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“Restructuring” compilers

« The optimisations we have studied so far reduce the number of
Instructions that need to be executed at runtime

— This is fundamentally a good idea!

« But sometimes we can get a performance improvement by
thinking about the order in which loops are executed

* Why might that be?
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“Restructuring” compilers

« The optimisations we have studied so far reduce the number of
Instructions that need to be executed at runtime

— This is fundamentally a good idea!

« But sometimes we can get a performance improvement by
thinking about the order in which loops are executed

* Why might that be?
— We might be able to use vector instructions

S0 different iterations of a loop are being executed at the
same time
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“Restructuring” and “parallelizing” compilers

« The optimisations we have studied so far reduce the number of
Instructions that need to be executed at runtime

— This is fundamentally a good idea!

« But sometimes we can get a performance improvement by
thinking about the order in which loops are executed

* Why might that be?
— We might be able to use vector instructions

S0 different iterations of a loop are being executed at the
same time

— We might be able to use multiple cores

S0 different iterations of a loop might be assigned to
different threads running on different CPUs
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“Restructuring” and “parallelizing” compilers

« The optimisations we have studied so far reduce the number of
Instructions that need to be executed at runtime

— This is fundamentally a good idea!

« But sometimes we can get a performance improvement by
thinking about the order in which loops are executed

* Why might that be?
— We might be able to use vector instructions

S0 different iterations of a loop are being executed at the
same time

— We might be able to use multiple cores

S0 different iterations of a loop might be assigned to
different threads running on different CPUs
— We might be able to improve how the cache is used
* We will come to this later!
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Vector instruction set extensions
e Example: Intel’'s AVX512

* Extended registers ZMMO0-ZMM31, 512 bits wide

— Can be used to store 8 doubles, 16 floats, 32 shorts,
64 bytes

— So instructions are executed in parallel in 64,32,16 or
8 “lanes”



Vector instruction set extensions
e Example: Intel’'s AVX512

* Extended registers ZMMO0-ZMM31, 512 bits wide

— Can be used to store 8 doubles, 16 floats, 32 shorts,
64 bytes
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Can we get the compiler to vectorise?

C++ source #1 2

A B +~ v £ »

(E;(I++-

float c[1024];
float a[1024];
float b[1024];

void addabc() {
for (int i=0; 1<1024; i++)
c[i]-=-a[i] -+ b[i];

W O NO WUV B WN =

O  x86-64 gcc 14.2 (Editor #1) 2 X

x86-64 gcc 14.2

v Av

O O NGO WV & WN =

o O S O =
N O h WNIRO

v 2 @ | -march=znver4 -Ofast -fopt-infc

@ Output..~ Filter..~ [ Libraries 4 Overrides <+ Add new..> o”
addabc():
xor eax, eax
. 1
vmovaps zmm@, ZMMWORD PTR a[rax]
vaddps zmmo, zmm@, ZMMWORD PTR b[rax]
add rax, 64
vmovaps ZMMWORD PTR c[rax-64], zmmo
cmp rax, 4096
jne a2
vzeroupper
ret
b:
.Zero 4096
a:
.Zero 4096
€1
.Zzero 4096

In sufficiently simple cases, no problem:

Gcc reports: addcba.c:6:20: optimized: loop vectorized using 64

byte vectors
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Can we get the compiler to vectorise?

Tell the compiler to generate code for AMD Zen

4 which has AVX512

C++ source #1 2 O  x86-64 gcc 14.2 (Editor #1) 2 X
A~ B +- v £ »# x86-64 gcc 14.2 v 2 @  -march=znver4 -Ofast -fopt-infc
G C++ v A~ QOutput..~ Filter..~ [ Libraries / Overrides =+ Addnew..v o*
1 float c[1024]; ] 1 addabc():
2 float a[1024]; 2 xor eax, eax
3  float b[1024]; 3 L2
4 4 vmovaps zmm@, ZMMWORD PTR a[rax]
5  void addabc() { vaddps zmm@, zmm@, ZMMWORD PTR b[rax]
6 add rax, 64

for (int i=0; 1i<1024; i++)

vmovaps ZMMWORD PTR c[rax-64], zmmo

vmovaps: load 16 floats (64 bytes) from ali] into C,':Z ri’z" s
vector register zmmO . T
vzeroupper
ret
vaddps: add 16 floats from b[i] to zmmO
.zero 4096
add: bump the offset (rax) by 64 bytes
.zero 4096 _
: Switch back to non-vector mode
vmovaps: store zmmoO to c[i] e e

In sufficiently simple cases, no problem:
Gcec reports: addcba.c:6:20: optimized: loop vectorized using 64
byte vectors
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a[0]

b[O]

€

a[1]

5

al2]

“

a[3]

<

c[3]

Iteration #0

} Iteration #1

Iteration #2

Iteration #3

* This case was easy:

How do we know a loop is

parallel?
* To use vector instructions, we
need to verify that different
iterations of the loop are truly
parallel

* |n this case we can easily see that
the dependence arrows do not
cross iteration boundaries

a[O]

a[1]

a[2]

a[3]

b[O'

b[1

b[2

b[3

for (int i=0; i<4; i++)
cli] = ali] + b[i];

R0 04 A 04

|

b[O]

b[1]

b[2]

b[3]

\Vector add

Instruction

e So we can use a vector add
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* Source code: How much does it help?

_ First: without vectorisation

* Processor: AMD Ryzen 9 7940HS (“maplel10”)

 Compiler command line:
gcc —-01 addcba-perf.c

e Generated code — not vectorised:

e Performance: 4.8 GFLOPS (4.8*10° single precision floating-point operations/second)

* Time per loop iteration: 0.21ns (one clock cycle at 4.8GHz, 1
result per iteration) 21



* Source code: How much does it help?

_ This time with vectorisation

* Processor: AMD Ryzen 9 7940HS (“maple10”)
 Compiler command line:

gcc -Ofast -march=znver4 addcba-perf.c

e Generated code:

e Performance: 34.8 GFLOPS (single precision)

* Time per loop iteration: 0.45ns (two clock cycles, 16 results per
iteration) 22



* Source code: How much does it help?
for (int i=0; i<size; i++) This time with vectorisation

* Processor: AMD Ryzen 9 7940HS (“maplel10”)
 Compiler command line:

gcc -Ofast -march=znver4 addcba-perf.c

Generated code:

Speed of light is 30cm/ns.

vmovaps (%r8,%rax), %zmml So this machine

vaddps (%rdi,%rax), %zmml, %zmmO completes about three
iterations in the time it
takes the light to get
from your computer
screen to your eyes

* Performance: 34.8 GFLOPS (singlags

« Time per loop iteration: 0.45ns (two clock cycles, 16 results per
iteration) 23



Compilers - Chapter 8:
LLoop scheduling optimisations
Part 2. Determining whether a loop can

be executed In parallel
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But that example was obviously parallel?

* To use vector instructions, we need to verify that

different iterations of the loop are truly paralle
al0] | b[o] |
* This case was easy: N0
¥
for (int i=0; i<1024; i++) P c[O:
c[i] = ali] + b} ] b
e How about this one? \@/

for (int i=0; i<1024; i++) Q NG /
cli] = c[i-1] + b[i];

March 25 25



But that example was obviously parallel?

* To use vector instructions, we need to verify that different
iterations of the loop are truly parallel

* This case was easy:

for (int i=0; i<1024; i++) P
cli] = a[i] + bli];

e How about this one?

for (int i=0; i<1024; i++) O
cli] = c[i-1] + b[i];

 And this?

for (int i=0; i<1024; i+=2) R
cli] = c[i-1] + b[i];

March 25 26



“Loop-carried dependence”

* Consider this example:

for (int i=1; i<8; i++) Q
c[i] = c[i-1] + b[i];

* What does it do?



“Loop-carried dependence”

* Consider this example:

for (int i=1; i<8; i++)
c[i] = c[i-1] + b[i];

Q

* When executed we get:

cl\i‘co + 31,
cl2]l.=—c|l] + b[2];
c[312[2] + b[3];
C[4].2c[3] + b[4];
C[5].2c[4] + b[5];
c[6].=c[5] + b[6];
c[7] =c[6] + b[7];
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“Loop-carried dependence”

ider this example:

for (int\i=1; i<8; i++)
c[i] = c[i-1] + b[i];

Q

* When executed we get:

cl\i‘co + 31,
cl2]l.=—c|l] + b[2];
c[312[2] + b[3];
C[4].2c[3] + b[4];
C[5].2c[4] + b[5];
c[6].=c[5] + b[6];
c[7] =c[6] + b[7];

Each iteration produces a
value that is used in the
next iteration

The dependence arrows
go from one iteration to
the next

The dependence is
carried by the loop
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“Loop-carried dependence”

ider this example:

for (int\i=1; i<8; i++)
c[i] = c[i-1] + b[i];

Q

* When executed we get:

c[1].=c[O0] + b[1];
c[212c[1] + b[2];
c[312c[2] + b[3];
C[4].2c[3] + b[4];
C[5].2C[4] + b[5];
c[6].="c[5] + b[6];
c[7] =c[6] + b[7];

c[O] b[1]
/
c[1]
N b[2]
c[2]

March 25

Iteration #1

Iteration #2

|
|
|

Iteration #4
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“Loop-carried dependence”

* When executed we get:

March 25

ider this example:

for (int\i=1; i<8; i++)
c[i] = c[i-1] + b[i];

Q

c[1].=c[O0] + b[1];
c[212c[1] + b[2];
c[312[2] + b[3];
C[4].2c[3] + b[4];
C[5].2C[4] + b[5];
c[6].="c[5] + b[6];
c[7] =c[6] + b[7];

c[O] b[1]
/
c[1]
N b[2]
c[2]

Iteration #1

} Iteration #2

Iteration #3

} Iteration #4

There is a chain of dependence
from iteration to iteration
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“Loop-carried dependence”

* When executed we get:

March 25

ider this example:

for (int\i=1; i<8; i++)
c[i] = c[i-1] + b[i];

Q

c[1].=c[O0] + b[1];
c[212c[1] + b[2];
c[312[2] + b[3];
C[4].2c[3] + b[4];
C[5].2C[4] + b[5];
c[6].="c[5] + b[6];
c[7] =c[6] + b[7];

Iteration #1

} Iteration #2

Iteration #3

} Iteration #4

These are the loop-carried
dependences

32



So we need a compiler algorithm

 To determine whether there is a loop-carried dependence

* To distinguish, for example, P, Q and R:

for (int i=0: i<1024- i++) P|" No loop-carried dependence
’ ’ « So iterations can be executed in parallel

cli] = a[i] + bli]; . So vectorisable

for (int i=0; i<1024; i++) () * loop-carried dependence |
So iterations cannot be executed in

cli] = cli-1] + bli]; parallel
So not vectorisable

for (int i=0: i<1024: i+=2) R No loop-carried dependence
’ ’ « So iterations can be executed in parallel

cli] = c[i-1] + b[i]; « So vectorisable

March 25



So we need a compiler algorithm

 To determine whether there is a loop-carried dependence

* To distinguish, for example, P, Q and R:

for (int i=0; i<1024; i++) P
cli] = a[i] + b[i];

for (int i=0; i<1024; i++) O
cli] = c[i-1] + bli];

for (int i=0; i<1024; i+=2) R
c[i] = c[i-1] + b[i];

March 25

No loop-carried dependence
So iterations can be executed in parallel
So vectorisable

loop-carried dependence

So iterations cannot be executed in
parallel

So not vectorisable

No loop-carried dependence
So iterations can be executed in parallel

So vectorisable
(though actually generating efficient vector
code for this might be a bit tricky?)

34
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Compiler Explorer

C++source #1 X O X
+ Add new..w

float «c[1024];
float a[l1l024];
float b[1024];
void add (int N)
{
for (int i=0; i < N; i++) ]
c[i]=a[i]+b[i];

A~ M save/load C++ o>

00O NN O U1 B W N

“ B = 0O

x86-64 gcc 5.4 (Editor #1, Compiler #1) C++ X

x86-64 gcc 5.4

A~ 11010

1 _Z3addi:
testl
jle
leal
leal
shrl
addl
cmpl
leal
joe
xorl
xorl

If the trip count is not known to be
divisible by 4:

gcc reports:

test.c:6:3: note: loop vectorized

test.c:6:3: note: loop turned into non-loop; it never loops.
test.c:6:3: note: loop with 3 iterations completely unrolled

A Output (0/3)

movsly %edx, ¥rdx

addss  b({,%rax,4), ¥xmm@

ot -03 -fopt-info

B OFE NS J \s+  Intel  Demangle W Libraries

%edi, ¥edl

L1

-4(%rdi), %edx
-1(%rdi), %ecx
$2, ¥edx

$1, %edx

Basically the same
vectorised code as

before

Three copies of the

non-vectorised loop
body to mop up the
additional iterations

%ommB, cf,%rdx,4)
1(%rax), Xedx
¥edx, ¥edi

L1

$2, %eax
al,%rdx,4), Xxmmd
%eax, ¥edi
b(,%rdx,4), Exmmd
Kommd, cf,%rdx,4)
L1

in case N is not
divisible by 4

a(,%ran,4), Xommd

%oamB, cf,%rax,4)

%eax, ¥eax
NE!

4096
4096

4895

g++ (GCC-Explorer-Build) 5.4.0 - 377ms (57608)

0 >

35

== Add new...v

Q
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Compiler Explorer

1 void ggg(float * restrict_ c, I‘“j Rl R .
2 float * restrict  a, »

3 float * restrict b, I

4 int N)

5 1

6  for (int i=0; i <= N; i++) Three copies of the non-

7 c[i]=a[i]+b[i]; vectorised loop body to

8 } align the start address of

the vectorised code on a
32-byte boundary

If the alignment of the
operand pointers is not
known:

gcc reports:

test.c:6:3: note: loop vectorized

test.c:6:3: note: loop peeled for vectorization to enhance alighment
test.c:6:3: note: loop turned into non-loop; it never loops.
test.c:6:3: note: loop with 3 iterations completely unrolled
test.c:1:6: note: loop turned into non-loop; it never loops.
test.c:1:6: note: loop with 4 iterations completely unrolled

Basically the same
vectorised code as before

Three copies of the non-
vectorised loop body to
mop up the additional
iterations in case N is not
divisible by 4

Aoutput (06) g++ (GCC-Explorer-Build) 5.4.0 - 578ms (59348) 36 5]




Compiler Explorer

C+
A~

+ source #1 X

1 void add(float *c,

2 float *a,

3 float *b,

4 int N)

5 1

6  for (int i=0; i <= N; i++)
7 c[i]=a[i]+b[i];

8 }

O X | x86.-64 gcc 5.4 (Editor #1, Compiler #1) C++ X

- x86-64 gcc 5.4 7

If the pointers might be
aliases:

gcc reports:

test.c:6:3: note: loop vectorized

test.c:6:3: note: loop versioned for vectorization because of
possible aliasing

test.c:6:3: note: loop peeled for vectorization to enhance alignment
test.c:6:3: note: loop turned into non-loop; it never loops.
test.c:6:3: note: loop with 3 iterations completely unrolled
test.c:1:6: note: loop turned into non-loop; it never loops.
test.c:1:6: note: loop with 3 iterations completely unrolled

-03 -fopt-info

11010 N '+ Intel  Demangle W Libraries + Add new _~

) A

Check whether the memory
regions pointed to by ¢, b and
a might overlap

Three copies of the non-
vectorised loop body to align
the start address of the
vectorised code on a 32-byte
boundary

Basically the same vectorised
code as before

Three copies of the non-
vectorised loop body to mop
up the additional iterations in
case N is not divisible by 4
Non-vector version of the loop
for the case when ¢ might
overlap withaor b

A Output (07)  g++ (GCC-Explorer-Build) 5.4.0 - 464ms (71118) 37

[&]
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What do we see?

e Actually exploiting vectorisation is a bit tricky even when
the dependence analysis is easy

* In the following slides we start with an easily-vectorizable
example

» And look at some of the things that make it complicated %

Marc



C @& godboltorg

—_— Watch C++ Weekly to learn new C++ ‘
— EEPMLSIRLEE ‘,i\cld...' ” More > [ y X Sharev || Other~ || Policies =
features
C source #1 X [ x86-64 icc 19.0.1 (Editor #1, Compiler #1) C X o X
A~ BSave/load =4 Addnew..¥ WV Vim C v x86-64 icc 19.0.1 v (V] -xCORE-AVX512 -qopt-zmm-usage:h
1 // icc: -xCORE-AVX512 -qopt-zmm-usage=high -qo A-
2 #define ALIGN __attribute__ ((aligned (64)))
3  //#define ALIGN 0O 0O 0O 0O
4 11010 Ja.out .LXO0: lib.f: text // \s+ Intel Demangle
5  float ALIGN c[1024];
6 float ALIGN a[1024]; B Libraries¥ <4 Add new.. > 9§ Add tool..~
7  float ALIGN b[1e24]; | 1 add: |
8 2 xor eax, eax
9 3 .B1.2: # Preds ..B1.2 ..Bl1l.1
10  void add () 4 vmovups  zmm@, ZMMWORD PTR [a+rax*4]
11 { 5 vaddps zmml, zmm@, ZMMWORD PTR [b+rax*4]
12 for (int i=0; i < 1024; i++) 6 vmovups  ZMMWORD PTR [c+rax*4], zmml
13 c[i]=a[i]+b[i]; 7 add rax, 16
14 } 8 cmp rax, 1024
9 jb ..B1.2 # Prob 99%
1@ vzeroupper
Example as before PP
11 ret
C' B Output (0/0) xB6-64icc 19.0.1 § - 679ms (86148)
#1 with x86-64 icc 19.0.1 X O X

A~ [OWrap lines

Compiler returned: ©



C' @& godboltorg

Watch C++ Weekly to learn new C++

= Add..~ || More ~ Sharev |[ Other ¥ || Policies ~
= . EXPLORER Id ” Mo - ha ther Policies
C source #1 X O X | x86-64 icc 19.0.1 (Editor #1, Compiler #1) C X o X
A~ @Save/load +Addnew..~ W Vim C v x86-64 icc 19.0.1 v & -xCORE-AVX512 -qopt-zmm-usage=h
1 // icc: -xCORE-AVX512 -qopt-zmm-usage=high -qo® A~
2 #define ALIGN __ attribute__ ((aligned (64)))
3 //#define ALIGN O O O
4 11010 Ja.out LX0: lib.f: text // \S+ Intel Demangle
5  float ALIGN c[1024];
6 float ALIGN a[1024]; & Libraries~ = Add new..~ %3 Add tool..~
7  float ALIGN b[1e24]; 1 add: T
8 int ALIGN ind[1624:|_; 2 xor eax, eax
9 3 ..Bl.2: # Preds ..B1.2 ..Bl.1
10 void add () 4 vmovups  zmm@, ZMMWORD PTR [ind+rax*4]
11 { 5 vpcmpegb ki1, xmm@, xmme
12 for (int i=0; i < 1024; i++) _ 6 vpxord zmml, zmml, zmml
13 c[i]=a[i]+b[ind[i]]; 7 vgatherdps zmmil{k1l}, DWORD PTR [b+zmm@*4]
14, } [ 8 vaddps zmm2, zmml, ZMMWORD PTR [a+rax*4]
9 vmovups ZMMWORD PTR [c+rax*4], zmm2
10 add rax, 16
11 cmp rax, 1824
2 jb - ol 2 # Prob 99%
- - . - 13 vzeroupper
Indirection: b[ind[]] [, -
We have a register containing a vector of
pointers
113 9 * c .
We need a “gather” instruction:
» A vector load E
= = Output (0/0) x86-64icc 19.0.1 § - 946ms (93598)
« That loads from a different address in each |~
O X
lane
(how can this be implemented efficiently??) "

40
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& Startpage Search En... l.. Home - BBC News Staff travel and exp... B Shareable Whiteboa... (O The

C++source #1 &

Av
1

00 ~N v vl oBoWwN

9
10
11
12
13
14
15
16
17
18
19
20

L w v
EXPLORER Add... More Templates

B +-v £ » G C++ v

// icx -Ofast -march=znver4 -gopt-report
#define SIZE 10248
#define ALIGN __attribute__ ((aligned(64)))

int ALIGN A[SIZE];
int ALIGN ind[SIZE];
int ALIGN C[SIZE];
int ALIGN D[SIZE];

#define IB 32
#define JB 32

void P()
{

int i, 33

for (i=@; i<SIZE; i++) {
C[ind[i]] += A[ind[i]] - D[i];
}
¥

Incrementing through indirection: ind[i]

1.

e

Load a vector ind[i:i+16]

Gather a vector A[ind[i:i+16]

Subtract the D[i] values:
RHS[0:16]=A[ind[i:i+16]] — D[i:i+16]

Gather the LHS[0:16] = CJ[ind[i:i+16]]

Add (+=): LHS[0:16] += RHS[0:16]

Scatter: C[ind[i:i+16]] = LHS[0:16]

Ny
0O
-
0
«—J

>
75
—

@)
2o
— O
\O

CCC C

41
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<~ O m () https;//godbolt.org
& Startpage Search En... l.. Home - EBC News Staf‘ftrave\ and exp... BShareab\eWh\teboa... O The
— E)?#.BIRLEE Add..~ More~ Templates
C++ source #1 ¢ O
A~ B +- v B » @ C++ v
1 // icx -Ofast -march=znver4 -gopt-report
2 #define SIZE 10240
3 #define ALIGN __attribute__ ((aligned(64)))
4
5 int ALIGN A[SIZE];
6  int ALIGN ind[SIZE];
7  int ALIGN C[SIZE];
g  int ALIGN D[SIZE];
S
10 #define IB 32
11 #define JIB 32
12 -
13 void P()
14 {
15 int i, 33
16
17 for (i=@; i<SIZE; i++) {
18 C[ind[i]] += A[ind[i]] - D[i];
19 }
20 }

e

Incrementing through indirection: ind[i]
1.

Load a vector ind[i:i+16]

Gather a vector A[ind[i:i+16]

Subtract the D[i] values:
RHS[0:16]=A[ind[i:i+16]] — D[i:i+16]

Gather the LHS[0:16] = C[ind[i:i+16]]

Add (+=): LHS[0:16] += RHS[0:16]

Scatter: C[ind[i:i+16]] = LHS[0:16]

What would happen if there were
duplicate indices In Ind?

Aﬁ
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AA A
NN/

DDDD
21X
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NN/
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& Startpage Search En... l.. Home - BBC News Staff travel and exp... B Shareable Whiteboa... (O The

— E)?#.BIRLEE Add..~ More~ Templates

C++source #1 &

Av
1

0~ O v kWM

9
10
11
12
13
14
15
16
17
18
19
20

B +-v £ » G C++ v

// icx -Ofast -march=znver4 -gopt-report
#define SIZE 10248
#define ALIGN __attribute__ ((aligned(64)))

int ALIGN A[SIZE];
int ALIGN ind[SIZE];
int ALIGN C[SIZE];
int ALIGN D[SIZE];

#define IB 32
#define JB 32

void P()
{

int i, 33

for (i=@; i<SIZE; i++) {
C[ind[i]] += A[ind[i]] - D[i];
}
¥

e

Incrementing through indirection: ind[i]
1.

Load a vector ind[i:i+16]

Gather a vector A[ind[i:i+16]

Subtract the D[i] values:
RHS[0:16]=A[ind[i:i+16]] — D[i:i+16]

Gather the LHS[0:16] = C[ind[i:i+16]]

Add (+=): LHS[0:16] += RHS[0:16]

Scatter: C[ind[i:i+16]] = LHS[0:16]

What would happen if there were
duplicate indices in ind?
N NN

T P
W/

A A DDD DDDD
\ H 2R
|||| i
/IE\
\\\/
CCC C CC C

It’s not parallel! We have to sum two (or more)

different values into the same C element
13 43



.LCPIA_1:

< oo () httpsy/godbolt.org

4 .long 63
5  P(: - q)
o Y _BBCN Th 6 ... .vpbroadcastd .. ymm@,.dword ptr.[rip-+ .LCPI® 8] V CO nfl I Ct —
4 Startpage Search En m® Home ews Staff travel and exp B Shareable Whiteboa O The 5 R o St ] e [P e S ro 1 T Q
] - wpcmpegd = -ymm2, - ymm2, - ymm2
—] El . xor - - eax, - eax - - m
=s EXPLORER /-~ More ™ Templates T — Instruction
11 .LBB@_7:
12 - wpcmpegh = - k1, - xmmd, - xmme . C
C++ source #1 & O 13 - VPXOr - - - XMmE , - Xmm&,, - Xmmé
D checks for &£
A- B +-v B 2 I - e el -
17 - - -wpgatherdd - oymme - {k1}, - ymmwordg o *lrppe - m
1 // icx -Ofast -march=znver4 -qopt-report o= " ST e d u pl ICate >
2 #define SIZE 10240 20 - vpscatterdd. - -ymmword-ptr- [4*ymn3-+C]-{k1}, - ym4 Q
- . . 21 s4«+CHP:«==-PCX, < 18233 -
3 #define ALIGN __attribute__ ((aligned(64))) 2 ... joe. . ..l8BO 8 Values In —
23 .LBBA_1:
4 24 - vmovdgu- ymmd , -ymmword - ptr- [4%¥rax-+- ind] O
5 int ALIGN A[SIZE], 25 - wpcmpegh - - k1, - xmm@, - xmme RI IS - - -
. . 26 - VPXOF - - = Xmm3, - Xmm3 , - xmm5 [ Z
6 int ALIGN 1nd[SIZE], 27 s+ vpmovsxdg - - Zmm3, - ymmd I nd [I . I+ 16]
. 28 - - -vpgatherdd - -ymmS - {k1}, - ymmword- ptr- [4*ymmd. +. A]
7 lnt ALIGN C[SIZE], 29 . vpsubd - - ymm5, -ymm5, - ymmword- ptr. [4*rax- + D]
g8  int ALIGN D[SIZE]; - b
9 32 - vpmovgd - ymmé , - Zmm&
. 33 * << VPXOF - - - MW7 , -Ymme, - ymmd
10 #define IB 32 34 - .vptest . .ymm7, .ymm7 o
11 #define JB 32 3 e ..imEba If no conflicts
36 - wpcmpneqd - - k1, - ymmé , - ymme
12 e E - wvpsubd - - ymmé, - ymml, - ymm&
38 .LBB8_3:
13 void PO e Add If found, we
48 - vpermd - - ymmé - {k1%}, - ymmé, - ymme 5 o ’
14 { 21 - vpaddd - -ymm5 {K1}, ymns, - ymm7 COﬂflICtIng
3 3 2. 42 - vpcmpneqd - -k1, - ymmé, - ymm2 )
15 int 4, 3; Bt et e lanes” value branch to a
16 ol sequentially
17 for (1=8, 1<SIZE_, i++) { 46 - vpcmpegh - k1, - xmm@, - xmm@ I
. . . . . 47 - WPXOF - - - XmmE, - Xmm&,, - Xmmé& OO Over eaC
18 C[ind[i]] += A[ind[i]] - D[i]; as - vpmovgd- ymm3, - zem3 p
19 } 439 - -wpgatherdd = -ymmG - {k1}, - ymmword- ptr- [4*ymmd- +- C]
58 -« vpcmpegh - k1, - Xmma, - Xmme - -
20 } 51 -« -vpaddd - - ymm4, -ymm&, - ymm5 SCatter baCk d IStI nCt Val u e
52 - WPXOF - - - Xmm5, - xmm5 , - xmm5
53 - - -vpscatterdd - -ymmword - ptr- [4¥ymm3-+- C]- {k1}, - ymmd
Incrementing through indirection: ind[i] | & = & 2. Ynolldcopy P
O 55 - vmovdgu- ymmd, - ymmword - ptr- [4*rax-+- ind+32]
56 - VpMOVSXdg - - Zmm3, - ymm3
Load a Vector ind i . i+16 57 - - vpgatherdd = oymmS- {k1}, -ymmword- ptr. [4*ymmd- +- A] Ough ly cee
9 58 - wvpsubd - - ymm5, -ymm5, - ymmword- ptr- [4*rax- + D+32]
59 -- - -vpconflictq- - - - - zmm6, - zmm3

Gather a vector Alind]1:+16] . o
Subtract the DI[i] values: ;e This is addressed by AVX512

RHS[0:16]=A[ind[i:i+16]] — D[i:i+16] | © were == conflict detect” instructions

vpermd - - ymm7 , -ymma, - ymmS

Gather the LHS[0:16] = C[ind[i:i+16]] | & = =3 == EAGLSICUEINCITERCKECIey

- wpcmpneqd = - k1, - ymmé,, - ymm2

Add (+=): LHS[0:16] += RHS[0:16] > R duplicates and serialise where

No o bhkownE

Scatter: C[ind[i:i+16]] = LHS[0:16] = needed




Health warning

* Automatic discovery of parallelism has a bad reputation
— Deservedly! It looks great on simple examples
— But real code has complexity that means it often just doesn’t
happen
* But in some application domains it can really work

* And some programming languages make it easier, maybe!

— Functional languages lack anti- and output-dependences (but
tend to add higher-order functions and lazy evaluation)

— Some languages control pointer ownership and aliasing

— Some programming models discourage explicit loops and explicit
elementwise subscripting

45



So: we need a compiler algorithm to
determine whether a loop is parallel...

46



Dependence How?
w Define: '

BIN(S): set of memory locns which might be read by some execn of
statement S

*OUT(S): set of memory locns which might be written by some execn
of statement S

# Reordering is constrained by dependences; (“S1 must write something
h There are four types before S2 can read it”)
¥ Data ("true") dependence: S1 6 S2 (“S1 must read something
* OUT(S1) N IN(S2) / before S2 overwrites it”)
= Anti dependence: S1° S2

* IN(S1) N OUT(S2) (“If S1 and S2 might both
®Output dependence: S1 8° S2 _— writeto alocation, S2 must

ite after S1”
+ OUT(S1) N OUT(S2) write after S17)
B Control dependence: S1 ¢ S2 -~

— (“S1 determines whether S2
should execute”)

W These are static analogues of the dynamic RAW, WAR, WAW and control
hazards which have to be considered in processor architecture 47



i Recall:
S1: AJ0]:=0
forl=1to 8
S2 .

W What does this loop do?

B:

A:

All] := A[l-1] + B[I]

Loop-carried dependences

1

1

1

1

48



 Recall: Loop-carried dependences

0 B[1!

S1: A[0]:=0 B[2]
forl=1to 8 B[3]

S2: Alll:=A[l-1] + B[l] B[4
<> B[5]

W What does this loop do? (£ B[6
B: (O T T 1 T 1 A <> B:7:

Al ol 1]l 2 < B:8:
Gy

" |n this case, there is a data dependence

®»This is aloop-carried dependence - the dependence
spans aloop iteration

»This loop is inherently sequential
49



b Recall;

S1:

S2:

A[0] =0

fori=1to 8

Loop-carried dependenc

All] := A[l-1] + B[I]

i Loop carried:

S2t:
S22
S23:
S24:
S25:
S26:
S27:
S28:

A

> > > > > > P
X N o g b w N

1]

we 1nf i
>) =) >
N RO

i
=)
W

I
>
AN

1+ B
1+ B
1+ B
1+ Bl
1+ B
+ BJ
+ BJ
+ BJ

XSO0 N H\\

0

Dependences cross, from
one iteration to next

0 0 0 W W W W w

0 N o g s W N

es
1
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What is a loop-carried dependence?

* Consider two iterations I and |12

* A dependence occurs between two statements S, and S, (not
necessarily distinct), when an assignment in S/ '* refers to the
same location as a use in S,

®»In the example,
Sq1 . A[O] 0
for I =1 to 5
So A[I] := A[I-1] + BI[I]

- The assignment is "A[l}] := ...

- Theuseis"...:=A[I2-1] ...7
+ These refer to the same location when It = 12-1
« Thus 1 <I?, ie the assighment is in an earlier iteration

Notation: S, &6, S,

51



Definition: The dependence equation

W A dependence occurs
* between two statements S, and S, (not necessarily distinct),
* when there exists a pair of loop iterations I and 12,

* such that a memory reference in S;in It may refer to the same location as a
memory reference in S, in I2.

+ This might occur if S, and S, refer to some common array A

- Suppose S, refers to A[(pp(I)] (‘pp(‘t) is some subscript
expression involving I)

» Suppose S, refers to A[(pq(I)]

+ A dependence of some kind occurs between S, and S, if there exists a
solution to the equation

(PP(II) - (Pq(IZ) * for integer values of It and I? lying

within the loop bounds .



Types of dependence

w If a solution to the dependence equation exists, a dependence of
some kind occurs

# The dependence type depends on what solutions exist

* The solutions consist of a set of pairs (I},19)

* We would appear to have a data dependence if

A[¢p(I)] € OUT(SP)
and

Al4(I)] € IN(S,)

* But we only really have a data dependence if the assignments
precede the uses, ie

*S, 8. S,
- if, for each solution pair (I!,I2), I! < I?

53



Dependence versus anti-dependence

- If the uses precede the assignments, we actually have an
anti-dependence, ie

if, for each solution pair (I!,I2), I! > T2
In this case we do have a constraint on execution order

Because we (may) have to read a value before it (may) be
overwritten

And this anti-dependence is loop-carried

Anti-dependences prevent re-ordering, and multi-thread

parallelism
54



Dependence versus anti-dependence

- If there are some solution pairs (I!,I2) with I! < I2 and some
with T! > T2, we write

Sy 8+ Sq

This represents that we know we must respect execution
ordering, even though the compiler is unable to classify the
dependence fully

- If, for all solution pairs (I!,I2), I! = I?, there are
dependences within an iteration of the loop, but there are no
loop-carried dependences:

S, 5. S,

55



Dependence distance

In many common examples, the set of solution pairs is characterised
easily:

* Definition: dependence distance
* If, for all solution pairs (I, I?),

Il = T2 - k

then the dependence distance is k
e For example in the loob we considered earlier,
S1: A[O0] :=0

for I =1
So ! A[T]

to 5
A[I-1] + BI[I]

We find that S, 8, S, with dependence distance 1.

® ((of course there are many cases where the difference is not
constant and so the dependence cannot be summarised this way)).

56



Reuse distance
» When optimising for cache performance, it is sometimes
useful to consider the re-use relationship,

+ IN(S,) N IN(S,)

e Here there is no dependence - it doesn't matter which
read occurs first

- Nonetheless, cache performance can be improved by
minimising the reuse distance

W The reuse distance is calculated essentially the same
way

w» Eg
for| =51to 100
S1:. B[l] :=AJl] *2
S2. C[l] :=A[l-5]* 10

W Here we have a loop-carried reuse with distance 5 .



Compilers - Chapter 8:
LLoop scheduling optimisations
Part 3: Dependence analysis In nested

loops
* Lecturer:
— Paul Kelly (p.kelly@imperial.ac.uk)

PRGE 3
DEPARTMENT  COURSE DESCRIPTON PREREQS
COMPUTER OPSC Y32 ) INTERMEDIATE COMPILER | CPSC 432
SCIENCE DESIGN, WITH A FOCUS ON

3 DEPENDENCY RESOLUTION.

March 25 (It turns out that this cartoon is good for almost any compilers topic, definitely this one) https:/xked.com/754/ g
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Nested loops

w» Up to now we have looked at single loops
» Now let’'s generalise to loop “nests”

» We begin by considering a very common dependence
pattern, called the “wavefront”:

for I4{ = 0 to 3 do
for Io = 0 to 3 do
S All1,I>] := A[l[{—1,I>] + A[lq,I> — 1]

» Dependence structure?
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w» Up to now we have looked at single loops

» Now let’'s generalise to loop “nests”

» We begin by considering a very common dependence

pattern, called the “wavefront”:

for T = 0 to 3 do
for J =0 to 3 do

S: A[I,J] = A[I-1,J] + A[I,6J-1]

» Dependence structure?

Tis 11—

Nested loops

Jis I,

60



System of dependence equations

» Consider the dependence equations for this loop nest:
for I{ = 0 to 3 do

for Io = 0 to 3 do
S A[l1,I>] := A[I1 —1,I>] + A[I{,I>— 1]

I There are two potential dependences arising from the three references to A, so two
systems of dependence equations to solve:

1. Between A[I{,13] and A[I? —1,15]:
g
15

2. Between A[I{,I3]1 and A[I?,15 — 11:

I =1%
3=15-1

>
12 -1
15
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+ The same loop: lteration space graph
for I{ = 0 to 3 do

for Io = 0 to 3 do
S All1,I>] := A[I{ —1,I>] + A[I1,I>— 1]

- For humans the easy way to understand this loop nest is to
draw the iteration space graph showing the iteration-to-
iteration dependences:

SOO —> SOl —> SOQ —> SO3

) ) )
0 0 ) )
SlO —5b Sll —5-} 512 —5-b 513
0 ) ) )
SQO —5-} 321 —6-} 522 —5-b 523
) ) ) )
SSO —5P 531 —5> 532 —55 S33

- The diagram shows an arrow for each solution of each
dependence eqguation. 62



+ The same loop: lteration space graph
for I{ = 0 to 3 do

for Io = 0 to 3 do
S All{,I>] := A[lq{ —1,1I>] + A[l{,[I> — 1]

* For humans the easy way to understand this loop nest is to
draw the iteration space graph showing the iteration-to-
iteration dependences:

q00 — qO1 — q02 — q03

5 5 5

5] 5] 5 5]
SlO T Sll T 512 T 513
5 | 5 | 5 | 5 |
q20 T q21 T q22 T qg23
5 | 5 | 5 | 5 |

Is there any parallelism? 63
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for [{ =0to 3 do

S:

for [y =0 to 3 do
AlIy,10] = All; -1,15] + A[ly,]p - 1]

W The inner loop is not vectorisable since there is a dependence chain
linking successive iterations.

®» (to use a vector instruction, need to be able to operate on each element of the vector in

parallel)

Similarly, the outer loop is not parallel
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00— ¢01 —  g02 — 03 for I = 0 to 3 do

) ,..oooooooooodo\Looooooooooooéo\}/000000000000500°‘ for 12 =(0to 3 do

PR
o®*®

. 810 T Sll T) S12 ...—.:....S]'B 5. AMIy,I) = AL -1,0] + All;, - 1]

..5 .\/.oooooooooooo&o ooooooooooooéo 0000000000006

SQO T 321 T 322 —> 523

530 ..S 32 —> S33

...... ....... o0 00O o000 O0OCGOO ...*

W The inner loop is not vectorisable since there is a dependence chain
linking successive iterations.

®» (to use a vector instruction, need to be able to operate on each element of the vector in
parallel)

- Similarly, the outer loop is not parallel
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00— ¢01 —  g02 — 03 for I = 0 to 3 do

) ,....oooooooo-&o\l,oooooooooo..5.\}/............50003 for 12 =(0to 3 do

PR
o®*®

. ‘5110 T Sll T) S12 ...—.:...ﬂ13 5. AMIy,I) = AL -1,0] + All;, - 1]

..5..\/.00000000000050 ooooooooooooéo 0000000000006

SQO T SQl T 5122 —> 323

530 ..S 32 —> 533

...... ....... o0 00O o000 O0OCGOO ...*

W The inner loop is not vectorisable since there is a dependence chain
linking successive iterations.

®» (to use a vector instruction, need to be able to operate on each element of the vector in
parallel)

- Similarly, the outer loop is not parallel

- This loop nest has two dependence distance vectors:
* (1,0) carried by the outer loop l Direction vector: (<,=)
* (0,1) carried by the inner loop —=p Direction vector: (=,>)
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SOO, T) ",.S’.Ol. T}'. Sb N Tf 503 for [{ = 0 to 3 do

0 VE : ) VE : ) VE . 5 |- for [y =0 to 3 do

i —% gl . -7 g§12 — g3 S: AlLL) i ALl -1,1] + AL, I -
5 \/E ‘: 5 \/E E 5 \/S E 5 \/E

ISR S S A

5 \/: o: 5 \/: : 5 \/E : 5 \/E

§30.... 5 Sy SRRy sY

W The inner loop is not vectorisable since there is a dependence chain
linking successive iterations.

®» (to use a vector instruction, need to be able to operate on each element of the vector in
parallel)

Similarly, the outer loop is not parallel

- This loop is interchangeable: the top-to-bottom, left-to-right execution
order is also valid since all dependence constraints (as shown by the

arrows) are still satisfied.

Interchanging the loop does not improve vectorisability or
parallelisability

1]
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Interchange: counter-example

for I, = 0 to 3 do
for I, = 0 to 3 do
A[I,,I,] := A[I, - 1,

I, + 1]

+ B[I,,

I, ]

68



Interchange: counter-example

for I, = 0 to 3 do
for I, = 0 to 3 do

A[I,,I,] := A[I, -1, I, + 1] + B[I,, I,]

SOO SOl SOQ 503
/ / /

SlO Sll 5112 Sl3
/ / /

SQO 5121 S22 323
/ / /

530 531 532 533

69



Interchange: counter-example

AlI,,I,] := A[I, - 1, I, + 1] + B[I,, I,]
Before SOO .......... .SOl ........... SOQ ........... 503 .....
INterchange........... i AR e

e S10 ... Sil gl2 . gl3
........... §20 g2l . g22 ¢23
830 S31 S32 . S33

70



Interchange: counter-example

for I, = 0 to 3 do
for I, = 0 to 3 do
AlI,,I,] := A[I, - 1, I, + 1]

After SQO S.Ql SGQ

Interchange: : /

New traversal Slo Sll

order crosses o / /
dependence : :

arrows SQO S21

backwards /

L
.S
543

71



Interchange: condition

- Aloop is interchangeable if all dependence constraints
(as shown by the arrows) are still satisfied by the top-to-
bottom, left-to-right execution order

e How can you tell whether aloop can be interchanged?

W Look at its dependence direction vectors:

®|s there a dependence direction vector with the form
(<>)7?

* ie there is a dependence distance vector (k,,k,) with
k,>0 and k,<0 ?

* If so, interchange would be invalid

®Because the arrows would be traversed backwards

®All other dependence directions are OK. .



W Consider this variation on the wavefront loop: SkeWI ng

for k1 := 0 to 3 do
for ko := kq to kq+3 do
S . Alkqy,ko-kq1] := Alkq1-1,ko-k1]1+A[kq,ko-kq-1]

- The inner loop's control variable runs from k, to k;+3.
« The iteration space of this loop has 42 iterations just like the original loop.

- If we draw the iteration space with each iteration SK1K2 at coordinate
position (K;,K,), it is skewed to form a lozenge shape:

SOO SOl 502 SO3
Sll 512 513 Sl4
522 523 524 325
This loop
performs the 533 534 535 536

same computation

as the original.
73



w» Thus the dependence structure of the skewed loop is shown
by marking the iteration space with all the dependences:

SOO ? SOl ? 802 ? 803

NN NN

Sll ? 512 ? 513 ? 514

0 N0 0 0
822 —> 823 —> 824 —> 825
\5 \5 \5 N0

833 ? 834 7 535 ? 836

# Can this loop nest be vectorised?
w Can this loop nest be interchanged?
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Skewing changes effect of interchange
# Thus the dependence structure of the skewed loop is shown

by marking the iteration space with all the dependences:

§90.. 75 504, 7z 502 . . 603
N SM\;SD \?5513\75 514
5 O LN 5
h G22 ?5323 \?5 .52.4: \?5 525 5
h 533 \?534\3835 ..%..3&6

W Original execution order
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Interchange after skewing
# Thus the dependence structure of the skewed loop is shown

by marking the iteration space with all the dependences:

00-47* 57@1 SQQ —> 503
\5 \-5 \(5 5 \5
SIl 512 ? 513 —> 8‘14
NE U NN

5‘22 —> 823 —i 824 —> 525

NI %\5 -\
: 3

 Transposed execution order
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I You can think of loop ) l\é
interchange as changing =~ Q0% Gil
the way the iteration space ey 5
IS traversed 0 r\ 0 ¥ \
S@2 ......... S.]:Q ........ :5,22
W Alternatively, you can think =~ ™ | .
of it as a change to the O INGTTINSS N\
way the runtime code SD:’% ......... S 13......... 8.2 .....:::8,33

.

.
-“‘

.

instances are mapped onto A l\éél\55 l

the iteration space

W Traversal is always 5 s '
lexicographic — ie left-to- \ 0 i\ ) J
nght, top_down 8325 ......... 513‘3
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SOO
 The inner loop is now 0 l\é iterations in each
vectorisable, since ithas 01 ~ gl1 &~ roware

| o independent
no loop-carrie 5 5
dependence 0 \/\ 0 L™\

SOZ 512 822

+ The skewed iteration 5 \55 \55 lg\d
space has N rows and So‘g’, Sfé G2

2N-1 columns, but still

only N2 actual statement O J,\(S(S \L\(S(S \I/

instances. ql4  g24  g34
AN
G295 q35

\55 ~
836



Skewmg and mterchange summary

500 T q01 5 q02 5 q03
5| 5| § | 5l
SlO T) Sll T 812 T Sl3
5| 5| 5| 5|
520 T g21 T q22 T §23
5| 5| 5| 5l
S3O T 831 T 532 T 533

for I1 = 0 to 3 do

for Ip = 0 to 3 do
S Allq,Ip] := All[; —1,10] + A[l1,I, — 1]

# Original loop interchangeable
but not vectorisable.

w We skewed inner loop by outer
loop by factor 1.

w Still not vectorisable, but
Interchangeable.

* Interchanged, skewed loop is
vectorisable.

W Bounds of new loop not simple!

5 \5
S’Ol
§ IN26 [N
SOZ
5 \/\165 \/\‘65 N
SOS 813 823

28 ) )
Sl\ﬂff Si4 83\4:
NS NG
S25 835
NG |
<36

for ko := 0 to 2N, — 2 do
for k1 := max(0,K> — No+2) to min(K», N71) do

S Alkq,ko-kq] := Alk1-1,ko-k1]1+A[kqy,ko-k1-1]
®» Is skewing ever invalid?
» Does skewing affect interchangeability?

®» Does skewing affect dependence
distances?

®» Can you predict value of skewing?
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Summary: dependence

#» Dependence equation for single loop:
* Suppose S; refers to A[@,(1)]
* Suppose S, refers to A[@ ,(I)]

* Adependence of some kind occurs between S, and S, if there exists a solution
to the equation

@ (1) =@ 4(1?)
* for integer values of I and I? lying within the loop bounds

- For multidimensional arrays, and nested for-loops, we generalise this to
a system of simultaneous dependence equations for two iterations, (| 1,

1LY and (1,2, 1,9)
- lteration space graph, lexicographic schedule of execution
W Arrows in graph show solutions to dependence equation

- Dependence distance vectors characterise families of congruent
arrows
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Summary: transformations

- Aloop can be executed in parallel if it has no loop-carried
dependence

- Aloop nest can be interchanged if the transposed
dependence distance vectors are lexicographically
forward

- Strip-mining is always valid | _
~ Not explained yet

- Tiling = strip-mining + interchange

=

w Skewing is always valid

- Skewing can expose parallelism by aligning parallel
iterations with one of the loops

w Skewing can make interchange (and therefore tiling)
valid
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Compilers - Chapter 8:

Loop scheduling optimisations

Part 4. Representing loop
transformations as matrix

multiplications

* Lecturer:
— Paul Kelly (p.kelly@imperial.ac.uk)

This section is not examinable

PRGE 3
DEPARTMENT  COURSE DESCRIPTION PREREQS
COMPUTER OPSC Y32 ) INTERMEDIATE COMPLER | CPSC 432
SCIENCE DESIGN, WITH A FOCUS ON
R DEPENDENCY RESOLUTION.

March 25 (It turns out that this cartoon is good for almost any compilers topic, definitely this one) https:/xked.com/754/ g4
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https://xkcd.com/754/

Matrix representation of loop transformations

- To skew the inner loop by the outer loop by factor 1 we
adjust the loop bounds, and replace |, by K,, and |, by
K,-K;. That s,

(Ki,Kp) =(I31,) . U
- where U is a2 x 2 matrix

.
1

1
_ 0
e That Is,

(Ki,Kp) = (I3,15) - U =(Ig,1,+y)
W The inverse gets us back again:
(I,1) = (K,Ky) - Ut = (K, Ky-Ky)

9
0
(4°)
<
&
O
x
()
i)
@)
C
A
C
o
i)
()
i)
C
)
(%)
)
S
o
Q
S
x
-
i)
(4°)
S
()
<
I—
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- Matrix U maps each statement instance S'1'2 to its position in
the new iteration space, SKiKz;

.. . ! for I1 = 0 to 3 d
k Original iteration space: LT

22 24 25
S S 535 536 the same

transformation.

- for Ir = 0-to 3 do
7 [% 1 5 3 S A[Il@F All{ —1,1,] + A[l{,I> — 1]
1 - b
O SOO SO]‘ SOQ SO3 for k1 := 0 to 3 do
1 SlO 11 512 813 for kﬁ to k1+3 do
S . Alkq,ko-ky] := Alk1-1,ko-kq]+A[kq,ko-k1-1]
9 SQO 522 523
3 5«30 5«32 533 The subscripts are mapped back using U1
i K> : N é
Ki|] o 1 2 3 4 5 6 [INe
0| S s9 §P §9° dependences
11 12 1 14 : =
1 S5 > S are subject to
2 =
5

(Ki,Kg) = (Ig,15) - U = (I3,1,+1y)
(11,10 = (K,Ky) . Ut = (K, K5-K))

86



Using matrices to reason about dependence

Recall that:

- There is a dependence between two iterations (I,%,1,%) and
(1,,1,%) if there is a memory location which is assigned to in
iteration (I,%,1,1), and read in iteration (1,2,1,2).

((unless there Is an intervening assignment))

- If (1,4,1,1) precedes (1,3,1,%) it is a data-dependence.
- If (1,2,1,%) precedes (I4,1,1) it is a anti-dependence.

- If the location Is assigned to in both iterations, it is an output-
dependence.
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(]
4+
o
c
ED)
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©
4+
c
(O]
(%)
()
—
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(O]
—
x
=
o
©
S
(O]
e
l_

-+ The dependence distance vector (D,,D,) is (I,-1,2,1,1-1,2).

87



Transforming dependence vectors

If there is a dependence between two iterations (I;4,1,1) and (1,2,1,%)

- Then iterations (I,4,1,Y) . U and (1,2,1,%) .U will also read and write the
same location

« The transformation U is valid iff

(1,.51,Y) . U precedes (1,%,1,%) . U
whenever there is a dependence between

(1.4 1Y) and (1%, 1,9).

In the transformed loop the dependence distance vector is also
transformed, to

(D;,D,) .U

U is a valid transformation if all the program’s dependence distance
vectors are still “forward” when transformed by U
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Transforming dependence vectors

- What do we mean by “precedes”?

- So (1,2) precedes (1,3)
- But (0,3) precedes (1,4)

- A dependence distance vector (D,,D,) is lexicographically “forward”

Definition: Lexicographic ordering:
(11,J1) precedes (12,J9)

ifI1<12 orI! =12and J! < J?

- “Lexicographic” is dictionary order — both “baz” and “can” precede
“Cat”
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if it precedes (0,0) 89



Before transformation we had two
dependences:

1. Distance: (1,0), direction: (<,.)
2. Distance: (0,1), direction: (.,<)

- After transformation by matrix
1 1

U:_o 1

- (i.e. skewing of inner loop by outer) we

get:

1. Distance: (1,0).U = (1,1), direction: (<,<)
2. Distance: (0,1).U = (0,1), direction: (.,<)

The matrix representation is not examinable

Example: loop given earlier

for I{ = 0 to 3 do
for I = 0 to 3 do
S All1,Ip] = AlI; —1,15] + A[l1,Ip — 1]

<>

for k1 := 0 to 3 do
for ko := kq to k1+3 do
S : A[kl,kQ—kl] 1= A[kl—l,kz—k1]+A[k1,kQ—kl—l]

WN R O

513 Sl4
523 324 525

UOI\)I—*OB
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i We can also represent loop interchange by a matrix transformation.
i After transforming the skewed loop by matrix
=10
1 O
i (i.e. loop interchange) we get:
1. Distance: (1,0).U.V = (1,1).V = (1,1), direction: (<,<)
2. Distance: (0,1).U.V =(0,1).V = (1,0), direction: (<,.)

- The transformed iteration space is the transpose of the skewed iteration
space:

SOO

SlO Sll

SQO S21 522

S3O 531 532 533
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Summary

(1.,1,) . U maps each statement instance (1,,l,) to its new position (K.,K,)
In the transformed loop's execution sequence

(D,,D,) . U gives new dependence distance vector, giving test for validity
i Captures skewing, interchange and reversal
i Compose transformations by matrix multiplication
U,.U,
i Resulting loop's bounds may be a little tricky

®» Efficient algorithms exist [Banerjee90] to maximise parallelism by
skewing and loop interchanging

®» Efficient algorithms exist to optimise cache performance by finding the
combination of blocking, block size, interchange and skewing which
leads to the best reuse [Wolf91]
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Restructuring compilers - conclusions:

®» Restructuring compilers can find parallelism
®»And enhance locality
®For a very restricted class of programs

®»For-loops over arrays with array subscripts that are
simple (“affine”) expressions involving loop control
variables

®»But for this restricted class there is a rather elegant theory
(the “polyhedral” or “polytope” model,
http://en.wikipedia.org/wiki/Polytope model)

®»Extending beyond this is a big research problem

®»Current compilers (GCC, Clang/LLVM, Intel, Microsoft etc)
can do some of this, in theory — but are often defeated by
program complexity
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W Textbooks covering restructuring compilers References

*Michael Wolfe. High Performance Compilers for Parallel Computing. Addison Wesley, 1996.
*Steven Muchnick, Advanced Compiler Design and Implementation. Morgan Kaufmann, 1997.

*Ken Kennedy and Randy Allen, Optimizing Compilers for Modern Architectures. Morgan
Kaufmann, 2001.

W Research papers:

D. F. Bacon and S. L. Graham and O. J. Sharp, “Compiler Transformations for High-
Performance Computing”. ACM Computing Surveys V26 N4 Dec 1994
http://doi.acm.org/10.1145/197405.197406

*U. Banerjee. Unimodular transformations of double loops. In Proceedings of the Third
Workshop on Programming Languages and Compilers for Parallel Computing, Irvine, CA.
Pitman/MIT Press, 1990.

*M.E. Wolf and M.S. Lam. A data locality optimizing algorithm. In Proceedings of the ACM
SIGPLAN '91 Conference on Programming Language Design and Implementation, volume 26,
pages 30-44, Toronto, Ontario, Canada, June 1991.
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Student

questlon :
“why Is
antidependence
a dependence?”

Dependence versus anti-dependence

« If the uses precede the assignments, we actually have an

anti-dependence, ie

if, for each solution pair (I!,I2), I! > I2

* In this case we do have a constraint on execution order

- Because we (may) have to read a value before it (may) be

overwritten

+ And this anti-dependence is loop-carried

« Anti-dependences prevent re-ordering, and multi-thread

parallelism

“Loop-carried dependence”

ider this example:
for (int\i=1; i<8; i++)
c[i] = c[i-1] + b[il;

Each iteration produces a
value that is used in the
next iteration

* When executed we get:

c[1).= c[0] + b[1]; The dependence arrows
c[2]2c[1] + b[2]: go from one iteration to

. the next
C[3]\=‘C[2] +b[3];
c[4].="c[3] + b[4]; The dependence is
c[5]>‘c[4] + b[5]; carried by the loop

c[6].2c[5] + b[6];
c[7].2c[6] + b[7];
c[8] 2c[7] + b[8];

Loop-carried true dependence:

fori

Ali] = A[i-1] + BJi]
Loop-carried anti-dependence:

fori

Ali] = A[i+1] + BJi]

March 25
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“Loop-carried anti-dependence”

ider this example:

for (int\i=0; i<7; i++)
cli] = c[i+1] + b[i];

A

* When executed we get:

0

Y

I
(@)

1
2
3]
4

JaNu ]l
O O

N

e

[

(@)

+ + + + + + +

O O O O O T O

O O O O O O O

o

I

(@)
NoubswN

Each iteration uses a
value which is overwritten
In the next iteration

We need the use to
happen before the
overwrite

So we have a precedence
requirement due to an
anti-dependence

The anti-dependence
arrows go from one
iteration to the next

The anti-dependence is
carried by the loop
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Implementing shared-memory parallel loop

for (i=0; i<N; i++) { if (myThreadld() == 0)
Ali] = Ali] + BJi]; I=0; Barrier(): block until
) barrier(); === all threads reach this
// on each thread et

while (true) {
local_i = FetchAndAdd(&i);
if (local_i >= N) break;
Allocal_i] = A[local_i] + B[local_il;

W “self-scheduling” loop

W FetchAndAdd() is atomic }
operation to get next un- barrier();
executed loop iteration: ’

Int FetchAndAdd(int *i) { ——
lock(i): Optimisations:
e » Work in chunks
T - Avoid unnecessary barriers
=71, » Exploit “cache affinity” from loop to loop
unlock(i);
return(r); There are smarter ways to implement
) FetchAndAdd....




for (i=0; i<N; i++) {
Ali] = Ali] + Bi];
}

Thread #0 gets some sequence of Thread #1 gets some sequence of
iterations to do iterations to do

March 25




for (i=0; i<N: i++) { | VWhat could possibly go wrong?
A[i] = Afi+1] + B[i];
}

Thread #0 gets some sequence of Thread #1 gets some sequence of
iterations to do iterations to do

March 25




for (i=0; i<N: i++) { | VWhat could possibly go wrong?
A[i] = A[i+1] + BJi]; This example has a loop-carried anti-dependence.
) We must read from A before overwriting A

?I'hrea_xd #0 gets some sequence of Thread #1 gets some sequence of
iterations to do, eg: 0, 2, 4, 6... iterations to do, eg: 1, 3, 5, 7...
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Feeding curiosity: solving the dependence equation

from z3 import *
N=100
il=Int("i1")
i2 = Int("i2")
# consider a loop like this:
# fori=1toN
# a[phil(i)] = a[phi2(i)] + b[i]
# So the dependence equation is
# existsil, i2: 1<i<n s.t. phil(i1l) == phi2(i2)
def DependenceTest(bounds, dependence_equation):
s = Solver()
s.add( bounds, dependence_equation )
if s.check() == unsat:
print ("No dependence is present")
else:
print("Dependence is found, for example when:")
m = s.model()
print (il = %s (LHS)" % m[i1])
print ("i2 = %s (RHS)" % m[i2])

Example 1:

(not examinable)

print("fori=1to N")

print(" a[i] = a[i-1] + b[i]")

DependenceTest( And(i1>=1, i1<N, i2>=1, i2<N),
i1==i2-1)

———

fori=1toN
ali] = a[i-1] + b[i]
Dependence is found, for example when:
i1=1 (LHS)
i2 =2 (RHS)

March 25
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Feeding curiosity: solving the dependence equation

def DependenceTest(bounds, dependence_equation):
s = Solver()
s.add( bounds, dependence_equation )
if s.check() == unsat:
print ("No dependence is present")
else:
print("Dependence is found, for example when:")
m =s.model()
print ("il = %s (LHS)" % m[i1])
print ("i2 = %s (RHS)" % m[i2])
#1s there a loop-carried true dependence?
s2 = Solver()
s2.add( bounds, dependence_equation, i1<i2)
if s2.check() == unsat: —
print ("No loop-carried true dependence is present")
else:
print("Loop-carried true dependence found, for example when:")
m = s2.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])
#Is there a loop-carried anti-dependence?
s3 = Solver()
s3.add( bounds, dependence_equation, i1>i2 )
if s3.check() == unsat: —
print ("No loop-carried anti-dependence is present")
else:
print("Loop-carried anti-dependence found, for example when:")
m = s3.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])

March 25

Example 1:

print("fori=1to N")

print(" a[i] = a[i-1] + b[i]")

DependenceTest( And(i1>=1, i1<N, i2>=1, i2<N),
i1==i2-1)

———

fori=1toN
ali] = a[i-1] + b[i]
Dependence is found, for example when:
i1=1 (LHS)
i2 = 2 (RHS)

Loop-carried true dependence found, for example
when:

i1=1
i2=2
No loop-carried anti-dependence is present




Feeding curiosity: solving the dependence equation

def DependenceTest(bounds, dependence_equation):
s = Solver()
s.add( bounds, dependence_equation )
if s.check() == unsat:
print ("No dependence is present")
else:
print("Dependence is found, for example when:")
m =s.model()
print ("il = %s (LHS)" % m[i1])
print ("i2 = %s (RHS)" % m[i2])
#1s there a loop-carried true dependence?
s2 = Solver()
s2.add( bounds, dependence_equation, i1<i2)
if s2.check() == unsat: —
print ("No loop-carried true dependence is present")
else:
print("Loop-carried true dependence found, for example when:")
m = s2.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])
#Is there a loop-carried anti-dependence?
s3 = Solver()
s3.add( bounds, dependence_equation, i1>i2 )
if s3.check() == unsat: —
print ("No loop-carried anti-dependence is present")
else:
print("Loop-carried anti-dependence found, for example when:")
m = s3.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])

March 25

Example 2:

print("fori=1to N")

print(" a[i] = a[i] + b[i]")

DependenceTest( And(i1>=1, i1<N, i2>=1, i2<N),
i1==i2)

———

fori=1toN

ali] = ali] + b[i]
Dependence is found, for example when:
il=1(LHS)
i2 =1 (RHS)
No loop-carried true dependence is present
No loop-carried anti-dependence is present




Feeding curiosity: solving the dependence equation

def DependenceTest(bounds, dependence_equation):
s = Solver()
s.add( bounds, dependence_equation )
if s.check() == unsat:
print ("No dependence is present")
else:
print("Dependence is found, for example when:")
m =s.model()
print ("il = %s (LHS)" % m[i1])
print ("i2 = %s (RHS)" % m[i2])
#1s there a loop-carried true dependence?
s2 = Solver()
s2.add( bounds, dependence_equation, i1<i2)
if s2.check() == unsat: —
print ("No loop-carried true dependence is present")
else:
print("Loop-carried true dependence found, for example when:")
m = s2.model()
print ("il = %s" % m[il])
print ("i2 = %s" % m[i2])
#Is there a loop-carried anti-dependence?
s3 = Solver()
s3.add( bounds, dependence_equation, i1>i2 )
if s3.check() == unsat: —
print ("No loop-carried anti-dependence is present")
else:
print("Loop-carried anti-dependence found, for example when:")
m = s3.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])

Example 3:

print("fori=1to N")

print(" a[2*i] = a[2*i-1] + b[i]")

DependenceTest( And(i1>=1, i1<N, i2>=1, i2<N),
2%i1 == 2%i2-1)

———

fori=1toN
a[2*i] = a[2*i-1] + b[2*i]
No dependence is present

March 25
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Feeding curiosity: solving the dependence equation

def DependenceTest(bounds, dependence_equation):
s = Solver()
s.add( bounds, dependence_equation )
if s.check() == unsat:
print ("No dependence is present")
else:
print("Dependence is found, for example when:")
m =s.model()
print ("il = %s (LHS)" % m[i1])
print ("i2 = %s (RHS)" % m[i2])
#1s there a loop-carried true dependence?
s2 = Solver()
s2.add( bounds, dependence_equation, i1<i2)
if s2.check() == unsat: —
print ("No loop-carried true dependence is present")
else:
print("Loop-carried true dependence found, for example when:")
m = s2.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])
#Is there a loop-carried anti-dependence?
s3 = Solver()
s3.add( bounds, dependence_equation, i1>i2 )
if s3.check() == unsat: —
print ("No loop-carried anti-dependence is present")
else:
print("Loop-carried anti-dependence found, for example when:")
m = s3.model()
print ("i1 = %s" % m[il])
print ("i2 = %s" % m[i2])

March 25

Example 4:

print("fori=1to N")

print(" a[3*i] = a[5*i-10] + b[i]")

DependenceTest( And(i1>=1, i1<N, i2>=1, i2<N),
3*j1 == 5%i2-20)

fori=1toN

a[3*i] = a[5*1-20] + b[i]
Dependence is found, for example when:
il =5 (LHS)
i2 = 7 (RHS)

Loop-carried true dependence found, for example
when:

i1=5
i2=7

Loop-carried anti-dependence found, for example
when:

i1=15

i2=13




S1: A[0]:=0 Feeding curiosity (not examinable)
fori=1to 8 Loop-carried dependences can
S2: A[]:=A[-1] + B[] sometimes still be parallelised

W Appears to be inherently sequential
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S1: A[0]:=0

S2:

B

0 0 W W W W

0 N o s W N,
ofafafalatatalats

fori=1to 8

> > > > > > >

>|

® N o s w N R

Feeding curiosity (not examinable)

Loop-carried dependences can
All] := Ali-1] + B[l sometimes still be parallelised
W Appears to be inherently sequential

1 w But parallel is possible:

B: 1 1 1 1 1 1
>>1: 1 1 1 1 1
Al: | 1 2 2 2 2 2
>>2: 1 2 | 2 || 2
A2: |1 1 2 3 4 4 4
>>4; 1 2
A3 | 1 2 3 4 <) 6

“Parallel scan” or “parallel prefix sum”




S1: A[0]:=0 Feeding curiosity (not examinable)
fori=1to 8 Loop-carried dependences can

S2: Afi] :=A[i-1] + B[il sometimes still be parallelised
W Appears to be inherently sequential

w But parallel implementation is possible

B: 1 1 1 1 1 1 1 1
I EACACARAED -
>>1: \ 1 \]I \1 \ 1\\ 1 \\ :_\\ 1| + i Each step is a
B\ A '\ A\ A | A\ A\ A\ vector-parallel
Al:| 1 2 2 2 2 2 2 2 operation
K - - N ~ | | | | .
>>2: ! ! ! ! 2 |z + i Of decreasing
Y — Sy : size
A2 1 || 2 3 a4l 4|l 4l 4
—— = :
>>4: “I ¥ +
EE"‘;"S'—Z\~ -\ » We have log(N)
A3:| 1|l 2| 31|l 4|l 51| 6 8 steps

“Parallel scan” or “parallel prefix sum”



S1: A[0]:=0 Feeding curiosity (not examinable)
fori=1to 8 Loop-carried dependences can
S2: Ali]:=A[i-1] + B[l sometimes still be parallelised
W Appears to be inherently sequential
w But parallel implementation is possible

SR R R E

<INNNNNNNE

A1:1J2222222

T S S S
A2 | 1 _2J_?3i| 4 |:4 |_4 2 [ 4

>>4: ~— +

w2l allsllsll7] e

We can see that the last element is computed with a reduction tree




S1: A[0]:=0 Feeding curiosity (not examinable)
fori=1to 8 Loop-carried dependences can
S2: Ali]:=A[i-1] + B[l sometimes still be parallelised
W Appears to be inherently sequential
w But parallel implementation is possible

B: 1
>>1: <+
Al: 2
>>2: .
A2: 4
>>4: +
A3: |_8

All the elements are computed by reduction trees of depth log(N) — for example element 7



S1: A[0]:=0 Feeding curiosity

fori=11to 8
52 A=Al + B w This is the
w Appears to be inherently sequential “naive” parallel
Scan

w But parallel implementation is possible w It does more

work than the

B:| 1 1 1 1 1 1 1 1 sequential scan —
but it does use
>>1: 1 1 1 1 1 1 1 + oarallelism
B: | 1 2 2 2 2 2 2 2 i There are “work-
efficient” parallel
>>2: +
1 2 2 2 2 2 scans
B: | 1 2 3 4 4 4 4 4 i Eg see Mark
>4 11l 2l 3l al] + Harris, GPU
Gems Ch39
s 1234 s]e] 7]s e g

computing/chapter-39-parallel-

“Parallel scan” or “para”el prefix sum” prefix-sum-scan-cuda



Matrix transpose Feeding curiosity
Try this link to the the Compiler Explorer:

https://godbolt.org/#g:!1((g:!((g:!((h:codeEditor,i:(filename:'1',fontScale:14,fontUsePx:'0',j: 1,lang:c%2B%2B,selection:(endColumn:2,endLineNumber:20,positionColumn:2,positionLi
neNumber:20,selectionStartColumn:2,selectionStartLineNumber:20,startColumn:2,startLineNumber:20),source:'%23define+SIZE+10240%0A//%23define+SIZE+20480%0A%23defin
e+TOTALBYTES+SIZE*SIZE*4%0A%0Aint+A%5B SIZE%5D%5B SIZE%5D%3B %0Aint+B %5B SIZE%5D%5B SIZE%5D%3B %0A%0A%23define+IB+32%0A%23define+JB+32%0A%0Av0
id+P(int+N,+int+M)%0A%7B %0A++int+i,+j%3B %0A%0A++for+(i%3D0%3B +i%3CN%3B +i%2B %2B)+%7B %0A++++for+(j%3D0%3B +]%3CN%3B +]%2B %2B)+%7B %0A++++++B%5Bi%
5D%5B|%5D+%3D+A%5B]%5D%5Bi%5D%3B %0A++++%7D%0A++%7D%0A%7D"),l:'5',n:'0",0:'C%2B%2B+source+%231',t:'0")),k:50,l:'4',n:'0",0:",s5:0,t:'0"),(g:!((h:compiler,i:(compiler:c
lang_trunk,filters:(b:'0',binary:'1',binaryObject:'1',commentOnly:'0’',debugCalls:'1',demangle:'0',directives:'0',execute:'1',intel:'0'libraryCode:'0',trim:'1',verboseDemangling:'0"),flags
ViewOpen:'1l',fontScale:14,fontUsePx:'0',j:1,lang:c%2B%2B,libs:!(),options:'-Ofast+-
march%3Dznver4',overrides:!(),selection:(endColumn:1,endLineNumber:1,positionColumn:1,positionLineNumber:1,selectionStartColumn:1,selectionStartLineNumber:1,startColu
mn:1,startLineNumber:1),source:1),l:'5',n:'0",0:'+x86-64+clang+(trunk)+(Editor+%231)",t:'0"),k:50,l:'4',n:'0',0:",s:0,t:'0")),I:'2',n:'0',0:",t:'0")),version:4

Collision detect
Try this link to the the Compiler Explorer:

https://godbolt.org/#g:!((g:!((g:!((h:codeEditor,i:(filename:'1' ,fontScale:14,fontUsePx:'0',j: 1,lang:c%2B%2B,selection:(endColumn:13,endLineNumber:18,positionColumn:13,positio
nLineNumber:18,selectionStartColumn:13,selectionStartLineNumber:18,startColumn:13,startLineNumber:18),source:'%23define+SIZE+10240%0A//%23define+SIZE+20480%0A%23
define+TOTALBYTES+SIZE*SIZE*4%0A%0Aint+A%5B SIZE%5D%3B %0Aint+B%5B SIZE%5D%3B %0Aint+C%5B SIZE%5D%3B %0Aint+D%5B SIZE%5D%3B %0A%0A%23define+I1B+32
%0A%23define+JB+32%0A%0Avoid+P(int+N,+int+M)%0A%7B %0A++int+i,+]%3B %0A%0A++for+(1%3D0%3B+i%3CN%3B +i%2B %2B)+%7B %0A ++++++C%5B B%5Bi%5D%5D+%2B %
3D+A%5BB%5Bi%5D%5D+%2B+D%5Bi%5D%3B %0A++%7D%0A%7D"),l:'5',n:'0',0:'C%2B%2B +source+%231',t:'0")),k:33.333333333333336,:'4",n:'0",0:",s:0,t:'0"),(g:!((h:compiler,i:(co
mpiler:icxlatest,filters:(b:'0',binary:'1l',binaryObject:'1',commentOnly:'0',debugCalls:'1l',demangle:'0',directives:'0',execute:'1l",intel:'0' libraryCode:'0',trim:'1',verboseDemangling:'0"),
flagsViewOpen:'1',fontScale:14,fontUsePx:'0",j:1,lang:c%2B%2B libs:!(),options:'-Ofast+-
march%3Dznver4+',overrides:!(),selection:(endColumn:1,endLineNumber:1,positionColumn:1,positionLineNumber:1,selectionStartColumn:1,selectionStartLineNumber:1,startCol
umn:1,startLineNumber:1),source:1),l:'5',n:'0',0:'+x86-64+icx+2025.0.0+(Editor+%231)",t:'0")),k:33.333333333333336,1:'4',n:'0",0:",s:0,t:'0"),(g:!((h:output,i: (compilerName:'x86-
64+clang+(trunk)’,editorid:1,fontScale:14,fontUsePx:'0',j:1,wrap:'1'),l:'5',n:'0',0:'Output+of+x86-
64+icx+2025.0.0+(Compiler+%231)',t:'0")),k:33.33333333333333,1:'4',n:'0',0:",s:0,t:'0"),1:'2",n:'0",0:" t:'0")),version:4



Feeding curiosit
Ask me about.... J y

 Loop interchange for locality

* For i, J, K matrix multiply vs
* For i, k, ] matrix multiply

* Tiling for locality

° For the transpose example shown in the last chapter
* For matrix multiply

e Stencills and convolutions

* skewed, split, diamond

 Graphs and unstructured meshes
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