-
dence for the classical semantics for a larger class of modal fixed point formulas with respect to LFP-definable classes
of Kripke frames is investigated in [4]. For the preservation result of Sahlqvist fixed point formulas in (relativized)
completions of modal u-algebras we refer to [6].

Our work is a contribution to the study of modal fixed point logic and as such fits into a long tradition of computer
science research on fixed point logics. Axiomatization and completeness results bring extra power and flexibility to
applications of fixed point logics in computer science, and have already been extensively discussed in the computer
science literature e.g., [21], [1],[18], [28], [10]. Our work can be seen as a continuation of this line of research. Our
aim is to go beyond the basic modal fixed point logic, and provide a method of axiomatization (indeed completeness
and correspondence results) for a wide range of (Sahlqvist) fixed point logics. More recent developments of this
viewpoint can be found in [4] and [6] .

The paper is organized as follows: in Section 2 we recall a duality between modal u-algebras and descriptive p-
frames and also the completeness of normal modal fixed point logics with respect to modal u-algebras and descriptive
u-frames. In Section 3 we compare different kinds of order-topological semantics of modal u-formulas. A modal fixed
point analogue of the Esakia lemma is proved in Section 4. In Section 5 we define Sahlqvist fixed point formulas and
prove the Sahlqvist completeness and correspondence results for modal fixed point logic. In Section 6 we discuss a few
examples of Sahlqvist fixed point logics and their frame correspondents and conclude the paper with some remarks in
Section 7.
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the presentation of the paper.

2. Preliminaries

In this section we set up the scene: we introduce the basic definitions of a modal u-algebra and descriptive p-
frame, discuss a duality between them and the consequences of this duality for the completeness of axiomatic systems
of modal fixed point logic.

2.1. Classical fixed points

Let (L, <) be a complete lattice and f : L — L a monotone map, that is, for each a,b € L with a < b we have
f(a) < f(b). Then the celebrated Knaster—Tarski theorem states that f has a least fixed point LFP(f). Moreover, this
fixed point can be computed as follows:

LFP(f) = A{a eL: f(a) <a)

There is another way of computing LFP(f). In particular, for an ordinal & we let f°(0) = 0, f%(0) = f(f%(0)) if
a=pg+1, and f(0) = Vg, fB(0), if @ is a limit ordinal. Then LFP(f) = f%(0), for some ordinal @ such that
fH0) = f(0).

We briefly recall the syntax and Kripke semantics for the modal p-calculus. The language of modal u-calculus
consists of

e a countably infinite set of propositional variables (x, y, p, g, Xo, X1, etc),
e constants L and T,

e connectives A, V, -,

modal operators ¢ and [,

o uxp(x, xi,...,x,) for all formulas ¢(x, xi, ..., x,), where x occurs under the scope of an even number of nega-
tions.

Formulas of modal u-calculus will be called modal p-formulas. A formula that does not contain any p-operators
will be called a modal formula. A Kripke frame is a pair (W, R), where W is a non-empty set and R € W? a binary
relation. Given a Kripke frame (W, R), an assignment h is a map from the propositional variables to the powerset P(W)
of W. The satisfiability and validity of a modal formula in a Kripke model and frame, respectively, are defined in a
standard way (see, e.g., [7]). For each modal formula ¢ we denote by [¢]l; the set of points satisfying ¢ under the
assignment /.

A propositional variable x is bound in a modal u-formula ¢ if it occurs in the scope of some ux. A variable is
free if it is not bound. We say that a modal u-formula ¢(x, x1,. .. x,) is positive in x if all the free occurrences of the
variable x are under the scope of an even number of negations. A modal y-formula ¢(x, x1, . .. x,) is called negative in
x if all the free occurrences of the variable x are under the scope of an odd number of negations.

Let (W, R) be a Kripke frame. For each modal p-formula ¢ and an assignment /s, we define the semantics [¢]], of
¢ by induction on the complexity of ¢. If ¢ is a propositional variable, a constant, or is of the form ¥ A y, ¥ V x, =,
Oy or O, then the semantics of ¢ is defined in a standard way. Now assume that ¢(x, x1, . . ., x;,) is a modal u-formula
positive in x. Then by the induction hypothesis, the semantics of ¢ is already defined for each assignment 4. Let h
be a fixed assignment. Then ¢ and £ give rise to a map f,; : P(W) — P(W) defined by f,,(U) = [ell;v, where
hY(x) = U and hY(y) = h(y) for each variable y # x. It is well known that if ¢ is positive in x, then f,, is monotone
with respect to the inclusion order. It is also well known that (P(X), €) is a complete lattice where meets and joins
are the set-theoretic intersections and unions, respectively. Thus, by the Knaster-Tarski theorem f;, has a least fixed
point and [[uxe]l, is defined to be the least fixed point of f, .



2.2. Modal algebras and descriptive frames

We assume an elementary knowledge of general topology. We will not define standard concepts such as compact
and Hausdorft spaces, closed and open sets etc. For all these definitions we refer to e.g., [13]. To keep notations
simple, we will also follow the well-established convention to denote a topological space as, say, X instead of (X, 7).
Whether a given letter X, Z or W, stands for a topological space or just a set will always be clear from the context.

Given a Kripke frame (W, R) we let R = {(w, w) : w € W} and for each d > 0 we let R? denote the dth iteration of R.
That is, for w, v € W we have wR?v iff there exists u € W such that wR? 'x and uRv. For each w € W and d € w we let
Ré(w) = {v € W : wR%}. We will write R(w) instead of R' (w). Also foreach U € W we let [R]U = {v € W : R(v) C U}
and (RYU ={ve W:Rv)NU # 0}.

Recall that a Stone space is a compact and Hausdorff topological space with a basis of clopen sets. A descriptive
frame is a pair (W, R) such that W is a Stone space and R a binary relation on W such that R(w) is a closed set for each
w € W and the collection Clop(W) of all clopen subsets of W is closed under the operations [R] and (R). The latter
condition is equivalent to (R)C € Clop(W) for each C € Clop(W). We also note that Clop(W) is a Boolean algebra
with the operations U, N, \, and constants W and (. We denote by CI(W) and Op(W) the collections of all closed and
all open subsets of W, respectively. We also note that CI(W) and Op(W) are complete lattices (see, e.g., [27]). For
CI(W) the meet is the intersection and the join the closure of the union and for Op(W) the meet is the interior of the
intersection and the join the union. The next lemma is well known e.g., [14] or [23]. It will be used in the subsequent
sections.

Lemma 2.1. Let (W, R) be a descriptive frame. Then

1. (RYF € CI(W) for each F € CI(W) and {(R)U € Op(W) for each U € Op(W),
2. [R]F € CI(W) for each F € CI(W) and [R]U € Op(W) for each U € Op(W),
3. R4(w) € CI(W) for each w € W and d > 0.

Recall that a modal algebra is a pair B = (B, {), where B is a Boolean algebra and ¢ a unary operation on B
satisfying for each a,b € B, (1) 00 = 0 and (2) O(a V b) = Qa vV Ob. Now we will briefly spell out the constructions
establishing a duality between modal algebras and descriptive frames. For each descriptive frame ¥ = (W, R) the
algebra Clop(F) = (Clop(W), (R)) is a modal algebra. For each modal algebra B = (B, () we consider the set Wiy
of all ultrafilters of B and define a topology on Wi by declaring the set {a : a € B}, wheread = {w € Wi : a € w},
as a basis of the topology. We define a relation Ry on Wy by wRysv iff Qa € w for each a € v (for w,v € Wy).
Then (Wy, Rys) is a descriptive frame and this correspondence is (up to isomorphism) one-to-one. That is, 8 =
(Clop(Wss), (R)) and F = (Werop(r), Retop))-

2.3. Modal u-algebras and descriptive u-frames
Definition 2.2.

1. Let B = (B, ) be a modal algebra. A map h from propositional variables to B is called an algebra assignment.
We define a (possibly partial) semantics for modal u-formulas by the following inductive definition.

Ll =

Tl =

XIn = h(x), where x is a propositional variable,
e AYln = leln A [,

oVl =Ileln V [¥n

[=¢ln = =leln

[O¢ln = Ol

[Oeln = Dleln,

For a € B we denote by h{ a new algebra assignment such that hi(x) = a and hi(y) = h(y) for each
propositional variable y + x.

[
[
[
[



If o(x,x1,...,X,) is positive in x, then

luxe(x, x1, ..., x)]p = /\{a €B:[o(x,x1,...,X%,)]me < al,
if this meet exists; otherwise, the semantics for uxe(x, xi, ..., x,) is undefined.
2. A modal algebra (B, Q) is called a modal p-algebra if [¢],, is defined for any modal u-formula ¢ and any algebra
assignment h.

Notation: To simplify the notations instead of [¢(xy,...,x,)];, With A(x;) = a;, 1 < i < n, we will simply write
play,...,ay).

Recall that a modal algebra (B, Q) is called complete if B is a complete Boolean algebra; that is, for each subset
S of B the meet A S and the join \/ S exist. It is straightforward to see that every complete modal algebra is a modal
p-algebra.

Lemma 2.3. Let B = (B, ) be a modal p-algebra and h an algebra assignment. Then for each modal p-formula ¢
positive in x, [uxely, is the least fixed point of the map (a v [¢]ye) for a € B.

Proof. The result follows from the definition of [ux¢]; and the standard argument of the proof of the Knaster—Tarski
theorem. -

Definition 2.4. Let (W,R) be a descriptive frame, § € P(W) and h an arbitrary assignment, that is, a map from the
propositional variables to P(W). We define the semantics for modal u-formulas by the following inductive definition.

L1 =0,

[Ty =w,

[x1¥ = h(x), where x is a propositional variable,
e AvIS = Telf N [T,

e v ylf = [elf U v},

[-elf = W\ [l

[Oel = (Rl

[Celf = [RIleD},

We denote by h¥ a new assignment such that h¥ (x) = U and h¥Y (y) = h(y) for each propositional variable y # x
and U € P(W).

Let o(x, x1, ..., x,) be positive in x, then

Txe(x, x1, o xS = (U €3 oo x1s ., 515, € U).
We assume that (0 = W.

Let (W, R) be a descriptive frame. We call a map & from the propositional variables to P(W) a set-theoretic assignment.
If 4 maps each propositional variable to CI(W), then £ is called a closed assignment, and if h maps each propositional
variable to Clop(W), then £ is called a clopen assignment. Let h be any assignment. Then [[~]]g is called the clopen
semantics if § = Clop(W), [[-]]hs is called the closed semantics if § = CI(W) and [[-]]hs is called the classical or
set-theoretic semantics if § = P(W).

Notation: To simplify the notations instead of [¢(xi, .. .,x,,)]]f with h(x;)) = U;, 1 < i < n, we will simply write
oeUy,..., U,)S. Moreover, we will skip the index § if it is clear from the context or is irrelevant (e.g., when ¢ is a

modal formula).

A set C such that ¢(C, h(xy),...,h(x,)) C C is called a pre-fixed point.



Lemma 2.5. Let (W,R) be a descriptive frame, § C P(W) and h an arbitrary assignment. Then for each modal
p-formula o(x, x; ..., x,) positive in x, ¢(-, h(p1), ..., h(pn))® is monotone. That is, for U,V C W,

U C V implies o(U, h(p), ..., h(pa))¥ S @(V,h(p1), ..., h(pn))S.

Proof. We will prove the lemma by induction on the complexity of ¢. As agreed above we will skip the index
§. Our induction hypothesis is: 1) if ¢(x, x; ..., x,) is positive in x, then ¢(-, h(p;), ..., h(p,)) is monotone and 2)
if o(x, x1 ..., x,) is negative in x, then ¢(-, h(p1), ..., h(p,)) is anti-tone. The cases ¢ = L, ¢ = T, ¢ is a propo-
sitional variable, ¢ = Y Ay, ¢ = ¥ V y, ¢ = =, ¢ = Q¢ and ¢ = [y are proved as in standard modal logic
(see, e.g., [7]). Now let ¢ = uyy(y, x, x1,...,x,) be positive in x and inductively assume the result for . Then,
by the induction hypothesis, for each U,V € W with U € V and C € § we have ¥(C, U, h(p)),...,h(p,)) <
w(C,V,h(p1),...h(py)). So if ¥(C,V,h(py),..., h(p,)C C, then ¥ (C, U, h(py),..., h(p,)) € C. Therefore, the set
{CeF:yw(CUhp,... Wp,)) € C} contains the set {C € § : ¥(C,V,h(p1),...,h(p,)) € C}. But this means that
Yy, U, h(ph), - .. h(pn)) = (NC € § 2 Y(C, U, h(p), ..., h(pn)) € C} € ({C € § : Y(C, V, h(p1), ..., h(pn)) € C} =
(v, V, h(py), ..., h(p,)). Therefore, we obtained that ¢(U, h(py), ..., h(p,)) € ¢(V,h(p1),...,h(p,)). The case of ¢
negative in x is similar. ]

Definition 2.6. A descriptive frame (W, R) is called a descriptive u-frame if for each clopen assignment h and for each

modal p-formula ¢, the set [[(p]]floP(W) is clopen.

Example 2.7. We will give an example of a descriptive frame which is not a descriptive y-frame. Let W = NU {w} be
the Alexandroff compactification of the set N of natural numbers with discrete topology. Then, the clopen sets of W
are finite subsets of N and cofinite subsets of N together with the point w. Let R be such that wRw and nRm if n,m € N
and m + 1 = n. It is easy to see that (W, R) is a descriptive frame. Consider the formula px(OL Vv OOQx). It is easy to
see that every clopen pre-fixed point of this formula is a cofinite subset of N containing the set E of all even numbers
(as LJL is true at point 0) and containing the point w. So the intersection of all these pre-fixed points is the set £ U {w},
which is not clopen. Therefore, (W, R) is not a descriptive u-frame.

Obviously, each finite descriptive frame is a descriptive u-frame. We will see more examples of descriptive u-
frames later in this section and in the following section.

Now we will discuss a duality between modal p-algebras and descriptive u-frames. This duality was first obtained
in [1] and later improved in [8]. A generalization of this duality to positive modal u-algebras can be found in [18].

Lemma 2.8. Let (W, R) be a descriptive u-frame. Then the modal algebra (Clop(W),(R)) is a modal p-algebra.

Proof. In order to show that (Clop(W), (R)) is a modal u-algebra, we need to prove that [¢];, exists for each modal
p-formula ¢ and each algebra assignment 4. Note that in this case an algebra assignment for (Clop(W), (R)) is the
same as a clopen assignment for (W, R). So we will not distinguish them. We prove the lemma by induction on the
complexity of ¢. Our induction hypothesis is: for any clopen assignment #, [¢], is defined and

el = el ™",
where IIgo]]}CL'Op(W) is the clopen semantics of ¢ in the descriptive u-frame (W, R) with the clopen assignment 4.

The cases ¢ = L, ¢ = T, ¢ is a propositional variable, ¢ = ¥ Ay, ¢ = ¥ V x, ¢ = =, ¢ = Qi and ¢ = [y are
proved as in the duality theorem for modal algebras and descriptive frames. Now assume ¢(x, x, .. ., x,,) is a modal p-
formula positive in x for which the induction hypothesis holds. We consider any clopen assignment /. By the induction
hypothesis, for each C € Clop(W), we have [¢];c = [[t,o]]%Op(W). We will denote this set by ¢(C, h(x1), . .., h(x,)). Let

C = {C € Clop(W) : ¢(C, h(x)), ..., h(x,)) € C}.

Since (W, R) is a descriptive u-frame, () C is clopen. We will show that A C = (" C. That A C exists will be an
obvious consequence of this. Let G = ((C. So G € Clop(W). Then G is a lower bound of C. On the other
hand, for each C € C we have G C C. By monotonicity, ¢(G, h(xy), ..., h(x,)) € ¢(C, h(xy),...,h(x,)) € C. Thus,

©(G, h(x1),...,h(x,) cNC = [[go]]Cbp(W) = G. Therefore, G belongs to C. So G is a lower bound that belongs to the

h
set, which means that G = A C. Thus, [uxg];, is defined and is equal to [[uxgo]]:é"p(w). This completes the induction,

and so (Clop(W), (R)) is a modal p-algebra. O



Let (W, R) be a descriptive u-frame, & a clopen assignment and ¢ be a modal y-formula positive in x. Let (C +—
|I<p]]C|°p(W)) be the map from Clop(W) to Clop(W) sending each clopen set C to [[go]]cmp(w). It is easy to see that this

s &
map is well defined and, by Lemma 2.5, monotone.

Corollary 2.9. Let (W,R) be a descriptive u-frame and h a clopen assignment. Then for each modal u-formula ¢
positive in x, [[yxcp]];?bp(w) is the least fixed point of the map (C — I[go]]ECbp(W))for C € Clop(W).

Clop(W)
h

) and by the definition of G, it is contained in every (pre-)fixed point. ]

Proof. The result follows immediately from the proof of Lemma 2.8. It follows from the proof that G = [ux¢]|
Clop(W)

is a fixed point of (C - [l¢]

Lemma 2.10. Let B = (B, ) be a modal p-algebra. Then the corresponding descriptive frame (Wss,Rsg) is a
descriptive u-frame.

Proof. We need to show that for each modal u-formula ¢ and each clopen assignment #, the set [[go]]fIOp(W%) is
clopen. We prove this by induction on the complexity of ¢. By the definition of a modal u-algebra and duality we
have B = (Clop(Wsy), (Ras)). Therefore, as in the proof of Lemma 2.8, we will identify algebra assignments for
(Clop(Ws), (R )) with clopen assignments for (W, Res). Our induction hypothesis is: for any clopen assignment &
we have

[elS "™ = (g1,

where [¢], is the semantics of ¢ in the algebra (Clop(Wss), (R )).
As in the proof of Lemma 2.8, the cases ¢ = L, ¢ = T, ¢ is a propositional variable, ¢ = ¥ A y, ¢ = Y V ¥,
¢ =, ¢ = Oy and ¢ = Oy are proved as in the duality theorem for modal algebras and descriptive frames. Now

let ¢(x, x1, ..., x,) be a modal u-formula positive in x and let 4 be any clopen assignment. By the assumed induction
hypothesis for ¢, for each C € Clop(Wg), we have [[ga]]}?éoP(W‘B) = [¢l)c. As in the proof of Lemma 2.8, we denote this

set by ¢(C, h(xy),...,h(x,)). We also denote the set {C € Clop(Ws) : ¢(C, h(xy),...,h(x,)) € C} by C. Since B is a
modal p-algebra, (Clop(Wss ), (R )) is also a modal u-algebra. Therefore, D = A C exists and is a clopen set. Thus, D
is contained in () C. Moreover, the same argument as in the proof of Lemma 2.8 shows that ¢(D, h(x1), . .. h(x,)) C D.
So D € C and hence (| C C D. Therefore, [[go]]]?'OP(W‘B) = (N C = D is clopen. This completes the induction, and thus
(W, Res) is a descriptive u-frame. U

As every complete modal algebra is a modal p-algebra, it follows from Lemma 2.10 that a descriptive frame dual
to a complete modal algebra is a descriptive p-frame. Descriptive u-frames of this kind will be heavily used in the next
section.

Remark 2.11. From now on, we will identify clopen assignments of a descriptive frame (W, R) with algebra assign-
ments of (Clop(W),(R)).

It is easy to see that the correspondence between descriptive u-frames and modal p-algebras is (up to the isomor-
phism) one-to-one. Putting everything together we obtain the following theorem.

Theorem 2.12. ([1]) The correspondence between modal algebras and descriptive frames restricts to a one-to-one
correspondence between modal p-algebras and descriptive u-frames.

We note that the duality result of [1] is a bit different than ours since in [1] descriptive u-frames are defined as
those descriptive frames where meets of clopen pre-fixed points are clopen. It was later observed in [8] that these
meets are in fact the intersections of clopen pre-fixed points. In [18] the duality is obtained for distributive modal
u-lattices (algebraic models of negation-free u-calculus). Our duality result can be seen as a restricted case of [18]
when the distributive u-lattice is a (Boolean) modal u-algebra. In [1] and [18] the above correspondence between
modal p-algebras and descriptive y-frames is also extended to a dual equivalence of the corresponding categories.

2.4. Axiomatic systems of modal fixed point logic

Next we briefly discuss the connection of modal u-algebras and descriptive u-frames with the axiomatic systems
of p-calculus. If ¢ and ¢ are formulas and x a variable, we will denote by ¢[//x] the formula obtained by freely
replacing in ¢ each free occurrence of x by .



Definition 2.13.
1. [21] The axiomatization of Kozen’s system K* can be taken to consist of the following axioms and rules:

propositional tautologies,

Ifroand v ¢ — Y, then + (Modus Ponens),
If+ ¢, then + oY/ x] (Substitution),

If+ ¢, then + Lo (Necessitation),
FOx - y) = (Ox - Oy) (K-axiom),
Foluxe/x] — uxep (Fixed Point axiom),

If v oy /x] = ¥, then + uxp — ¥  (Fixed Point rule),
where x is not a bound variable of ¢ and no free variable of  is bound in ¢.

2. [1, 10] Let ® be a set of modal u-formulas. We write K* + ® for the smallest set of formulas which contains
both K* and ® and is closed under the Modus Ponens, Substitution, Necessitation and Fixed Point rules. We
say that KF + @ is the extension of K by ®. We also call K¥* + ® a normal modal fixed point logic.

Let L = K# + @ be a normal modal fixed point logic. A modal u-algebra (B, ) is called an L-algebra if it validates
all the formulas in ®@. A descriptive u-frame (W, R) is called an L-frame if (W, R) validates all the formulas in ® with
respect to clopen assignments.

Theorem 2.14. [1, 10] Let L be a normal modal fixed point logic. Then

1. L is sound and complete with respect to the class of modal u-L-algebras.
2. L is sound and complete with respect to the class of descriptive u-L-frames.

We note that [1] prove this result using the Lindenbaum-Tarski algebra and canonical model constructions, while
[10] give an alternative proof using the so-called replacement map and translations.

3. A comparison of different semantics of fixed point operators

In this section we investigate the connections between different kinds of semantics of modal u-formulas. The re-
sults and examples discussed here are not directly relevant for the Sahlqvist completeness and correspondence theorem
proved in Section 5. Thus, the reader interested only in the Sahlqvist theorem for modal fixed point logic can skip this
section.

In the previous section we introduced various (e.g. clopen, closed, set-theoretic) semantics for modal u-formulas.
An obvious question is: how different are all these semantics? In this section we will address this question. We will
first consider classes of descriptive u-frames for which the semantics coincide. After that we will give examples of
descriptive u-frames for which the semantics differ.

Recall that a modal algebra is called locally finite if its every finitely generated subalgebra is finite. Let (W, R) be a
descriptive frame and % a clopen assignment. Let also 26 = (Clop(W), (R)). Then for each modal u-formula ¢ whose
only free variables are xi, ..., x, we associate a modal subalgebra of 8 generated by the elements /(x,), ..., h(x,) and
denote it by BY.

Theorem 3.1. Let (B, Q) be a locally finite modal algebra and (W, R) its dual descriptive frame. Then for each formula
o, clopen assignment h, and § such that Clop(W) C § C P(W), we have

lel} = Tl ™ € B;.
Consequently, (W, R) is a descriptive u-frame and (B, Q) is a modal u-algebra.

Proof. Since (B, Q) is locally finite and (B, ¢) is isomorphic to B = (Clop(W), (R)), for formula ¢ we have that %Z
is finite. We now prove by induction on the complexity of any subformula r of ¢ that for any clopen assignment 4 and
any § with Clop(W) C § € P(W) we have:

[wif = [wl,™ e BY. (1)



If = L,y = T,y is a propositional variable, ¥ = x1 A x2, ¥ = x1 V x2, ¥ = =y, ¥ = Oy or ¢ = Oy, then (1)
easily follows from the induction hypothesis. Now let ¢ = uxy, where y(x, xy, ..., x,) is a modal u-formula positive
in x. Let g be any clopen assignment and § such that Clop(W) € § € P(W). For each [ € w we let:

So=0 and Sy, = M”W). )

Claim 3.2. S; € BY, for each | € w.

Proof. Since ‘Bﬁ is a modal subalgebra of ‘B, obviously S¢ = 0 € EBZ. Now we assume that S; € %z’ and prove

that ;.1 € % Since S; e %‘” and g is a clopen assignment, the assignment gﬁ’ is also clopen. Therefore, by our

assumption, (1) holds for g and y. So [[)(]]P(W) € %X Now S, € %‘/’ yields that the subalgebra of 5 generated
I

by the elements S, g(x1),..., g(x,,) is equal to ‘the subalgebra of B generated by the elements g(x;),..., g(x,). Thus,
B = ‘Bg. SoS; = I[,ﬂ] s/ ) e *B‘p, which completes the induction and the proof of the claim. O
gv’( g/\‘

It follows from Lemma 2.5, that S; € S, for all [. Therefore, as ’BZ is finite, there is m € w such that S; = §,,
for all [ > m. Let U € § be such that I[,\/]]S C U. By induction on /, we show that §; C U, for all / € w. Obviously,

So € U. Now assume S; € U. Then by (2) (1) and Lemma 2.5, we have S;,; = [[)(]]P(W) [[)(]] [[)(]]EU cU.
So S, C U, foralll € w. By (1) and (2), [[X [[X]]P;f) = Sps1 = Sy AsBY C CIop(W) g gwe obtain that

Sm € §. Therefore, S,, is a pre-fixed point that 18 contalned in every pre-fixed point. So §,, = [[/Jx/\(]]g. As § was
arbitrary, we also have S ,, = [[px)(]]P(W) which together with the fact that S, € ‘Bg completes the induction. Finally,

as Clop(W) C g, we deduce that I[go]]glop(w) € Clop(W). So (W, R) is a descriptive u-frame and by Lemma 2.8, (B, {)
is a modal p-algebra. This finishes the proof of the theorem. (]

Next we will show that for descriptive y-frames corresponding to complete modal algebras closed and clopen
semantics coincide. For this we will first recall a topological characterization of the Stone spaces dual to complete
Boolean algebras.

Theorem 3.3. (see e.g. [27]) Let B be a Boolean algebra and W its dual Stone space. Then B is complete iff for each
closed subset F C W, the interior of F is clopen iff for each open subset U C W, the closure of U is clopen.

Stone spaces satisfying the condition of Theorem 3.3 are called extremally disconnected [27].

Lemma 3.4. Let W be a non-empty set with the discrete topology and let R be a binary relation on W. Then

1. The Stone-Cech compactification B(W) of W is extremally disconnected.

2. The Boolean algebra Clop(B8(W)) is isomorphic to the Boolean algebra P(W).

3. Let (Wss, Rys) be the dual space of B = (P(W), (R)). Then Wes is (up to isomorphism) the Stone-Cech compact-
ification of W, W is the subset of Wsg consisting of all the isolated points and Rz N W? = R.

Proof. The proofs of (1) and (2) can be found in [27]. The proof of (3) can be easily derived from (2) using the duality
of descriptive frames and modal algebras. |

Theorem 3.5. Let (W, R) be a descriptive u-frame dual to a complete modal algebra. Then for each modal u-formula
¢ and each clopen assignment h, we have .
[ |
el ™™ = el ™.

Proof. We will prove the theorem by induction on the complexity of ¢. Our inductive hypothesis is: For any clopen
assignment 4 and any subformula ¢ of ¢, we have

(2SR (77 P 3)
If ¢ is a constant, propositional variable or of the form ¢ = x| A x2, ¥ = x1 V x2, ¥ = =, ¥ = Qx, ¥ = Oy, then (3)
easily follows from the induction hypothesis. Now let ¢ = uxy, where y(x, x1, ..., x,) is a modal y-formula positive
in x. Then



o™ = OUF € CIw) : D™ € F) (by definition)
C  N{U € Clop(W) : [[X]]C'(m C U} (as Clop(W) C CI(W))
= U e Clop(W): [[x]]d°"(W)cU} (by (3))
SO 17277 bt

So it remains to prove that
Clop(W) cw)
Ty ™™ < Ty

LetF ={F € Cl(W) : [[)(]]Cl(W) C F}. WealsoletG = ILux)(]]CKW) and D = Int(G), where Int(G) is the interior of G.
Since W corresponds to a complete algebra, by Theorem 3.3, D is clopen. So, by (3), [[)d]C'(W) [[)(]]ClOP(W) Obviously
for each F € F we have D C F. So, by Lemma 2.5, [[,\(]]CI(W) - [[/\/]]Cl(w) C F. Therefore, [[,\(]]CI(W) c ﬂ F = G and, by
(3), we obtain [[)(]]ClOp(W) C G. But since (W, R) is a descriptive u-frame, & is a clopen assignment and D is a clopen,
[[)(]]S;)OP(W) is clopen. Hence, [[)(]]C'Op(w) C Int(G) = D. Thus, D is a clopen pre-fixed point contained in G, which
implies that [[/Jx/\{]],?bp(w) CG= IIyx)(]];':’I(W). This finishes the induction and the proof of the theorem. ]

It is still an open problem whether Theorem 3.5 holds for descriptive y-frames not corresponding to complete
or locally finite algebras. Next we will give an example of a descriptive u-frame, a closed assignment and a modal
p-formula ¢ for which closed and clopen semantics differ.

Example 3.6. Let Z be the set of integers with the discrete topology. We define a relation R on Z by zRy iff y =z + 1
ory=z—1forz,yeZ. Then2l = (P(Z),(R)) is a complete modal algebra and therefore it is a modal u-algebra. Let
(W, R*) be its dual descriptive frame. By Lemma 3.4, the subframe consisting of all principal ultrafilters in W will be
isomorphic to (Z, R) and every singleton consisting of a principal ultrafilter will be clopen in W. We will denote this
subspace with the restricted order by (Z*, R*). (In fact, topologically, as mentioned in Lemma 3.4, W is the Stone—
Cech compactification of Z* with the discrete topology.) Let M = W \ Z* denote the closed set of all non-principal
ultrafilters of 2. For each z € Z we let F, = {U € Z : z € U}. Obviously, F, is a principal ultrafilter of 2 and each
principal ultrafilter of 2 is of the form F, for some z € Z.

Claim 3.7.

1. For each principal ultrafilter F, € Z* and non-principal ultrafilter F € M we have —(F ,R*F) and =(FR"F").
2. For each non-principal ultrafilter F, there exists a non-principal ultrafilter F’ such that F'R*F.
3. (RYM =M.

Proof. (1) Since F is a non-principal ultrafilter, it contains all cofinite subsets of Z. Let V = Z \ (R)({z}). Then V is
cofinite and therefore V € F. Moreover, (z+1) ¢ Vand (z—1) ¢ V. Thus, z ¢ (R)(V) and so (R)(V) ¢ F,. This implies
that =(F,R*F). On the other hand, {z} € F,. But (R)({z}) = {z + 1,z — 1} ¢ F. Therefore, =(FR*F).

(2) Let F € M. We consider the set S = {R)U : U € F}. We generate a filter by S and then extend it to a maximal
filter. The filter generated by S is proper. To see this, assume (RYU; N --- N {(R)U,, € S. Then Uy,...,U, € F and
since (N, U; # 0, there exists z € Z such that z € (_, U;. But then (z + 1) € N, (RYU;. Now we extend this filter
to a maximal filter F’. By the definition, (R)U belongs to F’ for each U € F. So we have F'R*F. By (1) F’ must be
non-principal. (Alternatively, we could take the filter 7/ = {u + 1 : u € F} and show that it satisfies condition (2) of
the claim.)

(3) Follows directly from (2) and (1). ([l

Next we define a closed (not clopen) assignment 42 on W by h(p) = {Fo} U M. Consider the formula ¢(x, p) =
p VvV OOx. Then, using the claim, it is easy to see that the only closed pre-fixed points of ¢(x, i(p)) are the whole space
W and the set Ey; = {F, : zis even or negative even} U M. However, the only clopen pre-fixed point of ¢(x, h(p)) is the
whole space W. Therefore, I[yxcp]]olc’p(w) W # [[ux ]]CI(W) Ey. It is also easy to see that Ey = @(Eyy, h(p)). Thus,

E)yy is a closed fixed point of the map (F +— |[<,o]]C|°p(W)) for F € CI(W). This implies that [[uxgo]]?(’p(w) is not the least
closed fixed point of (F' — [cp]]CIOp(W)) for F € CI(W).
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Example 3.8. We note that if, in the previous example, we consider the clopen assignment A(p) = {Fy}, then
[[yxcp]]P(W) = E = {F, : zis even or negative even}. Thus every pre-fixed point of ¢(x, h(p)) contains E. More-
over, it is easy to see that E is an open set and thus, by Theorem 3.3, the closure of E, which we denote by E, is a
clopen set. It is not hard to see that E is a pre-fixed point of ¢(x, /(p)). Therefore, E is the least clopen pre-fixed point
of ¢(x, h(p)). So E = [uxell; ™™ # [uxel)™.

“IoPMW) is the closure of [uxel, ™. The next example shows not only that this

PW)

In Example 3.8 we have that [uxe]l,

is not the case in general, but also that the closure of [uxe]l," " may not be even a fixed point of ¢(x, A(p)).

Example 3.9. We will give an example of a descriptive u-frame (W, R), a clopen assignment 7 and a modal formula
¢(x, p) such that the closure of [uxe]l, P is not a fixed point of ¢(x, h(p)). Let Z be the set of integers with the discrete
topology. Let W = B(Z) be the Stone—Cech compactification of Z. We define a relation R on W by zRy iff (z,y € Z
andy=z+lory=z—-1orze Wandy € 8(Z) \ Z). It is easy to check that (W, R) is a descriptive frame. Moreover,
by Lemma 3.4, (W, R) is a descriptive u-frame. Now we define a clopen assignment s(p) = {0}. Consider the formula
o(x, p) = pV OOx. Then [ux(p Vv <><>x)]]P<W) is equal to the set of all even and negative even numbers. The closure of
this set contains a proper subset of S(Z) \ Z and, as is easy to check, is not a fixed point of ¢(x, i(p)). Note that in this
case we have [[ux(p v OOx)]]ClOp(W) [ux(p v <><>x)]]CI(W)

In addition, if we demand that —=(OR1), =(OR(—1)) and —|(0Ry) for each y € B(Z)\ Z, then the same argument shows
that the clopen semantics of the formula ¢’ = ux(CJ0L vV {{Ox), under any assignment (assignments play no role as ¢’
has no free variables), is W, whereas the set-theoretic semantics of ¢’, under any assignment, is equal to the set of even
and negative even numbers. We deduce that ¢’ is valid on (W, R) as a descriptive u-frame, but is not valid on (W, R)
seen as a Kripke frame.

Remark 3.10. We can combine Examples 3.6 and 3.9 by taking the disjoint union of the frames defined in these
examples. This will give us an example of a (single) descriptive u-frame (W, R), a closed assignment 4 and a modal
p-formula ¢ such that all the three semantics of ¢ differ and, moreover, neither closed nor clopen semantics of ¢ is the
closure of the set-theoretic semantics of ¢. We skip the details.

4. The intersection lemma

In this section we address two issues. We prove the analogue of the Esakia—Sambin—Vaccaro lemma, which will
play an essential role in Section 5 in proving Sahlqvist’s completeness and correspondence results for modal fixed point
logic. We also discuss whether clopen semantics gives rise to fixed points for closed and set-theoretic assignments. We
use the analogue of the Esakia—Sambin—Vaccaro lemma in proving that the clopen semantics gives a fixed point for
closed assignments. We also show that in general the clopen semantics does not provide a fixed point for set-theoretic
assignments. Note that the only fact in this section that will be used in the proof of the Sahlqvist theorem for modal
fixed point logic (Section 5) is Lemma 4.6.

In more detail, let (W, R) be a descriptive u-frame, h a clopen assignment, and ¢(x, xi, ..., x,) a modal u-formula
positive in x. Then, by Corollary 2.9, [ux ga]]CIOp(W) is the least fixed point of the map (C +— |[<p]]C|°p(W)) for C €
Clop(W). On the other hand, Example 3.6 shows that there exist a descriptive u-frame (W, R), a closed assignment s
and a modal formula ¢ positive in x such that [[u cp]]cwp(W) is not the least fixed point of the map (F' — [[¢ ]]ClOP(W))

for F € CI(W). The next question we are going to address is whether [[pxgo]]C'OP(W) is a (not necessarily least) fixed

point for the maps (F +— [[go]]CIOp(W)) and (U — I[cp]]CIOp(W)) for F € CI(W), U € P(W), a closed assignment 4, and

Clop(W) .

set-theoretic assignment g, respectively. In fact, we will prove that for a closed assignment 4, [[pxe]l, is a fixed

point of the map (F +— [[go]]C'Op(W)) for F € CI(W). We will also show that there exist a descriptive u-frame (W, R) and
a set-theoretic assignment g such that [[uxtp]]Cbp(W) is not a fixed point of the map (U — [[(,p]]C'Op(W)) for U € P(W).

Definition 4.1. We call a modal u-formula ¢ positive if it does not contain any negation. ¢ is called negative if - is
positive.

Remark 4.2. We note that ¢ is positive implies that ¢ is positive in each variable, but not vice versa.
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Lemma 4.3. Let (W, R) be a descriptive frame, h a closed assignment and ¢(x, X, . . ., X,) a positive modal u-formula.
Then the set I[cp]]Cbp(W) is closed. Consequently, the map (F — |[<p]]0|°p(w)) mapping each closed set F to [[go]]CIOp(W)

well defined and monotone.

Proof. We will prove the result by induction on the complexity of ¢. If ¢ is a constant or propositional variable, then
as h is closed, I[cp]]Clop(W) is obviously closed. The cases ¢ = ¥ A y and ¢ = ¢ V y are trivial since finite unions
and intersections of closed sets are closed. The cases ¢ = Oy and ¢ = Oy follow directly from Lemma 2.1(1),(2).
Finally, the case ¢ = uxy is also easy since any intersection of clopen sets is closed. Therefore, (F — [[<p]]C'°p(W)) isa

well-defined map from CI(W) to CI(W). Monotonicity of this map follows from Lemma 2.5. O

Remark 4.4. Since CI(W) is a complete lattice, by the Knaster—Tarski theorem, the map (F [[go]]C'OP(W) ) will have
a least fixed point. As the meet in CI(W) coincides with the intersection, the least point will be the intersection of
all closed pre-fixed points. However, as was shown in Example 3.6, this least fixed point may be different from

Clop(W
[[u IIOP()

Next we prove an auxiliary lemma which is an extension of the so-called intersection lemma of Esakia—Sambin—
Vaccaro [14], [24] to the modal p-case. This lemma will be an essential ingredient in the proof of the Sahlqvist
completeness result in Section 5. We will be concerned only with the clopen semantics. So we will skip the sup index
Clop(W) everywhere. We first recall Esakia’s lemma. Let W be any set. A set F C P(W) is called downward directed
if for each F, F’ € IV, there exists F”’ € IF such that F” C F N F’.

Lemma 4.5. [14](Esakia) Let (W, R) be a descriptive frame and F C CI(W) a downward directed set. Then

MWWW:FGM=(MMWHFEM
Next we prove a modal u-analogue of the Intersection Lemma of [24].

Lemma 4.6. Let (W,R) be a descriptiveframe.1 Let also F, Fy,...,F, C W be closed sets and let A C Clop(W) be a
downward directed set such that (\ A = F. Then for each positive modal u-formula o(x, xy, . .., x,) we have

GF,F1,.. Fy) = [ @U, Fr,....Fy) : U € Al

Proof. We will prove the lemma by induction on the complexity of ¢. The modal cases are already proved in [24].
We briefly recall these proofs to make the paper self contained.

If ¢ = L or ¢ = T, then the lemma is obvious. If ¢ is a propositional variable, then the lemma is again obvious
since every closed set is the intersection of the clopen sets containing it.

First let ¢ = ¥ A y. Then
O(F,Fi,....,F,) = W, F,....,F))Ny(F,Fy,...,Fp)
WY (U, Fi,....Fy):UeANNXUF,,...,F,): U e A} (ind)
My(U, Fy,....,F) Nx(U Fy,....,F,) : U e A
(W AxX)U,Fyq,....F,):UeA
Me(U, Fy,...,F,): UeA}.

Now let ¢ = ¢ V y. Since ¢ is positive we have that o(F, Fy,...,F,) € ¢(U, Fi,...,F,) for each U € A.
Thus, o(F, Fi,...,F,) € (e(U, Fy,...,F,) : U € A}. Now suppose w & ¢(F, Fy,...,F,). Then, by the induction
hypothesis, w ¢ ({¥(C, Fy,...,F,) : C € AU N{x(D, F1,...,F,) : D e A}. Sow ¢ Y(C,Fy,...,F,): Ce A}
and w ¢ N{x(D, Fy,...,F,) : D € A}. Therefore, there exists C,D € A such that w ¢ y(C, Fy,...,F,) and
w ¢ x(D, Fy,...,F,). Since A is downward directed, there exists E € A such that E C C N D. As both ¢ and y are
positive, by Lemma 2.5, we have w ¢ Y(E, Fy,...,Fy,) and w ¢ x(E,Fy,...,F,). Thus, w ¢ "{Y(E,Fy,...,F,) U
Y(E,Fy,...,F,) : E € A} and therefore, w ¢ N{e(U, Fy,...,F,) : U € A}. This means that N{e(U, Fy,...,
F,):UeA Co(F,Fy,...,F,). Sop(F,Fy,...,F,) = e(U,Fy,...,F,):UecA}.

Note that we do not require that (W, R) is a descriptive y-frame.
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Now suppose ¢ = Q. We will need to use the following fact, which easily follows from Lemma 2.5: if A is
downward directed, then {y/(U, Fi,...,F,) : U € A} is also downward directed. So

o(F,Fy,....,F,) = (RW(F,Fi,...,F,)
(RYN{W(U, Fy,...,F,): U € A} (ind hyp)
NRW(U, Fy,...,F,): Ue A} (Esakia’s lemma)
Me(U, Fy,...,F,): UeA.

Now assume ¢ = [hy. We recall that (R) commutes with all unions. Then

@(F,Fi,....,F)) = [RW(F,Fi,...,F,)
WA\ R UIW\ (U, F,...,F,): Ue A (ind hyp)
WA UKRYWN\Y(U, Fy,...,Fp): UeA
MIRW(U, F1,...,F,) : U e A

= MU, Fi,...,F,): UeA.

Finally, let ¢ = uxy(x,y, x1, ..., x,). Then we need to show

wx(x, F,Fy, ... F,) = ﬂ{ﬂxw(x, U,Fi,....F,): UeA.

By Lemma 2.5, for each U € A we have uxy(x, F, Fy,..., F,) C uxy(x,U, Fy,..., F,). Therefore, uxy(x, F, Fy,
v Fp) S Muxw(x, U, Fy,...,Fy) : U e A.

Now suppose w € ({uxy(x,C, F1,...,Fy,): C € A}. Then we have thatw € uxy(x,C, Fy, ..., F,) foreach C € A.
So for each C € A and each V € Clop(W) with y(V,C, Fy, ..., F,) C V we have w € V. Assume U € Clop(W) is such
that y(U, F, Fy, ..., F,) € U. By the induction hypothesis we have y(U, F, Fy, ..., F,) = Y (U,C,Fy,...F,) : C €
A}. Thus (U, C, Fy, ..., F,): Ce A} c U. By Lemma 4.3, each y(U,C, Fy, ..., F,) is a closed set. Therefore, as
U is open, by compactness, there exist finitely many Cy, ..., C; € A such that ﬂf‘:l w(UCi, Fr,...,F,) CU. AsAis
downward directed, there exists C’ € A such that C’ C ﬂle C;. Then, by Lemma 2.5, y(U,C’, Fy,...,F,) C U. But
then w € U. Thus, w € "{U € Clop(W) : y(U,F, F,...,F,) C U} = uxy(x,F, Fy, ..., F,), which finishes the proof
of the lemma. O

Corollary 4.7. Let (W,R) be a descriptive frame, Fy,...,Fy,,Gy,..., Gy € W closed sets and (X1, ..., Xp, Y15+ -5 Vi)
a positive modal u-formula. Then

1. o(Fy,...,Fy,Gy,...,G) = Ne(Cy,...,Ch,Gy,...,Gy) : F; € C; € Clop(W),1 <i<n}.
2. (,D(F],...,Fn,G],...,Gk) = ﬂ{(ﬁ(C],...,Cn,Gl,...,Gk) 1 F; € Cie A1 <i < n}, where A; C C|Op(W) is
downward directed and (\ A; = F, for each 1 <i < n.

Proof. The result follows from Lemma 4.6 by a trivial induction. O

Next we will apply Lemma 4.6 to show that for each descriptive frame (W, R), positive modal formula ¢, and a
closed assignment 4, the set ILuxgo]]]?bp(W) is a fixed point of the map (F ~ [[go]]]?:.‘)p(w)) for F € CI(W).
Lemma 4.8. Let (W, R) be a descriptive u-frame and ¢(x, x1, . . ., X,) a positive modal u-formula. Let G = ux¢(x, F1,
..., Fy), where Fy,...F, € W be closed sets. Then ¢(G,F,, ..., F,) = G, that is, G is a fixed point of the map
[
(F = [l 5™™) for F € CI(W).

Proof. We first show that G is a pre-fixed point, that is, ¢(G, Fy,...,F,) € G. Let V be an arbitrary clopen pre-

fixed point: that is, @(V, Fy,...,F,) € V. Then, by the definition of G, we have G € V. By Lemma 2.5 we obtain

oG, Fy,....,F,) Co(V,Fy,...,F,) CV. Therefore, (G, F1,...,F,) € ({V € Clop(W) : (V,Fy,...,F,) CV} =G.
Conversely, as G is the intersection of closed sets, G is closed. Therefore, by Corollary 4.7, we have

@G, Fy,....F,) = [ WU, Uy,...,U,) : G U € Clop(W), @)
F; C U; € Clop(W),1 <i<nj.

Let U and Uj,..., U, be arbitrary clopen sets with G € U and F; C U; for 1 < i < n. We show that G C
o(U,Uy,...,U,). The fact that G C U means that ("{V € Clop(W) : ¢(V, Fy,...,F,) C V} C U. Therefore, the same
argument as in the proof of Lemma 4.6 shows that there exists a clopen set V/ C U such that o(V', Fy,..., F,) € V'. By
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Corollary 4.7, o(V', Fy,..., F,) = {e(V',Cy,...,C,) : C; € Clop(W),F; C C; C U;,1 < i < n}. But then a similar
argument as in the proof of Lemma 4.6 shows that there exist clopen sets C/,...,C; such that F; C C; € U, for 1 <
i <nand p(V',C},...,C;) € V'. By monotonicity we have o(o(V',C1,...,C), F1,...,F,) € o(V', F1,...,F,) C
o(V',C1,...,Cy). Since (W,R) is a descriptive u-frame, ¢(V’,C1,...,C;) is a clopen set. Thus o(V’,C},...,C}) is
a clopen pre-fixed point of ¢(-, F1,..., F,,). This means that G C ¢(V’,C},...,C;). But since ¢ is monotone and
C/ cU;forl <i<nwehave o(V',C},...,C;) C (U, Uy,...,U,). Thus, as U, Uy, ..., U, were arbitrary, we obtain
by (4) that G € N{e(U, Uy, ..., U,):GC U F; CU;,1 <i<n}=¢G,Fy,...,F,). O

Next we will see that an analogue of Lemma 4.8 does not hold for set-theoretic assignments.

Example 4.9. We will give an example of a descriptive u-frame (W, R), a set-theoretic (neither clopen nor closed)
assignment £, and a formula ¢(x, p) such that ({C € Clop(W) : ¢(C, h(p)) € C} is no longer a fixed point of ¢(x, A(p)).
Let N be the set of natural numbers with the discrete topology. Let W = B(N) be the Stone—Cech compactification
of N. Let M = B(N) \ N. We define a relation R on W by zRy iff z € W and y € M. It is easy to check that
(W, R) is a descriptive frame. Moreover, by Lemma 3.4, (W, R) is a descriptive u-frame. Now define an assignment
h(p) = E, where E is the set of all even numbers. Obviously, / is neither clopen nor closed. Consider a formula
©(x, p) = p vV Ox. Then the clopen semantics [[uxgo]]C'Op(W) of ¢(x, h(p)) is equal to E, the closure of E. To see this,
note that every clopen containing £ must contain E. Thus, E C N{C € CIop(W) ¢(C, h(p)) € C}. On the other
hand, W is extremally disconnected. So Eis clopen. Also note that (W \ E) N M # 0. Thus, (R)(W \ E) = W. Then
[RIE = W\ (RY(W \ E) = W\ W = (. Therefore, ga(E h(p)) = E U [R]E ECE. SoEisa clopen pre-fixed
point of ¢(x, i(p)) and we have that ({C € Clop(W) : ¢(C,h(p)) € C} C E. Finally, note that, as computed above,
go(E h(p)) = E # E. Thus, E is not a fixed point of ¢(x, h(p)).

5. Sahlqyvist fixed point formulas

In this section we extend the proof of the Sahlqvist completeness and correspondence results of [24] from modal
logic to modal u-calculus.

5.1. Completeness
For each m € w we let 1% = x and 0" x = O(O"x).

Definition 5.1. A formula ¢(x1, ..., x,) is called a Sahlqvist fixed point formula if it is obtained from formulas of the
SJorm =O0"x; (m € w, i < n) and positive formulas (in the language with the p-operator) by applying the operations V
and .

Remark 5.2. We note that when considering the language without fixed point operators, the above definition of the
Sahlqvist formula is different from the ‘standard’ definition (see e.g., [7]), but is equivalent to it. Any Sahlqvist formula
of [7] is equivalent to a conjunction of Sahlqvist formulas in the aforementioned sense.

Theorem 5.3. Let (W,R) be a descriptive frame,”> w € W and ¢(x1,...,x;) a Sahlgvist fixed point formula. If w €
I[go]]?bp(w), for each clopen assignment f, then w € I[(p]]?(’p(w), for each set-theoretic assignment h.

Proof. Since ¢(x1,...,x;) is a Sahlqvist fixed point formula, there exists a formula a(py, ..., ps, qis- -, gm) USINg
only Vv and [J such that all listed propositional variables occur and no propositional variable occurs twice in @, and
there exist positive formulas ry, ..., m, and formulas 1, ..., y,, where each y; is of the form —[%s;, for some d; € w
and s; € {x;,...,x;} such that

QD()C],.. .)C[) = a’('ﬁl/Pl’ .. ~,¢/n/Pm7T1/C]1,~ . -vﬂm/Qm) (5)

Let A be an assignment such that w ¢ [[go]]CIOP(W)

induction such that

. For each subformula 8 of @ we define a world wg € W by

wg & IBW1/P1s -« s Wn) Pas 71 [G1s -« s T/ g T P (6)

As the basic step of the induction we put w, = w. Now assume £ is a subformula of @ and wy is already defined
and satisfies (6). There are three possible cases:

2Note again that we do not require that (W, R) is a descriptive u-frame.
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1. Bis atomic. Then there is nothing to define.

2. B =y V. Then we put w, = ws = wg. We obviously have w, ¢ [y(Y1,..., ¢, nl,...,nm)]]}?bp(w) and
W(5 e [[6(wl LR lﬁn’ ﬂl’ e ’ﬂm)]]]?lop(W)'

3. B = Oy. Then we have wg ¢ [OyW1, ..., Y7, ... ,nm)]],?'o”(w). So there exists v € W such that wgRv and

v yWi,....¥,,m,... ,ﬂm)]]IS’IOp(W). Then we put w,, = v.

By the construction, for each atomic subformula p; (i < n) and g; (j < m) of @ we have
wp, € [D%s: 717%™ and w,, ¢ 717" (7)

Recall that y; = —[%s; and that for each z € W and d € w we let R%(z) = {u € W : zR%u}. We are now ready to
define a ‘minimal’ closed assignment g. For each propositional variable x we let

s = JIR0wp) 11 <i<n s = ). ®)
Claim 5.4.

1. gis a closed assignment.
2. For1 <i<nwehavew, &y, gIOP(W).
3. For each propositional variable x we have g(x) C h(x).

Proof. (1) follows from Lemma 2.1 and the fact that a finite union of closed sets is closed.

For (2) note that w,, ¢ [y:1§°P™ iff w,, € [O%s;15°"" iff R%(w,,) C g(s;). By definition, g(s;) = U{RY(w,,) :
1 < j<n,s;= s} If we take j = i, then we obtain R%(w),) C g(s;) and, thus, w,, & [[l//,-]]?Op(W).

For (3) note that by (7) we have w), € [[Ddis[]]fbp(w) for all 1 <i < n such that s; = x. So Rdi(w,,,.) C h(x), for all i
with 1 <i<nands; = x. Hence, g(x) = {R%(w),) : | <i<n,s; =x}C h(x). O

Claim 5.5. w,, ¢ [[ni]]EIOp(W), foreachiwithl <i<m.
Clop(W) . . Clop(W)
Proof. By (7), we have w,, ¢ 7], . By Claim 5.4(3) and Lemma 2.5 we obtain that w,, ¢ [7;]¢ . O

Let Fy = g(x,) for each 1 < s < [. Then each F is a closed set. We fix j with 1 < j < m. By Claim 5.5,
wg, & i(F1,..., F)C'PM)Therefore, by Corollary 4.7, we have wg, & Nimi(Cr, ..., C)CPW) - € e Clop(W), Fy C
Cs, 1 < s < I}. Thus, there exist C|,...C] € Clop(W) such that F; C Cy for each s with 1 < s < /and

Wy, & mi(CY,...,CHEPW, ©)

We put é‘(xs) = ﬂ{Cf :1 < j<m)forl <s <1 Then Fy, = g(x;) € f(x;) and by Lemma 2.5 and (9),
wy, & [[nj]]f'Op(W), for 1 < j < m. As g(x;) € f(x,) for each 1 < s < [, the same argument as in the proof of

Claim 5.4(2) shows that w), ¢ ﬂwi]]?bp(w), for 1 < i < n. Putting everything together we obtain that w), ¢ IILpi]]j(:flor’(W),
forl <i<n,andw,, ¢ 7 j]]?bp(w), for 1 < j < m. Finally, a straightforward induction shows that for each subformula
B of @, we have wg & [B(1, ..., ¥, 71, ... ,nm)]]?IOp(W). Sow ¢ [ay,..., ¥, 7, .. ,nm)]]?bp(w), which means that
w ¢ [e(xg,..., xl)]]?Op(W). O

The modal logic analogue of Theorem 5.3 immediately implies that every modal logic axiomatized by Sahlqvist
modal formulas is Kripke complete. For modal fixed point logic, however, this is not the case for at least two reasons.
First, in standard modal logic, if a modal formula ¢ is not valid on a descriptive frame (W, R), it is also not valid
on (W, R) seen as a Kripke frame. This is not the case for modal u-formulas and descriptive y-frames. Indeed, in
descriptive u-frames we have the clopen semantics [[-]]f"’p(w) (see Definition 2.6), whereas in Kripke frames we have

the set-theoretic semantics |[~]]hP(W) (see Section 2.1). So, if ¢ is an arbitrary modal y-formula, then [[ga]]f'o'o(w) =W

may not imply [[tp]]f(W) # W. Thus, from the fact that a modal fixed point logic L is complete with respect to a class K
of descriptive u-frames, it does not follow that L is complete with respect to Kripke-frame reducts of the frames in K
(as mentioned above this property holds for ordinary modal logic).
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Second, there is also a problem with soundness. The modal logic analogue of Theorem 5.3 implies that every
Sahlqvist modal formula is d-persistent (see e.g., [7, Section 5.6]). This means that if L is a modal logic axiomatized
by Sahlqvist modal formulas, then the underlying Kripke frame of a descriptive L’-frame is also an L’-frame. We
cannot claim this for modal fixed point logic as, by Theorem 5.3, we only know that validity under clopen semantics
of every Sahlqvist fixed point formula is preserved under set-theoretic assignments. As Example 3.9 shows, the

validity of Sahlqvist fixed point formulas may not be preserved under moving from the clopen semantics |[~]]]S"°p(w) to

the set-theoretic semantics II-]]hP(W). So Sahlqvist fixed point formulas are not d-persistent in the standard sense.

Finally, one may try to consider a new ‘hybrid’ semantics, where we keep the clopen semantics I[-]]?Op(w), but

consider any set-theoretic assignment 4. The problems raised in the previous two paragraphs with respect to soundness
and completeness will then be eliminated in this semantics. But a new problem with soundness may arise. In particular,
the fixed point rule of Definition 2.13 may not be sound for this new semantics. Indeed, let 4 be a set-theoretic
assignment on a descriptive y-frame (W, R). This means that formulas ma?/ take non-clopen values under A. Let
be such a formula with an additional property that [¢[/ x]]]?Op(W) Cc [[1//]],? °PW) for some modal pu-formula . Then
there is no guarantee that [[yxgo]],?lOp(W) - [[1//]];?|°p(w) as in the clopen semantics we only consider the intersection of all
clopen pre-fixed points and the value of ¢ is a non-clopen set. Consequently, it is not clear how to establish soundness
of the fixed point rule.

Nevertheless, Theorem 5.3 will lead us to a variant of Sahlqvist completeness (and in the next section, Sahlqvist
correspondence) for modal fixed point logic. For this we will make use of this new ‘hybrid’ semantics. We will use
it in a way avoiding the soundness problem with the fixed point rule. We introduce general u-frames and define strict
validity in these structures. The concept of general frames in modal logic is quite well known (see e.g., [7, Section
5.5D).

Definition 5.6. A triple (W, R, §) is called a general frame if (W, R) is a Kripke frame and § € P(W). Elements of §
are called admissible sets. An assignment h from the propositional variables to § is called an admissible assignment.
A general frame (W, R, ) is called a general u-frame if for each modal u-formula ¢ and an admissible assignment h
we have that [[t,O]]E €y

Obviously, every descriptive u-frame (W, R) can be viewed as a general u-frame (W, R, Clop(W)). Conversely, it
is well known that if a general (u-)frame is refined and compact (see e.g., [7, Section 5.5]), then it corresponds to a
descriptive (u-)frame.

Let (W, R, §) be a general u-frame. Then a formula ¢ is called valid (resp. strictly valid) in (W, R, §) if [[ga]]f =W
for each admissible (resp. each set-theoretic) assignment 4. A normal modal fixed point logic L is called sound (resp.
strictly sound) with respect to a class K of general u-frames if every formula in L is valid (resp. strictly valid) in each
frame in K. L is called complete (resp. strictly complete) with respect to a class K of general u-frames if every formula
valid (resp. strictly valid) in K is in L.

Corollary 5.7. Let ®@ be a set of Sahlgvist fixed point formulas. Then the normal modal fixed point logic L = K* + @
is sound and complete with respect to the class of general u-frames where all the formulas in ®@ are strictly valid.

Proof. Let K be the class of general u-frames where all the formulas in @ are strictly valid. For the soundness of L we
need to show that all the formulas in ® and all the axioms of K* are valid in K and that the fixed point rule preserves
validity in K. Since strict validity implies validity, all the formulas in ® are obviously valid in K. That the axioms
of K* are valid in K and the fixed point rule preserves validity is easy to check using the fact that in a general frame
(W, R, %), formulas take values in § and the fixed point operators involve only pre-fixed points from .

For the completeness of L, let ¢ be a modal y-formula such that ¢ ¢ L. Then by Theorem 2.14, there exists a
descriptive u-L-frame (W, R) and a clopen assignment f such that [[go]]?'op(w) # W. We view the descriptive u-frame
(W, R) as a general u-frame (W, R, Clop(W)). Thus, f is an admissible assignment. It is left to be shown that all the
formulas in ® are strictly valid in (W, R, Clop(W)). But this follows directly from Theorem 5.3. O

It follows from Corollary 5.7 that each normal modal fixed point logic L axiomatized by Sahlqvist modal fixed
point formulas is strictly complete with respect to general u-frames. It is not clear, however, that L is strictly sound
with respect to general u-frames. We leave it as an open problem to find an axiomatization of modal fixed point logics
that gives strict soundness and completeness for general u-frames.
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Corollary 5.8. Let (W, R) be a descriptive u-frame, w € W and ¢ a formula built from positive modal u-formulas and
negative modal u-formulas using the operations V and U. Then w € [[go]]?loP(W), for each clopen assignment f, implies

w e I[(p]]gbp(w), for each closed assignment g.

Proof. The proof is analogous to the proof of Theorem 5.3. Assume w ¢ I[go]]gl‘)p(w), for some closed assignment g.
In the same way as in the proof of Theorem 5.3 we proceed by defining a clopen assignment f. The same reasoning
as in the last two paragraphs of the proof of Theorem 5.3 guarantees that w ¢ I[cp]]?bp(w), which finishes the proof of
the corollary. ]

Note that we can define a new validity of modal p-formulas in descriptive y-frames via closed assignments. For the
formulas discussed in Corollary 5.8 we will then have a completeness result with respect to this semantics. However,
as in the case of the strict soundness we may not have the soundness result for this semantics.

5.2. Correspondence

Let LFP be the first-order language with the least fixed point operator y; see, e.g., [12, Section 8]. We assume that
w is applied to unary predicates only. For each propositional variable p we reserve a unary predicate symbol P. An
LFP-formula £ is said to be an LFP-frame condition if it does not contain free variables or predicate symbols. (A frame
condition can contain a bound first-order variable or a unary predicate symbol bound by u: for example, u(Z, u) £.)

Let 0t = (W, R, §) be a general u-frame and / an admissible assignment. We view 9t as an LFP-structure via P™ =
h(p) € W, for each propositional variable p. Let g be a first-order assignment of variables. We adopt non-classical
semantics of LFP. The notation (9, i, g) | £ is defined by induction on £. The cases of atomic formulas, Booleans
and quantifiers are standard (see, e.g., [12, Section 8]). The semantics of expressions of the type (u(Z, u) &(u, 2))(v),
where Z is a unary predicate symbol and u and v first-order variables, is defined as follows. (We assume that & may
have some other free variables and predicate symbols). We let

FU)=1{weW: (K, e E éu,2)), (10)
where g}/ is a first-order assignment mapping variable u to a point w € W. Now we define

(M, h,8) E (WZ,u)&(u, 2))(v) iff g(v) € WU € § : F(U) < U}

Note that for a sentence &, we can drop g, and for an LFP frame condition & we can drop 4 and g. That is, a frame
condition is true in (9N, A, g) iff it is true in NI.

Definition 5.9. Let v be a first-order variable. We define the standard translation of modal u-formulas into LFP as

follows:
STy(L) =1,
ST,(T)=T,

ST,(p) = P(v), where p is a propositional variable,
ST AY) = ST\ (@) ANST(W),

ST(e V) =ST(p) VST,

STy(=p) = =ST\(¢),

STy(Op) = u(R(v, u) A STu(p)),

ST,(Ue) = Yu(R(v, u) = STu(¢)),

ST, (uzp) = (W(Z,u) ST, (p))(v), where ¢ is a modal u-formula positive in z.

Proposition 5.10. Let 9t = (W,R,§) be a general u-frame, h an admissible assignment and ¢ a modal u-formula.
Then
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1. For eachw € W and a first-order assignment g, mapping variable v to w, we have
we lell} iff M, h.g)) E STu(p),
2. W= llll} iff O k) E VvST.(p).
Proof. The result is proved by an easy induction on the complexity of ¢. ]

We note that if we wanted to express strict validity of a modal u-formula ¢ in a general u-frame, then we would
have to translate ¢ into a monadic second order formula obtained from the standard translation of S7,(¢) of ¢ by

universally quantifying all the free unary predicate symbols. But for Sahlqvist fixed point formulas we can translate
into LFP.

Theorem 5.11. Let (W, R, §) be a general u-frame and ¢(xy, . .., x;) a Sahlqvist fixed point formula. Then there is an
LFP-frame condition xy(¢) such that

(W,R,5) E x(p) & o is strictly valid in (W, R, §). an

Proof. Since ¢(x1,...,x;) is a Sahlqvist fixed point formula, there exists a formula a(py,..., pn, q1,---,qn) USINg
only Vv and O such that all propositional variables occur and no propositional variable occurs twice in «, and there
exist positive formulas 7y, ..., m, and formulas ¢, ..., ¢,, where each y; is of the form —[O%s;, for some d; € w and
s; € {x1,...,x;}, such that

@xi, ... x0) = W /prs- s Ynl Pas 1/ q1s - T Gon)-

For each subformula 8 of & we introduce a new first-order variable v and define an LFP-formula ﬁby induction

on S.

1. if B = p;,foreachi=1,...,n, then,Ez Pi(vp),

2. if B =g, foreach j=1,...,m, then B = Q;(vp),

3. if 8=y V6, thenB = (Vg = vy) A (g = v5)) = F V).
4. if B = Oy, then B = R(v, v,) — 7.

Let p be a formula defined as follows: for each d € w we have p°(x,y) = (x = y) and p™*! = Jz(R(x, 2) A p%(z, y)).
Similarly to the proof of the Sahlqvist completeness theorem, for each propositional variable x, we define

0:() = \/{p"(vpv) 1 1 <i <, si = x). (12)
We let
X' (@) = Vv, ...Vvﬁkfx‘(L/P,-(vp,.),STvqj ()] Qj(vg)), for1 <i<n,1<j<m, (13)
where 1, . .., 8 enumerate all proper subformulas of @, and for any LFP-formula &, the formula & denotes the result

of replacing each atomic subformula of £ of the form P(7) (where ¢ is any first-order variable) by 6,,(z/v).
Finally we let

X(9) = Yvax'(¢). (14)
(For examples of frame conditions y(¢) for specific modal u-formulas ¢ see Section 6.)

Now it is only left to be shown that
Claim 5.12. (W,R, %) E x(p) iff [[go]]hs = W, for each (set-theoretic) assignment h.

Proof. Forw e W we write (W, R, §) E —x'(¢)[w] to mean that y’(¢) is false in (W, R, §) when v,, is assigned to w. It
follows from the proof of Theorem 5.3 and the definition of y’(¢) that for each w € W we have (W, R, §) E -/ (¢)[w]
iff there exists an assignment g such that w ¢ [[go]]f. Now suppose [[go]]f # W for some assignment 4. Then, by
the above equivalence, we obviously obtain that (W,R,J) E —x/(¢)[w] and thus (W,R,§) E —x(¢). Conversely,
if (W,R,§) E —x(¢), then there is w € W such that (W,R,§) E —x'(¢)[w]. So there exists an assignment g with
wé [[(p]]g. Therefore, [[go]]g # W, which finishes the proof of the claim. O
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The theorem now follows immediately from Claim 5.12 and the definition of strict validity.

Theorem 5.13. (Main Theorem) Let @ be a set of Sahlqvist fixed point formulas. Then

1. The normal modal fixed point logic L = K* + @ is sound and complete with respect to the class of general
u-frames satisfying the LFP-frame conditions {x(¢) : ¢ € ®}.

2. The normal modal fixed point logic L = K* + © is sound and complete with respect to the class of descriptive
pu-frames satisfying the LFP-frame conditions {x(y) : ¢ € ®}.

Proof. The result follows directly from Corollary 5.7 and Theorems 5.3 and 5.11. (I

Remark 5.14. In [16, 17] Goranko and Vakarelov define inductive modal formulas. Roughly speaking, inductive
formulas are obtained by replacing negated boxed propositional variables in the definition of Sahlqvist formulas by
so-called ‘negated boxed formulas’. By modifying the technique of Sambin and Vaccaro they show that every inductive
formula has a first-order correspondent and, moreover, the modal logic obtained by adding inductive formulas to the
basic modal logic K is sound and complete with respect to the frames in which the correspondents are valid. All
these results are proved by using the Esakia—Sambin—Vaccaro Lemma and ‘minimal’ assignments. The definition of
negated boxed formulas is designed so that these minimal assignments always exist. For example, in the formula
(p AOOp — Og)) —» OUg, a minimal assignment making the antecedent true at a world w can be constructed first
for p and then for g, using the assignment of p. [17, Theorem 57] shows that the minimal assignment is always closed
and definable in first-order logic.

We note that we can define inductive modal u-formulas by replacing positive formulas in the definition of [16],[17]
by positive fixed point formulas. Then the fixed point analogue of the Esakia—Sambin—Vaccaro Lemma (Lemma 4.6)
will yield a fixed point analogue of the Goranko—Vakarelov result. We skip the details.

Remark 5.15. In [2] and [3] van Benthem defined a syntactic class of the so-called PIA-formulas (standing for ‘pos-
itive implies atomic’) for first-order logic. The main property of PIA-formulas is the following: a first-order formula
©(P) is preserved under arbitrary intersections of values of the predicate P (that is, if ¢(S;) holds for each i € I then
©(Nier S 1) holds too) iff ¢ is equivalent to a PIA-formula. Van Benthem [2, 3] then defined a special class of modal
formulas, which we call generalized Sahlqvist formulas, as the modal formulas of the form ¢ — ¢, where ¢ is a modal
analogue of a PIA-formula and ¢ is positive. He showed that such formulas admit ‘minimal’ assignments that are
expressible in LFP on Kripke frames. This implies that generalized Sahlqvist formulas have LFP-correspondents on
Kripke frames. An algorithm computing LFP-correspondents for some modal formulas was discussed in [11].

We note that the definition of generalized Sahlqvist formulas can be extended to the language of modal p-calculus
if we replace ‘positive’ by ‘positive in the modal p-language’. In terms of Sahlqvist fixed point formulas this would
amount to dropping in Definition 5.1 the clause about being closed under [1’s and disjunctions and replacing negated
boxed propositional variables by negated modal PIA-formulas. If we do this, we obtain LFP-correspondents of not
only modal formulas (as in [2] and [3]), but of a wide class of modal u-formulas containing all Sahlqvist fixed point
formulas (see [4] for details). The issue of completeness, however, is unclear, as minimal assignments of [2], [3]
and [4] are not necessarily topologically closed. Recall that the minimal assignments we considered in this paper are
topologically closed, which, together with the modal fixed point version of the Esakia lemma, gave the completeness
result.

6. Examples

In this section we discuss a few examples of Sahlqvist fixed point formulas and their frame correspondents.

Example 6.1. We first consider the formula uxUx. By adding this formula to K# we obtain a Sahlqvist fixed point
logic which in the standard semantics defines dually well-founded Kripke frames. We refer to [3] and [10] for the
soundness and completeness results for this logic with respect to the Kripke semantics. We recall that the Godel-Lob
modal logic GL is obtained by adding the Lob axiom

O@p - p) - Op (15)

to the basic modal logic K. It is well known that GL is sound and complete with respect to the class of transitive
dually well-founded Kripke frames; see, e.g., [7, Section 4.4]. Descriptive frames of GL were first characterized in
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[15]. In particular, it was proved in [15] that a descriptive frame (W, R) is a GL-frame iff it is transitive and each
non-empty clopen U € W contains an irreflexive maximal point. We call a descriptive u-frame validating the Lob
axiom a descriptive GL-u-frame. Recall also that a modal algebra is called a K4-algebra if it validates the formula
Op — OOp.

Theorem 6.2. GL* = K* + (Op — O0p) + (ux0x) is sound and complete with respect to the class of descriptive
GL-y-frames.

Proof. In [15] Esakia showed that a K4-algebra (B, {) is a GL-algebra iff for each a € B, a # 0 implies m(a) # 0,
where m(a) = a A =Qa. Note that
for each a € B, a # 0 implies m(a) # 0 (16)

is equivalent to
for each a € B, a # 1 implies —m(—-a) # 1. 17

Now —m(-a) = =(-~a AOa) = Oa — a. Finally, OJa — a # 1 is equivalent to Oa £ a. Therefore, a K4-algebra (B, [)
is a GL-algebra iff ¢ # 1 implies Oa £ a. This means that the only pre-fixed point of the map mapping each a € B
to Oa is 1. (The equation (J1 = 1 obviously holds in each modal algebra.) Therefore, GL*-algebras are exactly those
modal p-algebras that validate (p — JUp) and satisfy (16).

Translating this into descriptive u-frames, we obtain that GL# is sound and complete with respect to transitive
descriptive p-frames that are also GL-frames. ]

Remark 6.3. We note that the Sahlqvist correspondent of the formula px[x is equivalent to the aforementioned
condition on the maximal points. We also remark that Theorem 6.2 implies that GL* = K* + (((Op — p) — Op).

Example 6.4. Let o(x) = Ox — OO x, where
O"x = pz(x Vv Q2), (18)
and let L, = K* + ¢. Note that ¢(x) is equivalent to ~{x vV " x which is equivalent to
O-x Vv OO0 x. (19)

By Definition 5.1, the latter is a Sahlqvist fixed point formula.

Itis well known that in the standard Kripke semantics L,, defines a class of frames satisfying the following property:
for each w, v, u in the frame, if wRv, then for each wRu with u # v, there exists a finite path from u to v. Next using the
results of the previous section we will compute the frame correspondent for descriptive u-frames.

Let (W, R) be a descriptive frame. We say that a set U C W is a downset if for each w,v € W, w € U and vRw
imply v € U. Obviously, U is a downset iff (R)U C U. The least clopen downset containing a set U (if it exists) will
be denoted by D(U). If U is a singleton {u} we will write D(u) instead of D({u}).

Lemma 6.5. Let (W, R) be a descriptive u-frame, U € Clop(W) and h a clopen assignment such that h(x) = U. Then
10"l ™ = D). (20)

Proof. The lemma follows directly from the definition of the clopen semantics. A set S is a pre-fixed point of

X [xV <>z]]iX'°p(W)) iff § contains U and S is a downset. This implies (20). As (W, R) is a descriptive u-frame and

O*x is (a shorthand of) a modal u-formula, we deduce that D(U) exists. O
Next we observe that
STy (O"x) = STy (uz(x V 02)) = u(Z, u) (X(u) V Iy(R(u, y) A Z(y))(v). (21)

Now as in the proof of Theorem 5.11, we will compute the frame condition y(¢) corresponding to ¢. Recall that ¢
is equivalent to O-x vV O0*x. So a(p,¢q) = Op v Ogq, ¥ = —x and 7 = {*z. Then

T = ((va=vOp) A e =voy) = Op vy
= (Ve = vOp = vy) = ((ROVEp, V) = P)) V (ROVE, vg) = Q).
Now
0,(z) = (2 =vp). (22)
Thus,
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X' (@) = Vv Vvo, Vv Vv ((ve = v, = voy) = (R(vap, vp) = L)V
(R(vag, vg) = ST, (0*X))),
and so using (21) and (22),

X' (o)

VvV (R(Va, vp) = L) V (R(Ve, vy) = ST, (0*x)))

YV ¥ (=R (Ve vp) V (R(Ve, vg) = ST, (O*X)))

Y0y (AR vp) V (RO, vg) = H(Z. 1) (K@) V IRt y) A ZOM(V)
VvV (R(Ve, vp) A R(va, vg)) = p(Z,w) (= vy) V Ay(R(w, y) A Z(y))(vy))-

Finally, we obtain

X(@) = Vo Vv Vv (R(Ve, vp) A R(Vas vg)) = u(Z,u) (u = v, V IV(R(u, y) A Z(y)))(vg))- (23)

But in order to get a shorter and more intuitive condition, using Lemma 6.5 and Proposition 5.10(1) we can rewrite
(23) as
ViYu¥v ((R(t,u) A R(t,v)) — v € D(u)), 24)
where by ‘v € D(u)” we mean that the interpretation of the variable v belongs to the least clopen downset containing
the interpretation of the variable u.
Thus, we arrived at the following corollary of Theorem 5.13.

Corollary 6.6. The modal fixed point logic L, is sound and complete with respect to the class of descriptive p-frames
satisfying (24).

Example 6.7. Let ¢(x) = x — {*x, where
Ox = puzO(x v 2) (25)
and let L, = K* + . Clearly y is equivalent to —x vV {*x and thus is a Sahlqvist fixed point formula.
Itis well known that in the standard Kripke semantics Ly, defines a class of frames satisfying the following property:
each point in the frame is a part of a finite R-loop. Now we will compute the frame correspondent for descriptive u-
frames.

Lemma 6.8. Let (W, R) be a descriptive u-frame, U € Clop(W) and h a clopen assignment such that h(x) = U. Then

[O* 15" = DCR)U). (26)

Proof. The proof of the lemma is similar to the proof of Lemma 6.5. ]

Unlike the previous example, here we will use more intuitive reasoning. We observe that if a descriptive u-frame
(W, R) with an assignment / refutes i, then there is a point w such that w € [[x]]}?bp(w) and w ¢ [[<>+x]],?|°p(w). Then the
‘minimal’ valuation g is given by g(x) = {w}. Therefore, we have

xXW) = WST (O x), (27
and so
XW) = VYvu(Z, s) (Ay(R(s,y) A (y = vV Z(y)))(V). (28)
As before in order to get shorter and more intuitive condition, using (27), Lemma 6.8 and Proposition 5.10(1), we can
replace (28) with
Yv (v € DKRWY)), (29)
where by ‘v € D({(R)u)’ we mean that the interpretation of the variable v belongs to the least clopen downset containing

(R) applied to the interpretation of the variable u.
Thus, we arrived at the following corollary of Theorem 5.13.

Corollary 6.9. The modal fixed point logic Ly is sound and complete with respect to the class of descriptive p-frames
satisfying (29).

In both Examples 6.4 and 6.7, we see that the classical notion of reflexive transitive closure R*(x,y) has been
replaced by a topological analogue, namely that x is in the ‘topological downward closure’ of {y}, i.e., x € D(y), as
defined above. We feel this to be a rather natural and intuitive condition that we expect to be useful in applications
involving spatial or topological reasoning.
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7. Conclusions

In this paper we proved a version of Sahlqvist’s theorem for modal fixed point logic by extending the Sambin—
Vaccaro technique [24] from modal logic to modal fixed point logic. Following [1] we considered an order-topological
semantics of modal fixed point logic. In this semantics the least fixed point operator is interpreted as the intersection
of clopen pre-fixed points. Descriptive u-frames are those order-topological structures that admit this topological
interpretation of fixed point operators. We defined Sahlqvist fixed point formulas and proved that for every Sahlqvist
fixed point formula ¢ there exists an LFP-formula y(¢), with no free first-order variable or predicate symbol, such
that a descriptive u-frame validates ¢ iff y(¢) is true in this structure. Our main result states that every modal fixed
point logic axiomatized by a set @ of Sahlqvist fixed point formulas is sound and complete with respect to the class
of descriptive p-frames satisfying {y(¢) : ¢ € ®}. This result also applies to general u-frames (general frames in
which all modal u-formulas have admissible semantics: see Definition 5.6). We also gave some concrete examples of
Sahlqvist fixed point logics and classes of descriptive u-frames for which these logics are sound and complete. It needs
to be stressed again that our Sahlqvist completeness and correspondence result applies only to descriptive u-frames
and general u-frames, and does not imply that every Sahlqvist modal fixed point logic is sound and complete with
respect to Kripke frames.

From the viewpoint of the standard theory of fixed point logics, the interpretation of the least fixed point operator as
the intersection of clopen pre-fixed points might look a bit complex and unnatural. The results of this paper, however,
(together with the other results obtained on this semantics of fixed point logics) show that, when it comes to the issue of
completeness of axiomatic systems of modal fixed point logic, the order-topological semantics is much better behaved
than the classical semantics. Indeed, order-topological semantics guarantees that adding any axioms to the basic modal
fixed point logic K* results in a sound and complete system [1]. Moreover, as we have shown here, if the extra axioms
are Sahlqvist, then the frame class for which this logic is sound and complete is LFP-definable, with order-topological
interpretation of LFP. The examples discussed in Section 6 illustrate that the class of descriptive u-frames for which
particular Sahlqvist fixed point logics are sound and complete, can have neat and ‘sensible’ descriptions. Also from the
topological perspective it seems to us quite natural to consider the interpretation of the least fixed point operator as the
intersection of not arbitrary, but particular, ‘topological’ (clopen) pre-fixed points. In order-topological semantics of
modal logic all formulas are interpreted as clopen sets. Thus, it is only natural to demand that in the modal language
enriched with fixed point operators, the operation of taking least fixed points involves only clopen sets. All these
features underline that order-topological semantics of modal fixed point logic is quite a rich and promising area.

Finally, we finish by mentioning a number of open problems and topics for possible future work. We start with
some technical questions already raised in this paper. The results of this paper are restricted to the language of modal
fixed point logic with only the least fixed point operator. An obvious question is whether there is a way to extend these
results to the language of modal fixed point logic with the greatest fixed point operator. Another interesting question is
whether the definition of Sahlqvist fixed point formulas can be expanded to allow least fixed point operators to occur
in more places in a formula.

As identified in Section 3, it is still open whether there exists a descriptive u-frame, a clopen assignment on it and
a modal u-formula ¢ such that the clopen semantics for ¢ differs from the closed semantics for ¢. The other open
problem mentioned in Section 5.1 is whether the results of this paper can be extended to encompass strict validity.
Solving this problem may require an introduction of a new axiomatic system for modal fixed point logic.

Another direction for future research is to investigate the possibility of proving an analogue for order-topological
semantics of the Janin—Walukiewicz [19] characterization of modal pu-calculus as the bisimulation invariant fragment
of monadic second-order logic. Bisimulations of descriptive frames have already been introduced and studied in [5].
Also a more general question would be whether the methods of automata and game semantics, which have proven
to be very successful in the classical theory of fixed point logics, can be adjusted to the order-topological setting.
Since, unlike classical fixed points, order-topological fixed points do not admit iterative approximation, answering this
question is by no means straightforward.
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