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Abstract

We prove superpolynomial size lower bounds for depth-3.5 AC° [2]-Frege proofs, whose lines are
disjunctions of conjunctions of parities of conjunctions of at most b literals. The top two fan-ins
are unbounded, and our bound holds for every b = o(y/logn). A normal-form theorem of Buss,
Kolodziejezyk and Zdanowski reduces quasipolynomial-size AC° [2]-Frege proofs to this form with
polylogarithmic b. Our result therefore proves quasipolynomial lower bounds for a restricted
version of the normal form underlying the longstanding AC°[2]-Frege lower-bound problem.

Our main contribution is a stronger analysis of Pang’s approximation method after replac-
ing each variable of the input formula by a small majority function. The key is to control
approximation errors using the algebraic hardness of the original formula, without requiring
stronger starting degree lower bounds. This extends Pang’s exponential lower bounds for reso-
lution over polynomials, Res(PC,.), from degree r = O(logn) to 7 = (logn)3/2. A second level
of Razborov—Smolensky approximation, carried through the syntactic proof rules, yields the
depth-3.5 result.

AI Methodology. The authors obtained the improved degree lower bounds by asking ChatGPT
6 to try to improve the degree bounds, with targeted prompts containing the main ideas of lifting
with majorities (inspired by the recent correlation bounds for Fs) plus the idea of decoupling the
two uses of degree. They considerably simplified and rewrote the proofs it produced. Al tools
(ChatGPT 5.6 and Claude (Fable 5.1)) were used to fine-tune the lower bounds. They were also
used to proofread and assist with exposition.
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1 Introduction

Proving superpolynomial lower bounds for ACO[Q]—Frege has been a longstanding open problem in
proof complexity. We have known exponential lower bounds for AC’-Frege since the early 1990s.
These bounds grew out of the structural insight underlying the lower bounds for AC circuits:
small constant-depth circuits simplify dramatically under random restrictions, and in particular
their functions are constant on large subcubes [FSS84, Has86]. Adapting this insight to proofs
led to Ajtai’s superpolynomial lower bound for bounded-depth Frege in 1988 [Ajt88], followed by
the exponential lower bounds for the pigeonhole principle of Pitassi, Beame and Impagliazzo, and
independently Krajicek, Pudldk and Woods [PBI93, KPW95, BIK192].

For ACY[p] circuits with mod p counting gates, celebrated exponential lower bounds were obtained by
Razborov and Smolensky in 1987 [Raz87, Smo87]. Their method uses the polynomial method, where
it is shown that any polynomial-size ACY[p] Boolean circuit can be approximated by a low-degree
polynomial over a finite field.

Although polynomial approximations were powerful enough to prove ACY[p] circuit lower bounds,
several problems remained challenging. First, while Razborov and Smolensky’s lower bound is
exponential, it was a longstanding open problem to obtain a strong correlation bound, showing that
any small AC°[p] circuit cannot compute Majority (or some other explicit function) correctly on
more than 1/2 4+ 1/2™ of the inputs. This problem remained open for nearly 40 years and was
recently solved in a major breakthrough [CHL™26].

Secondly, achieving similar exponential lower bounds, or even superpolynomial lower bounds, for
ACO[p]—Frege has been a major challenge in proof complexity, and is perhaps the most important
challenge in the field. There is, however, a structural fact that has no analogue for AC’-Frege, and
that makes the target much more concrete. By formalizing the Razborov—Smolensky argument
inside low-depth AC°[2]-Frege, Buss, Kotodziejczyk and Zdanowski [BKZ15] proved a normal-form
theorem: every quasipolynomial-size AC°[2]-Frege proof can be converted into a quasipolynomial-size
proof whose lines have depth 3.5", that is, the form \/o Ao @ o A, with unbounded fan-in at the
two upper levels and bottom fan-in » = polylog(n). The “plus” records that the bottom degree is
polylogarithmic rather than constant, and the exponent of the polylogarithm depends on the depth
d of the original proof [BKZ15, Theorems 42 and 43]: a depth-d proof collapses to bottom degree
(logn)?@. So to prove superpolynomial lower bounds for depth-d ACY[2]-Frege it suffices to prove
them for proofs of depth 3.5 with bottom degree (logn)°(@,

The task is therefore “merely” to prove lower bounds for a single fixed depth, 3.57. Even that
has been out of reach. Indeed, obtaining lower bounds for constant-depth Frege with mod-2 gates
was an original motivation for introducing algebraic proof systems such as Nullstellensatz and
polynomial calculus [BIK*96, CEI96, Pit97], which isolate some of the most basic forms of algebraic
reasoning available in AC°[2]-Frege. In bounded-degree polynomial calculus, each line is a single
low-degree polynomial equation over Fo, or equivalently an equation involving a parity of small
monomials. Another basic fragment is resolution over parities, Res(®), whose lines are disjunctions
of affine equations over Fo. Both are restrictions of depth-3.57 AC°[2]-Frege to lines of depth two
with bottom degree one. Yet, despite considerable effort, until very recently even Res(®) resisted
superpolynomial lower bounds for unrestricted DAG-like refutations.

Braun’s recent result changed this picture [Bra26]. He proved an exponential lower bound for
Res(®) for the bit pigeonhole principle. The proof introduced a new algebraic technique with a
surprisingly simple core: use one common polynomial multiplier to control the high-rank lines of an
assumed short proof. These are the lines whose affine equations contain many independent linear



parts. Multiplication annihilates the polynomials representing their failure, allowing the proof to be
converted into a low-degree polynomial-calculus derivation that can be ruled out algebraically.

While this is a significant breakthrough, it is not clear whether the ideas behind it can be useful
for proving superpolynomial AC°[p]-Frege lower bounds. Lower bounds for PC, and Res(®) are in
any case a prerequisite, since both are fragments of AC® [p]-Frege; and by the normal-form theorem
above the distance from these fragments to the whole system is a single depth.

The semantic barrier. One of the key challenges in extending polynomial-calculus or resolution-
over-parities lower bounds to all of ACY[2]-Frege is the semantic barrier. Here, a semantic inference
may derive any allowed line from at most two earlier lines whenever the implication is sound. If the
allowed lines can express conjunctions of input clauses, every unsatisfiable CNF has a polynomial-size
semantic refutation: form the conjunction of its clauses and then infer a contradiction. There is a
dual argument when the lines can express DNFs. The negation of an unsatisfiable CNF is a DNF
tautology, which can be introduced by a semantic inference from the constant true line. The input
clauses then eliminate its terms one at a time, ending with the empty disjunction. Thus, a lower
bound for ACO[2]—Frege must separate syntactic proofs from short semantic proofs. It must use the
inference rules in an essential way. Buss, Kotodziejczyk and Zdanowski put the same obstacle in
the language of the circuit lower bounds: the Razborov—Smolensky approximation of a line by a
low-degree polynomial “does not commute with inference rules” [BKZ15]. The common multiplier of
Braun and Pang, described next, is exactly a way around this: it does not make the approximations
commute with the rules, but it corrects, uniformly for all lines, the errors that the rules introduce.

Pang’s extension. Pang gave a remarkable generalization of Braun’s argument [Pan26]. His
result applies to resolution over degree-r polynomial equations, denoted Res(PC,). A line has the
form

(up =1)V---V(us =1), degu; <,

with no bound on the number s of equations in the disjunction. Resolution over parities is the case
r=1.

Theorem 1.1 (Pang, [Pan26, Theorem 1.1]). Let F' be an unsatisfiable CNF on n variables, of
mazximum clause width w(F'). Suppose its polynomial encoding has no polynomial-calculus refutation
over Fy of degree at most D, where D > max{32r,8w(F)}. Then every S-line syntactic Res(PC,)

refutation of ' satisfies
log § > —2 (D >
0 — .
2 = 128 \16n

In particular, a constant-width CNF requiring linear PC degree requires exp(£2(n)) lines when r
is constant, and exp(n®*() lines for r < ¢glogn, where ¢y > 0 is sufficiently small. The theorem
gives a general way to turn PC degree lower bounds into size lower bounds for a substantially more
expressive system.

We observe that this system already encounters the semantic barrier. Let unsatisfiable F' =
Ci1 A --- A Cy, have width at most w. The negation of each clause is a conjunction of at most w
literals, and can be expressed as a degree-w polynomial equation: the product of those literals equals
1. Consequently, for » > w, the tautology —F is a permitted Res(PC,) line. After one-shot deriving
—F, one can then derive a contradiction by sequentially resolving —F with each of C1,...,Cy,. The
argument above gives a semantic refutation with O(m) lines and, for constant w, polynomial total
size. Pang’s theorem nevertheless gives exponential lower bounds for the syntactic system, including



for fixed r > w. His proof therefore already distinguishes the local syntactic rules from arbitrary
sound semantic inference.

1.1 Our results

In this paper, we show how to extend Pang’s method to larger polynomial degree. Our main
improvement gives exponential lower bounds for Res(PC,) with r = (logn)3/2, for polynomial-size
CNFs obtained by a majority substitution. Moreover, by a different choice of parameters, we
obtain superpolynomial lower bounds for all degrees r < n'/3=¢, for any fixed ¢ > 0. The proof is
inspired by the recent exponential correlation bounds for low-degree polynomials of Chattopadhyay,
Hatami, Lee, Lovett, Tal and Viola [CHL*26]. The main application of the improved degree
range is a superpolynomial lower bound for depth-3.5 ACO[Q]-Frege, a system one parameter away
from the normal form of quasipolynomial-size AC° [2]-Frege. We also obtain lower bounds for
unrestricted-degree Res(PC) measured by total proof size.

Throughout, S denotes the number of proof lines, whereas T" denotes total proof size, with polynomials
written explicitly as sums of monomials. We write |G| for the encoding length of the input CNF.
This distinction is particularly important when we allow the polynomial degree, or the size of the
substitution gadget, to grow.

Definition 1.2 (Majority-lifted CNFs).

Let F(y1,...,yn) be a CNF of constant width w(F) over n variables that requires PC degree at least
D = cn for a fixed ¢ > 0. For odd ¢, let G := F o Maj, be the CNF over the N = nf new variables
Ziq (1 € [n], a € [{]) obtained by replacing each variable y; of F' by the majority Maj,(z; 1,. .., %)
of its own block of ¢ new variables and expanding each substituted clause into a CNF. Then G
has N = n/ variables, width O(¢) and size poly(n) 2°). Throughout, n is the number of original
variables (equivalently, of blocks), ¢ the block length, and N = nf the number of lifted variables.

Theorem 1.3 (Improved degree bounds via majority lifting). Let F' be a constant-width CNF on n
variables with no PC refutation of degree D = cn, and let G = F o Maj, be its majority lift as in
Definition 1.2. There are constants {y, k,C,c1 > 0, depending only on ¢ and w(F), such that for all
sufficiently large n, all odd € > ly and all v > 1 with r + ¢ < kn, every S-line syntactic Res(PC,)
refutation of G satisfies

N r n T
1 > J— — _ = — — _— . 1
ogS > clﬁr exp( C\/Z) Clr exp< C\/Z) (1)

Below are two main consequences of the theorem for different choices of the block length £.

1. £ =0(logn): |G| = poly(N) and S > exp(N?M) for all 1 < < (log N)3/2.

2. ¢ = O(r?) with r = [n'/37%] for a fixed 0 < § < 1/3: log|G| = O(n?*372%) and S >
exp(Q(n?/319)) = |G|%"™) (Corollary 4.23).

1.1.1 Corollaries of main theorem.

Superpolynomial size lower bounds for depth-3.5 ACO[Q]-FI'ege. Our main result concerns a
proof system that is, up to one parameter, the normal form in which all of quasipolynomial-size
ACP[2]-Frege lives. Recall from above that by [BKZ15] every quasipolynomial-size AC°[2]-Frege
proof can be converted into a depth-four proof whose lines have the form \/o Ao @ o/, with



r = polylog(n). Define depth-3.5 AC°[2]-Frege to be the system whose lines have exactly this form
with the bottom fan-in r replaced by a parameter b: a line is an OR of terms, where a term is
an AND of polynomial equations v = 1 with degu < b; that is, a line has the form \/o Ao@ oA,
with unbounded fan-in at the OR and the AND. The bounded bottom level counts as half a level,
hence the name. The system is formalized in Appendix D, where we also prove (Lemma D.2) that
it is polynomially equivalent to the depth-3.5" system used to prove the normal form theorem
[BKZ15]. Consequently a quasipolynomial-size depth-d AC°[2]-Frege refutation of a CNF yields a
quasipolynomial-size depth-3.5 refutation in our system with b = (logn)°@. Our main result, in
Section 5, proves superpolynomial lower bounds for this system whenever b = o(y/logn).

Theorem 1.4 (Superpolynomial size bounds for depth-3.5 AC® [2]-Frege). Let F' be a constant-width
CNF on n variables with no PC refutation of degree cn, and let G = F o Maj, with ¢ = ©(logn)
chosen as in Corollary 4.21, so that G has polynomial size. There is a constant o > 0, depending
only on ¢, such that for all sufficiently large n and all 1 < b < /1, every depth-3.5 ACO[Q] -Frege
refutation of G with bottom degree b has total size

1 3/2
logT > « ((%Z).
Since |G| is polynomial in n, the bound is superpolynomial in |G| for all b = o(y/logn), and equals
exp(Q((logn)3/?)) for constant b. Three remarks on what this theorem does and does not say.

First, by the simulation just described, the gap between this theorem and superpolynomial lower
bounds for depth-d AC°[2]-Frege is quantitative and lies in a single parameter: the bottom degree
is 0o(/logn) where it would have to be (logn)°@,

Second, the semantic barrier described above is at its most severe here. Already with b = 1 a single
term can be the conjunction of the negated literals of a clause, so the negation of the input CNF, a
DNF, is literally a line of the system, and the short semantic refutation described above (introduce
—F and eliminate its terms one at a time with the input clauses) uses only depth-3.5 lines. A lower
bound for this system is therefore necessarily a statement about the rules, not about the lines, and
the proof has to follow the rules one at a time; this is what Section 5 and Appendix D do.

Third, this is the one place where the majority lift is a prerequisite rather than an improvement. The
argument approximates each term by a polynomial of degree R = O(blogT') and then approximates
each line by a polynomial in these; Pang’s method can handle the second step only when R = O(logn),
which yields the trivial bound 7' > n®(1/%)_ It is the improved decay e =9/ Vo given by the majority
lift and more refined analysis that makes R = ©((logn)?/?) affordable and gives (38).

Consequences for total proof size. Finally, we derive size lower bounds for Res(PC) with no
degree restriction as corollaries of our line size lower bounds. In particular using a simple restriction
argument applied to the CNF G’ = G o Sel, where Sel, is a selector gadget (Definition 6.1), a
line-size lower bound for G becomes a total size bound of ¢% for G’, for a well-chosen choice of
parameter settings (Theorem 6.3). Applied to Theorem 1.3 this gives the following.

Theorem 1.5 (Size lower bounds for Res(PC) without a degree restriction). Let F' and G = FoMaj,
be as in Theorem 1.4, let N = nl be the number of variables of G, and let ¢ = N. Then G o Sel, is
an unsatisfiable CNF' of size polynomial in n, and every Res(PC) refutation of it, with no bound on
the degree of its polynomials, has total size

T > exp(Q((log n)5/2)).



We note that starting instead with Pang’s lower bound for F', the same argument gives only
T > exp(Q(log®n)).

1.2 The main idea

Pang’s Proof. Write every line as L = (u; = 1)V ---V (us = 1) with degu; < r, so that L is true
exactly when some u; = 1, and false exactly when its complement L = [[,(1 + u;) equals 1. Pang
assigns to each line a low-degree approrimator

t s
Pr = H qr,v; qrp =1+ Zauiuia ay; € Fy,
v=1 =1

built exactly as in the Razborov—Smolensky approximation of an OR. If L is false then every w; is
zero, hence every qr,, equals 1, and P, = 1. If P, =0 = someqr, =0 = someu; =1 =
L is true. So Pr, can only err in one direction: Py, = 1 while L is true, i.e. while some u; = 1. The
polynomials Pru; record precisely these errors. One then looks for a single multiplier f of degree at
most K that cancels every error for every line, in the algebraic sense

fPru; € Cp forall L,i, but f g Ch,

where Cp is the space of polynomials derivable from F'in PC degree D. The first family of conditions
lets one follow the refutation line by line and derive fP; € Cp for every L (Subsection 3.1); at
the empty final line P, = 1, giving f € Cp and contradicting the second condition. Everything
therefore reduces to a counting question: each error condition is a homogeneous linear equation on
the coefficients of f, and a suitable f exists as soon as the total number of independent equations,
summed over all S lines, is less than the number h of degrees of freedom in choosing f. Denoting
Vi to be the vector space generated by all monomials of degree at most K, h is the codimension of
CpNVk in Vik.

The degree barrier. Adding a factor ¢ to Py, makes every candidate polynomial f of the form
f =14 q)v with degv < K — r a solution of the new error conditions, since fg = 0 on the Boolean
cube. Pang’s matrix lemma (Theorem A.5 in Appendix A) shows that a good choice of ¢ turns
these into many new independent solutions, and the net effect of one factor is to cut the number of
independent equations by the factor

M, (K —r)
1—n, 1 ”77
where M, (j) = i:o (Z) counts the monomials of degree at most j. After adding ¢ factors to Py,

the line L contributes at most e~"h linear equations on coefficients of f, making a total of Se=""h
linear equations. If Se™"*h < h, then the desired f ¢ Cp exists and so the lower bound is log S > nt.
The approximating polynomials P;, have degree rt and all of f, Pr,u; must be multiplied together
inside PC degree D = cn, which forces K + 2rt < D. This is the obstacle: with K a constant
fraction of n below n/2, each step down in degree shrinks M, (-) by a constant factor, so n ~ (K/n)"
is exponentially small in r and the bound is nontrivial only for » = O(logn). To make 7 close to 1
one would need K close to n/2, where the binomial coefficients are flat; but then f has degree far
above D and PC cannot multiply by it.



Our Improvement. We prove lower bounds for substantially larger degrees by lifting F' with
majority gadgets. Substituting majorities gives us a way to decouple the two roles of “degree”. In
the lifted variables, every polynomial has a unique expansion

f(l‘) = Z foA(y)a Yi = Ma‘jf(xi,h cee )xi,f)7

AeA

where A selects at most (¢ — 1)/2 bits from each block and each coefficient f4 is a multilinear
polynomial in the original variables (Lemma 4.5). We measure f in two ways: its ordinary degree
deg, f, which is what the monomial counting sees, and its coefficient degree 3(f) = maxa deg,, fa,
which is what PC sees. The key example is a monomial that selects exactly (£ —1)/2 bits from every
block: its ordinary degree is about N/2, while 5 = 0 because its only coefficient polynomial is the
constant 1. More generally, 8(f) is the largest number of blocks in which a monomial of f selects
more than half the bits (Lemma 4.8). Multiplication by a polynomial v raises 8 by at most deg, v
(Lemma 4.10), and the lifted consequence space Cp = {f : f4 € Cp for all A} is closed under such
multiplications as long as the coefficient degree stays below D. Pang’s simulation therefore goes
through verbatim provided we impose 5(f) < @ := ¢n/16, and this restriction says nothing about

deg, f.

Why the gain is exp(—O(r/v?)). We may now take the ordinary degree of f close to N/2,
namely

K = {%—an\/q.

The offset any/? is forced by the restriction S(f) < Q: a uniformly random monomial of degree K
selects on average £/2 — a+/¢ bits from each block, which is about 2a standard deviations below the
majority threshold, so a given block is “heavy” with probability e_Q(“Q), and a union bound over
sets of Q + 1 blocks shows that all but an e~(") fraction of the monomials of each degree through
K satisfy f < @ (Lemma 4.19). Thus the extra restriction costs only an exponentially small fraction
of the available coefficients of f, which is what the modified rank argument of Appendix B absorbs.
On the other hand, at this K the ratio of consecutive binomial coefficients is

N N\ K L Aa
K—l/K TN-K+1 7

so stepping down 7 degrees costs only a factor exp(—O(r/v/¥)) rather than exp(—O(r)) (Lemma C.1).
This replaces n ~ (K/n)" by n > 1 exp(—Cr/v/?), and the line bound becomes log S > %e‘c’”/‘/z.
Nothing else in the argument changes: the number of factors is still ¢t = ©(D/r), and D = cn is
still the PC degree of the original formula, because PC only ever interacts with the coefficient
polynomials.

The price. Block length ¢ buys degree r ~ v/ log n before the bound degenerates, but the lifted
CNF has N = n/ variables, width O(¢) and encoding length exp(©(¥¢)) once ¢ > logn. Taking
¢ = ©(logn) keeps G polynomial-size and reaches r = (logn)3/?; taking ¢ = ©(r?) reaches any
r = o(n'/3) at the cost of a formula of size exp(©(r?)), against which the bound exp(Q(n/r)) is
still superpolynomial. Note that already at r > w(G) = ©(¢) a single line can express the negation
of any input clause of G, so a semantic refutation always exists in the whole range we consider.
Therefore the lower bounds here are necessarily syntactic.



1.3 Recent related work

In a recent manuscript, Conneryd [Con26] proves that a random k-CNF on n variables with n2k
clauses, for w(1) < k < O(logn), requires polynomial-calculus degree n/2 — O(n/Vk) over every
field. Pang’s degree—size relation needs a degree this close to n/2 to say anything about ACO[p]—Frege
(Conneryd points out that even at depth two it requires n/2 —o(n)), and for k = ©(logn) he obtains
size lower bounds of exp(Q((logn)3/?)) for depth-two AC?[p]-Frege [Con26, Corollary 1.2]. His work
is independent of ours, and we learned of it only after obtaining our main results. The two are
closely related: applying Pang’s argument directly to a random (logn)-CNF, with his degree bound
in place of the lift, gives the Res(PC,) lower bounds of Section 4 for ¢/ = O(logn); and running the
proof of Theorem 1.4 with a random (logn)-CNF in place of F' o Maj, would give the same lower
bound for depth-3.5 AC?[2]-Frege. We stress that this depth-3.5 statement is not in [Con26], whose
results concern depth two.

We nevertheless regard the lift as the more promising approach, for two reasons. First, it is a
black-box transfer: it starts from degree 2(n), which is known for many formula families, rather
than from a degree within o(n) of n/2 proved for one family. Second, it is not a degree bound in
disguise. By substitution, F' o Maj, has polynomial-calculus degree at most ¢ - degpc(F) + O(wf), a
fraction of N no larger than degpq(F)/n, so Pang’s relation applied to the lifted formula itself gives
nothing; the argument runs instead over the space éD, which is the consequence space of no formula.
Pang’s framework uses only a few properties of the target space, and Section 4 is the first instance
in which that space is not the consequence space of the formula being refuted. This separates two
routes for AC°[2]-Frege: One is a degree bound: if for every constant C' there is a polynomial-size
CNF of width polylog(n) with PC degree at least n/2 —n/(logn)® over Fy (the open problem stated
in [Con26]), then the proof of Theorem 1.4, run without the lift, gives logT > Q((logn)“+1/b) for
bottom degree b, hence superpolynomial lower bounds for all b = polylog(n) and so, by the normal
form of [BKZ15], for AC°[2]-Frege. The other is constructing a better target space: the restriction
B(f) < D imposed by the input clauses is what pins the multiplier’s degree at N/2 — ©(N/V/¥),
and whether a different construction can do better is a question that arises only on this route.

Secondly, a recent paper [AGIPRT26] obtains exponential line lower bounds for Res(PC,) over Fy
when r < elogn. This paper also proves superpolynomial lower bounds for semantic depth-four
polynomial calculus with unrestricted bottom fan-in, and semantic depth-d AC°[2]-Frege lower
bounds for unsatisfiable formulas of depth-d. The main distinction is that [AGIPRT26] is stronger
in the sense that all of the results obtained there hold for semantic versions of the proof systems,
whereas the results of this paper only hold for syntactic systems, which is a necessary restriction for
proving AC°[2]-Frege lower bounds.

Organization. Section 2 gives the definitions. Section 3 presents Pang’s proof, and Section 4
proves the majority improvement. Section 5 proves the lower bound for depth-3.5 AC°[2]-Frege, and
Section 6 removes the degree restriction for Res(PC) by a random-restriction argument. Appendix A
proves the one-factor selection argument, Appendix B supplies the rank argument with the coefficient-
degree restriction, Appendix C the counting estimates, and Appendix D the rules of depth-3.5
ACP[2]-Frege and the verification that the two-level approximation preserves them.

2 Definitions



Definition 2.1 (Boolean polynomials and degree).

Throughout this paper all polynomials are over Fo. We identify a function on a Boolean cube with
its unique multilinear polynomial. Products used as identities of functions are multilinearized, using
22 = z for each variable z. For any formal polynomial p, the notation ML(p) denotes its unique
multilinear representative on the Boolean cube, obtained by replacing every positive power of a

variable by that variable. The degree of such a function is the degree of its multilinear polynomial.

Definition 2.2 (Encoding a CNF by polynomial equations).

Let F be a width-w(F) CNF in the Boolean variables yi,...,y,. We encode F' by polynomial
assertions with right-hand side one, whose Boolean solutions are exactly the satisfying assignments
of F. The standard convention in polynomial calculus and in Res(PC) is that a polynomial p asserts
p = 0. Throughout this paper we instead write every assertion with right-hand side one, p = 1.
This is purely a matter of notational convenience: p = 1 is the same assertion as 1 + p = 0, and the
reader may translate at any time by passing to the complement 1 + p, which changes no degree and
at most doubles the number of monomials. We adopt it because the lines of Res(PC) below are
disjunctions of equations u; = 1, and with this convention the polynomial u; is the truth indicator of
its own equation, which keeps the approximation argument of Sections 3 and 4 free of complements.

For a literal A, write A(y) for its truth polynomial: y; for the positive literal y;, and 1 + y; for the
negative literal —y;. For each clause J, define its truth polynomial and assert

aj(y) =1+ [[A+Aw), asly) =1
AeJ

The polynomial a is one exactly when J is satisfied; its complement J := 1 +a; =[] AeJ A, where
X := 1+ ), is one exactly when J is falsified. The polynomial encoding of F consists of these
assertions, together with the Boolean axioms y? = y;, for i € [n], which in the right-hand-side-one
convention read 1+ .%2 +y; = 1.

Definition 2.3 (Polynomial calculus).
A polynomial-calculus (PC) derivation starts with the assertions in the polynomial encoding of F'.

To perform the algebraic calculations, represent an assertion p = 1 by the polynomial 1+ p, obtained
by moving the right-hand side to the left. We call p := 1 + p the complement of the assertion;
it vanishes exactly when the assertion is true. (Over Fg, the field used throughout, 1 + p is the
negation of the Boolean function p.) The same bar is used for variables and literals: 7; = 1 + y; is
the truth polynomial of the negative literal —y;.

PC may take a scalar linear combination of two previously derived complements, or multiply a
previously derived complement by a variable. A complement a represents the assertion 1 +a = 1.
The degree of a derivation is the maximum formal degree appearing in it. A refutation derives 0 = 1,
whose complement is the constant polynomial 1.

Definition 2.4 (The space Cp).

Let F(yi,...,yn) have width w(F') < D, and let G be its polynomial encoding. The vector space
Cp consists of the multilinear complements obtainable from Gr by PC derivations of degree at
most D. Thus

peCp <= PCderives1+p =1 from F in degree at most D.

In particular, if F' has no degree-D PC refutation, then 1 ¢ Cp. The linear spaces and matrices
below use these complements; the asserted proof lines have right-hand side one.



Multilinearization can be implemented with the Boolean equations without increasing the degree of
the polynomial being reduced. We record the following simple multiplication rule for the vector
space Cp.

Fact 2.5 (Multiplication rule).
u € Cp, deg,u+deg,v <D = wv€Cp. (2)

Definition 2.6 (Res(PC)).
Res(PC) generalizes Res(®) by replacing disjunctions of linear equations with disjunctions of
polynomial equations. A line has the form

L=(u=1)V---V(us=1),

where the u;’s are polynomials over Fy. We call u; = 1 the equations of L and the w; its polynomials.
On a Boolean assignment the equation u; = 1 holds exactly when the polynomial u; takes the value
one, so u; is the truth indicator of its own equation, and L is true exactly when some u; = 1. (Recall
from Definition 2.2 that we write equations as u = 1 rather than the standard v = 0; Pang [Pan26]
uses the standard form, and the two are interchanged by complementing every displayed polynomial,
with no change in the number of lines or the degree bound.) For a line L, let L denote the complement

of L:

i i
So L is the product of the complements of its equations; as a Boolean function L = 1+ L, i.e. L is
one exactly when L is false.

The rules are weakening, contraction, deletion of the false constant equation 0 = 1, linear combination

AV(@u=1) BV@w=1)

AVBV(w=1) ' TTUtD
and multiplication
AV (u=1) S —
AV (w=1) -

Both are sound because @ = v = 0 forces w = 0; they are the usual rules applied to the complements
7 and . The default axioms are the true equation 1 = 1 and, for each variable, the line (y; =
1) V (y; = 1). The latter is of course a tautology, but it is not the same line as 1 = 1: its two
equations are non-constant and can be acted on by the polynomial rules. It is what gives the system
the Boolean relation y? = y;, which the formal multiplication rule does not know by itself (multiply
the first equation by y;, the second by ¥;, and contract to obtain y;7; = 0). It plays the role of
x V —z in resolution over parities. Input clauses are expressed as disjunctions of degree-one equations
(A =1), one per literal.

A refutation of F' is a sequence of such lines, each of which is an axiom, an input clause, or
follows from earlier lines by a rule, and whose final line is the empty disjunction. Its degree is the
maximum formal degree of a polynomial in it. The system Res(PC,) restricts every polynomial in
the refutation, including the conclusions of rules, to degree at most r. Without this restriction we
write Res(PC).
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Definition 2.7 (Line Size and Total Proof Size).

For a Res(PC) refutation II, its line size, S(II) is the number of lines in II. Its total size, T'(II) is
the number of monomial occurrences in II, where every polynomial in II is written as an explicit
sum of monomials. This is the usual monomial-size measure for polynomial calculus; it differs from
the size of II in bits by a factor polynomial in the number of variables, which is immaterial for the
superpolynomial bounds proved here. Note that S <T.

Sections 3 and 4 count only lines and therefore use S, regardless of the number of monomials in an
equation. Sections 5 and 6 count the total size T.

Definition 2.8 (Monomial count).
Let M, (K) := Efzo (?) denote the number of multilinear monomials over n variables of degree at
most K. Let Vi, denote the space of all multilinear polynomials over n variables of degree at most

K. Note that dim(Vk ), the dimension of Vi, is equal to M, (K).

3 Pang’s proof

Fix an S-line Res(PC,) refutation II of F(y1,...,¥yn), and assume F has no PC refutation of degree
at most D. Recall that Cp records complement polynomials as in Definition 2.4, and 1 ¢ Cp. We
will obtain a contradiction if S is too small. Products and polynomial identities are interpreted
after multilinearization, as in Section 2.

We choose a low-degree product Py, for every proof line L, and one common polynomial f for the
entire proof. The assertion Pr, = 0 approximates L. Multiplication by f corrects its errors in the
sense of membership in Cp. We choose f outside Cp; the local rules will force f into Cp, giving
the contradiction.

Definition 3.1 (Lower Bound Conditions and Approximators).
Let IT be an alleged Res(PC,.) refutation, and write each line as L = \/;_;(ur; = 1). When the line
is fixed, we write u; for its polynomials. For each line choose t factors

s
qrv = 1+ZauiuL,i7 Ay €F27 V= 17"'7t7 (3)
=1

and define its line approximator by

t
Pr, = H qrvs so that deg Pr, < tr.

v=1

At the final empty line every factor is one and Py, = 1. The coefficients a,; are free parameters of the
definition; they are chosen in Subsection 3.2, where the choice is what makes the counting work, and
nothing in Subsection 3.1 depends on it. This is exactly the Razborov—Smolensky approximation of
the OR of the u;. We want to show that there exists line approximators { Py, | L € II} plus a single
polynomial f, the multiplier, that together satisfies:

(0) (Degrees) deg f < K, where the parameters satisfy
r< K <n, t>1, K +2rt +2r +2w(F) < D. (4)

(1) (Error conditions) fPrur; € Cp for every line L and every equation ur,; = 1 of that line.

(2) (Condition on the multiplier) f ¢ Cp.

11



3.1 Simulation: what the conditions say, and what the induction will show

Before the formal argument it is worth being explicit about the meaning of the three objects Pr,
f and fPr, because the induction below is nothing but this meaning written out in polynomial
calculus.

1. Pp is a one-sided approximation of L. Recall that L = [[;(1 + u;) is one exactly when L is
false. If L is false at an assignment then every u; is zero there, so every factor gr, , equals
one and Pr, = 1. Thus Pr, never claims that a false line is true. It can only err in the other
direction: P, = 1 while L is true. The error set of P, (with respect to L) is

Err(Pr) :={a € {0,1}" : Pr(a) =1 and L is true at a} = U{a : Pr(a)ui(a) = 1},

so the products Pru; are exactly the indicators of the errors that P;, makes with respect to L.

2. f is the indicator of the assignments on which we trust the approximation. Consider the
error conditions (1) pointwise for a moment: fPru; = 0 as a function says that f vanishes
on Err(Pr). In other words, on the support supp f = {a : f(a) = 1} no approximator ever
errs, so on supp f each Pp is the complement L. The actual condition (1) replaces “fPru;
vanishes as a function” by “PC derives the assertion 1 + fPru; = 1 from F in degree D”.
Neither implies the other in any useful sense: since F' is unsatisfiable, every polynomial is
semantically a consequence of F', so membership in C'p says nothing about the values of fPru;
and everything about degree. It is what allows the derivations below to use the condition. (In
the terminology of Appendix A, the pointwise reading is the case C' = {0} of the one-factor
argument and the actual condition is the case C' = Cp.)

3. fPp € Cp says that degree-D PC proves L on supp f. Since Py, is exact on supp f := f~1(1),
the assertion 1+ fP;, = 1 says: wherever f = 1, the line L is not false. So a PC derivation of it
from F' is a PC proof of the relativised line “L holds on supp f”, or equivalently a derivation of
L from FA(f =1); and fP;, € Cp says more than that L holds there, namely that polynomial
calculus proves it in degree D. The induction below converts the given refutation II, line by
line, into such relativised derivations, all in degree D. At the empty line P;, = 1 and the
relativised line reads f = 0: the conversion ends with a degree-D refutation of F'A (f =1). In
words, II yields a PC refutation that is correct on every assignment outside the error sets, and
we never have to look at the remaining assignments because f is zero there. Condition (2)
says precisely that no degree-D derivation from F' ends with f = 0. (Semantically f = 0
does follow from F', since F' is unsatisfiable; the content of (2) is entirely about degree.) The
contradiction between the converted proof and (2) is the lower bound.

Proposition 3.2 (Simulation). Suppose f and the approzimators Py, satisfy conditions (0) and (1)
of Definition 3.1. Then fPr € Cp for every line L of II. In particular, taking L to be the final
empty line, f € Cp.

Corollary 3.3. No f satisfies all three conditions of Definition 3.1 simultaneously. Consequently,
if Subsection 3.2 produces approximators and an f satisfying (0)—(2) whenever S is small, the
refutation 11 cannot have that few lines.

The rest of this subsection proves Proposition 3.2. Throughout we use the multiplication rule (2):

u € Cp and degu + degv < D imply uv € Cp. All identities are between multilinear polynomials,
i.e. between Boolean functions; in particular wu = 0 for every u.

12



Three facts about a one-sided approximator

The induction rests on one algebraic identity, which is the exact polynomial form of “ Py, is one-sided”,
and on two consequences of it.

Lemma 3.4 (One-sidedness as an identity). For every line L = \/;_,(u; = 1) there are polynomials
Ura,...,UrLs of degree at most (t — 1)r with

1+Pp=> Upiu. (5)

=1

Proof. Multiplying out one factor at a time, [[,<, g0, = [l,<, g0 + (1 + qr ) [1h<p qr0, and
summing over u = 1,...,¢ telescopes to

t

1+ P, => (1+qry) [[ e
pu=1 v<p

Substituting 1 + qr,, = >; auiu; and collecting the coefficient of each u; gives (5) with Ur; =
ZN Qi Hu<u qL,v- O

The identity says that 1 4 Pr, lies in the ideal generated by the polynomials of L. In particular, if
L is false, so that every wu; is zero, then Pr, = 1: the approximator never declares a false line true.
This is the one-sidedness of Py, in a form that can be multiplied by other polynomials.

The first consequence concerns a line L obtained from L’ by a structural rule (weakening, contraction,
deletion of 0 = 1): then every equation of L’ with nonzero polynomial occurs in L, and semantically
L’ implies L, so “L false” implies “L’ false”. The lemma is this implication, P;, = Pp, relativised to
supp f, where the approximators are exact.

Lemma 3.5 (Transfer between lines). Let L, L' be lines such that every equation of L' with nonzero
polynomial also occurs in L. If f satisfies the error conditions for L, then

fPL(l + PL/) (S CD,
with all products of degree at most K + 2rt.
Proof. By Lemma 3.4 for L', fPr (14 Pr/) =>; U ; (fPrur ;). Each nonzero up, ; is a polynomial

of L, so fPrurs; € Cp by the error conditions for L; multiply by Uy ;, of degree at most (t — 1)r,
using K +rt+r+ (t —1)r = K +2rt < D. O

Lemma 3.6 (The surviving disjunct is true). Let L' = AV (u = 1) be a line with fPy € Cp,
and let L be a line containing every equation of A (and possibly others). If f satisfies the error
conditions for L, then

ﬂfPL ECD. (6)

The derivation uses products of degree at most K + 2rt + r, and the polynomial in (6) has degree at
most K +rt +r.

Proof. Apply Lemma 3.4 to L', separating the term for the equation u = 1:

fPiUf+Fb)=:§:Uiu(meu)+—Uymffiw
ieA
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The sum over A lies in Cp exactly as in Lemma 3.5, since every u; with ¢ € A is a polynomial of L.
Adding Pp, - (fPp/) € Cp (degree K + 2rt) therefore gives

fPr+ ULfyuufPL e Cp.

Multiply by @, of degree at most r. Since wu = 0, the second term disappears and (6) remains. []

Semantically: L’ holds on supp f (induction hypothesis); where L is false all of A is false; so on
supp f N{Pr, =1} the only disjunct of L’ that can be true, u = 1, must be true. That is u f P, = 0.

The last fact is what turns the error conditions into the conclusion fP; € Cp. The error conditions
alone do not give it: they say that fPpu; € Cp for each equation, i.e. they control the points of
supp f N {Pr, = 1} at which some equation of L is true, and say nothing about the points at which
the equations are all false. The extra hypothesis below supplies exactly that: for a set J of equations
of L, it says that on supp f N {Py, = 1} the equations in J cannot all be false. Together the two
cover every point, and the telescoping identity in the proof is this case split written algebraically.
In the simulation J is a single equation for the inference rules, and the set of all equations of the
clause for an input clause.

Lemma 3.7 (Closing a line). Let L be a line, let J be a set of equations u; = 1 of L, and put
9 =1ljesu;. If gfPrL € Cp and [ satisfies the error conditions for L, then fPr € Cp. The
products used have degree at most K + rt + deg g + max;c s degu,;.

Proof. Order J as ji,...,ji and expand 1 =[], (u;,, + uj,,) by the telescoping identity

k k
V=TT @+ > ( TT )t
m=1 m=1 m/<m
Multiplying by fPr, the first term is g fP;, € Cp by hypothesis, and the m-th summand is a
multiple of fPru;, € Cp by the error conditions. O

Proof of Proposition 3.2

We prove fPr, € Cp by induction along II, one case per rule. In each case the strategy is the same:
the premises give relativised lines fPr € Cp; Lemma 3.6 turns each premise into the statement that
its active equation is true on supp f N{Pr, = 1}; the rule’s soundness turns these into the statement
that the new equation of L is true there; and Lemma 3.7 contradicts this with the error conditions for
L, which say that it is false there. All degree bounds quoted are at most K + 2rt 4 2r + 2w(F) < D

by (4).

Default axioms. For L = (1 =1) the only polynomial is the constant 1, so the error condition
reads fPp € Cp directly. For L = (y =1) V (y = 1), the polynomial of the second equation is 7, so
the error condition for it reads 7 fPr, € Cp; this is the hypothesis of Lemma 3.7 with J = {y = 1}.
Hence fPp € Cp. (Degree K + rt + 2.)

Input clauses. L = (A =1)V---V (A = 1) with s < w(F), whose complement L = [[; A; is
exactly the polynomial C' of Definition 2.2 for this clause C; since ac = 1 is an input assertion,

L € Cp. Multiplying by fPp, gives L fP; € Cp (degree K + rt +w(F)), which is the hypothesis
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of Lemma 3.7 with J the set of all equations of L (degree K + rt + w(F')). Hence fP; € Cp.
Semantically: on supp f N {Pr = 1} every literal of the clause is false, so the clause is falsified,
which the input assertion forbids.

Weakening, contraction, deletion of 0 = 1. Every equation of the premise L’ with nonzero
polynomial occurs in the conclusion L (the deleted equation 0 = 1 has polynomial 0). By Lemma 3.5,
fPp(1+ Prs) € Cp, and the induction hypothesis gives Pr,-(fPr/) € Cp. Their sum is fPr. (Degree
K +2rt.)

Linear combination. Premises AV (u=1) and BV (v = 1), conclusion L = AV BV (w =1)
with W = u + 7. Both A and B are contained in L, so Lemma 3.6 applied to each premise gives

u fPr € Cp, v fPr, € Cp, hence wfP,=ufP,+vfP; € Cp.

This is the hypothesis of Lemma 3.7 with J = {w = 1}, so fP;, € Cp. (Degree K + 2rt +r.)

Multiplication. Premise AV (u = 1), conclusion L = AV (w = 1) with W = wv, where degw < r
but v is unrestricted. Lemma 3.6 gives @ f P, € C'p. Multiply by the polynomial @ of the conclusion,
not by v; since degw < r, the product has degree at most K + rt + 2r. Since uw = wuv = w, this
gives w fPr, € Cp. Lemma 3.7 with J = {w = 1} then gives fP;, € Cp. Note that the multiplier v
never enters the calculation; only the conclusion does.

The empty line. It is obtained by one of the rules above, and P;, = 1; the corresponding case
gives f = fPp, € Cp. O

Remark (What was used). The induction used exactly three things: the one-sidedness identity (5),
which is a property of the form of Pr, and holds for any choice of the factors; the error conditions (1),
always for the conclusion of the rule being simulated; and the degree budget (4). The choice of the
factors matters only in Subsection 3.2, where it is made so that the error conditions impose few
independent linear conditions on f and an f ¢ Cp survives. The simulation itself is indifferent to
that choice. This separation is what makes the argument portable: in Section 4 the same induction
is run verbatim over the lifted consequence space CD, with the multiplication rule (2) replaced by
Lemma 4.10 and deg replaced by the coefficient degree 5.

3.2 One multiplier for all lines

In this subsection we prove the existence of approximators P; and a multiplier f satisfying the
conditions of Definition 3.1. Precisely, we prove Corollary 3.13 below: if

M, (K —r
log S < nt, 772%1\4( (K))’

then there are approximators Pr, one for each line, and an f € Vi \ Cp satisfying all the error
conditions. Together with Corollary 3.3 this gives log.S > nt for every refutation, which is Pang’s
bound once the parameters are set in Subsection 3.3.

The argument is linear algebra. Recall that Cp is a linear subspace of the polynomials, so for a fixed
line and a fixed approximator the error conditions fPru; € Cp are homogeneous linear equations in
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the coeflicients of f. We choose the approximators so that the sum, over all lines, of the numbers of
independent equations is small; the common solution space then has dimension larger than Vi NCp,
and hence contains a polynomial f ¢ Cp. Definition 3.8 specifies exactly how many independent
equations we can afford.

Definition 3.8 (Multiplier space and the threshold h).
For a degree bound j, let V; be the vector space of multilinear polynomials in yi,...,y, of degree
at most j. Its dimension is M,,(j), as defined in Definition 2.8. Put

B =V NCh, h=M,(K) — dim B.
Thus B consists of the possible multipliers already belonging to Cp. Since 1 ¢ Cp, we have h > 0.

For each L, we will show that the subspace of good f’s can be described by the solutions to a linear
system of less than h/S equations (where the underlying variables correspond to the coefficients of
the polynomial f). Therefore by a union bound, the subspace of f’s that are simultaneously good
for all lines can be described by solutions to a linear system with less than h equations. Since fewer
than h independent homogeneous equations on the M, (K) coefficients of f leave a solution space of
dimension greater than dim B, there must exist a single f € Vi that is good for all lines in II and
that is not in Cp, thus satisfying condition (2) as well.

Definition 3.9 (Error matrices).

Choose a basis of the subspace Cp in reduced row echelon form with respect to the monomial basis
of the polynomials: each basis element has a distinct leading monomial, its pivot, and the pivots do
not occur in the other basis elements. Extend it to a basis of all multilinear polynomials by adding
the monomials that are not pivots, the nonpivot monomials. Every polynomial p is then uniquely
an element of C'p plus a combination of nonpivot monomials; call the latter combination remp(p),
the remainder of p modulo Cp. The map p — remp(p) is linear, and remp(p) = 0 exactly when
p € Cp.

Now fix a line L = \/;_; (u; = 1) and an intermediate approximator P =[], g, for it. For 0 < j < K,

let
Ty, pj: V; — (polynomials)®, [+ (remp(fPuy),... ,remp(fPus)),

the linear map that sends a multiplier f of degree at most j to the remainders of the s products
that the error conditions for L require to lie in Cp. As a matrix, Ty p; has one column for each
monomial y4 = [Taca Ya with |A] < j, and one row for each pair (i, ) of an equation u; = 1 of L
and a nonpivot monomial u, with entry the coefficient of y in rem D(yAPuZ-). Its kernel and rank are

Zp(j) ={f €V, : fPu; € Cp for every i} =ker Ty, p;,
cp(j) =rank Ty p; = M, (j) — dim Zp(j).

We drop L from the notation when the line is fixed.

Thus f € Vj satisfies the error conditions for L with approximator P exactly when f € ker T, p,
and cp(j) is the number of independent linear equations that this membership imposes on the M, (7)
coefficients of f. Our goal is therefore to choose an approximator Py, for every line L and then to find
a single f € Vg with f ¢ Cp and Ty p, x(f) = 0 for all lines L. Being in the kernel of all these maps
simultaneously imposes at most Y cp, (/) independent equations on f, while h = M,,(K) — dim B
is the number we can afford: if fewer than h independent homogeneous equations are imposed on
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Vi, the solution space has dimension greater than dim B and so is not contained in B = Vi N Cp.
Thus we want to choose the approximators so that

> ep (K) < h. (7)
L

Choosing the factors of each approximator. We work on one line at a time, always at the
same fixed degree K, and build the approximator of the line one factor at a time, starting from
P = 1. The next lemma is the key step: each new factor can be chosen to remove a fixed fraction
of the remaining independent conditions. Applied ¢ times to each line, it makes every cp, (K)
exponentially small in ¢, and then (7) follows by summing over the S lines. For the starting point,
let L =\/,(u; =1) be aline in IT and P = 1. Every f € B satisfies fu; € Cp, by multiplication
within degree K +r < D, so B C Z;(K) and

c1(K) < h. (8)

Lemma 3.10 (One-factor gain). Let L = \/;(u; = 1) be a line of II, so that degu; < r, and let
P=T_,q, with j <t—1, be an intermediate approzimator for L; recall that K + 2rt + 2r < D
by (4). Then some factor ¢ = 143, a;u;, with a; € Fa, has the following property. Setting P' = Pq,
we have

cp(K) < ep(K) — 3ep(K — 7). 9)

The update multiplies each product fPu; by g, so it preserves every old good multiplier and makes
every polynomial (1 + ¢q)v, with v € Vi _,, a good multiplier. The main task is to choose ¢ so that
these candidates contribute at least ¢p(K —r)/2 independent solutions beyond the old solution space.
Appendix A proves Lemma 3.10. It does so by proving a more general statement (Theorem A.2)
in which Cp is replaced by an arbitrary subspace C of the multilinear polynomials that is closed
under multiplication within the degree budget D, as in Fact 2.5; nothing else about Cp is used.
The lemma is the case C = Cp.

The gain involves degree K —r, whereas the current conditions are counted at degree K. Lemma 3.11
compares the two.

Lemma 3.11 (Degree comparison). For every intermediate P,

M, (K —r)

cp(K —7r) > M(K)

cp(K). (10)

Proof. Order monomials by degree, breaking ties lexicographically; the leading monomial of a
nonzero polynomial is its largest monomial in this order. Row reduction of a basis of Zp(K') shows
that c¢p(j) counts the monomials of degree at most j that are not leading monomials of elements of
Zp(K). Here we use Zp(j) = Zp(K)NVj.

These counted monomials are closed under taking divisors. Indeed, if a monomial is leading for
a solution, multiplying that solution by a variable absent from the leading monomial makes the
enlarged monomial leading for another solution, as long as its degree is at most K. The products
fPu; remain in Cp because K +deg P +r < D.

Let b; count the counted monomials of degree exactly j. Each counted degree-(j + 1) monomial has
7 + 1 counted divisors, while each degree-j monomial has at most n — j extensions. Therefore

(7 + 1)bjr1 < (n—j)b;.
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It follows that b;/ (7;) is nonincreasing in j. Its cumulative weighted average

cp (.7) _ é:o ba
Mn (]) fl:O (n)

a

is therefore also nonincreasing in j. O

Apply both lemmas and iterate. Choose ¢ using Lemma 3.10 and set P’ = Pq. Substituting
Lemma 3.11 into the term being subtracted gives the one-factor inequality
| My (K =)

CP'(K)SCP(K)—iwcP(K):(1—77)CP(K)> n=

M, (K —r)
M)

DN | =

where 7 is the fraction of conditions removed per step. We now iterate this, separately for each line.

Proposition 3.12 (The approximation estimate). Suppose t,r > 1, r < K, and K + (t + 2)r < D,
and let n = %MH(K —r)/M,(K). For each line there is an approximator Py, built from t factors of
the form 1+ >, a;u; such that

cp,(K)<(1—n)h<eh. (12)

Proof. Fix a line L = \/;(u; = 1). Define approximators PO pM  P® for L inductively:
PO =1 and PUtD = P(j)qj, where ¢; = 1+ >, a;u; is the factor that Lemma 3.10 provides
for the line L and the approximator P\Y). Before the last factor is added, deg PY) < (t — 1)r,
so K + (t +2)r < D implies the degree hypotheses of Lemmas 3.10 and 3.11, and (11) gives
cpi+n (K) < (1 —n)epy) (K) for each j < t. By induction, starting from c¢po) (K) = ¢1(K) < h (8),
we get cpy (K) < (1 —n)th. Put P, = P®), O

Corollary 3.13 (A common multiplier). Under the hypotheses of Proposition 3.12, if

log S
n

t2>

; (13)

then there are approzimators and an f € Vi with f ¢ Cp and fPru; € Cp for every line L and
polynomial u; of L. Consequently every S-line refutation satisfies

log S > nt. (14)

Proof. Stack the error matrices T p, x of all S lines. By (12) their total rank is at most
> rep, (K) < Se"h, which is less than h when (13) holds strictly; the common solution space then
has dimension greater than dim B, so it contains an f ¢ B, i.e. f € Vg \ Cp. Such an f contradicts
Proposition 3.2, so ¢t < log S/n, which is (14). O

3.3 Setting the parameters and obtaining the bound

It remains to choose K and ¢ within the budget (4) and to estimate 1. The estimate rests on the
elementary bound
Ma(G—=1) _ J
M,(j) ~n+1
which follows from j(7}) = (n —j +1)(;*)) < (n —j +1)My(j — 1).

(15)
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Theorem 3.14 (Pang’s degree—size relation; Theorem 1.1 restated). Let F' be an unsatisfiable CNF
on n variables with no PC refutation of degree at most D, where max{32r,8w(F)} < D <n. Then
every S-line syntactic Res(PC,) refutation of F satisfies

D D \"
1 > — . 1
085 2 155, (16n> (16)
Proof. Take K = | D /4] and t = | D/(167)|. These satisfy (4) and K+ (t+2)r < D, and t > D/(32r).
Multiplying (15) for j = K —r+1,..., K, where j > 7D/32, gives n > 3(D/(16n))". Substituting
into (14) gives (16). O

For D = ©(n) and constant input width, this is a line-size lower bound of exp(€2(n)) for constant r,
and exp(n®?M) for r a sufficiently small constant multiple of logn.

4 Majority substitution with variable block length

Pang’s argument has one quantitative bottleneck, already identified in Section 1: each new factor of
Py, removes a fraction n = 3 M, (K — r)/M,(K) of the remaining error conditions, and because the
degree K of the multiplier must stay a constant fraction below n/2, this fraction is about (K/n)",
exponentially small in 7. The useful degree range is therefore r = O(logn). Near degree N/2 the
binomial coefficients are flat and the same fraction would be close to 1/2; but a multiplier of degree
N/2 is far outside the range in which polynomial calculus can multiply by it.

Majority substitution resolves this by giving a polynomial in the lifted variables two degrees. We
expand it in a basis whose coefficients are polynomials in the original variables (Subsection 4.1).
The ordinary degree deg, f, which is what the monomial counting sees, may then approach N/2; the
coefficient degree 5(f), which is what polynomial calculus sees, stays below the original threshold D.
The rest of the section does three things: it defines the lifted consequence space CA’D and checks
that the simulation of Section 3.1 runs over it (Subsection 4.2); it shows that imposing 5(f) < @
costs an exponentially small fraction of the available multipliers, so that Pang’s rank argument
survives with an additive loss (Subsection 4.3); and it sets the parameters and proves Theorem 4.20
(Subsection 4.4). The majority basis and the counting ideas come from the majority-based correlation
arguments [Smo87, CHL'26]. Appendix B contains the modified rank argument and Appendix C
the counting estimates.

4.1 The lifted formula and the majority basis

Definition 4.1 (Majority).
Let £ be odd and put m = (£ — 1)/2. On {0,1}%, let Hy be the set of inputs with at most m ones
and H; the set of inputs with at least m + 1 ones. The function Maj, is zero on Hy and one on Hj.

Definition 4.2 (The lifted CNF).
For each original variable y; introduce a block x; = (z1,...,2;¢) of £ new variables, and put

hi(x) = Maj,(x;), N =n¢;

the polynomial h; is the lifted variable y;, and it is used below to expand polynomials in the lifted
variables. The CNF G is F' with y; replaced by h;: replace each positive literal y; of F' by the CNF
Ajaj=m+1 Vaca Tia of Maj,(z;), each negative literal by the CNF Ajaj=m+1 Vaca "Tia of = Maj,(z;),
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and distribute each clause into CNF'. The result is G = F' o Maj,. Throughout, Cp continues to
denote the consequence space of F' in the original variables.

A clause of width w in F produces at most 2% clauses of width at most w(m + 1) in G. For a
polynomial-size, constant-width F' this gives

N =nt, w(G) <w(l+1)/2, log|G| = O(logn + ¢),

where |G| is the written encoding length. So ¢ = ©(logn) keeps G polynomial-size, and larger blocks
are paid for in input length.

The ideal of the majority. Fix the ¢ variables z1,...,xy of a single block, and write h =
Maj,(z1,...,x¢) for its majority. For this definition we will be working in the Boolean ring of
multilinear polynomials over this block of variables. Call a monomial 27 = [],¢, ® light if |o] <m
and heavy if |o| > m + 1; since £ = 2m + 1, there are 27! of each. Let V<m be the span of the light
monomials, i.e. the polynomials of degree at most m. The following lemma is the algebraic form of
the splitting of a Boolean function along the majority used in Smolensky’s argument.

Lemma 4.3 (The ideal of the majority). In the Boolean ring of one block:

(i) The multilinear polynomial h is a sum of heavy monomials, and xh = z° for every heavy
monomial x. Consequently the ideal (h) generated by h is exactly the span of the heavy
monomials, which is also the space of functions vanishing on Hy; and the light monomials
form a basis of the quotient by (h).

(ii) Every nonzero polynomial vanishing on Hy has degree at least m + 1. Consequently v — hv is
injective on Ve, and {hz? : |o| < m} is a basis of (h).

(iii) Every polynomial p has a unique expansion p = u + hv with degu,degv < m.

Proof. (i) The coefficient of z7 in the multilinear expansion of a Boolean function g is > ., g(1+)
modulo 2, where 1, is the input with ones exactly on 7. If |o| < m then every 1, with 7 C o has
at most m ones, so h(1,) = 0 and the coefficient vanishes: h is a sum of heavy monomials. If 27
is heavy and z7(z) = 1 then x has at least m + 1 ones and h(z) = 1, so xh = z? as functions.
Hence every heavy monomial lies in (h); conversely the span of the heavy monomials is an ideal
(multiplying a heavy monomial by a variable gives a heavy monomial or itself) that contains h, so it
contains (h). Heavy monomials vanish on Hy, and they are 2~! independent elements of the space
of functions vanishing on Hp, which has dimension 2¢ — |Hy| = 2¢=1: 50 they span it. The light
monomials are the remaining elements of the monomial basis, hence a basis of the quotient.

(ii) Substituting 14z, for each x, exchanges Hy and H; and preserves degree, so by (i) the functions
vanishing on H; are spanned by the products [],c,(1 + z4) with |o| > m + 1. Each such product
has 27 as its unique monomial of top degree |o|, and these top monomials are distinct for distinct
0; so in a nonzero combination the monomials 7 of the largest |o| present do not cancel, and the
combination has degree at least m + 1. If now hv = 0 with degv < m, then v vanishes on Hy, where
h =1, 50 v=0. Thus v — hv is injective on V<,,, and its image, of dimension 2¢~!, is all of (h).

(iii) Split p into its light and heavy monomials, p = © 4 pheavy. By (i) and (ii), pheavy = hv for a
unique v € Vep,. If w+ hv =« + ho' with all four of degree at most m, then u + v = h(v + v’)

is both a combination of light monomials and, by (i), of heavy ones, so it is zero, and v = v’ by
injectivity. O
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We now pass from one block to all n. The Boolean ring in the N lifted variables is the tensor
product of the n one-block rings, so a basis of each block ring gives, by taking products, a basis
of the whole. In block i, Lemma 4.3(iii) gives the basis consisting of the light monomials % and
the products h;z?, |o| < m. Taking one basis element from each block and multiplying gives the
elements 2*h”: here A collects the light monomials chosen in the blocks, so A selects at most half
the bits of every block, and J C [n] is the set of blocks in which the factor h; was chosen. The
reason this is the right basis for us is that the h; = Maj,(z;) are the lifted variables y;. So h’ is the
monomial ¥’ in the original variables, and once a polynomial in the lifted variables is written in
this basis, grouping its terms by A expresses it as a combination of the 2 with coefficients that are
polynomials in the original variables, which is what polynomial calculus for F' can act on. This is
the expansion of Lemma 4.5 below; the next definition names this basis.

Definition 4.4 (The majority basis).
For A C [n] x [{] let A; = {a: (i,a) € A} be its part in block i, and =4 = [1(;,a)ca Tija- Call the
monomial 2 light if it selects at most half the bits of every block, and put

A ={A:]A;| <m for every i}, U = spang, {2 : A € A}.

The majority basis of the Boolean ring in the lifted variables is {z4h’ : A € A, J C [n]}, where
hl = [1;cs hi; by the preceding paragraph it is a basis.

Lemma 4.5 (Majority expansion). Every polynomial p in the lifted variables has a unique expansion

p(z) = Z :L‘ApA(hl(:L‘), ooy hn(2)), (17)

AeA

with every pa(yi, - .., Yyn) multilinear.

Proof. Write p in the majority basis and collect, for each A, the terms z4h” into z4p A(h); uniqueness
is uniqueness of coordinates in a basis. O

Definition 4.6 (Scalar coefficients, coefficient polynomials, and the two degrees).
A polynomial p in the lifted variables has two expansions,

p(z) = ZCT:CT = Z xApA(hl, ooy h).
T

AcA

The cp € Fy are its scalar coefficients and the pa(y) its coefficient polynomials. The coefficient
degree of p is
Blp) = maxdeg,pa,  B(0) = —oo,

and deg, p is its ordinary degree in the lifted variables. For an integer @ write Wg = {p: B(p) < @}.

The two degrees are independent of one another. A monomial that selects exactly m bits from
every block has deg, = nm, close to N/2, and = 0: it is itself a basis element x4 with coefficient
polynomial 1. Conversely h; = Maj,(z;) has = 1 and ordinary degree ¢. The following lemma says
exactly which scalar coefficients 3 sees: B(p) is the largest number of blocks in which a monomial of
p selects more than half the bits.
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Definition 4.7 (Heavy blocks of a monomial).
For a monomial 27, let J(T) = {i : |T;| > m} be the set of blocks in which it selects more than half
the bits.

Lemma 4.8 (Coefficient degree in scalar coordinates). If p = >y cral # 0, then
B(p) = max{|J(T)| : er # 0}.
Consequently p € Wq if and only if cr = 0 whenever |J(T)| > Q.

Proof. On one block, by Lemma 4.3(i) and (ii), the heavy monomials and the products h z? with
|o| < m span the same space (h), while the light monomials span V<,,. Taking products over
blocks, the ordinary monomials 2 with J(T) = J span exactly h'U; the coefficient polynomials of
a nonzero element of h’/U are nonzero multiples of y/; and the spaces h’U for different J form a
direct sum by Lemma 4.5. Hence components with different J cannot cancel, and §(p) is the largest
|J| present. O

Thus, for the unknown multiplier f = 377 <x crz!, the condition B(f) < @ is simply a set of
coordinate restrictions: the scalars ¢y with more than @ heavy blocks are zero. All the error
conditions of Section 3 are linear in the same scalars, so the two kinds of condition can be counted
together.

4.2 The lifted consequence space and the lifted simulation

We now say what plays the role of Cp for the lifted formula. Rather than the degree-D consequences
of G itself, we use the space of polynomials in the lifted variables all of whose coefficient polynomials,
in the majority basis, are consequences of F'.

Definition 4.9 (The space Cp).

Cp = {p(z) : pa(y) € Cp for every A € A}, (18)
with p4 the coefficient polynomials of (17).

This is a linear subspace of the polynomials in the lifted variables, since the expansion (17) is linear.
We make no claim that it coincides with the degree-D consequences of G. What we need of it is
what the argument of Section 3 needed of C'p. The simulation of Subsection 3.1 used two properties:
the multiplication rule (Fact 2.5) and the fact that the complements C of the input clauses lie in Cp.
We re-prove both for 6’D, as Lemmas 4.10 and 4.11, and the simulation then transfers verbatim.
The counting of Subsection 3.2 used one more, 1 ¢ Cp, and its replacement is the following. A
nonzero element of U has at least one coefficient polynomial equal to the constant 1, and 1 ¢ Cp, so

UnCp = {0}. (19)

Since U contains all light monomials, including the 27"-fraction of all monomials counted in
Lemma 4.19, this says that Cp misses a very large space; this is where the room for the multiplier
will come from.

Lemma 4.10 (Multiplication in majority coordinates). For all polynomials p,v in the lifted variables,
B(pv) < B(p) + deg, v. Moreover,

pGC’D, B(p) +deg,v< D = vaCA'D.
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Both statements hold with deg, v replaced by the number of blocks on which v depends.

Proof. Multiplying a one-block basis element z4¢, |4;| < m, by a bit x;,q of the same block gives
either another such element (if a € A; or |A;| < m) or a heavy monomial, which by Lemma 4.3(ii)
equals h;v with degv < m. In either case the coefficient polynomials of the product are the old
ones multiplied by polynomials of degree at most one in ;. Multiplying by a monomial of degree d
repeats this d times; the multiplying coefficient polynomials then have degree at most d and involve
only the original variables of the blocks that the monomial touches. After collecting terms, each
coefficient polynomial of pv is a sum Y g prga p(y) with degga p bounded as stated, and Fact 2.5
applied to each product ppga,p gives the second assertion. O

Note that 3 is not submultiplicative: on a three-bit block 8(z1) = 8(x2) = 0 but S(z122) = 1. The
bound SB(p) + deg, v is the one we use, with p the polynomial whose membership in Cp is known
and v a factor of degree O(rt).

Lemma 4.11 (Lifted input clauses). Let 1+ a(z) =1 be the encoding of an input clause of G, with
a = C its complement. If B(f) < Q and Q + 2w(F) < D, then fa € Cp.

Proof. The clause of G comes from a clause of F' with complement R(y). If the clause of G is
false at x, then one clause of each substituted literal’s CNF is false, so each substituted literal is
false and the clause of F' is false at y = h(x). Hence a = R(h) a as functions. Also a involves at
most w(F) blocks, so by Lemma 4.10 the expansion fa = 3 4 z4v4(h) has deg, va < Q + w(F).
From fa = R(h)fa and uniqueness of the expansion, v4 = Rva for every A. Since R € Cp is
an input complement and deg R + degva < 2w(F) + Q < D, Fact 2.5 gives v4 = Rvg € Cp, i.e.
fa e Chp. O

With these two lemmas in hand, the simulation of Section 3.1 transfers:

Proposition 4.12 (Lifted simulation). Let IT be a Res(PC,) refutation of G, with each Py of
the form in Deﬁm’tionA 3.1 using t > 1 factors of degree at most r. Suppose B(f) < Q, the error
conditions fPrur; € Cp hold for all lines and equations, and

Q + max{2rt +2r, rt + w(G)} < D, Q+2w(F)<D. (20)

Then fPp € Ch for every line of I, and in particular f € Ch.

Proof. Run Lemmas 3.4-3.7 and the case analysis in the proof of Proposition 3.2 with Cp replaced
by 6’13, using Lemma 4.10 for every multiplication and tracking S in place of the degree. Each step
multiplies a polynomial known to be in CA’D, of coefficient degree at most Q) + rt + r, by a factor
of ordinary degree at most rt + r; the largest coefficient degree reached is @ + 2rt + 2r. For an
input clause with complement a, Lemma 4.11 gives fa € Cp, and Lemma 3.7 with J the set of all
equations of the clause gives f Py, € Cp within coefficient degree @ + rt + w(G). Both are covered
by (20). O

4.3 One multiplier for all lines, after substitution

We need a common f and one approximator per line such that

B(f) <Q, fé¢Cp, fPru; € Cp for every line L and equation (u; = 1) € L. (21)
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The first condition is new: it is what Proposition 4.12 and Lemma 4.10 need, and nothing in the
counting would otherwise impose it. By Lemma 4.8 it is a collection of zero-coefficient restrictions
on the scalars of f. The plan is to run Pang’s rank argument on the full space of polynomials of
degree at most K, exactly as before, and to account separately for the dimensions lost each time a
multiplication forces us to restrict to Wg.

Definition 4.13 (Multiplier space, threshold h, and excluded coefficients).
Let Vi (x) be the space of multilinear polynomials of degree at most K in the N lifted variables, so
dim Vi (z) = Mn(K); the multiplier will be sought in Vi (x) N Wg. As in Definition 3.8, put

B=Vg(z)NnCp,  h=My(K)—dimB.

For 0 < j < K, let E; be the number of monomials z7 with |T'| < j and |J(T)| > @Q, so that
E; = dim Vj(x) — dim(Vj(xz) N Wg). Let € be the largest excluded fraction in any single degree:

AT T =3, |J(T)] > Q}
- 0<jEK N ’

so that E; < eMn(j).

As before, h is the number of independent linear conditions on f € Vi (z) that we can afford: fewer

than h leave a solution space larger than B, hence a solution outside Cp. The number E is the
price of the restriction to Wg: for any subspace Z C Vi (x),

dim(Z N Wg) > dim Z — Ekg, (22)

since Wy is cut out of Vi (x) by Ek coordinate equations, and likewise restricting a linear map to
Vi (z)NWq lowers its rank by at most Ex. The whole point of the parameter choice in Subsection 4.4
is to make Ef, and in fact e My (K), exponentially smaller than h.

Definition 4.14 (Error matrices for the lifted formula).
Definition 3.9 carries over with Cp replaced by Cp and the variables y by x: fix a basis of Cp
completed by monomials, let remp(p) be the component of p outside Cp, and for a line with

polynomials u1,...,us; and an intermediate approximator P let Tp; be the linear map sending
f € Vj(x) to the scalar coeflicients of (remp(fPuy),...,remp(fPus)). Its kernel and rank are

Zp(j) = {f € Vj(x) : fPu; € Cp for every i}, cp(j) = rank Tp; = My (j) — dim Zp(j).

The one-factor gain in the lifted setting. The next lemma is the version of the one-factor
gain, Lemma 3.10, that we need here. Recall how that gain is obtained (Lemma A.3): appending a
factor ¢ = 1+ Y, a;u; keeps every old solution f € Zp(K), because fPu; € Cp may be multiplied
by ¢, and creates the new solutions (1 + q)v, v € Vi _,, because q(1 + q) = 0; the gain is then the
number of new solutions independent of the old ones, which Pang’s matrix lemma (Theorem A.5)
bounds below by 2cp(K — 7).

Over CA‘D the same two steps are available, with one proviso. Each multiplication is justified by
Lemma 4.10 only when the polynomial being multiplied has coefficient degree at most @, and a
general element of Zp(K) or of Vi _,(x) need not. So before multiplying we restrict both spaces to
Wo:

Zpe(K) 2 (Zp(K) N Wgq) + (14 q) (Vik—r(x) N W), (23)

valid when @ + deg,, P + 2r < D. By (22) the first restriction discards at most Ex dimensions of
old solutions and the second at most Fx_, dimensions of candidates, after which the matrix lemma
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applies exactly as before. The restriction is internal to the proof: the solutions it produces need not
lie in W, and Zpy(K) is still counted in the full space Vi (). (The requirement f € Wy on the
final multiplier is imposed once, at the end, in Corollary 4.18.) The result is Lemma 3.10 with the
two discarded dimensions as additive terms.

Lemma 4.15 (One-factor gain with coefficient-degree loss). Suppose K > r and Q+deg, P+3r < D.
Then some factor ¢ =1+ >, a;u;, a; € Fa, satisfies

cpg(K) < cp(K) = Sep(K —r)+ Ex + 3 Ex—y. (24)

The gain is again measured at degree K — r, and Lemma 3.11 compared that count with c¢p(K) by
showing that the uncounted monomials are closed under taking divisors. Over Cp the closure step
is a multiplication by one variable, justified only on Zp(K) N Wy, so the comparison also acquires a
loss.

Lemma 4.16 (Degree comparison with coefficient-degree loss). Suppose r < K < N/2 and
Q+deg, P+r+1<D. Then

MN(K — 7')

cp(K —r) > Mx (K)

cp(K) — N?eMy(K — 7). (25)

Both lemmas are proved in Appendix B. Substituting (25) into (24) and using E; < eMy(j) gives
the one-factor inequality

cpg(K) < (L—n)ep(K) +2N?eMy(K), 1= (26)
which is the one-factor inequality (11) with the new number of variables and an additive leak. At

the start, BNWgo C Z1(K) when Q +r < D, so ¢1(K) < h+ Ex < h+eMy(K), in place of (8).
Iterating (26) ¢ times from this starting point gives the replacement for Proposition 3.12.

Proposition 4.17 (The approximation estimate with coefficient-degree losses; compare Proposi-
tion 3.12). Suppose t,r > 1,r < K < N/2, and Q+ (t+2)r < D, and let n = 3 Mn(K —1)/Mn(K)
as in (26). For each line there is an approzimator Py, built from t factors of the form 1+ Y, a;u;
such that

n 2N2e My (K)

cp (K) < e M (h+eMy(K)) ;

(27)

The first term of (27) is Pang’s geometric decrease, now starting from h + eMy(K) rather than
h. The second is the accumulated additive loss: each factor leaks at most 2N?e My (K) conditions
back in, and because only a fraction n of the conditions is removed per step, the leaks sum to at
most 1/n times the per-step loss.

Corollary 4.18 (A common multiplier after substitution; compare Corollary 3.13). Under the
hypotheses of Proposition 4.17, suppose

log(45) nh
> < .
Then there are approximators and an f with
feVik(x)ynWg, fé CA’D, fPru; € Cp for all L, 1. (29)
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Proof. Stack the error matrices of all S lines and append the Fx coordinate equations defining Wo,.
The total rank is at most

25N2eMy(K)

Se " (h+eMn(K)) + +eMy(K). (30)

Under (28), and since n < 1/2 gives e My (K) < h/32, the three terms are at most (h+h/32)/4, h/8
and h/32, whose sum is less than h. The common solution space thereAfore has dimension greater
than dim B, so it contains some f ¢ B; as f € Vi(x), this means f ¢ Cp. O

Two things remain: to choose K and @ so that e My (K) is tiny relative to h (not merely relative to
Mp(K)), and to see that at this K the fraction 7 is much larger than in Pang’s setting.

4.4 Setting the parameters and obtaining the bound

Throughout, F' has n variables, width at most w, and no PC refutation of degree D = [cn], for
fixed 0 < ¢ < 1; G = F o Maj, has N = nf variables. All constants below depend only on ¢, w, not
on { or r.

The choice of @) and K. Take
Q = |en/16], K = |N/2 — anV{], (31)

with @ > 1 a sufficiently large constant depending only on ¢. The reason for the offset anv/? is the
following. A uniformly random monomial of degree K selects about /2 — a+/¢ bits in each block,
with standard deviation about v/¢ /2; so it is roughly 2a standard deviations below the majority
threshold in a typical block, and a given block is heavy with probability e~ For the monomial
to be excluded from W it needs more than @ = Q(n) heavy blocks, which happens with probability
e~ Ua®m)  The offset is thus just large enough to make the restriction 5(f) < @ almost free, and no
larger, so that K stays as close to N/2 as possible.

Lemma 4.19 (The two counts needed for the dimension argument). For the choices (31), whenever
K >0,

h>2""My(K), (32)
e < exp[—(ca?/8 —log 2) n]. (33)
Taking ca?/8 > 21og 2 + 12 therefore gives
My(K
€ ]\}2( ) < e~ 12n (34)

Proof. By (19), U N Vi (z) and B = Vi (z) N Cp intersect trivially, so h > dim(U N Vi (z)). Map
each monomial of degree at most K to the monomial obtained by complementing its selected
set inside every heavy block. The image lies in U, has no larger degree, and each monomial
of U has at most 2" preimages (one per choice of which blocks were complemented). Hence
dim(U NVk(z)) > 27"Mpy(K).

For (33), fix a degree 7 < K and @ + 1 blocks. A uniform monomial of degree j selects on average
at most (Q +1)¢- K/N < (Q +1)¢/2 — (Q + 1)av/¢ bits in the union of these blocks, whereas being
heavy in all of them requires at least (Q + 1)¢/2. The tail bound for sampling without replacement
in Appendix C bounds this deviation by e~2(@+14” and a union bound over the (Q:LLI) < 2™ choices
of blocks gives (33). Dividing by (32) gives (34). Neither estimate needs an upper bound on ¢. [J
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Why each factor now removes a large fraction. At K = N/2 — an/?, consecutive binomial
coefficients satisfy (KJL)/(%) = K/(N - K +1)~1—4a/V?, and the cumulative counts My ()
inherit this: stepping down one degree loses only a fraction O(1/v/€), so stepping down r degrees
loses a factor exp(—O(r/v/€)) rather than Pang’s exp(—O(r)). This is the replacement for the
elementary estimate (15); Lemma C.1 in Appendix C makes it precise:

0! < 2exp(64(a + 2)%) (VE>128(a+2), 1 <r<n). (35)

Consequently a line of a refutation with S lines needs only O(eo(r/ Vo) log S) factors, whereas the
degree budget @ + (¢ +2)r < D allows t = ©(n/r) of them. The lower bound is the comparison of
these two numbers. Note that nothing here requires r < £: the degree of Py, is compared with D
only through coefficient degrees.

Theorem 4.20 (Majority extension with variable block length). Fiz 0 < ¢ < 1 and a positive
integer w. There are constants £y, k,c1,C > 0, depending only on c,w, with the following property.
Let F,, be an unsatisfiable polynomial-size CNF on n wvariables of width at most w with no PC
refutation over Fy of degree D = |en|. Let € > {y be odd and r > 1 an integer with r+¢ < kn. Then
for all sufficiently large n, every S-line syntactic Res(PC,.) refutation of G,, = F, o Maj, satisfies

n T
1 >c1— —C—).
ogS > ¢ ; exp( C\/Z) (36)

The formula Gy, has N = nf variables, width at most w({+1)/2, and log |G, | = O(£+logn). Hence
the bound on lines, and a fortiori on total size, is superpolynomial in |G| whenever

gexp(—c%) = w(l +logn). (37)

Proof. Choose a with ca?/8 > 2log2 + 12, and put
C=64a+2), fo=[128(a+2)*], r=min{c/128, ¢/(32w), 1/2}.

Take @, K as in (31) and ¢t = [D/(16r)]. For large n these give Q@ < D/8, r < D/64, w(G,) < D/8
and D/(32r) <t < D/(16r), while £ > £y ensures r < n < K < N/2. The degree conditions of
Proposition 4.17 and (20) follow:

_.I_

)

Q+t+2r<L4+ Ly D Qi2t42r <L 4Dy D Qirt+w(@,) <2+

alo
ool

all less than D, and @ + 2w(F,,) < D for large n.

By (35), nt > 6% exp(—Cr/VE). If nt < 1 then S > 2 already gives log S > nt/4. So assume nt > 1
and, for a contradiction, log S < nt/4. Dividing the combined rank (30) by h and using (34), it is

at most
2

2N
(14 e~ 12m)e3nt/4 4 e exp(nt/4 — 12n) + e~ 2™,

The first term is at most (1 + 6_12")6_3/4. For the second, nt < n/32, N <n? and n~! < 2e"/2 <
2¢™/2 by the choice of £y, so it is at most 4n*e~11". The sum is below 1 for large n, so a common
multiplier with 5(f) < Q, f ¢ Cp and all error conditions exists, and Proposition 4.12 gives f € Cp,
a contradiction.

Thus log S > nt/4 in both cases, and since D > ¢n/2 for large n this is (36) with ¢; = ¢/512. The
size and width of G,, are from Definition 4.2, and T > S gives the last assertion. O
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We record three natural choices of parameter settings:

Corollary 4.21 (Polynomial-size formulas). Under the hypotheses of Theorem 4.20, let ¢ be a
sufficiently large constant times logn, rounded up to an odd integer. Then G, has polynomial
size in N = ©(nlogn), and every syntactic Res(PC,) refutation has exp(n®M) lines for all
1 <7 < (logn)32. Forr=o((logn)3?) the bound is exp(n'—°W).

Corollary 4.22 (Larger polylogarithmic degrees). Under the same hypotheses, fix v > 1 and let
¢ be (logn)? rounded up to an odd integer. There is 6 > 0, depending only on c,w, such that
every syntactic Res(PC,) refutation of Gy, with 1 < r < §(logn)'*7/2 has exp(n®M) lines, while
log |G| = O((logn)?Y). The bound is superpolynomial in |G,,|.

Corollary 4.23 (Polynomial degrees). Under the same hypotheses, fit 0 < § < 1/3, let r = |n'/379],
and let £ be r? rounded up to an odd integer. Every syntactic Res(PC,.) refutation of G, has

S > exp(Q(n?/3+9)), log |Gp| = O(n?/3729),

so S > \Gn|ﬂ(”35). In terms of N = ©(n®/3=2%), the degree is r = O(N(1/3-9)/(5/3-20)),

5 Depth-3.5 AC’[2]-Frege

Recall from the introduction that a line of depth-3.5 ACY[2]-Frege is an OR of ANDs of polynomial
equations of degree at most b. A term T = \; (ur,; = 1) is an AND of polynomial equations with
degur ; < b, and a line is an OR of terms; written out, a line has the form OR o AND o PARITY o
AND<;, with unbounded fan-in at the OR and at the AND and fan-in at most b at the bottom.
This is exactly the shape of a cedent of PCK%F2 in [BKZ15], a disjunction of polynomial assertions
and of conjunctions of them (Appendix D). The lines are asserted and the refutation ends with the
empty disjunction, which is the form in which the approximation argument of Sections 3 and 4 is
stated.

Appendix D gives the precise rules (Definition D.1) and shows (Lemma D.2) that our system and
degree-b PCKIIF2 in the sense of [BKZ15] simulate each other with polynomial overhead. Size means
total size T', counting every occurrence of a term and of a monomial.

Recall from the introduction that by [BKZ15] any quasipolynomial-size depth-d ACY[2]-Frege
refutation of a CNF can be converted into a quasipolynomial-size refutation of depth 3.57 with
bottom degree (log n)o(d), and that by Lemma D.2 in Appendix D our system is polynomially
equivalent to theirs at the same bottom degree. So the difference between the theorem below and a
lower bound for quasipolynomial-size depth-d ACY[2]-Frege is that we handle b = o(y/logn) rather
than b = (logn)9@,

Throughout the section F' is a constant-width CNF on n variables with no PC refutation of degree
D = |en|, and G = F o Maj, with £ = ©(logn) odd; then G has polynomial size; N = nf is the
number of variables of G.

From Section 4 we use the lifted consequence space C D, the coefficient-degree bound @) = [¢n/16], the
multiplier degree K = | N/2 —an+/{| with its subspace W and quantities &, €, Ex (Definition 4.13),
and only the following three facts about them, all for sufficiently large n:

(i) Ex <eMy(K) and eMy(K) < e~ '?"h (Lemma 4.19);

(i) Let n(d) = 1My(K — d)/My(K). Then for 1 < d <n: n(d)~! < 206@/VD,
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(iii) n < K < N/2, N <n?, and w(G) = O(logn).

Theorem 1.4 (restated). There is a constant o > 0, depending only on ¢, such that for all

sufficiently large n and all 1 < b < /¥, every depth-3.5 ACO[Z] -Frege refutation of G with bottom

degree b has total size

(logn)*/?
2 .

In particular the bound is superpolynomial for all b= o(y/logn), and equals exp(Q((logn)3/?)) for

constant b.

logT > « (38)

5.1 The idea
Lines and terms. A line of the system is
L=TiV-\Tn,
an OR of terms, and each term is an AND of polynomial equations,
Te = (ugg = 1) A A(ups, =1), deguy ; <.

We use calligraphic letters for terms, so that 7 is a term and w7 1,...,u7 s are its polynomials; the
Roman T remains the total size of the proof.

We will approximate each line of a depth-3.5 AC[2]-Frege proof bottom-up, in the manner of
Razborov—Smolensky. To fix the notation for the approximators at each level, we next describe the
two-level approximation of a line.

Approximating a term. In Section 3 we approximated a line L = (u; = 1)V ---V (ug = 1) of
Res(PC) by a polynomial Pr, a product of random affine combinations of the w;. It equals one
whenever every wu; is zero, that is, whenever L is false, so Py, is a one-sided approximation of the
negation of L, and the approximating assertion is P, = 0. Now consider a term 7 = (u7; =
1)A---A(ur,s =1) of a line of our system. It can be written as a negated OR,

T = —\[(l—l—’w]”l:l)\/\/(1_’_11/7_78:1)},

whose disjuncts are the complementary equations. Applying the same construction to this OR,
with the complements 1 + u7 ; in place of the u;, gives a polynomial A7 that approximates 7T
itself: A7 =1 whenever T is true, and A7 can be wrong only at points where A7 = 1 while some
complement 1 4 w7 ; is 1. The approximating assertion for a term is A7 = 1.

Approximating a line. Given A7,..., A7, , the line L is, up to these approximations, the OR
of the equations Ar; =1,..., A7, = 1. So we build the line approximator P, from Ap,..., A7,
exactly as Pr, was built from wq,...,us in Section 3: a product of random affine combinations of

the A7, , one-sided for the falsity of L.

One multiplier for both levels. As before we look for a single multiplier f that corrects all the
errors, now at both levels:

fAT(14ut ;) € Cp for every term T and each j, fPLAT, € Cp for every line L and each k.
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On supp f the first family makes every A7 exact, and the second makes every P, exact relative to
its A7,. The rank count of Proposition 4.17, applied once to each term and once to each line, shows
that such an f ¢ Cp exists when the proof is small, and the simulation then forces fe Ch.

The one new point in the simulation. The term rules relate a conjunction 7 AU to its two
parts, but the three approximants A7, Ay and A7y were chosen independently of one another.
What saves the induction is that the first family of error conditions by itself forces

F(Arpu + ATAy) € Cp,

that is, on supp f the approximant of a conjunction is the product of the approximants of its parts.
With this the argument of Section 3.1 goes through for the term rules as well (Proposition 5.2).

Where the bound comes from. The weakness of the bound is a matter of degree. A term
approximant A7 needs about log T factors of degree b, so its degree is R = O(blogT'). The line
approximator P, is built from polynomials of degree R, and by (35) it then needs about cOR/VD) logT
factors, so its degree is of order b(log T)Qeo(blog T/VO | All of this must stay below a small constant
times D = en. With £ = O(logn) the exponential factor is n°(®) as long as log T < av/flogn/b,
and the polynomial factor is then harmless; so a refutation with logT < a(logn)3/2 /b, for a small
constant «, is one that the degree budget can handle, and that is the threshold in (38).

5.2 Approximants and error conditions

Definition 5.1 (Approximants and their error conditions).
Choose integers tin, tout > 1, and put R = bty,. For each distinct term and each line choose

tin

Ar =1l arv, arw=1+ > ar.;(1+ury),

v=1 JjelT
tout

pp = H drv, 4Ly = 1+ Z aL,Z/,TA’T-
v=1 TeL

All coefficients a7, ; and ar 7 lie in Fa. Use the same A7 at every occurrence of 7. For a singleton
use the exact approximant A(,—) = u, padding with factors ¢ = 1; for the empty term use At = 1.
Then deg A7 < R, deg P;, < Rtoyt, and Py = 1. The approximating assertions are A7 = 1 and
Pr, = 0, the latter equivalently written as 1 + Py, = 1. The two families of error conditions on a
common f are

fAT(1 +ut;) € Cp for every term and each of its equations, (39)
fPLAT € Co for every line and each of its terms. (40)

The inner conditions do not involve P, so they can be used at every occurrence of the term.

Proposition 5.2 (Preservation of the rules). Suppose 5(f) < Q, both error families hold, and
Q + max{2Rtou + 2R, Ritow +w(G)} < D, Q+2w(F) < D. (41)

Then every line in a refutation satisfies fPr, € Cp. The empty final line consequently gives f € Ch.
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The proof is the induction of Section 3.1, run over Cp as in Proposition 4.12, with one additional
ingredient: from the inner conditions one derives, for every term V =T AU,

f(AV + ATAU) S éD,

and this identity, together with its analogue for projection, carries the three term rules. The
rule-by-rule verification, including the degree bookkeeping behind (41), is in Appendix D.

5.3 One multiplier for both levels

For 1 < d < K write
1 My(K —d
2 Mn(K)
We choose all inner approximants first, then all outer approximants, and finally impose the resulting
equations on the coefficients of a single f € Vi (z) N W.

Corollary 5.3 (The combined rank criterion). For a refutation of total size T', assume R < K < N/2
and (41). The approzimants can be chosen so that all error conditions, together with f € Wg, have
combined rank at most

T(e_n(b)tin + e—n(R)tout) (h + EMN(K)>

+ 2T N2 My (K) (n(b) ™" +n(R)™") + Ex. (42)

If this is less than h, such a refutation cannot exist.

Proof. Apply Proposition 4.17 to each nonsingleton term, with supplied polynomials 1 4 ur ;,
degree b, and tj, factors, and use the resulting product as A7; its error conditions are exactly
the inner conditions (39). Singletons and empty terms impose no inner constraints. Fix these
choices, then apply the same proposition to each line, with supplied polynomials A7, degree R, and
tout factors; this gives Pr, and the outer conditions (40). The hypotheses @ + (¢, + 2)b < D and
Q + (tout +2)R < D follow from (41). There are at most T terms and 7 lines, each contributing the
bound (27) with n(b) and t;,, respectively n(R) and toyt; stacking their error matrices and the Fg
coordinate restrictions defining Wy gives (42). If the total rank is less than h, the common solution
space in Vi (z) has dimension greater than dim(Vg (z) N Cp), so it contains an f € Vi () N Wo

~

with f ¢ Co satisfying all error conditions, and Proposition 5.2 gives the contradiction f € C'p. 0O

5.4 Choosing the parameters

Proof of Theorem 1.4. All constants below depend only on ¢ and w, and n is taken large enough
for (i)—(iii) and for the finitely many inequalities marked “for large n”. Let a > 0 be a small
constant, fixed in a moment, and suppose for a contradiction that a refutation of total size T has
log T < a(logn)3/?/b. Put L = log(64T), so that L = O(a(logn)®/?/b), and choose

tin = ’Vi—‘y R= btiny lout = [L—‘ .

n(b) n(R)
The inner degree. Since b < v/, (ii) gives n(b)~' = O(1), so tiy = O(L) and
R =0(bL) = O(a(logn)®?), o O(alogn),

Ve
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the second because ¢ = O(logn). In particular R < n for large n, so (ii) applies to d = R and gives
n(R)~' < 2n°@. Fix a so small that n(R)~" < nl'/4.

The outer degree. Then toy = O(n1/4L) and

cn
< =

Rtog = O(nY*0L?) = O(n'/*(log n)?) < 2

for large n. With @ < en/16, R < Rtoy and w(G) = O(logn), both inequalities in (41) follow:
Q+2Rtout +2R < cn/16+cn/8 < D, Q + Rtout +w(G) < D, and Q + 2w(F) < D. Together with
R <n < K < N/2 from (iii), the hypotheses of Corollary 5.3 hold.

The rank. By the choice of ti, and tou, both e "®tn and e~ 1Btout are at most e L = 1/(64T).
Divide (42) by h and use (i), T' < el, N2 < n* n(b)~! = O(1) and n(R)~! < n'/*: the combined

rank is at most
2(1 4 e~ 127)

64
times h for large n. By Corollary 5.3 no such refutation exists, so every refutation has logT >
a(logn)?/? /b, which is (38). The polynomial-overhead simulation of PCK]%;2 changes only the
constant. O

+ nO(l)eO((logn)3/2)€—12n + 6—12n <1

6 Removing the degree restriction

The bounds of Sections 3-5 restrict the degree of every polynomial in the proof. This section removes
that restriction for Res(PC). Theorem 6.3 shows that a small Res(PC) refutation of a slightly larger
formula, with no bound on the degrees of its polynomials, restricts to a low-degree refutation of the
original formula with few lines; so a line lower bound for Res(PCy4) becomes a lower bound on the
total size (Definition 2.7) of Res(PC) refutations of the larger formula, and Subsection 6.2 applies it
to the lifted line bound of Corollary 4.21 to prove Theorem 1.5. The price is that size is measured
by the total number of monomial occurrences 7" rather than by the number of lines S.

The mechanism is a random restriction. Replace each variable of the original formula by the selector
function of Definition 6.1, which reads a value off a block of 2¢ bits of which exactly one is on, and
then choose uniformly at random one bit of each row in each block to carry the variable, setting all
other bits to zero. Any such restriction returns the original formula. A monomial that touches two
bits of one block is killed outright, and a monomial that touches j blocks survives with probability
exactly ¢77. So a proof with fewer than ¢¢ monomial occurrences has, for some restriction p, no
surviving monomial of degree d or more, by a union bound. Now restrict the entire refutation by p,
replacing each polynomial « in the proof by the multilinearized version of the restricted polynomial
ul,. This is still a degree-d refutation II,, but now of the restricted formula, which is just F’ itself.
(It needs to be checked that the lines u|, still fit together into a legitimate refutation. The only
step that needs a bit of care is the multiplication rule, which we show can be simulated after the
restriction at a cost of (n/)9(@ lines per multiplication step, negligible for our parameter settings.)

The selector function was chosen to make ¢ as large as possible. The final bound is ¢%, so we want
log g = ©(logn), that is, ¢ polynomial, while the substituted formula stays polynomial-size. The
selector function encodes a variable in one-hot form, with ¢ bits standing for each truth value, so
that both the variable and its negation become disjunctions of ¢ bits; every clause then stays a
single clause and the formula grows only linearly in q.
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6.1 The selector substitution, its restriction, and the transfer theorem

Definition 6.1 (The selector function and the selector substitution).
Let ¢ > 2. The selector function Sel, takes 2q bits, which we arrange in two rows of ¢,

X = (Xl,la'--aXl,q§ Xo’l,...,Xo,q),

and is defined on the one-hot inputs, those with exactly one bit equal to 1: Sel;(X) is the row
b € {0,1} of that bit. The column of the bit carries no information. On one-hot inputs the function
and its negation are both disjunctions,

q q
Sely(X) = \/ X1, —Sely(X) = \/ Xo,a.
a=1 a=1

Now let F” be a CNF on the variables y1, ..., y,. The CNF F’ o Sel, has, for each i € [n/], a block
X; of 2¢ new variables X, ,, and consists of two kinds of clauses.

« For each clause C of F’, the clause C° obtained by replacing each literal y; by VaeXila
and each literal —y; by \/, X; 0. By the display above, on one-hot inputs C5 is the clause
C(Sely(X1),...,Sely(Xp)).

o For each block i, the one-hot clauses C}, which force the input of the i-th selector to be one-hot:
the clause Vy , Xipa (at least one bit of the block is 1) and the clauses =Xy, V X,y o for
every two distinct bits of the block (at most one is).

The formula F’ o Sel, is unsatisfiable: a satisfying assignment makes every block one-hot, and then
y; = Sely(X;) satisfies F’. Since both literals of y; are replaced by disjunctions, every clause of
F' becomes a single clause C5°, of width at most qw(F'). Also F'o Sel, has 2n'q variables and
|F') +n/ +n/(¥) clauses where |F'| denotes the number of clauses in F” .

Definition 6.2 (The selector restriction).

With F’ and F’ o Sel, as above, the selector restriction p chooses, independently for each block 4
and each row b € {0,1}, a uniformly random column A;; € [g], keeps the two chosen bits of the
block and kills the rest:

Xit, Ay > i Xi0,4:0 = 1+ i, Xipa—0 (a# Ajp).

Every selector restriction returns F’: a clause C5°! becomes C' together with false equations 0 = 1;
the at-least-one clause of a block contains both y; and 1 + y;; and an exclusion clause contains the
constant 1 unless both its bits were chosen, in which case it too contains both y; and 1 + ;.

The next theorem shows that, given a small Res(PC) refutation IT of F” o Sel, with no restriction
on degree, a random selector restriction p will, with high probability, convert II into a refutation of
F’ of low degree and small line size.

Theorem 6.3 (Restricting a small refutation to low degree). Let F' be a CNF on n' > 2 variables,
let d>2 and g > 2, and let 11 be a Res(PC) refutation of F' o Sely, with no bound on the degree of
its polynomials, of total size T. Then with probability at least 1 — Tq~% over the choice of a random
selector restriction p, every polynomial of 1|, has degree less than d, and II|, can be completed to a
Res(PCyy) refutation of F' with at most T(n')Y? lines, for an absolute constant C. In particular, if
every Res(PCqq) refutation of F' has at least L lines, then

TZmin{qd, (n/l;Cd}' (43)
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Proof. Step 1: the restriction lowers every degree. Consider one monomial occurrence M in II
(powers replaced by first powers). If M uses two bits of one block, its image is zero for every
p, because either one of the bits is unchosen or the image contains the factor y;(1 + y;), which
multilinearizes to zero. Otherwise M uses one bit in each of j blocks, each survives with probability
¢! independently, and the image is a product of j literals in distinct variables, of degree j. So the
probability that M survives with degree at least d is at most ¢~%. There are at most 7" monomial
occurrences in I, and a polynomial and its complement differ only in the constant monomial, so by
a union bound, with probability at least 1 — T'q~¢, every polynomial u in IT has deg ML(u|,) < d.
Fix such a p, and write 21, ..., 2, for the surviving variables y;, identified with the variables of F”.

Step 2: the restricted proof is a proof, after repairing the multiplication steps. A restricted input
clause is a clause of F’ (possibly with additional false equations 0 = 1, which are deleted), or
contains the equation 1 = 1 and follows from that axiom by weakening, or contains both equations
(zi =1) and (1 + 2z; = 1) and follows from the default axiom by weakening; see the remarks after
Definition 6.2. Restriction and multilinearization commute with addition and with adding the
constant one, so each linear-combination step remains a linear-combination step, and weakening,
contraction and deletion of false constants remain valid after simplifying constants. The one rule
that does not survive is multiplication,

AV(p=1) — AV I+ (1+pwv=1),
because the multilinearization of a product is not the product of the multilinearizations. Let
a=ML((1 +p)|,), b=ML(((1 +p)v)l,)

be the restricted complements of the premise and conclusion polynomials; both have degree less than
d. As Boolean functions ab = b: where a = 0 the original product, hence b, is zero, and where a = 1
there is nothing to prove. (This uses that the field is Fy.) Hence b + ab has zero multilinearization
and formal degree less than 2d, so it lies in the ideal generated by the Boolean complements zi2 + z;:
reducing one power at a time writes it as a sum of monomial multiples of these, with (n’ )O(d) terms.
Each 22 + z; is derivable in two lines from the axiom (z; = 1) V (1 + z; = 1) (multiply the two
complements by z; and 1 + z; and contract), so the assertion 1+ b+ ab = 1 has a derivation of
(n’)o(d) lines in degree less than 2d. The multiplication step is then simulated by

Av(l+a=1) — AVv(Q+ab=1) — AVv(Q+b=1),

multiplying the complement a by b and then adding the derived unit assertion, with A’ the restricted
context. All polynomials in the completed proof have degree at most 2d, nothing about the
original multiplier v was used, and since Il has S < T lines the completed proof has at most
S(n")¢? < T(n')°? lines.

The lower bound. If T < ¢, Step 1 gives a restriction p, and Step 2 a Res(PCayy) refutation of F'
with at most T'(n’)“? lines; so if every such refutation has at least L lines then T > L/(n/)¢?. [

6.2 Lower bounds for Res(PC) without a degree restriction

We now apply Theorem 6.3, with F' = G, to the line lower bound of Corollary 4.21. Throughout, F
is a constant-width CNF on n variables with no PC refutation of degree D = |¢n |, and ¢ = O(logn)
is chosen as in Corollary 4.21, so that G = F o Maj, has polynomial size. The minimum in (43) will
be attained by the first term: the line lower bound L is exp(n‘{Y)), while the overheads (n/)¢? and
¢¢ are quasipolynomial. The resulting bound is quasipolynomial in the number of variables and
superpolynomial in the size of the formula.
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Theorem 1.5 (restated). Let F' be a constant-width CNF on n variables with no PC refutation of
degree cn, let G = F o Maj, with ¢ = ©(logn) chosen as in Corollary 4.21, and let ¢ = N. Then
G o Sely is an unsatisfiable CNF of size polynomial in n, and every Res(PC) refutation of it, with
no bound on the degree of its polynomials, has total size T > exp(Q((log n)5/2)).

Proof. Take d = |[(logn)®/?/2|, so that 2d is within the range of Corollary 4.21, which gives
log L > n’. Here ' = N = ©(nlogn), so Cdlogn’ = O((logn)®/?) is negligible against log L, and
(43) gives T > ¢ = exp(Q((logn)®>/?1logn)). For the size, G has polynomial size, and the selector
substitution keeps every clause a single clause and adds N + N (zév ) block clauses; the formula has
2N? = O(n?log? n) variables. O

A The one-factor gain for an arbitrary admissible target space

This appendix proves Lemma 3.10: for a suitable affine factor ¢ =1+ ), €;u;,
cpq(K) < cp(K) — %CP(K -r), (44)

so that appending one factor to the approximator removes at least half of the error conditions
counted at degree K — r. Combined with the degree comparison of Lemma 3.11, which says that
the conditions at degree K — r are at least an M, (K —r)/M,(K) fraction of all of them, this is the
constant-factor decrease cpy(K) < (1 —n)cp(K) that drives Pang’s bound.

We prove it in a form that does not mention the formula F' or the space C'p. The argument uses
only three properties of the target space: it is an Fo-subspace of the multilinear polynomials, it is
closed under multiplication within a degree budget, and its remainder map is defined over Fy. The
third is automatic for a subspace over o, so we state the result for any subspace with the first two,
prove it once, and read off Lemma 3.10 as the case C' = Cp. This generality has two uses. It makes
the toy model of Subsection A.1 a special case of the theorem rather than an analogy for it, and it
isolates exactly what Appendix B has to re-examine when the target space is CA'D, which satisfies
the closure property only on a subspace.

Definition A.1 (Admissible target space).
Let V =V, be the space of multilinear polynomials over Fs in y1,...,y,, and let D € NU{oc}. An
Fo-subspace C C V' is D-admissible if

u € C, degu+degv<D = wveCdC, (45)

with products multilinearized. As in Definition 3.9, fix a basis of C in reduced row echelon form
with columns indexed by monomials, complete it to a basis of V' by the nonpivot monomials, and let
R be the linear map sending a polynomial p to the coefficients of its component along the nonpivot
monomials (so R(p) computes the coefficients of the remainder of p mod C.) Then R(p) = 0 if and
only if pe C.

The two instances we need are the following.

e« C = Cp, the consequence space of the formula F' of Section 3. It is D-admissible by Fact 2.5,
and R = remp is the remainder map of Definition 3.9.

o C ={0}, with D = co. Admissibility is trivial, since 0-v = 0. Here R is injective, and written
in the basis of point evaluations it sends a polynomial to its table of values on {0,1}"; so
p € C says that p vanishes at every point. This is the toy model of Subsection A.1.
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Note that {0} is not the consequence space of any CNF, since every Cp contains the clause
complements. The toy model is therefore not an instance of Lemma 3.10 itself; it is an instance of
Theorem A.2 below.

Now fix a D-admissible C, a line L = \/;_;(u; = 1) with degu; < r, and a current approximator

P =TI, qv, each ¢, an affine combination 1+ >, a,;u;. Products are multilinearized, so u? = Uu;

and, for every affine combination ¢ of the u;, ¢*> = ¢ and ¢(1 4+ ¢) = 0. For 0 < j < K put

Zp(j) ={fe€V;: fPu; € C for every i},
cp(j) = dimV; — dim Zp(j) = rank(f — (R(fPuw;))i, f € Vj).

Thus Zp(j) is the space of multipliers that are good for P up to degree j, and c¢p(j) the number
of independent conditions imposed on them. For C = Cp these are the Zp(j) and cp(j) of
Definition 3.9.

Theorem A.2 (One-factor gain, general form). Let C' be D-admissible, and suppose

K >, deg P+ K +2r < D. (46)
Then there is € € F§ such that, with ¢ =14 >, €ju; and P’ = Pq,

cp(K) < ep(K) — %CP(K —r);
equivalently, dim Zp/(K) > dim Zp(K) + %cP(K —r).

Lemma 3.10 is the case C' = Cp, in which (46) is implied by the degree budget (4). For C' = {0}
the second condition in (46) is vacuous. Throughout the appendix, (46) is what permits every
multiplication through (45).

A.1 Roadmap, and the proof in the toy model

Everything in this appendix is an algebraic version of a two-line probabilistic argument, which we
give first in the case C' = {0}, where the algebra is absent.

The toy model. Take C'= {0}. Then f is good for P exactly when fPu; is the zero function for
every i, i.e. when f vanishes on the error set

Err(P)={a€{0,1}": P(a) =1 and L is true at a} = U{a : P(a)ui(a) =1}

of Section 3.1. So Zp(K) is the space of f € Vi vanishing on Err(P), and cp(j) is the rank of the

. E
evaluation map V; — Fy'

can “see” independently.

In this case the idea behind Theorem A.2 is as follows. We want to show Zp,(K) (the space of f’s
good for Pgq) is bigger than Zp(K), so we need to exhibit elements f of Vi that are good for Pq
and new, i.e. not already good for P. Whatever factor ¢ =1+ ), ¢;u; we end up choosing, every
f of the form (1 + g)v with degv < K — r is good for Pgq: it lies in Vi since deg(1 + ¢) < r, and
q(1+ q) = 0 makes (1 + q)vPqu; vanish identically. The question is which of these are new. Say
that a point @ in the error set of P is corrected by ¢ if a is no longer in the error set of Pgq, i.e.

). the number of points of Err(P) that polynomials of degree at most j
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g(a) = 0. Now (1 + g)v is new exactly when it is not in Zp(K), i.e. when it is nonzero at some
point of Err(P). Split Err(P) into the uncorrected points, where ¢ = 1, and the corrected points,
where ¢ = 0. At uncorrected points 1 + ¢ = 0, so (1 + ¢)v vanishes there whatever v is; at corrected
points 14+ ¢ =1, so (14 ¢g)v = v. Hence (1 + ¢)v is new exactly when v is nonzero at some corrected
point. So we will choose, in step (i), error points ay together with polynomials vy € Vx_, with
vg(ag) = 1 and vg(ag) = 0 for k' # k; then for each corrected ay the polynomial (1 + q)vg is 1 at ay
and 0 at the other chosen points, making the new solutions independent. The degree restriction
deg v, < K — r is what makes the gain be measured at degree K — r rather than K.

In this case Theorem A.2 is proved as follows.

(i) Choose ¢ = cp(K —r) points ay,...,a. € Err(P) on which evaluation of Vi _, is independent:
for each j there is v; € Vk_, with v;(a;) = 1 and vj(ajy) = 0 for j' # j. (By duality, this
is equivalent to saying that there are c linearly independent rows in “error” matrix where
each row of the matrix corresponds to an error point a;, each column corresponds to a degree
< K — r monomial, so the row corresponding to a; is the vector of all monomial values on
input a;.)

(ii) Choose € € F5 uniformly at random and put ¢ = 1+ Y, ;u;. At every point a € Err(P) the
line L is true, so the vector (u;(a)); is nonzero, and the bit 1 + g(a) = >_; €;u;(a) is uniformly
distributed. The new approximator Pq has error set Err(P) N {q = 1}: each error point is
corrected with probability exactly 1/2. (This is the only place where “L is true on Err(P)” is
used; it is what makes every error point correctable.) The events for different points are not
independent, and need not be: by linearity of expectation, ¢/2 of the chosen points a; are
corrected on average, so some € corrects at least ¢/2 of them.

(iii) For each corrected a;, the polynomial f; = (1 + q)v; € Vi is good for Pgq, since it vanishes
wherever ¢ = 1. By the choice of the v;, f; is 1 at a; and 0 at the other chosen points; so the
f; for different corrected j are not in Zp(K) and are independent modulo it. So the solution
space grows (since Zp(K) C Zpq(K)) by at least the number of corrected chosen points, which
is at least ¢/2.

That is the whole intuition: a random affine factor corrects half of the error points, and each
corrected point that a degree-(K — r) polynomial can see independently buys one new independent
multiplier.

What breaks, and the roadmap. For a general admissible C' the conditions fPu,; € C are still
linear conditions on the coefficients of f, but the coordinates of R are the nonpivot monomials of an
echelon basis of C, not points. There is no longer a set of “error points” to be corrected one at a
time, and no meaning to “a random half” of them. Pang’s proof reconstructs each step of the toy
argument using only admissibility:

o Step (iii) survives verbatim (Subsection A.2). The candidates (1 + ¢q)v are good for Pgq
because ¢(1 + ¢) = 0, and (1 + q)v was already good for P exactly when P(1 + q)v € C. So
the gain is the rank of one linear map, v — R(P(1 + ¢)v) on Vk_, (Lemma A.4).

o Step (i) becomes linear algebra (Subsection A.3). The conditions coming from equation i
are recorded in a binary matrix M;, and the map just mentioned is the binary combination
> ;€M;. In the toy model the rows of the M; are evaluations at points, and a point a
contributes its row to exactly those M; with u;(a) = 1; a combination then either keeps or
corrects each row. In general the rows of different M; can interact, and a combination can
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lose rank for a reason that has nothing to do with correcting an error point.

o Step (ii) is replaced by Pang’s matrix lemma (Theorem A.5), proved in two halves.
First, with the coefficients ¢; replaced by formal variables \;, the combination loses no rank
(Subsection A.4). This is where the structure of our matrices enters: the idempotence

u? = u;, together with one multiplication permitted by admissibility, gives a “kernel condition’

(Lemma A.6) which plays the role of “rows are only rescaled, never mixed” from the toy

model, and a Frobenius-descent argument (Lemma A.7) turns it into the statement that

the formal kernel is spanned by binary vectors. Second, specializing the formal variables to
random bits loses at most half the rank (Subsection A.5); this is the method of multiplicities
of Dvir-Kopparty—Saraf-Sudan [DKSS13], in the form used by Guruswami—Kopparty [GK16]
and Forbes—Guruswami [FG15], and it is exactly the algebraic counterpart of “each point is
corrected with probability 1/2”.

)

Subsection A.6 assembles the pieces. Pang’s own presentation [Pan26, Section 3] credits the same
sources.

A.2 Step (iii): corrected points give new solutions

Let ¢ =14 >, ¢u; and P’ = Pq. The first lemma says that nothing is lost and that every (1 + q)v
is gained; the second says exactly which of these gains are genuinely new.

Lemma A.3 (Old solutions persist, candidates appear). Under (46),
Zp(K) 2 Zp(K) + (1+4q) Vk—r.

Proof. 1f fPu; € C then fP'u; = (fPu;)q € C by (45), since deg(fPu;)+degq < K+deg P+2r <
D. If f = (14 q)v with v € Vk_,, then f € Vi and fP'u; = Pujv-q(1+¢q)=0¢€C. O

In the toy model, (1 + ¢)v was already good for P exactly when v vanishes on the corrected error
points, i.e. when P(1+ ¢)v = 0. The statement for general C' is the same with C' in place of {0},
and it identifies the gain as a rank.

Lemma A.4 (The gain is a rank). Under (46), for v € Vg_,,
(1+queZp(K) <= R(P(1+q)v)=0,
and consequently
dim Zp/(K) — dim Zp(K) > rank(v— R(P(1+q)v), v € Vk_,). (47)

Proof. 1If Pu;(1+q)v € C for all i, then taking the combination 3, ¢; gives P(1+¢)?v = P(1+q)v € C.
Conversely, if P(1 4+ ¢)v € C, multiplying by each w; (allowed: degP + K +r < D) gives
Pu;(1+ q)v € C. This proves the equivalence.

For (47), let ®(v) = R(P(1 + ¢q)v) on Vk_,. The map v — (1 + ¢)v sends ker @ onto (1 + ¢)Vkx_r N
Zp(K) by the equivalence, and its own kernel is contained in ker ®; hence dim((1 + ¢)Vk_,) —
dim((1 + ¢)Vk—» N Zp(K)) = dim Vg_, — dimker ® = rank ®, and this is the dimension that
(14 q)Vk_r adds to Zp(K). Apply Lemma A.3. O
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A.3 Step (i): the conditions as a family of matrices
For each equation u; = 1 of L define the binary matrix
M; : Vi_, — remainder coordinates, M;v = R(Pu;v).

Its kernel is the set of v that satisfy the error condition of equation ¢ for P; the common kernel of
all M; is Zp(K —r), so the stacked map v — (Myv,..., Mv) has rank

c:=cp(K—r),

the toy model’s “number of error points that degree K — r can see”. Since R(P(1 + q)v) =
> €iR(Pu;v), the map whose rank is the gain in (47) is the binary combination

M(E) = Z EzMZ
i
Lemma A.4 has thus reduced (44) to a statement about s matrices:

find € € F5 with rank M (e) > ¢/2.

Why this is not automatic, and what makes it true here. In the toy model the rows of
every M, are evaluations at points of Err(P), and the row of a point a appears in M; exactly when
u;(a) = 1. A combination ), ¢;M; therefore has, at row a, the row ev, multiplied by the scalar
> €iui(a): rows are kept or dropped, never mixed with one another, and a random e keeps each
with probability 1/2. For general matrices nothing of the sort holds. For M; = (1 0) and M = (0 1)
the stacked rank is 2 while every combination has rank at most 1; the two rows interfere.

The property of our matrices that excludes such interference is inherited from the idempotence
u? = u;, and it is cleanest to state with the coefficients left formal. Let E = Fa(Aq, ..., As) be the
field of rational functions in formal variables );, and write

M) =Y NM;, M) =Y AM,

both regarded as matrices over F.

Theorem A.5 (Pang’s matrix lemma [Pan26, Lemma 3.3]). Let My, ..., My be matrices over Fo
of the same shape, let ¢ be the rank of the stacked map v — (Mjv, ..., Msv), and suppose

kerp M ()\) C kerp M()\?). (48)

Then rankg M(X) = ¢, and Eccps ranky, M (€) > ¢/2. In particular some € € F5 has rank M (e) >
c/2.

In the toy model (C' = {0}) the kernel condition is obvious: M () is the evaluation matrix with row
a scaled by the linear form £4(\) = 32, (a)=1 Ai # 0, and M (X\?) is the same with £,(\?), so both
have the same kernel, namely the polynomials vanishing on Err(P). The theorem says that this
condition alone, with no points in sight, suffices for both conclusions. We prove the two conclusions
in Subsections A.4 and A.5; first we verify the hypothesis for our matrices.
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A.3.1 The kernel condition, from admissibility

Write C(E) for the E-span of C inside the polynomials in y with coefficients in E. Because R is a
binary matrix, its kernel over E is the E-span of its kernel over Fy:

Ru)=0 += wueC(E).

Admissibility (45) also holds over E: if u € C'(E) has y-degree at most j, then u is an E-combination
of elements of C'N Vj; (the binary linear system “R(u) = 0 and all coefficients of degree > j vanish”
has binary kernel C'N'Vj, and its kernel over E is the E-span of that), so for a of y-degree at most
D — j, expanding a into monomials and applying (45) to each element of C'N'V; gives ua € C(E).
Throughout, degree means degree in y; the \; are scalars.

Lemma A.6 (The kernel condition holds). Under (46), the matrices M; of Subsection A.3 satisfy
(48).

Proof. Put g\ = 1+ 3; \ju;. For v € EVE-r (a polynomial of degree at most K — r with coefficients
in E), M(A)v = R(P(1+ gx)v), so M(\)v =0 means P(1+ ¢\)v € C(E). Multiply once more by
1+4q)y, which has y-degree at most r; this is allowed since deg P+ (K —7r)+7r+r < D. Multilinearizing

in y,
(1+qy)? = (Z )\iui>2 = Z)\?uf = Z)‘%ui’

because cross terms cancel in characteristic two and u? = u;. Thus P(X; Mu;)v € C(E), i.e.
M(\?)v = 0. ]

The identity (1 + ¢x)? = >; Mu; is the whole mechanism: squaring an affine combination of
idempotents is the same as applying the Frobenius map A — A2 to its coefficients. (We stress
that (1 + ¢x)? # 1+ ¢\ as a polynomial with formal coefficients; the idempotence is in y only.) In
the toy model this is literally the statement that row a is scaled by £,(\) in one matrix and by
£a(N)? = £,(A\?) in the other.

A.4 Step (ii), first half: no rank is lost formally

We prove the first assertion of Theorem A.5: with formal coefficients the combination M (\) has the
full stacked rank c¢. What could go wrong is that over £ the unknown vector v may have coefficients
depending on A, and such coefficients can produce spurious solutions: A\ja+ Asb = 0 has the solution
(a,b) = (A2, A1) although its only binary solution is (0,0). The kernel condition rules this out: it
forces the kernel of M (\) to be spanned by binary vectors, and a binary vector killed by >, \; M;
is killed by every M; separately, because the \; are independent formal variables. The tool is the
following descent lemma, in which v — v[2 denotes coordinatewise squaring of a vector over E; it
says that a subspace stable under the Frobenius map is “defined over Fy”.

Lemma A.7 (Frobenius-stable subspaces are defined over Fy). Let W C E™ be an E-subspace with
v e W for every v e W. Then W is the E-span of W NIEFy.

Proof. Bring a basis of W into reduced echelon form: there are pivot coordinates p; < --- < pg and
basis vectors w), ..., w@® with wgc) = 0. Each w) is the unique element of W with these pivot
values. Now (w))Pl € W has the same pivot values, since 02 = 0 and 12 = 1, so (w?))[& = (),
Every coordinate a of w) therefore satisfies a® = a, i.e. a(a + 1) = 0 in the field E, so a € {0, 1}.

Thus the w) are binary and span W. O
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Proof of Theorem A.5, first assertion. Let W = kerp M (\) and let Wy = (), kerg, M; be the com-
mon binary kernel, of dimension m — ¢. Clearly W O (Wj) g, the E-span; we show equality, in three
steps.

Step 1: W = kerg M(A\?). The inclusion C is the hypothesis (48). For equality it suffices that
the two matrices have the same rank over E. Every minor of M(\) is a polynomial A(\) with
coefficients in F, and the corresponding minor of M ()\?) is A(A?) = A())?, since squaring is additive
in characteristic two and fixes Fo. A minor is nonzero exactly when its square is, so the ranks agree.

Step 2: W s Frobenius-stable. For v € W, squaring every coordinate of the identity ), \iM;v =0
and using that the entries of the M; are in [y gives >, )\?Mivm =0, ie v ekerp M(N?) =W.

Step 3: descent. By Lemma A.7, W is spanned by binary vectors v € W N 5. For such v the
vectors M;v are binary, and >, A;(M;v) = 0 with Aj,..., A linearly independent over Fo forces
M;v = 0 for every i. Hence W NFJ* = Wy and W = (W) g.

Therefore dimg W = m — ¢ and rankg M () = c. O

A.5 Step (ii), second half: random bits keep half the rank

It remains to pass from the formal rank ¢ of M () to a binary point € with rank M (e) > ¢/2. This
is the algebraic form of “each point is corrected with probability 1/2”. It knows nothing about the
target space C'; it is the argument by which Guruswami and Kopparty [GK16] control the rank of a
matrix of polynomials at the points of a grid, further developed by Forbes and Guruswami [FG15,
Section 6]. The idea: a ¢ x ¢ minor A(X) of M()) is a nonzero polynomial of degree ¢; wherever the
rank drops by d, that polynomial vanishes to order d; and a nonzero polynomial of degree ¢ cannot
vanish to high order at many points of the cube {0,1}*, the total order being at most c- 257!, i.e.
¢/2 per point on average.

Recall that the multiplicity mult(A,e€) of a polynomial A at a point € is the least degree of a
monomial appearing in A(e + u) as a polynomial in the shift 4 (and co if A = 0).

Lemma A.8 (Rank drop forces multiplicity [GK16, Claims 15-16]). Let M (\) = >, \iM; with
M; over a field K, let A(X) be the determinant of a ¢ x ¢ submatriz of M(\), and let € € K®. If
rank M (e) < ¢ — d, then mult(Ae) > d.

Proof. The submatrix N(\) of M()) is itself of the form >, A;N;, and rank N(e) < ¢ — d. Choose
invertible matrices A, B over K with AN (€)B = diag(l.—q,0). Since N (e + u) = N(e) + N(p),

Ae+ p) = det(A) "t det(B)~! det(diag(I._4,0) + AN(u)B),

where AN (u)B has entries that are linear forms in g with no constant term. The last d rows of
the matrix inside the determinant consist entirely of such linear forms, so in the Leibniz expansion
every term contains at least d factors of degree one in u. Hence every monomial of A(e + p) has
degree at least d. O

Theorem A.9 (Multiplicity Schwartz—Zippel [DKSS13, Lemma 8]). Let A # 0 be a polynomial of
degree at most ¢ in s variables over a field K, and let S C K be finite. Then

Z mult(A, €) < c|S|*71.
ecSs
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Lemma A.10 (Rank retention under specialization). Let M(\) = >°; \iM; with M; over a field K,
let S C K be finite, and let ¢ = rankgyy M(A). Then

1
Eccgs rank M(e) > c(l - —)
In particular, for K =S = Fq, the expected rank is at least c/2.

Proof. Since M (A) has rank ¢ over K()\), some ¢ x ¢ minor A(\) is a nonzero polynomial; its entries
are linear forms in A, so deg A < ¢. By Lemma A.8, at every e the rank loss ¢ — rank M (e) is at
most mult(A, €). Summing over S® and applying Theorem A.9,

Z (¢ —rank M(e)) < Z mult(A, €) < c|S|*71,

ecSs e€Ss

and dividing by |S|® gives the claim. O

This completes Theorem A.5: its first assertion supplies the formal rank ¢, and Lemma A.10 with
K = S = F9 supplies the binary point. The factor 1/2 is the price of working over the two-element
field, and it is tight: for M} = My = M # 0 the hypothesis holds, the stacked rank is rank M, and
M (e) is M or 0 with equal probability. This matches the toy model, where a single error point seen
by two equations is corrected exactly when €1 + e = 1.

A.6 Conclusion

Proof of Theorem A.2. Let M; be the matrices of Subsection A.3, with stacked rank ¢ = c¢p(K — ).
By Lemma A.6 they satisfy the hypothesis of Theorem A.5, which provides € € F§ with rank M (¢) >
c/2. Put ¢ =143, ¢;u;. Then M (e) is the map v — R(P(1+ ¢q)v) on Vk_,, so Lemma A.4 gives
dim Zpy(K) — dim Zp(K) > cp(K —1r)/2. O

Proof of Lemma 3.10. Apply Theorem A.2 with C = Cp, which is D-admissible by Fact 2.5. For
an intermediate approximator with at most ¢t — 1 factors, deg P < (t — 1)r, so the degree budget (4)
gives deg P + K + 2r < K +rt+ r < D, which is (46). O

Remark (Why the decrease is by a constant factor). The gain (44) is measured at degree K —r while
the conditions are counted at degree K. Lemma 3.11 bridges the two: the monomials that carry
a condition (those that are not leading monomials of solutions) are closed under taking divisors,
and such a down-set has nonincreasing density in each degree, so the degree-(K — r) conditions
are at least their proportional share M, (K — r)/M,(K) of the total. Hence each factor removes at
least the fraction n = $ M, (K — r)/M,(K) of all conditions. For Pang’s choice K ~ D/4 < n/4 the
ratio M, (K — r)/M,(K) is about (K/n)", which is a constant for constant r and is the source of
the logn ceiling on r; Section 4 is devoted to moving K close to half the number of variables, where

the ratio becomes e*O(’"/‘/z).

Remark (What the argument used). Beyond the admissibility of C, which is used for the two
multiplications in Lemmas A.3 and A.4 and for the one in Lemma A.6, the argument used only
that the polynomials u; are idempotent, u? = u;, which gives (1 + ¢x)? = 3_; A2u;, and that the
matrices M; are binary, which makes the Frobenius argument available. The choice of the field Fo
appears only in the constant 1/2 of Lemma A.10. The lifted target space CAZ'D of Section 4 is not
admissible in the sense of Definition A.1 for either of its two degrees, so Theorem A.2 does not
apply to it directly; Appendix B explains why and repeats the argument with the extra bookkeeping
this requires.
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B Rank estimates with the coefficient-degree restriction

We prove Lemmas 4.16 and 4.15, and then Proposition 4.17. Lemma 4.16 is the lifted version
of the degree comparison, Lemma 3.11, and Lemma 4.15 is the lifted version of the one-factor
gain, Lemma 3.10; we prove each by repeating the corresponding argument (that of Lemma 3.11,
respectively that of Appendix A) over Cp instead of Cp, with one piece of bookkeeping added.
Fach of those arguments multiplies a known member of the consequence space by a polynomial of
small degree; over 6’D, Lemma 4.10 justifies such a multiplication only when the known member
has coefficient degree at most (). So before every multiplication we restrict the relevant space of
multipliers to Wy, which by (22) costs at most E; dimensions at degree j, and we carry these losses
through the two estimates. Nothing else changes.

Why Cp is not covered by Theorem A.2. Appendix A proves the one-factor gain for any
admissible target space, i.e. any subspace C' closed under multiplication whenever degu + degv < D
for a single degree function deg (Definition A.1). The space Cp fails this for both of its degrees.
With deg = deg, the hypothesis deg, u + deg, v < D is never met in the regime of Section 4, where
the multipliers have ordinary degree near N/2 > D. With deg = /3 the closure rule we actually have,
Lemma 4.10, is the mixed statement p € Cp, B(p)+deg,v <D = pve Cp, and the corresponding
statement with B(v) in place of deg, v is false because /3 is not submultiplicative (the example after
Lemma 4.10). So every multiplication in the argument is permitted only when the known member of
CA’D has coefficient degree at most (), which is a condition on the multiplier f or v being multiplied,
not on Cp. This is exactly the restriction to Wy described above, and the two lemmas below are
Theorem A.2 and Lemma 3.11 with that restriction carried through.

For 0 < j < K, let Ej count the monomials through degree j excluded by Wq. Let Tp; be the
corresponding columns of the error matrix in Definition 4.14, and write

Zp(j) = {f € Vj(z) : fPu; € Cp for every i}, cp(j) =rankTp;.

Thus Zp(j) = Zp(K) NVj(z) and E; < eMy(j), with € as in Definition 4.13.

B.1 Comparing multiplier degrees

Proof of Lemma 4.16. Recall the argument of Lemma 3.11. With monomials ordered by degree
and then lexicographically, cp(j) counts the monomials of degree at most j that are not leading
monomials of elements of Zp(K); call these the counted monomials, and let b; be the number of
them of degree exactly j, so that cp(j) = >_a<;j ba- The counted monomials are closed under taking
divisors, because a solution whose leading monomial is m can be multiplied by a variable absent
from m to give a solution with leading monomial that extension. This closure forces the density
b]/(];[) to be nonincreasing in j.

Over Cp the multiplication by a variable is justified by Lemma 4.10 only for solutions of coefficient
degree at most @ (the hypothesis @ + deg P +r + 1 < D is exactly what it needs). We therefore
first pass from Zp(j) to Zp(j) N Wg, which by (22) loses at most E; leading monomials; every
leading monomial of the smaller space has a witness in W, and that witness can be multiplied
by a variable as before. Consequently each degree-j divisor of a counted degree-(j + 1) monomial
is either counted or one of the at most Ej lost leading monomials. Counting the pairs (counted
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degree-(j + 1) monomial, degree-j divisor) in two ways, as in Lemma 3.11, gives

(J+Dbjs1 < (N =4)b; + Ej),  ie

b.
< S teli+1),

where we used Ej < eMn(j) <e(j+ 1)(];[), valid since j < K < N/2. So the density is no longer

nonincreasing, but it can increase by at most £(j+1) per step, hence by at most € 3°; g (j+1) < N 2e
in total between any two degrees up to K.

Write §; = b]/(]JV) For every j > K —r and every i < K — r we have §; < §; + N2¢, hence §; is at
most the minimum of &y, ...,dx_, plus N2e, and in particular at most their binomially weighted
average cp(K — r)/My(K —r) plus N2e. The weighted average cp(K)/My(K) of dg,...,0k is
therefore at most cp(K — r)/My (K — r) + N2e. Multiplying by My (K — r) and rearranging gives
(25). O

B.2 The gain from one factor

We use Pang’s matrix lemma in the form of Theorem A.5: if binary matrices A1, ..., A, satisfy
the kernel condition kerg A(\) C kerg A(\?) over E = Fa(\1,...,\s), where A(\) = 3, \;A4; and
A(N%) = 3, A\2A;, then some binary combination Y, a;A; has rank at least half the rank of the
stacked map v — (Ajv,..., Agv). As in Appendix A, the kernel condition is verified by one further
multiplication, now in C p; the only new point is that the multiplication must be justified in majority
coordinates.

Allowing formal scalar coefficients. For an Fs-subspace V', let Vg be the space of E-linear
combinations of its elements. As shown in Subsubsection A.3.1, the bounded-degree multiplication
rule for any admissible space, in particular for Cp, remains valid over E. Applying that argument
to each majority coefficient polynomial shows that Lemma 4.10 also holds over E, with the same
bounds. All remainder maps extend E-linearly.

Proof of Lemma 4.15. Write P’ = Pq. We follow Appendix A, with the space of candidate multipli-
ers v restricted to X = Vi_,(x) N Wy so that every multiplication is permitted. Using a fixed basis
of X, define the binary matrices

A;(v) = Tp i (uiv) (v e X),

so that A;(v) = 0 exactly when w;v satisfies all error conditions for P. Their common kernel is
XNZp(K —r): the common kernel requires vPuqu; € Cp for every «, i; these conditions follow from
vPuq € Cp by permitted multiplication, and conversely taking i = a recovers vPu, € Cp because
u2 = uq. The stacked map v +— (410, ..., Asv) on X therefore has rank dim X — dim(X N Zp(K —
r)) > dimX —dim Zp(K —r) = (My(K —7) — Ex_y) —dim Zp(K — 1) = cp(K —r) — Ex_,.
To check the kernel condition, put gy = 1+ >, \ju;. For v € Xg, the equation A(A)v = 0 says
that vPuqy(1 4 g)) belongs to (CA'D) g for every a.. Multiply once more by 1 + ¢y. This is allowed by
B(v) +deg P+ 3r < Q +deg P+ 3r < D. Since (1 + g))? = 3_; M u;, the resulting conditions are
exactly A(\?)v = 0.

Theorem A.5 now supplies ¢ = 1+ >, a;u; such that v — Tp i ((1 + ¢)v), v € X, has rank at least
3(cp(K — 1) — Ex_,). As in Lemma A.4, this rank is the number of dimensions that (1 + ¢)X adds
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to Zp(K), and a fortiori the number it adds to the smaller space Zp(K) N Wg, whose dimension is
at least dim Zp(K) — Ex by (22).

Both Zp(K)NWg and (1 + ¢)X lie in Zp/(K): for the first, multiply fPu; € Cp by g, permitted
since S(f) < Q; for the second, (1 + q)vP'u; = Pu;v-q(1 + ¢q) = 0. Hence

dim Zp/(K) > (dim Zp(K) — Ex) + 3(cp(K — 1) — Ex_),

and subtracting from My (K) gives (24). O

B.3 Iteration

Proof of Proposition 4.17. Before the last factor is appended, P is a product of at most ¢t — 1 factors,
so deg P < (t — 1)r. Thus @ + (¢ + 2)r < D implies the degree conditions of Lemmas 4.16 and 4.15.
Combining (25) and (24) with E; < eMp(j) gives the one-factor inequality (26) for P’ = Pgq.
Initially, BN Wg C Z1(K), so ¢1(K) < h+ Ex < h+eMpy(K). After t factors,

t—1
cp, (K) < (1 =)' (h+eMy(K)) +2N?eMy(K) Y (1 —n)"
v=0
ONZe My (K)

< e M(h+eMy(K)) + p

This is (27). Corollary 4.18 then imposes the final Wy restrictions and chooses the common
multiplier outside Cp. O

C Counting estimates

We prove the two estimates quoted in Subsection 4.4: the bound (33) on the fraction of monomials
excluded by W, which rests on a tail bound for the number of selected bits in a union of blocks,
and the lower bound (35) on the ratio My (K — r)/My(K) near K ~ N/2, which rests on the
flatness of the binomial coefficients there.

A tail bound for sampling without replacement. Choose a uniform j-subset of an N-element
set. For a fixed set of L > 1 coordinates, let X count how many are selected, and put p = j/N. For
every u > 0,

Pr[X — Lp > u] < exp(—2u?/L). (49)

Indeed, if X1,..., X are the selection indicators, then for any set A of s of these coordinates,

_1>(]—S+1) < S

ETT X, = J(i <
g NN-1)---(N-s+1) =7?

where the expectation is zero for s > j. For A > 0, expand the product to obtain

L
EM =E[[(1+ (X = 1)X;) < (1 —p+pe*)” < exp(LpA+ LA*/8).
=1

The last inequality follows because log(1 — p + peA) — pA has value and derivative zero at zero, and
second derivative at most 1/4. Markov’s inequality with A = 4u/L now proves (49).
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The excluded fraction in each degree. Recall Q = |cn/16], K = |[N/2 —an/{|, and N = nd.
Fix 0 < j < K, and choose a monomial 27 of degree j uniformly. Fix any @ + 1 blocks. Their
union has L = (Q + 1)¢ coordinates. If T" selects more than half the bits in every one of these blocks,
the number selected in the union is at least (Q + 1)¢/2, whereas its mean is at most

K
Q+DI5 < (@+1L2-(Q+ aVe.
Equation (49), with u = (Q 4 1)av/¥, bounds the probability by e~2@+1)a® A ynion bound over
the sets of () 4+ 1 blocks gives, in every degree j < K,

n
Q+1

using @ + 1 > en/16 and () < 2". This proves (33). The main-text bound h > 27" My(K)
therefore gives

Pr[|J(T)| > Q] < ( >62(Q+1)“2 < exp[—(ca®/8 —log 2)n],

SMN(K)
h
when ca?/8 > 2log 2 + 12, proving (34).

< exp|—(ca®/8 — 2log2)n] < e~ 12"

Lemma C.1 (Cumulative monomial counts near half the variables). Let n > 2, a > 1, N = n/,
and /0 > 128(a +2). For K = |[N/2 —anV{| and 1 <r < n,

I1My(K—7r) _ 1 r
2 ]]\V4N(K) SR <_64(a+2)\/2>'

Proof. The idea is that My(j) is dominated by its top ©(v/£) binomial coefficients, each of which
is at least half the largest one, so that removing the top coefficient changes My (j) by a factor
1—-0(1/V0). Put u = (a+2)/v€ and L = |1/(16u)]. For K —r 4+ 1 < j < K, each of the indices
4,5 —1,...,5— L is at least

N/2 = (a+2)nVe >0,
because the floor in K, the shift by at most r, and the further shift by at most L together cost at
most 1 +7r+ L <2nVl. For0<v < L, it follows that

N ‘
SISV S .
(j_y) N—-—(—-v)+1 =~ 1+3u

where 2/N < u. Since u < 1/128 and uL < 1/16, (1 — 5u)* > e71%L > 1/2. Thus every one of
those L + 1 binomial coefficients is at least %(];[ ), and

N
L+1(N 1 (N Myn(j—1 ;
My() = = (V) = (), 7N(]. b (J)A >1-—32u.
2 \Jj) 32u\J My (j) Mn(j)
Multiply the last inequality for j = K —r+1,..., K. Since 32u < 1/4, log(1 — 32u) > —64u, giving
the claimed bound. O

D Depth-3.5 AC[2]-Frege: the rules and the simulation

This appendix gives the precise rules of the system of Section 5 and proves Proposition 5.2, the
preservation of the rules under the two-level approximation. The nested approximation follows
Pang’s discussion [Pan26, Section 8§].
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Definition D.1 (Depth-3.5 ACY [2]-Frege).

Fix b > 1. Every equation v = 1 occurring in a line has u a multilinear polynomial over Fs in the
lifted variables, with degu < b. A term is T = Ajcr (ur; = 1); a line is a disjunction of terms.
A singleton equation is a term, and the empty term is true. Ordering and repetition of equations
within a term are immaterial. In addition to weakening and contraction of disjunctions, the rules
are

AVT AVT BvUu

AVU’ AV BV (T ANU)’
AVT Bije]T(1+uT,j =1)
AV B )

Here A, B are disjunctions of terms. The first rule requires that every equation of I occurs in 7.
The polynomial rules are those of Definition 2.6, with these disjunctive contexts. Multiplication may
conclude 1+ ML((1 4+ u)v) = 1 from u = 1 whenever the polynomial 1+ ML((1 + u)v) has degree at
most b; there is no separate degree bound on the multiplier v. A singleton false constant equation
may be deleted. The default axioms are (1 = 1), the empty true term, and (u=1)V (1 +u=1)
for every allowed polynomial u. Input clauses are disjunctions of singleton terms. The total size T’
counts all term occurrences as well as all monomial occurrences, so it bounds both the number of
terms and the number of proof lines.

Equivalence with the system of Buss, Kolodziejczyk and Zdanowski. The normal-form
theorem of [BKZ15] is stated for the Tait-style system PCKg, [BKZ15, Definitions 11-13], which
we recall. A line is a cedent, a finite set of formulas read as their disjunction. The formulas are
multilinear polynomials f over Fo, read as the assertions f = 0, together with conjunctions A ®
and disjunctions \/ ® of finite sets ® of such polynomials; there is no negation connective, and the
negation of a polynomial f is the polynomial f =1 + f. The axioms are the cedents f, f for every
polynomial f. The rules are the two rules of polynomial calculus with side formulas,

L, f
L, fg

together with weakening, cut on an arbitrary formula, the A-rule (from I', ¢ for every ¢ € ® infer
I', A @) and the \/-rule (from I, ¢ for some ¢ € ® infer I', \/ ®). The degree of a proof is the maximum
degree of a polynomial in it, and its size is the number of symbols. Theorem 43 of [BKZ15] converts
a quasipolynomial-size depth-d ACO[Q]—Frege refutation of a CNF into a quasipolynomial-size PCKIlF2

refutation of degree (logn)9(@.

L, f A g
LA f+g

(product), (sum),

Lemma D.2 (Equivalence with PCK]lFQ). For every b, the depth-3.5 AC°[2]-Frege system of Defi-
nition D.1 with bottom degree b and PCK]}2 restricted to polynomials of degree at most b simulate
each other with polynomial overhead in size.

Proof sketch. The two systems have the same lines. A PCKIlF2 cedent is an OR of polynomial
assertions, conjunctions of them, and disjunctions of them; complementing every polynomial, f =0
becoming f = 1, translates the assertions into our equations and changes neither degrees nor sizes
by more than a constant factor, and a disjunction \/ ® inside a cedent is the same as its members
listed in the cedent, i.e. as singleton terms. Under this translation the rules correspond one to
one. The sum rule is our linear combination, with the side formulas as contexts, and the product
rule is our multiplication, the multiplier g being unrestricted in both systems while the displayed
polynomials have degree at most b. The axiom f, f is our default axiom (v = 1) V (z = 1). A cut
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on a polynomial is a cut on a singleton term; a cut on a conjunction A ® is against its negation,
which in PCKIIF2 is the disjunction \/ ® of the complemented polynomials and in our system is the
disjunction of the complements of the equations of the term, which is our cut rule; and a cut on
a disjunction is the same inference with the premises exchanged. The A-rule with |®| premises is
|®] — 1 binary conjunction introductions followed by contractions, the \/-rule is weakening, and
weakening is weakening. In the other direction, projection from a term A ® to a subterm A @,
®’' C @, is a cut on the formula A\ ®, whose negation is \/ ®. For each f € &' the axiom f, f
gives the cedent \/ ®, f by the \/-rule, since f € ®; the A-rule over ® then gives \/ ®, A ®', and a
cut against the premise I', A @ yields I', A ®’. Binary conjunction introduction is the A-rule with
two premises. Every step is local; each original inference is simulated by a constant number of
lines, except projection, which uses one line per equation of the subterm; and the degree of every
polynomial, including the multilinearized conclusions of the product rule, stays within b. O

Together with Theorem 43 of [BKZ15], the lemma shows that a quasipolynomial-size depth-d
ACP[2]-Frege refutation of a CNF yields a quasipolynomial-size refutation in our system with
b = (logn)°@ which is the sense in which Theorem 1.4 is one parameter away from a lower bound
for depth-d AC°[2]-Frege.

Proof of Proposition 5.2. All identities are multilinearized. We use induction on the proof and
Lemma 4.10 to multiply known members of C'p. The ordinary degree of an appended factor bounds
the increase in coefficient degree. Expanding the products defines polynomials V7 ; and U 7 with

L+ Ar =3 Vr(L+ury), degVr; < R—b, (50)
J
1+ PL=) U,rAr, deg Uy, < Rtous — R. (51)
TeL

Relations between terms. The inner error conditions say that on supp f each Ay is exact.
The following two relations are the consequences we need: on supp f, a larger term’s approximant
implies a smaller term’s, and the approximant of a conjunction is the product of the approximants
of its parts. If every equation of U occurs in 7, the inner error conditions and (50) give

FAT(1+ Ay) € Cp in coefficient degree at most @ + 2R. (52)

If V=T AU, each equation of V occurs in one of its two parts. Multiplying that part’s inner error
by the other approximant, then using (50) for V, gives

FATAL(1+ Ay) € Cp in coefficient degree at most @ + 3R. (53)

Also, (52) for the two parts and 1+ A7Ay = (1+ A7) + A7(1 + Ay) give fAy(1+ ATAy) € Cp.
Adding this to (53) yields R
f(Ay + A7 Ay) € Cp. (54)

The polynomial in (54) has coefficient degree at most @ + 2R; this is the bound used when it is
multiplied further. Thus the relation needed for conjunction follows from the inner error conditions
for the separately chosen approximants.

48



Removing a premise term. Suppose a premise is Lo = AV T, and the conclusion L retains
every term of A. The calculation of Lemma 3.6 (the surviving disjunct is true), with the equations
replaced by terms, their indicators u; by the approximants A7, and (5) by (51), gives

(1+ A7) fPp € Cp. (55)

Its derivation has coefficient degree at most @) + 2Rtoys + R, and its final polynomial has coefficient
degree at most @ + Rtout + R.

Conjunction introduction and projection. For introduction, apply (55) to both premises,
and use the identity

fPL=(1+A7)fPL+ Ar(1+ Ay)fPL
+ (Av + ATAy) fPL+ Ay fPr.

The first two terms are (55) for the two premises, multiplied by 1 and by A7; the third follows from
(54); the last is the conclusion’s outer error condition for V. For projection use

fPL= Q1+ A7) fPL+ A7(1+ Au) fPL + AT AufPr,

where the second term follows from (52) and the last from the outer error for U. All these
multiplications obey (41): the largest new coefficient degree is @ + Rtout + 2R, in addition to the
derivations already given.

Conjunction cut. Write the premises as Ly = AV T and Ly = BV V(1 +ur; = 1), with
conclusion L = AV B. The exact approximant of the singleton (14 w7 ; = 1) is 1+ug ;. Telescoping
for Lo therefore gives

fPLAT = ATPL(fPL,) + Y ATUL, u(fPLAY)
UeB
+3 " PLUL, j(FAT(1 + ur)) € Cp.
j

Here Uy, ; is the coefficient for that singleton in (51). The three kinds of terms follow from the
simulated second premise, outer error conditions, and inner error conditions, respectively. Their
coefficient degrees are at most @ + 2Rty + R. Adding (55) for the first premise gives fPr, € Cp.

The remaining rules and inputs. The polynomial and structural calculations of Subsection 3.1
apply with these disjunctive contexts: singleton approximants are exact, and every retained term has
the same approximant in premise and conclusion. Their coefficient degrees are at most Q+2Rtout+2R.
This includes multiplication with an unrestricted multiplier, since the calculation uses only the
conclusion of degree at most b. A default axiom contains an inner approximant equal to one, or the
two exact inner approximants 1 + u, u; their outer error conditions give the required membership.
For an input clause encoded by 1 +a = 1, Lemma 4.11 gives fa € éD, and Lemma 3.7 gives
fPr € CA’D within coefficient degree @ + Rtoyt + w(G). These uses satisfy the other two allowances
n (41). At the empty line Py, = 1, completing the induction. O
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