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Abstract 
Given rival mathematical models and an initial experimental data set, optimal design of 
experiments for model discrimination discards inaccurate models. Model discrimination 
is fundamentally about finding out how systems work. Not knowing how a particular 
system works, or having several rivalling models to predict the behaviour of the system, 
makes controlling and optimising the system more difficult. The most common way to 
perform model discrimination is by maximising the pairwise squared difference 
between model predictions, weighted by measurement noise and model uncertainty 
resulting from uncertainty in the fitted model parameters. The model uncertainty for 
analytical model functions is computed using gradient information. We develop a novel 
method where we replace the black-box models with Gaussian process surrogate 
models. Using the surrogate models, we are able to approximately marginalise out the 
model parameters, yielding the model uncertainty. Results show the surrogate model 
method working for model discrimination for classical test instances.  
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1. Introduction 
Biological engineering deals with noisy and uncertain processes. Modelling these 
processes is often difficult, and exacerbated by the difficulty of observing mechanisms 
and reactions on the molecular level. We can hypothesise several different mathematical 
models to explain a system's behaviour, and run experiments to discriminate between 
the models. The idea is that there is a real, expensive-to-evaluate system, and � rival 
models predicting the system behaviour. These models are effectively different 
hypotheses about some underlying system mechanism. We seek the most accurate 
model with as few experiments as possible. We will assume the experimental 
measurement noise is Gaussian distributed with zero mean and a given covariance �. 

For analytical models, where the functional relationship can be written down in closed 
form, extensive literature exists for design of experiments for model discrimination, e.g. 
Asprey and Macchietto (2000) and Michalik et al. (2010). The challenge is that most 
mathematical models for industrially relevant biological and chemical processes are 
neither simple nor analytical. They are often, from an optimisation point-of-view, 
complex black boxes, e.g. legacy codes representing large systems of partial differential 
equations. For these models, we can simulate the process at discrete locations, but 
gradient information with respect to model parameters is not readily available. 

This paper develops a novel method of using Gaussian process (GP) surrogate models 
from which model output distributions can be computed and used with existing design 
criteria from literature, e.g. Box and Hill (1967) and Buzzi-Ferraris et al. (1990). 

https://doi.org/10.1016/B978-0-444-64241-7.50136-1 
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2. Background 
2.1. Design Criteria for Model Discrimination  

The fundamental principle of experimental design for model discrimination is to select 
the next experimental point where the model predictions differ the most (Hunter and 
Reiner, 1965). The measure of how much the models differ is called the design criterion 
and should be maximised. We compare four different design criteria. The first three can 
be written on the general form ���� � � � ����� ���������� , where 

x ������ �� � ��������  (Hunter and Reiner, 1965), 

x ������ �� � �������������� � ������ � ��� � ����� ����� � ���������� (Box and Hill, 
1967; Prasad and Someswara Rao, 1977), 

x ������ �� � ���������� � ��� ��� � ����� ���� � ��� ������� (Buzzi-Ferraris et al., 1990}, �� � ����� is the prior likelihood of model �, ���� � ����� ��� � ����� ��� with ����� ��� 
the prediction of model � given design � and model parameters ��, and �� � � � ������� 
is the covariance of model �, with ������� the model uncertainty due to parameter 
estimation from noisy observations. 

The Michalik et al. (2010) design criterion uses Akaike's information criterion: ������ � � �� �� ��� ��� ����� �������� � �� � ������� ����� , where �� is the number of 
model parameters for model �. 
We let ��������� � ���������� ��� �������������  and use it to define ��������� � ����������, 
where �� is the location of the ��� observation, and ������������ � ���������. Based on a 
first-order Taylor expansion of the model functions around ��� (Prasad and Someswara 
Rao, 1977) the model parameters are approximated as Gaussian distributed �(���,���� ), 
with ���� � � � ���������������������� ������ �����, where � is the number of observable 
states. The model uncertainty is then approximated by ������� � �������� ������. 
2.2. Gaussian Process Regression  

A Gaussian process (GP) is a collection of random variables, any finite subset of which 
is jointly Gaussian distributed (Rasmussen and Williams, 2006). We can place a GP 
prior �������� ��������� on an unknown function �, where � and � are the mean 
function and covariance function, respectively. Given observations � ������������������ ���� at locations � � �����  and a test point ��, we can compute the 
posterior predictive distribution ��������������������� �������, where ����� ������ � ����� �������� � �� and  ������ � ����� ��� � ����� �������������, with, 
in turn, � � ���� �� � ���� the kernel matrix and � � �������. The covariance 
between predictions ���� and ����� for the input locations � � ����� � ���� and �� �������� � ����� is denoted �������� � ����� with elements ������������� � ����� ����. 
A common covariance function is the radial basis function (RBF) kernel �������� ��� ���������� with automatic relevance determination (ARD), where �� is the signal 
variance, �� � �� � ������� , and � � ���������� �� � � ��, are the length scales.  
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Figure 1: Flowchart description of design of experiments for  
model discrimination, with novel steps in our method highlighted. 

3. Method 
We begin by studying the output ���� �� of a single model. We wish to compute the 
predictive output distribution of the model, taking the uncertainty in the model 
parameters � into account. We place GP priors ����������� ���������������������� ���� on 
each output ������� ��, � � ��� � �, of �. The noise variance for model output is denoted ������� . The GPs have been trained on the data set ���� � ����� �� ������� ����� ���������, from � model evaluations. 

The predictive distribution ������ ��� � ������ ��� ����� ��� is Gaussian, where ���� �� � ������� �� and ����� �� � ������������ ��� ��� with ������� �� � ������� ��������������� ������ and ������� ��� �� � ��������������������� �� � ������������ .  
The vector ��� � ������������ � ��������� �� and the kernel matrix ���� � ������������ ������������ � ������� �, and � denotes element-wise multiplication. 

Given a distribution ����� � ����� ��� over the model parameters, where � is the 
experimental data set, we wish to determine the resulting model uncertainty. The 
marginalised model output distribution ��������� � � ������ �����������, which is 
intractable and has to be approximated. We choose to approximate the marginalised 
distribution ��������� with a Gaussian distribution ������� ������, where ���� ���������� ��� and ����� � ���������� ��� � ��������� ���. 
A design of experiments for model discrimination flowchart is shown in Figure 1, with 
novel steps in our method highlighted. We will compare first- and second-order Taylor 
approximations of ���� and �����. We let �� � � � ��, ������ � ��������� ������� 
and ��������� � ��������� ��� �������. 
3.1. First-Order Taylor Approximation  

The first-order Taylor approximation around a model parameter value �� is given by 
  ������� �� � ������� ��� � �������� (1) 

  ������� ��� �� � ������� ��� ��� � ��������� �� (2) 
  

If the model parameter distribution is given by ����� � ����� ���, using the first-order 
Taylor approximations in Eq. (1)-(2), the mean ���� of the approximate marginalised 
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model output distribution becomes ���� � ���� ���, and the corresponding covariance 
matrix has elements ���������������� � ������ ������������� � ����������������� .  

3.2. Second-Order Taylor Approximation  

The second-order Taylor approximation around a model parameter value �� is given by 
  ������� �� � ������� ��� � �������� � ��������������� (3) 

  ������� ��� �� � ������� ��� ��� � ��������� �� � ���������������� �� (4) 
  

If the model parameter distribution is given by ����� � ����� ���, using the second-
order Taylor approximations in Eq. (3)-(4), the mean ���� of the approximate 
marginalised model output distribution has elements ������� � ������� ��� ��� �������������. The corresponding covariance ����� has elements 
 ���������������� � ���������� ��������� ��� ��� � �� �������������� ����������������������������������������   

(5) 
 ������������������ � �� �����������������������������������������������������������������  , 

 

where ���� is the Kronecker delta. 

4. Results 
We compare the performance of (i) the first- and second-order Taylor approximations, 
and (ii) the four different design criteria in Sec. 2.1 as well as random design, for two 
different case studies. For each experiment we uniformly sample a new set of �� initial 
data points. Each iteration we compute the normalised likelihood ����� of model �� given 
dataset �� of size � as 

   ����� � ��������� ������������   ,� �������� �������������� � � ������������
���  (7) 

   

The normalised likelihoods ����� fluctuate significantly in the experiments due to 
measurement noise and refitting of model parameters each iteration. Therefore, we 
choose to update the model likelihoods using a moving average, such that given the �� � ���� observation the likelihood for model �� becomes ������ � ����� � ��������, 
with ���� � � �� .  

In each case study, we choose one model to be the true model, from which we generate 
observations with added noise. We sample all models in a black-box fashion to 
construct the corresponding GP surrogate models. Performance is measured in the 
average number (A) of additional experiments � ��� required for the data-generating 
model � to reach likelihood threshold ���� � �. (SE) denotes the standard error of (A).  

In both case studies, the RBF-ARD covariance function is used for both �� and ��, 
because we expect the model functions to be smooth. 
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4.1. Case Study 1 

Case study from Buzzi-Ferraris et al. (1990) of a reaction with two observables ��, �� 
and two design variables ��, ��. We want to discriminate between four chemical kinetic 
models ��, each with four model parameters ����. The observed data are generated from 
model 1 with �� � � initial data points. The results are shown in Table 1. 

Table 1. Results after 100 experiments in case study 1, using first- (T1) and second-order (T2) 
Taylor approximation. Averages within one SE of best result in bold font.  

 

T1 Design criterion  T2 Design criterion �  ��� ��� ��� ��� Random  �  ��� ��� ��� ��� Random 

0.90 A 3.79 3.90 4.41 3.64 5.42  0.90 A 4.00 4.08 5.00 3.97 5.70 
SE 0.12 0.14 0.17 0.10 0.26  SE 0.13 0.13 0.23 0.14 0.24 

0.95 A 5.16 5.37 5.94 4.86 7.05  0.95 A 5.34 5.43 6.41 5.13 7.32 
SE 0.17 0.18 0.22 0.12 0.28  SE 0.19 0.14 0.25 0.15 0.27 

0.99 A 8.25 8.26 9.13 7.50 10.67  0.99 A 8.54 8.46 9.59 7.89 11.49 
SE 0.24 0.21 0.25 0.16 0.34  SE 0.23 0.17 0.26 0.19 0.39 

 

4.2. Case Study 2 

Case study of the reaction  � � � � � � � � � (Tandogan et al., 2017). There are three 
different models to describe this process, with intermediary, non-observable reactions. 
We generate the observed data from model 3, with  �� � � initial data points for each 
experiment. The model parameters ���� are the kinetic coefficients. There are 5, 4 and 7 
parameters for model 1, 2 and 3, respectively. The design variables are (1) the ratio  � � ����������� of the initial volume ���� � ���� made up by solvent �, (2) the initial 
amount of � � ���� ������� added to the solution, and (3) the time point � � ��� ���� at 
which we measure the concentrations of �, �,��,�� and��. We assume that � and � have 
a molar volume 55 mol/l, and that � has molar weight 440 g/mol. The initial 
concentrations of all other components are set to 0. The results are shown in Table 2. 

Table 2. Results after 100 experiments in case study 2, using first- (T1) and second-order (T2) 
Taylor approximation. Averages within one SE of best result in bold font.  

 

T1 Design criterion  T2 Design criterion �  ��� ��� ��� ��� Random  �  ��� ��� ��� ��� Random 

0.90 A 2.81 2.40 2.42 2.49 2.36  0.90 A 4.13 3.54 3.79 3.14 5.17 
SE 0.31 0.14 0.17 0.22 0.13  SE 0.67 0.30 0.33 0.21 0.61 

0.95 A 4.29 3.40 3.42 3.49 3.38  0.95 A 5.77 4.59 4.79 4.14 6.53 
SE 0.48 0.14 0.17 0.22 0.14  SE 0.84 0.31 0.34 0.22 0.68 

0.99 A 6.76 6.21 6.23 6.33 6.44  0.99 A 8.81 7.07 7.33 6.69 8.56 
SE 0.36 0.11 0.12 0.19 0.31  SE 1.09 0.32 0.33 0.21 0.73 

 

5. Discussion 
Tables 1-2 show that replacing the original models with GP surrogate models is 
outperforming the random strategy. For these test instances, our method performs better 
using the first-order than the second-order Taylor approximation for marginalising out 
the model parameters, i.e. fewer additional experiments are required to find the data-
generating model. This could be because a first-order Taylor expansion is used for 
computing the parameter covariance ��. Alternatively, the first-order (second-order) 
approximation might underestimate (overestimate) the model uncertainty, resulting in 
faster discrimination in these simulated case studies. In future research we will study 
this more, and explore additional approximation methods.  
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For case study 1, ��� significantly outperforms the other design criteria. For case study 
2, the performances are more similar. The ��� design criterion might have an 
advantage over the ��� and ��� design criteria because it incorporates the model 
probabilities used for the subsequent model discrimination. 

In Case Study 2, the concentrations can only be measured at a single time point for each 
experiment. Measurements at multiple time points can be implemented by modelling 
each output and fixed time point with a separate GP surrogate model, i.e. treat the 
measurement at each time point as a separate model output.  

6. Conclusions 
Design of experiments for black-box model discrimination is a difficult but important 
problem. We have shown that our novel method, hybridising the classical analytical  
approach with a statistical sampling-based approach using GP surrogate models, can 
work well. It allows us to be flexible with regards to the software implementations of 
the underlying models. In future research we will apply our method to more case studies 
and compare our method to competing black-box design and discrimination methods. 
We also hope to apply our method in a control setting using a multi-objective approach 
(Olofsson et al., 2017). The GP surrogate model-based method presented in this paper 
has been implemented in Python and made available on GitHub (Olofsson, 2017). 
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