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1 Why formal semantics?

In
�

dealingwith programming,wedistinguishtwo differentaspectsof programminglanguages.�
Syntax� : Dealswith theform of sentences:

Thefish� ��� �
NP

answeredthewalk� ��� �
VP

Syntaxis specifiedby agrammar, normallyin BNF.�
Semantics� : Expressesthemeaningof sentences

while 	 do 

“Execute
 repeatedlysolongastheexpression	 is true”

Althoughmany programmerscouldnotbebotheredwith a formalsemantics,it playsama-
jor role in everydayprogramming.Whenlearninganew programminglanguage,normallywe
only look at thesyntax,to know how certainlanguageconstructsarewritten. However, syntax
is not concernedwith ‘soundness’,it just dealswith correctlyformedsentences.This implies
that the programmeris lost when it becomesnecessaryto check(argue) that the specified
programactuallycomputestheintendedoperation.

In thisprocess,normallythesyntaxsuffices.Everylanguageconstruct,like‘while 	 do 
 ’
hasanintendedmeaning,formulatedin naturallanguagein text books,andit is this informal
semanticsthat the programmeruseswhenwriting an actualprogram. It is not uncommon,
however, for a programmerto find that, althoughthe structureof the programis correctin
the sensethat the programmerhasusedall languageconstructsin the right way andin the
right order, the programstill doesnot executeas it should. This is causedby the fact that
theintendedsemanticsonly speaksin general terms, anddoesnotgiveany meansto actually
check thattheprogramis indeedthedesiredone.

Programsnormallyaretoobig, toocomplex to understandandcheck‘by hand.’ Frequently
programmingerrors,eventhemostblatantones,areoverlookedfor a long time.

It is importantthatthesemanticsis formal,systematicandverifiableto provide:

i) the userwith an unambiguousdescriptionof the effect of a program. Specificationsin
naturallanguagemaybemoreeasyto read,but they arealsohighly ambiguous.

ii ) a yardstickfor implementation.With the formal semanticsat hand,moreefficient pro-
gramscanbewritten,andcodegenerationimproved.

iii ) abasisfor programanalysisandsynthesis.� Transformation.� Optimisation.� Verification.

It can be that actually showing a programto be correct is more work than writing the
programitself, but it is not a task to be neglected. History hasmany examplesof (large)
programsthat went horribly wrong, and the needfor a formal semanticscomesfrom the
desireto beableto guaranteethata programdoesexactlywhatit is supposedto do,underall
circumstances,not just in thetestingenvironment.
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1.1 States

Semanticsof programminglanguagesdealswith themeaningof programsthataresupposed
to be executingon a computer, i.e. run in memoryandusethe variousresourcesavailable.
Therefore,to expressexecutioncorrectly, we needalso to considerthe statusof the mem-
ory during execution. Not only becausethe contentsof the memorychanges(variablesget
updated,databaseschange),but mostlybecausethecontentof a variableat themomentthe
programstartscanhaveamajoreffecton theendresult.

Thestateof thememory � is thereforeprominentin all definitionsof semantics.However,
normallyonly partof thememoryis relevantto thesemanticsof a program.Moreover, since
we will consideronly programsthatcomputethroughvariables1, we arenot interestedin the
contentsof actualphysicaladdresses,but will abstractfrom theactualmemoryandfocuson
the representationof the valuesstoredin thosevariablesthat areof interestto us. We will,
formally, saythata stateis a function thatmapsvariablenamesto values,anduseStatefor
thesetof all possiblestates.

Wewill usethenotation 
 ������ ������������ ��������� �"!
asa denotationfor the stateof the memory, indicatingthe valuesfor thosevariablethat are
relevantto theexecutionof theprogram.

Globallyspeaking,therearethreeapproachesto semantics:�
OperationalSemantics� : This semanticsis characterisedby the fact that it focuseson how

the effect of a computationis produced:it is an abstractionof machineexecutionin that it
expressesthemeaningof a program- runningon a machinein a specificstate- by returning
its result,theoutput.�
DenotationalSemantics� : Thissemanticsfocussesonwhatis theeffectof acomputationon

thestateof themachine.In thisapproach,themeaningof aprogram(construct)is a function,
thatmapsthestateof themachinebeforeexecutionto thestateafterexecution.�
AxiomaticSemantics� : With thissemantics,thepropertiesof theeffectof executingthecon-

structsareexpressedasassertions.

Wewill comparetheseapproachesusingthe(toy) exampleprogram

# := �
;
�
:= $ ; $ := #

thatswapsthevaluesstoredin thevariables
�

and $ .

1.2 Operational Semantics

TheideabehindOperationalSemanticsis to expressthemeaningof a programstartingfrom
a certainstateby lookingat its endresult,i.e. thestatein whichthememoryis afterexecution
of theprogram.For example,� To executea sequenceof statementsseparatedby ‘ ; ’, executethe individual statements
oneaftertheotherfrom left to right.

1It is notdifficult to extendthisto themoregeneralapproach,but thiswouldincreasethequantityof definition
andnotationsignificantly. Weareconcentratingon theessentialshere.
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� To execute‘
�
:= $ ’, determinethevalueof $ andassignit to

�
.

Weusethenotation‘ %'& � �)( ’, thatis to bereadas‘the semanticsof program& in state� ’.
% # := �

;
�
:= $ ; $ := # �)
 �*�� +,� $ �� -.� # �� /�! ( 0% � := $ ; $ := # �)
 �*�� +,� $ �� -.� # �� +1! ( 0%2$ := # �)
 �*�� -.� $ �� -.� # �� +1! ( 0
 �*�� -,� $ �� +3� # �� +)!

So,beforestartingtheprogramthestateof thememoryis

 �4�� +,� $ �� -.� # �� /1!

, andafterthe
programhasfinishedit is


 �*�� -.� $ �� +3� # �� +)!
, which is alsothemeaningof theprogram

# := �
;
�
:= $ ; $ := #

in thestate

 �4�� +,� $ �� -.� # �� /�!

. Thesymbol‘ 0 ’ is usedfor ‘evaluatesto’ or ‘means’. So,
for operationalsemantics,you canonly look at a programwith a given input or initial state,
youcannotsayanythingaboutaprogramalone.

1.3 Denotational Semantics

The ideabehindthis semanticsis to look at a programasa mathematicalfunction, i.e. the
effectof aprogramis amathematicalfunctionin State

�
State.� Theeffect of a sequenceof statementsseparatedby ‘ ; ’ is thefunctionalcompositionof

theeffectsof theindividualstatements:5
ds[[ � � ; � � ]] 6 5

ds[[ � � ]] 7 5 ds[[ � � ]]
(Noticetheinversionof � � and � � .)� Theeffect of a statement‘

�
:= $ ’ is a functionin State

�
State, suchthat thenew state

is identicalto theold stateexceptthatthe(new) valueof
�

is equalto the(old) valueof $ .5
ds[[

�
:=

�
]] �8$ 6 ��$ � if $:96 �

6 �;�
otherwise

For ourexampleprogram,noticethat5
ds[[ # := �

;
�
:= $ ; $ := # ]] 6 5

ds[[ $ := # ]] 7 5 ds[[
�
:= $ ]] 7 5 ds[[ # := �

]]

and,therefore 5
ds[[ # := �

;
�
:= $ ; $ := # ]] � 
 �*�� +,� $ �� -.� # �� /�! � 65

ds[[ $ := # ]] 7 5 ds[[
�
:= $ ]] 7 5 ds[[ # := �

]]
� 
 �*�� +,� $ �� -.� # �� /�! � 65

ds[[ $ := # ]] 7 5 ds[[
�
:= $ ]]

� 
 �*�� +,� $ �� -.� # �� +1! � 65
ds[[ $ := # ]] � 
 �*�� -.� $ �� -.� # �� +1! � 6
 �*�� -.� $ �� +,� # �� +)!

For denotationalsemantics,themeaningof a programdependsonly on thepogramitself. No
stateinformationis neededto establishameaning.
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1.4 Axiomatic Semantics

AxiomaticSemanticsdealswith thepartial correctness(with respectto Pre- andPost-condi-
tion) of agivenprogram.

Take thestatement< � 6>= & $ 6>?:@ # := �
;
�
:= $ ; $ := # < � 6A? & $ 6>=B@

that expressesthat if
� 6C= and $ 6C? , then

� 6C? and $ 6C= after the executionof the
program‘ # := �

;
�
:= $ ; $ := # ’.

Let�
P1� :

< � 6A= & $ 6A?:@ # := � < # 6A= & $ 6>?:@�
P2� :

< # 6A= & $ 6A?D@ �
:= $ < # 6A= &

� 6>?:@�
P3� :

< � 6A= & $ 6A?:@ # := �
;
�
:= $ < # 6A= &

� 6A?D@�
P4� :

< # 6A= &
� 6A?D@ $ := # < $ 6A= &

� 6>?:@�
P5� :

< � 6A= & $ 6A?:@ # := �
;
�
:= $ ; $ := # < $ 6A= &

� 6A?D@
Thenit is easyto seethatwe candeduceP3 from P1 andP2, andP5 from P3 andP4, so

for thiskind of programtheaxiomaticapproachworkswell.
But how to work on< � 6A= & $ 6A?:@ while true do skip < $ 6A= &

� 6A?D@
is noteasyto see.

2 Induction

Many of the definitionsandpropertieswe areaboutto studydependheavily on induction.
Not only is the majority of our definitionsinductive in nature,alsomostof the proofsare
inductive. Sincethekind of inductionwe useis of a moregeneralnaturethanjust induction
over numbers,beforediscussingthe real topic of this course,we have a closelook at the
principleof induction.

2.1 Mathematical Induction

Theprincipleof MathematicalInductionover thesetIN of naturalnumbersstates:to prove a
propertyE � � � for all naturalnumbersif sufficesto show:�
Basecase� : Prove E � / � .�
InductiveCase� : For every F , usingtheassumptionthat E � FG� holds,prove E � F8HJI)� ; in other

words:prove E � FG� � E � FKH>I�� .
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Thesetwo proofsgiveyou the‘right’ to saythat E � = � holdsfor all = .
In Logic theprincipleof inductionover IN is formalisedasfollows:

E � / � LMFON IN

 E � FG� � E � FKH>I)� !

L = N IN
� E � = �

(It shouldbenotedthatthePrincipleof Induction

L8E �P
 � E � / � & LMFON IN

 E � F3� � E � FQHAI)� ! � � L = N IN

� E � = � !
is nota theorem,i.e. it doesnotgetaproof in mathematics.If anything, it is anaxiom,thatis
assumedto betrue. Statingthat it is a principle is better, though,becauseit canbeextended
to all inductively definablestructures,aswewill seeshortly.)

Theorem 2.1 RTSUWVGXZY
�
6 � =\[ � = H>I�� [ �^] = HAI)����_�` �

Proof : By inductionon thestructureof IN.�
Basecase� : Immediate,since

/ 6 � / [ I [ I��a_1` .�
InductiveCase� : R�bac

�
UWV3X Y

�
6� R bUWVGX Y

�
�MH � FQHAI��

�
6 �

IH �� F [ � FKH>I)� [ �d] FQHAI)����_�`eH � FQHAI��
�

6� F [ � FQH>I�� [ �^] FQHAI��MHf` � FQHAI)�
�
��_1` 6�^] F.ghHfi�F

�
HjFQHf`kF

�
H>I ] FQHf`���_1` 6�a� FQH>I�� [ � FQH ] � [ �d] FQHlik�a��_1`

Noticethatin thesecondpartof theproof,weareproving

R bac
�

UWVGXmY
�
6 ��� FKH>I�� [ � FQH ] � [ �d] FKHli�����_�`

andthatthereweusethehypothesis(i.e.,assumethatit is truewithoutchecking)

R bUWVGXZY
�
6 � F [ � FKH>I�� [ �^] FKH>I)����_�` �

sothatformally weprove thatthefirst is impliedby thesecond.

Exercise2.2 Prove that,for any naturalnumber= , thatthereareexactly =on permutationsof =
objects.

2.2 Why does this work?

Theprincipleof inductionis anacceptedproofmethod,becauseyoucan‘see’ thatit works. If
you needto show that L = N IN

� E � = � holds,thenyou couldjust producea new proof for each
new numbergiven. But, of course,it would bemoreconstructive to have a methodthat, for
every = N IN, showsthat E � = � holds.Normally therearevariousmethods,sometimesyoucan
even show E � = � directly (like, for example,for the statement:= N IN

� = HpI�N IN). But if
you wouldprove E � / � , and,for very FON IN, you have a methodto extenda proof for E � F3� to
onefor E � F3HqI�� (the inductive step),then,if asked for a proof for E � = � , it would suffice to
give theproof for E � / � andextendit = times. In a certainsense,if you automatethemethod
thatbuilds theextensionof theproofof E � FG� to E � FGHpI�� , thenyoucouldbuild asystem,that,
giventhenumber= , producestheproof for E � = � from theproof for E � / � .
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Thesecretis twofold. First of all, in theinductive stepwe areonly interestedin theproof
thatwe canextenda proof of E � FG� to onefor E � FGHqI�� . If E � FG� itself is trueis of no concern,
the
r

only thing thatis of interestis:

if E � F3� , then E � F3HqI�� .
This meansthatwe arelooking to prove the implication, andwe areallowedto assumethatE � FG� holds. If from this assumptionwe show E � F3HqI)� , we have shown the implication to
hold. Normally, insertingtheassumptionin yourproof structureis called‘by induction’ (and
not ‘by inductionhypothesis’),andhighlightsthefact thatyou usetheliberty to assumethatE � FG� holds.

Secretnumbertwo lies in the fact that you can do it for every = N IN, sincethe set IN of
naturalnumberssatisfies:

� / N IN

� if
� N IN, then

� HAI�N IN.

and IN is the leastsetwith both of theseproperties,so the methodsketchedabove doesnot
missoutoncertainnumbers.

Usually, onewouldwrite ‘Proof: by inductionon = ’, but thecorrectformulationis ‘Proof:
by inductionon thestructureof natural numbers’.

ThatIN is indeedthesmallestsetthatsatisfiesthesecriteria,is shown by thefollowing:

Theorem 2.3 Supposes satisfiestheproperties� / Nqs� if
� Nps , then

� HAItNqs .
thenIN uvs .

Proof : Wewill show: L = N IN
� = Nqs , by mathematicalinductionover IN. Take FON IN. From

thedefinitionof IN, either F 6 /
, or F 6 FkwxH>I , with F�wkN IN. To show: FONqs .� F 6 / � : By definitionof s , wehave

/ Nqs .� F 6 F w H>I)� : Since F w N IN, by inductionalso F w Nps . Then,by definition of s , also FyHItNqs .
So,for all FON IN, FQNqs .

Exercise2.4 Prove that,for everyevennumber= , =z[ F is evenfor any naturalnumberF .

Not every (correct)statementovernumbersis provedby induction:

Theorem 2.5 Thereare infinitelymanyprimenumbers.

Proof : Take { to bethesetof primenumbers,andwrite |m{ for its size.We will show that|m{ is notfinite, by showing thatthereis no = suchthat |m{ 6A= .
So,suppose|O{ 6}= , andlet { 6 < & � ��������� & S @ . Define ?~6 � & � [f� ����[ & S ��H�I . Then

either ? is prime,andobviously ? 9�Np{ , or thereis a primenumber&Gw andnumber� such
that ?�6 &Gw [ � . Now thequestionis: is &GwxNq{ ? Supposeit is, so &Gw 6 & U , for someI��yY�� = .
Since& wUh� ? , also& U � � & � [�� ���,[ & S ��HjI . Obviously & U � & � [�� ���,[ & S , soalso& U � I . This is
impossible,so & w 9�Nq{ .

Sothereis no = suchthat |O{ 6>= , so |O{ is infinite.
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2.3 Complete Induction

An alternative to therule for inductionis theprincipleof CompleteInduction(courseof val-
ues):

To prove apropertyE � � � for all naturalnumbers:�
Basecase� : Prove E � / � .�
InductiveCase� : For every F , on theassumptionthat E � Y�� holdsfor every Y smallerthanor

equalto F , prove E � FGHpI)� ; in otherwords:prove
� L�Y��JF � E � Y���� � E � FGHpI�� .

Also thesetwo proofsgiveyou the‘right’ to saythat E � = � holdsfor all = .
In Logic:

E � / � LMF ��
 � L�Y��JF � E � Y��a� � E � F3HqI�� !
L = � E � = �

Theorem 2.6 Thesetwo principlesof inductioncoincide, i.e. acceptingoneprinciple you
canshowtheotherholds,andviceversa.

Proof : Theproofhastwo parts.Firstweshow thatCompleteInductionimpliesMathematical
Induction,andthenweshow thereverse.� Let E beaproperty, andassume

E � / � (1)LMF � E � F3� � E � F3HpI)� (2)

We have to show that L = � E � = � . We canreachthis resultusingCompleteInduction,but
thenweneedto show first that

L8F �G
 � L�Y���F � E � Y��a� � E � FGHpI�� ! (3)

For every F , this is animplication,that is shown asfollows: assumeL�Y���F � E � Y�� , then,
in particular, E � FG� , and,by assumption(2), we have E � F3HqI�� . So

� L�Y��JF � E � Y���� �
E � FGHpI)� , for every F , sowe have LMF ��
 � L�Y��JF � E � Y���� � E � FGHpI)� ! . Sincealso E � / � by
(1), weget L = � E � = � .� Let E besuchthat

E � / � (4)L8F �G
 � L�Y���F � E � Y��a� � E � FGHpI�� ! (5)

We have to show L = � E � = � . We canreachthis resultusingMathematicalInduction,but
thenweneedto show first that

LMF �P
 E � F3� � E � FGHpI�� ! (6)

Let � � = � bethepropertydefinedby L3�h� = � E � �,� . Wewill show L = � � � = � , usingMathe-
maticalInduction,sowewill show L = �P
 L3�h� = � E � �,� ! , so,in particular, L = � E � = � .�
Basecase� : � � / � 6 L3�h� /3� E � �,� 6 E � / � , so � � / � holdsby assumption(4).�
Inductivecase� : Toprove � � FG� � � � FGHpI�� , for all F , firstassume� � FG� 6 LG�h�JF � E � �,� .

Then,of course,also LG���eFGHpI � E � �,� , so,by assumption(5), E � FGHpI�� , and,therefore,LG�h�JF3HqI � E � �,� 6 � � FGHpI)� .
So L = � � � = � .
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2.4 Other induction

In general,we will definemany sets,relations,. . . , asthe leastonessatisfyinga setof condi-
tionsor rules.

Example2.7 Ev, thesetof evennumbers,is theleastsetsuchthat:� / N Ev.� if FON Ev, then FGH ] N Ev.
Whenlooking to prove a propertyfor all = N Ev, we can,asmuchasfor the set IN, use

induction.Theprincipleof inductionfor Evgetsformulatedasfollows: to prove E � = � for all= N Ev, you�
Basecase� : Prove E � / � .�
InductiveCase� : For every F , usingtheassumptionthat E � FG� holds,prove E � FQH ] � .

Example2.8 If = N Evand ? N Ev, then = H ? N Ev.

Proof : Take E � � � to be L ? N Ev
�P
 � H ? N Ev

!
. We will show E � � � by induction on the

structureof Ev.�
Basecase� : L ? N Ev

�P
�/ H ? N Ev
!
. Immediate.�

InductiveCase� : Toshow: L ? N Ev
��
 � � H ] �aH ? N Ev

!
. By induction,L ? N Ev

�P
 � H ? N Ev
!
.

Then,by thesecondpartof thedefinitionof Ev, also L ? N Ev
��
 � � H ? �8H ] N Ev

!
. Since� � H ? �8H ] 6 � � H ] �8H ? by associativity of H , wearedone.

Sowehaveshown L � N Ev
� E � � � , which is L = N Ev

� L ? N Ev
�P
 = H ? N Ev

!
.

2.5 Structural induction

Our definitionsoftendefinesetsof objectswhich aresyntacticor have significantstructure,
in thesensethat they aredefinedinductively. A ‘proof by induction’ over sucha setis then
known asa‘proof by structuralinduction.’ Takefor examplethedefinitionof listsovernatural
numbers,List

�
IN � .

� 
�! N List
�
IN � .

� If = N IN, and ��N List
�
IN � , then =z� ��N List

�
IN � .

Noticethatthisdefinitionis inductive. Implicit in thisdefinitionis that‘ � ’ is a list-construc-
tor that,givenanumberanda list of numbers,producesa list of numbers.

A verycommonpresentationof theinductivedefinitionabove is to userules:

premises

conclusions

with theintendedmeaning:

if all thepremiseshold, thensodo theconclusions.

Usingrules,thedefinitionof List
�
IN � thenbecomes


�! N List
�
IN �

= N IN ��N List
�
IN �

=z� ��N List
�
IN �

8



Usingtheconventionthat = is alwaysin IN, wecanomit thepremises= N IN.
In this case,an inductive proof that theproperty E � �^� holds,for every ��N List

�
IN � , would

follo
�

w:�
Basecase� : Prove E � 
�! � .�
InductiveCase� : AssumingE � �^� , for every = N IN, prove E � =z� �^� .

Example2.9 Take the‘Miranda’ program

maximum [ ] = 0

maximum (a:x) = a, a >= n
n

where n = maximum x

length [ ] = 0

length (a:x) = 1 + length x

sum [ ] = 0

sum (a:x) = a + sum x

then,usingthedefinitionof List(IN) givenbefore,wecanprove: let

E � �^� 6 sum ��� maximum � [ length � �
thenfor all ��N List

�
IN � , E � �^� .�

Basecase� : E � 
�! � is trivial, sincesum

�!

= 0 .�
InductiveCase� :

sum
� =\� �^� 6= H sum � �= H maximum � [ length � �

maximum
� =z� �^��H maximum

� =\� �^� [ length � 6
maximum

� =z� �^� [ length
� =\� �^�

2.6 The general case

As mentionedbefore,theprincipleof inductionextendsto every ‘inductive’ structure,i.e. to
everyset s definedin termsof�
Basecase� : Someconstants� ������� � � �x� areassumedto bein s .�
InductiveCase� : Thereis a limited numberof constructors 
 � � ����� � 
 � , that,givena num-

berof elementsof s , produceanotherelementof s :

if � � ����� � � � S)� Nqs , then 
 � � � � ������� � � S1� �MNqs .
. . .

if � ����� ��� � � S�� Nqs , then 
�� � � ��� ����� � � S�� �MNqs .�
Closure� : s is definedasthesmallestsetsatisfyingtheabove two rules.
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It is commonto not separateconstantsfrom constructors, but ratherto treatconstantsas
constructorsof arity zero,anddealwith bothconstantsandconstructorsin onego. We will
use� bothexpressions,wheneverconvenient.

Becauseof thethird rule, thegeneralform of structuralinductionstatesthatto prove E � � �
for all elements

� Nqs , it is sufficient to:�
Basecase� : Prove E � � � � up to E � �k��� .�
InductiveCase� : For everyconstructor
 U , assumingthat E � � � � upto E � � S�  � , provethatalsoE � 
 U � � � ����� � � � S   �a� .

Example2.10 ¡ �¢�£6 zero � ¡ � [ ¡ � � � ¡ �
or, alternatively

zero N Exp

¡ � N Exp
¡ � N Exp¡ � [ ¡ � N Exp

¡ N Exp� ¡ �MN Exp

Constructorsin thiscaseare‘ ��[¤� ’ and‘
� � � ’, and‘zero’ is aconstant.

Property2.11 All elementsof Exphavethesamenumberof left parenthesesandright paren-
theses.

Proof : Inductionon thestructureof elementsof Exp.�
Basecase� : Thenumberof parenthesesin zero is 0.�
InductiveCase1� :

¡ 6 ¡ � [ ¡ �
, andby inductionwe canassumethepropertyto hold for

both
¡ �

and
¡ �

. Let thenumberof left (andright) parenthesesin
¡ �

be = � , andthat in¡ �
be = � . Then

¡
has= � H = � left and = � H = � right parentheses,sothenumberof left -

andright parenthesesin
¡

is equal.�
InductiveCase2� :

¡ 6 � ¡ � � , andby inductionwe canassumethepropertyto hold for
¡ �

.
Let thenumberof left (andright) parenthesesin

¡ �
be = , then

¡
has = H�I left (right)

parentheses,sothenumberof left - andright parenthesesin
¡

is equal.

We occasionallyneedto do a proof by structuralinductionover a numberof domainssi-
multaneously, like ¥ �¦�§6 ¨ ¡ ¨¡ �¦�§6 H ¥ � ¨k¨
Exercise2.12 All

¥
-valueshaveanevennumberof occurrencesof the ¨ -token.

Wehave informally usedrules in our inductivedefinitions:

premises

conclusions

With theintendedmeaningof:

if premises, thenconclusions.
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But sincepaperis patient,careis needed.Whatsetis definedby:= Nps
= HlieNqs

or:

/ Nqs
= Nps

= H ] Nqs
= H ] Nps
= 9N4s

Wecandefinemany relationsusingrules.
In fact,every ‘object’ that is definedin termsof ‘if . . . then. . . ’ canbeformulatedusing

rules.They areaverycleanandprecisenotationfor definitionsthatwouldotherwisetakeupa
lot of words.However, oneimportantthing to noteis that,usingsystemsdefinedby rules, the
nature of theobjectswe work with changes.Whenwe want to prove propertiesof a system
thatis definedonly in termsof ‘ if . . . then. . . ’, wewouldneedto follow thatstructure.When
usingrules,however, theobjectsoverwhichyouprove becometreesconstructedby applying
therules,alsocalledderivations.

2.7 How to use rules

Wewill now focuson theparticulardetailsinvolvedwith usingrulesto defineinductivesets.
As anexample,we take thedefinitionof (Implicative) Logic (IL), wherewe derive state-

mentsof theshape©\ª*« , whoseintentionis ‘ © shows« ’, or ‘ from © wecandeduce« ’.

�
Ax� � «vN¬©��©\ª*« � �

I � ©J­ < « @ ªD®
©\ª*« � ®

� �
E� ©\ª*« � ® ©\ª4«

©\ªD®
How to readthesethreerules?They describehow to build derivations. Thefirst, Ax, states

that,for any set © of formulae,if « occursin © , then� «jN¬©��©\ª:«
is a correctderivation. Moreover, supposewe have constructeda derivation ¯ thatendswith
(or derived) ©A­ < « @ ª�® . ° ° ° ° ±±±±¯

©>­ < « @ ªD®
thenby thesecondrule

� �
I � , we will createa correctderivationwhenwe draw a line under-

neathit, andput theline ©\ª*« � ® underit all.° ° ° ° ±±±±¯
©>­ < « @ ªD®
©\ª*« � ®

(Noticethat « hasmovedfrom left to right.)
And,similarly, if wehavetwoseparatederivations̄

�
and ¯ �

, onewith lastline ©\ª*« � ® ,
the otherwith last line ©\ª*« , thenby the last rule

� �
E� , whenwe draw a line underneath

11



themboth,andput theline ©\ªD® underit all, weobtainacorrectderivation.° ° ° ° ±±±±¯ �
©\ª*« � ®

° ° ° ° ±±±±¯ �
©\ª*«

©zªD®
Thesethreestepsarethe only permittedto constructderivations;in otherwords: the set

of derivationsfor IL is thesmallestsetclosedfor thethreederivationconstructors, therules�
Ax� , � � I � , and

� �
E� givenabove.

Officially, thecorrectdenotationfor objectsdefinedby theseruleswould be ¯ �¢� ©\ª*« ,
meaningthat ¯ is a derivationwith lastline ©\ª*« . However, it is morecommonto useonly
theexpression©\ª*« whenspeakingof objectsin IL. This thenis meantto saythat

Thereexistsa derivationbuilt usingthethreerulesabove, thatendswith ©\ª*« .

since,normally, we arenot interestedin theactualstructureof thederivationshowing ©\ª*« ,
but only in thefactthattheformulais derivable.

However, whenyou areaiming to prove propertiesof IL inductively, the actualstructure
of derivationsbecomesimportant. In fact, any (suitable)propertyover expressionsin IL is
actuallyapropertyoverderivationsandcannormallybeprovenby inductionon thestructure
of derivations. Therefore,globally, thestructureof theproof would bethesameasdiscussed
above, i.e. first prove thepropertyto hold for thebasecases,andthenfor theinductivesteps.

Wecanpresenttheproof in aslightly differentway, by giving it thefollowing structure.
Proof: By inductionon thestructureof derivations.We focuson thelastruleused.�
Ax� : Herethederivationis nothingbut anapplicationof ruleAx.� «jN¬©��©\ª:«

This is thebasecaseof theinduction,andyouneedto show directly thatthepropertyto prove
holdsfor thisderivation.� �

I � : In thiscase,wehaveaderivation ¯²w of thestructure° ° ° ° ±±±±¯
©>­ < « @ ªD®
©\ª*« � ®

Thederivation ¯ with conclusion©³­ < « @ ªD® is a subderivationof ¯ w for ©\ª*« � ® , and
sois smallerin thesenseof theinductive structure.Now we canassumethat thepropertyto
prove holdsfor ¯ , andusethatto prove thatthepropertyholdsfor ¯ w .� �

E� : In thiscase,wehaveaderivation ¯ w of thestructure° ° ° ° ±±±±¯ �
©\ª*« � ®

° ° ° ° ±±±±¯ �
©\ª*«

©zªD®
12



Again, thederivations ¯ �
and ¯ �

aresubderivationsof ¯ w , andwe canassumethattheprop-
erty to prove holdsfor both,andusethatto prove thatthepropertyholdsfor ¯²w .
In eachcase,wecanusethefactthatweknow whatis thelastruleapplied,whichgivesusnot
only existenceof thesubderivations,but alsoall otherpropertiesthatarespecifiedin therule.

Noticethatthis is, in approach,sufficient for a completeinductive proof. Thebasecaseis
coveredby thefirst part,since,whenthe lastappliedrule is Ax, this is exactly thebasecase
of thedefinitionof derivationsin IL. Theothertwo casesdealwith theconstructors,therules
thatshow how to constructnew derivationsfrom thosethatalreadyexist.

Exercise2.13 � Theheightof a derivation ¯ , height
� ¯�� , is inductively definedby (we

focuson thelastruleapplied):�
Ax� : Then ¯ �¢� ©zª*« , where«jN¬© , andheight

� ¯�� 6 I .� �
I � : Then ¯ �¢� ©\ª*« � ® , and ¯ hasa sub-derivation ¯ w �¢� ©´­ < « @ ªD® . Then
height

� ¯�� 6 height
� ¯¬w¢�8H>I .� �

E� : Then ¯ �¢� ©\ªD® hastwo sub-derivations ¯ � �¢� ©\ª*« � ® and ¯ � �¢� ©\ª*« .
Thenheight

� ¯J� 6 max
�
height

� ¯ � � � height
� ¯ � ���8H>I .� Thecomplexity of a derivation ¯ , comp

� ¯J� , is inductively definedby (we focuson the
lastruleapplied):�
Ax� : Then ¯ �¢� ©zª*« , where«jN¬© , andcomp

� ¯�� 6 ]
.� �

I � : Then ¯ �¢� ©\ª*« � ® , and ¯ hasa sub-derivation ¯ w �¢� ©´­ < « @ ªD® . Then
comp

� ¯J� 6 comp
� ¯²w¢�8H>I .� �

E� : Then ¯ �¢� ©\ªD® hastwo sub-derivations ¯ � �¢� ©\ª*« � ® and ¯ � �¢� ©\ª*« .
Thencomp

� ¯�� 6 comp
� ¯ � �8H comp

� ¯ � � .
Show that,for all derivations,height

� ¯��t� comp
� ¯�� .

2.8 (Apparent) Static and Reverse Induction

Theobservationsmadeabovecanbecomecrucialwhentrying toprovepropertiesoversystems
definedwith rules.

Take, for example,the(notsoveryexciting) systemdefinedby:

« � ® µ � µ
¶ � µ
µ � ¶ µ � ¶ ¶ � E

µ � E
Again,writing

¶ � µ meansthatthereexistsaderivationthathasthatformulain thebottom
line.

Exercise2.14 Show: If
¶ � µ , theneither

¶ · µ , or
¶ · « and µ · ® , or

¶ · ®
and µ · « .

In thisexercise,theonly pointof difficulty couldbethethird rule.

Exercise2.15 Let s bedefinedby:

/ Nqs
= Nps

= Hfi¸Nps
= Nqs � =�¹ + �=Jº + Nqs

Show thatIN uvs .
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2.9 Alternatives

Using the definition of ‘height of a derivation’ suggestedabove, the ‘proof by inductionon
the structure of derivations’ could be replacedby a ‘proof by inductionon the heightof a
derivation’. Noticethatthenyouwouldneedthe‘courseof values’variantof theprincipleof
inductionfor this technique,since,in general,a sub-derivationdoesnot have a heightthat is
precisely1 smaller(see,for example,rule

� �
E� ).

Sometimesthe structurewe dealwith hasthe specialpropertythat all ruleshave exactly
onepremise.Thena ‘proofby inductionon thestructureof derivations’ couldbecome‘proof
by inductionon thelengthof thederivation’.

Becauseof thesetwo observations,you canarguethatanykind of inductionis essentially
inductionon IN. It is thereadabilityof proof,togetherwith thespecificobjectsyouproveover,
thatdecidewhichappearancetheinductiveproofwill have.

3 Syntax

We will presentour semanticsin termsof the Abstract syntaxof a programminglanguage.
This in contrastto normalprogramminglanguagesthataredefinedin theconcretesyntax;the
point is thatdetailsthatareimportantto programmers,likehow to exactlywrite anumber, can
beignoredfor ourpurposes.

3.1 Concrete syntax

The Concretesyntaxdefinesthe sequencesof symbolsallowable in a syntacticallycorrect
program: % exp ( �¢�£6 % num ( � % exp ( % op (�% exp (% op ( �¢�£6 H � º � [ � _% num ( �¢�£6 % digit ( � % digit ( % num (% digit ( �¢�£6 / � I � ] � i �)»�� + � ` � - ��¼J�1½J� /

This syntaxgivesa sufficient specificationof numbers.Notice,however, thatalthoughit
allows us to parseall permittedexpressions,this particulargrammaris not preciseenough,
sinceit is ambiguous:wheninterpreting theexpressionsto understandwhatvaluethey stand
for, i.e. to understandtheir semantics,it is not clear what the intendedprecedenceof the
operationsis in, for example,the expression» [ ] º I , andneitherthe associativityof the
operationsis clear.

Instead,take

% exp ( �¢�£6 % num ( � � % exp (�% op ( % exp (¾�% op ( �¢�£6 H � º � [ � _% num ( �¢�£6 % digit ( � % digit ( % num (% digit ( �¢�£6 / � I � ] � i �)»�� + � ` � - ��¼J�1½J� /
Thebracketingnow forcesthecomputation,andit will beeasierto defineacorrectseman-

tics.
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Exercise3.1 Considerthefollowing AbstractSyntax:

= N Numeral� N Variables� N ArithmeticExpressions	 N BooleanExpressions& N ProcedureNames¯m¿ N DeclaredVariables¯¸À N DeclaredProcedures¥ N Statements

� �¢�§6 = � � � � � Hf� � � � � º � � � � � [ � �	 �¢�§6 true � false � � � 6 � � � � � �A� � �xÁ 	 � 	 � & 	 �¯m¿ �¢�§6 var
�
:= � ; ¯m¿ ��Â¯¸À �¢�§6 proc & is ¥

; ¯¸À ��Â¥ �¢�§6 �
:= � � skip � ¥ � ; ¥ � � if 	 then ¥ �

else
¥ �

� while 	 do ¥ � begin ¯m¿t¯¸À ¥
end � call &

Show thatany programin thelanguagehasthesamenumberof begin and end tokens.

3.2 Abstract syntax

TheAbstractsyntaxformalisestheAllowableParseTrees.
For theprevioussyntaxfor numbers,theabstractsyntaxspecifiesthesyntacticcategories

Ã N exp

op N Op= N Numeral

andthedefinitions
op �¢�£6 H � º � [ � _Ã �¢�£6 = � � Ã � op Ã � �

(Thesecondline shouldbe readas: ‘An expressionis eithera number, or composedof two
expressionswith anoperationin betweenthem’.)

Thesetwo (syntacticcategoriesand definitions)togetherare sufficiently precisefor our
purposes.Noticethatthemaindifferencebetweentheconcreteandtheabstractsyntaxis that
in thelatterweleavethesyntacticconstructionof numbers(elementsof Numeral) unspecified.
In this way, we abstractfrom their actualsyntax(hencethenameabstract syntax). We also
assumethatour alphabetof symbolsis infinite: = is usedasa meta-variable,a placeholder
for anynumber, andwe have no rule specifyingthe syntacticstructureof numbers,nor any
informationon thesetNumeral.
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4 Natural Semantics

W
Ä

e will now startconcentratingon thesemanticsof a (toy) programminglanguage,While.
Thefirst semanticswe will studyis calledtheNatural Semantics; it cariesthatnamebecause
it is concentratingon the ‘result’ of a program,which is thenaturalthing to study. We will
introducethis semanticsin stages.First we defineNaturalSemanticsof Arithmetic Expres-
sions,which givesusthepossibilityto getacquaintedwith notationanddo someelementary
proofs,beforefocusingona reallanguage.

Thesyntacticcategoriesusedfor thedefinitionof arithmeticexpressionsare:

� N ArithmeticExpressions= N Numeral� N Variables

whereVariablesis supposedto beaninfinite setof variablenames.Thedefinitionsare:

� �¢�£6 = � � � � � � Hl� � � � � � � º � � � � � � � [ � � �
4.1 Natural Semantics of Arithmetic Expressions

NaturalSemanticsof ArithmeticExpressionsis definedasatransitionsystemover thefollow-
ing two kindsof configurations:

%Å� � �)( º ArithmeticExpressionsandstate� º an integer (in ZZ, thefinal state)

Noticethatweconsidertwosetsof ‘numbers’in thiscourse.

� Numeral, thatstandsfor thesyntacticrepresentationof numbers(without specifyinghow
numbersarewritten).

� ZZ, thesetof integersthataretheactualnumbers,or values, syntacticallyrepresentedby
elementsof Numeral.

Of course,whenwriting down anelementof ZZ, weneedto usesomesyntax. For example,
theforty-secondpositive numbercanberepresentedin differentways,dependingthechosen
syntax. Onecould have » ] � X 6 I / I / I /�� 6 ]x]�])Æ 6 + ]1Ç 6 ] « �ÅÈ 6 I / Æ � . We will usethe
normaldecimalnotationfor both,andto distinguishbetweenour syntaxandthatof elements
in Numeral, we will underlineif necessary. So, » N Numeral is a syntacticrepresentationof
thefourthnumber, and » N ZZ is its actualvalue.Sometimes,alternatively, wewill useÉ [[ ]],
so É [[ » ]] 6 » is thefourthelementof IN.

In the NaturalSemanticswe areconcernedwith the relationbetweenthe initial andfinal
state,denotedby: %Å� � �)( � �

(rememberthat a statemapsvariablesto values,andthat an
arithmeticexpressionshouldrepresentavalue).

TherulesthatdefinetheNaturalSemanticsfor ArithmeticExpressionsare:

�
NUMns� % = � �)( � = �

VARns� % �B� �)( � � � �
OPns� %^� ��� �)( �Ê��� %^� ��� �)( �Ê���

%Å� � op � �)� �)( �Ê���
op

���
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where‘op’ is any of ‘ H � [ � º ’. We will omit thebracketsaround
� � � op � � � whenever con-

venient(like for theoutermostpair).
Noticethat,in rule

�
NUMns� , both = and = areused.Similarly, in rule

�
OPns� , bothop and

op areused.Thefirst, op, is thesyntacticrepresentationof the intendedoperation,whereas
op is the actualoperation,that livesin the semanticsetting. Sincewe mapon to the ‘real’
world, we canimmediately– or whenever convenient– performtheactualcalculationthere.
This impliesthat,normally,

� i [ » �OH ¼ is notwritten in ournotation;instead,wewill write
the‘result’

] /
.

Also, noticethattheNaturalSemanticsmapspairsof % expression
�
state( to avalue, anum-

berin ZZ. This impliesthatastateis amappingfrom variablesto the‘real world’ of ZZ.

Example4.1 Supposeyouwouldwantto know thesemanticsof
� i [ � �3H ¼ , in astate� such

that � � 6 » . Sincethe semanticsis definedusingrules,what you needto do is to build a
derivationthatgivesyou thedesiredresult.

Youknow thatthelastline in thisderivationwill beof theshape

% � i [ � �8H ¼ � �)( �ÌËx�
This leavesnochoicefor thelastruleapplied:

� H ns� .%Åi [ �M� �)( �vË % ¼ � �)( �vË
% � i [ � �8H ¼ � �)( �vË

which leavesuswith thetaskof findingderivationsfor both %Åi [ � ( �vË
and % ¼ ( �ÌË

. For the
first, again thesyntaxof theexpressioninvolved tells us that the last rule appliedmusthave
been

� [ ns� . %Åi � �)( �ÌË % �M� �)( �ÌË
%Åi [ �M� �)( �vË % ¼ � �)( �ÌË

% � i [ � �8H ¼ � �)( �vË
Sowe only needto find thederivationsfor %^i � �)( �ÌË

, % ¼ ( �ÌË
, and % �B� �)( �ÌË

. Of course,
by rule

�
NUMns� , this is easyfor thefirst two. Weuserule

�
VARns� for thethird, andusein the

derivationthatweknow that � � 6 » . Noticethatthis is amathematicalequation,so � � and »
representexactlythesamevalue,andcanbeusedboththere.Since» carriesmoreinformation
to ushumanbeings,wepreferto write theactualnumberoveramysteriousexpression.

We can for thesethree(sub)derivationsfill in the openplacekept by ‘
Ë
’, andusethese

resultsto fill in theopenplacesbelow. Thusweobtain:

%Åi � �)( � i % �M� �)( � »
%^i [ �M� �)( � I ] % ¼ � �)( � ¼

% � i [ � �MH ¼ � �)( � ] /
In what follows, we will often omit the underline,if from the immediatecontext it is clear
if we intendthesyntacticrepresentationor thesemanticvalue. Thenthepreviousderivation
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becomes:

%Åi � �)( � i % �M� �)( � »
%^i [ �M� �)( � I ] % ¼ � �)( � ¼

% � i [ � �MH ¼ � �)( � ] /
Exercise4.2 Write down asuitableabstractsyntaxfor decimalnumeralsanddefineaseman-
tic function É whichmapsnumeralsto integers.

4.2 Determinism

The NaturalSemanticsfor naturalnumbersis deterministic,i.e., thereis only onepossible
derivationgivenanexpressionandastate:

Theorem 4.3 If %Å� � �)( �Ê�
and %^� � �)( �Í� w , then

� 6 � w .
Proof : Assume%^� � �)( �Ê�

. Thenby definition,thereis aderivationthathasthisat thebottom
line. Theproof goesby inductionon thestructureof derivations,wherewe focuson thelast
ruleapplied.�
NUMns� : Then �KN Numeral, say � 6Î= , and

� 6Î= . Theonly way to derive % = � �)( � � w is
by aderivationconsistingonly of rule

�
NUMns� , soalso

� w 6>= .�
VARns� : Then �KN Variables, say � 6 �

, and
� 6 � � . Theonly way to derive % �B� �)( � � w

is by a derivationconsistingonly of rule
�
VARns� , soalso

� w 6 � � ; since � is a function,� w 6 �
.�

OPns� : Then � · � � � op � � � , � 6 ���
op

���
, and therearesub-derivationsshowing both%^� ��� �)( � ���

and %^� �)� �)( � �1�
. Likewise, %Å� � op � �)� �)( � � w canonly be obtained

via a derivationthatendswith rule
�
OPns� , andagain therearesub-derivationsshowing%^� � � �)( � � w� and %Å� � � �)( � � w� . Now, by induction,

� � 6 � w � and
� � 6 � w� ; therefore,also� ���

op
�1� � 6 � � w� op � w� � , so

� 6 � w .
Exercise4.4 TheNaturalSemanticsfor ArithmeticExpressionsis terminating,i.e., for every�QN ArithmeticExpressions, for all states� , thereis a

�
suchthat %Å� � �)( �Í�

.

4.3 Denotational Semantics for Arithmetic Expressions

Wemodelthememory(or store)of themachineonwhichweareto runaprogramby functions
of type

State 6 Variables
�

ZZ
�

TheDenotationalSemanticsonArithmeticExpressionsis a total functionÏ � ArithmeticExpressions
�

State
�

ZZ
�

In defining
Ï

, we will (asabove), whenneeded,underlineto give meaningto the syntactic
representationof thenumberandoperations.Ï

[[ = ]] � 6 =Ï
[[
�
]] � 6 � �Ï

[[ � � op � � ]] � 6 Ï
[[ � � ]] � op Ï

[[ � � ]] �
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Example4.5 Suppose� � 6 i . Then:Ï
[[
� H>I ]] � 6 Ï

[[
�
]] �ÐH Ï

[[ I ]] �6 � � H I6 i�HAI6 »
Exercise4.6 Show thattheNaturalSemanticsandtheDenotationalSemanticsof Arithmetic
Expressionsareequivalent.

4.4 Free variables

Thefreevariablesof anexpression�KN ArithmeticExpressions, FV
� �,� , is thesetof variables

occurringin � andis inductively definedby:

FV
� = � 6 Ñ

FV
� � � 6 < � @

FV
� � � op � � � 6 FV

� � � �8­ FV
� � � �

Theorem 4.7 Let � and ��w be two statessatisfying � � 6 ��w � , for all
� N FV

� �,� . ThenÏ
[[ � ]] � 6 Ï

[[ � ]] ��w .
Proof : By inductionon thestructureof termsin ArithmeticExpressions.� � · = � :

Ï
[[ = ]] � 6A=*6 Ï

[[ = ]] ��w .� � · � � :
Ï

[[
�
]] � 6 � � and

Ï
[[
�
]] � w 6 � w � , by definitionof

Ï
. SinceFV

� � � 6 < � @ , weget� � 6 ��w � , andthereforealso A [[
�
]] s= A [[

�
]] s’.� � · � � � op � � �a� : By definitionof

Ï
, we have

Ï
[[ � � op � � ]] � 6 Ï

[[ � � ]] � op Ï
[[ � � ]] � , as

well as
Ï

[[ � � op � � ]] � w 6 Ï
[[ � � ]] � w op Ï

[[ � � ]] � w . SinceFV
� � U �¸u FV

� � � op � � � , the
states� and ��w agreeon both � � and � � , so,by induction,we have

Ï
[[ � � ]] � 6 Ï

[[ � � ]] ��w
and

Ï
[[ � � ]] � 6 Ï

[[ � � ]] � w . But then
Ï

[[ � � ]] � op Ï
[[ � � ]] � 6 Ï

[[ � � ]] � w op Ï
[[ � � ]] � w , so

also
Ï

[[ � � op � � ]] � 6 Ï
[[ � � op � � ]] ��w .

4.5 The language While

We will develop varioussemanticsfor a basicprogramminglanguage,calledWhile. Its
abstractsyntaxis givenby:

� N ArithmeticExpressions= N Numeral� N Variables	 N BooleanExpressions¥ N Statements

� �¢�£6 = � � � � � � Hf� � � � � � � º � � � � � � � [ � � �	 �¢�£6 true � false � � � � 6 � � � � � � � �A� � � � � Á 	�� � � 	 � & 	 � �¥ �¢�£6 �
:= � � skip � � ¥ � ; ¥ � � � � while 	 do ¥ � � � if 	 then ¥ �

else
¥ � �

Wewill normallyonly write thosebracketsthatarenecessaryto avoid confusion.
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Example4.8

$ := I ;while Á � � 6 I)� do � $ := $ [ �
;
�
:=

� º I)�
4.6 Semantics of Boolean expressions

Below, wewill definetheNaturalSemanticsof thelanguageWhile. Beforewecometo that,
we needto definethe DenotationalSemanticsof BooleanExpressionsasa function of the
following type: Ò � BooleanExpressions

�
State

�
TT

whereTT 6 <
tt
�
ff @ , thesetof (semantic)truthvalues– asfollows:Ò

[[true]] � 6 ttÒ
[[false]] � 6 ffÒ

[[ � � 6 � � ]] � 6 tt, if
Ï

[[ � � ]] � 6 Ï
[[ � � ]] �6 ff, if

Ï
[[ � � ]] �¬96 Ï

[[ � � ]] �Ò
[[ � � �A� � ]] � 6 tt, if

Ï
[[ � � ]] �K� Ï

[[ � � ]] �6 ff, if
Ï

[[ � � ]] � ¹ Ï
[[ � � ]] �Ò

[[ Á 	 ]] � 6 tt, if
Ò

[[ 	 ]] � 6 ff6 ff, if
Ò

[[ 	 ]] � 6 ttÒ
[[ 	 � & 	 � ]] � 6 tt, if

Ò
[[ 	 � ]] � 6 tt &

Ò
[[ 	 � ]] � 6 tt6 ff, otherwise

Alternatively, since
Ï

[[ � � ]] � 6 Ï
[[ � � ]] � lives in the semanticworld, andhasthe same

valueastt if bothvaluesareequal,wecandefinethesemanticslike this:Ò
[[true]] � 6 ttÒ

[[false]] � 6 ffÒ
[[ � � 6 � � ]] � 6 � Ï

[[ � � ]] � 6 Ï
[[ � � ]] �)�Ò

[[ � � �A� � ]] � 6 � Ï
[[ � � ]] �Q� Ï

[[ � � ]] �)�Ò
[[ Á 	 ]] � 6 Á � Ò

[[ 	 ]] �)�Ò
[[ 	 � & 	 � ]] � 6 � Ò

[[ 	 � ]] � &
Ò

[[ 	 � ]] �)�

4.7 Natural Semantics of While

We will now presenttheNaturalSemanticsof While. This semanticsis definedasa binary
relationbetweenconfigurations,thataredefinedbeingeither:

% ¥ � �)( º ¥
is to beexecutedfrom state� �� º a terminalstate,or value.
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Transitionsfrom the initial pair to the terminal stateare denotedby % ¥ � �)( � � w , and the
NaturalSemanticsis definedby thesetof (derivation)rulesbelow:

�
NUMns� % = � �)( � = �

OPns� %Å� � � �)( �Í� � %^� � � �)( �Í� �
%Å� � op � �)� �)( �Í���

op
���

�
VARns� % �M� �)( � � � �

SKIPns� % skip � �)( � �
�
ASSns� %Å� � �)( �Í�

% � �§6 � � �)( � � 
 ����Í�k! �
COMPns� % ¥ ��� � � ( � � � % ¥ �)� � � ( � � g% ¥ � ; ¥ �)� � � ( � � g

�
WHILEF

ns� � Ò
[[ 	 ]] � � 6 ff �% while 	 do ¥ � �)( � �

�
WHILET

ns� % ¥ � � � ( � � � % while 	 do ¥ � � � ( � � g � Ò
[[ 	 ]] � � 6 tt �% while 	 do ¥ � � � ( � � g�

CONDT
ns� % ¥ ��� � � ( � � � � Ò

[[ 	 ]] � � 6 tt �% if 	 then ¥ �
else

¥ �)� � � ( � � �
�
CONDF

ns� % ¥ �)� � � ( � � � � Ò
[[ 	 ]] � � 6 ff �% if 	 then ¥ �

else
¥ �)� � � ( � � �

In rule
�
ASSns� , thenotation � 
 �Ó��Ê�k!

standsfor thestate(function)definedby

� 
 ����Í��! $ 6 �;�
if

� 6 $6 �8$ � if
� 96 $

Noticethat rule
�
NUMns� is actuallya rule-scheme: thereis an instanceof this rule for every= N Numeral.

Thepresentform of therulesneedssomecomments.Noticethat,of course,it is possible
to definetheNaturalSemanticsof Booleanexpressions,andusethatabove whenwe define
the rulesfor thewhile -loop andthe conditional. However, sincea booleanexpressionas
suchis neverastatementin Statements, andtherulesareintendedto specifythesemanticsfor
While, wewill neveractuallywantto derivethesemanticsfor abooleanexpression.To have
slightly lesscomplicatedderivationsin thesystem,we have usedthesemanticsof a boolean
expressionin a side-conditionto therule, ratherthanbuild aseparatederivationfor it.

Remarkthatthesamekind of reasoningalsoappliesto ArithmeticExpressions. We could,
therefore,have usedthe DenotationalSemanticsfor ArithmeticExpressions,

Ï
[[ � ]] � , and

havepresentedtherule

�
ASSwns� % � := � � �)( � � 
 ���� Ï

[[ � ]] � !
insteadof therules

�
NUMns� , � OPns� , � VARns� , and

�
ASSns� above.

As before,the rulesareusedto constructderivations. In general,when looking for the
semanticsof a certainstatement

¥
in a specificstate � , we would first needto constructthe
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derivation,asdoneabovewhenlooking for thesemanticsfor
� i [ � �8H ¼ .° ° ° ° ±±±±% ¥ � �)( �ÌË

In general,thesyntaxof
¥

guidestheconstructionof thederivation;looking at its ‘top-level’
syntaxconstruct,weknow whatthelastruleusedin thederivationmusthavebeen.° ° ° ° ±±±±% ¥ � � � � ( �vË

° ° ° ° ±±±±% ¥ � � � � ( �vË
% ¥ � �)( �vË

Thisenablesusto build thederivation,filled with ‘?’, until we will, normally, endup looking
for derivationsfor % = � ��w¦( �vË

or % skip � ��w¦( �vË
. Theseare easily found, using the rules�

ASSns� and
�
SKIPns� .

Theonly problemin thisapproachis thepresenceof rule
�
WHILET

ns� .° ° ° ° ±±±±¯
% while 	 do ¥ � �)( �vË

The structureof ¯ dependson the value of
Ò

[[ 	 ]] � , sincethat decideswhich of the rules�
WHILET

ns� or
�
WHILEF

ns� hasbeenused.Suppose
Ò

[[ 	 ]] � 6 tt, thenthestructureof thederiva-
tion is asfollows: ° ° ° ° ±±±±¯ �

% ¥ � �)( �ÌË1�
° ° ° ° ±±±±¯ �

% while 	 do ¥ �ÔË�� ( �ÌË��
% while 	 do ¥ � �)( �vË �

To find ¯ �
, we find ourselveswith a problemsimilar to theonewe startedwith; theonly

differencebetweenthetwo is theuseof
Ë��

in oneand
Ë �

in theother. And in fact, for some
statementsthisapproachdoesnot terminate.Take° ° ° ° ±±±±¯

% while true do skip � �)( �vË
Since

Ò
[[true]] � 6 tt for all � , afterthefirst stepweobtain

% skip � �)( � �

° ° ° ° ±±±±¯ �
% while true do skip � �)( �vË

% while true do skip � �)( �ÌË
which brings us on an infinite searchfor the derivation ¯ . In fact, sincethe bottom line
of ¯ , % while true do skip

� �)( �ÌË
, is exactly thesameastheonefor ¯ �

, we get that the
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derivations̄ and ¯ �
mustbeidentical.Sincē

�
is arealsub-derivationof ¯ , it is impossible

for ¯ to exist.
Theexecutionof astatement

¥
onastate�� terminatesif andonly if thereis astate��w suchthat % ¥ � �)( � ��w , and� loopsif andonly if thereis nostate��w suchthat % ¥ � �)( � ��w .

Noticethat thesenotionscorrespondexactly to whatyou would expectin real life, sincethe
programwhile true do skip loopsforever.

Exercise4.9 Constructaderivationtreefor thefollowing While program.# := /
;while $Õ� �

do
� # := # HAI ; � := � º $G�

in astatewhere
�

hasvalue I - and $ hasvalue
+
.

4.8 Semantic Equivalence

We canusethe semanticsto determinewhethertwo statements
¥ �

and
¥ �

aresemantically
equivalent, i.e.whetherfor all states� and ��w :

% ¥ ��� �)( � � w if andonly if % ¥ ��� �)( � � w .
Notice that this definition is actuallyover derivations: a derivationexists for % ¥ ��� �)( � ��w if
andonly if aderivationexistsfor % ¥ ��� �)( � � w ; noticethatthesederivationsneednotbesimilar
in shape.

Lemma4.10 Thestatements

while 	 do ¥
and

if 	 then � ¥
;while 	 do ¥ � else skip

aresemanticallyequivalent.

Proof : Wewill show that,givenaderivationfor oneresult,wecanconstructaderivationfor
theother, andvice versa.This impliesthat if a derivationexistsfor theone,thena derivation
existsfor theother, andviceversa,asrequested.

Theproofcomesin two parts.Wewill show that,for all states� and � w :
If % while 	 do ¥ � �)( � ��w , then % if 	 then � ¥

;while 	 do ¥ � else skip � �)( � ��w ,
and

If % if 	 then � ¥
;while 	 do ¥ � else skip � �)( � ��w , then % while 	 do ¥ � �)( � ��w .

i) If % while 	 do ¥ � �)( � ��w , thereis aderivationthathasthisasits conclusion.° ° ° ° ±±±±¯
% while 	 do ¥ � �)( � � w

Thestructureof ¯ dependsonthevalueof
Ò

[[ 	 ]] � , sincethatdecideswhichof therules�
WHILEF

ns� or
�
WHILET

ns� hasbeenused.Wehave two choices:
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� Ò
[[ 	 ]] � 6 ff � : Thenthestructureof thederivation ¯ is asfollows:� Ò

[[ 	 ]] � 6 ff �% while 	 do ¥ � �)( � �
so,in particular, � 6 � w . Thefollowing is easyto construct:

% skip � �)( � � � Ò
[[ 	 ]] � 6 ff �% if 	 then � ¥

;while 	 do ¥ � else skip � �)( � �� Ò
[[ 	 ]] � 6 tt � : Thenthestructureof thederivationis asfollows:° ° ° ° ±±±±¯ �

% ¥ � �)( � � �
° ° ° ° ±±±±¯ �

% while 	 do ¥ � � � ( � ��w � Ò
[[ 	 ]] � 6 tt �% while 	 do ¥ � �)( � � w

Wecannow construct:
° ° ° ° ±±±±¯ �

% ¥ � �)( � � �
° ° ° ° ±±±±¯ �

% while 	 do ¥ � � � ( � ��w
% ¥ ;while 	 do ¥ � �)( � � w � Ò

[[ 	 ]] � 6 tt �% if 	 then � ¥
;while 	 do ¥ � else skip � �)( � � w

ii ) If % if 	 then � ¥
;while 	 do ¥ � else skip � �)( � ��w , thereis aderivationthathasthis

asits conclusion. ° ° ° ° ±±±±¯
% if 	 then � ¥

;while 	 do ¥ � else skip � �)( � ��w
Again, thestructureof ¯ dependson thevalueof B [[ 	 ]] s, sincethatdecideswhich of
therules

�
CONDF

ns� or
�
CONDT

ns� hasbeenusedasthelastrule. Wehave two choices:� Ò
[[ 	 ]] � 6 ff � : Thenthestructureof ¯ is asfollows:

% skip � �)( � � � Ò
[[ 	 ]] � 6 ff �% if 	 then � ¥

;while 	 do ¥ � else skip � �)( � �
so,in particular, � 6 ��w . Thefollowing is immediate:� Ò

[[ 	 ]] � 6 ff �% while 	 do ¥ � �)( � �� Ò
[[ 	 ]] � 6 tt � : Thenthestructureof ¯ is asfollows:
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° ° ° ° ±±±±¯ �
% ¥ � �)( � � �

° ° ° ° ±±±±¯ �
% while 	 do ¥ � � � ( � ��w

% ¥ ;while 	 do ¥ � �)( � � w � Ò
[[ 	 ]] � 6 tt �% if 	 then � ¥

;while 	 do ¥ � else skip � �)( � � w
Wecannow construct:

° ° ° ° ±±±±¯ �
% ¥ � �)( � � �

° ° ° ° ±±±±¯ �
% while 	 do ¥ � � � ( � � w � Ò

[[ 	 ]] � 6 tt �% while 	 do ¥ � �)( � � w
Whichcompletestheproof.

(Noticethatthishasnotbeenaproofby inductionon thestructureof derivations.)

Theorem 4.11 TheNatural Semanticsis deterministic.i.e. if % ¥ � �)( � �
�

and % ¥ � �)( � �
�
,

then �
�
6 �

�
.

Proof : Let ¯
�

be the derivation that shows % ¥ � �)( � �
�
. The proof is by inductionon the

structureof derivations,by focusingon thelastruleused.Weonly show someof thecases.�
SKIPns� : Then

¥ 6 skip and ¯
�

is structuredlike

% skip � �)( � �
soalso � 6 �

�
. Likewise, thederivation thatshows % skip � �)( � �

�
canonly becom-

posedof
�
SKIPns� , soalso � 6 �

�
. So,in particular, �

�
6 �

�
.�

COMPns� : Then
¥ 6 � ¥ �

;
¥ � � , and ¯

�
is structuredlike° ° ° ° ±±±±¯ �

% ¥ ��� �)( � � �
° ° ° ° ±±±±¯ �

% ¥ � � � � ( � �
�

% ¥ � ; ¥ �)� �)( � �
�

Let ¯
�

be the derivation that shows % ¥ � ; ¥ ��� �)( � �
�
. The only rule that could have

beenappliedlast in ¯
�

is
�
COMPns� , sothestructureof ¯

�
is similar to thatof ¯

�
, and

in particulartherearesub-derivationsthatshow % ¥ ��� �)( � � � and % ¥ ��� � � ( � �
�
. Then,

by induction, � � 6 � � , andtherefore,againby induction, �
�
6 �

�
.�

WHILET
ns� : Then

¥ 6 while 	 do ¥ �
, and ¯ is structuredlike° ° ° ° ±±±±¯ �

% ¥ ��� �)( � � �
° ° ° ° ±±±±¯ �

% while 	 do ¥ ��� � � ( � �
�
� Ò

[[ 	 ]] � 6 tt �% while 	 do ¥ ��� �)( � �
�

Let ¯
�

be the derivation that shows % while 	 do ¥ � � �)( � �
�
. Again, the only rule
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that could have beenappliedlast in ¯
�

is
�
WHILET

ns� , so the structureof ¯
�

is similar
to that of ¯

�
, and in particulartherearesub-derivationsthat show % ¥ ��� �)( � � � and% while 	 do ¥ ��� � � ( � �

�
. Then,by induction, � � 6 � � , andtherefore,again by induc-

tion, �
�
6 �

�
.

Exercise4.12 Completethisproof, i.e.write out themissingparts.

The meaningof statementscannow be summarisedasa (partial) function from Stateto
State. 5

ns � Statements
�

StateÖ � State5
ns[[

¥
]] � 6 � w � if % ¥ � �)( � � w6 undefined

�
otherwise

Thisnotionis well-defined,becausetheNaturalSemantics,% � � � ( � � , is deterministic.
Note: theabovedefinedfunction

5
ns is truly partial,because

5
ns[[while true do skip]] �

is undefined.

5 Structural Operational Semantics

In StructuralOperationalSemantics,theemphasisliesontheindividualstepsof theexecution
(evaluationof operators).It is defined,asNaturalSemantics,by meansof transitions,but of
theshape: % ¥ � �)(l0 × . A differencebetweenNaturalandStructuralOperationalSemantics
lies in thefactthatnow theright-handsideof thetransition,× , neednot bethefinal state,but
canbeanintermediateresult.In otherwords: × is of theform % ¥ w � ��w¢( or ��w . Theconfigurations
arethesameasfor theNaturalSemantics.We saythata configuration% ¥ � �)( is stuckif there
is no × suchthat % ¥ � �)(l0 × .

Wegive theStructuralOperationalSemanticsfor While.

�
ASSsos� % � �§6 � � �)(l0 � 
 ���� Ï

[[ � ]] � ! �
SKIPsos� % skip � �)(l0 �

�
COMPT

sos� % ¥ ��� � � (f0 � �
% ¥ � ; ¥ ��� � � (f0 % ¥ ��� � � (

�
COMPI

sos� % ¥ ��� � � (l0 % ¥ w� � � � (
% ¥ � ; ¥ ��� � � (l0 % ¥ w� ; ¥ ��� � � (

�
CONDT

sos� � Ò
[[ 	 ]] � 6 tt �% if 	 then ¥ �

else
¥ ��� �)(Ø0 % ¥ ��� �)(

�
CONDF

sos� � Ò
[[ 	 ]] � 6 ff �% if 	 then ¥ �

else
¥ � � �)(Ø0 % ¥ � � �)(

�
WHILEsos� % while 	 do ¥ � �)(l0 % if 	 then � ¥

;while 	 do ¥ � else skip � �)(
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Example5.1

% � := I � �)(l0 � 
 ���� I !
% � := I ; $ := ] � �)(l0 %2$ := ] � � 
 ���� I ! (

% � := I ; $ := ]
; # := i � �)(l0 %2$ := ]

; # := i � � 
 ���� I ! (
Usingtheabove rules,it is alsopossibleto derive this resultwith anevenshorterderivation.

% � := I � �)(l0 � 
 ���� I !
% � := I ; $ := ]

; # := i � �)(l0 %2$ := ]
; # := i � � 
 ���� I ! (

Exercise5.2 ExtendtheWhile-languagewith thestatement

for
� �£6 � � to � � do ¥

anddefineboth theNaturalSemanticsandtheStructuralOperationalSemanticsof this new
construct.You may needto assumethat you have an ‘inverse’to the semanticfunction for
numerals,so that thereis a numeralfor eachnumberthatmayariseduringthecomputation.
Thesematicsfor thefor -loopshouldnot rely on thesemanticsof thewhile -loop.

Exercise5.3 Prove thattheSOS-stylesemanticsfor While aredeterministic.

Exercise5.4 UsetheNaturalSemanticsof While to show that¥ �
;if 	 then ¥

else
¥ w

is semanticallyequivalentto

if 	 then ¥ �
;
¥
else

¥ �
;
¥ w

providing that 	 doesnotdependonany of thevariablesmodifiedby
¥ �

.

Exercise5.5 Prove that,for theWhile-language,

% ¥ ��� �)(Q0 b � w implies % ¥ � ; ¥ �)� �)(Q0 b % ¥ ��� � w ( �

5.1 Sequences

A (possiblyinfinite) numberof configurations× X � × � � × � ������� , suchthat × X 6 % ¥ � �)( , × U 0Ù× U c
�

for every
/ �ÌY , is calledasequenceof astatement

¥
in state� .

A derivationsequenceof astatement
¥

in state� is asequenceof
¥

in � suchthateither� thesequenceis finite (of length =�Ú /
), and × S is terminalor stuck,or� thesequenceis infinite.

We write × � 0 U × � if thereis a sequenceof length Y form × � to × � , and × � 0vÛt× � if there
is a sequenceof finite length.Noticethat × � 0 U × � (or × � 0 Û × � ) not necessarilyrepresents
aderivationsequence,sincethatwould require× � to beterminalor stuck.Also, for eachstep
in thesequencethereis aderivationtree,asdefinedby therulesabove.
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For agiven
¥

and � it is alwayspossibleto find 1 derivationsequencefrom % ¥ � �)( : applythe
axiomsandrulesforeveruntil aconfigurationis eitheraterminalor stuck.By closeinspection
of theabstractsyntaxandtherules,it becomesclearthat,for thelanguageWhile, thereare
no stuckconfigurationsfor the StructuralOperationalSemantics.Sincealso the Structural
OperationalSemanticsfor While is deterministic(will beshown later),it becomesclearthat
thereis only 1 derivationsequencefor eachconfiguration.

5.2 Some properties

Theexecutionof astatement
¥

in �� terminatesif andonly if thereis afinite derivationsequenceof
¥

in � .� loopsif andonly if thereis aninfinite derivationsequenceof
¥

in � .� terminatessuccessfullyif thereis a ��w suchthat % ¥ � �)(O0 Û ��w .
NB: any terminatingexecutionis alsosuccessfulin While - this doesnot hold for someof
theextensionsto thatlanguagewewill discusslater.

A statement
¥

alwaysterminates(loops) if it terminates(loops)onall states.

Theorem 5.6 If % ¥ � ; ¥ � � � � (Q0 b � � , thenthere existsa state � X andnatural numbers F � andF � such that % ¥ ��� � � (Q0 b �Ü� X and % ¥ ��� � X (Q0 b�Ý � � , and F 6 F � HjF � .
Proof : By inductionon thelength(called = ) of derivationsequences.� =:6 I)� : If % ¥ � ; ¥ � � � � (K0

�
� � , then % ¥ � ; ¥ � � � � (f0 � � , so there shouldbe a derivation

showing this result.By inspectingtherules,it becomesclearthatthis is notpossible;of
all the rules,only

�
ASSsos� and

�
SKIPsos� endwith a singlestate,andneitheris of the

shape
¥ �
;
¥ �

. Sotheresultholdsvacuously.� =z¹ I)� : If % ¥ � ; ¥ ��� � � (Q0lSO� � , then % ¥ � ; ¥ ��� � � (f0 % ¥ g
� � g (Q0fS1Þ

�
� � , for some

¥ g and � g .
By inspectingthe rules, thereare just two possibilitiesfor the last rule appliedin the
derivationfor thefirst step.�
COMPI

sos� : Sothebottom-endof thederivationlookslike:

% ¥ ��� � � (l0 % ¥ w� � � g (% ¥ � ; ¥ ��� � � (l0 % ¥ w� ; ¥ �)� � g (
and

¥ g 6 ¥ w� ; ¥ � , for some
¥ w� . In particular, we have % ¥ w� ; ¥ ��� � g (Q0fS1Þ

�
� � . So,by

induction,thereare � X � = � and = � suchthat

% ¥ w� � � g (K0 S1� � X , % ¥ ��� � X (K0 S Ý � � , and =oº I 6>= � H = � .
Then also % ¥ ��� � � (f0 % ¥ w� � � g (Q0lS1�Ü� X , so % ¥ ��� � � (Q0fS1� c

�
� X . And we are done:

noticethat = � H>I�H = � 6>= .�
COMPT

sos� : Thenthederivationendslike:

% ¥ ��� � � (l0 � g% ¥ � ; ¥ �)� � � (l0 % ¥ �)� � g (
andwearedone:take = � 6 I , and = � 6>=�º I .

Wesaythatstatements
¥ �

and
¥ �

aresemanticallyequivalentif for all states� :
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� % ¥ ��� �)(Q0vÛZ× if andonly if % ¥ ��� �)(O0jÛh× whenever × is aconfigurationthatis eitherstuck
or terminal,and

� thereis aninfinite derivationsequencefor
¥ �

in � if andonly if thereis onefor
¥ �

in � .
Notethat,in thefirst case,thenumberof stepsin thederivationsequencemaybedifferent.

As before,themeaningof statementscannow besummarisedasa (partial) functionfrom
Stateto State. 5

sos � Statements
�

StateÖ � State5
sos[[

¥
]] � 6 � w � if % ¥ � �)(O0jÛt� w6 undefined

�
otherwise

Wecannow expresstheequivalenceof theNaturalandStructuralOperationalsemantics.

Theorem 5.7 For everystatement
¥

of While,
5

ns[[
¥

]] 6 5
sos[[

¥
]], i.e., they are equalas

functions,so,for everystate � , 5 ns[[
¥

]] � 6 5
sos[[

¥
]] � .

In otherwords:bothterminatein thesamefinal state,or bothloop. Thisresultfollowsfrom
thefollowing lemmae.

Lemma5.8 If % ¥ ��� � � (K0 b � � , then % ¥ � ; ¥ ��� � � (Q0 b % ¥ ��� � � ( .
Proof : Inductionover thestructureof thederivationfor % ¥ ��� � � (Q0 b � � .
Lemma5.9 For everystatement

¥
andstates� � and � � , % ¥ � � � ( � � � implies % ¥ � � � (Q0 Û � � .

So,if theexecutionof
¥

startingfrom state� terminatesin state� w in theNaturalSemantics,
it will terminatein thesamestatein theStructuralOperationalSemantics.

Proof : By inductionover theshapeof thederivationtreefor % ¥ � � � ( � � � . Weonly show one
case,theothersfollow by straightforwardinduction.�
COMPns� : % ¥ � ; ¥ ��� � � ( � � � because% ¥ ��� � � ( � � g and % ¥ ��� � g (

� � � . Then,by induction
(twice), we obtain % ¥ ��� � � (K0 Û � g and % ¥ �)� � g (Q0 Û � � , so % ¥ � ; ¥ ��� � � (K0 Û % ¥ �)� � g ( by
Lemma5.8,andtheresult % ¥ � ; ¥ ��� � � (Q0 Û � � thenfollows from thedefinitionof 0 Û .

Exercise5.10 Finishthisproof.

Lemma5.11 For everystatement
¥

, andstates� � and � � , andnatural numberF , % ¥ � � � (K0 b � �
implies % ¥ � � � ( � � � .

So,if theexecutionof
¥

from � � terminatesin thestructuraloperationalsemantics,it will
terminatein thesamestatein thenaturalsemantics.

Proof : By induction on the length ( Ú I ) of the derivation sequence% ¥ � � � (K0vÛ�� � . We
focuson the first stepof % ¥ � � � (K0 b¾c

�
� � . Let

¥ g
� � g be suchthat % ¥ � � � (l0 % ¥ g

� � g ( and% ¥ g
� � g (K0 b � � . Then,by induction,wecanassumethat % ¥ g

� � g (
� � � .

Since % ¥ � � � (f0 % ¥ g
� � g ( , by definition of % � � � (f0 � , thereis a derivation ¯ that shows

this result.We will completetheproofby caseson thestructureof
¥

, analysing,if necessary,
what ¯ mustbe.� F 6 I)� : Thereareonly two casesto considerhere.� ¥ 6 � �

:= �,�a� : Then ¯ consistsof rule
�
ASSsos� , and � � 6 � � 
 �f�� Ï

[[ � ]] � ! . Then
wearedone,since % � := � � � � ( � � ��
 ���� Ï

[[ � ]] � ! .
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� ¥ 6 skip � : Then ¯ consistsof rule
�
SKIPsos� , and � � 6 � � . Noticethat % skip � � � ( �� � .� F ¹ I)� : Theremainingcasesare:� ¥ 6 � ¥ �

;
¥ � ��� : By Theorem5.6 % ¥

�
;
¥ � � � � (K0 b � � implies that thereexists a state� X andnaturalnumbersF � and F � (both Ú I ) suchthat

% ¥
� � � � (K0 b �Ü� X and % ¥

� � � X (Q0 b Ý � � , and F 6 F � HjF � .
Then,by induction, % ¥

� � � � ( � � X and % ¥
� � � X ( � � � , soalso % ¥

�
;
¥ � � � � ( � � � , by

rule
�
COMPns� .� ¥ 6 �

if 	 then ¥ �
else

¥ � ��� : We have to distinguishtwo cases:
Ò

[[ 	 ]] � 6 tt, orÒ
[[ 	 ]] � 6 ff. In the first case,̄ finisheswith rule

�
CONDT

sos� , so % ¥ � � � � (Q0 b � � ,¥ g 6 ¥ �
, and � g 6 � � . Since,by induction, % ¥ ��� � � ( � � � , by rule

�
CONDT

ns� , also

% if 	 then ¥ �
else

¥ ��� � � ( � � �)�
Thesecondcase,

Ò
[[ 	 ]] � 6 ff, is similar.� ¥ 6 �

while 	 do ¥ � ��� : Then ¯ consistsof nothingbut rule
�
WHILEsos� , and

% ¥ g
� � g ( 6 % if 	 then � ¥ �

;while 	 do ¥ � � else skip � � g (Q0 b � �)�
and,by induction,

% if 	 then � ¥ �
;while 	 do ¥ � � else skip � � � ( � � ���

Wehaveseenbeforethatthestatements‘if 	 then � ¥ �
;while 	 do ¥ � � else skip’

and‘while 	 do ¥ �
’ areequivalentfor NaturalSemantics.Soalso

% while 	 do ¥ ��� � � ( � � ���
Now we cancomebackto theproofof thetheorem:For anarbitrarystatement

¥
andstate� it followsfrom Lemma5.9and5.11thatif

5
ns[[

¥
]] � � 6 � � , then

5
sos[[

¥
]] � � 6 � � , andvice

versa.Thus
5

ns[[
¥

]] 6 5
sos[[

¥
]]. So, if oneis definedon a state,thenso is the other, and,

therefore,if oneis notdefinedonastate,thenneitheris theother.
NB: Thisproofapproachwouldneedmodificationfor anon-deterministiclanguage.

6 Provably correct implementation

We will now focuson thedefinitionof anabstractmachine(language),andthedefinitionof
a translation(compilation)of programsin While to programsfor thisabstractmachine.The
goalof this new approachwill be to definea new semanticsfor While via this translation,
andprove thatthis translationrespectsboththeNaturalandStructuralOperationalSemantics
wehaveseenbefore.In thisway, wewill prove the‘compiler’ definedhereto becorrect.

While

ß Compilation

Assemblylanguage
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Thestepswewill focusonare:� Definethemeaningof theabstractmachineinstructions.

� Definethetranslationfunctions.

In this context, the problemof correctnessis formulatedby: if we translatea program
written in While into a programwritten in the abstractmachinelanguageandexecutethat
codeon the abstractmachine,we get the sameresult - a state- aswasspecifiedby

5
ns or5

sos.
TheabstractmachineAM hasconfigurations%^à � Ã � �)( where

� à is thecode(sequenceof instructions)to beexecuted,

�ØÃ is theevaluationstack, and

� � is thestorage.

The evaluationstackis a new featurethat canbe seenasan infinite list; its elementsare
eitherin ZZ or in TT, andthereforethestackis asemanticentity. It is usedto evaluatearithmetic
andbooleanexpressions: Ã N Stack

· �
ZZ ­ TT � Û �

The idea is that, while establishingthe semanticsof expressions,you put the semanticsof
subexpressionsontothestack;it is usedto storeintermediateresults.We alsohave ��N State,
asbefore.

6.1 The abstract machine language

Thedefinitionof theabstractmachineprogramminglanguageis verymuchlike thedefinition
of While above. The differencelies in the fact that the statementsthemselves are more
‘primiti ve’, e.g.they explicitly dealwith stackhandling.Thesyntacticcategoriesare:

inst N MachineInstructionsà N Code sequenceof instructions
�

Theabstractsyntaxis definedby:

inst �¦�§6 PUSH º�= � ADD � MULT � SUB � TRUE � FALSE � EQ � LE � AND � NEG �
FETCH º � � STORE º � � NOOP � BRANCH � à � à�� � LOOP � à � à��à �¦�§6 Â¸� inst � à

Noticethat,for every = thereisaninstructionPUSH º�= , and,likewise,therearemany FETCH º �
andSTORE º �

instructions.
As mentionedabove, we will defineour machinesemantics(translationfrom programsin

While to programsin Code) usingthefollowing configurations:

%^à � Ã � �)( N Code [ Stack [ State

Wecall %^à � Ã � �)( terminalif à · Â , i.e. if thereis nomoreinstructionto execute.
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Thetransitionrelation ¹ is definedover pairsof configurations

%^à � Ã � �)( ¹ %^àÔw � Ã w � ��w¢(
andspecifieshow to executeinstructions.(Noticethat, in theseconfigurations,only thefirst
componentà is syntactic: Ã is a list in ZZ ­ TT, which is semantic,and � is a mappingfrom
syntacticto semanticentities.)It is formally definedby:

% PUSH º�=z� à � Ã � �)( ¹ %dà � É [[ = ]] � Ã � �)(% ADD � à � # � � # � � Ã � �)( ¹ %dà � # � H # � � Ã � �)(% SUB � à � # � � # � � Ã � �)( ¹ %dà � # � º # � � Ã � �)(% MULT � à � # � � # � � Ã � �)( ¹ %dà � # � [ # � � Ã � �)(% TRUE � à � Ã � �)( ¹ %dà � tt � Ã � �)(% FALSE � à � Ã � �)( ¹ %dà � ff � Ã � �)(% EQ � à � # � � # � � Ã � �)( ¹ %dà � � # � 6 # � � � Ã � �)( if # ��� # � N ZZ% LE � à � # � � # � � Ã � �)( ¹ %dà � � # � � # � � � Ã � �)( if # ��� # � N ZZ% AND � à � 	 � � 	 � � Ã � �)( ¹ %dà � � 	 � & 	 � � � Ã � �)( if 	 ��� 	 � N TT% NEG � à � 	 � Ã � �)( ¹ %dà � Á 	 � Ã � �)( if 	hN TT% FETCH º � � à � Ã � �)( ¹ %dà � � � � � � Ã � �)(% STORE º � � à � # � Ã � �)( ¹ %dà � Ã � � 
 �Ó�� # ! (% NOOP � à � Ã � �)( ¹ %dà � Ã � �)(% BRANCH � à ��� à � � � à � 	 � Ã � �)( ¹ %dà � � à � Ã � �)( if 	 6 tt% BRANCH � à ��� à � � � à � 	 � Ã � �)( ¹ %dà � � à � Ã � �)( if 	 6 ff% LOOP � à � � à � � � à � Ã � �)( ¹ %dà � � BRANCH � à � � LOOP � à � � à � � � NOOP � � à � Ã � �)(
Thelastrule needssomecommments.TheLOOP-instructionhastwo operands,that inten-

tionally are: a booleanà � anda statementà � (noticethat the syntaxis not specifichere; in
fact,alsoLOOP

� I � TRUE � is a correctprogram,althoughit will not executemuch).As canbe
expected,thebooleandecidesonwhetheror not thestatementwill beexecuted.However, the
booleanà � needsto beevaluatedfirst, before,usingBRANCH, we candecideto executeà � or
not. Soweput à � at theheadof thecode,whichforcesits evaluationonthestack.By thetime
that is finished,BRANCH will find thesemanticrepresentationof à � (eithertt or ff) on top of
thestack,andwill actaccordingly.

Sincethe definitionof ¹ follows the (intended)executionof the programswritten in the
abstractmachinelanguage,thedefinitionof ¹ givesanSOS-stylesemanticsfor programsin
AM. Wecandefineacomputationsequenceby analogyto aderivationsequence.

We will usethe convention that initial configurationsalways have an empty evaluation
stack.

Example6.1 Take thecode

PUSH º I � FETCH º � � ADD � STORE º �
and � suchthat � � 6 i , then
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% PUSH º I � FETCH º � � ADD � STORE º �M� Â � �)( ¹% FETCH º � � ADD � STORE º �B� I � �)( ¹% ADD � STORE º �M� i � I � �)( ¹% STORE º �B� » � �)( ¹ % Â � Â � � 
 ���� » ! (
Notice that,asfor theNaturalandtheStructuralOperationalSemantics,someconfigura-

tion sequencesareinfinite: LOOP (TRUE,NOOP) is non-terminating.On the otherhand,it is
now possiblefor a configurationto not fit any of therules: for example, % ADD � Â � �)( is stuck.
But thenagain, we will only be interestedin codeobtainedby translatingprograms,so this
particularproblemneverappears.

Exercise6.2 Specifyhow to generatecodefor a for-loop for the abstractmachine,AM.
You may have to extend the instructionset; you shouldspecify the semanticsof any new
instructions.

Exercise6.3 AM refersto variablesby theirnamesratherthanby theiraddress.Theabstract
machineAM w differsfrom AM in that

i) Theconfigurationshavetheform %dà � Ã � ? ( where? , thememory, is afinite list of values;
ii ) TheinstructionsFETCH º �

andSTORE º �
arereplacedby instructionsGET º�= andPUT º�=

where= is anaturalnumber(anaddress).
Specifytheoperationalsemanticsof themachine.Youmaywrite ? 
 = ! to selectthe = -th value
in thelist ? (where = is positive but lessthanor equalto thelengthof ? ). Whathappensif
we referenceanaddressthatis outsidethememory?

By analogywith the SOS-stylesemanticsof While we canprove propertiesof AM by
inductionon thelengthof computationsequences.

Lemma6.4 If %^à ��� Ã ��� �)( ¹ b %^à w � Ã w � � w ( , then %^à � � à �)� Ã � � Ã ��� �)( ¹ b %dà w � à �)� Ã w � Ã ��� � w (
Proof : By cases,usingthedefinitionof ¹ . Noticethatnoneof thecasesin thedefinitionof¹ specifyanythingbut thefirst instructionin à � .�
PUSH º�= � : Since % PUSH º�=z� à ��� Ã ��� �)( ¹ %^à ��� É [[ = ]] � Ã ��� � � (

by thefirst line of thedefinition,by thatsameline also

% PUSH º�=z� à � � à � � Ã � � Ã � � �)( ¹ %dà � � à � � É [[ = ]] � Ã � � Ã � � � � ( �
Theothercasesaresimilar.

Lemma6.5 If %^à � � à ��� Ã ��� � � ( ¹ b % Â � Ã g
� � g ( , thenthereare � ��� Ã ��� F � and F � such that F � HqF � 6F , and %^à � � Ã � � � � ( ¹ b ��% Â � Ã � � � � ( and %dà � � Ã � � � � ( ¹ b Ý % Â � Ã g

� � g ( .
Proof : (Noticethatwe have provena similar resultfor NaturalSemantics.)By inductionon
thelengthof computationsequences.� F 6 ] � : Thenboth à � and à � areelementaryinstructions,and the proof follows from the

definitionof ¹ , and F � 6 F � 6 I .
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� F ¹ I)� : If %dà � � à ��� Ã ��� � � ( ¹ b % Â � Ã g
� � g ( , thenthereare à w � � Ã w � � � w � suchthat

%dà � � à �)� Ã ��� � � ( ¹ %dà w � � à ��� Ã w � � � w � ( � and %^à w � � à ��� Ã w � � � w � ( ¹ b Þ
�
% Â � Ã g

� � g (
�

Then,by induction,thereare ��w� � Ã w � � Fkw� � Fkw� suchthat F�w� HØF�w� 6 F º I , and

%^à w � � Ã w � � � w � ( ¹ b�á� % Â � Ã w � � � w � ( and %dà �)� Ã w � � � w � ( ¹ baáÝ % Â � Ã g
� � g (

�
Then,by definitionof ¹ , wealsohave:

%dà � � Ã � � � � ( ¹ %^àÔw � � Ã w � � ��w � ( , soalso %dà � � Ã � � � � ( ¹eâ % Â � Ã w � � ��w� (
Sotake F � 6 F w � HpI , and F � 6 F w� , and Ã � 6 Ã w � � � � 6 � w � .

Theorem 6.6 Themachinesemanticsis deterministic:
For all × ��� × ��� × g , if × � ¹ × � and × � ¹ × g , then × � 6 × g .
Proof : Exercise.

Usingthedefinitionsandresultsabove, we cannow approachthemainresultfor theAM.
To thisend,wewill first defineasemanticsfor elementsof Code, defineasuitabletranslation
of programsin While to instructionsin Code, andshow thatthetranslationis correct,in the
sensethat both a programin While andits translationin Codearemappedonto the same
state.Themeaningof a sequenceof instructionscanbeexpressedasa partial functionfrom
Stateto State. ã

sos � Code
�

StateÖ � Stateã
[[ à ]] � 6 � w � if %^à � Â � �)( ¹ % Â � Â � � w (6 undefined

�
otherwise

6.2 Translation of expressions

To defineour translation,we startby definingthe translationof ArithmeticExpressionsinto
Code: ä Ï � ArithmeticExpressions

�
Code

ä Ï
[[ = ]] 6 PUSH º�=ä Ï
[[
�
]] 6 FETCH º �

ä Ï
[[ � � Hl� � ]] 6 ä Ï

[[ � � ]] � ä Ï [[ � � ]] � ADDä Ï
[[ � � º � � ]] 6 ä Ï

[[ � � ]] � ä Ï [[ � � ]] � SUBä Ï
[[ � � [ � � ]] 6 ä Ï

[[ � � ]] � ä Ï [[ � � ]] � MULT
Noticetheinversionof � � and � � .

Next, wedefinethetranslationof BooleanExpressionsinto Code:ä Ò � BooleanExpressions
�

Code
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ä Ò
[[true]] 6 TRUEä Ò

[[false]] 6 FALSEä Ò
[[ � � 6 � � ]] 6 ä Ï

[[ � � ]] � ä Ï [[ � � ]] � EQä Ò
[[ � � �>� � ]] 6 ä Ï

[[ � � ]] � ä Ï [[ � � ]] � LEä Ò
[[ Á 	 ]] 6 ä Ò

[[ 	 ]] � NEGä Ò
[[ 	 � & 	 � ]] 6 ä Ò

[[ 	 � ]] � ä Ò [[ 	 � ]] � AND
6.3 Translation of statements

Wefinishby definingthetranslationof Statementsinto Code:äa5 � Statements
�

Code

ä¾5
[[
�
:= � ]] 6 ä Ï

[[ � ]] � STORE º �
ä¾5

[[skip]] 6 NOOPä¾5
[[
¥ �
;
¥ �

]] 6 ä¾5
[[
¥ �

]] � ä¾5 [[
¥ �

]]ä¾5
[[if 	 then ¥ �

else
¥ �

]] 6 ä Ò
[[ 	 ]] � BRANCH � ä¾5

[[
¥ �

]]
� ä¾5

[[
¥ �

]] �äa5
[[while 	 do

¥
]] 6 LOOP

� ä Ò
[[ 	 ]] � ä¾5 [[

¥
]] �

Thesedefinitionsopentheway to definea new semanticsfor elementsof Statements. The
meaningof a statement

¥
cannow be obtainedby first translatingit into codefor AM and

next executingthecodeon theabstractmachine:5
am � Statements

�
StateÖ � State

5
am 6 ã 7 ä�5

so
5

am[[
¥

]] 6 ã 7 � ä�5 [[
¥

]] � .
Exercise6.7 Use

ä¾5
to generatecodefor thestatement:

# := /
;while $Õ� �

do
� # := # HAI ; � := � º $G�

Tracethe computationof the codestartingfrom a storagewhere
�

hasvalue I - and $ has
value

+
.

Exercise6.8 Let AM w be asin Exercise6.3. Modify the codegenerationso asto translate
While into codefor theabstractmachineAM w . You mayassumetheexistenceof a function
env � Variables

�
IN thatmapsvariablesto theiraddresses.

Exercise6.9 Provethatthecodegeneratedfor AM w by thepreviousexerciseis correct.What
assumptionsdoyouneedto makeaboutenv?

6.4 Correctness of translation

Correctnessfor themachinesemanticsof elementsof Statementsis expressedby:5
ns 6 5

am
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or 5
sos 6 5

am

Thesetwo resultsneedproof,andexpressthat,if wefirst translateastatementinto codefor
AM andtheexecutethatcode,we mustobtainthesameresultasspecifiedby theoperational
semanticsfor While.

In proving thisresult,wewill dealwith expressionsandstatementsseparately:wewill first
show

% ä Ï [[ � ]]
� Â � �)( ¹ Û % Â � Ï [[ � ]] � � �)(

and% ä Ò [[ 	 ]] � Â � �)( ¹ Û % Â � Ò [[ 	 ]] � � �)(
andusetheseresultsto show 5

ns[[
¥

]] 6 5
am[[

¥
]]

6.5 Correctness for expressions

Correctnessof thetranslationfrom While into theAbstractMachineLanguage,restrictedto
thesetof ArithmeticExpressionsis formulatedby:

Theorem 6.10 % ä Ï [[ � ]]
� Â � �)( ¹ Û % Â � Ï [[ � ]] � � �)(

Proof : By inductionon thestructureof arithmeticexpressions.We illustratethreecases:
i) � · = . Then

ä Ï
[[ = ]] 6 PUSH º�= . Noticethat

% PUSH º�= � Â � �)( ¹ % Â � É [[ = ]]
� �)(

andthat
Ï

[[ = ]] � 6 É [[ = ]]. Sowe’redone.
ii ) � · �

. Then
ä Ï

[[
�
]] 6 FETCH º �

. Noticethat

% FETCH º �B� Â � �)( ¹ % Â � � �B� �)(
andthat

Ï
[[
�
]] � 6 � � . Sowe’redone.

iii ) � · � � H³� � . Then
ä Ï

[[ � � Hf� � ]] 6 ä Ï
[[ � � ]] � ä Ï [[ � � ]] � ADD. By inductionwe can

assume: % ä Ï [[ � � ]] � Â � �)( ¹ Û % Â � Ï [[ � � ]] � � �)( and% ä Ï [[ � � ]] � Â � �)( ¹ Û % Â � Ï [[ � � ]] � � �)(
UsingLemma6.4,weget:

% ä Ï [[ � � Hl� � ]] � Â � �)( 6% ä Ï [[ � � ]] � ä Ï [[ � � ]] � ADD � Â � �)( ¹ Û ByLemma6.4andinduction% ä Ï [[ � � ]] � ADD � Ï [[ � � ]] � � �)( ¹ Û ByLemma6.4andinduction% ADD � Ï [[ � � ]] � � Ï [[ � � ]] � � �)( ¹% Â � Ï [[ � � ]] �tH Ï
[[ � � ]] � � �)( 6 % Â � Ï [[ � � Hf� � ]] � � �)(

Booleansaredealtwith in asimilarway.
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6.6 Correctness for Statements

For everystatement
¥

of While wehave to show:5
ns 6 5

am

�
Thisequalityexpressestwo properties:� If the executionof

¥
from somestate � terminatesin oneof the semantics,thenit also

terminatesin theothersemanticsandtheresultingstateswill beequal.� Furthermore,if theexecutionof
¥

from somestate� loopsin oneof thesemantics,if will
alsoloop in theother.

We will startour proof by showing that, if the NaturalSemanticsfor % ¥ � � � ( is � � , then
alsotheMachineSemanticsgives(i.e. aftertranslation,alsotheobtainedcodeevaluatesto) a
configurationwith state� � .
Lemma6.11 For everystatement

¥
andstates� � and � � ,

if % ¥ � � � ( � � � , then % ä¾5 [[
¥

]]
� Â � � � ( ¹ Û�% Â � Â � � � ( �

Proof : By inductiononthestructureof derivationtreesin NaturalSemantics.Wecover three
of thecases:�
ASSns� : Then

¥ 6 �
:= � , and � � 6 � � 
 ���� Ï

[[ � ]] � ��! . By definitionof CS,ä¾5
[[
�
:= � ]] 6 ä Ï

[[ � ]] � STORE º �M�
andby correctnessof thetranslationfor ArithmeticExpressions, Theorem6.10wehave

% ä Ï [[ � ]]
� Â � � � ( ¹ Û % Â � Ï [[ � ]] � ��� � � (

Thus(usingLemma6.4)

% ä Ï [[ � ]] � STORE º �B� Â � � � ( ¹ Û % STORE º �B� Ï
[[ � ]] � ��� � � (¹ % Â � Â � � ��
 ���� Ï
[[ � ]] � ��! (

andwe’redone.�
COMPns� : Then

¥ 6 ¥ �
;
¥ �

, % ¥ ��� � � ( � � g and % ¥ ��� � g (
� � � , for some

¥ ��� ¥ �
, and � g .

Now ä¾5
[[
¥ �
;
¥ �

]] 6 ä¾5
[[
¥ �

]] � ä¾5 [[
¥ �

]]

By induction,wecanassumeboth

% ä¾5 [[
¥ �

]]
� Â � � � ( ¹ Û % Â � Â � � g (

and% ä¾5 [[
¥ �

]]
� Â � � g ( ¹ Û % Â � Â � � � (

Thus(usingLemma6.4)

% äa5 [[
¥ �

]] � ä¾5 [[
¥ �

]]
� Â � � � ( ¹ Û % ä¾5 [[

¥ �
]]
� Â � � g (¹ Û % Â � Â � � � (

andwe’redone.
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�
WHILET

ns� : Then
¥ 6 while 	 do ¥ �

andthereexists an � g suchthat % ¥ ��� � � ( � � g and% while 	 do ¥ ��� � g (
� � � . Sinceä¾5

[[while 	 do ¥ �
]] 6 LOOP

� ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] �

wecanassume,usinginduction,that

% ä¾5 [[
¥ �

]]
� Â � � � ( ¹ Û % Â � Â � � g (

and% LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] � � Â � � g ( ¹ Û % Â � Â � � � (

Usingthesetworesults,weaimtoshow that % LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] � � Â � � � ( ¹ Û�% Â � Â � � � ( .

Now

% LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] � � Â � � � (¹ % ä Ò [[ 	 ]] � BRANCH � äa5

[[
¥ �

]] � LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] � � NOOP � � Â � � � (¹ Û % BRANCH � äa5

[[
¥ �

]] � LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] � � NOOP � � Ò [[ 	 ]] � ��� � � (¹ % ä¾5 [[

¥ �
]] � LOOP � ä Ò

[[ 	 ]] � ä¾5 [[
¥ �

]] � � Â � � � (
Now, usingtheresultswecanassumeby induction,andLemma6.4,weget

% ä¾5 [[
¥ �

]] � LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥ �
]] � � Â � � � ( ¹ Û% LOOP � ä Ò

[[ 	 ]] � ä¾5 [[
¥ �

]] � � Â � � g ( ¹ % Â � Â � � � ( �
Exercise6.12 Finishthisproof.

In thesecondpartof ourproofwewill show that,if theMachineSemanticsof aconfigura-
tion with a translationfor statement

¥
andstate� � returnsa configurationwith state� � , then

alsotheNaturalSemanticsfor % ¥ � � � ( is � � .
Lemma6.13 For everystatement

¥
, states� ��� � � : if % ä¾5 [[

¥
]]
� Â � � � ( ¹ b % Â � Ã � � � ( , then% ¥ � � � ( � � � .

Proof : By CompleteInductionon thenumberof steps;weonly show partof theproof.�
BaseCase� :

� �
:= �,� : Rememberthat

ä¾5
[[
�
:= � ]] 6 ä Ï

[[ � ]] � STORE º �
, so

% ä Ï [[ � ]] � STORE º �M� Â � � � ( ¹ b % Â � Ã � � � (�å
then,by Lemma6.5,thereare Ã g

� F � , and F � suchthat

% ä Ï [[ � ]]
� Â � � � ( ¹ b � % Â � Ã g

� � g (% STORE º �B� Ã g
� � g ( ¹ b Ý % Â � Ã � � � (F 6 F � HØF �)�

But, by correctnessof expressions,we have Ã g 6 Ï
[[ � ]] � � and � g 6 � � . Therefore,� � 6 � � 
 �æ�� Ï

[[ � ]] � ��! and Ã 6 Â by the definition of ¹ , caseSTORE º �
. To

conclude,noticethat % � := � � � � ( � � � 
 ���� Ï
[[ � ]] � ��! .�

InductiveCase� : Wedistinguishthefollowing casesfor
¥

:
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�
while 	 do ¥ � : Noticethat

ä¾5
[[while 	 do ¥

]] 6 LOOP
� ä Ò

[[ 	 ]] � ä¾5 [[
¥

]] � , so

% LOOP � ä Ò
[[ 	 ]] � ä¾5 [[

¥
]] � � Â � � � ( ¹ b % Â � Ã � � � (�å

Then,thedefinitionof ¹ , caseLOOP:

% LOOP � ä Ò [[ 	 ]] � ä¾5 [[
¥

]] � � Â � � � (¹ % ä Ò [[ 	 ]] � BRANCH � ä¾5
[[
¥

]] � LOOP � ä Ò [[ 	 ]] � ä¾5 [[
¥

]] � � NOOP � � Ã � � � (¹ b Þ
�

% Â � Ã � � � (
Againby Lemma6.5,thereare Ã g

� � g
� F ��� F � suchthat

% ä Ò [[ 	 ]] � Â � � � ( ¹ b � % Â � Ã g
� � g (% BRANCH � ä¾5

[[
¥

]] � LOOP � ä Ò [[ 	 ]] � ä¾5 [[
¥

]] � � NOOP � � Ã g
� � g ( ¹ b�Ý % Â � Ã � � � (F º I 6 F � HjF �

Thus Ã g 6 Ò
[[ 	 ]] � � , � g 6 � � andtherearetwo casesto consider:� Ò

[[ 	 ]] � � 6 ff � : Noticethat

% NOOP � Â � � � ( ¹ % Â � Â � � � (
So Ã 6 Â and � � 6 � � . Usingrule

�
WHILEF

ns� , andthat
Ò

[[ 	 ]] � � 6 ff, we getthe
desiredresult: % while 	 do ¥ � � � ( � � � .� Ò

[[ 	 ]] � 6 tt � : Then

% BRANCH � ä¾5
[[
¥

]] � LOOP � ä Ò [[ 	 ]] � ä¾5 [[
¥

]] � � NOOP � � tt � � � (¹ % ä¾5 [[
¥

]] � LOOP � ä Ò [[ 	 ]] � ä¾5 [[
¥

]] � � Â � � � (¹ b Ý Þ
�

% Â � Â � � � (
Now, againby Lemma6.5,wehave Ã g

� � g
� F g , and F Æ suchthat

% ä¾5 [[
¥

]]
� Â � � � ( ¹ b�ç % Â � Ã g

� � g (% LOOP � ä Ò [[ 	 ]] � ä¾5 [[
¥

]] � � Ã g
� � g ( ¹ b�Ý % Â � Ã � � � (F � 6 F g HjF Æ

Notice that both instructionsareobtainedby translation(the first from
¥

, the
secondfrom while 	 do ¥

), andthatthecomputationsequencesinvolvedareof
lengthsmallerthan F , soby induction(finally), wecanassume

% ¥ � � � ( � � g and % while 	 do ¥ � � g (
� � �

Thedesiredresultfollows from thesetwo by applyingrule
�
WHILET

ns� .
Exercise6.14 Finishthisproof, i.e.addthemissingcases.

Wecouldhaveused
5

sosinstead- theprooffor equivalencemighthavebeeneasierbecause
both

5
sosand

5
am focusonsinglesteps.
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7 Denotational Semantics

In
�

theoperationalapproachwe wereinterestedin howa programis executed.In thedenota-
tional approachwe areinterestedin theeffect, in termsof functionsof type

�
State Ö � State� ,

of executingaprogram.
Thebasicideais:

� Definea semanticfunctionfor eachsyntacticcategory - it mapseachsyntacticconstruct
to amathematicalobject(whichdescribestheeffectof executingtheconstruct).

In DenotationalSemantics,thesemanticfunctionsaredefinedcompositionally:

� thereis asemanticclausefor eachof thebasicelementsof thesyntacticcategory.

� for eachmethodof constructingacompositeelementthereis asemanticclausedefinedin
termsof thesemanticfunctionappliedto theimmediateconstituentsof thecompositeelement.

We have seenexamplesof denotationalsemanticsbefore:
Ï

,
Ò

, andnon-examples:
5

ns,5
sos.
Whendefiningsemanticsfor While asa function from Stateto State, certaincasesare

easyto dealwith, andwecandefinethemeaningof astatement
¥

asa (partial)functionfrom
Stateto State: 5

ds � Statements
�

StateÖ � State5
ds[[

�
:= � ]] � 6 � 
 �Ó�� Ï

[[ � ]] � !5
ds[[skip]] 6 id5

ds[[
¥ �
;
¥ �

]] 6 5
ds[[

¥ �
]] 7 5 ds[[

¥ �
]]5

ds[[if 	 then ¥ �
else

¥ �
]] 6 cond

� Ò
[[ 	 ]] � 5 ds[[

¥ �
]]
� 5

ds[[
¥ �

]] �5
ds[[while 	 do ¥

]] 6 Problematic. . .

Beforecomingto formulatingtheproblembehindthe‘
5

ds[[while 	 do ¥
]]’, we focuson

someof thenotationintroduced.In theabove definition, id is theidentity functionon states.
Notice that

5
ds is partial for the samereasonsashold for the partiality of

5
ns and

5
sos; for

this reason,thepartabove thatdealswith compositionof statementshasto dealwith thefact
thatperhapsoneof thetwo functionsinvolvedis notdefined.This impliesthat,formally

5
ds[[

¥ �
;
¥ �

]] � 6 � 5
ds[[

¥ �
]] 7 5 ds[[

¥ �
]] �G�6 5

ds[[
¥ �

]]
� 5

ds[[
¥ �

]] �)�
6

èééééééê ééééééë
� ��� if thereexistsan � � suchthat

5
ds[[

¥ �
]] � 6 � � ,

and
5

ds[[
¥ �

]] � � 6 � � .
undefined

�
if
5

ds[[
¥ �

]] � 6 undefined, or if thereexistsan � �
suchthat

5
ds[[

¥ �
]] � 6 � � , but5

ds[[
¥ �

]] � � 6 undefined.

The conditional function cond usedabove is definedvery much like the AM instruction
BRANCH wehaveseenbefore:

cond � � State
�

TT � [ �
StateÖ � State� [ �

StateÖ � State� � �
StateÖ � State�
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cond
�2ì ��� ì �)� ì g �G� 6

èê ë ì � � � if
ì � � 6 ttì g �

�
if
ì � � 6 ff

Notice that the denotationalsemanticsfor BooleanExpressionsis a total function, i.e. is al-
waysdefined;therefore,themeaningof a conditionalis ‘undefined’ if either thepredicateis
true,and

5
ds[[

¥ �
]] � is ‘undefined’, or thepredicateis falseand

5
ds[[

¥ �
]] � is ‘undefined’.

Themajortaskin thedefinitionof DenotationalSemanticsfor While is to definetheeffect
of ‘while 	 do ¥

’. In view of previousresults,howeverwedefineit, it shouldbeequalto the
effectof ‘if 	 then � ¥

;while 	 do ¥ � else skip’ andtherefore:5
ds[[while 	 do ¥

]] 6 5
ds[[if 	 then � ¥

;while 	 do ¥ � else skip]]6 cond
� Ò

[[ 	 ]] � 5 ds[[
¥
;while 	 do ¥

]]
� 5

ds[[skip]] �6 cond
� Ò

[[ 	 ]] � 5 ds[[while 	 do ¥
]] 7 5 ds[[

¥
]]
�
id �

Notice that this analysisdoesnot bringsus any closerto understandingwhat the denota-
tionalsemanticsof ‘while 	 do ¥

’ is supposedto be:
5

ds[[while 	 do ¥
]] appearsin exactly

thesameform in theexpressionon theright, andis not expressed,for example,asthecom-
positionof alreadydefinedfunctions. The main problemto tackleis to definea notion of
functionandto setup theright mathematicalcontext to giveasolutionfor thisequation.

Let’s have a closerlook at theabove expression.Assumethat thedenotationalsemantics
for ‘while 	 do ¥

’ is a function í . Thentheequationabove expressesthat this í shouldat
leastsatisfy: í 6 cond

� Ò
[[ 	 ]] � í 7 5 ds[[

¥
]]
�
id �

Focuson theright-handtermof this equation.Replaceí by
�

andnoticethatwe cannow
definea functional î asfollows:

î � 6 cond
� Ò

[[ 	 ]] �a� 7 5 ds[[
¥

]]
�
id �

We canseethat the function í we arelooking for is a specialkind of input for î : whenwe
apply î to í , weget í !

îOí 6 cond
� Ò

[[ 	 ]] � í 7 5 ds[[
¥

]]
�
id � 6 í

This specialpropertyhasa name:we call a point $ a fixedpoint of a function ï , if ïÐ$ 6 $ .
So,to reformulatetheabove:5

ds[[while 	 do ¥
]] is afixedpointof î , where îOí 6 cond

� Ò
[[ 	 ]] � í 7 5 ds[[

¥
]]
�
id � .

Again,thispropertyis justnaturalsinceanyreasonablesemanticsshouldgivethesamemean-
ing to ‘while 	 do ¥

’ and‘if 	 then � ¥
;while 	 do ¥ � else skip’.

Example7.1 Fixedpointsof functionsdoexist:� Take í � 6 I , with í � ZZ
�

ZZ, then I is afixedpointof í .� Take í � 6 ] [ �
, then

/
is afixedpointof í .

Exercise7.2 Determinethefunctional î , associatedwith:

while Á � � 6 I�� do � $ := $ [ �
;
�
:=

� º I)�
Determineat leasttwo differentfixedpointsfor î .
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We will developa context whereevery functionwill have a fixedpoint, andevendefinea
specialfunctionthat,givenan input function í , constructsthefixedpoint of í . We will call
this
r

functionFix. Theintentionis to constructfixedpointsfor functionslike î above,sothere
Fix wouldbeof type:

Fix � � StateÖ � State� � �
StateÖ � State� � �

StateÖ � State�
and,of course,theintentionis thatFix î is afixedpointof î :

î �
Fix îm� 6 Fix î

In general,the fixed point constructionfollows the following generalscheme.Let í be
definedby í � 6 ‘someexpressionin which’ í ‘appears’

�
thenwecandefine î by:

î ì � 6 ‘someexpressionin which’
ì

‘appears’
�

andthesolutionfor thefirst equationis thenFix î .
Theintendedtypesfor thefunctionsmentionedare:

í �Ùð �fñ
( í is a function)î � � ð �lñ � � ð �lñ

Fix � ��� ð �Øñ � � ð �lñ � � ð �lñ
Unfortunately, thisdoesnotsuffice:

� Therearefunctionalswhich have more than onefixed point. For example,the functioní � 6 �
hasinfinitely many fixedpoints,and í � 6 Ã�ò º I hastwo.� Therearefunctionalswhich have no fixed pointsat all. For example,let

ì � 96 ì �
, and

define ó by:

ó ì 6
èê ë ì ���

if
ì 6 ì �ì � �

otherwise

Oursolutionto thesetwo problemsis:

� to imposerequirementson thefixedpointssuchthatthereis at mostonefixedpointsatis-
fying them.

� to establisha framework suchthat every functionaldoeshave at least one fixed point
satisfyingtherequirements.
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7.1 Fixed Point Construction

Beforewecometo aformalisationof theproblemandits solution,weagainhavealook at the
problem.Rememberthatwewantthedenotationalsemanticsto satisfy:5

ds[[while 	 do ¥
]] 6 cond

� Ò
[[ 	 ]] � 5 ds[[while 	 do ¥

]] 7 5 ds[[
¥

]]
�
id �

Therefore,
5

ds[[while 	 do ¥
]] shouldbeafunction í suchthat(usingthedefinitionsabove):

í�� 6 cond
� Ò

[[ 	 ]] � í 7 5 ds[[
¥

]]
�
id ���

6
èê ë � í 7 5 ds[[

¥
]] ��� � if

Ò
[[ 	 ]] � 6 tt� � if

Ò
[[ 	 ]] � 6 ff

We observedthat,therefore,
5

ds[[while 	 do ¥
]] shouldbea fixedpointof î , where î is

definedby:

îOí�� 6
èê ë � í 7 5 ds[[

¥
]] �G� � if

Ò
[[ 	 ]] � 6 tt� � if

Ò
[[ 	 ]] � 6 ff

Example7.3 TaketheWhile program‘while Á � � 6 / � do skip’. Theintendedsemantics
for this program,usingtheconstructiondiscussedabove, í , viewedasa functionfrom State
to State, hasthefollowing behaviour:

í�� 6 cond
� Ò

[[ Á � � 6 / � ]] � í 7 id
�
id �G�6 cond

� Ò
[[ Á � � 6 / � ]] � í � id ���

6
èê ë í�� � if � � 96 /

� � if � � 6 /
Since í�� reappearson theright-handside,wehave to useafixedpointconstructionto findí . As suggestedabove,wewrite

î¤íô� 6
èê ë íK� � if � � 96 /

� � if � � 6 /
Now, oncewe have a fixedpoint for î , we have a solutionfor our problem.Well, notice

that

ï�� 6
èê ë undefined

�
if � � 96 /

� � if � � 6 /
is afixedpointof î :

î¤ï�� 6
èê ë ï�� � if � � 96 /

� � if � � 6 /
6

èê ë undefined
�

if � � 96 /
� � if � � 6 /

6 ïe�
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Noticethat,if í is supposedto bea functionof typeState Ö � State, thenthis î is of type�
StateÖ � State� � �

StateÖ � State� . In particular, îOí is a functionof typeStateÖ � State, so
there
r

is someí�w suchthat îOí 6 í�w . We cannow apply î to í�w to obtain í�w w , andsoforth, ad
infinitum.

We will look at a few examplestatements,andtry to establishtheir semantics,guidedby
our intuition. The idea is to approachthe final, looked-for solution,but approximating it.
We will startwith thefirst approximationí X , the function thatcarriesno information,i.e. is
nowheredefined.We will usethatfunctionto build thesecondapproximationí � , andthatto
build thethird í � , etc.,until wehave reachedthesolution.

Example7.4 Take ‘while true do skip’. Following theabovedefinition,weget:

îOí�� 6 cond
� Ò

[[true]]
� í 7 5 ds[[skip]]

�
id �G�

6
èê ë � í 7 5 ds[[skip]] �G� � if

Ò
[[true]] � 6 tt� � if

Ò
[[true]] � 6 ff

6
èê ë � í 7 id ��� � if tt 6 tt� � if tt 6 ff6 í��

Take í X � 6 undefined, for all � . Noticethat îmí X 6 í X , so í X is a fixedpointof î . Moreover,í X is the intendedsemanticsfor ‘while true do skip’, i.e. thesemanticsyouwouldwantit
to have. Noticethat,however, all functionsarefixedpointsof î ; therefore,weneedaprocess
thatchoosesí X amongstall thesesolutions:it shouldput theleastrestrictionson theresulting
function,andselectthe‘mostundefinedfunction’.

Example7.5 Take ‘while
� 6 /

do
�
:=

+
’. Following theabovedefinition,weget:

îOí�� 6 cond
� Ò

[[
� 6 /

]]
� í 7 5 ds[[

�
:=

+
]]
�
id �G�

6
èê ë � í 7 5 ds[[

�
:=

+
]] �G� � if

Ò
[[
� 6 /

]] � 6 tt� � if
Ò

[[
� 6 /

]] � 6 ff

6
èê ë í � � 
 ���� +)! � if � � 6 /

� � if � � 96 /
Take í X � 6 undefined, for all � . Then

í � � 6 îmí X � 6
èê ë í X � � 
 ���� +)! � � if � � 6 /

� � if � � 96 /
6

èê ë undefined if � � 6 /
� � if � � 96 /
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and

í � � 6 îOí � � 6
èê ë í � � � 
 ���� +1! � � if � � 6 /

� � if � � 96 /

6
èéééê éééë

èê ë undefined if � 
 �Ó�� +1! � 6 /
� 
 ���� +)!õ�

if � 
 �Ó�� +1! � 96 /÷ö øù if � � 6 /
� � if � � 96 /

6
èê ë � 
 ���� +)!d�

if � � 6 /
� � if � � 96 /

applyingtheconstructionagain,weget:

í g � 6 îOí � � 6
èê ë í � � � 
 ���� +)! � � if � � 6 /

� � if � � 96 /

6
èéééê éééë

èê ë � 
 ���� +)!�
 ���� +)!
if � 
 ���� +1! � 6 /

� 
 ���� +)!õ�
if � 
 ���� +1! � 96 / ö øù if � � 6 /

� � if � � 96 /
6

èê ë � 
 �Ó�� +1!d�
if � � 6 /

� � if � � 96 /
6 í � �

So í � 6 í g , and,therefore, í � is a fixedpointof î . Moreover, since‘while
� 6 /

do
�
:=

+
’

is essentiallythe sameas ‘if
� 6 /

then
�
:=

+
else skip’ which has exactly í � as

semantics,wecanseethat í � is theintendedsemanticsfor ‘while
� 6 /

do
�
:=

+
’.

Example7.6 Now take ‘while
� ¹ /

do
�
:=

� º I ’. Following the above definition, we
get: îmí�� 6 cond

� Ò
[[
� ¹ /

]]
� í 7 5 ds[[

�
:=

� º I ]] � id �G�
6

èê ë � í 7 5 ds[[
�
:=

� º I ]] �G� � if
Ò

[[
� ¹ /

]] � 6 tt� � if
Ò

[[
� ¹ /

]] � 6 ff

6
èê ë í � � 
 ���� � � � º I�� ! � � if � � ¹ /

� � if � � � /
Take í X � 6 undefined, for all � . Then

í � 6 îOí X 6
èê ë í X � � 
 ���� � � � º I�� ! � � if � � ¹ /

� � if � � � /
6

èê ë undefined if � � ¹ /
� � if � � � /

45



and

í � � 6 îOí � � 6
èê ë í � � � 
 ���� � � � º I)� ! � � if � � ¹ /

� � if � � � /

6
èéééê éééë

èê ë undefined if � 
 ���� � � � º I�� !�� ¹ /
� 
 ���� � � � º I�� !d� if � 
 ���� � � � º I�� !�� � /æö øù if � � ¹ /

� � if � � � /

6
èééê ééë undefined if � � ¹ I� 
 ����Í/�!d�

if � � 6 I� � if � � � /
Applyingtheconstructionagain,weget:

í g 6 îOí � 6
èê ë í � � 
 ���� � � � º I�� !d� if � � ¹ /

� � if � � � /

6
èéééééê éééééë

èééê ééë undefined if � 
 �Ó�� � � � º I)� ! � ¹ I� 
 �J�� � � � º I)� !�
 �Ó��Í/1!õ�
if � 
 �Ó�� � � � º I)� ! � 6 I� 
 �J�� � � � º I)� !d� if � 
 �Ó�� � � � º I)� ! � � / ö ééøééù if � � ¹ /

� � if � � � /
6

èééê ééë undefined if � � ¹ ]
� 
 ���� /1!õ�

if � � 6 I � ]� � if � � � /
and

í Æ 6 îOí g 6
èê ë í g �


 ���� � � � º I�� !d� if � � ¹ /
� � if � � � /

6
èéééééê éééééë

èééê ééë undefined if � 
 �Ó�� � � � º I)� ! � ¹ ]
� 
 �J�� � � � º I)� !�
 �Ó��Í/1!õ�

if � 
 �Ó�� � � � º I)� ! � 6 I � ]� 
 �J�� � � � º I)� !d� if � 
 �Ó�� � � � º I)� ! � � / ö ééøééù if � � ¹ /

� � if � � � /
6

èééê ééë undefined if � � ¹ ]
� 
 ���� /1!õ�

if � � 6 I � ] � i� � if � � � /
Continuingthisconstruction,after the = -th stepweget:

í S � 6
èééê ééë undefined if � � ¹j=� 
 ���� /1!d�

if � � 6 I ��� ��� � =� � if � � � /
If wecontinuead infinitum,wewill obtainthefunction

í)úû� 6
èê ë � 
 ���� /1!õ�

if � � ¹ /
� � if � � � /

46



which is exactlytheintendedsemanticsfor ‘while
� ¹ /

do
�
:=

� º I ’.
Theselast threeexamplesshareoneproperty: for each,we constructedthe functional î

that
r

underliesthedefinitionof thesemanticsof theloop,andstartingfrom í X � 6 undefined,
after performingsufficiently many steps,we obtaineda fixed point for î , that also gives
ustheintendedsemantics.Below, we will show that this is no coincidence:we will give the
mathematicalframework thatshowsandguaranteesthatthisconstructionis alwayssuccessful.

Wewill now formalisetherequirementsonFix.

7.2 Partial order relations

Above,startingfrom í X � 6 undefined, weconstructedasequenceof functionsthateventually
give usa fixedpoint for theunderlyingfunctional. Closeinspectionof this sequenceshows
thateachiterationof theproductionprocessgivesaresultthathasgainedinformation,i.e.each
of thesefunctionsshows thateachnew functioncreatedis a trueextensionof theprevious,in
thesensethat if í S � is defined,thenso is í S c

� � , andthentheir valuescoincide. So í S c
�

is
identicalto í S whenever the latter is defined,but is perhapsdefinedon a larger set. Sucha
relationwill bedefinedformally below asapartial order relationon functions.

Wedefineanordering, ü , on thefunctionspaceState
�

State, suchthat:ì � ü ì �
meansthat

if
ì � � � 6 � ��� then

ì � � � 6 � �
whichexpressestwo properties:

� the domainof
ì �

(i.e. the setwhere
ì �

is defined)is a subsetof the domainof
ì �

(the
converseneednothold),and

� ì �
and

ì �
areidenticalon thedomainof

ì �
.

Example7.7
Takeì � � 6 �ì � � 6

èê ë � � if � � Ú /
undefined

�
otherwiseì g � 6

èê ë � � if � � 6 /
undefined

�
otherwiseì�Æ � 6

èê ë � � if � � � /
undefined

�
otherwise

then

ì �
ý þì � ì1Æ
þ ýì g

7.3 Partial Ordered Set

We will have a closerlook at the relation ü on
�
State

�
State�

�
. A partial ordered set

(poset)is apair %d¯ � ü ( suchthat

� L�ÿôNy¯ � ÿqüØÿ (Reflexivity)
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� L�ÿ ��� ÿ �)� ÿ g Ny¯ � ÿ � üjÿ � & ÿ � üjÿ g 0 ÿ � üjÿ g (Transitivity)� L�ÿ � � ÿ � Ny¯ � ÿ � ü ÿ � & ÿ � ü ÿ � 0 ÿ � 6 ÿ � (Anti-symmetry)

If ÿ � üjÿ � , wesaythat ÿ � approximatesÿ � . An elementÿKNy¯ satisfying

L�ÿ w Ny¯ � ÿqüjÿ w �
is calleda leastelementof ¯ : it is saidto containno information.

Exercise7.8 If apartiallyorderedset %d¯ � üÌ( hasa leastelement,thenit is unique.

Weoftendenotetheleastelementof ¯ by ��� or just � (pronounced‘bottom’).

Exercise7.9 Let
¥ 96 Ñ anddefine

{ � ¥ � 6 <�� � � u ¥ @ �
Then %�{ � ¥ � � uô( is aposet.

Lemma7.10 Thespaceof partial functionsfromStateto State,with ü asdefinedabove, is
a poset,andthenowhere definedfunctionis its leastelement� State� � State, so,for all states� , � State� � State� 6 undefined.

Proof : Wehave to verify thethreeconditions:�
Reflexivity� : Clearly

ì ü ì
, for all

ì N StateÖ � State.�
Transitivity� : Assume

ì � ü ì �
, and

ì � ü ì g . Thenby definitionof ü on State Ö � State, ifì � � 6 � w , then
ì � � 6 � w , andif

ì � � 6 � w , then
ì g � 6 � w . So,if

ì � � 6 � w , then
ì g � 6 � w ,

so
ì � ü ì g .�

Anti-symmetry� : Assume
ì � ü ì �

, and
ì � ü ì �

. Then,if
ì � � 6 ��w , then

ì � � 6 ��w , andifì � � 6 � w , then
ì � � 6 � w . So

ì � � 6 � w if andonly if
ì � � 6 � w , so

ì �
and

ì �
coincide,and

areactuallythesamefunction.
That the function ‘ í�� 6 undefined’ is leastcanbe understoodby the fact that, for this í , ifíô� 6 ��w , then

ì � 6 ��w holdsfor all
ì
, sincetheconditionis alwaysfalse.

Notice that the leastelementof the function spaceis alsocalled � ( � State� � Stateto be
precise).So,for all

ì N StateÖ � State, � State� � State ü ì
.

Wecannow giveamoreprecisestatementof therequirementswewantFix î to satisfy:

� î �
Fix îO� 6 Fix î .

� Fix î is a leastfixedpointof î , i.e. if, for some
ì
, î ì 6 ì

, thenFix î ü ì
.

ThesecondrequirementmakesFix î uniquefor eachî .

Exercise7.11 Theeffectof a function í � s ���
is expressedby its graph:

graph
� í�� 6 < % �B� $G(�Nps [ � � í � 6 $ @

Show that:
ì � ü ì �
	 0 graph

��ì � � 6 graph
�2ì � � .
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7.4 Least Upper Bounds

We now develop a generaltheory that givesmorestructureto the posetsand that imposes
restrictionson thefunctionalssothatthey have leastfixedpoints.

Above,wehavedefinedarelationonfunctionsthatexpressesadequatelywhatweobserved
before.Startingfrom thefunction í�� 6 undefined, applyingthefunctional î repeatedly, we
obtainedasequenceof functionsthatarein therelation, ü State� � State:

í X üÌí � üÌí � ü ��� � �
We will now focuson definingthecontext thatguaranteesthatthis ‘path’ hasanend,i.e. that
thereexists a preciselydefinedfunction í suchthat, for all = , í S ü}í . This í will thenbe
shown to bethesemanticfunctionwewerelooking for.

Consider%d¯ � üÌ( and
� u ¯ . An upperboundof

�
summarisesall of theinformationof�

:

If ÿ is anupperboundof
�

, then L�ÿ�wkN �Î� ÿ�w�üØÿ .

An upperboundÿ of
�

is the leastupperbound(lub) of
�

if andonly if:

If ÿ�w is anupperboundof
�

, then ÿqüjÿ�w .
(A lub of

�
will addaslittle extra informationaspossibleto theinformationalreadypresent

in
�

.) Wedenotethe lub of
�

as �
�

.

7.5 Chains

Although we aim to build a framework that guaranteesthe existenceof lubs, we will only
do so for particularsets: we only needthe lub to exist for sets

< í X � í ��� í �)������� @ suchthatí X üÌí � üví � ü � ��� . Suchasetis calledachain:
Wecall

�
achain if L�ÿ ��� ÿ � N �÷� ÿ � üjÿ �
� ÿ � üjÿ ���

Soachainis aparticularsubsetonwhich the(partial)orderrelation ü is total.

Example7.12 Consider %2{ ��< � � 	 � à @ � � uô( . Then
� w 6 < Ñ � < � @ � < � � à @k@ is a chain. The sets< � � 	 � à @ and

< � � à @ areupperboundsof
� w , andits lub is

< � � à @ . Noticethat
< � � 	 @ in not an

upperbound,since
< � � à @ 9u < � � 	 @ . For any chain

�
in %�{ ��< � � 	 � à @ � � uô( , � � will be the

largestelementof
�

. Theset
< Ñ � < � @ � < à @x@ is notachain,but its lub is

< � � à @ . NoticethatalsoÑ is achain,andthat � Ñm6³Ñ .

Example7.13 Let
ì S � StateÖ � Statebedefinedby:

ì S � 6
èééê ééë undefined

�
if � � ¹v=� 
 ���� I !õ� if

/ � � � � =� � if � � � /
It is easyto verify that

ì S ü ì � , whenever = � ? , andthat,therefore,
� 6 < ì S � =\Ú / @ is a

chain.Then

�
� � 6

èê ë � 
 ���� I !õ� if
/ �³� �� � if � � � /
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7.6 CCPO

A poset %^¯ � üÌ( is a chain-completeposet(ccpo)whenever �
�

existsfor all chains
�

. It is
acompletelattice if �

�
existsfor all subsets

�
of ¯ .

Exercise7.14 %�{ � ¥ � � üÌ( is acompletelattice,and(hence)accpo,for all non-empty
¥

.

Exercise7.15 If %d¯ � üv( is accpo,it hasa leastelement� .

Exercise7.16 Let
¥

beany non-emptyset.Show that %�� � ¥ � ��� ( is apartiallyorderedsetand
determinetheleastelement.Draw apictureof theorderingwhen

¥ 6 < � � 	 � à @ .
Exercise7.17 StateÖ � Stateis notacompletelattice.

Lemma7.18 StateÖ � Stateis a ccpo.Theleastupperboundof a chainof functions
�

, �
�

,
is givenbygraph

� � � � 6 ­ <
graph

�2ì � � ì N � @ , i.e.:� � � ��� 6 ��w 	 0 � ì N �÷� ì � 6 ��w
7.7 Monotone functions

Let %d¯ ��� ü � ( and %^¯ ��� ü � ( beccposand í � ¯ �Ü� ¯ �
. Wecall í monotoneif andonly if, for

all ÿ ��� ÿ � Ny¯ �
, if ÿ � ü � ÿ � , then í�ÿ � ü � í�ÿ � .

Example7.19 Take í � � í � � { ��< � � 	 � à @ � � { ��< ÿ � Ã @ � , definedby:

s < � � 	 � à @ < � � 	 @ < � � à @ < 	 � à @ < � @ < 	 @ < � @ Ñí � s < ÿ � Ã @ < ÿ @ < ÿ � Ã @ < ÿ � Ã @ < ÿ @ < ÿ @ < Ã @ Ñí � s < ÿ @ < ÿ @ < ÿ @ < Ã @ < ÿ @ < Ã @ < Ã @ < Ã @
Then í � is monotone,and í � is not.

Exercise7.20 Let %d¯ ��� ü � ( , %^¯ �)� ü � ( and %d¯ g
� ü g ( be ccposand let í � � ¯ �4� ¯ �

andí � � ¯ ��� ¯ g bemonotonefunctions,then í � 7 í � � ¯ �Ü� ¯ g is amonotonefunction.

Lemma7.21 Let %d¯ ��� ü � ( and %^¯ �)� ü � ( beccposand í � ¯ �T� ¯ �
bea monotonefunction.

If
�

is a chain in ¯ �
, then

< í�ÿ � ÿKN � @ is a chain in ¯ �
. Furthermore,

�
� < í�ÿ � ÿKN � @ ü � í � � ��� � �

Exercise7.22 Prove this lemma.

Exercise7.23 Let graph be as in Exercise7.11. If �
� u s [ �

and �
� u � [�� , the

compositonof �
�

followedby �
�
, denoted�

� 7 � �
, is definedby:

�
� 7 � � 6 < % �M� # (�Nqs [�� � ��$QN � 
 % �M� $G(BN�� �

& %Å$ � # (BN�� � ! @
Show that:

graph
� í � 7 í � � 6 graph

� í � � 7 graph
� í � �

Prove that î definedby: î ì 6 ì X 7 ì
is continuous.(Hint: youwill needto useLemma??.)
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In general,wecannotexpectthatamonotonefunctionpreserveslubsonchains,i.e.

�
� < í�ÿ � ÿKN � @ 6 í � � ��� �

only holdsin specialcases,asillustratedby thenext example.

Example7.24 Considerí � { �
IN ­ < � @ � � { �

IN ­ < � @ � , definedby:

í�s 6
èê ë s �

if s is finites ­ < � @ � if s is infinite

Clearly, í is monotone.But considertheset� 6 <x< /3� I �������)� =�@ � =�Ú / @
Then �

� 6 IN. Now

� < í�s � s N � @ 6 � < s � s N � @ 6 �
� 6 IN

But í � � � � 6 í IN 6 IN ­ < � @ �

7.8 Continuous Functions

Weshallbeinterestedin functionswhichdopreserve lubsof chains.An í � ¯ �T� ¯ �
defined

onccpos%d¯ ��� ü � ( and %d¯ �)� ü � ( is calledcontinuousif it is monotoneand,moreover:

�
� < í�ÿ � ÿKN � @ 6 í � � ��� �

holdsfor all non-emptychains
�

in %d¯ ��� ü � ( . (Whenthis alsoholdsfor theemptychain,soÑm6 �
� < Ñ.@Q6 í � � � Ñ � 6 í � Ñ � , wesaythat í is strict).

Lemma7.25 %^¯ � � ü � ( , %d¯ � � ü � ( and %^¯ g
� ü g ( be ccposand let í � � ¯ � � ¯ �

and í � �¯ ��� ¯ g becontinuousfunctions.Then í � 7 í � � ¯ �T� ¯ g is a continuousfunction.

Proof : Noticethat,by apreviousresult, í � 7 í � is monotone.Weonly needto show that í � 7 í �
preserveslubsof chains,i.e.:

� g <,� í
� 7 í � �,ÿ � ÿKN � @ 6 � í � 7 í � � � � ��� �

holdsfor all non-emptychains
�

in %^¯ ��� ü � ( . Weknow, by continuityof í � , that

�
� < í � ÿ � ÿôN � @ 6 í � � � ��� � �

for all chains
�

in %^¯ ��� ü � ( , andby continuityof í � , that

� g < í
� ÿ � ÿôN � @ 6 í � � � ��� � �

for all chains
�

in %^¯ �)� ü � ( . Noticethat,by thefactthat í � is monotone,if
�

is achain,then
also í � � � � 6 < í � ÿ � � ÿ � N � @ is achainaswell. So,weobtainthat

� g <,� í
� 7 í � � � � � @ 6 � g < í

� � í � � � � @6 � g < í
� ÿ � � ÿ � N < í � � � � @k@ � í � is continuous�6 í � � � � < í � � � � @ �6 í � � � � < í � � � � @ � � í � is continuous�6 í � � í � � � � � ���6 � í � 7 í � � � � ��� �
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7.9 The Fixed Point Theorem

Above,wehavedefinedcontinuousfunctionsasfunctionsthataremonotone,i.e.preserve the
order, andcontinuous,i.e.preserve lubs of chains.

Lemma7.26 Let í � ¯ � ¯ bea continuousfunctionon theccpo %^¯ � üô( with leastelement
� . Let í X 6 idí�S c

�
6 í 7 í�S � for =�Ú /

Then
Fix í 6 � < í�S�� � =�Ú / @

definesanelementof ¯ andthiselementis theleastfixedpointof í .

Proof : Wedivide theproof in two parts:
i) Wefirst show thatFix í is well-defined,by showing thattheset

< í�S�� � =�Ú / @ is achain
in ¯ , so its lub is defined.So,we needto show that, for all ÿ ��� ÿ � N < í S � � =�Ú / @ ,
either ÿ � üAÿ � or ÿ � üAÿ � . We will show that í S �Îü³í � � , whenever = � ? . We start
showing that,for all = , í S � üÌí S ÿ ; this followsby inductiononnumbers.�
Basestep� : Noticethat í X � 6 � , í X ÿ 6 ÿ , and � üjÿ for all ÿKN¬¯ .�
Inductionstep� : We canassumethat í S � ü}í S ÿ , for all ÿôNy¯ . Now, from the fact

that í is monotone,wealsohave í�S c
�
��üÌí�S c

�
ÿ , for all ÿôNy¯ .

So,for all = , í�S�� üÌí�S�ÿ .
Let ? Ú = , and ÿ 6 í � Þ�S , then,in particular, í�S�� ü}í�S�ÿ , so í�S�� ü}í � � . Hence< í�S�� � =jÚ / @ is a non-emptychainin ¯ , andtherefore,its lub existsbecausē is a
ccpo,soFix í exists.

ii ) Wewill now show thatFix í is indeedafixedpointof í , i.e.: í � Fix í�� 6 Fix í . Well:

í � Fix í�� 6 í � � < í�S�� � =�Ú / @ � � í is continuous�6 � < í � í�S��O� � =�Ú / @6 � < í S � � =DÚ I @ � L ���
� � � ­ < � @ � 6 �

� �6 � ��< í S � � =�Ú I @ ­ < � @ �6 � < í�S�� � =DÚ / @6 Fix í �
iii ) We will now show that Fix í is the leastfixed point. To accomplishthat, we needto

show: if ÿ�w is anotherfixed-pointof í , i.e. alsofor ÿxw , í � ÿxw¢� 6 ÿxw , then ÿ ü ÿ�w . Well,
since � ü}ÿ w , by continuity of í , we have í S � üæí S ÿ w , for all =ÎÚ /

. Since ÿ w is a
fixed-point, ÿ w 6 í S ÿ w for all = , so we get that í S �Cü}ÿ w , for all =´Ú /

. So ÿ w is an
upperboundof

< í�S�� � =¤Ú / @ . Since ÿ is theleastupperboundof
< í�S�� � =¤Ú / @ (soÿ 6 � < í�S�� � =�Ú / @ ), ÿqüjÿxw .

7.10 Denotational Semantics

Using the result above, we can now define the DenotationalSemanticsfor a programin
While.
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Themeaningof astatement
¥

is a (partial)functionfrom Stateto State:5
ds � Statements

�
StateÖ � State5

ds[[
�
:= � ]] � 6 � 
 ���� Ï

[[ � ]] � !5
ds[[skip]] 6 id5

ds[[
¥ �
;
¥ �

]] 6 5
ds[[

¥ �
]] 7 5 ds[[

¥ �
]]5

ds[[if 	 then ¥ �
else

¥ �
]] 6 cond

� Ò
[[ 	 ]] � 5 ds[[

¥ �
]]
� 5

ds[[
¥ �

]] �5
ds[[while 	 do ¥

]] 6 Fix î �
whereî ì 6 cond

� Ò
[[ 	 ]] � ì 7 5 ds[[

¥
]]
�
id �

Of course,giventheconstructionabove,this is only well-definedif wearein thecontext of
continuousfunctions, somethingwewill dealwith shortly.

Example7.27 Considerthefunction

îmí�� 6
èê ë í�� � if � � 96 /

� � if � � 6 /
Theelementsof

< îôS�� � =�Ú / @ aredefinedasfollows:

î X � 6 id �¤�6 �¤�6 undefined

î
�
�¤� 6 � î 7 î X ���¤�

6
èê ë î X � � if � � 96 /

� � if � � 6 /
6

èê ë undefined
�

if � � 96 /
� � if � � 6 /

î
�
�¤� 6 � î 7 î

�
���¤�

6
èê ë î

�
� � if � � 96 /

� � if � � 6 /

6
èéééê éééë

èê ë undefined
�

if � � 96 /
� � if � � 6 / ö øù if � � 96 /

� � if � � 6 /
6

èê ë undefined
�

if � � 96 /
� � if � � 6 /

So î
�
6 î

�
. We couldcontinuethis construction,but we would not achieve anything by it:

for all =�Ú I , îôS 6 îôS c
�
, so

� < î S � � =�Ú / @K6 � < î X � � î
�
� @K6 î

�
�

Therefore,

Fix î 6
èê ë undefined

�
if � � 96 /

� � if � � 6 /
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Exercise7.28 Computethesemanticsof

# := /
;while $�� �

do
� # := # HpI ; � := � º $G�

7.11 Existence

As alreadyobservedabove,wewantto achieve5
ds[[while 	 do ¥

]] 6 cond
� Ò

[[ 	 ]] � 5 ds[[while 	 do ¥
]] 7 5 ds[[

¥
]]
�
id � �

Wenow wantto show thattheunderlyingfunctionalfor thisdefinition,

îOí 6 cond
� Ò

[[ 	 ]] � í 7 5 ds[[
¥

]]
�
id �

is continuous.Observe thatwe canwrite î ì
as î � � î � ì � , where î � ì 6 cond

� Ò
[[ 	 ]] � ì � id � ,

and î � ì 6 ì 7 5 ds[[
¥

]] are.
Then,usingresultsshown above,we have that î is continuousif we manageto show thatî � and î � . Wewill do thatin amoregeneralsetting:

Lemma7.29 Let ï � StateÖ � State,	 � State
�

TT, anddefine

î ì 6 cond
� 	 � ì � ï;�

Then î is continuous.

Proof : Noticethat î ì � 6 cond
� 	 � ì � ï����

6
èê ë ì � � if 	�� 6 ttïe� � if 	�� 6 ff

Weprove thefollowing two things:� î is monotone� : Assume
ì � ü ì �

. We have to show that î ì � ü î ì �
. Notice that, sinceì � ü ì �

,
ì � � 6 ��w implies

ì � � 6 ��w .� 	�� 6 tt � : Then,sinceî ì � � 6 ì � � , thefirst is definedexactlywhenthelatteris. Sinceì � � 6 ��w implies
ì � � 6 ��w , and

ì � � 6 î ì � � , we get that î ì � � 6 ��w impliesî ì � � 6 � w . So î ì � üjî ì �
.� 	�� 6 ff � : Since î ì � � 6 ï�� 6 î ì � � , î ì � � is definedpreciselywhen ï�� is, which is

preciselywhen î ì � � is.� î preserveslubs� : Let
�

beanon-emptychainin StateÖ � State. Wemustshow that

î � � � � ü � < î ì � ì N � @
(Actually, we needto show this with ‘ 6 ’ insteadof ‘ ü ’, but thepart ‘ � ’ follows from
thefactthat î is monotone.)So,weneedto show that

graph
� î � � � ��� u ­ <

graph
� î ì � � ì N � @

Again,wehave two cases( 	 6 tt, and 	 6 ff).
Theproof is concludedin theexercisebelow.
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Exercise7.30 if î � � � �G� 6 � w , thenthereis a
ì N � suchthat î ì � 6 � w .

Lemma
�

7.31 Let ï � StateÖ � State,anddefineî ì 6 ì 7 ï . Then î is continuous.

Proof : As above,wewouldneedto show that î is monotoneandpreserveslubs,but wewill
skip this.

Now we aredone,andthe completedefinition of denotationalsemanticsfor While be-
comes: 5

ds � Statements
�

StateÖ � State5
ds[[

�
:= � ]] � 6 � 
 ���� Ï

[[ � ]] � !5
ds[[skip]] 6 id5

ds[[
¥ �
;
¥ �

]] 6 5
ds[[

¥ �
]] 7 5 ds[[

¥ �
]]5

ds[[if 	 then ¥ �
else

¥ �
]] 6 cond

� Ò
[[ 	 ]] � 5 ds[[

¥ �
]]
� 5

ds[[
¥ �

]] �5
ds[[while 	 do ¥

]] 6 Fix î �
whereî ì 6 cond

� Ò
[[ 	 ]] � ì 7 5 ds[[

¥
]]
�
id �

Thefinal resultto show for thedenotationalsemanticsis:

Theorem 7.32 Thesemanticdefinition
5

ds definesa total function.

Proof : By inductionon thestructureof
¥

. Thereis only oneinterestingcase:�
while 	 do ¥ � : By induction,

5
ds[[

¥
]] is well-defined.Sincewehaveshown abovethatthe

functions î � ì 6 cond
� Ò

[[ 	 ]] � ì � id �î � ì 6 ì 7 5 ds[[
¥

]]

arecontinuous,sois
5

ds[[while 	 do ¥
]].

Thus,from the fixed point theorem,Fix is well-defined.So
5

ds[[while 	 do ¥
]] is well-

defined.
As before,

¥ �
and

¥ �
arecalledsemanticallyequivalentif andonly if5

ds[[
¥ �

]] 6 5
ds[[

¥ �
]]

Example7.33
¥ å skip and

¥
aresemanticallyequivalent.

5
ds[[

¥ å skip]] 6 5
ds[[skip]] 7 5 ds[[

¥
]]6 id 7 5 ds[[

¥
]]6 5

ds[[
¥

]]

Exercise7.34 Show that ¥ �
;
� ¥ �

;
¥ g �

is semanticallyequivalentto � ¥ �
;
¥ � � ; ¥ g

55



7.12 Equivalence to Operational Semantics

Lemma7.35 Noticethat:� Let í � ¯ � ¯ becontinuous,andlet ÿQN¬¯ satisfy í�ÿpüjÿ . ThenFix í�üjÿ .� If % ¥ ��� � � (K0 b � � , then % ¥ � ; ¥ ��� � � (Q0 b % ¥ ��� � � ( .� ‘ 7 ’ andcondaremonotone.

We concludethediscussionof DenotationalSemantics,by showing that,for the language
While, thereis no differencebetweenthis semanticsandtheStructuralOperationalSeman-
tics.

Theorem 7.36 For everystatement
¥

of While:5
sos[[

¥
]] 6 5

ds[[
¥

]]

i.e.: 5
sos[[

¥
]] ü 5

ds[[
¥

]]

and 5
ds[[

¥
]] ü 5

sos[[
¥

]]

Proof :� 5
sos[[

¥
]] ü 5

ds[[
¥

]] � : So, we have to show that % ¥ � � � (K0 Û � � implies
5

ds[[
¥

]] � � 6 � � .
This follows by inductionon the lengthof the derivation sequencefor % ¥ � � � (Q0 b � � .
For this, it sufficesto show that:� % ¥ � � � (l0 � � implies

5
ds[[

¥
]] � � 6 � � , and� % ¥ � � � (l0 % ¥ w � � � ( implies

5
ds[[

¥
]] � � 6 5

ds[[
¥ w ]] � � .

Thisresultfollowsby inductionovertheshapeof thederivationfor thesinglestep,where
we focuson thelaststep.We justconsidertwo cases:�
COMPI

sos� : Thenthereare
¥ ��� ¥ w� � ¥ � suchthat¥ 6 ¥ �
;
¥ ��� ¥ w 6 ¥ w� ; ¥ ���

and % ¥ ��� � � (f0 % ¥ w� � � � ( �
Then,by induction,

5
ds[[

¥ �
]] � � 6 5

ds[[
¥ w� ]] � � , sowehave5

ds[[
¥ � å ¥ � ]] � � 6 � 5

ds[[
¥ �

]] 7 5 ds[[
¥ �

]] ��� �6 5
ds[[

¥ �
]]
� 5

ds[[
¥ �

]] � � � (IH)6 5
ds[[

¥ �
]]
� 5

ds[[
¥ w� ]] � � �6 � 5

ds[[
¥ �

]] 7 5 ds[[
¥ w� ]] ��� �6 5

ds[[
¥ �
;
¥ �

]] � ��
WHILEsos� : Then thereare

¥ �
and 	 suchthat

¥ 6 while 	 do ¥ �
, and � � 6 � � ,

and
¥ w 6 if 	 then � ¥ �

;while 	 do ¥ � � else skip. By definition of
5

ds,5
ds[[while 	 do ¥ �

]] 6 Fix î , where î ì 6 cond
� Ò

[[ 	 ]] � ì 7 5 ds[[
¥ �

]]
�
id � . Now5

ds[[while 	 do ¥ �
]] 6 Fix î6 î �

Fix îO�6 cond
� Ò

[[ 	 ]] � 5 ds[[while 	 do ¥ �
]] 7 5 ds[[

¥ �
]]
�
id �6 cond

� Ò
[[ 	 ]] � 5 ds[[

¥ �
;while 	 do ¥ �

]]
�
id �6 5

ds[[if 	 then � ¥ �
;while 	 do ¥ � � else skip]]
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So,we have shown: if
5

sos[[
¥

]] �Ó96 undefined, then
5

sos[[
¥

]] � 6 5
ds[[

¥
]] � , which,of

course,is thesameas
5

sos[[
¥

]] ü 5
ds[[

¥
]].� 5

ds[[
¥

]] ü 5
sos[[

¥
]] � : This part is shown by inductionon the structureof statements.We

only considertwo cases:� ¥ �
;
¥ � � : Noticethat:� ‘ 7 ’ is monotonein botharguments,and� if % ¥ ��� � � (l0 � � , then % ¥ � ; ¥ ��� � � (l0 % ¥ �)� � � ( .

By induction,weobtainboth
5

ds[[
¥ �

]] ü 5
sos[[

¥ �
]] and

5
ds[[

¥ �
]] ü 5

sos[[
¥ �

]]. So,

5
ds[[

¥ �
;
¥ �

]] 6 5
ds[[

¥ �
]] 7 5 ds[[

¥ �
]] (IH)ü 5

sos[[
¥ �

]] 7 5 sos[[
¥ �

]] ( 7 is monotone)ü 5
sos[[

¥ �
;
¥ �

]]

�
while 	 do ¥ � : Since

5
ds[[while 	 do ¥

]] is thefixedpointof a functional î , whereî ì 6 cond
� Ò

[[ 	 ]] � ì 7 5 ds[[
¥ �

]]
�
id � , it is sufficient to prove:

î � 5
sos[[while 	 do ¥

]] � ü 5
sos[[while 	 do ¥

]]

since,
Fix î ü 5

sos[[while 	 do ¥
]] 05

ds[[while 	 do ¥
]] ü 5

sos[[while 	 do ¥
]]

Noticethatwehave,by induction,
5

ds[[
¥

]] ü 5
sos[[

¥
]], so

î � 5
sos[[while 	 do ¥

]] � 6 cond
� Ò

[[ 	 ]] � 5 sos[[while 	 do ¥
]] 7 5 ds[[

¥
]]
�
id �

(IH) ü cond
� Ò

[[ 	 ]] � 5 sos[[while 	 do ¥
]] 7 5 sos[[

¥
]]
�
id �ü cond

� Ò
[[ 	 ]] � 5 sos[[

¥
;while 	 do ¥

]]
�
id �6 5

sos[[while 	 do ¥
]]

8 Extensions to While

We have seenthat OperationalSemanticsaregoodfor formally describingimplementation
aspectsof programminglanguages.Furthermore:� StructuralOperationalSemanticsaregoodfor describinglow-level details(abstractma-
chine).

� NaturalSemanticsaregoodfor reasoning(moreabstract- moreintuitive)

We will now seesomeotherdifferences.We will do that by definingextensionsto the
languageWhile, addingnew languageconstructs.

8.1 Aborting

Westartby addingthenew statement
abort

�
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Intuitively, attemptingto executeabort stopstheexecutionof thewholeprogram.Thereare
variouswaysof interpretingthisinstruction,dependingonwhattheintentionof theinstruction
is:
�

do you want a programjust to halt without executingfurther, or do you want an error
messageto appear. Usingthisdifference,wewill considertwo approachesto giving semantics
to thenew statement.�
Approach 1� : Consider% abort � �)( to beastuck configuration. In thiscase,thereis noneed

to addanextra rule to eithertheNaturalor theStructuralOperationalSemantics,andwe can
usethe original definitionof both % � � � ( � � and % � � � (l0 � . Sinceno new rule is added,no
transformationfor abort is defined,so in both systems% abort � �)( will not evaluate,and
thereforebestuck.

However, now thereis adifferencebetweenthetwo systems.Notethat

% while true do skip � � � ( � � � implies % abort � � � ( � � �
and % abort � � � ( � � � implies % while true do skip � � � ( � � �
arebothvacuouslytrue,so,in theNaturalSemantics,thestatements‘while true do skip’
and‘abort’ areequivalent.Thisis nottruein StructuralOperationalSemantics,thestatement
‘while true do skip’ generatesaninfinite numberof steps,

% while true do skip � �)(0 % if true then �
skip;while true do skip � else skip � �)(0 % skip;while true do skip � �)(0 % while true do skip � �)(

...

and‘abort’ none % abort � �)( is stuck

So,in NaturalSemantics,loopingandabnormalterminationareequivalent,whereasin Struc-
tural OperationalSemantics,abnormalterminationis equivalentto reachinga stuckconfigu-
ration.�
Approach 2� : Add a new terminalconfigurationto thesystem,error, andextendthedefi-

nition of NaturalSemanticsby

�
ABORTns� % abort � � � ( �

error

andthatof StructuralOperationalSemanticsby

�
ABORTsos� % abort � � � (f0 error

Becausewehaveaddedaterminalstatethatcannotbereachedby any otherstatement,wecan
now distinguishbetween‘while true do skip’ and‘abort’ in bothsemantics.
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8.2 Non-determinism

We addthestatementconstruct‘ or ’, soextendthedefinitionof Statementsby ‘
¥ �

or
¥ �

’,
thathastheintuitive semanticsthateither

¥ �
or

¥ �
will beexecuted,which onebeingchosen

non-deterministically. For example:� �
:= I)� or

� �
:=

]
;
�
:=

� H ] �
could result in a statewhere

�
hasvalue I , or in a statewhere

�
hasvalue » . The rulesfor

NaturalSemanticsareexendedby adding:

�
ORL

ns� � % ¥ � � � � ( � � �
% ¥ � or ¥ ��� � � ( � � � �

�
ORR

ns� � % ¥ � � � � ( � � �
% ¥ � or ¥ �)� � � ( � � � �

Thenwehave thefollowing derivations:

% � := I � �)( � � 
 ���� I !
% � := I or

� �
:=

]
;
�
:=

� H ] � � �)( � � 
 ���� I !
and

% � := ] � �)( � � 
 ���� ] ! % � := � H ] � � 
 ���� ] ! ( � � 
 ���� » !
% � := ]

;
�
:=

� H ] � �)( � � 
 �J�� » !
% � := I or

� �
:=

]
;
�
:=

� H ] � � �)( � � 
 ���� » !
Noticethatnon-determinismsuppresseslooping(if possible),sincewecanderive

% � while true do skip � or
� �
:=

]
;
�
:=

� H ] � � �)( � � 
 ���� » !

Likewise,thedefinitionof StructuralOperationalSemanticsis extendedby:

% ¥ � or
¥ ��� �)(l0 % ¥ ��� �)( and % ¥ � or

¥ �)� �)(l0 % ¥ �)� �)(
Thenwehave:

% � := I or
� �
:=

]
;
�
:=

� H ] � � �)( 0 % � := I � �)(0 � 
 �Ó�� I !
and % � := I or

� �
:=

]
;
�
:=

� H ] � � �)(0 % � := ]
;
�
:=

� H ] � �)(0 % � := � H ] � � 
 ���� ] ! (0 � 
 �Ó�� » !
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But replacing‘
�
:= I ’ by ‘while true do skip’ will still give two derivationsequences;

onewill beinfinite:

% � while true do skip � or
� �
:=

]
;
�
:=

� H ] � � �)(0 % while true do skip � �)(0 % if true then �
skip;while true do skip � else skip � �)(0 % skip;while true do skip � �)(0 % while true do skip � �)(

...

andtheotheris finite:

% � while true do skip � or
� �
:=

]
;
�
:=

� H ] � � �)(0 % � := ]
;
�
:=

� H ] � �)(0 % � := � H ] � � 
 ���� ] ! (0 � 
 �J�� » !
So,in acertainsense,StructuralOperationalSemanticscan‘choosethewrongbranch’.

8.3 Parallelism

We cannow addthe statementconstruct‘ par ’, so extendthe definition of Statementsby
thealternative ‘

¥ �
par

¥ �
’, andexpecttheexecutionof

¥ �
and

¥ �
to be ‘interleaved’. For

example,theprogram � �
:= I)� par

� �
:=

]
;
�
:=

� H ] �
hasthefollowing differentwaysto execute:

Step1 Step2 Step3 Result�
:= I �

:=
] �

:=
� H ] � � 6 »�

:=
] �

:= I �
:=

� H ] � � 6 i�
:=

] �
:=

� H ] �
:= I � � 6 I

For theStructuralOperationalSemantics,to dealwith thenew construct,thederivationrules
needto beextendedwith:

�
PARLT

sos� % ¥ � � � � (f0 � �
% ¥ � par ¥ �)� � � (l0 % ¥ �)� � � (

�
PARLI

sos� % ¥ � � � � (l0 % ¥ w� � � � (
% ¥ � par ¥ �)� � � (l0 % ¥ w� par ¥ �)� � � (

�
PARRT

sos� % ¥ ��� � � (f0 � �
% ¥ � par ¥ � � � � (l0 % ¥ � � � � (

�
PARRI

sos� % ¥ �)� � � (l0 % ¥ w� � � � (
% ¥ � par ¥ � � � � (l0 % ¥ � par ¥ w� � � � (

Exercise8.1 Verify thatthethreeresultsaboveareallowedby thissemantics.

To accomplishthe sameexpressive power in Natural Semantics,we run into problems.
Assumetherulesthatneedto beaddedare:
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% ¥ ��� � � ( � � � % ¥ �)� � � ( � � g% ¥ � par
¥ ��� � � ( � � g

% ¥ ��� � � ( � � � % ¥ ��� � � ( � � g% ¥ � par
¥ ��� � � ( � � g

Althoughtheseruleslook perfectlyreasonable,they only manageto expressthattheorder
in which

¥ �
and

¥ �
areexecutedis arbitrary(which could be desirablefor a languagethat

allows thespecificationof threads).Althoughwearefreeto devideastatement
¥

into
¥ �

and¥ �
aswe seefit, still the rulesexpressthat eitherfirst

¥ �
runs,andthen

¥ �
, or vice versa;

therequiredinterleaving is not expressed. UsingNaturalSemantics,we cannotdescribethe
intuitivesemantics,becauseNaturalSemanticsis definedusingthe immediateconstituentsof
aprogram,not theindividualcomputationstep.In asense,NaturalSemanticsis tooabstract.

Exercise8.2 Specifya SOS-stylesemanticsfor arithmeticexpressionswherethe individual
partsof anexpressioncanbecomputedin parallel.Try to prove thatyoustill obtaintheresult
thatwasspecifiedby

Ï
.

Exercise8.3 Consideranextensionof While thatin additionto thepar-constructalsocon-
tainstheconstruct

protect
¥
end

Theideais thatthestatementShasto beexecutedasanatomicentity;sothatfor example:�
:= I par protect

� �
:=

]
;
�
:=

� H ] � end
only hastwo possibleoutcomes,namely I and » . ExtendtheSOSsemanticsto expressthis.
Canyouspecifyanaturalsemanticsfor theextendedlanguage?

8.4 Blocks

Wenow focusonhow to dealwith declarations, thescopefor declaredidentifiersandblocksin
semantics.Westartby consideringa new programminglanguageBlock, thatis anextension
of While. Its abstractsyntaxis givenby:

= N Numeral� N Variables� N ArithmeticExpressions	 N BooleanExpressions¯m¿ N DeclaredVariables¥ N Statements

� �¢�§6 = � � � � � Hf� � � � � º � � � � � [ � �	 �¢�§6 true � false � � � 6 � � � � � �A� � �xÁ 	 � 	 � & 	 �¯m¿ �¢�§6 var
�
:= � ; ¯m¿ ��Â¥ �¢�§6 �

:= � � skip � ¥ � ; ¥ � � if 	 then ¥ �
else

¥ �
� while 	 do ¥ � begin ¯m¿ ¥

end

Theideais thatvariablesarelocal to theblock in whichthey aredeclared,andit is possibleto
useanidentifiermorethanoncein adeclarationin aprogram.
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Example8.4 Thefollowing is anexampleof aprogramin Block:

begin var $ := I ; � := I ;begin var �
:=

]
; $ := � H>I end; � := $QH �

end

In morereadableform, thisbecomes

begin var $ := I ;�
:= I ;

begin var
�
:=

]
;$ := � HAI

end;�
:= $KH �

end

Thesemanticsof statementsis definedin thesameway aswasdonefor While, sousing
thesamerulesasbefore,but with theadditionof thefollowing rule for theblockconstruct:

�
BLOCKns� %^¯m¿ � � � ( � � � % ¥ � � � ( � � g% begin ¯m¿ ¥

end
� � � ( � � g



DV

� ¯m¿ � �� � ��!
Noticethatthis rulesusessomefeaturesthatneedspecification,like ‘ %^¯m¿ � � � ( � � � ’. Firstof
all, the functionDV, appliedto a list of variabledeclarations,determinesthesetof variables
declaredin ¯m¿ :

DV
�
var

�
:= � ; ¯m¿ � 6 < � @ ­ DV

� ¯m¿��
DV

� Â � 6 Ñ
and � ��
 � �� � �a! is astateas � � , exceptfor at variablesin theset

�
whereit is specifiedby � � :

� � 
 � �� � �a! � 6
èê ë � ��� if

� N �� �,� if
� 9N �

For thesemanticsof variabledeclarations,wehave:

�
DECLns� %d¯m¿ � � � 
 ���� Ï

[[ � ]] � ��! ( � � �
% var � := � ; ¯m¿ � � � ( � � �

�
NO-DECLns� % Â � �)( � �

Which completesthedefinitionof NaturalSemanticsfor Block. It is muchmoredifficult
to definetheStructuralOperationalSemantics(althoughpossible,justnotdonehere).
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8.5 Procedures

WeextendthelanguageBlock to Proc, a languagethatallows for thedefinitionof (parame-
terless)proceduredeclarations, by

= N Numeral� N Variables� N ArithmeticExpressions	 N BooleanExpressions& N ProcedureNames¯ ¿ N DeclaredVariables¯¸À N DeclaredProcedures¥ N Statements

� �¢�§6 = � � � � � Hf� � � � � º � � � � � [ � �	 �¢�§6 true � false � � � 6 � � � � � �A� � �xÁ 	 � 	 � & 	 �¯m¿ �¢�§6 var
�
:= � ; ¯m¿ ��Â¯¸À �¢�§6 proc & is ¥

; ¯¸À ��Â¥ �¢�§6 �
:= � � skip � ¥ � ; ¥ � � if 	 then ¥ �

else
¥ �

� while 	 do ¥ � begin ¯m¿t¯¸À ¥
end � call &

For this new language,in particularfor the addedfeatures,we shall give threedifferent
semantics,thatdiffer in how aproceduredeclarationis dealtwith:

� Dynamicscopefor variablesaswell asprocedures.

� Dynamicscopefor variables,andstaticscopefor procedures.

� Staticscopefor variablesaswell asprocedures.

The differencein binding is importantin programminglanguageswhereit is possibleto
re-usevariableandprocedurenamesinsidenew blocks.Imagineaprogramin whichyoucall
a procedure& that is definedoutsidethecurrentblock, thatcallsanotherprocedure� that is
definedbothin- andoutsidetheblock.�
Dynamic� : With this kind of binding,only the last definitioncounts;the call to � will use

themostrecentdeclaration.�
Static� : With staticbinding,calling � wouldgiveyou thedefinitionthatwasdeclaredin the

blockwhere& is defined.
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Example8.5 Considerthefollowing program:

begin var
�
:=

/
;

proc & is �
:=

� [ ]
;

proc � is call & ;
begin var

�
:=

+
;

proc & is �
:=

� H>I ;
call � ;$ := �

end

end

Thedifferentscoperuleshave thefollowing effect for theendresultof theprogram:

� With dynamicscopefor variablesaswell asprocedures,theresultof thisprogramwill be
that $ 6 ` . Thevalueof $ dependson thevalueof

�
, which dependson the‘call � ’ on the

line above. � will do a ‘call & ’, whichwill usedthe‘last’ declarationfor & (in time), i.e. the
onestating‘proc & is

�
:=

� H´I ’. Sinceit will usethe ‘last’ declarationfor
�

(in time),
‘var

�
:=

+
’, theresultof ‘call & ’ will bethat

�
hasvalue ` , whichwill beassignedto $ .

� With dynamicscopefor variables,andstaticscopefor procedures,theresultof this pro-
gramwill bethat $ 6 I / . Now � will use‘proc & is �

:=
� [ ]

’, sincethatis theonedefined
in the block where � is declared.However, sinceit will usethe ‘last’ declarationfor

�
(in

time), ‘var
�
:=

+
’, theresultof call & will bethat

�
hasvalue I / , which will beassigned

to $ .

� With staticscopefor variablesaswell asprocedures,theresultof thisprogramwill bethat$ 6 +
. Now � will use‘proc & is �

:=
� [ ]

’, sincethat is theonedefinedat thetime � is
declared.It will alsousethelocaldeclarationfor

�
, ‘var

�
:=

/
’, andmultiply thatvariable.

The assignment‘ $ := �
’, however, usesits locally declared

�
, ‘var

�
:=

+
’, that still has

value
+

(it is not touched),sotheresultof ‘call & ’ will bethat $ hasvalue
+
.

8.6 Dynamic / Dynamic

Weintroduceaprocedureenvironment

envÀÐN EnvÀ 6 ProcedureNamesÖ � Statements

which recordsthebodyof eachprocedure,by linking procedurenamesto statements.Since
only thelastdeclarationcounts,a simpleconnectionbetweenprocedurenameandbodysuf-
fices;whenleaving a block, theenvironmentof thecontext of theblock will beused,andthe
connectionswithin theblockarelost.

Thetransitionrulesfor thesystemwill now beof theform:

envÀ ª % ¥ � � � ( � � �
(soonly aminorchangeof thepreviousnotation;thisshouldlook familiar).
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Most of the rules are similar to the original with the addition of the extra environment
information,like, for example,

envÀOªf% ¥ ��� � � ( � � � envÀQªf% ¥ ��� � � ( � � g
envÀQªf% ¥ � ; ¥ ��� � � ( � � g

For the semanticsof blocks,we needto be able to updatethe environment. UpdateÀ is
a procedurethat, given a list of proceduredeclarations,producesan environmentthat links
procedurenamesto procedurebodies.

UpdateÀ � proc & is ¥
; ¯¸À � envÀ�� 6 UpdateÀ � ¯¸À � envÀ 
 & �� ¥ ! �

UpdateÀ � Â � envÀ � 6 envÀ
We addtwo rules,onethatdealswith thenew languageconstruct‘call & ’, theotherfor

theblocks.

�
CALLrec

ns � envÀ¸ª¤% ¥ � � � ( � � � �
envÀ�& 6 ¥ �

envÀôªû% call & � � � ( � � �
�
BLOCKns� %d¯O¿ � � � ( � � � UpdateÀ � ¯¸À � envÀ���ªf% ¥ � � � ( � � g

envÀOªf% begin ¯m¿t¯¸À ¥
end

� � � ( � � g


DV

� ¯m¿ � �� � ��!
Note that procedurescan always be recursive, since we use the environment in the pre-
misseof the rule

�
CALLrec

ns � . Moreover, the way in which the semanticsfor the structure
‘begin ¯m¿Ü¯¸À ¥

end’ is establishedshowsthatthestatementinsideis evaluatedin achanged
environment,whereall thelocaldeclarationshavebeenconsidered.For theblockasawhole,
theenvironmentusedis not influencedby thedeclarationsin ¯ ¿ or ¯ À .
8.7 Dynamic / Static

In this setting,procedureswill now usethosedeclarationsfor the proceduresthey call that
are definedat the momentthe procedureitself was declared,not just the last one. So we
now alsoneedto statetheenvironmentin whichproceduresaredefined,linking thenamesof
procedurescalledto theirbodiesandtheenvironmentin which they weredefined:

EnvÀ 6 ProcedureNamesÖ � Statements[ EnvÀ
(Notethattheconcreteprocedureenvironmentsarealwaysbuilt from smallerones.)UpdateÀ
is now definedasa procedurethat,given a list of proceduredeclarations,producesanenvi-
ronmentthatlinks procedurenamesto abodyandaprocedurecontext.

UpdateÀ � proc & is ¥
; ¯¸À � envÀ�� 6 UpdateÀ � ¯¸À � envÀ 
 & �� � ¥ �

envÀ�� ! �
UpdateÀ � Â � envÀ�� 6 envÀ

Wethenjustneedto updatetherule
�
CALLns� . If proceduresin Proc arenon-recursive,we

use:

�
CALLns� envwÀ ª¤% ¥ � � � ( � � � �

envÀ�& 6 � ¥ �
envwÀ �a�

envÀôªû% call & � � � ( � � �
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But if proceduresarerecursive,weneed:

�
CALLrec

ns � envwÀ 
 & �� � ¥ �
envwÀ � ! ªû% ¥ � � � ( � � � �

envÀ & 6 � ¥ �
envwÀ ���

envÀôªû% call & � � � ( � � �
Exercise8.6 Try to constructa statementwhich illustratesthedifferencebetweenthesetwo
rules.

8.8 Static / Static

To specifystaticscopenot only for procedures,but alsofor variables,we not only usethe
approachdefinedabove,but alsoneedto modelthefactthatvariablescanappearin morethan
onedeclaration.This impliesthatwe canno longersimply usestates,thatmappedvariables
namesto values,but needto replacethestatewith two mappings:

env¿�N Env¿ 6 Variables
�

Locations

store N Store 6 Locations ­ <
next @ �

ZZ

where,essentially, Locations 6 ZZ, and next is a specialtoken which holds the next free
location. The idea is that the machineis now representednot asa mappingfrom variable
namesto values,but asa infinite numberof locations, anda variable

�
now will point to a

locationthrougha mappingthat is calleda variableenvironment, env¿ . The locationenv¿ �
pointsat will hold its valuethroughthefunctionstore thatmapslocationsto values.Entering
a new block canmake that

�
will be redeclared,without losing the old declaration.This is

modelledby making
�

point to anew location(theold locationis kept,but notpointedat),and
to storethenew valuefor

�
there. Sincewe have theneedfor a ‘new location’ on a regular

basis,wealsousea function‘new’ thatproducesthenumberof thenext freelocation.

new � Locations
�

Locations

new � 6 �GH>I
(Notethat � 6 store 7 env¿ .) Theinitial variableenvironmentcouldmapall variablesto loca-
tion 0, andtheinitial storemightmapnext to 1.

Sincethe semanticsof programsnow alsodependon what the value(location) is that a
variableis currently(in thisblock)pointingat,weneedto considertransitionsof theform

%d¯m¿ � env¿ � store
� ( � �

envw¿ � store
� �

For evaluatingthevariabledeclarations,wehave rules

%d¯m¿ � env¿ 
 ���� � !d� store

 � ��Í�k!�


next
��

new � ! ( � �
envw¿ � store

� �
% var �

:= � ; ¯m¿ � env¿ � store( � �
envw¿ � store

� �
% Â � env¿ � store( � �

env¿ � store�
where � 6 Ï

[[ � ]]
�
store 7 env¿ �� 6 storenext
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In view of thefactthatalsovariableenvironmentsareused,we mustfurtherupdateproce-
dureenvironments:

EnvÀ 6 ProcedureNamesÖ � Statements[ Env¿ [ EnvÀ
UpdateÀ �

proc & is ¥
; ¯¸À � env¿ � envÀ�� 6 UpdateÀ � ¯¸À � env¿ � envÀ 
 & �� � ¥ �

env¿ � envÀ�� ! �
UpdateÀ � Â � env¿ � envÀ � 6 envÀ

Thetransitionsystemfor statementsnow hasrulesof theform

env¿ � envÀ ª % ¥ � store
� ( �

store
�

Most rulesaresimilar to theiroriginal, like:

env¿ � envÀOªf% ¥ ��� store
� ( �

store
�

env¿ � envÀQªf% ¥ �)� store
� ( �

storeg
env¿ � envÀQªf% ¥ � ; ¥ ���

store
� ( �

storeg
but therule for blocksis modified:

%d¯m¿ � env¿ � store
� ( � �

envw¿ � store
� � envw¿ � envwÀ ªf% ¥ � store

� ( �
storeg

env¿ � envÀQªl% begin ¯m¿�¯¸À ¥
end

�
store

� ( � storeg
where

envwÀ 6 UpdateÀ � ¯ À � envw¿ � envÀ �
(Why is therenoanalogueof � ��
DV

� ¯m¿�� �� � ! ?)
And thenew rulesfor call & are:

�
CALLns� envw¿ � envwÀ ªû% ¥ � store

� ( �
store

�
envw¿ � envÀôªû% call & � store

� ( �
store

�
�
CALLrec

ns � envw¿ � envwÀ 
 & �� � ¥ �
envw¿ � envwÀ � ! ªû% ¥ � store

� ( � store
�

envw¿ � envÀôªû% call & � store
� ( � store

�
where

envÀ 6 � ¥ �
envw¿ � envwÀ � �

Exercise8.7 Modify thesynaxof proceduredeclarationssothatprocedurestaketwo call-by-
valueparameters:

¯¸À �¢�£6 proc & � ��������� � is ¥
; ¯¸À ��Â¥ �¢�£6 �

:= � � skip � ¥ � ; ¥ � � if 	 then ¥ �
else

¥ �
� while 	 do ¥ � begin ¯m¿t¯¸À ¥

end � call & � � ��� � � �
Procedureenvironmentswill now beelementsof:

EnvÀ 6 ProcedureNamesÖ � Variables [ Variables [ Statements[ Env¿ [ EnvÀ
Modify thesemanticsto handlethis language.In particular, provide new rulesfor procedure
calls: onefor non-recursive andanotherfor recursiveprocedures.
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