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1 Why formal semantics?

In dealingwith programmingye distinguishtwo differentaspect®f programmindanguages.
(Syntay : Dealswith theform of sentences:

Thefish answeedthewalk
N——

NP VP

Syntaxis specifiedby agrammar normallyin BNF.

(Semantick: Expressethe meaningof sentences
whilebdo C

“ExecuteC repeatedlysolong asthe expressiorb is true”

Althoughmary programmersouldnotbebotheredvith aformal semanticsit playsama-
jor rolein everydayprogrammingWhenlearninganewv programminganguagenormallywe
only look atthesyntax,to know how certainlanguageconstructarewritten. However, syntax
is not concernedvith ‘soundness'it justdealswith correctlyformedsentencesThisimplies
that the programmeitis lost whenit becomesecessaryo check(argue) that the specified
programactuallycomputegheintendedoperation.

In thisprocessnormallythesyntaxsufices.Everylanguageonstructlike‘whi | e bdo C”
hasanintendedmeaningformulatedin naturallanguagen text books,andit is this informal
semanticghat the programmeuseswhenwriting an actualprogram. It is not uncommon,
however, for a programmetto find that, althoughthe structureof the programis correctin
the sensethat the programmethasusedall languageconstructsn the right way andin the
right order the programstill doesnot executeasit should. This is causedby the fact that
theintendedsemantic®nly speaksn generl terms anddoesnot give ary meando actually
ched thatthe programis indeedthedesiredone.

Programshormallyaretoo big, too comple to understan@ndcheck’by hand. Frequently
programmingerrors,eventhe mostblatantones,areoverlookedfor alongtime.

It is importantthatthe semanticss formal, systemati@andverifiableto provide:

i) the userwith an unambiguouslescriptionof the effect of a program. Specificationsn
naturallanguagemaybe moreeasyto read,but they arealsohighly ambiguous.

i) ayardstickfor implementation.With the formal semanticsat hand, more efficient pro-
gramscanbewritten, andcodegeneratioimproved.

iii) abasisfor programanalysisandsynthesis.
e Transformation.
e Optimisation.
¢ Verification.

It can be that actually shaving a programto be correctis more work thanwriting the
programitself, but it is not a taskto be neglected. History hasmary examplesof (large)
programsthat went horribly wrong, and the needfor a formal semanticccomesfrom the
desireto beableto guarante¢hata programdoesexactly whatit is supposedo do, underall
circumstancegjotjustin thetestingervironment.



1.1 States

Semanticof programmingdanguageslealswith the meaningof programghataresupposed
to be executingon a computey i.e. run in memoryandusethe variousresourcesvailable.
Therefore,to expressexecutioncorrectly we needalsoto considerthe statusof the mem-
ory during execution. Not only becausehe contentsof the memorychangegvariablesget
updateddatabaseschange) put mostly because¢he contentof a variableat the momenthe
programstartscanhave a majoreffect onthe endresult.

The stateof thememorys is thereforeprominentin all definitionsof semanticsHowever,
normallyonly partof the memoryis relevantto the semantic®of a program.Moreover, since
we will consideronly programshatcomputethroughvariables, we arenotinterestedn the
contentsof actualphysicaladdressedyut will abstracfrom the actualmemoryandfocuson
the representationf the valuesstoredin thosevariablesthat are of interestto us. We will,
formally, saythata stateis a functionthat mapsvariablenamego values,and use Statefor
thesetof all possiblestates.

We will usethenotation

[T1 — vy, T3 — Vg, .. ]

asa denotationfor the stateof the memory indicatingthe valuesfor thosevariablethatare
relevantto the executionof the program.
Globally speakingtherearethreeapproachet semantics:

(Opemtional Semantick: This semanticss characterisethy the factthatit focuseson how
the effect of a computationis produced:it is an abstractiorof machineexecutionin thatit
expresseshe meaningof a program- runningon a machinein a specificstate- by returning
its result,theoutput.

(DenotationalSemantick: Thissemanticsocusse®nwhatis theeffectof acomputatioron
the stateof themachine In this approachthe meaningof a program(construct)s afunction,
thatmapsthe stateof the machinebeforeexecutionto the stateafterexecution.

(AxiomaticSemantice: With this semanticsthe propertief theeffectof executingthecon-
structsareexpressedisassertions.

We will compareheseapproachessingthe (toy) exampleprogram
ZIEX,xIEY, Y=z

thatswapsthevaluesstoredin thevariablesr andy.

1.2 Operational Semantics

TheideabehindOperationalSemanticss to expressthe meaningof a programstarting from
a certainstatebylookingatits endresult,i.e. thestatein whichthememoryis afterexecution
of the program.For example,

e To executea sequencef statementseparatedy *; ’, executethe individual statements
oneaftertheotherfrom left to right.

Lt is notdifficult to extendthis to themoregenerabpproachbut thiswouldincreasehequantityof definition
andnotationsignificantly We areconcentratingon the essentialiere.



e Toexecute'z: = y’, determinghevalueof y andassignit to .
We usethenotation’ (p, s)’, thatis to bereadas‘the semantic®f programp in states’.
(zi=z;z:=y;y:=2z,z—=by—T2—0) =
(x:=y,y:=zz—5y—T72—5) =
% ]
[ ]

(: r—Ty—T72—5]) =

r—T,y— 5,25

So,beforestartingtheprogranthestateof thememoryis [z — 5,y — 7, z — 0], andafterthe
programhasfinishedit is [z — 7,y — 5, z — 5], whichis alsothe meaningof theprogram

ziTx,xl=yY, Y=z

in thestatelz — 5,y — 7,z + 0]. Thesymbol‘'="" is usedfor ‘evaluateso’ or ‘means So,
for operationasemanticsyou canonly look at a programwith a giveninput or initial state,
you cannotsayarything abouta programalone.

1.3 Denotational Semantics

The ideabehindthis semanticss to look at a programas a mathematicafunction i.e. the
effectof aprogramis amathematicafunctionin State— State

e Theeffectof a sequencef statementseparatedby ‘; ’ is the functionalcompositionof
theeffectsof theindividual statements:

Sds[[31J 32]] = Sds[[SQ]] OSds[[81]]
(Noticetheinversionof s; ands,.)

e Theeffectof astatementz : = y’ is afunctionin State— State suchthatthe new state
is identicalto theold stateexceptthatthe (new) valueof z is equalto the (old) valueof y.

Sasllz:=vllsy = sy, ify#x
= w, otherwise

For our exampleprogram noticethat
Sasllz:=z;z:=y; y:=2] = Syslly: = 2zl 0Sysllz: = yll 0 Sysllz : = =]
and,therefore

Sgsllz:=z;z:=y; y: =201 ([zx = 5,y = 7,2 — 0]

Syslly: = 2loSysllz: = ylloSysllz: = 2]l ([x +— 5,y — 7,2 — 0]
Saslly: = 208ysllz: =yl ([x — 5,y = 7,2 — 5]

[ ]

]

Syslly : —z]](xr—>7,yr—>7,z+—>5
[t T,y—5z2—5

For denotationabemanticsthe meaningof a programdepend®nly on the pogramitself. No
stateinformationis neededo establisra meaning.



1.4 Axiomatic Semantics

Axiomatic Semanticglealswith the partial correctnesgwith respecto Pre- andPost-condi-
tion) of agivenprogram.
Take the statement

{r=n&y=m}lz:i=z,z:=y,y:=2z{z=m & y=n}
thatexpresseshatif + = n andy = m, thenz = m andy = n after the executionof the
programz:=z;z:=y; y:=2z2".

Let

Pl): {e=n&y=m}z:=z{z=n& y=m}

P2): {z=n&y=m}z:=y{z=n& x=m}

(

(

(P :{z=n&y=m}lzi=z,z:=y{z=n& z=m}

(PA): {z=n&z=m}y:=z{y=n& z=m}
(PS):{z=n&y=m}lz:=z;z:=y,y:=2z{y=n& z=m}

Thenit is easyto seethatwe candeduceP3 from P1 andP2, andP5 from P3 andP4, so
for thiskind of programthe axiomaticapproactworkswell.
But how to work on

{r=n& y=m}whiletruedoskip{y=né& z=m}

IS noteasyto see.

2 Induction

Many of the definitionsand propertieswe are aboutto study dependheavily on induction.
Not only is the majority of our definitionsinductive in nature,also mostof the proofsare
inductive. Sincethekind of inductionwe useis of a moregeneralnaturethanjustinduction
over numbers,beforediscussinghe real topic of this course,we have a closelook at the
principleof induction.

2.1 Mathematical I nduction

Theprinciple of Mathematicalnductionover the setiN of naturalnumbersstates:to prove a
propertyP(zx) for all naturalnumbersf sufficesto shaw:

(Basecase : Prove P(0).

(InductiveCasg : For everyk, usingtheassumptionhat P(k) holds,prove P(k+1); in other
words:prove P(k) — P(k +1).



Thesetwo proofsgive you the‘right’ to saythat P(n) holdsfor all n.
In Logic theprincipleof inductionover N is formalisedasfollows:

P(0) VEeN[P(k) — P(k+1)]
Vn € IN.P(n)
(It shouldbe notedthatthe Principleof Induction

VP ( P(0) & Yk € N[P(k) — P(k+1)] ) — Vn € N.P(n) |

is notatheoremj.e. it doesnotgetaproofin mathematicslf anything, it is anaxiom,thatis
assumedo betrue. Statingthatit is a principle is better though,becausedt canbe extended
to all inductiely definablestructuresaswe will seeshortly)

Theorem2.1 7 ,i* = (n X (n+1) x (2n+1))/6.
Proof : By inductiononthe structureof IN.
(Basecasg : Immediatesince0 = (0 x 1 x 1)/6.
(InductiveCasg : yhli? =
(B0 %) + (k+1)?
(kx (k+1)x (2k+1))/6 + (k+ 1)
(kx (k+1)x (2k+1)+6(k+1)%)/6
(2k3 + 3k* + k + 6k* + 12k + 6) /6
(k+1)x (E+2)x (2k+3))/6

|
T

Noticethatin the secondoartof the proof, we areproving
SEL2 = (k+1) x (k+2) x (2k+3))/6
andthattherewe usethe hypothesiqi.e.,assumehatit is truewithout checking)
Y oi?=(kx (k+1) x (2k+1))/6,
sothatformally we prove thatthefirst is implied by the second.

Exercise2.2 Provethat,for ary naturalnumbern, thatthereareexactly n! permutation®f n
objects.

2.2 Why doesthiswork?

Theprincipleof inductionis anacceptegroof method becausgou can‘see’thatit works. If

you needto shav thatVn € IN.P(n) holds,thenyou couldjust producea new prooffor each
nev numbergiven. But, of course it would be moreconstructve to have a methodthat, for

everyn € IN, shavsthat P(n) holds.Normally therearevariousmethodssometimesgou can
evenshav P(n) directly (like, for example,for the statementn € N — n+1 € IN). But if

youwould prove P(0), and,for very k € IN, you have amethodto extenda prooffor P(k) to

onefor P(k+1) (theinductive step),then,if askedfor a prooffor P(n), it would sufice to

give the prooffor P(0) andextendit n times. In a certainsenseijf you automatehe method
thatbuilds the extensionof the proofof P(k) to P(k+1), thenyou couldbuild asystemthat,
giventhenumberm, produceghe prooffor P(n) from theprooffor P(0).



The secretis twofold. Firstof all, in theinductive stepwe areonly interestedn the proof
thatwe canextenda proof of P(k) to onefor P(k+1). If P(k) itselfis trueis of no concern,
theonly thing thatis of interests:

if P(k), thenP(k+1).

This meanghatwe arelooking to prove theimplication andwe areallowedto assumehat
P(k) holds. If from this assumptiorwe shov P(k+1), we have shavn the implication to
hold. Normally, insertingtheassumptionn your proof structureis called‘by induction’ (and
not ‘by inductionhypothesis’),andhighlightsthe factthatyou usethe liberty to assumehat
P(k) holds.

Secretnumbertwo lies in the factthatyou cando it for everyn € IN, sincethe setIN of
naturalnumberssatisfies:

e 0N
o if z €N, thenz +1 € IN.

andIN is the leastsetwith both of theseproperties so the methodsketchedabove doesnot
missouton certainnumbers.

Usually onewould write * Proof: by inductiononn’, but the correctformulationis ‘ Proof:
by inductionon thestructue of natural numbes'.

ThatIN is indeedthe smallestsetthatsatisfieghesecriteria,is shavn by thefollowing:

Theorem 2.3 SupposeX satisfieghe properties
e 0eX
o ifze X, thenx +1€ X.

theniN C X.

Proof : Wewill shawv: Vn € IN.n € X, by mathematicainductionover IN. Take & € IN. From

thedefinitionof IN, eitherk = 0, ork = k' + 1, with ¥’ € N. Toshav: k € X.

(k =0) : By definitionof X, wehave( € X.

(k=K +1): Sincek’ € N, by inductionalsok’ € X. Then,by definitionof X, alsok +
le X.

So,forallk €N, ke X.

Exerise2.4 Provethat,for every evennumbern, n x k is evenfor ary naturalnumberk.
Not every (correct)statemenbver numberdgs proved by induction:

Theorem 2.5 Thele are infinitely manyprimenumbes.

Proof : Take P to bethesetof primenumbersandwrite #P for its size. We will shawv that
#7P is notfinite, by shaving thatthereis non suchthat#P = n.

So,suppose#tP = n, andletP = {p,,...,p,}. Definem = (p; x --- x p,) + 1. Then
eitherm is prime,andobviously m /€ P, or thereis a prime numberp’ andnumberg such
thatm = p’ x ¢q. Now thequestionis: is p’ € P? Supposet is, sop’ = p;, for somel <i<n.
Sincep; | m, alsop; | (p1 X - - - X pp) + 1. Obviouslyp; | p1 X --- X p,, Soalsop; | 1. Thisis
impossiblesop’ /€ P.

Sothereis non suchthat#P = n, SO#P is infinite.



2.3 CompleteInduction

An alternatve to therule for inductionis the principle of Completelnduction(courseof val-
ues:
To prove apropertyP(z) for all naturalnumbers:

(Basecasg : Prove P(0).

(InductiveCaseg : For every k, ontheassumptiorthat P(7) holdsfor every i smallerthanor
equalto k, prove P(k+1); in otherwords:prove (Vi<k . P(i)) — P(k+1).

Also thesetwo proofsgive youthe‘right’ to saythat P(n) holdsfor all n.
In Logic:

P(0) VEk.[Vi<k.P(i) — P(k+1)]
Vn.P(n)

Theorem 2.6 Thesetwo principles of induction coincide i.e. acceptingone principle you
canshowthe otherholds,andviceversa.

Proof : Theproofhastwo parts.Firstwe shav thatCompletdnductionimpliesMathematical
Induction,andthenwe shaw thereverse.

e Let P beapropertyandassume
P(0) (1)
Vk . P(k) — P(k+1) (2)

We have to shaw thatVn.P(n). We canreachthis resultusingCompletelnduction,but
thenwe needto shaw first that

V. [(Vi<k. P(i)) — P(k+1)] 3)

For every k, thisis animplication, thatis shavn asfollows: assumeyi <k . P(i), then,
in particular P(k), and, by assumption2), we have P(k+1). So(Vi<k . P(i)) —
P(k+1), for every k, sowe have Vk.[(Vi<k . P(i)) — P(k+1)]. SincealsoP(0) by
(1), we getVn.P(n).

e Let P besuchthat

P(0) 4)
Vk . [(Vi<k . P(i)) — P(k+1)] (5)

We have to shawv Vn.P(n). We canreachthis resultusingMathematicalnduction,but
thenwe needto shaw first that

Vk.[P(k) = P(k+1)] (6)

Let Q(n) bethepropertydefinedoy Vj <n.P(j). Wewill shav Vn.Q(n), usingMathe-

maticallnduction,sowe will shawv ¥n.[Vj <n.P(j)], so,in particular Vn.P(n).

(Basecasg : Q(0) =Vj<0.P(5) = P(0), soQ(0) holdsby assumptior{4).

(Inductivecasg : ToproveQ(k) — Q(k+1), forall k, firstassumé) (k) = Vj <k. P(j).
Then,of coursealsoVj<k+1.P(j), so,by assumptiorf5), P(k+1), and,therefore,
Vji<k+1.P(5) = Q(k+1).

Sovn.Q(n).



2.4 Other induction

In generalwe will definemary setsrelations.. .., astheleastonessatisfyinga setof condi-
tionsor rules.

Example2.7 Ev, thesetof evennumbersis theleastsetsuchthat:

e 0cEV

e if k € Ev,thenk+2 € Ev.

Whenlooking to prove a propertyfor all n € Ev, we can,asmuchasfor the setiN, use
induction. The principle of inductionfor Ev getsformulatedasfollows: to prove P(n) for all
n € Ev, you
(Basecase : Prove P(0).

(InductiveCasg : For every k, usingtheassumptiorthat P(k) holds,prove P(k + 2).

Example2.8 If n € Evandm € Ev, thenn+m € EV.

Proof : Take P(x) to be Vm € Ev.[z+m € EV. We will shav P(z) by induction on the

structureof Ev.

(Basecasg : Vm € Ev.[0+m € EV]. Inmediate.

(InductiveCasg : Toshaw: Vm € Ev.[(z+2)+m € EV. By induction,Ym € Ev.[z+m € EV].
Then,by the secondpartof thedefinitionof Ev, alsoVm € Ev.[(z+m) + 2 € EV|. Since
(z+m) + 2 = (z+2) + m by associatiity of +, we aredone.

Sowe have shavn Yz € Ev.P(z), whichis Vn € Ev.¥m € Ev.[n+m € EV].

2.5 Structural induction

Our definitionsoften definesetsof objectswhich are syntacticor have significantstructure,
in the sensahatthey aredefinedinductively A ‘proof by induction’ over sucha setis then
known asa ‘proof by structurainduction’. Take for examplethedefinitionof listsovernatural
numbersList(IN).

e [] e List(IN).
e If n €N, andl € List(IN), thenn : [ € List(IN).

Noticethatthis definitionis inductie. Implicit in thisdefinitionis that*:’ is alist-construc-
tor that,givenanumberandalist of numbersproduceslist of numbers.
A very commonpresentatiomf theinductive definitionabove is to userules

premises

conclusions
with theintendedmeaning:

if all thepremisesold,thensodo theconclusions
Usingrules,thedefinitionof List(IN) thenbecomes
nelN 1eList(IN)
[] € List(IN) n : 1 € List(IN)




Usingthecornventionthatn is alwaysin IN, we canomit thepremises: € IN.

In this caseaninductive proof thatthe property P(7) holds,for every[ € List(IN), would
follow:

(Basecase : Prove P([]).
(InductiveCasg : AssumingP(l), for everyn € IN, prove P(n : 1).

Example2.9 Takethe‘Miranda’ program

maxi mum [ ] =0
maxi nrum (a: x) = a, a >=n
n

where n = nmaxi num X

length [ ] =0

length (a:x) =1+ length x
sum [ ] =0

sum (a: x) = a + sumx

then,usingthedefinitionof List(IN) givenbefore ,we canprove: let

P(l) = suml<maxi muml x | engt h{,

thenfor all I € List(IN), P(1).
(Basecase : P(][]) istrivial, sincesum[] =0.

(InductiveCasg :
sum(n : 1)

n + suml

IA A

n+ maxi muml x | engthl
maxi mum(n : ) + maxi mum(n : I) x | engt h
maxi mum(n : 1) x | ength (n : 1)

2.6 Thegeneral case

As mentionedbefore,the principle of inductionextendsto every ‘inductive’ structurej.e. to
every setX definedin termsof

(Basecase : Someconstantsi, ..., a,, areassumedo bein X.

(InductiveCasg : Thereis alimited numberof constructos C1, . .., Cy,, that,givenanum-
berof elementof X, produceanotherelemeniof X:

if t1,...,ty, € X,thenCy(t,...,t,,) € X.
if t1,...,tn, € X, thenC,,(ty,...,t,,) € X.

(Closue) : X is definedasthe smallestsetsatisfyingthe above two rules.



It is commonto not separateonstantfrom constructos, but ratherto treatconstantsas
constructorof arity zero,anddealwith both constantsandconstructorsn onego. We will
usebothexpressionswhenaer corvenient.

Becausef thethird rule, the generaform of structuralinductionstateghatto prove P(x)
for all elementse € X, it is sufficientto:

(Basecasg : Prove P(a;) upto P(a,,).

(InductiveCasg : For every constructoiC;, assumindhat P(¢;) upto P(t,,), prove thatalso
P(Ci(t1,...,tn,))-

Example2.10
E := zero|E, x Ey|(E)
or, alternatvely
E,eExp E,cEXp E e Exp
zero € Exp E; x E; € Exp (E) € Exp

Constructorsn thiscaseare‘- x -’ and‘(-)’, and‘zer o’ is aconstant.

Property2.11 All element®f Exphavethesamenumberof left parentheseandright paren-
theses.

Proof : Inductionon the structureof elementof Exp.

(Basecase : Thenumberof parentheseis zer o is 0.

(InductiveCasel) : E = E; x E,, andby inductionwe canassumehe propertyto hold for
both E; and E,. Let the numberof left (andright) parenthesem E; ben;, andthatin
E5 beny. ThenFE hasn; + ny left andn; + ny right parenthesesothe numberof left -
andright parentheseis E is equal.

(InductiveCase?) : E = (E;), andby inductionwe canassumehe propertyto hold for E;.
Let the numberof left (andright) parenthesem E; ben, thenE hasn + 1 left (right)
parenthesesothenumberof left - andright parentheses E is equal.

We occasionallyneedto do a proof by structuralinductionover a numberof domainssi-
multaneouslylike

S = xEx
E = +85|xx

Exercise2.12 All S-valueshave anevennumberof occurrencesf the x-token.

We have informally usedrulesin ourinductive definitions:
premises

conclusions
With theintendedmeaningof:

if premisesthenconclusions

10



But sincepaperis patient,careis needed\Whatsetis definedby:

neX
n+3€eX
or:
neX n+2eX
0eX n+2eX ngX

We candefinemary relationsusingrules.

In fact, every ‘object’ thatis definedin termsof ‘if ... then...’ canbeformulatedusing
rules.They areavery cleanandprecisenotationfor definitionsthatwould otherwiseiake upa
lot of words. However, oneimportantthing to noteis that, usingsystemslefinedby rules the
nature of the objectswe work with changes Whenwe wantto prove propertiesof a system
thatis definedonly in termsof ‘if ... then...’, we would needto follow thatstructure When
usingrules,however, the objectsover which you prove becomereesconstructedy applying
therules,alsocalledderivations

2.7 Howtouserules

We will now focuson the particulardetailsinvolvedwith usingrulesto defineinductive sets.
As an example,we take the definition of (Implicative) Logic (IL), wherewe derive state-
mentsof theshapd” - A, whoseintentionis ‘T showsA’, or ‘fromI” wecandeduceA’.

TU{A}F B THA-B THA
(AX) m(AGP) (=) —— = (—E
' A—-B '-B

How to readthesethreerules?They describehow to build derivations Thefirst, Ax, states
that,for ary setI” of formulae,if A occursin T, then

— (AeD)
I'HA

is acorrectderivation. Moreover, supposeve have constructech derivation D thatendswith

(orderived ' U {A} - B.
NEW

ru{A}+B

thenby the secondule (—1), we will createa correctderivationwhenwe draw aline under
neathit, andputthelineT" - A— B underit all.

N
rv{A}+-=B

'+ A-B
(Noticethat A hasmovedfrom left to right.)
And, similarly, if we havetwo separateervationsD; andD,, onewith lastlineT’ - A—B,
the otherwith lastline I - A, thenby the lastrule (—E), whenwe drav aline underneath
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themboth,andputtheline I" - B underit all, we obtaina correctderiation.

\L/ M
' A—>B 'FA

I'-B

Thesethreestepsarethe only permittedto constructderivations;in otherwords: the set
of derivationsfor IL is the smallestsetclosedfor the threederivationconstructos, therules
(AX), (—1), and(—E) givenabore.

Officially, the correctdenotatiorfor objectsdefinedby theseruleswouldbe D :: T' + A,
meaningthat D is adervationwith lastline I' - A. However, it is morecommonto useonly
theexpressioml = A whenspeakingof objectsin IL. Thisthenis meantto saythat

Theee existsa derivationbuilt usingthethreerulesabove thatendswithT' - A.

since,normally we arenotinterestedn theactualstructureof thederivationshaving I' + A,
but only in thefactthattheformulais derivable.

However, whenyou areaiming to prove propertiesof IL inductively, the actualstructure
of dervationsbecomesmportant. In fact, ary (suitable)propertyover expressionsn IL is
actuallya propertyover derivationsandcannormallybe provenby inductionon the structue
of derivations Therefore globally, the structureof the proof would be the sameasdiscussed
aborve,i.e.first prove the propertyto hold for thebasecasesandthenfor theinductive steps.

We canpresenthe proofin aslightly differentway, by giving it thefollowing structure.
Proof: By inductionon the structureof derivations.We focusonthelastrule used.

(AX) : Herethederiationis nothingbut anapplicationof rule Ax

— (AeT)
T A

Thisis thebasecaseof theinduction,andyou needto shav directly thatthe propertyto prove
holdsfor this derivation.

(=) : Inthiscasewe have adervation D’ of thestructure
\L/
r'u{A}+B

I'+A—B

Thederiation D with conclusiorl” U {A} - B is asubdenationof D’ forT' - A—B, and
sois smallerin the senseof the inductive structure.Now we canassumehatthe propertyto
prove holdsfor D, andusethatto prove thatthe propertyholdsfor D’.

(—E) : In thiscasewe have aderivation D’ of the structure

\ D, / \ D, /
'-A—-B A
I'-B
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Again,thederivationsD; and D, aresubdenationsof D’, andwe canassumehatthe prop-
erty to prove holdsfor both,andusethatto prove thatthe propertyholdsfor D'.

In eachcasewe canusethefactthatwe knowv whatis thelastrule applied,which givesusnot
only existenceof the subdenvations,but alsoall otherpropertieghatarespecifiedn therule.

Noticethatthisis, in approachsuficient for acompleteinductive proof. The basecases
coveredby thefirst part, since,whenthelastappliedrule is Ax, this is exactly the basecase
of thedefinitionof derivationsin IL. Theothertwo caseslealwith the constructorstherules
thatshav how to construcinew derivationsfrom thosethatalreadyexist.

Exercise2.13 e Theheightof a derivation D, height(D), is inductively definedby (we
focusonthelastrule applied):
(AX): ThenD :: T'+ A, whereA €T, andheight(D) = 1.
(—=l): ThenD :: '+ A—B, andD hasasub-denationD’ :: T' U {A} - B. Then
height(D) = height(D’) + 1.
(—E): ThenD :: T+ B hastwo sub-dewationsD; :: '+ A—»B andD, :: T+ A.
Thenheight(D) = max(height(D, ), height(D5)) + 1.
e Thecompleity of aderivation D, comp(D), is inductively definedby (we focuson the
lastrule applied):
(AX): ThenD :: T'+ A, whereA € T', andcomp(D) = 2.
(—=l): ThenD :: T'+ A—B, andD hasasub-denationD’ :: T' U {A} - B. Then
comp(D) = comp(D’) + 1.
(—E): ThenD :: T+ B hastwo sub-dewationsD; :: T+ A—»B andD, :: T + A.
Thencomp(D) = comp(D;) + comp(Dy).
Shaw that,for all derivations,heigh{ D) < comgD).

2.8 (Apparent) Static and ReverseInduction

Theobsenrationsmadeabove canbecomecrucialwhentrying to prove propertieoversystems
definedwith rules.
Take, for example,the (notsovery exciting) systemdefinedby:

A~B N~ N N~M N~P

Again,writing M ~ N meanghatthereexistsaderiationthathasthatformulain thebottom
line.

Exerise2.14 Show: If M ~ N, theneitherM = N,orM = AandN = B,orM = B
andN = A.

In this exercise the only pointof difficulty couldbethethird rule.

Exercise2.15 Let X bedefinedby:
neX neX

0eX n+3eX n—5eX
Shawv thatN C X.
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2.9 Alternatives

Using the definition of ‘height of a derivation’ suggestedbore, the ‘ proof by inductionon
the structue of derivations could be replacedby a ‘proof by induction on the heightof a
derivatiori. Noticethatthenyouwould needthe ‘courseof values’variantof the principle of
inductionfor this techniquesince,in generala sub-denation doesnot have a heightthatis
preciselyl smaller(see for example rule (—E)).

Sometimeghe structurewe dealwith hasthe specialpropertythatall rules have exactly
onepremise.Thena*proofbyinductionon the structuse of derivations couldbecomé proof
by inductiononthelengthof thederivationi.

Becausef thesetwo obsenations,you canarguethatanykind of inductionis essentially
inductiononN. It is thereadabilityof proof, togethemwith the specificobjectsyou prove over,
thatdecidewhich appearanctheinductive proofwill have.

3 Syntax

We will presentour semanticsn termsof the Abstiact syntaxof a programminganguage.
Thisin contrasto normalprogrammindanguageshataredefinedin theconcetesyntax;the

pointis thatdetailsthatareimportantto programmerdjk e how to exactly write anumbey can

beignoredfor our purposes.

3.1 Concrete syntax

The Conceete syntaxdefinesthe sequencesf symbolsallowablein a syntacticallycorrect
program:

(exp) == (num | (exp)(op){exp)

op) u= +|—|x]|/

(num == (digit)|(digit)(num
(digit) == 0]1]2]3|4]5]|6|7]8]9]0

This syntaxgivesa suficient specificationof numbers.Notice, however, that althoughit
allows usto parseall permittedexpressionsthis particulargrammaris not preciseenough,
sinceit is ambiguouswheninterpreting the expressiongo understanavhatvaluethey stand
for, i.e. to understandheir semanticsjt is not clear what the intendedprecedencef the
operationss in, for example,the expressiord x 2 — 1, andneitherthe associativityof the
operationss clear

Insteadtake

(exp) == (num | ({exp){op){exp))

{op) == +|-1Ix]|/
(numy == (digit)|(digit)(num
(digit) == 0]1|2]3]|4|5]|6|7|8]9]0

Thebracletingnow forcesthecomputationandit will beeasierto definea correctseman-
tics.
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Exercise3.1 Considetthefollowing AbstractSyntax:

n € Numeal
x € \Variables
a € ArithmeticExpressions
b € BooleanExpressions
p € ProcedueNames
D, € DeclardVariables
D, € DeclardProcedues
S € Statements

2= n|xz|ar+ax|a;—az|a Xag

b == true|false|a;=as|a; <as|-b|b & by
D, == varz:=a; D,|e¢
D, == procpisS; D,|e

S = z:=a|skip|Si; S2|if bthenS;elsesS,

| whil ebdo S| beginD,D,Send|call p

Shaw thatany programin thelanguageénasthe samenumberof begi n and end tokens.

3.2 Abstract syntax

The Abstract syntaxformaliseshe AllowableParseTrees
For the previous syntaxfor numbersthe abstracsyntaxspecifieghe syntacticcategories

e € exp
op € Op
n € Numenl

andthedefinitions
op = +|=|x|/
e == n|(e opey)

(The secondine shouldbe readas: ‘An expressionis eithera numbey or composedf two
expressionsvith anoperationn betweerthem’.)

Thesetwo (syntacticcategoriesand definitions)togetherare sufiiciently precisefor our
purposesNoticethatthe maindifferencebetweerthe concreteandthe abstracsyntaxis that
in thelatterwe leave thesyntacticconstructiorof numbergelement®f Numeal) unspecified.
In this way, we abstracfrom their actualsyntax(hencethe nameabstiact syntax). We also
assumehatour alphabebf symbolsis infinite: » is usedasa meta-ariable,a placeholder
for any number andwe have no rule specifyingthe syntacticstructureof numbersnor ary
informationonthesetNumeal.
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4 Natural Semantics

We will now startconcentratingon the semantic®f a (toy) programmindanguage\Wi | e.
Thefirst semanticave will studyis calledthe Natural Semanticsit cariesthathamebecause
it is concentratingn the ‘result’ of a program,which is the naturalthing to study We will
introducethis semanticsn stages.First we defineNatural Semanticof Arithmetic Expres-
sions,which givesusthe possibilityto getacquaintedvith notationanddo someelementary
proofs,beforefocusingonareallanguage.

The syntacticcateyoriesusedfor the definitionof arithmeticexpressionare:

a € ArithmeticExpressions
n € Numeasl
x € \ariables

whereVariablesis supposedo be aninfinite setof variablenamesThe definitionsare:

a == nl|z|(a+ag)|(a; —az2)| (a1 X as)

4.1 Natural Semanticsof Arithmetic Expressions

NaturalSemantic®f ArithmeticExpressionss definedasa transitionsystemover thefollow-
ing two kindsof configurations:

{(a,s) — ArithmeticExpressionandstate
v — aninteger (in Z, thefinal state)

Noticethatwe considertwo setsof ‘numbers’in this course.

e Numeal, thatstandgor the syntacticrepresentationf numbergwithout specifyinghow
numbersarewritten).

e Z, thesetof integersthatarethe actualnumbersor values syntacticallyrepresentethy
elementof Numeal.

Of coursewhenwriting down anelemenbof Z, we needto usesomesyntax. For example,
the forty-secondpositve numbercanbe representeth differentways,dependinghe chosen
SyntaX. Onecould have 4219 = 1010104 = 2224 = 525 = 2A16 = 1049. We will usethe
normaldecimalnotationfor both,andto distinguishbetweerour syntaxandthatof elements
in Numeal, we will underlineif necessarySo,4 € Numeal is a syntacticrepresentationf
thefourthnumbeyand4 € Z is its actualvalue. Sometimesalternatvely, we will useN [ ],
soN [4] = 4 is thefourth elemenbof IN.

In the NaturalSemanticsve areconcernedvith therelationbetweertheinitial andfinal
state,denotedby: (a,s) — v (remembeitthat a statemapsvariablesto values,andthatan
arithmeticexpressiorshouldrepresenavalue).

Therulesthatdefinethe NaturalSemanticgor Arithmetic Expressiongre:

(a1,8) = v1  (ag,s) = vg

(NUMns) (VARns) (OPns)

<’I’L,S>—)Q <x73>—>3$ <a1 op 0,2,5>—>01%’02
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where‘op’ is ary of ‘+, x, —". We will omit the bracletsaround(a; op a3) when&er con-
venient(like for the outermospair).

Noticethat,in rule (Numps), bothn andn areused.Similarly, in rule (opps), bothop and
op areused.Thefirst, op, is the syntacticrepresentatioof the intendedoperationwhereas
op is the actualoperation thatlivesin the semanticsetting. Sincewe mapon to the ‘real’
world, we canimmediately— or wheneer corvenient— performthe actualcalculationthere.
Thisimpliesthat,normally, (3 x 4) + 8 is notwrittenin our notation;insteadwe will write
the‘result’ 20.

Also, noticethatthe NaturalSemanticsnapspairsof (expressionstatg to avalue anum-
berin Z. Thisimpliesthata stateis amappingfrom variablesto the ‘real world’ of Z.

Example4.1 Supposegouwould wantto know thesemantic®f (3 x z) + 8, in astates such
thatsxz = 4. Sincethe semanticgs definedusingrules,whatyou needto do is to build a
deriationthatgivesyouthedesiredresult.

You know thatthelastline in this derivationwill be of theshape

((3xz)+8,s) =7
Thisleavesno choicefor thelastrule applied:(+ns).
(3xz,8) =7 (8,8) =7

(3 x z) +8,5) =7

which leavesuswith thetaskof finding derivationsfor both (3 x =) —? and(8) —?. Forthe
first, again the syntaxof the expressioninvolved tells usthatthe lastrule appliedmusthave
been(xns).

(3,8) =7 (z,s) =7

(3 x z,8) =7 (8,s) =7

((3xx)+8,8) =7

Sowe only needto find the deriationsfor (3, s) —7, (8) —7, and(z,s) —?. Of course,
by rule (Numps), thisis easyfor thefirst two. We userule (vARps) for thethird, andusein the
dervationthatwe know thats x = 4. Noticethatthisis amathematicaéquationsos xz and4
represenéxactly thesamevalue,andcanbeusedboththere.Since4 carriesmoreinformation
to ushumanbeingswe preferto write the actualnumberover a mysteriousexpression.

We canfor thesethree (sub)dewationsfill in the openplacekeptby ‘7', and usethese
resultsto fill in theopenplacesbelon. Thuswe obtain:

(3,8) = 3 (x,s) > 4

(3xz,8)—12 (8,5) — 8

(3xz)+8,s) —20

In what follows, we will often omit the underline,if from the immediatecontet it is clear
if we intendthe syntacticrepresentatioor the semanticvalue. Thenthe previous derivation
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becomes:

(3,5) = 3 (x,s) =>4

(3% z,8) — 12 (8,8) — 8

((3xx)+8,s) —20

Exerise4.2 Write down asuitableabstracsyntaxfor decimalnumeralsanddefineaseman-
tic function / which mapsnumeralgo integers.

4.2 Determinism

The Natural Semanticdor naturalnumbersis deterministic,i.e., thereis only one possible
derivationgivenanexpressioranda state:

Theorem 4.3 If (a,s) — v and(a,s) — v/, thenv = v',

Proof : Assume(a, s} — v. Thenby definition,thereis aderivationthathasthisatthebottom
line. Theproof goesby inductionon the structureof dervations,wherewe focuson thelast
rule applied.

(NUMns) : Thena € Numeal, saya = n, andv = n. Theonly way to derive (n,s) — v’ is
by aderivationconsistingonly of rule (NumMps), soalsov’ = n.

(VARps) : Thena € Variables saya = z, andv = sz. Theonly way to derive (z,s) — o'
is by a derivationconsistingonly of rule (VARps), soalsov’ = s z; sinces is afunction,
v =w.

(opPns) : Thena = (a; op az2), v = v; op vy, andthereare sub-dewationsshaving both
(a1,8) — vy and{as,s) — wv,. Likewise, (a; op as,s) — o' canonly be obtained
via a derivationthatendswith rule (orns), andagain therearesub-denationsshaving
(a1, s) — vy and{aq, s) — vy. Now, by induction,v; = v] andv, = v}; thereforealso
(v1 op vg) = (v} op v}), SoOv = v'.

Exercise4.4 TheNaturalSemanticgor Arithmetic Expressionss terminatingj.e.,for every
a € ArithmeticExpressionsfor all statess, thereis av suchthat(a, s) — v.

4.3 Denotational Semanticsfor Arithmetic Expressions

We modelthememory(or store)of themachineonwhichwe areto runaprogramby functions
of type
State = \ariables— Z.

TheDenotationalSemantic®n ArithmeticExpressionss atotal function
A : ArithmeticExpressions— State— Z.

In defining.A, we will (asabore), whenneededunderlineto give meaningto the syntactic
representationf thenumberandoperations.

Allnls = n
Allzls = sz
Alla; op aills = Allaill sop Allaill s
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Example4d.5 Suppose x = 3. Then:

Alz+101s = Alzls+ Al1ls
= sr+1
= 3+1
4

Exercise4.6 Shaw thatthe NaturalSemanticendthe DenotationaBemantic®f Arithmetic
Expressionsreequvalent.

4.4 Freevariables

Thefreevariablesof anexpressioru € ArithmeticExpressionsFV (a), is the setof variables
occurringin a andis inductiely definedby:

FV(n) = 0
FV(z) = {z}
FV (a1 op 0,2) = FV (0,1) U FV(GQ)

Theorem 4.7 Let s and s’ be two statessatisfyingsz = s'z, for all x € FV(a). Then
Allal s = Allal 5.

Proof : By inductionon the structureof termsin ArithmeticExpressions

(a=n): Allnlls=n= Alnl s

(a=2z): Allzll s = sz andA[[z] s' = s'z, by definitionof A. SinceFV (z) = {z}, we get
sz = s'z, andthereforealso A [z s= Alz] s'.

(a; op a;)) : By definitionof A, we have Alla; op a1l s = Alla1]l s op Alla;ll s, as
well asAfla; op a1l 8 = Alla1]l s’ op Allaill s'. SinceFV (a;) C FV (a; op a;), the
statess ands’ agreeon botha; anda,, so,by induction,we have A[a.]l s = Alla;] &’
andA[[a.]l s = Alla.]l s'. ButthenAlla.ll s op Alla:ll s = Alla:l s’ op Alla1] ¢, so
alsoAlla;, op a1l s = Alla; op a1l s'.

(a

45 ThelanguageWi | e

We will develop varioussemanticdor a basicprogramminglanguage called Wi | e. Its
abstracsyntaxis givenby:

a € ArithmeticExpressions
n € Numeasl
x € Variables
b € BooleanExpressions
S € Statements
a == nl|z|(a+ag)|(ag—az2)| (a1 X as)
b == true|false| (a1 =a2)| (a1 <az)|(=b)]| (b1 & by)
S = z:=a|skip]|(Si;S2)|(whilebdoS)|(if bthenS;elseSs)

We will normallyonly write thosebracletsthatarenecessaryo avoid confusion.
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Example4.8

y:=1;while—-(z=1)do (y:=yxz;z:=2—1)

4.6 Semanticsof Boolean expressions

Below, wewill definethe NaturalSemantic®f thelanguagami | e. Beforewe cometo that,
we needto definethe DenotationalSemanticof BooleanExpressionsas a function of the
following type:

B . BooleanExpressions— State— T

whereT = {it, ff}, the setof (semantic}ruth values— asfollows:

Blltruells = tt
Bllfalsells = ff
Bla; =alls = tt,if Ala1]ls = Alla.] s
= ff,if Alla1]ls # Alla.]l s
Blla; <alls = tt,if Alla;ls < Allasll s
= ff,if Ala1lls > Allao] s
Bl-bls = tt, if B[b] s =ff

= ff,if B[b] s =tt
B[[bl&bg]]s = tt,|fB[[b1]]S:tt&B[[b2]]S:tt
= ff, otherwise

Alternatively, since A[[a;] s = Alla.] s livesin the semanticworld, and hasthe same
valueastt if bothvaluesareequal,we candefinethe semanticdik e this:

Bltruels it
Bllfalsells = ff
B [[(11 = a2]] s = (A [[a1]] s = A[[a2]] S)

Bllai <adls = (Allalls < Allasl s)
Bl-bls = - (B[l s)
B [[bl & bg]] s = (B [[bl]] S & B[[bg]] S)

4.7 Natural Semanticsof Wi | e

We will now presenthe NaturalSemanticof Whi | e. This semanticss definedasa binary
relationbetweerconfigurationsthataredefinedbeingeither:

(S,s) — Sistobeexecutedrom states,
s — aterminalstate,orvalue.
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Transitionsfrom the initial pair to the terminal stateare denotedby (S,s) — s, andthe
NaturalSemanticss definedby the setof (derivation)rulesbelow:

(a1,8) = v1  (ag,s) — vy

NUM oP
(NUMns) (n,s) > n (0rns) (a; op ag,s) — vy 0P Uy
(VARns) (x,8) > sz (sK1Pns) (skip,s) — s
(a,s) = v (S1,81) = s2 (Sa,82) — s3
(Assns) (comPns)
(x:=a,s) = s[z — v (S1; Sa,81) — s3
F Bl s; = ff
(WHILERS) i1 e bdo S, s) — s ( 1=
(S,81) > s2 (whilebdoS,ss) — s
(WHILE]\S) ' ’ ’ ’ (BBl 51 = tt)
<Wh| lebdo S,Sl> — S3
<Sl,81> — 89
(conpyg) (BIo] 51 = tt)
(if bthen Sy el se Sy, s1) — 8o
<Sz,81> — 89
(CONDF) (B[[b]l s, = ff)

(if bthen Sy el se Sy, s1) — 8o
In rule (Assns), thenotations|z — v] standgor the state(function)definedby

sy = o, ifz=y
= sy, fz#y

Notice thatrule (Numps) is actuallya rule-scheme thereis aninstanceof this rule for every
n € Numeal.

The presenform of therulesneedssomecomments.Notice that, of coursejt is possible
to definethe Natural Semanticof Booleanexpressionsandusethat abore whenwe define
the rulesfor the whi | e -loop andthe conditional. However, sincea booleanexpressionas
suchis nevera statemenin Statementsandtherulesareintendedo specifythe semantic$or
Wi | e, wewill neveractuallywantto derive thesemanticgor aboolearexpression.To have
slightly lesscomplicatedderivationsin the systemwe have usedthe semantic®of a boolean
expressionn a side-conditiorto therule, ratherthanbuild a separatelerivationfor it.

Remarkthatthe samekind of reasoningalsoappliesto ArithmeticExpressions We could,
therefore,have usedthe DenotationalSemanticsfor ArithmeticExpressions A [a]l s, and
have presentedherule

(ASShg) (x:=a,s) = slz— Allal s|

insteadof therules(NuMns), (OPns), (VARns), and(Assns) above.
As before,the rules are usedto constructderivations. In general,whenlooking for the
semanticof a certainstatements in a specificstates, we would first needto constructthe
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derivation,asdoneabove whenlooking for the semanticdor (3 x z) + 8.

N

(S,s) =7

In generalthe syntaxof S guidesthe constructiorof the derivation;looking atits ‘top-level’
syntaxconstructwe know whatthelastrule usedin thedervationmusthave been.

NN/

<Sl,81> —7? <SQ,SQ> —7?

(S,s) =7

This enablesisto build thederiation,filled with “?’, until we will, normally endup looking
for derivationsfor (n,s’) —? or (skip,s’) —?. Theseare easily found, using the rules
(Assns) and(skiPns).

Theonly problemin this approachs the presencef rule (WHlLEIS).

\ >/

(whilebdo S,s) =7

The structureof D dependson the value of B[[b] s, sincethat decideswhich of the rules
(WHILESS) or (wHILERg) hasbeenused.SupposeB [0]] s = tt, thenthestructureof the deriva-
tion is asfollows:

Nn/ N o/

<S, S) —)?1 <V\lh| lebdo S, 71> —)?2

(whilebdo S, s) =75

To find D, we find ourseheswith a problemsimilar to the onewe startedwith; the only
differencebetweerthetwo is the useof ?; in oneand?, in the other And in fact,for some
statementsghis approactdoesnotterminate.Take

NE

(whi l e true do skip,s) =7

SinceB [[t rue]l s = tt for all s, afterthefirst stepwe obtain

N

(skip,sy — s (whi l e true do skip,s) =7

(whi l e true do skip,s) =7

which brings us on an infinite searchfor the derivation D. In fact, sincethe bottom line
of D, (whil e true do ski p,s) —7, is exactlythe sameasthe onefor D,, we getthatthe
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derivationsD andD, mustbeidentical.SinceD, is arealsub-denvationof D, it isimpossible
for D to exist.
Theexecutionof a statemenf on a states

e terminatedf andonly if thereis a states’ suchthat(S, s) — s', and

e loopsif andonly if thereis no states’ suchthat(S, s) — .

Notice thatthesenotionscorrespondxactly to whatyou would expectin reallife, sincethe
programwhi | e t r ue do ski p loopsforever.

Exercise4.9 Constructaderiationtreefor thefollowing Wi | e program.
z:=0;whiley<zdo(z:=z+1;z:=z—y)

in astatewherez hasvalue17 andy hasvalue5.

4.8 Semantic Equivalence

We canusethe semanticdo determinewhethertwo statementss; and.S, are semantically
equivalenti.e. whetherfor all statess ands’:

(S1,s) — ¢ if andonly if (S, s) — s’

Notice thatthis definitionis actuallyover derivations a derivationexistsfor (S, s) — s’ if
andonly if aderivationexistsfor (S, s) — s’; noticethatthesederivationsneednotbesimilar
in shape.

Lemmad4.10 Thestatements

whilebdo S
and
if bthen (S; whilebdoS)elseskip

are semanticallyequivalent.

Proof : Wewill shav that,givenaderivationfor oneresult,we canconstructa derivationfor
the other andvice versa.This impliesthatif a derivationexistsfor the one,thenaderivation
existsfor theother andvice versa,asrequested.

Theproofcomesn two parts.We will shaw that,for all statess ands’:

If (whilebdoS,s) — s, then(if bthen (S; whilebdoS)el seskip,s)— ¢,
and
If (if bthen (S; whilebdoS)elseskip,s)— s, then(whilebdoS,s)— s
i) If (whilebdo S,s) — ¢, thereis aderivationthathasthis asits conclusion.
NEV

(whilebdo S,s) — ¢

Thestructureof D depend®nthevalueof B [4] s, sincethatdecidesvhich of therules

(WHILERS) or (wHILEls) hasbeenused.We have two choices:
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(B[[b]l s = ff) : Thenthestructureof thederivation D is asfollows:

(Bo]l s = ff)

(whilebdo S,s) — s
so,in particular s = s’. Thefollowing is easyto construct:

(skip,s) — s
(if bthen (S; whilebdo S) el se skip,s) —s

(B[[v]l s = tt) : Thenthestructureof thederivationis asfollows:

u

—)81 WhlledeSSI

(B[]l s = ff)

(B[[b]] s =tt)

(whilebdo S,s) — ¢
We cannow construct:

NEVARNEW

) = 81 (whilebdo S,s;) —

(S;whilebdo S,s) — ¢
(if bthen(S; whilebdo S)el seskip,s)—s
i) If (if bthen(S; whilebdoS)el seskip,s)— ¢, thereis aderivationthathasthis

asits conclusion.
\ b /

(if bthen(S; whilebdo S)el seskip,s)—s

,(B[[b]]s:tt)

Again, the structureof D dependn thevalueof B[[b] s, sincethatdecidesvhich of

therules(conpF) or (conp]o) hasbeenusedasthelastrule. We have two choices:

(B[[b]l s = ff) : Thenthestructureof D is asfollows:

(skip,s) — s
(if bthen(S; whilebdo S)el seskip,s)—s

so0,in particular s = s’. Thefollowing is immediate:

(Bo]l s = ff)

(B[]l s = ff)

(whilebdo S,s) — s

(B[[v]l s = tt) : Thenthestructureof D is asfollows:
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NIV

) = 81 (whilebdo S, s) —

(S;whilebdo S,s) — ¢

(B[bll s = tt)
(if bthen (S; whilebdoS)elseskip,s)—s

We cannow construct:

N/

) = 81 (whilebdo S,s) —
(B Mo s = tt)
(whilebdo S,s) — &
Which completeghe proof.

(Noticethatthis hasnot beena proof by inductionon the structureof derivations.)

Theorem 4.11 TheNatural Semanticss deterministic.i.e. if (S, s) — s' and(S,s) — s,
thens! = 5%

Proof : Let D' bethe derivationthatshaws (S, s) — s'. Theproofis by inductionon the
structureof derivations,by focusingon thelastrule used.We only shav someof thecases.
(skiPps) : ThenS = ski p and D! is structuredike

(skip,s) = s

soalsos = s. Likewise,thederivationthatshoms (ski p,s) — s* canonly be com-
posedof (skiPps), Soalsos = s%. So,in particulay s' = s2.

(compns) : ThenS = (S;; S»), andD! is structuredike

Sl, — 391

827 81
<Sl; Sz,S) — 81
Let D? be the derivation that shavs (S;; Ss,s) — s%. The only rule that could have
beenappliedlastin D? is (compps), sothe structureof D? is similar to thatof D*, and

in particulartherearesub-denationsthatshav (51, s) —> sy and(S,, s;) — s2. Then,
by induction,s; = s,, andtherefore again by induction,s! = s2.

(WHILEls) : ThenS = whi | e bdo S;, andD is structuredike

A/

(S1,8) = s1 (whil e bdo Sy, s1) —

(whilebdo S;,s) — s
Let D? be the derivation that shavs (whi | e b do S;,s) — s*. Again, the only rule

(B[[b]] s =1t)
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that could have beenappliedlastin D? is (wHILE]J), sothe structureof D? is similar

to thatof D', andin particularthereare sub-dewvationsthat shav (S;,s) — s, and
(whi | e bdo Sy, s2) — s%. Then,by induction,s; = s, andthereforeagain by induc-
tion, s! = s2.

Exerise4.12 Completethis proof,i.e. write outthe missingparts.

The meaningof statementgannow be summarisedsa (partial) function from Stateto
State
Sns : Statementss State— State

SnsllSls = &, if (S,s) =
= undefined otherwise

This notionis well-defined because¢he NaturalSemantics(:, -) — -, is deterministic.
Note: theabove definedfunctionSnsis truly partial,becausens[[whi | e t r ue do ski p]l s
is undefined

5 Structural Operational Semantics

In StructuralOperationaSemanticstheemphasidies ontheindividual stepsof the execution
(evaluationof operators).t is defined,as NaturalSemanticsby meansof transitions put of
theshape:(S,s) = ~. A differencebetweernNaturaland StructuralOperationalSemantics
liesin thefactthatnow theright-handsideof thetransition,y, neednot bethefinal state but
canbeanintermediateesult.In otherwords:~ is of theform (S’, ') or s’. Theconfigurations
arethe sameasfor the NaturalSemanticsWe saythata configuration(sS, s) is stuckif there
isno~ suchthat(S,s) = 7.
We give the StructuralOperationaSemanticgor Wi | e.

(ASSsod (z:=a,s) = s[z— Allall ¢ (8KIPsod (skip,s) = s
(comrlyy ) (comploy o = B
(S1; S2,81) = (S, 82) (815 82,51) = (S1; Sz, 52)

T Bl s =tt
(CONDsod (if bthen Sy else Sy, s) = (S1,5) ( )

c Blbl s = ff
(CONDSOS) (if bthenS;else Sy, s) = (S,s) ( )

(WHILEsod i le bdo S,s) = (if bthen (S; whilebdos) el se skip,s)
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Examples.1

(x:=1,8) = sjx—1]

(x:=1,y:=2,s) = (y:=2,s[z 1))

(x:=1;y:=2;2:=3,8) = (y:=2; z:=3,s[z— 1))
Usingtheaborerules,it is alsopossibleto derive this resultwith anevenshorterderivation.

(x:=1,s) = sjx—1]

(x:=1,y:=2;2:=3,s) = (y:=2; z:=3,s[z — 1))
Exercise5.2 ExtendtheWhi | e-languagewith the statement
forx:=a;toaydo S

anddefineboth the Natural Semanticsandthe StructuralOperationalSemanticof this nev
construct. You may needto assumehat you have an ‘inverse’to the semanticfunction for
numeralssothatthereis a numeralfor eachnumberthat may ariseduring the computation.
Thesematicgor thef or -loop shouldnotrely onthesemantic®f thewhi | e -loop.

Exerise5.3 Provethatthe SOS-stylesemanticgor Whi | e aredeterministic.
Exercise5.4 UsetheNaturalSemantic®f Whi | e to shav that
Si;if bthenSelsed
is semanticallyequivalentto
if bthenS;; SelseS;; S
providing thatb doesnot dependon ary of thevariablesmodifiedby S; .
Exerise5.5 Provethat,for theWi | e-language,

(S1,8) =" s implies(S;; So,8) =" (Ss, 5').

5.1 Sequences

A (possiblyinfinite) numberof configurationsy,, 71, 72, . - ., suchthaty, = (S, s), v = Vi1
for every 0 < i, is calleda sequencef a statemenft in states.
A derivationsequencef astatement in states is asequencef S in s suchthateither

¢ thesequences finite (of lengthn > 0), and-,, is terminalor stuck,or
e thesequences infinite.

We write y; =* v, if thereis asequencef lengthi form ~,; to v,, andy; =* 7, if there
is asequencef finite length. Noticethaty; =* , (ory; =* v2) notnecessarilyepresents
aderivationsequencesincethatwould requirey, to beterminalor stuck.Also, for eachstep
in thesequencéhereis aderivationtree,asdefinedby therulesabore.
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ForagivenS ands it is alwayspossibleo find 1 derivationsequencérom (S, s): applythe
axiomsandrulesforever until aconfigurationis eitheraterminalor stuck.By closeinspection
of theabstracsyntaxandtherules,it becomeslearthat, for thelanguagéti | e, thereare
no stuck configurationgor the StructuralOperationalSemantics.Sincealsothe Structural
OperationaBemanticgor Whi | e is deterministiqwill beshawn later),it becomeglearthat
thereis only 1 derivationsequencéor eachconfiguration.

5.2 Some properties
Theexecutionof astatement in s

e terminatedf andonly if thereis afinite derivationsequencef S in s.
e loopsif andonly if thereis aninfinite dervationsequencef S in s.

e terminatesuccessfullyf thereis as’ suchthat(S, s) =* s'.

NB: ary terminatingexecutionis alsosuccessfuin Wi | e - this doesnot hold for someof
theextensiondo thatlanguageve will discusdater.
A statemenf alwaysterminateqloops if it terminategloops)on all states.

Theorem 5.6 If (S1; S, s1) =F s5, thenthere existsa states, andnatural numbes &, and
ko sud that <Sl, 81> =>k1 So and <52, So> :>k2 S92, andk = k1 + ks.

Proof : By inductiononthelength(calledn) of derivationsequences.

(n=1):If (S1; Ss,51) ="' 89, then(S;; Sy,51) = s9, S0 thereshouldbe a derivation
shaving thisresult. By inspectingherules,it becomeslearthatthisis not possibleof
all therules,only (AsSsSsog and(skiPsog endwith a single state,andneitheris of the
shapesS; ; S;. Sotheresultholdsvacuously

(’fL > 1) cAf <Sl; So, Sl> =" 39, then<51; Sa, 81> = <53, S3> =n-l s9, for someSs; andss.
By inspectingthe rules, thereare just two possibilitiesfor the last rule appliedin the
derivationfor thefirst step.

(coMPL,d : Sothebottom-encbf thederivationlookslike:
(S1,81) = (51, 83)
(S1; Sa,81) = (S1; Sa,83)

andS; = S}; S,, for somesS;. In particular we have (S} ; S,,s3) ="' s,. So,by
induction,therearesg, n; andn, suchthat

<Si, 83> =™ 3, <Sz, 80> =" g9, andn—1 = n1 + no.

Thenalso (S, s1) = (S},83) =™ s, S0 (S, s1) =™ s0. And we are done:
noticethatn,; + 1 + ny = n.
(comPl,d : Thenthederivationendslike:

<Sl, 31> = S3

(S1; Sa2,81) = (52, 83)
andwe aredone:taken, = 1, andns = n—1.

We saythatstatements; andS, aresemanticallyequivalentf for all statess:
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e (S1,s) =*~if andonlyif (S,,s) =* v wheneer~ is aconfiguratiorthatis eitherstuck
or terminal,and

e thereis aninfinite derivationsequencéor S; in s if andonly if thereis onefor S; in s.

Notethat,in thefirst casethenumberof stepsn thedervationsequencenaybedifferent.
As before,the meaningof statementsannowv be summarisedsa (partial) functionfrom
Stateto State
Ssos : Statementss State— State

SsosllSls = ¢, if (S,s) =*4¢
undefined otherwise

We cannow expresshe equvalenceof the NaturalandStructuralOperationasemantics.

Theorem 5.7 For everystatementS of Wi | e, Snsl[ST = Ssosl ST, i.e., they are equalas
functions so,for everystates, Spsl[S1 s = Ssos[ ST s.

In otherwords: bothterminatan thesamdinal state or bothloop. Thisresultfollowsfrom
thefollowing lemmae.

Lemmab.8 If <Sl,81> :>k S9, then<51; 52,81> :>k <52,82>.

Proof : Inductionover thestructureof thederivationfor (Si, s;) =F* s..

Lemmab.9 Forevery statementS andstatess; andss, (S, s1) — s implies(S, s;) =* ss.
So,if theexecutionof S startingfrom states terminatesn states’ in theNaturalSemantics,
it will terminatein the samestatein the StructuralOperationalSemantics.

Proof : By inductionoverthe shapeof thederivationtreefor (S, s;) — s2. Weonly shav one

casetheothersfollow by straightforvardinduction.

(comPns) : (S1; Sa2,81) — sy becausésSi, s;) — s3 and(Ss, s3) — so. Then,by induction
(twice), we obtain (S1, s1) =* s3 and (S, s3) =* s, SO (S1; Sa,81) =* (Sa,s3) by
Lemma5.8,andtheresult(S;; Sa,s1) =* s2 thenfollows from thedefinitionof =*.

Exercise5.10 Finishthis proof.

Lemma5.11 For everystatemen$, andstatess; ands,, andnatural numberk, (S, s;) =* s,
implies(S, s1) — sa.

So, if theexecutionof S from s; terminatesn the structuraloperationasemanticsit will
terminaten the samestatein the naturalsemantics.

Proof : By inductionon the length (> 1) of the derivation sequencds, s;) =* s,. We
focuson the first stepof (S, s;) =**! s,. Let Ss,s3 be suchthat (S, s;) = (Ss,s3) and
(Ss, 83) =F s5. Then,by induction,we canassumehat (Ss, s3) — so.

Since(S, s1) = (Ss, s3), by definitionof (-,-) = -, thereis a derivation D that shavs
thisresult. We will completethe proof by casesn the structureof S, analysingjf necessary
what D mustbe.

(k =1): Thereareonly two casego considetere.
(S = (z:=a)): ThenD consistsof rule (ASSspg), ands, = s;[z — Allall s]. Then
we aredone,since(z : = a, s;) — s,z — Allall s].
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(S = ski p) : ThenD consistof rule (SKIPsog), andss = s;. Noticethat(ski p, s1) —
S1.
(k > 1) : Theremainingcasesare:
(S = (S*; S?)): By Theorem5.6 (S*; S2,s;) =F s, impliesthatthereexists a state
so andnaturalnumbersk; andk, (both> 1) suchthat

<Sl, 31> :>k1 So and<52,80> :>k2 S92, andk = ki + ks.

Then,by induction,{S*, s1) — so and(S?, sy) — sa, S0als0(S?; S?,s1) — s9, by
rule (comppg).

(S=(if bthenS; el se Sy)): We have to distinguishtwo cases:B[[b] s = tt, or
Bbl s = ff. In thefirst case,D finisheswith rule (COND{,J), S0 (Sy, 51) =* s,
S = Sy, andss = s1. Since,by induction,(Sy, s1) — s,, by rule (conpjg), also

(if bthen S; el se Sy, s1) — so.

Thesecondcase B[[b] s = ff, is similar.
(S = (whil ebdo S;)) : ThenD consistf nothingbut rule (WHILEses), and

(S3,83) = (if bthen (S;; whilebdo S;)el seskip,s3) =F sy,
and,by induction,
(if bthen (Sy; whilebdo S;)el seskip,s;)— ss.

We have seerbeforethatthestatement§ f bt hen (S;; whil ebdo S;) el se ski p’
and‘whi | e bdo S;’ areequvalentfor NaturalSemanticsSoalso

<V\h| |l ebdo Sl, 81> — So.

Now we cancomebackto the proof of thetheorem:For anarbitrarystatement andstate
s it follows from Lemma5.9and5.11thatif Shs[S1 s; = s2, thenSses[ ST s; = s4, andvice
versa. ThusSnsl[ ST = SsoslSIT. So,if oneis definedon a state,thensois the other and,
thereforejf oneis notdefinedon a state thenneitheris the other

NB: This proofapproactwould needmodificationfor a non-deterministitanguage.

6 Provably correct implementation

We will now focuson the definition of anabstracimachine(language)andthe definition of
atranslation(compilation)of programsn Wi | e to programdor this abstracmachine.The
goal of this new approachwill beto definea new semanticdor Wi | e via this translation,
andprove thatthis translatiorrespectdoththe Naturaland StructuralOperationalSemantics
we have seerbefore.In thisway, we will prove the‘compiler’ definedhereto becorrect.

Wi | e
Compilation
Assemblylanguage
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Thestepswe will focusonare:
e Definethemeaningof theabstracimachinenstructions.
e Definethetranslatiorfunctions.

In this context, the problemof correctnesss formulatedby: if we translatea program
written in Wi | e into a programwritten in the abstractmachinelanguageand executethat
codeon the abstractmachine,we getthe sameresult- a state- aswas specifiedby Sps or

SSOS
TheabstractnachineAM hasconfigurationgc, e, s) where

e cisthecode(sequencef instructions}o beexecuted,
e ¢ istheevaluationstadk, and
e sisthestorage.

The evaluationstackis a new featurethat canbe seenasaninfinite list; its elementsare
eitherin Z orin T, andthereforeghestackis asemantientity. It is usedto evaluatearithmetic
andbooleanexpressions:

e € Stak = (ZUuT)~

The ideais that, while establishinghe semanticf expressionsyou put the semanticof
subepression®ntothe stack;it is usedto storeintermediateesults.We alsohave s € State
asbefore.

6.1 Theabstract machinelanguage

Thedefinitionof theabstractmnachingorogrammindanguagas very muchlik e the definition
of Whi | e above. The differencelies in the fact that the statementshemseles are more
‘primitive’, e.g.they explicitly dealwith stackhandling.Thesyntacticcategyoriesare:

inst € Madinelnstructions
¢ € Code sequencef instructions

Theabstracsyntaxis definedby:

inst 1= PUSH—n | ADD| MULT | SUB | TRUE | FALSE | EQ| LE | AND | NEG |
FETCH—z | STORE—2 | NOOP | BRANCH (¢, ¢) | LOOP (¢, ¢)
c u= e€linst:c

Noticethat,for everyn thereis aninstructionPUSH—n, and lik ewise,therearemary FETCH—x
andSTORE—z instructions.

As mentionedabore, we will defineour machinesemanticgtranslationfrom programsn
Wi | e to programsn Codg usingthefollowing configurations:

(c,e,s) € Codex Stak x State

We call {c, e, s) terminalif ¢ = ¢, i.e.if thereis nomoreinstructionto execute.
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Thetransitionrelation > is definedover pairsof configurations
<C7 67 S> l> <CI7 el? S/>

andspecifieshow to executeinstructions.(Noticethat, in theseconfigurationspnly the first
component is syntactic:e is alist in Z U T, which is semanticands is a mappingfrom
syntacticto semantieentities.)It is formally definedby:

(FETCH—z : c,e, s
(STORE—z : ¢,z :e,s

(PUSH-n : c,e,s) > (c,Nln]:e,s)
(ADD: ¢, 27 : e,s) D> (c,z1+2:6€,8)
(SUB: ¢, 21 : e,s) > (c,z1—22:€,8)
(MULT : ¢, 21 - e,s) > (c,z1 X z3:€,8)
(TRUE c,e,s) > (ctt:e,s)
(FALSE c,e,8) > (¢, ff:es)
(EQ: ¢, 21 : e,s) > (¢, (z1=2):€,5) if 21,20€Z
(LE:c, 2 : e,s) D> (c,(z1<2):€5) if z21,20€Z
(AND: ¢, b; : e,s) > (¢, (by & by):e,s) if b1,bo €
(NEG: cb es) > (c,mb:e,s) ifoeT
) >
) >
(NOOP : c,e,s8) D> (c,e,5)
(BRANCH(cy,¢2) 1 c,bre,s) > {c1:ces) ifb=tt
(BRANCH(cy,¢2) 1 c,b:e,s) > (ca:ce,s) if b=ff
) >

(LOOP (¢c1,¢2) : ¢, e, 8

Thelastrule needssomecommmentsThe LOOP-instructionhastwo operandsthatinten-
tionally are: a booleanc; anda statement, (noticethatthe syntaxis not specifichere;in
fact,alsoLOOP (1, TRUE) is a correctprogram althoughit will notexecutemuch).As canbe
expectedthebooleandecideson whetheror notthe statementvill be executed However, the
booleanc; needgo be evaluatedfirst, before,usingBRANCH, we candecideto executec, or
not. Sowe putc; attheheadof thecode,whichforcesits evaluationonthestack.By thetime
thatis finished,BRANCH will find the semantiaepresentationf ¢; (eithertt or ff) on top of
thestack,andwill actaccordingly

Sincethe definition of > follows the (intended)executionof the programswritten in the
abstracmachinelanguagethedefinitionof > givesan SOS-stylesemanticdor programsn
AM. We candefinea computatiorsequenc®y analogyto a derivationsequence.

We will usethe corventionthatinitial configurationsalways have an empty evaluation
stack.

Example6.1 Takethecode
PUSH—1 : FETCH—z : ADD: STORE—=x

ands suchthats z = 3, then
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(PUSH—1 : FETCH—z : ADD: STORE—x, €, s
(FETCH—z : ADD: STORE—=z, 1, s
(ADD: STORE—z,3: 1,s

>
>
>
(STORE—z,4,s) >

)
)
)
) (€, €, s[x — 4])

Noticethat,asfor the Naturalandthe StructuralOperationalSemanticssomeconfigura-
tion sequenceareinfinite: LOOP (TRUE, NOOP) is hon-terminating.On the otherhand, it is
now possiblefor a configurationto not fit ary of the rules: for example,(ADD; ¢, s) is stuck.
But thenagain, we will only be interestedn codeobtainedby translatingprograms so this
particularproblemnever appears.

Exercise6.2 Specifyhow to generatecodefor a f or -loop for the abstractmachine, AM.
You may have to extend the instructionset; you shouldspecify the semanticsof any new
instructions.

Exercise6.3 AM refersto variablesby theirnamegatherthanby theiraddressTheabstract
machineAM’ differsfrom AM in that

i) Theconfigurationhavetheform (c, e, m) wherem, thememoryis afinite list of values;

il) Theinstructiond=ETCH—x andSTORE—z arereplacedy instructionsGET—n andPUT—n
wheren is anaturalnumber(anaddress).
Specifytheoperationasemantic®f themachine.You maywrite m[n] to selectthen-th value
in thelist m (wheren is positive but lessthanor equalto thelengthof m). Whathappensf
we referenceanaddresshatis outsidethe memory?

By analogywith the SOS-stylesemanticof Whi | e we canprove propertiesof AM by
inductiononthelengthof computatiorsequences.
Lemmab.4 If (c;,e1,s) >F (c, €, s'), then{c; : ca,e1 : €3,8) BF (¢ cp,€ : €,8)

Proof : By casesusingthedefinitionof . Noticethatnoneof the casesn the definition of
> specifyarnything but thefirst instructionin ¢;.
(PUSH—n) : Since

(PUSH—n : c1, €1, 8) > {c1, N [n]l : e1, 1)

by thefirst line of thedefinition,by thatsamdine also
(PUSH—n : ¢ @ g, €1 : €9,8) D> {c : co, N'[n]l : e1 : eg,51).
Theothercasesaresimilar.

Lemmab.5 If {c; : cz,e1,81) BF (€, e3, 53), thenthereare sy, es, ky andk, sud thatk, +k, =
k,and(cy, e, s1) ¥ (€, ez, 50) and(cy, ea, s2) > (e, €3, 53).

Proof : (Noticethatwe have provena similar resultfor NaturalSemantics.By inductionon
thelengthof computatiorsequences.

(k =2): Thenboth ¢; andc, are elementaryinstructions,and the proof follows from the
definitionof >, andk; = k; = 1.
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(k> 1): If {1 : ca,e1,81) F (e, €3, 83), thentherearec], e/, s suchthat
{e1:coyer,81) > (c) 1 g, €, 8h), and(c] : ez, €], 81) >F7L (e, e3, 53).
Then,by induction,thereares,, €}, k;, k} suchthatk] + k} = k—1, and
(ch, e, 8)) DR (e, el sh) and({cy, €y, sh) B>F2 (€, e3, s3).
Then,by definitionof >, we alsohave:
(c1,e1,81) > (c], €], 81), s0also(cy, e1, s1) B> (€, €, s5)
Sotake k; = k41, andky = ki, andey = €, s9 = sb,.

Theorem 6.6 Themadinesemanticss deterministic:
For all v1, s, v3, If 71 > 72 and~y; > 73, theny, = 5.

Proof : Exercise.

Usingthe definitionsandresultsabove, we cannow approachthe mainresultfor the AM.
To thisend,we will first defineasemantic$or elementof Code definea suitabletranslation
of programdan Wi | e to instructionsn Code andshaw thatthetranslationis correct,in the
sensethat both a programin Whi | e andits translationin Codeare mappedonto the same
state. The meaningof a sequencef instructionscanbe expressedsa partial functionfrom
Stateto State

Msos : Code— State— State

Mlcls = ¢, if {c,e,8) > (€,€,8)
= undefined otherwise

6.2 Trandation of expressions

To defineour translationwe startby definingthe translationof ArithmeticExpressionanto
Code

CA : ArithmeticExpressions— Code
CAlln]l = PUSH-n
CAllz] = FETCH-z

(;’/4[[(11 + (12]] = O4[[a2]] : 04[[(11]] : ADD
C/4[[G1 — CLQ]] = G‘t[[&g]] : C/4[[G1]] : SUB
CAlla; x asl = CAllaol : CAllaq] : MULT

Noticetheinversionof a; andas.
Next, we definethetranslationof BooleanExpressionsnto Code

CB : BooleanExpressions— Code
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CBltrue] = TRUE
CBlfalse] = FALSE
CBllai =a] = CAlla]l : CAllai]l : EQ
CBla; <as]l = CAllaol : CAllai] : LE
CBI-bl = cBIbl : NEG
CBIb, & bl = CBIb.l : CBIb:] : AND

6.3 Trandation of statements

We finish by definingthetranslationof Statementsito Code

GS : Statementss Code

CSlz:=all = CAlal : STORE—z
CS[skip]l = NooOP
S [[51; 52]] = (S |IS1]] :GS [[52]]
CSMif bthen Syelse Sl = CBIbI : BRANCH(CS [S1l, CS[1S.1)
CSlwhiledb doS] = Loor(CBIb] : SIS

Thesedefinitionsopenthe way to definea nev semanticgor elementof StatementsThe
meaningof a statementS cannow be obtainedby first translatingit into codefor AM and
next executingthe codeon theabstractmachine:

Sam : Statements» State— State
Sam = MoCS
s0Saml[S] = Mo (CSLSD).
Exercise6.7 Use(CS to generateodefor the statement:
z:=0;whiley<zdo(z:=z+1;z:=z—y)

Tracethe computationof the codestartingfrom a storagewherex hasvalue 17 andy has
valueb.

Exercise6.8 Let AM’ beasin Exercise6.3. Modify the codegeneratiorso asto translate
Whi | e into codefor theabstractmachineAM’. You may assumehe existenceof afunction
erv : Variables— IN thatmapsvariableso theiraddresses.

Exercise6.9 Provethatthecodegeneratedor AM’ by thepreviousexerciseis correct. What
assumptionslo you needto make aboutenv?

6.4 Correctnessof trandation

Correctnes$or themachinesemantic®f elementof Statements expressedy:

SI’IS = Sam
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or
SSOS = Sam

Thesetwo resultsneedproof, andexpresghat,if we first translatea statemeninto codefor
AM andthe executethatcode,we mustobtainthe sameresultasspecifiedoy the operational

semanticgor Wi | e.
In proving thisresult,we will dealwith expressionandstatementseparatelywe will first

shawv

(CAllall,e,s) >* (¢, Allall s,s)
and
(CBIbl,e,s) >* (e, BIbl s, s)

andusetheseresultsto shaw

SnsllST = Saml ST

6.5 Correctnessfor expressions

Correctnessf thetranslationfrom Whi | e into the AbstractMachineLanguagerestrictedto
the setof ArithmeticExpressionss formulatedby:

Theorem 6.10 (CAllall,¢,s) >* (¢, Allall s, s)

Proof : By inductiononthestructureof arithmeticexpressionsWe illustratethreecases:
i) a = n. ThenCA[[n]] = PUSH—n. Noticethat

(PUSH-n,€,8) > (e, Nnl,s)

andthat A [n]l s = M [n]l. Sowe’redone.
i) a=x. ThenCA[z]] = FETCH—z. Noticethat

(FETCH—z,¢,s) > (€,sz,5)

andthat A [z]] s = sx. Sowe’redone.
i) a = a; +as. ThenCAlla; + as]l = CAllas]l : CAlla;]l : ADD. By inductionwe can

assume:
(CAlla1ll,e,8) >* (¢, Alla;1l s,s) and

>
(CAllazll,€,5) >* (e, Allasll s, s)
UsingLemma6.4,we get:

(CAllay + asll, €, s
(CAllaoll : CAllay]l : ADD, ¢, s

)

) * ByLemmab.4andinduction
(CAlla:]l : ADD, Allao]l s, s)

)

)

>
>*  ByLemmab.4andinduction
(ADD, Allaill s : Allaoll s,s) >

(e, Allall s + Allazll s, s (e, Allay + azll s, s)

Booleansaredealtwith in asimilarway.
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6.6 Correctnessfor Statements
For every statements of Wi | e we have to shaw:
Sns = Sam
This equalityexpresseswo properties:

o |f the executionof S from somestates terminatesn one of the semanticsthenit also
terminatesn the othersemanticandtheresultingstateswill beequal.

e Furthermoreif the executionof .S from somestates loopsin oneof the semanticsif will
alsoloopin theother

We will startour proof by shaving that, if the Natural Semanticgor (S, s1) is sz, then
alsothe MachineSemanticgjives(i.e. aftertranslation alsothe obtainedcodeevaluatego) a
configurationwith statess,.

Lemma6.11 For everystatement andstatess; andss,
if <S, 81> — S9, then(CS [[S]], €, 81> >* <€, €, 82>.

Proof : By inductiononthestructureof derivationtreesin NaturalSemanticsWe coverthree
of thecases:

(Assns) : ThenS = z: = a, andsy = sz — Allall s;]. By definitionof CS,
CSlz:=all =CAllall : STORE—z,
andby correctnessf thetranslationfor ArithmeticExpressionsTheorem6.10we have
(CAllall, ¢, 51) >* (e, Allall 51, 51)
Thus(usingLemma6.4)

(CAllall : STORE—=z,¢,5,) ©>* (STORE—z, Allall 54, 5;)
> (e € s1[z— Allall 1))

andwe’re done.
(COMPns) . ThenS = S1; Sa, <Sl, 81> — S3 and<52, 83> — S9, for Somesl, Sa, and83.
Now
S [[51; 52]] =G5 [[51]] : S [[Sz]]

By induction,we canassuméoth

<a9 [[51]1,6,31> >* <€7 €, S3>
and
(CSTSall e, 83) B* e, ¢, 89)

Thus(usingLemma6.4)

(CS [5:]: CS[S:1, e, s1) >* (CS [S21, e, 53)
> <6a€7 82>

andwe’redone.
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(WHILE]s) : ThenS = whi | e b do S; andthereexistsan ss suchthat (S;,s;) — s3 and
(whi | e bdo Sy, s3) — s3. Since

CS [whi | e bdo S;1 = Loor (B[], CS [5:1)

we canassumeusinginduction,that

<CS’ [[81]1,67 31> >* <€7 €, S3>
and
<L(IP (CB [[b]],ng[[Sl]]),G, S3> >* <€, €, 82>

Usingthesawo resultsweaimto shav that(LOOP (CB[[6]l, CS [.S11), €, s1) >* (€, €, 52).
Now

(Loor (CBbll, CS[S:11), €, 51)
> (CBIb] : BRANCH(CS [S:] : Loor (CB B, CS [S1]1), NOOP), €, s1)
>*  (BRANCH(CS [S:1] : Loor (CB ], CS [.5.1), NooP), B[4l sy, s1)
> (CS[S.0:Loor(CBIbl, SIS, ¢, s1)

Now, usingtheresultswe canassumdy induction,andLemma6.4,we get

*

<CS [[Sl]] : LOOP (CB [[b]],CS [[Sl]]), €, 81> >
(LooP (CBIBL, CSS1), 6,830 > (€€, 89).

Exercise6.12 Finishthis proof.

In thesecondpartof our proofwe will shav that,if the MachineSemantic®f a configura-
tion with atranslationfor statementS andstates; returnsa configurationwith states,, then
alsothe NaturalSemanticgor (S, s1) is ss.

Lemma6.13 For everystatemens, statess, sy: if (CS[S], ¢, s1) >F (e, e, s5), then

<S, 31> — S9.

Proof : By Completelnductionon the numberof stepswe only shawv partof the proof.

(BaseCas@ : (z:=a): RemembethatCS[[z: = all = CA[la]l : STORE—z, SO
(CAllall : STORE—1,¢,81) >F (€, e, 85);

then,by Lemma6.5,therearees, k1, andk, suchthat

<G4 [[a]]a€751> l>k1 <€7 63,S3>
<STO?E_'T7 €3, 53> l>k2 <€’ €, 52>
k - kl + k2.

But, by correctnessf expressionswe have e; = A[[a]l s; ands; = s;. Therefore,
sy = si[fz — Allall s;] ande = ¢ by the definition of >, caseSTORE—z. To
concludepoticethat(z : = a, s;) — s1[z — Allall s4].

(InductiveCasg : We distinguishthefollowing casedor S:

38



(whi | e bdo S) : NoticethatCS [whi | e b do ST = LooP (CB 4], S [ST), so
(LooP (CB 6], CS ST, €, s1) >F (e, e, s2);
Then,thedefinitionof >, caseL OOP:

(LooP(CB b, CS IS, €, 1)
> (CBb]l : BRANCH(CS[[ST : Loor(CB 6], CS [1ST), NOOP), e, s1)
l>k71 <€7 €, 82>

Againby Lemma6.5,therearees, ss, k1, k2 suchthat

<CB [[b]]a €, Sl) l>k1 <67 €3, 33>
(BRANCH (CS [[ST : Loor(CB 8], CS[ST),NOOP), e3,53)  >*2 (e, e, 89)
k'—l - kl =+ kg

Thuses; = B[[b] s1, s3 = s; andtherearetwo caseso consider:
(BIb]l s, = ff) : Noticethat

<N(x]:)7 €, Sl) > <67€731>

Soe = e ands; = s,. Usingrule (wHILER,), andthat B[4] s; = ff, we getthe
desiredresult: (whi | e bdo S, s1) — s1.
(B[[b]l s =tt) : Then

(BRANCH (CS [[ST : Loor(CB 8], S TSI, NooP), tt, 51 )
> (CSTST : Loor(CBbll, S TSD), e, s1)

l>k2_1 <€7 €, 52>
Now, again by Lemma6.5,we have es, s3, k3, andk, suchthat

<a§ [[S]],6,81> ]>k3 <€, 63,53>
(LOOP(CBb, CS TS, e3,83) >F2 (e, e, 89)
ky = ks + k4

Notice that both instructionsare obtainedby translation(the first from S, the
secondromwhi | e b do S), andthatthecomputatiorsequencemvolvedareof
lengthsmallerthank, soby induction(finally), we canassume

<S,81> — 83 and(V\hl | e bdo S, 83> — S92
Thedesiredresultfollows from thesetwo by applyingrule (wHi LE-rI;S).
Exercise6.14 Finishthis proof,i.e. addthe missingcases.

We couldhave usedSspsinstead the prooffor equivalencemighthave beeneasietbecause
both SsosandSam focuson singlesteps.
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7 Denotational Semantics

In the operationabpproachwe wereinterestedn howa programis executed.In the denota-
tional approachwe areinterestedn the effect in termsof functionsof type (State— Stats,
of executinga program.

Thebasicideais:

e Definea semantidunctionfor eachsyntacticcateyory - it mapseachsyntacticconstruct
to amathematicabbject(which describeshe effect of executingthe construct).

In DenotationaBemanticsthe semantidunctionsaredefinedcompositionally
¢ thereis asemanticlausefor eachof the basicelementf the syntacticcategory.

e for eachmethodof constructinga compositeelementhereis asemanticlausedefinedin
termsof thesemantidunctionappliedto theimmediateconstituent®f thecompositeelement.

We have seenexamplesof denotationabkemanticdefore: A, B, andnon-examples:Sps,

SSOS
Whendefining semanticdor Wi | e asa function from Stateto State certaincasesare

easyto dealwith, andwe candefinethe meaningof a statemenf asa (partial)functionfrom
Stateto State
Sys @ Statements» State— State

Sgsllz:=alls = s[z— Allal s

Sgslskipl = id
SdsHS1; Sl = Sds[[sz]] OSds[[Sl]]
Sysllif bthen Sy el se Sol = cond(BIbl, SyslSill, Sgsl.S-1)
Sgslwhi e bdo S = Problematic...

Beforecomingto formulatingthe problembehindthe ‘ Sys[whi | e b do ST’, we focuson
someof the notationintroduced.In the above definition,id is the identity function on states.
Notice that Sy is partial for the samereasonsashold for the partiality of Shs andSsos for
thisreasonthe partabove thatdealswith compositionof statementfiasto dealwith the fact
thatperhapsneof thetwo functionsinvolvedis not defined.Thisimpliesthat,formally

Sds[[Sli 52]] s = (Sds[[SQ]] OSds[[S1]]) S
= Sds|I52]] (Sds[[Sl]] s)
$9, if thereexistsans; suchthatSys[S:]l s = s1,
andes[[SQ]] 81 = 8Sa.
= undefined if Sysl[Si] s = undefinedor if thereexistsans;
suchthatSys[S:1 s = s, but
SyslSa1l s; = undefined

The conditional function cond usedaborve is definedvery much like the AM instruction
BRANCH we have seerbefore:

cond: (State— T) x (State— Statg x (State— Statg — (State— Statg
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928, fgis=tt

cond(g1,92,93) s = .
g3, if 918 = ff

Notice thatthe denotationakemanticdor BooleanExpressionss a total function,i.e. is al-
waysdefined;therefore the meaningof a conditionalis ‘undefinedif eitherthe predicates
true,andSysl[.511 s is ‘undefined or the predicatds falseandSys[S-1l s is ‘undefined

Themajortaskin thedefinitionof DenotationaBemanticgor Wi | e is to definetheeffect
of ‘whi | e bdo S’. In view of previousresults however we defineit, it shouldbeequalto the
effectof ‘i f bt hen (S; whil e bdo S) el se ski p’ andtherefore:

Sgsllwhilebdo S = Sysllif bthen (S; whilebdoS) el se skipll
— cond(BIoll,SysllS; whil e bdo ST, Syslski pll)
= cond(B[bll,Sysllwhi 1 e bdo SToSyslST, id)

Notice thatthis analysisdoesnot bringsus ary closerto understandingvhatthe denota-
tional semantic®f ‘whi | e bdo S’ is supposedo be: Sysllwhi | e b do ST appearsn exactly
the sameform in the expressionon theright, andis not expressedfor example,asthe com-
positionof alreadydefinedfunctions. The main problemto tackleis to definea notion of
functionandto setup theright mathematicatontext to give a solutionfor this equation.

Let's have a closerlook at the above expression.Assumethatthe denotationakemantics
for ‘whi | e b do S’ is afunction f. Thenthe equationabore expresseshatthis f shouldat
leastsatisfy:

f = cond(B[bll, foSyslST, id)

Focuson theright-handterm of this equation.Replacef by x andnoticethatwe cannow
defineafunctional F' asfollows:

Fz = cond(B[[b],z08y4sl[ST,id)

We canseethatthe function f we arelooking for is a specialkind of inputfor F': whenwe
apply F to f, weget f!

Ff = cond(BIol, foSyslSI,id) = f

This specialpropertyhasa name:we call a pointy a fixedpoint of a functionh, if hy = .
So,to reformulatethe above:

Sgsllwhi | e bdo S is afixedpointof F, whereF f = cond(B[[b]l , f oSysl[ST, id).

Again, this propertyis justnaturalsinceanyreasonablsemanticshouldgive thesamemean-
ingto‘whil e bdo S” and‘i f bthen (S; whilebdo S) el seskip’.

Example7.1 Fixedpointsof functionsdo exist:
e Take fz = 1,with f : Z — Z, thenl is afixedpointof f.
e Take fz = 2 x z, then0 is afixedpointof f.

Exercise7.2 Determinethefunctional F', associatedvith:
while—-(z=1)do(y:=yxzx; z:=2x—1)

Determineat leasttwo differentfixed pointsfor F.

41



We will develop a context whereeveryfunctionwill have afixed point, andevendefinea
specialfunctionthat, givenaninput function f, constructghe fixed point of f. We will call
thisfunctionFix. Theintentionis to construcfixedpointsfor functionslike F' abore, sothere
Fix would be of type:

Fix : (State— Statg — (State— Statg — (State— Statg
and,of coursetheintentionis thatFix F' is afixedpointof F:
F(FixF) = FixF

In general,the fixed point constructionfollows the following generalscheme.Let f be
definedby
fx = ‘'someexpressionn which’ f ‘appears’,

thenwe candefineF’ by:
F gz = 'someexpressionn which’ g ‘appears’,

andthe solutionfor thefirst equationis thenFix F'.
Theintendedypesfor thefunctionsmentionedare:

f  a—=p (f isafunction)
F : (a—=p)—a—p
Fix : ((a—=p)—a—p)—a—p

Unfortunatelythis doesnot sufice:

e Therearefunctionalswhich have more than onefixed point. For example,the function
fzx = z hasinfinitely mary fixedpoints,and fz = e¢* — 1 hastwo.

e Therearefunctionalswhich have no fixed pointsat all. For example,let g; # ¢», and
defineG by:

G g1, fg=gs
g = .
g2, Otherwise

Our solutionto thesetwo problemss:

e toimposerequirement®nthefixedpointssuchthatthereis at mostonefixed point satis-
fying them.

¢ to establisha framework suchthat every functionaldoeshave at least one fixed point
satisfyingtherequirements.
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7.1 Fixed Point Construction

Beforewe cometo aformalisationof the problemandits solution,we againhave alook atthe
problem.Remembethatwe wantthe denotationatemanticgo satisfy:

Sgsllwhil e bdo ST = cond(B[[b], Sysllwhi 1 e bdo STl oSyslST,id)
Therefore Sys[whi | e b do S] shouldbeafunction f suchthat(usingthedefinitionsabove):

fs = cond(B[bl, foSyslST,id) s

(foSysllST) s, if BIols =tt
S, IfB[[b]]s:ff

We obsenedthat, therefore Sys[whi | e b do ST shouldbe a fixed pointof F, whereF is
definedby:

] (foSgslSDys, if Bl s=tt
s { it BIs s = f

Example7.3 TaketheWhi | e program'whi | e —=(z = 0) do ski p’. Theintendedsemantics
for this program,usingthe constructiondiscusse@bove, f, viewedasa functionfrom State
to State hasthefollowing behaiour:

fs = cond(B[—-(z=0)], foid,id) s
= cond(B[-(z=0)1, f,id) s
{ fs, ifsx#0

s, ifsx=0

Sincef s reappearsntheright-handside,we have to useafixed point constructiorto find
f. Assuggesteadbore, we write

Ffs {fs, if sz £0

s, if sx=0

Now, oncewe have a fixed pointfor F', we have a solutionfor our problem. Well, notice
that
{ undefineg if sz # 0
hs =

s, if sx=0

is afixedpointof F":

{ hs, ifsz#0

s, ifszx=0

s, if sz =0

= hs

B { undefined if sz # 0
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Noticethat,if f is supposedo beafunctionof type State— State thenthis F' is of type
(State— Statg — (State— Statg. In particular F'f is afunctionof type State— State so
thereis somef’ suchthat F'f = f’. We cannow apply F' to f’ to obtain f”, andsoforth, ad
infinitum.

We will look at a few examplestatementsandtry to establishtheir semanticsguidedby
our intuition. The ideais to approachthe final, looked-for solution, but approximatingit.
We will startwith the first approximationf,, the functionthat carriesno information,i.e. is
nowheredefined.We will usethatfunctionto build the secondapproximationf;, andthatto
build thethird f,, etc.,until we have reachedhesolution.

Example7.4 Take‘whi |l et rue do ski p’. Following theabove definition,we get:

Ffs = cond(Bltruel, foSyslskipl,id)s
(foSgsliskipll)s, if Bltruells=tt
s, if B[true] s=ff

(foid)s, iftt—tt

S if tt =ff

)

= fs

Take f, s = undefinedfor all s. Noticethat F' fy = fo, SO f; is afixedpointof F. Moreover,

fo Istheintendedsemanticgor ‘whi | e t r ue do ski p’, i.e.thesemanticyouwould wantit

to have. Noticethat,however, all functionsarefixedpointsof F'; thereforewe needaprocess
thatchooses, amongsall thesesolutions:it shouldputtheleastrestrictionsontheresulting
function,andselectthe ‘mostundefinedunction’.

Example7.5 Take‘whil e z =0do z: =5". Following theabore definition,we get:

Ffs = cond(Bllz =01, foSysllz: = 5I,id) s
(foSysllz:=5l)s, if Blz=0]s=t

% if B[z =0]s=ff
— f(s[t—5]) ifsx=0
N it sz #0

Take f, s = undefinedfor all s. Then

fis=Ffys = fo(slz—5]), ifsz=0
1 ’ s, if sz #0
_ undefined if sz =0
I it sz 40
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and
fi(slx—5)), ifsz=0
s, if sx #0
undefined if s{xz — 5]z =0 :
. ifsz=0
slx — 5], ifslx—5lz#0

fas=Ffis =

* if sz #0
) sz 5], ifsz=0
s if 52 0
applyingthe constructionagain, we get:
f38:Ff2s: f2(3[.’l)’l—>5])’ |fsx:0
S, if sz #£0
s[z + 5]z — 5] !fs[a:r—>5]x:0 o
- s[z +— 3], if sjz— 5]z #0
* if sz 0
_ ) sle—3), ifsz=0
I if 5240
= f23

Sof, = f3, and,therefore, f, is afixedpointof F'. Moreover, since'whilez =0doz: =5
is essentiallythe sameas ‘i f * = 0 then z: =5 el se ski p’ which has exactly f, as
semanticsye canseethat f; is theintendedsemanticgor ‘whilez =0do z: =5,

Example7.6 Now take ‘while z > 0 do z: = xz—1". Following the abore definition, we
get:

Ffs = cond(Bllz >0l, foSysllz: = z—1],id) s
_ {(fOSdS[[x::x_l]])sa if Blz>0]s=t

s, if Blz > 0] s = ff
_ f(slz— (sz—1)]), ifsz>0
a S, |fS£ESO

Take fo s = undefinedfor all s. Then

fo(s[z— (sxz—=1)]), ifsz>0
s, if sz <0
undefined if sz >0
, if sz <0

h=Ffo =

S
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and

fi(s[t— (sx—1)]), ifsz>0

:F =
fos fis s, if sz <0
undefined !f slg— (sz—1)]z>0 sz 0
= slg— (sz—1)], ifslx— (sz—1)]xz<0
S, if sx <0

\

( undefined if sz > 1
= slt—0], ifsz=1
s, if sz <0

\

Applyingthe constructionagain, we get:

foslz— (sx—=1)], ifsz>0
fo=Fl = {s, if sz <0
( ( undefined if sfz+— (sz—1)]z>1
B sl (sz— D]z —0], ifsfz—(sz—1)]z= ifsz>0
B slx = (sz—1)], if sfz— (sx—1)]z<0
s, if sz <0
( undefined if sz > 2
= sl — 0], ifsz=1,2
L s, if sz <0
and
faslz— (sx—=1)], ifsz>0
fa=Fls = {s, if sz <0
undefined if sfz+— (sz—1)]z>2
B slg (sz—1)][x— 0], ifszr— (sz—1)]z=1,2 if sz >0
B slx — (sz—1)], if sfg— (sz—1)]xz <0
s, if sx <0

undefined if sz > 2
= sl —0], ifsz=1,2,3
if sz <0

S

\ )

Continuingthis construction after the n-th stepwe get:

undefined if sz > n
fas = sl = 0], ifszx=1,...)n
s, if sz <0

If wecontinuead infinitum,wewill obtainthefunction

fos = {s[x+—>0], if sz >0

s, if sz <0
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which is exactlytheintendedsemanticgor ‘whilez > 0do z: = z—1".

Theselast threeexamplesshareone property: for each,we constructedhe functional F
thatunderliesthe definition of the semantic®f the loop, andstartingfrom f; s = undefined
after performingsuficiently mary steps,we obtaineda fixed point for F’, that also gives
ustheintendedsemanticsBelow, we will shawv thatthisis no coincidencewe will give the
mathematicalramevork thatshavs andguaranteethatthis constructions alwayssuccessful.

We will now formalisetherequirementsn Fix.

7.2 Partial order relations

Above, startingfrom f, s = undefinedwe constructed sequencef functionsthateventually
give us afixed point for the underlyingfunctional. Closeinspectionof this sequencashavs
thateachiterationof theproductionprocesgjivesaresultthathasgainedinformation,i.e.each
of thesefunctionsshawvs thateachnew functioncreateds atrue extensionof the previous,in

thesensehatif f, s is defined,thensois f,,; s, andthentheir valuescoincide. So f,,; is

identicalto f,, wheneer the latteris defined,but is perhapsdefinedon a larger set. Sucha
relationwill bedefinedformally belov asa partial orderrelationonfunctions.

We defineanordering, C , onthefunctionspaceState— State suchthat:

g L g

meanghat
if g1 S1 = So, thengg 81 = 8o

which expresses$wo properties:

e the domainof g, (i.e. the setwhereg; is defined)is a subsetof the domainof g, (the
corverseneednothold),and

e g; andg, areidenticalonthedomainof g;.

Exampler.7
Take then
s = S g1
ifsz>0
g2 s = > , sx_. <& >
undefined otherwise g m
ifsz=0
gas = {0 or= vo©
undefined otherwise g3
s, if sz <0
gas = . .
undefined otherwise

7.3 Partial Ordered Set

We will have a closerlook at the relation = on (State — Statg?. A partial ordered set
(poset)is apair (D, C ) suchthat

e VdeD.dCd (Reflexivity)
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o Vdy,dy,d3€D .diCdy & doCTdy = di Cds (Transitvity)
e Vdi,do € D.dyCdy & do Cdy = dy =ds (Anti-symmetry)
If d; C do, we saythatd, approximatesi,. An elementd € D satisfying
Vd eD.dC d,
is calledaleastelemenbf D: it is saidto containno information
Exerise7.8 If apartiallyorderedset(D, C ) hasaleastelementthenit is unique.

We oftendenotetheleastelementof D by | , orjust L (pronouncedbottom).

Exercise7.9 LetS # () anddefine
P(S)={V |V CS}L
Then(P(S), C) isaposet.

Lemmar.10 Thespaceof partial functionsfrom Stateto State with = asdefinedabove is
a poset,andthe nowhee definedfunctionis its leastelementl gi5te ., State SO, for all states
S, iStat&;StateS = undefined

Proof : We have to verify thethreeconditions:

(Refleivity) : Clearlyg C g, for all g € State— State

(Transitivity) : Assumeg; C g2, andgs C g3. Thenby definitionof C on State— State if
g1 8 = §',thengy s = ¢, andif g, s = ¢/, thengs s = s'. S0,if g s = ¢/, thengz s = &,
S0¢g: C gs.

(Anti-symmetry: Assumeg; C g, andgs C g;. Then,if g; s = ¢/, thengy s = ¢/, andif
g2 s = s',theng; s = §'. Sog; s = §'if andonlyif g, s = s’, SOg; andg, coincide,and
areactuallythe samefunction.

Thatthe function fs = undefinedis leastcanbe understoody the factthat, for this f, if

fs=4¢,thengs = ¢ holdsfor all g, sincethe conditionis alwaysfalse.

Notice that the leastelementof the function spaceis alsocalled L (Lgiate,Stateto b€

precise).So,for all g € State— State | gtate,Statel 9-

We cannow give a moreprecisestatemenof therequirementsve wantFix F' to satisfy:
e F(FixF)=FixF.
e Fix F'is aleastfixedpointof F, i.e.if, for someg, Fg = g, thenFix F C g.
ThesecondequirementakesFix F' uniquefor eachF'.
Exercise7.11 Theeffectof afunctionf : X — Y is expressedy its graph:
graph(f) = {{z,y) e X xY | fz =y}

Shaw that: g; T g» <= graph(g:) = graph(g,).
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7.4 Least Upper Bounds

We now develop a generaltheory that gives more structureto the posetsand thatimposes
restrictionson thefunctionalssothatthey have leastfixed points.

Above, we have definedarelationonfunctionsthatexpressesdequatelyvhatwe obsered
before. Startingfrom thefunction fs = undefinedapplyingthe functional F' repeatedlywe
obtaineda sequencef functionsthatarein therelation,Cgiate, State

JoCHC foC -+

We will now focuson definingthe contect thatguaranteethatthis ‘path’ hasanend,i.e. that
thereexists a preciselydefinedfunction f suchthat, for all n, f,, T f. This f will thenbe
shavn to bethe semantidunctionwe werelooking for.

Consider(D, C ) andY C D. An upperboundofY summarisesll of theinformationof
Y:

If disanupperboundof Y, thenVd €Y .d' C d.
An upperboundd of Y is theleastupperbound(lub) of Y if andonly if:
If d’ isanupperboundof Y, thend C d'.

(A lub of Y will addaslittle extrainformationaspossibleto theinformationalreadypresent
inY.) Wedenotethelub of Y asLIY".

7.5 Chains

Although we aim to build a framewvork that guaranteeshe existenceof lubs, we will only
do so for particularsets: we only needthe lub to exist for sets{ fo, fi, f2,...} suchthat
foC fiC fo C ---. Suchasetis calledachain:
We call Y achainif
Vdy,do €Y .dy T de Vdy Cds.

Soachainis a particularsubsebnwhichthe (partial) orderrelation C is total.

Example7.12 Consider(P({a,b,c}),C). ThenY’ = {@,{a}, {a,c}} is achain. The sets
{a,b,c} and{a, ¢} areupperboundsof Y’, andits lub is {a, c}. Noticethat{a,b} in notan
upperbound,since{a,c} Z {a,b}. Forary chainY in (P({a,b,c}),C), LIY will bethe
largestelemenof Y. Theset{(, {a}, {c}} isnotachain,butits lubis {a, c}. Noticethatalso
() is achain,andthatLI) = .

Example7.13 Let g, : State— Statebedefinedby:

undefined if sz >n
gnS = sle—1], f0<szx<n

s, if sx <0

It is easyto verify thatg,, C g,,, when&ern < m, andthat,thereforeY = {g,, | n > 0} isa
chain.Then

i <
Vs — slx — 1], !f 0<sz
s, if sz <0
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76 CCPO

A poset(D, C ) is achain-completgoset(ccpo)wheneaer LIY existsfor all chainsY'. It is
acompletdatticeif LIY existsfor all subsety” of D.

Exercise7.14 (P(S), C ) isacompletdattice,and(hence)accpo,for all non-emptys.
Exerise7.15 If (D, C ) isaccpo,it hasaleastelementL.

Exercise7.16 Let.S beary non-emptyset.Shaw that(p(S), D) is apartially orderedsetand
determingheleastelementDraw a pictureof theorderingwhenS = {a, b, c}.

Exercise7.17 State— Stateis notacompletdattice.

Lemmar.18 State— Stateis a ccpo. Theleastupperboundof a chain of functionsY’, LY,
is givenby graph(LlY") = U {graph(g) | ge Y}, i.e.:

(LY)s=¢ <= dgeY.gs=¢

7.7 Monotonefunctions

Let(D;,C,) and(D,, C,) beccposandf : D; — Dy. We call f monotoneéf andonly if, for
all dl, dy € D, if dy [ do, thenfdl L, fd2
Example7.19 Take fi, fo : P({a,b,c}) = P({d,e}), definedby:
X [ {a,b,c} | {a,b} | {a,c} | {b,c} | {a} | {b} |{a}| O
AX | {de} | {d} |{d.e}|{de} |{d}|{d}|{e} | 0
X | {dy | {d} | {d} | {e} [{d}|{e} |{e}|{e}

Then f;is monotoneand f; is not.

Exerise7.20 Let (Dq,C,), (Ds,C,) and(Ds, C5) be ccposandlet f; : D; — D, and
fa : Dy — D3 bemonotondunctionsthenfso f; : Dy — D3 is amonotondunction.

Lemmar.21 Let(D,,;) and(D,,C,) beccposand f : D; — D, bea monotondunction.
If Y isachainin D,, then{fd | d € Y} isachainin D,. Furthermoe,

Lb{fd|deY} C, f(LhY).
Exercise7.22 Provethislemma.
Exercise7.23 Let graphbe asin Exercise7.11. If Ry C X x Y andR, C Y x Z, the
compositorof R; followedby R,, denotedR; o R», is definedby:
RioRy, = {{z,2)e X xZ|3yeY [(z,y) € R & (y,2) € Ry}

Shaw that:
graph(fyofi) = graph(fi)ograph(fs)
Prove that F' definedby:
Fg=goog
is continuous (Hint: youwill needto useLemma??.)
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In generalwe cannotexpectthata monotondunctionpresereslubs on chains,i.e.
Le{fd|deY} = f(LLY)
only holdsin specialcasesasillustratedby the next example.
Example7.24 Considerf : P(N U {a}) = P(N U {a}), definedby:

x i X is fini
X o= {0 neime
X U {a}, if Xisinfinite

Clearly, f is monotoneBut considertheset

Y = {{0,1,...,n}|n >0}
ThenLlY = IN. Now
L{fX|XeY} = L{X|XeY} = LY = N
But
fly) = fIN = NU{a}.

7.8 Continuous Functions

We shallbeinterestedn functionswhichdo preserelubs of chains.An f : D; — D, defined
onccpos(Dy, ;) and(D,, C,) is calledcontinuousf it is monotoneand,moreaer:

Lo {fd|deY} = f(LLhY)
holdsfor all non-emptychainsY in (D;,C,). (Whenthis alsoholdsfor the emptychain,so
0 =LL{0} = f(LL0) = f(0) , wesaythat f is strict).
Lemma7.25 (D,,C,), (Dy,C,) and (D3, C4) beccposandlet f; : D; — Dy and f; :
D, — D5 becontinuoudunctions.Thenfso f; : D; — Ds is a continuoudunction.

Proof : Noticethat,by apreviousresult, f; o f; is monotone We only needto shaw that f; o f;
presereslubs of chains,i.e.:

Ls{(foofi)d|deY} = (faofr) (1Y)
holdsfor all non-emptychainsY in (D;, C,). We know, by continuityof f;, that
Lb{fid|deY} = fi(LhY),
for all chainsY in (D;, ), andby continuityof f,, that
Ls{fod|deY} = f2(LLY),

for all chainsY in (D5, C,). Noticethat,by thefactthat f; is monotonejf Y is achain,then
alsof; (Y) = {f1d, | d € Y} isachainaswell. So,we obtainthat

LUs{(foof1) (Y)} = Us{fo(f1 (}¥)}
= Ws{foda|dae{fi(Y)}} (feiscontinuoug

fa (Ua{f1 (Y)})
= f(U{i(Y)}) (f1 is continuoug

= f2(fi (LhY))

= (facfi) (LhY)
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7.9 TheFixed Point Theorem

Above, we have definedcontinuoudunctionsasfunctionsthataremonotonej.e. presere the
order andcontinuousj.e. presere lubs of chains.

Lemmar.26 Letf: D — D beacontinuoudunctionontheccpo(D, C) with leastelement
1. Let
fo = id
frtt = fofm forn >0
Then
Fixf = WL |n>0}

definesan elemenof D andthis elemenis theleastfixedpointof f.

Proof : We divide the proofin two parts:

i) Wefirst shaw thatFix f is well-defined by shawving thattheset{ f” L | n > 0} isachain
in D, soits lub is defined. So, we needto shaw that, for all d,,d, € {f"L | n > 0},
eitherd; C d, or d, C d;. Wewill shav that f* 1 C f™ 1, wheneern < m. We start
shawing that,for all n, f* L C f"d; thisfollows by inductionon numbers.

(Basestep : Noticethatf°1 = 1, f%d=d,and L C dforallde D.
(Inductionstep : We canassumehat f* L C f"d, for all d € D. Now, from the fact
that f is monotonewe alsohave f**'1 C f**d, forall d € D.

So,forall n, f*1 C f"d.
Letm > n, andd = f™ ", then,in particulay f*L C f"d, so f*1 C f™1. Hence
{f™L | n > 0} is anon-emptychainin D, andtherefore,ts lub existsbecauseD is a
ccpo,soFix f exists.

i) Wewill now shaw thatFix f is indeedafixedpointof f,i.e.: f(Fix f) = Fix f. Well:

f(Fixf) = fU{f"L|n>0}) (f is continuou$
= W{f(L) In >0}
= W{fML|in>1} (VY.LU(Y u{Ll})=LY)
= U{f"L [n>1}30{L})
= W{/Lln=>0}
= Fix f.

i) We will now shav that Fix f is the leastfixed point. To accomplishthat, we needto
shaw: if d' is anotherfixed-pointof f, i.e. alsofor d', f(d') = d', thend C d'. Well,
since L. C d', by continuity of f, we have f* 1L C f*d/, foralln > 0. Sinced' is a
fixed-point,d’ = f"d for all n, sowe getthat f*L C d, foralln > 0. Sod' is an
upperboundof {f* L | n > 0}. Sinced is theleastupperboundof { /™ L | n > 0} (so
d=U{f"L|n>0}),dCd.

7.10 Denotational Semantics

Using the resultabove, we can now definethe DenotationalSemanticsfor a programin
Wi | e.
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Themeaningof astatemens is a (partial) functionfrom Stateto State

Sds

Sysllz: =al s

Sgslski pl

Sds[[Sl; 52]]

Syslli f bthen S; el se S,
Sgsllwhi I e bdo STl

Statements» State— State

slz — Allal s]

id

SqslS2l 0 SyslSi]

cond(B 6]l , SqslS:1l, Sgsl.Sa1)
Fix F,

whereFg = cond(B ]l , goSysl ST, id)

Of coursegiventheconstructiorabove, thisis only well-definedf we arein the context of
continuoudunctions somethingve will dealwith shortly.

Example7.27 Considerthefunction
S?

Theelementf {F" L | n > 0} aredefinedasfollows:

if sz#0
if sz =0

F's = idLls
= 1s
= undefined
Flls = (FoF%Lls
FOs, ifsx#0
B { s, if sz =
undefined if sz #0
B { s, ifsz=0
F?1ls = (FoF')ls
Fls, ifsz#0
- s, if sz =0
{ undefined !fsx#o} if sz 4 0
= s, if sz =0
s, if sz=0
undefined if sz #0
- s, ifsz=0

So F? = F. We could continuethis constructionput we would not achieve anything by it:
foralln > 1, F* = F"t! so

L{F*"L |n>0}=L{F°L, F'1}=F'L

Therefore,
undefined if sz #0

FixF = :
s, if sz =0
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Exerise7.28 Computethe semanticof

z:=0;whiley<zdo(z:=z2+41;z:=2—y)

7.11 Existence

As alreadyobseredabove, we wantto achieve
Sgslwhi e bdo ST = cond(B[[4ll,Syslwhi | e bdo SToSyslST, id).
We now wantto shav thatthe underlyingfunctionalfor this definition,
Ff = cond(BI[al, foSyslSI,id)

is continuous.Obsere thatwe canwrite Fg asF; (F, g), whereF; g = cond(B[[4], g,id),
andF, g = goSysl ST are.

Then,usingresultsshavn above, we have that F' is continuousf we managedo shov that
F; andF;. Wewill dothatin amoregeneraketting:

Lemmar.29 Leth : State— Statep : State— T, anddefine

Fg = cond(b,g,h)
ThenF is continuous.
Proof : Noticethat
Fgs = cond(b,g,h)s
gs, ifbs=tt
{ hs, ifbs=ff

We prove thefollowing two things:
(F is monotong: Assumeg; C g. We have to shaw that Fig; T Fg,. Notice that, since
g1 C go, g1 s = s impliesgy s = ¢'.

(bs =tt) : Then,sinceFg, s = g s, thefirstis definedexactly whenthelatteris. Since
g1s = s impliesgys = s, andg, s = Fgo s, we getthat Fg; s = s' implies
Fgys=5".S0Fg, C Fgs.

(bs =ff): SinceFg; s = hs = Fgy s, Fg; s is definedpreciselywhenh s is, whichis
preciselywhenFgs s is.

(F preservesubs) : LetY beanon-emptychainin State— State We mustshaw that

F(UY) C WFglgeY}

(Actually, we needto shav this with ‘=" insteadof ‘C’, but thepart'Z’ follows from
thefactthat F' is monotone.)So,we needto shav that

graph(F(LIY)) < uU{graph(Fg)|geY}

Again,we have two casegb = tt, andb = ff).
Theproofis concludedn the exercisebelow.
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Exerise7.30 if F(LIY)s = ¢, thenthereisag € Y suchthatFgs = s'.

Lemmar.31 Leth : State— StateanddefineF'g = goh. ThenF is continuous.
Proof : As above, we would needto shav that ' is monotoneandpresereslubs, but we will
skipthis.

Now we are done,andthe completedefinition of denotationakemanticdor Whi | e be-
comes:
S(s: Statements» State— State

Sgsllz:=alls = s[z— Allal s

Sysllskip] = id
Sds[[Sl; 52]] = Sds[[52]] OSds[[Sl]]
Sgslli f bthen Sy el se Sl = cond(BIbl, Sysl[S11, SgslS=1)
Sgsllwhilebdo S1 = FixF,

whereFg = cond(B[[8]l , goSysl ST, id)

Thefinal resultto shawv for thedenotationatemanticss:

Theorem 7.32 ThesemantiaefinitionSyg definesa total function.

Proof : By inductiononthestructureof S. Thereis only oneinterestingcase:
(whi | e bdo S) : By induction,Sys[ STl is well-defined.Sincewe have shavn above thatthe

functions
Fig = cond(B[dl,g,id)

Fg = goSyslsl
arecontinuoussois Sysllwhi | e b do S]I.

Thus, from the fixed point theorem Fix is well-defined. So Sysllwhi | e b do S] is well-
defined.
As before,S; and.S, arecalledsemanticallyequivalentf andonly if

Sds[[Sl]] = Sds[[52]]

Example7.33 S;ski p andS aresemanticallyequvalent.

Sds[[S;Ski pl = Sds[[Ski p]]OSds[[S]]
= idoSyslSI
= Sds[[s]]
Exercise7.34 Shaw that
St; (Szi 53)
is semanticallyequivalentto
(S1; S2); Ss
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7.12 Equivalenceto Operational Semantics

Lemmar.35 Noticethat:
e Letf: D — D becontinuousandletd € D satisfyfd C d. ThenFix f C d.
o If (S1,51) =F 59, then(Sy; Sy, 51) =* (S, 55).
e ‘o’ andcondare monotone

We concludethe discussiorof DenotationalSemanticsby shaving that, for the language
Wi | e, thereis no differencebetweerthis semanticandthe StructuralOperationalSeman-
tics.

Theorem 7.36 For everystatements of Wi | e:
Ssosl ST = SgslST

i.e.

Ssosl ST C Sds[[S]]
and

SaslST T SsoslST
Proof :

(SsosllST C SgslST) : So, we have to shaw that (S, s;) =* so implies Sysl[STs1 = ss.

This follows by inductionon the length of the derivation sequencdor (S, s;) =* s,.
For this, it sufiicesto shav that:

o (S s1) = s, impliesSyslST s1 = s, and

o (S, 51) = (S, 5,) impliesSysST s; = Sgsl.S'1 s.
Thisresultfollows by inductionovertheshapeof thederiationfor thesinglestep,where
we focuson thelaststep.We just considetwo cases:
(comPl.g : ThenthereareS;, S, S, suchthat

S =51; S2,SI = Si, SQ, and<51,81> = <Si,82>.
Then,by induction,Sys[S11l s1 = SyslS;1l 52, sowe have

SasllS1; 8ol s1 = (SgsllS2lloSyslSill) s1
= SgslSall (SgslSill s1)  (1H)
= Sds[[52]] (Sds[[si]] S2)
= (Sds[[SZ]] OSds[[Si]]) 52
= SyslSi; Soll so
(WHILEsog : Thenthereare S; andb suchthat S = while b do S;, ands; = sq,

andS’ = if bthen (S;; while b do S;) el se skip. By definition of Sy
Sgsllwhi I e bdo Si]l = Fix F, whereFg = cond(B[[b]l , goSgsl[S11l,id). Now

SysIwhilebdo $;] = FixF
= F(FixF)
= cond(B bl , SysIwhi | e bdo S;]0Sys[5:1,id)
= cond(B[[4]l,Sysl[S:; whil e bdo Si],id)
= Sysllif bthen (S;; whilebdo S)) el se skipll
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So,we have shawn: if Ssosl[ST s # undefinedthenSsosll ST s = SyslS1 s, which, of
coursejs thesameasSsosl[ ST C Sys[S.

(SgslST T SsoslST) : This partis shavn by inductionon the structureof statementsWe
only consideitwo cases:

(S1; S2) : Noticethat:
e ‘o’ ismonotondn bothagumentsand
o if (S1,51) = s9,then(Sy; Sy, s1) = (52, s9).
By induction,we obtainbothSgs[S:] = Ssosl[S1] andSys[Sa]l T SsoslS:1. So,

Sds[[Sl; 52]] = Sds[[52]]08ds[[51]] (|H)
C  SsoslS2]0SsoslSi] (o is monotone)
C SsosllSi; Sal

(whil e bdo S) : SinceSysllwhi | e bdo S is thefixedpointof afunctional F', where
Fg = cond(B[[bll, goSysllSi11,id), it is suficientto prove:

F(Ssos[[V\lhi | ebdo S]]) C Ssos[[V\hi | ebdo S]]

since,
Fix I C Ssos[[\l\:hi lebdo S]] =
Sgslwhi | e b do ST T Sspsllwhi I e bdo S]]

Noticethatwe have, by induction,Sy4s[.ST C Ssosl[ ST, so

F(Ssos[[V\:hi | ebdo S]])
(IH)

cond(B 6], Ssosllwhi 1 e b do SToSys[ST, id)
cond(B 6], Ssosllwhi 1 e b do ST oSsesl ST, id)
cond(B[b] , SsosllS; whi | e bdo ST,id)
Ssoslwhi | e bdo S]

1 1m

8 ExtensionstoWi | e

We have seenthat OperationalSemanticsare goodfor formally describingimplementation
aspect®f programmindanguageskurthermore:

e StructuralOperationalSemanticsaregoodfor describinglow-level details(abstracima-
chine).

¢ NaturalSemanticaregoodfor reasoningdmoreabstract moreintuitive)
We will nov seesomeotherdifferences.We will do that by defining extensionsto the

languagenhi | e, addingnew languageconstructs.

8.1 Aborting

We startby addingthe new statement
abort.
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Intuitively, attemptingto executeabor t stopsthe executionof thewhole program.Thereare
variouswaysof interpretingthisinstruction, dependingpn whattheintentionof theinstruction
is: do you want a programjust to halt without executingfurther, or do you want an error
messagéo appearUsingthisdifferencewewill considetwo approacheto giving semantics
to thenew statement.

(Appoad 1) : Considerabort , s) to beastudk configuation. In this casethereis noneed
to addanextrarule to eitherthe Naturalor the StructuralOperationaSemanticsandwe can
usethe original definition of both (-,-) — - and(-,-) = -. Sinceno new rule is added,no
transformatiorfor abort is defined,so in both systems(abort , s) will not evaluate,and
thereforebe stuck.

However, now thereis a differencebetweerthetwo systemsNotethat
(whil etrue doskip,s;) = se implies (abort,s;) — so

and
(abort,s;) — s implies (whiletruedoskip,s;)— so

arebothvacuouslytrue, so,in the NaturalSemanticsthe statementswhi | e t r ue do ski p’
and‘abor t ’ areequvalent.Thisis nottruein StructuralOperationaSemanticsthestatement
‘whi | e t rue do ski p’ generateaninfinite numberof steps,

(whi | e true do ski p, s)
= (if truethen (skip; whiletruedoskip)el seskip,s)
= (skip; whiletruedoskip,s)
= (whil etruedoskip,s)

and‘abort’ none
(abort, s) is stuck

So,in NaturalSemanticsloopingandabnormakerminationareequvalent,whereasn Struc-
tural OperationalSemanticsabnormalerminationis equvalentto reachinga stuckconfigu-
ration.

(Approad 2) : Add a new terminalconfigurationto the systemer r or , andextendthe defi-
nition of NaturalSemanticdy

(ABORTnS) (abort,s;) — error

andthatof StructuralOperationaSemanticby

(ABORTS0s) (abort,s;) = error

Becauseave have addedaterminalstatethatcannotbereachedy ary otherstatementwe can
now distinguishbetweeriwhi | e t r ue do ski p’ and‘abor t’ in bothsemantics.
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8.2 Non-determinism

We addthe statementonstruct or ’, soextendthe definitionof Statementby ‘'S; or S,
thathastheintuitive semanticghateitherS; or S, will be executedwhich onebeingchosen
non-deterministicallyFor example:

(x:=1) or (z:=2;z:=xz+2)

couldresultin a statavherez hasvaluel, or in a statewherez hasvalue4. Therulesfor

NaturalSemanticsreexendedby adding:
<Sl, 51> — S5 <SQ, 31> — S5

(oRRs)  ( ) (orRY) (
ns <Sl or Sg, 81> — 8o ns <Sl or SQ, 81> — 8o

Thenwe have thefollowing derivations:

(x:=1,8) = s[z — 1]

(x:=1lor (z:=2;z:=2+2),s) = sjx 1]

and

(x:=2,8) = slx — 2] (x:=x+2,s[z—2]) = sz 4

(x:=2;2:=2+2,5) = sl 4]

(z:=1lor (z:=2;z:=2+2),s) — s[z > 4]

Noticethatnon-determinisnsuppresse®oping(if possible)sincewe canderive

((whiletruedoskip) or (z:=2;z:=2+2),s) — s[x 4]

Likewise,thedefinitionof StructuralOperationaSemanticss extendedby:
<Sl or 52,S> = <Sl,8> and <Sl or SQ,S> = <SQ,S>
Thenwe have:

(x:=1lor (z:=2;z:=2+2),s) = (r:=15s)
= sz 1]

and

(x:=1lor (z:=2;z:=2+2),s)
=2, x:=x+2,8)
z:=xz+2 sz~ 2])
slx — 4]
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Butreplacingz: =1 by ‘whi | etrue do ski p’ will still givetwo derivationsequences;
onewill beinfinite:

((whiletruedoskip) or (z:=2;z:=xz+2),s)

= (whil etruedoskip,s)

= (i f truethen (skip; whiletruedoskip)elseskip,s)
= (skip; whiletruedoskip,s)

= (whiletruedoskip,s)

andtheotheris finite:

((whiletruedoskip) or (z:=2;z:=2z+2),s)
= (z:=2;z:=z+2s)
= (z:=z+2 sz~ 2])
= slz 4]

So,in acertainsensesStructuralOperationaSemanticsan‘choosethewrongbranch’.

8.3 Paralldism

We cannow addthe statementonstruct par ’, soextendthe definition of Statementby
thealternatve ‘' S; par S,’, andexpectthe executionof S; and S, to be ‘interleaved’. For
example theprogram

(x:=1) par (z:=2;z:=z+2)

hasthefollowing differentwaysto execute:

Stepl Step2 Step3 Result

z:=1 =2 r:=x+2 | sz=4

=2 z:=1 z:=x+2 | sz=3

r:=2 | x:=x+2 r:=1 sr=1

For the StructuralOperationalSemanticsto dealwith the new constructthe derivationrules
needto be extendedwith:

S1,81) = s S1,81) = (S7,s
arily oo 7 (rarh sy = i)
<Sl par 52,81> = <Sg,82> <Sl par 52,81> = <S{ par 52,82>
(S2,81) = s (Sa,81) = (57, s2)
(PARRTY i ’ (PaRR! > i
<51 par 52,81> = <Sl,82> <Sl par 52,81> = <Sl par Si,SQ>

Exerise8.1 Verify thatthethreeresultsabore areallowedby this semantics.

To accomplishthe sameexpressive power in Natural Semanticswe run into problems.
Assumetherulesthatneedto beaddedare:

60



<Sl, 81> — 89 <Sz, 82> — S3 <S2, 81> — 89 <Sl, 82> — S3

<Sl par 82,31> — S3 <SI par 52,81> — S3

Althoughtheseruleslook perfectlyreasonablethey only manageo expressthatthe order
in which S; and S, are executedis arbitrary (which could be desirablefor a languagethat
allowsthe specificatiorof threads) Althoughwe arefreeto devide a statemenft into .S; and
S, aswe seefit, still the rulesexpressthat eitherfirst S; runs,andthenS,, or vice versa;
therequiredinterleaving is not expressed. Using NaturalSemanticsye cannotdescribethe
intuitive semanticshbecauséaturalSemanticss definedusingtheimmediateconstituent®f
aprogramnottheindividual computatiorstep.ln asenseNaturalSemanticss too abstract.

Exercise8.2 Specifya SOS-stylesemanticdor arithmeticexpressionsvheretheindividual
partsof anexpressiorcanbecomputedn parallel. Try to prove thatyou still obtaintheresult
thatwasspecifiedby A.

Exercise8.3 Considemanextensionof Whi | e thatin additionto thepar -constructalsocon-
tainstheconstruct
protect Send

Theideais thatthe statemen§ hasto be executedasanatomicentity; sothatfor example:
z:=1 par protect (z:=2; z:=2z+2)end
only hastwo possibleoutcomespamelyl and4. Extendthe SOSsemanticgo expressthis.

Canyou specifya naturalsemanticgor the extendedanguage?

8.4 Blocks

We now focuson how to dealwith declaations thescopefor declareddentifiersandblodksin
semanticsWe startby consideringa new programmindanguageBl ock, thatis anextension
of Whi | e. Its abstrackyntaxis givenby:

n € Numeal

x € Variables

a € ArithmeticExpressions

b € BooleanExpressions
D, € DeclardVariables

S € Statements

n|z|a+az|a —as|a Xag

b = true|false|a1:a2|a1§a2|ﬂb|b1&b2
D, == varz:=a;D,]|e
S u= z:=a|skip|Si; Sa|if bthenS;elseS,

| whi |l e bdo S| begi n D, S end

Theideais thatvariablesarelocal to theblockin whichthey aredeclaredandit is possibleto
useanidentifiermorethanoncein adeclarationn aprogram.
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ExampleB8.4 Thefollowing is anexampleof aprogramin Bl ock:
beginvar y:=1;x:=1; beginvar z:=2;y:=z+1lend; z: =y +zend

In morereadabldorm, this becomes

begin var y:=1;

r.=1;

begin var x:=2;
y:=z+1

end;

r.=y+zx

end

The semanticof statementss definedin the sameway aswasdonefor Whi | e, sousing
thesamerulesasbefore,but with theadditionof thefollowing rule for the block construct:

(Dy, 1) = S2 (S, s2) — s3

(BLOCKps)
(begi n D, S end,s;) — s3[DV(D,) — s1]

Noticethatthis rulesusessomefeatureghatneedspecificationlike ‘ (D,, s;) — so’. Firstof
all, thefunction DV, appliedto a list of variabledeclarationsgetermineghe setof variables

declaredn D,:
DV(var z:=a; D,) = {z} UDV(D,)
DV(e) = 0

ands;[V — ss] is astateass;, exceptfor atvariablesn thesetl” whereit is specifiedoy s:

sox fzeV

Vv _
sl = o] {5133 fzgV

For the semantic®f variabledeclarationsywe have:

(D, 1]z — Allalls1]) — s

(DECLps)
(varz:=a; Dy, $1) = $o

(NO-DECLps) (e5) = 5
)

Which completeghe definition of NaturalSemanticgor Bl ock. It is muchmoredifficult
to definethe StructuralOperationaSemanticgalthoughpossiblejust notdonehere).
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85 Procedures

We extendthelanguageBl ock to Pr oc, alanguagehatallows for the definitionof (parame-
terless)rocedue declamtions, by

n € Numeal
x € \Variables
a € ArithmeticExpressions
b € BooleanExpressions
p € ProcedueNames
D, € DeclardVariables
D, € DeclardProcedues
S € Statements

n|z|a+az|a —as|a Xas

b == true|false|ai=as|a; <as|—b|b & by
D, == varz:=a; D,]|e
D, = procpisS;D,|e

S == z:=a|skip|Si; S2|if bthenS;elsesS,

| whilebdo S |beginD,D,Send|call p

For this new languagejn particularfor the addedfeatures,we shall give threedifferent
semanticsthatdiffer in how a proceduraleclaratioris dealtwith:

e Dynamicscopefor variablesaswell asprocedures.
e Dynamicscopefor variables andstaticscopefor procedures.
e Staticscopefor variablesaswell asprocedures.

The differencein bindingis importantin programminganguagesvhereit is possibleto
re-usevariableandproceduranamesnsidenew blocks.Imaginea programin whichyou call
a procedurep thatis definedoutsidethe currentblock, that calls anothermprocedure; thatis
definedbothin- andoutsidethe block.

(Dynamiq : With this kind of binding, only the last definition counts;the call to ¢ will use
themostrecentdeclaration.

(Statig : With staticbinding,calling ¢ would give you thedefinitionthatwasdeclaredn the
blockwherep is defined.
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ExampleB8.5 Considerthefollowing program:

begin var z:=0;
procpisxz:=x X 2;
procgiscall p;
begin var z:=5;
procpisx:=z+1,;
call q;
y:=x
end
end

Thedifferentscoperuleshave thefollowing effectfor the endresultof the program:

e With dynamicscopefor variablesaswell asprocedurestheresultof this programwill be
thaty = 6. Thevalueof y depend®on thevalueof z, whichdepend®nthe‘cal | ¢ onthe
line above. g will doa‘cal | p’, whichwill usedthe‘last’ declaratiorfor p (in time),i.e.the
onestating‘proc pis x:=x + 1'. Sinceit will usethe ‘last’ declaratiorfor = (in time),
‘'var z: =15, theresultof ‘cal | p’ will bethatz hasvalue6, whichwill beassignedo y.

¢ With dynamicscopefor variablesandstaticscopefor proceduresthe resultof this pro-
gramwill bethaty = 10. Now ¢ will use'proc pi s x: = z x 2', sincethatis theonedefined
in the block wheregq is declared.However, sinceit will usethe ‘last’ declarationfor z (in
time),‘var z: =5, theresultof cal | p will bethatz hasvalue10, whichwill beassigned
toy.

e With staticscopefor variablesaswell asproceduregheresultof this programwill bethat
y = 5. Now g will use‘proc pis z: =z x 2, sincethatis theonedefinedatthetime g is
declaredlt will alsousethelocal declaratiorfor z, ‘var z: = 0, andmultiply thatvariable.
The assignmenty : = z’, however, usesits locally declaed z, ‘var z: =5, thatstill has
value’ (it is nottouched)sotheresultof ‘cal | p’ will bethaty hasvalues5.

8.6 Dynamic/ Dynamic

We introducea procedureervironment
en, € Env, = Procedue Names— Statements

which recordsthe body of eachprocedureby linking procedurenamedo statementsSince
only thelastdeclarationcounts,a simpleconnectiorbetweernprocedurenameandbody suf-
fices;whenleaving a block, the ervironmentof the context of the block will beused,andthe
connectionsvithin theblock arelost.

Thetransitionrulesfor the systemwill now be of theform:

en, F (S,s1) = s9

(soonly aminor changeof the previousnotation;this shouldlook familiar).
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Most of the rules are similar to the original with the addition of the extra ernvironment
information,like, for example,

env, F <Sl, 31> — 82 €Ny, F <SQ, 82> — S3

env, F <Sl, 52,81> — S3

For the semanticof blocks, we needto be ableto updatethe environment. Updatg, is
a procedurehat, given a list of proceduredeclarationsproducesan ervironmentthat links
proceduranamedo procedureébodies.

Updatg(proc pis S; Dy,en,) = Updatg(D,,en,[p— S])
Updatg (e,en,) = eny,

We addtwo rules,onethat dealswith the new languageconstructcal | p’, the otherfor
theblocks.

en, - <S, 81> — So
(cALLER . (env, p = 5)
env, - (cal | p,s;) — sy

(Dy, 51) — s Updatg (D, en,) = (S, s2) — s3

(BLOCKps)
env, - (begi n D, D, S end, s;) — s3|DV (D,) > s1]

Note that procedurescan always be recursve, since we use the ervironmentin the pre-
misseof the rule (caLLiE). Moreover, the way in which the semanticsor the structure
‘begi n D, D, S end’ is establishedhavsthatthe statemeninsideis evaluatedn achanged
environment,whereall thelocal declarationdhiave beenconsideredFor theblock asawhole,
theenvironmentusedis notinfluencedoy the declarationsn D, or D,

8.7 Dynamic/ Static

In this setting, proceduresvill now usethosedeclarationdor the procedureshey call that
are definedat the momentthe procedureitself was declared,not just the last one. So we
now alsoneedto statethe ervironmentin which proceduresredefined Jinking the namesof
proceduregalledto their bodiesandthe ervironmentin which they weredefined:

Env, = Procedue Names— Statements Env,

(Notethatthe concreteprocedureervironmentsarealwaysbuilt from smallerones.)Update,
is now definedasa procedurehat, given a list of proceduredeclarationsproducesan envi-
ronmentthatlinks proceduremamego abodyanda procedurecontext.

Updatg(proc pis S; Dp,eny,) = Updatg(D,,ens,[p— (S, en,)])
Updatg(e,en;,) = eny,

We thenjust needto updatetherule (caLLnps). If proceduredn Pr oc arenon-recursie, we
use:
en/;, F <S, 81> — S2

(cALLns) (en, p = (S,env,))
en, - (cal | p,s1) = so
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Butif proceduresrerecursve, we need:

en/[p— (S,en)] (S, s1) — s
onfey ST SIS T (5 en)
en, - (cal | p,s1) = so

Exercise8.6 Try to constructa statementwhich illustratesthe differencebetweernthesetwo
rules.

8.8 Static/ Static

To specify static scopenot only for proceduresput alsofor variables,we not only usethe
approactdefinedabove, but alsoneedto modelthefactthatvariablescanappeain morethan
onedeclaration.Thisimpliesthatwe canno longersimply usestatesthatmappedvariables
namedo values but needto replacethe statewith two mappings:

en/, € Env, = \Variables— Locations
storee Stoe = LocationsuU {next} — Z

where, essentially Locations = Z, and next is a specialtoken which holds the next free
location. The ideais that the machineis now representechot asa mappingfrom variable
namesto values,but asa infinite numberof locations anda variablexz now will pointto a
locationthrougha mappingthatis calleda variable ervironment env,. Thelocationenv, z
pointsatwill holdits valuethroughthefunctionstore thatmapslocationsto values.Entering
a new block canmalke thatz will beredeclaredwithout losingthe old declaration.This is
modelledby makingz pointto anew location(theold locationis kept,but not pointedat),and
to storethe new valuefor x there. Sincewe have the needfor a ‘new locationi on aregular
basiswe alsouseafunction‘nen’ thatproduceghe numberof the next freelocation.

new : Locations— Locations

newl = [+1

(Notethats = storeoenv,.) Theinitial variableernvironmentcould mapall variablesto loca-
tion 0, andtheinitial storemight mapnextto 1.

Sincethe semanticof programsnow also dependon what the value (location)is thata
variableis currently(in this block) pointingat, we needto consideitransitionsof theform

(D,, emn,, store;) — (en/,, store,)

For evaluatingthe variabledeclarationsye have rules

(D,, e, [z — ], store]l — v][next — newl]) — (en/,, store,)

(var z: =a; D,,en,, stor) — (en/,, stor,)

(€, env,, store) — (env,, store)

where
v = Aladll (storeoeny,)

[ = storenext
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In view of thefactthatalsovariableervironmentsareusedwe mustfurtherupdateproce-
dureervironments:

Env, = Procedue Names— Statements Env, x Env,
Update, (proc pis S; Dy, en,,en,) = Updatg (D,,en,,en,p— (S,en,,en,))
Update (¢, env,,ens,) = eny,

Thetransitionsystenfor statementsow hasrulesof theform
en,,en, F (S, stor) — store,

Mostrulesaresimilar to their original, like:
env,, env, - (S, store)) — store, env,, env, - (Ss, store;) — storey

env,, eny, - (Si; S, store;) — store;
but therule for blocksis modified:
(Dy, env,, store;) — (env,, stor,) env,, en, - (S, store,) — storey

env,, en, - (begi n D, D, S end, store;) — Stores

where
en,, = Updatg (D,,env,,ens,)

p

(Why is thereno analoguef s,[DV (D,) — s]?)
And thenew rulesfor cal | p are:

env,, en, - (S, store;) — store,

(cALLnps)
env,,en, - (cal | p,store;) — store,

en,, env,[p — (S,en,,ens )] - (S, store;) — store,

(cALLIY
env,,env, - (cal | p,store;) — store,

where
en, = (S,en,, en).

Exercise8.7 Modify thesynaxof proceduraleclarationsothatproceduresake two call-by-
valueparameters:
D, == procp(zy,z2)isS; D,|e€
S = z:=a|skip]|Sy; Sy|if bthenS;elsesS,
| whil e bdo S | begin D, D, Send|call p(ai,as)
Procedureervironmentswill now be elementsf:

Env, = Procedue Names— Variablesx Variablesx Statements Ernv, x Env,

Modify the semanticto handlethis languageIn particular provide new rulesfor procedure
calls: onefor non-recursie andanotheffor recursve procedures.
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